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We derive the equations of motion for scalar metric perturbations in a particular nonsingular bouncing
cosmology, where the big bang singularity is replaced by a spacetime defect with a degenerate metric. The
adiabatic perturbation solution is obtained for nonrelativistic hydrodynamic matter. We get the same result
by working with conformal coordinates. This last method is also valid for vector and tensor metric
perturbations, and selected results are presented. We, finally, discuss several new effects from the linear
perturbations of this nonsingular bouncing cosmology, such as across-bounce information transfer and the
possible imprint on cosmological perturbations from a new phase responsible for the effective spacetime
defect.
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I. INTRODUCTION

The expanding universe appears to be described reason-
ably well by the Friedmann solution [1,2]. This solution
has, however, a big bang singularity with diverging
curvature and energy density. Recently, it has been shown
[3] that the Friedmann big bang singularity can be replaced
by a spacetime defect, where the spacetime metric is
degenerate but the curvature finite, as is the energy density
(further details are given in Ref. [4]).
This “regularized” big bang singularity corresponds, in

fact, to a nonsingular bounce [5,6]. There is then a prebounce
phase where the positive cosmic scale factor decreases, the
bounce moment at which the positive cosmic scale factor is
stationary, and a postbounce phasewhere the positive cosmic
scale factor increases again. This particular nonsingular
bouncing cosmology is obtained from an extended version
of general relativity, which allows for degenerate metrics
(further remarks and references will be given in Sec. II).
The urgent question, now, is if the bounce is stable

under small perturbations of the metric and the matter.
Perturbations are, therefore, the main topic of this article.
The focus will be on scalar metric perturbations, while
vector and tensor metric perturbations are briefly men-
tioned in one of the Appendixes. Having obtained the
behavior of the metric perturbations, it is also possible to
address the issue of information transfer across the bounce.
At this moment, there is an important point that we

would like to make. The degenerate-metric Ansatz [3] gives
modified Friedmann equations which correspond to sin-
gular differential equations. Even though these modified

Friedmann equations have a nonsingular solution for the
background spacetime, there is still the potential danger of
singularities appearing in perturbations of the metric. In this
article, we will find that also the metric perturbations have
nonsingular solutions, which is a nontrivial result (different
and potentially catastrophic behavior has been found in a
dynamic-vacuum-energy model without big bang curvature
singularity [7,8]).
The outline of our article is now as follows. In Sec. II, we

review the degenerate-metric Ansatz (together with the
heuristics of the resulting bounce solution) and discuss
general metric perturbations. In Sec. III, we derive the
equations of motion for scalar metric perturbations and get
the adiabatic perturbation solution for the case of non-
relativistic hydrodynamic matter. In Secs. IV and V, we
briefly discuss the issues of bounce stability and across-
bounce information transfer. In Sec. VI, we summarize our
results and discuss how they may be relevant to the
generation of a scale-invariant power spectrum of cosmo-
logical perturbations. In Appendix A, we provide certain
details for the calculation of Sec. III. In Appendix B, we
rederive our results for scalar metric perturbations by use of
conformal coordinates, and also give some results for
vector and tensor metric perturbations. In Appendix C,
we present a scenario of how a possible new phase
(“quantum spacetime” or something entirely different)
may leave an imprint on the spectrum of cosmological
perturbations.

II. BACKGROUND METRIC AND
PERTURBATIONS

The modified spatially flat Robertson–Walker (RW)
metric is given by [3]
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ds2jmod: RW ≡ gμνðxÞdxμdxνjmod: RW

¼ −
t2

b2 þ t2
dt2 þ a2ðtÞδijdxidxj; ð2:1aÞ

b2 > 0; ð2:1bÞ

aðtÞ ∈ R; ð2:1cÞ

t ∈ð−∞;∞Þ; ð2:1dÞ

xi ∈ð−∞;∞Þ; ð2:1eÞ

where we set c ¼ 1 and let the spatial indices i, j run over
f1; 2; 3g. The cosmic time coordinate was denoted “T” in
Refs. [3,4], but, here, we simply write “t,” while emphasiz-
ing that the coordinate range is given by (2.1d).
The metric from (2.1) is degenerate (with a vanishing

determinant at t ¼ 0) and describes a spacetime defect with
characteristic length scale b > 0; see Ref. [9] for a general
review of this type of spacetime defect and Ref. [10] for a
detailed discussion of related mathematical aspects (other
mathematical aspects of degenerate metrics have been
discussed in Ref. [11]). The defect length scale b in the
metric (2.1a) will, for the moment, be considered as an
external parameter (see Sec. VI for further discussion).
At this moment, it may be helpful to recall some details

of the nonsingular bouncing cosmology obtained in
Refs. [3–5]. Inserting the metric Ansatz (2.1a) into the
Einstein gravitational field equation [2] and taking the
energy-momentum tensor of a homogeneous perfect fluid
[with energy density ρðtÞ, pressure PðtÞ, and a constant
equation-of-state parameter w], the following modified
Friedmann equations are obtained:

�
1þ b2

t2

��
1

aðtÞ
daðtÞ
dt

�
2

¼ 8πGN

3
ρðtÞ; ð2:2aÞ

�
1þ b2

t2

��
1

aðtÞ
d2aðtÞ
dt2

þ 1

2

�
1

aðtÞ
daðtÞ
dt

�
2
�

−
b2

t3
1

aðtÞ
daðtÞ
dt

¼ −4πGNPðtÞ; ð2:2bÞ

d
da

½a3ρðaÞ� þ 3a2PðaÞ ¼ 0; ð2:2cÞ

PðtÞ
ρðtÞ ¼ w ¼ const; ð2:2dÞ

where GN is Newton’s gravitational coupling constant and
where the last equation will later be specialized the case of
nonrelativistic matter with w ¼ 0.
The Eqs. (2.2) have a bounce solution which is perfectly

smooth at t ¼ 0 as long as b ≠ 0. For the nonrelativistic-
matter case (w ¼ 0), this solution is given by

aðtÞjðw¼0Þ
bounce ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 þ t2

b2 þ t20

3

s
; ð2:3aÞ

ρðtÞjðw¼0Þ
bounce ¼ ρ0

b2 þ t20
b2 þ t2

; ð2:3bÞ

with normalization aðt0Þ ¼ 1 at t0 > 0 and boundary
condition ρðt0Þ ¼ ρ0 > 0. The bouncing behavior of the
positive scale factor aðtÞ from (2.3a) is manifest: aðtÞ
decreases for negative t approaching t ¼ 0−, the bounce
occurs at t ¼ 0 with a vanishing time derivative of aðtÞ at
t ¼ 0, and aðtÞ increases for positive t moving away from
t ¼ 0þ. Similar nonsingular bounce solutions for other
equation-of-state parameters have been discussed in
Refs. [5,6] and the detailed dynamics of the bounce has
been studied analytically in Ref. [4].
The heuristics of this particular type of bounce solution

is as follows. As noted in Sec. II of Ref. [4], the modified
Friedmann equations (2.2a) and (2.2b) can be rewritten as
the standard Friedmann equations with an additional
effective energy density ρdefect and an additional effective
pressure Pdefect. Specifically, the resulting equations read

�
_a
a

�
2

¼ 8πGN

3
½ρþ ρdefect�; ð2:4aÞ

�
ä
a
þ 1

2

_a2

a2

�
¼ −4πGN ½Pþ Pdefect�; ð2:4bÞ

ρdefect ≡ −
b2

b2 þ t2
ρ; ð2:4cÞ

Pdefect ≡ −
b2

b2 þ t2

�
Pþ 1

4πGN

1

t
_a
a

�
; ð2:4dÞ

where the overdot stands for the derivative with respect to t.
We observe that ρdefect and Pdefect have “matter-induced”
terms [proportional to the matter quantities ρ and P,
respectively] and that Pdefect also has a “vacuum” term
[proportional to ð4πGNÞ−1t−1 _a=a]. For the sum of the total
effective energy density ρtotal ≡ ρþ ρdefect and the total
effective pressure Ptotal ≡ Pþ Pdefect, we have

ρtotal þ Ptotal ¼
t2

b2 þ t2
ðρþ PÞ − 1

4πGN

b2

b2 þ t2
1

t
_a
a
:

ð2:5Þ

With finite values of ρ and P at the moment of the bounce
(t ¼ 0) and the near-bounce behavior aðtÞ ∼ aB þ c2t2, for
aB > 0 and c2 > 0 (or aB < 0 and c2 < 0), the following
inequality holds:

½ρtotal þ Ptotal�t¼0 < 0; ð2:6Þ
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which can be extended to a finite interval around t ¼ 0. The
inequality (2.6) corresponds to an effective violation of the
null energy condition (ρtotal þ Ptotal ≥ 0), in agreement with
the general discussion on bounces and energy conditions
in Ref. [12].
We now return to the general background metric from

(2.1), which will be called the unperturbed metric.
Henceforth, a bar over a quantity denotes its unperturbed
value. The perturbed metric can then be written as

gμνðxÞjðperturbedÞmod: RW ¼ ḡμνðtÞ þ hμνðxÞ; ð2:7Þ

where hμν ¼ hνμ is a small perturbation compared to the
unperturbed metric ḡμν from (2.1a). The spatially isotropic
and homogeneous background allows us to decompose the
metric perturbations into scalars, divergenceless vectors,
and divergenceless traceless symmetric tensors [13,14].
The main focus of this article will be on scalar metric
perturbations.

III. SCALAR METRIC PERTURBATIONS

A. Metric Ansatz

The Ansatz for the metric with scalar perturbations is
taken as follows:

ds2jðscalar pertÞmod: RW ¼ −ð1þ EÞ t2

b2 þ t2
dt2 þ 2ā

∂F
∂xi dx

idt

þ ā2
�
ð1þ AÞδij þ

∂B2

∂xi∂xj
�
dxidxj; ð3:1Þ

where the perturbations E, F, A and B are functions of all
spacetime coordinates ft; x1; x2; x3g and the background
scale factor ā is a function of only t.

B. Newtonian gauge

Consider the following transformation of the spacetime
coordinates:

xμ → x̃μ ¼ xμ þ ξμ; ð3:2Þ

where the parameters ξμ ≡ ξμðxÞ are infinitesimal functions
of the spacetime coordinates. By decomposing the spatial
part of ξμ into the gradient of a spatial scalar and a
divergenceless vector [13,14],

ξi ¼ ∂iξS þ ξiV; ð3:3aÞ

∂iξ
i
V ¼ 0; ð3:3bÞ

we have the following transformations of the metric
functions from (3.1) under the change of coordinates (3.2):

Ẽ ¼ E −
2b2

t
ξ0 −

∂ξ0
∂t ; ð3:4aÞ

F̃ ¼ F −
ā
2

∂ξS
∂t þ t2

b2 þ t2
ξ0

2ā
; ð3:4bÞ

Ã ¼ A −
2 _̄a
ā
ξ0; ð3:4cÞ

B̃ ¼ B − 2ξS; ð3:4dÞ

where the overdot stands for the partial derivative with
respect to t. Note that only ξ0 and ξS contribute to the
transformations of scalar metric perturbations.
Following Sec. 7.1.2 of Ref. [13], we construct the

following gauge-invariant quantities:

2Φ≡ E −
∂
∂t

�
2ā

b2 þ t2

t2

�
F −

ā
4
_B

��

−
2b2

t

�
2ā

b2 þ t2

t2

�
F −

ā
4
_B

��
; ð3:5aÞ

2Ψ≡ A − 4 _̄a
b2 þ t2

t2

�
F −

ā
4
_B

�
: ð3:5bÞ

In this article, we will use the Newtonian gauge (the origin
of the name will become clear later on),

F ¼ B ¼ 0; ð3:6Þ

which can be reached by, first, choosing an appropriate ξS
in (3.4d) and, then, an appropriate ξ0 in (3.4b). In this
gauge, the line element (3.1) reduces to

ds2jðscalar pert Newtonian-gaugeÞmod: RW ¼ −ð1þ 2ΦÞ t2

b2 þ t2
dt2

þ ā2ð1þ 2ΨÞδijdxidxj:
ð3:7Þ

Three remarks are in order. First, note that, for later use, the
perturbations Φ and Ψ are assumed to be spatially local-
ized. Second, remark that, after choosing the Newtonian
gauge, there is no further freedom to make coordinate
transformations, while remaining within the Ansatz (3.7).
Third, observe that the perturbed metric from (3.7) still has,
for finite Φ and Ψ, a vanishing determinant at t ¼ 0.

C. Hydrodynamic matter perturbations

1. General results

Now, consider a perfect fluid with energy-momentum
tensor
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Tμν ¼ Pgμν þ ðρþ PÞUμUν; ð3:8Þ

where P is the pressure, ρ the energy density, and Uμ the
four-velocity. With the perturbed metric (3.7), the first-
order perturbations of the 00 and ij components of the
energy-momentum tensor are

δT00 ¼ 2
t2

b2 þ t2
ρ̄Φþ t2

b2 þ t2
δρ; ð3:9aÞ

δTij ¼ 2ā2P̄Ψδij þ ā2δPδij; ð3:9bÞ

which gives

δT0
0 ¼ −δρ; ð3:10aÞ

δTi
j ¼ δPδij: ð3:10bÞ

The unperturbed energy density ρ̄ðtÞ and pressure P̄ðtÞ
are determined by the following modified Friedmann
equations [3,4]:

�
1þ b2

t2

��
_̄a
ā

�
2

¼ 8πGN

3
ρ̄; ð3:11aÞ

�
1þ b2

t2

��
2 ̈ā
ā

þ _̄a2

ā2

�
−
2b2

t3
_̄a
ā
¼ −8πGNP̄; ð3:11bÞ

which were already given as (2.2a) and (2.2b) in Sec. II.
From a direct calculation of the perturbed Einstein tensor
for the perturbed metric (3.7), together with (3.10) and
(3.11), we get the following equations of motion for scalar
metric perturbations:

4πGNδρ ¼ △Φ
ā2

− 3
_̄a2

ā2
b2 þ t2

t2
Φ − 3

_̄a
ā
b2 þ t2

t2
_Φ; ð3:12aÞ

4πGNδP ¼ b2 þ t2

t2
Φ̈þ b2 þ t2

t2

�
_̄a2

ā2
þ 2 ̈ā

ā

�
Φ

þ 4
_̄a
ā
b2 þ t2

t2
_Φ − 2

b2

t3
_̄a
ā
Φ −

b2

t3
_Φ; ð3:12bÞ

where △ is the Laplace operator in three-dimensional
Euclidean space and where we have used

Ψ ¼ −Φ; ð3:13Þ

which follows from the perturbed off-diagonal spatial
Einstein equation. Details of this calculation are relegated
to Appendix A. Note that (3.12a) for constant āðtÞ
reproduces the Poisson equation of Newtonian gravity,
which explains the name of the gauge [13].

Considering adiabatic perturbations, we have

δP ¼ c2sδρ; ð3:14Þ

where c2s is the square of the speed of sound [13].
Combining (3.12) and (3.14), we get the following equation
of motion for Φðt;xÞ:

b2 þ t2

t2
Φ̈ − c2s

△Φ
ā2

þ b2 þ t2

t2

�
_̄a2

ā2
ð1þ 3c2sÞ þ

2 ̈ā
ā

�
Φ

þ _̄a
ā
b2 þ t2

t2
ð4þ 3c2sÞ _Φ − 2

b2

t3
_̄a
ā
Φ −

b2

t3
_Φ ¼ 0; ð3:15Þ

which is the basic equation for adiabatic perturbations.
Equations (3.12) and (3.15) are singular differential

equations (the singularity appears at t ¼ 0), but they have
nonsingular solutions that will be presented shortly. As
mentioned in Sec. I, the same behavior has been observed
for the differential equations and solutions of the back-
ground spacetime [3,4].

2. Nonrelativistic matter

For nonrelativistic matter, we have the following back-
ground solution from (2.3):

P ¼ c2s ¼ 0; ð3:16aÞ

ρ̄ðtÞ ∝ ½āðtÞ�−3; ð3:16bÞ

āðtÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 þ t2

b2 þ t20

3

s
; ð3:16cÞ

where āðtÞ has been normalized to unity at t ¼ t0 > 0 . In
this case, (3.15) has the solution

Φðt;xÞ ¼ C1ðxÞ þ
b5=3C2ðxÞ
ðb2 þ t2Þ5=6 ; ð3:17Þ

where C1ðxÞ and C2ðxÞ are arbitrary dimensionless func-
tions of the spatial coordinates x . Notice that both modes in
(3.17) are nonsingular at t ¼ 0 , which will be discussed
further in Sec. IV.
As a special case of (3.17), consider a plane-wave

perturbation with a single comoving wave vector k,

C1;2ðxÞ ¼ Ĉk;1;2 exp ðik · xÞ; ð3:18Þ

where Ĉk;1 and Ĉk;2 are the dimensionless amplitudes. The
amplitude of such a plane-wave scalar metric perturbation
is given by

ΦkðtÞ ¼ Ĉk;1 þ
b5=3Ĉk;2

ðb2 þ t2Þ5=6 : ð3:19Þ
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From (3.12a), the corresponding energy density perturba-
tion has the following amplitude:

δρkðtÞ
ρ̄ðtÞ ¼ −

�
2þ 3

2
k2ðb2 þ t20Þ2=3ðb2 þ t2Þ1=3

�
Ĉk;1

þ
�
3−

3

2
k2ðb2 þ t20Þ2=3ðb2 þ t2Þ1=3

�
b5=3Ĉk;2

ðb2 þ t2Þ5=6 ;

ð3:20Þ

with k≡ jkj. The perturbation results for different wave
vectors k can be superposed, in order to obtain localized
wave packets.
For t ≠ 0 and a physical wavelength much larger than the

Hubble horizon (1=H≡ ā= _̄a),

ā2

k2
≫

1

H2
>

t2=ðb2 þ t2Þ
H2

; ð3:21Þ

we have from (3.20)

δρkðtÞ
ρ̄ðtÞ

����ðlong-wavelengthÞ ∼ −2Ĉk;1 þ
3Ĉk;2

ð1þ t2=b2Þ5=6 :

ð3:22aÞ

For a short physical wavelength, we get

δρkðtÞ
ρ̄ðtÞ

����ðshort-wavelengthÞ ∼ −
3

2
k2ðt0 þ b2Þ2=3

×

�
Ĉk;1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 þ t23

p
þ b2=3Ĉk;2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ t2=b2
p �

:

ð3:22bÞ

Remark that the growing mode in (3.22b) is proportional to
the cosmic scale factor āðtÞ from (3.16c), just as happens
for the standard matter-dominated Friedmann universe;
cf. Eq. (7.56) of Ref. [13].
The results (3.22a) and (3.22b) will be rederived with

an auxiliary cosmic time coordinate in Appendix B,
which also contains results on vector and tensor metric
perturbations.

IV. BOUNCE STABILITY

The results from Sec. III C 2 show that plane-wave scalar
metric perturbations and the corresponding adiabatic den-
sity perturbations are finite at the moment of the bounce,
t ¼ 0. Specifically, these results are given by (3.19) and
(3.20), for an arbitrary comoving wave vector k.
But the magnitude of the metric perturbations at t ¼ 0

must also be small enough, so as to keep the background
metric essentially unchanged. For scalar metric perturba-
tions in the Newtonian gauge, the perturbed metric is given
by (3.7). In order to keep the bounce essentially unchanged,

the absolute value of both perturbations in (3.7) must be
significantly less than unity at t ¼ 0,

j2Φð0;xÞj ≪ 1; ð4:1aÞ

j2Ψð0;xÞj ≪ 1: ð4:1bÞ

With the solutions (3.13) and (3.19), there are then the
following bounds on the amplitudes of the plane-wave
scalar metric perturbations:

j2Ĉk;1j ≪ 1; ð4:2aÞ

j2Ĉk;2j ≪ 1: ð4:2bÞ

In other words, having small enough amplitudes jĈk;1j and
jĈk;2j does not disturb the bounce. As mentioned in Sec. I,
a similar conclusion does not hold for a dynamic-vacuum-
energy model [7], which is found to have a violent
instability [8] at the moment of the big bang, where the
cosmic scale factor vanishes.
Returning to our degenerate-metric bounce, there is,

however, a puzzle. Consider, at t ¼ tstart < 0 in the pre-
bounce phase, the hypothetical generation of plane-wave
scalar metric perturbations with an initial amplitude Φ̂k;start.
Generically, both modes in (3.19) are exited, but let us
focus on the nonconstant mode, so that we have

ΦkðtÞ ∼ Φ̂k;start
ðb2 þ t2startÞ5=6
ðb2 þ t2Þ5=6 : ð4:3Þ

Perturbations generated at tstart ≪ −b < 0 will grow with
cosmic time t and give at the moment of the bounce, t ¼ 0,

Φkð0Þ ∼ Φ̂k;start
ðb2 þ t2startÞ5=6

b5=3
∼ Φ̂k;start

jtstartj5=3
b5=3

: ð4:4Þ

The stability condition (4.1) then requires an extremely
small start amplitude,

jΦ̂k;startj ≪
b5=3

jtstartj5=3
: ð4:5Þ

The puzzle, now, is how to guarantee a sufficiently small
amplitude jΦ̂k;startj if the scalar metric perturbations are
generated in the prebounce phase at early times,
tstart ≪ −b < 0.
The puzzle outlined in the previous paragraph is, of

course, well known to practitioners of nonsingular-bounc-
ing-cosmology scenarios (cf. Refs. [15–19] and references
therein). In fact, this is the motivation for postulating an
exotic component in the prebounce phase, with an equa-
tion-of-state parameter wex ≡ Pex=ρex ≥ 1. Approaching
the bounce from the prebounce side, the energy density
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of an exotic component with wex > 1 “grows to dominate
all other forms of energy, including inhomogeneities,
anisotropy and spatial curvature” (quote from Ref. [17]).
For this reason, we have also considered [5,6] asymmetric
versions of the degenerate-metric bounce with wprebounce ¼
1 and wpostbounce ∼ 1=3.
An alternative physical interpretation of the degenerate-

metric bounce is as follows. The thermodynamic arrow of
time may be considered to run in the direction of growing
density perturbations (cf. the discussion in Appendix B of
Ref. [7], which contains further references). From our result
(3.22b) on the short-wavelength growing mode, we can
then define the thermodynamic time T ðtÞ as T ðtÞ≡ t for
t > 0 and T ðtÞ≡ −t for t ≤ 0. In short, we have T ðtÞ≡ jtj.
Now assume that small metric perturbations can only be
generated near the bounce at T ¼ 0. Then, the correspond-
ing matter perturbations will simply grow with T ≡ jtj. In
other words, they grow equally on both “sides” of the
bounce, not endangering the bounce any further. The
physical motivation of this alternative scenario will be
discussed in the last paragraph of Sec. VI.

V. ACROSS-BOUNCE INFORMATION TRANSFER

Having established the propagation of scalar metric
perturbations in Sec. III C 2 and of tensor metric perturba-
tions in Appendix B 2, we are able to address the question
of information transfer across the bounce.
Consider a plane-wave scalar metric perturbation trig-

gered at

t ¼ tstart < 0; ð5:1Þ

with amplitude

ΦkðtstartÞ ¼ Φ̂k;start ð5:2Þ

and an appropriate nonvanishing value of _ΦkðtstartÞ
[from (4.3), we have _ΦkðtstartÞ=Φ̂k;start ∼ −ð5=3Þtstart=
ðb2 þ t2startÞ]. According to the solution (4.3), this pertur-
bation grows until the bounce at t ¼ 0 is reached and then
decreases as t increases further.
Taking the observation time symmetrically for illustra-

tive purposes,

tobs ¼ −tstart > 0; ð5:3Þ

we find, from (4.3), the following observed perturbation
amplitude:

ΦkðtobsÞ ¼ Φ̂k;start: ð5:4Þ

In this way, we are, in principle, able to transfer information
across the bounce. With a sequence of scalar-metric-
perturbation pulses, for example, it is possible to compose

a message in Morse code that starts in the prebounce
phase, passes across the bounce, and ends up in the
postbounce phase.
More realistic would be to use short-wavelength gravi-

tational waves, and the same result on across-bounce
information transfer is obtained from (B7). In fact, we
have already discussed in Ref. [5] the across-bounce effects
of “gravitational standard candles,” so that the results of
this article fill in one of the missing details (the other
missing detail [sic] is the actual existence of these standard
candles).

VI. DISCUSSION

In the present article, we have obtained first results for
the metric perturbations of a particular nonsingular bounc-
ing cosmology. This type of bounce [3] relies on an
extension of general relativity, namely by allowing for
degenerate metrics (see, e.g., Ref. [11] for an earlier
discussion of general relativity with degenerate metrics).
In fact, our degenerate-metric Ansatz describes what may
be called a “spacetime defect” (see Ref. [9] for a review).
The matter content of the corresponding nonsingular
bouncing cosmology is entirely standard, without any
problem whatsoever as regards unitarity and microcausality
(see, e.g., Sec. III of Ref. [18] for an overview of other
bounce realizations, some with potentially problematic
matter content). In our case, singularity theorems are
circumvented by having a degenerate metric with a
vanishing determinant on a three-dimensional submanifold
(further discussion and references can be found in Ref. [3]).
The main open question for our degenerate-metric

bounce is the physical origin of the corresponding space-
time defect, notably its length scale b in the metric Ansatz
(2.1). It could very well be that the spacetime defect at
t ¼ 0 (in the notation of our Ansatz) traces back to a new
phase. But nothing is known for sure about such a phase.
For the moment, we make no assumption about the
physical origin of the defect length scale b and only
require that the numerical value of b is large enough, so
that Einstein’s classical gravity holds.
As it stands, we have with the degenerate-metric Ansatz

(2.1) from Ref. [3] an economic way to describe a non-
singular bounce, assuming such a bounce to be relevant to
our Universe. In that case, it is worthwhile to study the
perturbations of the metric, and we have initiated that
analysis in the present article.
For any cosmological model aiming to describe the

evolution of the very early universe, it is crucial to be able
to produce a scale-invariant power spectrum of cosmologi-
cal perturbations. The postbigbang exponential expansion
of the inflationary scenario does the job [13,14]. But
prebounce or ekpyrotic scenarios can also get a scale-
invariant power spectrum of fluctuations, using either
axions or an additional scalar field (see, e.g., Sec. II of
Ref. [18]). Recently, there have been effective-field-theory

F. R. KLINKHAMER and Z. L. WANG PHYS. REV. D 101, 064061 (2020)

064061-6



calculations of linear perturbations in null-energy-condi-
tion-violating bounce models; see Refs. [20–22] and
references therein.
Let us return to the degenerate-metric bounce [3], where

the matter obeys the standard energy conditions. Even
though the matter-dominated prebounce contraction phase
considered in this article is far from perfect (as discussed in
Sec. IV), vacuum fluctuations in the prebounce phase appear
to be converted into a scale-invariant power spectrum of
density perturbations in the postbounce phase (cf. Sec. II B
of Ref. [18]). The actual mechanism which generates the
required scale-invariant power spectrum of cosmological
perturbations may depend on certain details of the prebounce
phase (cf. Refs. [17,19]). But, regardless of the prebounce
generation mechanism of the cosmological perturbations,
our explicit degenerate-metric model of the bounce, with the
time-symmetric results (3.19), (3.20), and (B7), has shown
that these particular perturbations are unaffected by the
dynamics of the bounce itself. In our degenerate-metric
bounce scenario (with a large enough value of the defect
length scale b, so as to remain in the classical-gravity phase),
the cosmological perturbations from the prebounce phase
can safely cross the bounce, and the present article has
shown this by concrete examples.
If, however, the defect length scale b of our metric (2.1)

is relatively small and related to an entirely new phase
(“quantum spacetime” or something different), then
another scenario may be envisioned, which was already
mentioned in the last paragraph of Sec. IV. Taking non-
relativistic matter as a toy model, we obtain from the
density perturbation result (3.20) at t ¼ 0 that the pertur-
bations have a critical comoving wavelength λcrit ∼
ðct0Þ2=3ðbÞ1=3 (the corresponding physical wavelength is
λ̃crit ∼ b). If the perturbations (all or only part of them) are
generated by the new phase and emerge at the classical time
t ¼ 0, then we may expect to observe a different behavior
for wavelengths below or above this critical wavelength
(see Appendix C for a possible scenario). This would, in
principle, provide a way to determine the numerical value
of b [23], in addition to the Gedankenexperiment presented
in Ref. [5]. As mentioned before, the crucial open question
is the physical origin of the defect length scale b, related
to a possible new phase or not. But, even if the defect
length scale b is related to such a new phase, this does not
necessarily imply that b is of the order of the Planck
length [24].
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APPENDIX A: CALCULATIONAL DETAILS

In this Appendix, we provide some details for the
calculation of (3.12) and (3.13) in Sec. III C 1.

From (3.7) and (3.10), we get the following perturbed
Einstein equations (up to first-order perturbations):

8πGNðρ̄þ 2Φρ̄þ δρÞ

¼ 3
b2 þ t2

t2
_̄a2

ā2
þ 6

b2 þ t2

t2
_̄a
ā
_Ψ −

2△Ψ
ā2

; ðA1aÞ

8πGNðP̄þ 2ΨP̄þ δPÞδij

¼
�
2b2

t3
_Ψ− 2

b2 þ t2

t2
Ψ̈− 6

b2 þ t2

t2
_̄a
ā
_Ψþ 2

b2 þ t2

t2
_̄a
ā
_Φ

þ 2

�
b2

t3
_̄a
ā
−
b2 þ t2

t2
̈ā
ā

�
ð1þ 2Ψ− 2ΦÞ þ△ðΦþΨÞ

ā2

−
b2 þ t2

t2
_̄a2

ā2
ð1þ 2Ψ− 2ΦÞ

�
δij −

1

ā2
∂2

∂xi∂xj ðΦþΨÞ;

ðA1bÞ

where △ is the Laplace operator in three-dimensional
Euclidean space.
With the assumption that Φ and Ψ vanish at spatial

infinity, we obtain from (A1b) for i ≠ j that

Ψ ¼ −Φ; ðA2Þ

as stated in (3.13) of the main text.
Without perturbations, the leading order terms in (A1)

are precisely the background equations (3.11). From the
first-order perturbations in (A1), together with the back-
ground equations (3.11) and the result (A2), we get (3.12)
of the main text.

APPENDIX B: PERTURBATIONS WITH
CONFORMAL COORDINATES

1. Scalar metric perturbations

The modified spatially flat Robertson–Walker metric
(2.1a) can be written as

ds2jmod: RW ¼ Ω2ðηÞð−dη2 þ δijdxidxjÞ; ðB1aÞ

where η is the conformal time defined by

ΩðηÞdη ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

t2

b2 þ t2

s
dt; ðB1bÞ

for t ∈ R and defect length scale b > 0 (see below for
further details on η). Perturbations of the conformally flat
metric (B1a) have been widely studied in the literature; see,
in particular, Ref. [13].
For our nonsingular degenerate-metric bouncing cos-

mology, the metric perturbation solutions take the same
form as in the standard hot-big-bang model but now with η
given by (B1b). For example, the plane-wave adiabatic
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scalar perturbations for nonrelativistic hydrodynamical
matter have the following solutions given by Eqs. (7.55)
and (7.56) in Ref. [13]:

δρkðηÞ
ρ̄ðηÞ

����ðlong-wavelengthÞ ∼ −2Ĉk;1 þ 3Ĉk;2sgnðηÞη−5; ðB2aÞ

δρkðηÞ
ρ̄ðηÞ

����ðshort-wavelengthÞ ∼ −
k2

6
ðĈk;1η

2 þ Ĉk;2sgnðηÞη−3Þ;

ðB2bÞ

with k≡ jkj and constants Ĉk;1;2 (the extra sign factor
multiplying Ĉk;2 is needed to get the correct boundary
conditions at the spacetime defect, as will be explained
below). For nonrelativistic matter, (3.16c) and (B1b)
give

ΩðηÞ ¼ 1

9

η2

b2 þ t20
; ðB3aÞ

η ¼
(
þ3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 þ t20

3
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

b2 þ t26
p

; for t ≥ 0;

−3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 þ t20

3
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

b2 þ t26
p

; for t ≤ 0;
ðB3bÞ

η ∈ð−∞; η−� ∪ ½ηþ;∞Þ; ðB3cÞ

η� ≡�3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
bðb2 þ t20Þ3

q
; ðB3dÞ

where the points η ¼ η− and η ¼ ηþ are identified (in this
way, the topology becomes R).
The coordinate transformation (B3b) is not a diffeo-

morphism, so that the differential structure from (2.1a)
differs from that of (B1a). In fact, t from (2.1) is a good
coordinate, but η from (B3b) is not (there are different
values η� for the single point t ¼ 0). Still, η appears to
be a useful auxiliary coordinate away from the spacetime
defect at η ¼ η�. The implication is that the η domains
ð−∞; η−Þ and ðηþ;∞Þ are disconnected, so that the
boundary conditions at η ¼ η� require special care.
See Refs. [3,4,10] for an extensive discussion of these
issues.
At this moment, we remark that the extra minus signs for

the Ĉk;2 terms in (B2) make for proper boundary conditions
at η ¼ η�. Indeed, inserting the η expression from (B3b)
into the perturbations (B2a) and (B2b), we observe the
resulting expressions to be even with respect to t.
Introducing dimensionless constants ĉk;1;2 by the defini-
tions fĈk;1; Ĉk;2g≡ fĉk;1; b5ĉk;2g, the final expressions
are

δρkðtÞ
ρ̄ðtÞ

����ðlong-wavelengthÞ
∼ −2ĉk;1 þ 3−4b5ĉk;2ðb2 þ t20Þ−5=3ðb2 þ t2Þ−5=6; ðB4aÞ

δρkðtÞ
ρ̄ðtÞ

����ðshort-wavelengthÞ
∼ −

3

2
k2ðb2 þ t20Þ2=3½ĉk;1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 þ t23

p
þ 3−5b5ĉk;2ðb2 þ t20Þ−5=3ðb2 þ t2Þ−1=2�; ðB4bÞ

in agreement with our previous results (3.22a) and (3.22b).

2. Vector and tensor metric perturbations

Results on vector and tensor metric perturbations can be
directly taken over from Sec. 7.3.2 in Ref. [13], where, for
the nonrelativistic-matter case, the conformal factor aðηÞ is
replaced by our factor ΩðηÞ from (B3a) and η is given
by (B3b).
Here, we give some explicit results for the radiation-

dominated case. With the energy-momentum-tensor
perturbation δT0

i ¼ Ω−1ðρ̄þ P̄Þδu⊥i and the definition
δvi ≡ Ω−1δu⊥i, the result from Eq (7.94) in Ref. [13]
is that plane-wave vector metric perturbations for the
radiation-dominated case are constant with respect to the
conformal time η,

δvik ¼ Ĉi
k;3

Ω4ðρ̄þ P̄Þ ¼ ĉik;3; ðB5Þ

where the last equality uses the radiative behavior P̄ ¼
ρ̄=3 ∝ Ω−4 and where the ĉik;3 are appropriate dimension-
less constants.
Turning to plane-wave tensor metric perturbations for the

radiation-dominated case, the result from Eq. (7.98) in
Ref. [13] is as follows:

hijk ¼ 1

η
½Ĉk;4 sinðkηÞ þ Ĉk;5sgnðηÞ cosðkηÞ�eijk ; ðB6aÞ

η ¼
(
þ2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 þ t20

4
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

b2 þ t24
p

; for t ≥ 0;

−2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 þ t20

4
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

b2 þ t24
p

; for t ≤ 0;
ðB6bÞ

η ∈ð−∞; η̃−� ∪ ½η̃þ;∞Þ; ðB6cÞ

η̃� ≡�2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2ðb2 þ t20Þ4

q
; ðB6dÞ

with k≡ jkj and constant polarization tensor eijk (the
polarization may be different for different wave vectors
k). Remark that, just as in Appendix B 1, we have added a
sign factor to the coefficient Ĉk;5 in (B6a), in order to get
the proper boundary conditions at η ¼ η̃�.
From (B6a), we see that short-wavelength gravitational

waves (kjηj ≫ 1) have an averaged amplitude that goes as
1=jηj, so that

hijk jðshort-wavelengthÞ ∼
ĉk;6ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ t2=b24
p eijk ; ðB7Þ
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for a dimensionless constant ĉk;6. With the cosmic scale
factor āðtÞ ∝

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 þ t24

p
, we observe that the amplitudes of

short-wavelength gravitational waves from (B7) go as
1=āðtÞ, which matches the behavior of the standard
radiation-dominated Friedmann universe; see the second
and third lines below Eq. (7.100) in Ref. [13].

APPENDIX C: IMPRINT FROM A NEW PHASE?

The present appendix expands on the discussion of the
last paragraph in Sec. VI by sketching one possible
scenario, purely as illustration.
Suppose that a new phase is responsible for the effective

spacetime defect and that scalar metric perturbations (in the
Newtonian gauge) emerge in the corresponding classical
spacetime (3.7) at cosmic time coordinate t ¼ 0. Matter
perturbations in both universes (described by t > 0 and
t < 0) may grow with thermodynamic time T ðtÞ≡ jtj, as
discussed in the last paragraph of Sec. IV.
Suppose also that this new phase sets the value of the

metric perturbationΦkðtÞ at t ¼ 0 differently for comoving
wave number k≡ jkj above or below the critical value
kcrit ≡ 2π=λcrit (the critical physical wave number is given
by k̃crit ∼ 2π=b),

Φkð0Þ ¼
�
0; for k > kcrit;

1; for k ≤ kcrit:
ðC1aÞ

The new phase is, moreover, supposed to fix the value of
the following quantity involving the time derivative of the
metric perturbation ΦkðtÞ:

lim
t→0

���� b2t _ΦkðtÞ
���� ≪ 1; ðC1bÞ

which holds equally for all values of k and is a stronger
condition than b _Φkð0Þ ¼ 0.
From (C1a) and (C1b), the subsequent metric perturba-

tions (3.19) for jtj > 0 have the following amplitudes:

Ĉk;1 ¼
�−Ĉk;2; for k > kcrit;

1 − Ĉk;2; for k ≤ kcrit;
ðC2aÞ

jĈk;2j ≪ 1: ðC2bÞ

The implication is that Ĉk;1 is close to 0 for relatively small
wavelengths and close to 1 for relatively large wavelengths,
as long as the assumptions hold true. From (C2), the
spectrum of adiabatic density perturbations (3.20) then
shifts as k changes from above kcrit to below kcrit, with a
jump of the coefficient multiplying the growing mode
proportional to ðb2 þ t2Þ1=3.
It is an interesting problem to see if it is possible to match

the perturbations of the degenerate metric to the results
from loop quantum gravity [25], string theory [26], or
emergent gravity [27]. For homogeneous models,
Appendix B of Ref. [4] has already given a first comparison
between extended general relativity with an appropriate
degenerate metric and the effective theories from loop
quantum cosmology and string cosmology.
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