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The dual configuration of the original one is proposed for the orbit design of Taiji spacecrafts. In terms of
these two configurations of Taiji, an algorithm is devised to expand the unperturbed Keplerian orbits of
spacecrafts to infinite order of e, the orbital eccentricity, in the heliocentric coordinate system. Further,
based on the algorithm, all the kinematic indicators of Taiji triangles, say three arm-lengths and their
corresponding rates of change, and three vertex angles, in both configurations are also be expanded to
infinite order of e, and it is proved that both configurations of Taiji possess the same symmetry: At every
order, three components of every kinematic indicator of the Taiji triangle are identical to each other up to a
phase shift of 2π=3, which is independent on the tilt angle of the Taiji plane relative to the ecliptic plane.
Finally, the above algorithm is slightly modified, and according to it, by adjusting the tilt angle around π=3
to any order of e, the orbits of Taiji spacecrafts in each configuration can be optimized.
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I. INTRODUCTION

Because of seismic noise, the ground-based detectors
like LIGO and Virgo [1–4] are powerless to detect the low
frequency gravitational waves (GWs) below 0.1 Hz [5–7],
which is why the space-based GW detectors like LISA
[8,9] or later Taiji [10–13] have been given serious
consideration. Taiji takes a similar formation as LISA.
Three spacecrafts (SCs) orbit the Sun and form an equi-
lateral triangle with an arm-length about 3 × 106 km, and
by using coherent laser beams exchanged between SCs,
Taiji observes GWs covering the range from 0.1 mHz
to 1.0 Hz.
The configuration in Refs. [8,9,14,15] designed for LISA

was used as one part of the prestudy of Taiji in our previous
paper [16], where the relationship between the inclination ε
of the orbits of SCs with respect to the ecliptic plane and the
orbital eccentricity e is the key content. In this paper, we
find that there exists the dual relationship between ε and e,
and propose a new configuration for the orbits of SCs.
In these two configurations of Taiji, the orbits of SCκ

(κ ¼ 1, 2, 3) at every order are symmetric about either the z
axis or x-y plane in the heliocentric coordinate system,
which embodies the duality between them. Taiji can follow
or precede Earth by π=9 from the viewpoint of the Sun, and
in each case, Taiji has two choices for orbits of SCs, which
are symmetric about the ecliptic plane. Therefore, in
practice, the new configuration provides four new feasible
orbit designs for Taiji.
As shown in Refs. [8,9,16], the fundamental treatment

for analytical analysis of the orbits of SCs is to expand them
in the small orbital eccentricity e. For the original con-
figuration of Taiji [16], the unperturbed Keplerian orbits of
SCs have been expanded to e3 order, which is sufficient for
analyzing the main perturbative effect of Earth on SCs.
However, in the future, the actual operation of Taiji
probably requires one to further consider the post-
Newtonian effects of the Sun’s gravitational field and
the perturbative effects of the other celestial bodies like
Jupiter and the Moon etc., where these effects on SCs are
much weaker than that of Earth. If one wants to discuss
these effects, the unperturbed Keplerian orbits of SCs need
to be expanded to higher order. For both configurations of
Taiji, we devise an algorithm, in the present paper, to
expand the unperturbed Keplerian orbits of SCs to infinite
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order of e in the heliocentric coordinate system. When the
above effects on SCs are considered, the unperturbed
Keplerian orbits of SCs should be truncated to necessary
order and then be viewed as the zeroth-order approximation
of the corresponding perturbative solution. Therefore, the
algorithm lays the foundation for discussion of relativistic
and perturbative effects on Taiji.
Next, based on the above algorithm, all the kinematic

indicators of Taiji triangles in both configurations are also
expanded to infinite order of e, where as a preliminary
example, the expressions of arm-lengths and their rates of
change to e5 order and the expressions of vertex angles to
e4 order are presented when ϕ� ¼ π=3 with ϕþ and ϕ−,
shown in FIG. 1, as the tilt angles of Taiji planes relative to
the ecliptic plane at t ¼ 0 in both configurations, respec-
tively. These results show that two Taiji triangles have the
following feature: Their shapes depend on ϕ�, and when
ϕ� ¼ π=3, they are equilateral up to the leading order terms
of all the kinematic indicators, while to the higher order
terms, they undergo the inherent variations. Like LISA, the
instability of Taiji formation may lower its sensitivity [14],
so the inherent variation of the Taiji triangle is significant in
the data analysis, e.g., the inherent variations of arm-
lengths need to be deducted so as to acquire their accurate
variations induced by GWs. It is according to the above
algorithm that an accurate knowledge of the inherent
variations of Taiji triangles in both configurations can be
obtained. Note that the word “inherent” here denotes the
variation of the Taiji triangle only induced by the Sun in
the Newtonian framework. As mentioned above, the
relativistic effect of the Sun’s gravitational field and the
perturbative effects of some celestial bodies may need to
be taken into account in the future, which results in the
variation of the Taiji triangle as well. In this paper, we only
focus our attention on the inherent variation of the Taiji
triangle, and the other part will be left to a future task. In
Ref. [17], a special model is studied for the spaced-based
GW detector in triangular configuration, where the incli-
nation ε of the orbits of SCs with respect to the ecliptic
plane is assumed to be

ffiffiffi
3

p
e, and three arm-lengths in this

model are identical to each other up to a phase shift of 2π=3
up to e1 order. We will generalize this conclusion for both
configurations of Taiji in the present paper, and with the
help of the above algorithm, it is proved that both
configurations possess the same symmetry: At every order,
three components of every kinematic indicator of the Taiji
triangle are identical to each other up to a phase shift of
2π=3, which is independent on the tilt angle of the Taiji
plane relative to the ecliptic plane.
Like LISA [9], Taiji also needs to suppress the laser

frequency noise by time-delay interferometry (TDI). The
instability of the Taiji triangle may result in that the first
generation TDI works unsuccessfully, since it is only
applicable for the stationary configuration. One way to
deal with this difficulty is to turn to modified first

generation TDI or further, the second generation TDI
[14,18–20]. The application of the second generation
TDI involves the complex noncommuting time-delay
operators, which could possibly cause difficulty in the
data analysis [14], and therefore, as the case of original
LISA (presented in Refs. [8,9,14]), the reasonably opti-
mized model of Taiji could contribute to selecting a simpler
TDI technique. What needs to be pointed out is that
because the orbital eccentricity of Taiji SCs is smaller
than that of the original LISA SCs, the more stable
formation of the Taiji triangle means that Taiji has more
chance than original LISA to consider a simpler TDI
strategy by the optimization of orbits of SCs. Moreover,
optimizing the orbits of SCs also helps to reduce the
adverse effect brought about by the Doppler shift of the
laser frequency. For the original configuration of Taiji [16],
by adjusting the tilt angle ϕþ around π=3 at e1 order, the
orbits of SCs are optimized at the next leading orders of all
the kinematic indicators. This result can be generalized in
this paper by slightly modifying the above algorithm, i.e.,
by adjusting ϕ� around π=3 to any order of e, the orbits of
SCs in both configurations of Taiji can be optimized,
respectively, and that is to say, Taiji triangles can become as
stable as possible with the different specific problems
involved. As a preliminary example, the results of optimiz-
ing all the kinematic indicators in both configurations by
adjusting ϕ� around π=3 to e4 order are provided in the
present paper. In the future, if the post-Newtonian effects of
the Sun’s gravitational field and the perturbative effects of
some celestial bodies are considered, the above algorithm
can be readily generalized so that the more stable formation
of Taiji can be obtained.
The paper is arranged as follows. In the next section, the

new configuration of Taiji is designed. Both configurations
of Taiji to infinite order of e are analyzed in Sec. III. In
Sec. IV, we shall make some concluding remarks. No
summation is taken for repeated indices in the present
paper. Throughout the paper, in the series expansion of a
quantity A in terms of the power of e, for example,

A ¼
X∞
n¼0

ð�1ÞnQðA; nÞen;

QðA; ·Þ denotes the discrete spectrum function of the power
for the quantity A. Moreover, the rule that the upper (lower)
symbols of “� ” or “ ∓ ” on both sides of each equation
correspond to each other is applied in the whole paper.

II. NEW CONFIGURATION OF TAIJI

We will discuss the orbit design of SCs in the helio-
centric coordinate system ðx; y; zÞ, which is defined as the
right-handed Cartesian coordinates with the center of mass
of the Sun as the origin and the ecliptic plane as the x-y
plane. Consider the ellipse in the x-y plane,
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x2

R2
þ y2

ðR
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − e2

p
Þ2

¼ 1; ð1Þ

where its semimajor axis R is equal to that of Earth’s orbit,
and its eccentricity is e. Translating this ellipse eR in the
positive direction and in the negative direction along the x
axis gives two ellipses, and then, rotating them by ε� about
the y axis, respectively, provides two choices for the orbit
of SC1. Thus, the obtained two radial vectors of SC1 are
r�1 ¼ ðx�1 ; y�1 ; z�1 Þ with8>><

>>:
x�1 ¼ Rðcosψ�

1 � eÞ cos ε�;
y�1 ¼ R

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − e2

p
sinψ�

1 ;

z�1 ¼ Rðcosψ�
1 � eÞ sin ε�:

ð2Þ

If the eccentric anomaly ψþ
1 satisfies Kepler’s equation

ψþ
1 þ e sinψþ

1 ¼ Ωt ð3Þ

with Ω as the average angular velocity of SC1, rþ1 mani-
festly represents the orbit of SC1 in the original configu-
ration [16], and in this case, SC1 is at the aphelion when
t ¼ 0, namely, the point Cþ presented in Fig. 1. From
△SACþ ,

dþ ¼ R
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

e2 þ 2eþ cos2ϕþ
q

− cosϕþ
�
: ð4Þ

Defining dimensionless parameter αþ ≔
ffiffiffi
3

p
dþ=ð2RÞ, and

then, the relationship between inclination εþ of the orbit of
SC1 with respect to the ecliptic plane and orbital eccen-
tricity e can be expressed as

(
cos εþ ¼

ffiffi
3

p
3

ffiffi
3

p þ2αþ cosϕþ
1þe ;

sin εþ ¼
ffiffi
3

p
3

2αþ sinϕþ
1þe :

ð5Þ

Equation (5) plays a key role in the expansion of the
Keplerian orbits of SCs, and it is the core content of the
original configuration of Taiji.

We propose a new configuration of Taiji, in which the
orbit of SC1 is represented by r−1 , and the corresponding
eccentric anomaly ψ−

1 satisfies Kepler’s equation

ψ−
1 − e sinψ−

1 ¼ Ωt; ð6Þ

which shows that SC1 is at the perihelion when t ¼ 0,
namely, the point C− presented in Fig. 1. Similarly,
△SAC− gives

d− ¼ R
�
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e2 − 2eþ cos2ϕ−

q
þ cosϕ−

�
; ð7Þ

and then, with the help of the dimensionless parameter
α− ≔

ffiffiffi
3

p
d−=ð2RÞ, the relationship between inclination ε−

and orbital eccentricity e can be derived easily,

8<
: cos ε− ¼

ffiffi
3

p
3

ffiffi
3

p
−2α− cosϕ−

1−e ;

sin ε− ¼
ffiffi
3

p
3

2α− sinϕ−

1−e ;
ð8Þ

which is also the core content of the new configuration of
Taiji. According to the above derivation, we declare that the
relationships between inclinations ε� and orbital eccen-
tricity e are dual for both configurations of Taiji.
For the original configuration of Taiji, rotating the orbit

of SC1 by 2π=3 and 4π=3 about the z axis, respectively,
gives those of SC2 and SC3, where their phases need to be
adjusted correspondingly [8,9]. The expressions of rþ2 and
rþ3 , representing the orbits of SC2 and SC3, respectively,
have been obtained in our previous paper [16]. As for the
new configuration of Taiji, the above method can also be
applied to derive the orbits of SC2 and SC3, denoted by r−2
and r−3 , respectively. Here, we directly present the results
together for both configurations: r�2 ¼ ðx�2 ; y�2 ; z�2 Þ with8>><
>>:
x�2 ¼Rðcosψ�

2 �eÞcosε�cos2π
3
−R

ffiffiffiffiffiffiffiffiffiffiffi
1−e2

p
sinψ�

2 sin
2π
3
;

y�2 ¼Rðcosψ�
2 �eÞcosε� sin2π

3
þR

ffiffiffiffiffiffiffiffiffiffiffi
1−e2

p
sinψ�

2 cos
2π
3
;

z�2 ¼Rðcosψ�
2 �eÞsinε�

ð9Þ

and r�3 ¼ ðx�3 ; y�3 ; z�3 Þ with8>><
>>:
x�3 ¼Rðcosψ�

3 �eÞcosε�cos4π
3
−R

ffiffiffiffiffiffiffiffiffiffiffi
1−e2

p
sinψ�

3 sin
4π
3
;

y�3 ¼Rðcosψ�
3 �eÞcosε� sin4π

3
þR

ffiffiffiffiffiffiffiffiffiffiffi
1−e2

p
sinψ�

3 cos
4π
3
;

z�3 ¼Rðcosψ�
3 �eÞsinε�;

ð10Þ

where their corresponding eccentric anomalies ψ�
κ

(κ ¼ 2, 3) satisfy

FIG. 1. Plot of the geometry of Taiji in both configurations.
S denotes the Sun, and the coordinates of A are ðR; 0; 0Þ. Cþ and
C− denote SC1 at t ¼ 0 in the original configuration and in the
new configuration, respectively.

ANALYTICAL ANALYSIS ON THE ORBITS OF TAIJI … PHYS. REV. D 101, 064049 (2020)

064049-3



ψ�
κ � e sinψ�

κ ¼ σκ ≔ Ωt − ðκ − 1Þ 2π
3
: ð11Þ

Obviously, Eq. (11) holds for the case of κ ¼ 1 as well.
As illustrated in Fig. 1, ϕ� are the tilt angles of Taiji

planes relative to the ecliptic plane at t ¼ 0 in both
configurations, respectively. For the original configuration
[16], ϕþ can take values of �jϕþj, and thus, there are two
choices for orbits of SCs, which are symmetric about the
ecliptic plane. Further, seeing that Taiji can follow or
precede Earth by π=9 from the viewpoint of the Sun, the
original configuration, in fact, provides four feasible orbit
designs for Taiji. Similarly, for the new configuration, two
values �jϕ−j of ϕ− can provide another four feasible orbit
designs for Taiji, and consequently, eight kinds of potential
orbit schemes are available for Taiji SCs. In the following,
in order to highlight the main content about these two
configurations of Taiji and simplify the related derivations,
we set ϕ� > 0.

III. ORBIT ANALYSIS ON BOTH
CONFIGURATIONS OF TAIJI TO

INFINITE ORDER OF e

In this section, for both configurations of Taiji, we devise
an algorithm to expand the unperturbed Keplerian orbits of
SCs and all the kinematic indicators of Taiji triangles to
infinite order of e in the heliocentric coordinate system,
which lays the foundation for further discussing relativistic
and perturbative effects on SCs, and provides an accurate
knowledge of the inherent variations of Taiji triangles. One
of the most significant application of these results is that
they contribute to acquiring the accurate variations of arm-
lengths of the Taiji triangle induced by GWs in the data
analysis by deducting the inherent counterparts. Moreover,
by the way, based on the algorithm, we prove that both
configurations of Taiji possess the same symmetry: At
every order, three components of every kinematic indicator
of Taiji triangle are identical to each other up to a phase
shift of 2π=3, which is independent on the tilt angle of the
Taiji plane relative to the ecliptic plane. Finally, by slightly
modifying the above algorithm, the orbits of SCs in each
configuration of Taiji are optimized by adjusting the tilt
angle of the Taiji plane relative to the ecliptic plane around
π=3 to any order of e, which helps to consider a simpler
TDI strategy and reduce the adverse effect brought about by
the Doppler shift of the laser frequency.

A. Expansions of the orbits of Taiji SCs

The general idea is originated from the fact that Kepler’s
Eq. (11) can be expanded to infinite order of e when e ≈
5.789 × 10−3 ≪ 1 for Taiji [16] according to the method of
Lagrange [21], and then, the combination of Eqs. (2), (4),
(5), and (7)–(10) can bring about the expansions of the
unperturbed Keplerian orbits of SCκ (κ ¼ 1, 2, 3), denoted

by r�κ ¼ ðx�κ ; y�κ ; z�κ Þ, in both configurations of Taiji to
infinite order of e. The detailed derivation is put in
Appendix A, and here, we only show the expansions of
x�κ , y�κ , and z�κ :

8>><
>>:

x�κ ¼ R cosðΩtÞ þ R
P∞

n¼1ð∓ 1ÞnQðx�κ ; nÞen;
y�κ ¼ R sinðΩtÞ þ R

P∞
n¼1ð∓ 1ÞnQðy�κ ; nÞen;

z�κ ¼ R
P∞

n¼1ð∓ 1Þn−1Qðz�κ ; nÞen;
ð12Þ

where Qðx�κ ; nÞ; Qðy�κ ; nÞ, and Qðz�κ ; nÞ, the discrete
spectrum functions of the power of e for x�κ , y�κ , and
z�κ , are shown in Eq. (A7), respectively. It is easy to check
that the expansion of rþκ (κ ¼ 1, 2, 3) to e3 order in Eq (12)
is the same as that in our previous paper [16].
Obviously, Eq (12) shows that at e0 order, the orbits of

all SCs in both configurations are the circle in the ecliptic
plane with the Sun as center and R as radius, and thus, the
trajectories of the barycenters of three SCs at e0 order in
these two configurations are also this circle, which is the
basis for establishing the Clohessy-Wiltshire system [15].
The complete expressions for the trajectories of the bary-
centers of three SCs in both configurations are obtained by
Eq. (12) in Appendix A, and by using them, one can discuss
the actual trailing angle of the Taiji constellation following
Earth from the viewpoint of the Sun [16]. Moreover,
Eq. (12) implies that the orbits of SCκ (κ ¼ 1, 2, 3) at
every order in both configurations are symmetric about
either the z axis or the x-y plane, which embodies the
duality between these two configurations. Although
Eq. (12) is expressed in the form of a series, it is the
complete unperturbed Keplerian orbits of SCs. When the
post-Newtonian effects of the Sun’s gravitational field and
the perturbative effects of some celestial bodies are further
considered in the future, Eq. (12) truncated to the necessary
order should be viewed as the zeroth-order approximation
of the corresponding perturbative solution. Hence, Eq. (12)
is the basis for discussion of relativistic and perturbative
effects on SCs.

B. Expansions of all the kinematic indicators
of Taiji triangles

All the kinematic indicators of Taiji triangles, say three
arm-lengths and their corresponding rates of change, and
three vertex angles, depend on the relative radial vectors of
SCs, namely, r�μν ≔ r�μ − r�ν ¼ ðx�μν; y�μν; z�μνÞðμ; ν ¼ 1; 2; 3;
μ ≠ νÞ. By using Eq. (12), expanding r�μν is easy, namely,

8>><
>>:

x�μν ¼ R
P∞

n¼1ð∓ 1ÞnQðx�μν; nÞen;
y�μν ¼ R

P∞
n¼1ð∓ 1ÞnQðy�μν; nÞen;

z�μν ¼ R
P∞

n¼1ð∓ 1Þn−1Qðz�μν; nÞen
ð13Þ
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with their discrete spectrum functions of the power of e,
respectively,8>><

>>:
Qðx�μν; nÞ ≔ Qðx�μ ; nÞ −Qðx�ν ; nÞ;
Qðy�μν; nÞ ≔ Qðy�μ ; nÞ −Qðy�ν ; nÞ;
Qðz�μν; nÞ ≔ Qðz�μ ; nÞ −Qðz�ν ; nÞ:

ð14Þ

r�μν can be used to define the arm-lengths between SCμ and
SCν and their rates of change, respectively,

l�μν ≔
ffiffiffiffiffiffiffiffiffiffiffiffi
ðr�μνÞ2

q
; v�μν ≔

dl�μν
dt

; ð15Þ

which shows that it is necessary to first deal with

ðr�μνÞ2 ¼ ðx�μνÞ2 þ ðy�μνÞ2 þ ðz�μνÞ2: ð16Þ
Expansions of ðr�μνÞ2 are readily derived with above
Eqs. (13) and (14):

ðr�μνÞ2 ¼ R2
X∞
n¼2

ð∓ 1ÞnQððr�μνÞ2; nÞen; ð17Þ

where the discrete spectrum functions of the power of e for
ðr�μνÞ2 are

Qððr�μνÞ2; nÞ ≔
Xn−1
k¼1

½Qðx�μν; n − kÞQðx�μν; kÞ

þQðy�μν; n − kÞQðy�μν; kÞ
þQðz�μν; n − kÞQðz�μν; kÞ�: ð18Þ

Qððr�μνÞ2; nÞ are clearly rewritten as the functions of t in
Eq. (B1), from which, one can find that they possess the
following symmetry:

Qððr�μνÞ2; nÞ ¼ FðθμνðΩtÞÞ with

θμνðΩtÞ ≔

8>><
>>:

Ωt − π
3
; for fμ; νg ¼ f1; 2g;

Ωt − π; for fμ; νg ¼ f2; 3g;
Ωt − 5π

3
; for fμ; νg ¼ f3; 1g;

ð19Þ

where F is the corresponding function of a single
variable. The proof is easy. From the definitions of r�μν and

Eq. (17), Qððr�μνÞ2; nÞ ¼ Qððr�νμÞ2; nÞ, which means that
one only needs to consider ðμ; νÞ ∈ fð1; 2Þ; ð2; 3Þ; ð3; 1Þg
in Eq. (19). The first term in Eq. (B1) keeps the same when
ðμ; νÞ takes the above three groups of values, and every
remaining term contains CFμνðΩt; ϵ; ηÞ or SF

μνðΩt; ϵ; ηÞ
whose expressions are shown in Eq. (B2), where both ϵ
and η are integers. ϵ − η is always even for ϵ and η in
Eq. (B1). A direct calculation gives

CFμνðΩt; ϵ; ηÞ ¼ cos

�
−ϵ

π

3

�
cos ðηθμνðΩtÞÞ;

SF
μνðΩt; ϵ; ηÞ ¼ sin

�
−ϵ

π

3

�
sin ðηθμνðΩtÞÞ;

when ðμ; νÞ ∈ fð1; 2Þ; ð2; 3Þ; ð3; 1Þg, which implies that
Eq. (19) holds.
Expansions of arm-lengths l�μν and their rates of change

v�μν need to resort to the related results in Appendix C. From
Eqs. (15) and (17),

l�μν ≔ R

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX∞
n¼2

a�μνðnÞen
s

with

a�μνðnÞ ≔ ð∓ 1ÞnQððr�μνÞ2; nÞ; ð20Þ
which can also be rewritten as the following forms by
p ≔ n − 2:

l�μν ¼ eR
ffiffiffiffiffiffiffiffiffiffiffiffiffi
a�μνð2Þ

q �X∞
p¼0

b�μνðpÞep
�1

2

with

b�μνðpÞ ≔
a�μνðpþ 2Þ
a�μνð2Þ

; ð21Þ

and plugging Eq. (B1) into the definitions of a�μνð2Þ in
Eq. (20) gives

a�μνð2Þ ¼
15

2
þ 3

2
tan2ϕ�

þ
�
9

2
−
3

2
tan2ϕ�

�
cos ð2θμνðΩtÞÞ > 0: ð22Þ

Byuse of Eqs. (C11)–(C13) and (C15), ðP∞
p¼0b

�
μνðpÞepÞ1=2

in Eq. (21) can be expanded, namely,

�X∞
p¼0

b�μνðpÞep
�1

2 ¼
X∞
p¼0

�
δ0p þ

Xp
k¼1

ð−1Þk−1 ð2k − 3Þ!!
ð2kÞ!! ðb�μνÞkðpÞ

�
ep

with

ðb�μνÞkðpÞ ¼
(
b�μνðpÞ; k ¼ 1;Pp−1

jk−1¼k−1
Pjk−1−1

jk−2¼k−2 …
Pj3−1

j2¼2

Pj2−1
j1¼1 b

�
μνðp − jk−1Þb�μνðjk−1 − jk−2Þ…b�μνðj2 − j1Þb�μνðj1Þ; k ≥ 2;

ð23Þ
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where δ0p is the Kronecker symbol,
P

0
k¼1ð� � �Þ ≔ 0, and

ð−1Þ!! ≔ 1. Substituting the above results to Eq. (21) by
p → p − 1 gives

l�μν ¼ R
X∞
p¼1

Qðl�μν; pÞep ð24Þ

with the discrete spectrum functions of the power of
e for l�μν,

Qðl�μν; pÞ

≔
ffiffiffiffiffiffiffiffiffiffiffiffiffi
a�μνð2Þ

q �
δ1p þ

Xp−1
k¼1

ð−1Þk−1 ð2k − 3Þ!!
ð2kÞ!! ðb�μνÞkðp − 1Þ

�
:

ð25Þ
Further, the rates of change of l�μν are trivially obtained,

v�μν ¼ RΩ
X∞
p¼1

Qðv�μν; pÞep

with Qðv�μν; pÞ ¼
1

Ω
d
dt

Qðl�μν; pÞ: ð26Þ

With the above results, the inherent variations of arm-
lengths and their rates of change in both configurations of
Taiji can be discussed, and then, an important symmetry of
them is directly obtained from Eqs. (19)–(23): For each
configuration of Taiji, three components of arm-lengths and

their rates of change are identical to each other up to a phase
shift of 2π=3 at every order, which is independent on the tilt
angle of the Taiji plane relative to the ecliptic plane. From
Eqs. (25) and (26),

Qðl�μν; 1Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
a�μνð2Þ

q
; Qðv�μν; 1Þ ¼

1

Ω
d
dt

ffiffiffiffiffiffiffiffiffiffiffiffiffi
a�μνð2Þ

q
;

ð27Þ

and then, Eq. (22) shows that when ϕ� ¼ π=3, Qðl�μν; 1Þ ¼
2

ffiffiffi
3

p
⇔ Qðv�μν; 1Þ ¼ 0, which means that in this case,

Taiji triangles in both configurations are equilateral at
the leading order terms of arm-lengths and their rates of
change. However, at their higher order terms, further
calculations of Qðl�μν; pÞ and Qðv�μν; pÞðp ≥ 2Þ show that
even ϕ� ¼ π=3, Taiji triangles in both configurations still
undergo the inherent variations. Like LISA, this instability
of Taiji formation may lower its sensitivity [14], which
requires that an accurate analysis on the inherent variation
of the Taiji triangle should be made in the data analysis.
According to the above algorithm, one can acquire an
accurate knowledge of the inherent variations of arm-
lengths and their rates of change in two configurations
of Taiji when ϕ� ¼ π=3. As a preliminary example, here,
we present the expansions of l�μν and v�μν to e5 order,
namely,

�
l�μν ¼ Rð2 ffiffiffi

3
p

eþQðl�μν; 2Þe2 þQðl�μν; 3Þe3 þQðl�μν; 4Þe4 þQðl�μν; 5Þe5Þ;
v�μν ¼ RΩð0eþQðv�μν; 2Þe2 þQðv�μν; 3Þe3 þQðv�μν; 4Þe4 þQðv�μν; 5Þe5Þ;

ð28Þ

where the expressions of Qðl�μν; pÞ and Qðv�μν; pÞ with 2 ≤
p ≤ 5 are presented in Appendix D. In the data analysis, by
deducting the inherent variations of arm-lengths of the Taiji
triangle, one is able to acquire their accurate variations
induced by GWs, where without doubt, based on these
results, the variations of arm-lengths induced by the
relativistic effect of the Sun’s gravitational field and the
perturbative effects of some celestial bodies need to be
deducted as well.
The vertex angles of Taiji triangles between the relative

radial vectors of SCs r�μλ and r
�
νλðμ ≠ νÞ, denoted by β�μν, are

defined as

β�μν ≔ arccos ðr̂�μλ · r̂�νλÞ; ð29Þ

where r̂�μλ ≔ r�μλ=l
�
μλ and r̂

�
νλ ≔ r�νλ=l

�
νλ are the corresponding

unit vectors, respectively. From Eq. (29), if the expansions
of r̂�μλ and r̂�νλ are obtained, one is able to expand β�μν.
Equation (21) provides

1

l�μν
¼ 1

eR
ffiffiffiffiffiffiffiffiffiffiffiffiffi
a�μνð2Þ

q �X∞
p¼0

b�μνðpÞep
�−1

2

; ð30Þ

and as before, according to Eqs. (C11)–(C13) and (C16),
ðP∞

p¼0 b
�
μνðpÞepÞ−1=2 can be expanded, namely,

�X∞
p¼0

b�μνðpÞep
�−1

2

¼
X∞
p¼0

�
δ0p þ

Xp
k¼1

ð−1Þk ð2k − 1Þ!!
ð2kÞ!! ðb�μνÞkðpÞ

�
ep;

where the expression of ðb�μνÞkðpÞ refer to Eq. (23).
Substituting the above result to Eq. (30) gives

1

l�μν
¼ 1

eR

X∞
p¼0

Q

�
1

l�μν
; p

�
ep ð31Þ
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with the discrete spectrum functions of the power of e for 1=l�μν,

Q

�
1

l�μν
; p

�
≔

1ffiffiffiffiffiffiffiffiffiffiffiffiffi
a�μνð2Þ

q �
δ0p þ

Xp
k¼1

ð−1Þk ð2k − 1Þ!!
ð2kÞ!! ðb�μνÞkðpÞ

�
: ð32Þ

The combination of Eqs. (13) and (31) brings about the expansions of r̂�μν ¼ ðx̂�μν; ŷ�μν; ẑ�μνÞ:8>><
>>:

x̂�μν ¼
P∞

n¼0Qðx̂�μν; nÞen;
ŷ�μν ¼

P∞
n¼0Qðŷ�μν; nÞen;

ẑ�μν ¼
P∞

n¼0Qðẑ�μν; nÞen
ð33Þ

with the discrete spectrum functions of the power of e for x̂�μν, ŷ�μν, and ẑ�μν, respectively,8>>>>><
>>>>>:

Qðx̂�μν; nÞ ≔
P

n
p¼0ð∓ 1Þn−pþ1Qðx�μν; n − pþ 1ÞQ

�
1
l�μν
; p

�
;

Qðŷ�μν; nÞ ≔
P

n
p¼0ð∓ 1Þn−pþ1Qðy�μν; n − pþ 1ÞQ

�
1
l�μν
; p

�
;

Qðẑ�μν; nÞ ≔
P

n
p¼0ð∓ 1Þn−pQðz�μν; n − pþ 1ÞQ

�
1
l�μν
; p

�
;

ð34Þ

and by using this result, one easily gets

B�
μν ≔ cos β�μν ¼ r̂�μλ · r̂

�
νλ ¼

X∞
p¼0

QðB�
μν; pÞep ð35Þ

with

QðB�
μν; pÞ ≔

Xp
k¼0

½Qðx̂�μλ; p − kÞQðx̂�νλ; kÞ þQðŷ�μλ; p − kÞQðŷ�νλ; kÞ þQðẑ�μλ; p − kÞQðẑ�νλ; kÞ�: ð36Þ

According to Eqs. (C11)–(C13) again,

β�μν ¼ arccosB�
μν ¼ arccos

�X∞
p¼0

QðB�
μν; pÞep

�

can be expanded, and then,

β�μν ¼
X∞
p¼0

Qðβ�μν; pÞep ð37Þ

with the discrete spectrum functions of the power of e for β�μν,

Qðβ�μν; pÞ ≔ δ0p arccos ðQðB�
μν; 0ÞÞ þ

Xp
k¼1

arccosðkÞðQðB�
μν; 0ÞÞ

k!
QkðB�

μν; pÞ; ð38Þ

where

QkðB�
μν; pÞ ¼

8>><
>>:

QðB�
μν; pÞ; k ¼ 1;Pp−1

jk−1¼k−1
Pjk−1−1

jk−2¼k−2 � � �
Pj3−1

j2¼2

Pj2−1
j1¼1QðB�

μν; p − jk−1ÞQðB�
μν; jk−1 − jk−2Þ…

×QðB�
μν; j2 − j1ÞQðB�

μν; j1Þ; k ≥ 2;

ð39Þ

and the expression of arccosðkÞðk ≥ 1Þ refers to Eq. (C17).
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Next, the vertex angles of Taiji triangles will be dis-
cussed, and they also possess the symmetry: Three com-
ponents of the vertex angles of the Taiji triangle in each
configuration are also identical to each other up to a phase
shift of 2π=3 at every order, which is also independent on
the tilt angle of the Taiji plane relative to the ecliptic plane.
The proof is lengthy, so the detailed process is put in
Appendix B. From Eqs. (27) and (32), Qð1=l�μν; 0Þ ¼
1=ða�μνð2ÞÞ1=2 ¼ 1=Qðl�μν; 1Þ, by which, one knows that
when ϕ� ¼ π=3, Qð1=l�μν; 0Þ ¼ 1=ð2 ffiffiffi

3
p Þ, and then,

Eqs. (34) and (36) give

QðB�
μν; 0Þ ¼

1

12
½Qðx�μλ; 1ÞQðx�νλ; 1Þ þQðy�μλ; 1ÞQðy�νλ; 1Þ

þQðz�μλ; 1ÞQðz�νλ; 1Þ�:

By further using Eqs. (A7) and (14), QðB�
μν; 0Þ ¼ 1=2 is

obtained, and then, plugging this result into Eq. (38), one

finally arrives at Qðβ�μν; 0Þ ¼ arccosðQðB�
μν; 0ÞÞ ¼ π=3,

which shows that as expected, when ϕ� ¼ π=3, Taiji
triangles in both configurations are equilateral at the
leading order terms of the vertex angles. Similarly to the
cases of arm-lengths and their rates of change, the actual
calculations of Qðβ�μν; pÞðp ≥ 1Þ imply that at the higher
order terms, the vertex angles still undergo the inherent
variations even when ϕ� ¼ π=3. In the following, we will
make use of the above algorithm to present the expansions
of β�μν, and prove that β�μν up to e4 order is compatible with
those of arm-lengths and their rates of change in Eq. (28).
Suppose that r�μν have been expanded to ei order, and then
that the series expression of any related quantity A should
be truncated to eΛðA;iÞ order. In order to make each term in
the truncated expression of A the same as its corresponding
one in the previous expression to infinite of e, one can
determine the value of ΛðA; iÞ. Thus, the following con-
clusions are derived:

Λððr�μνÞ2; iÞ ¼ iþ 1 ⇒

�Λðl�μν; iÞ ¼ i ⇒ Λðv�μν; iÞ ¼ i;

Λð1=l�μν; iÞ ¼ i − 2 ⇒ Λðr̂�μν; iÞ ¼ i − 1 ⇒ ΛðB�
μν; iÞ ¼ i − 1 ⇒ Λðβ�μν; iÞ ¼ i − 1.

ð40Þ

In the first step, following the process from Eq. (20)
to Eq. (21), ðP∞

p¼0 b
�
μνðpÞepÞ1=2 in Eq. (21) and

ðP∞
p¼0 b

�
μνðpÞepÞ−1=2 in Eq. (30) should be changed to

be ðPi−1
p¼0 b

�
μνðpÞepÞ1=2 and ðPi−1

p¼0 b
�
μνðpÞepÞ−1=2, respec-

tively, and in the spirit of Appendix C, one knows that
only their further expansions to ei−1 order are kept. There-
fore, from Eqs. (21) and (30), Λðl�μν; iÞ ¼ i and
Λð1=l�μν; iÞ ¼ i − 2. The above conclusion implies that if
i ¼ 5, the following expansions of β�μν to e4 order are indeed
compatible with those of arm-lengths and their rates of
change inEq. (28).Asmentioned before, in order to consider
the relativistic effect of the Sun’s gravitational field and the
perturbative effects of some celestial bodies, all the related
results in the form of series need to be truncated to necessary
order, so the above conclusion (40) plays an important role.
Here is the expansions of β�μν to e4 order:

β�μν ¼
π

3
þQðβ�μν; 1ÞeþQðβ�μν; 2Þe2 þQðβ�μν; 3Þe3

þQðβ�μν; 4Þe4; ð41Þ

where expressions of Qðβ�μν; pÞ with 1 ≤ p ≤ 4 are pre-
sented inAppendixD. From these results, one can check that
when p ¼ 1, 2, 3, 4,

Qðβ�12; pÞ þQðβ�23; pÞ þQðβ�31; pÞ ¼ 0;

which is compatible with the result of β�12 þ β�23 þ β�31 ¼ π
in Euclidean geometry.

C. Optimization of the orbits of Taiji SCs

As indicated in Sec. III B, for both configurations of
Taiji, even when ϕ� ¼ π=3, Taiji triangles are only equi-
lateral at the leading terms of their kinematic indicators, and
the higher order terms show that Taiji triangles undergo the
inherent variations. One adverse effect brought about by
such instability of the Taiji triangle is that the first
generation TDI may work unsuccessfully since the TDI
is only applicable for the stationary configuration, so that
the laser frequency noise cannot be suppressed effectively.
In order to deal with this problem, one perhaps needs to
turn to modified first generation TDI or further, the second
generation TDI [14,18–20]. The application of the second
generation TDI could be at the cost of possible difficulty in
the data analysis [14], because the complex noncommuting
time-delay operators are involved, and therefore, one
should select a simpler TDI technique by optimizing the
orbits of SCs, as the case of original LISA (presented in
Refs. [8,9,14]). The smaller orbital eccentricity of Taiji SCs
than that of the original LISA SCs means the more stable
formation of Taiji than that of the original LISA, which will
contribute to considering a simpler TDI strategy for Taiji by
the optimization of orbits of SCs. Another adverse effect of
the instability of the Taiji triangle is the Doppler shift of the
laser frequency, and optimizing the orbits of SCs also helps
to reduce it.
By adjusting the tilt angle ϕþ around π=3 at e1 order, the

orbits of SCs are optimized at the next leading orders of all
the kinematic indicators in the original configuration of
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Taiji [16]. According to the algorithm devised in the
previous subsection, we will generalize this result in this
subsection, and namely, by adjusting ϕ� around π=3 to any
order of e, the orbits of SCs in both configurations of Taiji
will be optimized, respectively, which means that Taiji
triangles in both configurations can become as stable as
possible with the different specific problems involved. To
this end, suppose that ϕ� have the forms of expansions
around π=3 in e,

ϕ� ≔
X∞
p¼0

γ�ðpÞep with γ�ð0Þ ≔ π

3
; ð42Þ

which means that we should modify the previous algorithm
so that all the quantities involving ϕ� can be reexpanded.
Let us start with the orbits of SCs, namely, r�κ ¼

ðx�κ ; y�κ ; z�κ Þ (κ ¼ 1, 2, 3), and from Eqs. (2), (5), and
(8)–(11), one knows that their dependence on ϕ� is
originated from cos ε� and sin ε�, and with the assumption

(42), if cos ε� and sin ε� are reexpanded to infinite order of
e, one can acquire the reexpansions of r�κ . Technically, if
cos ε� and sin ε� are reexpanded by redefining their
discrete spectrum functions of the power of e, namely,
Qðcos ε�; nÞ and Qðsin ε�; nÞ in Eq. (A6), while Eq. (A5)
remains the same, one does not need to modify the
remaining part of the previous algorithm to obtain the
reexpansions of r�κ and the further reexpansions of all
the kinematic indicators of Taiji triangles. In Appendix E,
according to the related conclusions in Appendix C, the
modified expressions of Qðcos ε�; nÞ and Qðsin ε�; nÞ are
derived, which are presented in Eq. (E12).
Now, as mentioned above, according to the modified

algorithm, all the kinematic indicators of Taiji triangles
in both configurations can be reexpanded. Here, we take
the reexpansions of l�μν and v�μν to e8 order and the
reexpansions of β�μν to e7 order as an example to explain
how to optimize the orbits of SCs, and the corresponding
results read

8>><
>>:

l�μν ¼ Rð2 ffiffiffi
3

p
eþP

8
p¼2 Qðl�μν; pÞepÞ with Qðl�μν; pÞ ¼ Qðl�μν; p; γ�ð1Þ;…; γ�ðp − 1ÞÞ;

v�μν ¼ RΩð0eþP
8
p¼2Qðv�μν; pÞepÞ with Qðv�μν; pÞ ¼ Qðv�μν; p; γ�ð1Þ;…; γ�ðp − 1ÞÞ;

β�μν ¼ π
3
þP

7
p¼1Qðβ�μν; pÞep with Qðβ�μν; pÞ ¼ Qðβ�μν; p; γ�ð1Þ;…; γ�ðpÞÞ:

ð43Þ

Qðl�μν; pÞ, Qðv�μν; pÞ, and Qðβ�μν; pÞ are so lengthy as p
increases that their expressions do not need to be presented,
but one should know that as before,Qðl�μν; pÞ andQðβ�μν; pÞ
can be still written as the forms of the linear combination
of cosðn1θμνðΩtÞÞ, and Qðv�μν; pÞ can be still written as the
form of the linear combination of sinðn2θμνðΩtÞÞ, where
both n1 and n2 are positive integers, and γ�ð1Þ… exist,
as parameters, in the discrete spectrum functions of the
power. The above choice about the truncated orders will
ensure that the final determined orders of the optimized
expressions of l�μν, v�μν, and β�μν are the same as their previous
those shown in Eqs. (28) and (41), respectively.
Motivated by the idea in Ref. [22], if the following

functions

Pðl�μν; v�μν; β�μνÞ ≔ ω�
l Dðl�μνÞ þ ω�

v Dðv�μνÞ þ ω�
β Dðβ�μνÞ

ð44Þ

take the minimums, the orbits of Taiji SCs in both
configurations are optimized, respectively, where

8>><
>>:

Dðl�μνÞ ≔ hðΔl�μνÞ2i ¼ hðl�μν − hl�μνiÞ2i;
Dðv�μνÞ ≔ hðΔv�μνÞ2i ¼ hðv�μν − hv�μνiÞ2i;
Dðβ�μνÞ ≔ hðΔβ�μνÞ2i ¼ hðβ�μν − hβ�μνiÞ2i

ð45Þ

are the variances of l�μν, v�μν, and β�μν with8>><
>>:

hl�μνi ≔ Ω
2nπ

R t0þ2nπ=Ω
t0 l�μνdt ¼ Rð2 ffiffiffi

3
p

eþOðe2ÞÞ;
hv�μνi ≔ Ω

2nπ

R t0þ2nπ=Ω
t0 v�μνdt ¼ 0;

hβ�μνi ≔ Ω
2nπ

R t0þ2nπ=Ω
t0 β�μνdt ¼ π

3

ð46Þ

as their averages within nðn ¼ 1; 2; 3;…Þ year, and ω�
l ,

ω�
v , and ω�

β are their corresponding weights. To simplify
calculation, define the following corresponding dimension-
less quantities:

Δl�μν ≔
Δl�μν
R

; Δv�μν ≔
Δv�μν
RΩ

; Δβ�μν ≔ eðΔβ�μνÞ;
ð47Þ

and then, from Eqs. (45)–(47),

Pðl�μν; v�μν; β�μνÞ
¼ hω�

l ðΔl�μνÞ2 þ ω�
v ðΔv�μνÞ2 þ ω�

β ðΔβ�μνÞ2i
¼

D
ω̄�
l

�
Δl�μν

�
2 þ ω̄�

v

�
Δv�μν

�
2 þ ω̄�

β

�
Δβ�μν

�
2
E
; ð48Þ

where

ω̄�
l ≔ R2ω�

l ; ω̄�
v ≔ R2Ω2ω�

v ; ω̄�
β ≔

ω�
β

e2
ð49Þ
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are the reduced weights of l�μν, v�μν, and β�μν, respectively. Let the superscript [p] represents that the order of the
corresponding term is ep, and then, Eqs. (43) and (47) show8>>>>><

>>>>>:

Δl�μν ≔
P

8
p¼2

�
Δl�μν

�½p�
;

Δv�μν ≔
P

8
p¼2

�
Δv�μν

�½p�
;

Δβ�μν ≔
P

8
p¼2

�
Δβ�μν

�½p�
;

⇒

8>>>>><
>>>>>:

�
Δl�μν

�
2 ¼ P

10
p¼4

��
Δl�μν

�
2
�½p�

;�
Δv�μν

�
2 ¼ P

10
p¼4

��
Δv�μν

�
2
�½p�

;�
Δβ�μν

�
2 ¼ P

10
p¼4

��
Δβ�μν

�
2
�½p�

:

ð50Þ

Substituting this result to Eq. (48) gives

Pðl�μν; v�μν; β�μνÞ ¼
X10
p¼4

P½p�ðl�μν; v�μν; β�μνÞ ð51Þ

with

P½p�ðl�μν; v�μν; β�μνÞ ≔
D
ω̄�
l

��
Δl�μν

�
2
�½p� þ ω̄�

v

��
Δv�μν

�
2
�½p� þ ω̄�

β

��
Δβ�μν

�
2
�½p�E

: ð52Þ

The above equations imply that if P½p�ðl�μν; v�μν; β�μνÞðp ¼ 4; 5;…Þ take the minimums, Pðl�μν; v�μν; β�μνÞ will take their
minimums, and then after a tedious calculation, the following results are obtained:8>>>>>>>>><

>>>>>>>>>:

γ�ð1Þ ¼ � 15

8
ffiffi
3

p ;

γ�ð2Þ ¼ −
P2ðω̄�

l ;ω̄
�
v ;ω̄�

β Þ
4ω̄�

l þ16ω̄�
v þω̄�

β
;

γ�ð3Þ ¼∓ P3ðω̄�
l ;ω̄

�
v ;ω̄�

β Þ
4ω̄�

l þ16ω̄�
v þω̄�

β
;

γ�ð4Þ ¼ P4ðω̄�
l ;ω̄

�
v ;ω̄�

β Þ
ð4ω̄�

l þ16ω̄�
v þω̄�

β Þ3

ð53Þ

with

P2ðω̄�
l ; ω̄

�
v ; ω̄�

β Þ ¼
10922ω̄�

l þ 17028ω̄�
v þ 1317ω̄�

β

1024
ffiffiffi
3

p ;

P3ðω̄�
l ; ω̄

�
v ; ω̄�

β Þ ¼
7ð11114ω̄�

l þ 17796ω̄�
v þ 1365ω̄�

β Þ
4096

ffiffiffi
3

p ;

P4ðω̄�
l ; ω̄

�
v ; ω̄�

β Þ ¼
1

1572864
ffiffiffi
3

p ð1677590048ðω̄�
l Þ3 þ 12778457960ðω̄�

l Þ2ðω̄�
v Þ

þ 28501108176ðω̄�
l Þðω̄�

v Þ2 þ 16914868416ðω̄�
v Þ3 þ 821189105ðω̄�

l Þ2ðω̄�
β Þ

þ 2932122822ðω̄�
l Þðω̄�

v Þðω̄�
β Þ þ 1888107408ðω̄�

v Þ2ðω̄�
β Þ þ 79001022ðω̄�

l Þðω̄�
β Þ2

þ 35773092ðω̄�
v Þðω̄�

β Þ2 − 866259ðω̄�
β Þ3Þ:

In fact, the results in Eq. (53) are derived for [p]-order after ½p − 1�-order. P½p�ðl�μν; v�μν; β�μνÞ takes the minimum for even
orders and vanishes for odd orders. Then, from Eq. (43), l�μν and v�μν are determined to e5 order, and β�μν are determined to e4

order, and after omitting their undetermined parts, one finally arrives at

8>><
>>:

l�μν ¼ Rð2 ffiffiffi
3

p
eþP

5
p¼2Qðl�μν; pÞepÞ;

v�μν ¼ RΩð0eþP
5
p¼2Qðv�μν; pÞepÞ;

β�μν ¼ π
3
þP

4
p¼1Qðβ�μν; pÞep;

ð54Þ

where the expressions of Qðl�μν; pÞ; Qðv�μν; pÞ, and Qðβ�μν; p − 1Þ are provided in Appendix D.
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As depicted above, the truncated orders of l�μν, v�μν, and
β�μν in Eq. (43) result in that Pðl�μν; v�μν; β�μνÞ should be
truncated to e10 order, from which, only γ�ðpÞ (p ¼ 1, 2, 3,
4) are provided, and consequently, the final determined
orders of the optimized expressions of l�μν, v�μν, and β�μν are
the same as their previous shown in Eqs. (28) and (41),
respectively. Although the above optimized expressions of
all the kinematic indicators seem lengthy, when their
weights, namely, ω�

l ðω̄�
l Þ, ω�

v ðω̄�
v Þ, and ω�

β ðω̄�
β Þ are given,

all the above complex coefficients are degenerated into the
corresponding numbers, so compared with their original
expressions, the optimized ones are indeed simpler and
more compact. Physically speaking, with these optimized
expressions of all the kinematic indicators in Eq. (54),
Pðl�μν; v�μν; β�μνÞ reach their minimums, which means that a
set of reasonably determined weights can result in that Taiji
triangles in both configurations become the most stable.
Further, without doubt, following the above algorithm
about optimization, no matter what the truncated orders
of all the kinematic indicators are, Taiji triangles in both
configurations can become as stable as possible, and
therefore, the above algorithm applies to the optimization
of the inherent orbital variations of SCs involving any
specific problems. Thus, as mentioned before, after such
optimization of the orbits of SCs, the more stable forma-
tion of Taiji may contribute to selecting a simpler TDI
technique to suppress the laser frequency noise and
reducing the adverse effect brought by the Doppler shift
of the laser frequency. Moreover, when considering the
post-Newtonian effects of the Sun’s gravitational field and
the perturbative effects of some celestial bodies, the above
algorithm can be readily generalized so that the more stable
formation of Taiji can be obtained.

IV. SUMMARY AND DISCUSSIONS

The space-based GW detectors like LISA [8,9] or later
Taiji [10–13] are becoming increasingly important, because
the ground-based detectors are unable to detect GWs below
0.1 Hz [5,7]. Like LISA, Taiji is composed of three
identical SCs orbiting the Sun and forming an equilateral
triangle whose arm-length is about 3 × 106 km. Taiji will
observe GWs covering the range from 0.1 mHz to 1.0 Hz
by using coherent laser beams exchanged between three
SCs. In this paper, a new configuration for the orbits of Taiji
SCs is proposed by finding the new relationship between
the inclination ε of the orbits of SCs with respect to the
ecliptic plane and the orbital eccentricity e. The original
configuration, designed for LISA [8,9,14,15], is studied as
one part of the prestudy of Taiji [16]. The orbits of SCκ
(κ ¼ 1; 2; 3) at every order in these two configurations are
symmetric about either z axis or x-y plane in the helio-
centric coordinate system, which embodies the duality
between them. In view of the fact that the trailing angle
of Taiji constellation following Earth from the viewpoint of

the Sun can take values of �π=9, where the negative value
means that the constellation is preceding Earth, and that in
each case, Taiji has two symmetric orbits of SCs about the
ecliptic plane, these two configurations, in practice, provide
eight kinds of potential orbit schemes for Taiji.
For the unperturbed Keplerian orbits of SCs in both

configurations of Taiji, an algorithm is devised to expand
them to infinite order of e in the heliocentric coordinate
system. When the post-Newtonian effects of the Sun’s
gravitational field and the perturbative effects of some
celestial bodies from Jupiter and the Moon etc. are
considered, the unperturbed Keplerian orbits of SCs should
be truncated to necessary order and then viewed as the
zeroth-order approximation of the corresponding perturba-
tive solution. Therefore, the algorithm lays the foundation
for discussion of relativistic and perturbative effects on Taiji.
Further, based on the algorithm, all the kinematic indicators
of Taiji triangles in both configurations are also expanded to
infinite order of e. As an example, the expressions of arm-
lengths and their rates of change to e5 order, and the
expressions of vertex angles to e4 order are presented when
ϕ� ¼ π=3. These results show that even when ϕ� ¼ π=3,
Taiji triangles in both configurations are equilateral only up
to their leading order but undergoes the inherent variations
up to higher orders. Such inherent variation of Taiji could
lower its sensitivity [14], so the inherent variation of the
Taiji triangle is significant in the data analysis, e.g., the
inherent variations of arm-lengths need to be deducted so as
to acquire their accurate variations induced by GWs. By
using the above algorithm, an accurate knowledge of the
inherent variations of Taiji triangles in two configurations
can be obtained. Moreover, with the above algorithm, it is
proved that for both configurations of Taiji, three compo-
nents of every kinematic indicator are proved to be identical
to each other up to a phase shift of 2π=3 at every order,
which is independent on the value of the tilt angle of the
Taiji plane relative to the ecliptic plane.
The first generation TDI may not suppress the laser

frequency noise effectively, because of the instability of
the Taiji triangle resulted from its inherent variation. The
application of the second generation TDI [14,18–20] could
possibly cause difficulty in the data analysis [14] due to the
complex noncommuting time-delay operators. Therefore,
it is necessary to consider a simple TDI strategy for Taiji.
In this paper, by adjusting ϕ� around π=3 to any order of e,
the orbits of SCs in both configurations of Taiji are opti-
mized, respectively, which, as with the case of original
LISA (presented in Refs. [8,9,14]), may contribute to
Taiji’s selecting a simpler TDI technique. Technically,
under the assumption (42), by slightly modifying the
above algorithm, all the kinematic indicators of Taiji
triangles in both configurations are first reexpanded, and
their expressions certainly include the parameters γ�ð1Þ;
γ�ð2Þ � � � in assumption (42). Then, if a set of reasonably
determined weights is given, by taking the minimums of
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Pðl�μν; v�μν; β�μνÞ, the parameters γ�ð1Þ; γ�ð2Þ � � � can be
derived one after another, and with them, the optimized
expressions of all the kinematic indicators can be further
obtained. Compared with their previous expressions, the
optimized ones are indeed simpler and more compact.
Thus, following the above algorithm about optimization,
Taiji triangles in both configurations can become as stable
as possible with the different specific problems involved.
As a preliminary example, the results of optimizing all the
kinematic indicators in both configurations by adjusting ϕ�

around π=3 to e4 order are provided in the present paper.
When the post-Newtonian effects of the Sun’s gravitational
field and the perturbative effects of some celestial bodies
are considered, the above algorithm can be readily gener-
alized so that the more stable formation of Taiji can be
obtained.
As mentioned in our previous paper [16], LISA and Taiji

might be in operation at the same time for a period in the
future, and based on the new configuration in this paper,
there are more combinations available to be chosen.
Moreover, these various combinations could be used to
design the next generation space-based GW detector, which
may need more SCs to form a better configuration in order
to improve the sensitivity and angle resolution for GW
detection. The algorithm devised in the present paper
actually applies to any space-based GW detector like
LISA in triangular configuration, and the expansions of
the unperturbed Keplerian orbits of SCs to infinite order of
e are essentially their complete series solutions. With these
solutions, all the kinematic indicators can also be expressed
in the form of a series, which is the main idea of the
algorithm. Moreover, by following the slightly modified
algorithm about optimization, Taiji triangles in both

configurations can become as stable as possible with the
different specific problems involved. As far as we know,
these results have not been given before for Taiji or LISA,
so the results in the present paper may be useful for their
development. Further, based on this algorithm, as men-
tioned earlier, the relativistic effect of the Sun’s gravita-
tional field and the perturbative effects of some celestial
bodies can be taken into account, and thus, the analytic
framework used to calculate the practical solutions of the
orbits of SCs can be constructed in the following task,
where in this framework, the series solutions in this paper
need to be viewed as the zeroth-order approximation of the
corresponding perturbative solution.
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APPENDIX A: DERIVATION OF EQ. (12) AND
THE BARYCENTERS OF THREE SCs IN BOTH

CONFIGURATIONS OF TAIJI

By reasonably inducing the result about the expansion of
Kepler’s equation in Ref. [21], from Eq. (11), the expan-
sions of cosψ�

κ and sinψ�
κ to infinite order of e are,

respectively,

(
cosψ�

κ ¼ � e
2
−
P∞

n¼0
ð∓1Þn
n! Qðcosψκ; nÞen;

sinψ�
κ ¼ P∞

n¼0
ð∓1Þn
ðnþ1Þ!Qðsinψκ; nÞen

with κ ¼ 1; 2; 3; ðA1Þ

(
Qðcosψκ; nÞ ≔

P½n
2
�

k¼0
ð−1Þkþ1

2n
Ck
nþ1ðnþ 1 − 2kÞn−1 cos ððnþ 1 − 2kÞσκÞ;

Qðsinψκ; nÞ ≔
P½n

2
�

k¼0
ð−1Þk
2n

Ck
nþ1ðnþ 1 − 2kÞn sin ððnþ 1 − 2kÞσκÞ

ðA2Þ

as the discrete spectrum functions of the power of e for cosψ�
κ and cosψ�

κ , where ½n=2� is the integer part of n=2,Ck
nþ1 is the

binomial coefficients, and σκ is defined in Eq. (11). In the expansions of cosψ�
κ , the additional terms �e=2 are added in

order to makeQðcosψκ; nÞ be written in a unique form for any n. To expand cos ε� and sin ε�, the Taylor expansions of α�

need to be dealt with firstly. From Eqs. (4), (7), and α� ¼ ffiffiffi
3

p
d�=ð2RÞ, one can derive

α� ¼
ffiffiffi
3

p

2

X∞
n¼1

ð�1Þnþ1Qðα�; nÞen ðA3Þ

with the discrete spectrum functions of the power of e for α�,

Qðα�; nÞ ≔
X½n2�
k¼0

ð−1Þn−k−1ð2n − 2k − 3Þ!!
2kk!ðn − 2kÞ!ðcosϕ�Þ2n−2k−1 : ðA4Þ
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Then, substituting the above result to Eqs. (5) and (8) gives the Taylor expansions of cos ε� and sin ε�, respectively,

�
cos ε� ¼ 1þP∞

n¼1ð�1ÞnQðcos ε�; nÞen;
sin ε� ¼ P∞

n¼1ð�1Þnþ1Qðsin ε�; nÞen ðA5Þ

with their discrete spectrum functions of the power of e,

�
Qðcos ε�; nÞ ≔ ð−1Þn þP

n−1
k¼0ð−1ÞkQðα�; n − kÞ cosϕ�;

Qðsin ε�; nÞ ≔ P
n−1
k¼0ð−1ÞkQðα�; n − kÞ sinϕ�:

ðA6Þ

The combination of Eqs. (A1)–(A6) and the Taylor expansion of
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − e2

p
, namely,

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − e2

p
¼ 1 −

X∞
k¼2

ðk − 3Þ!!
k!!

cos2
kπ
2
ek

with ð−1Þ!! ≔ 1 can bring about Eq. (12), where the discrete spectrum functions of the power of e for x�κ , y�κ , and z�κ are,
respectively,

8>>>>><
>>>>>:

Qðx�κ ; nÞ ≔ C�
h ðnÞ cos ρκ þ

P
n
k¼0
k≠1

P½n−k
2
�

j¼0 ½f�s ðn; k; jÞ cos ðχnkjσκ − ρκÞ þ g�s ðn; k; jÞ cos ðχnkjσκ þ ρκÞ�;

Qðy�κ ; nÞ ≔ C�
h ðnÞ sin ρκ −

P
n
k¼0
k≠1

P½n−k
2
�

j¼0 ½f�s ðn; k; jÞ sin ðχnkjσκ − ρκÞ − g�s ðn; k; jÞ sin ðχnkjσκ þ ρκÞ�;

Qðz�κ ; nÞ ≔ −C�
v ðnÞ −

P
n
k¼1

P½n−k
2
�

j¼0 h
�
s ðn; k; jÞ cos ðχnkjσκÞ

ðA7Þ

with ρκ ≔ ðκ − 1Þ2π=3, χnkj ¼ n − kþ 1 − 2j,

�
C�
h ðnÞ ≔ 3

2
ð−1ÞnQðcos ε�; n − 1Þ;

C�
v ðnÞ ≔ 3

2
ð−1ÞnQðsin ε�; n − 1Þ; ðA8Þ

and

8>><
>>:

f�s ðn; k; jÞ ≔ ½C�
p ðn; k; jÞ þ Cmðn; k; jÞ�Cj

n−kþ1ðχnkjÞn−k−1;
g�s ðn; k; jÞ ≔ ½C�

p ðn; k; jÞ − Cmðn; k; jÞ�Cj
n−kþ1ðχnkjÞn−k−1;

h�s ðn; k; jÞ ≔ C�
t ðn; k; jÞCj

n−kþ1ðχnkjÞn−k−1:
ðA9Þ

Here,

8>>><
>>>:

C�
p ðn; k; jÞ ≔ ð−1Þjþk

2ð2n−2kÞ!!Qðcos ε�; kÞ;
Cmðn; k; jÞ ≔ ð−1Þjðk−3Þ!!χnkj

k!!ð2n−2kþ2Þ!! cos
2 kπ

2
;

C�
t ðn; k; jÞ ≔ ð−1Þjþk

ð2n−2kÞ!!Qðsin ε�; kÞ;
ðA10Þ

and the discrete spectrum functions of the power of e for cos ε� and sin ε� refer to Eq. (A6). Then, the barycenters of three
SCs in both configurations of Taiji are trivially derived by

r�c ¼ 1

3
ðr�1 þ r�2 þ r�3 Þ ¼ ðx�c ; y�c ; z�c Þ ðA11Þ

with
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8>><
>>:

x�c ¼ R cosðΩtÞ þ R
P∞

n¼1ð∓ 1ÞnQðx�c ; nÞen;
y�c ¼ R sinðΩtÞ þ R

P∞
n¼1ð∓ 1ÞnQðy�c ; nÞen;

z�c ¼ R
P∞

n¼1ð∓ 1Þn−1Qðz�c ; nÞen;
ðA12Þ

where the discrete spectrum functions of the power of e for x�c , y�c , and z�c are, respectively,8>>>>><
>>>>>:

Qðx�c ; nÞ ≔ 1
3

P
n
k¼0
k≠1

P½n−k
2
�

j¼0 ½f�s ðn; k; jÞ
P

3
κ¼1 cos ðχnkjσκ − ρκÞ þ g�s ðn; k; jÞ

P
3
κ¼1 cos ðχnkjσκ þ ρκÞ�;

Qðy�c ; nÞ ≔ − 1
3

P
n
k¼0
k≠1

P½n−k
2
�

j¼0 ½f�s ðn; k; jÞ
P

3
κ¼1 sin ðχnkjσκ − ρκÞ − g�s ðn; k; jÞ

P
3
κ¼1 sin ðχnkjσκ þ ρκÞ�;

Qðz�c ; nÞ ≔ −C�
v ðnÞ − 1

3

P
n
k¼1

P½n−k
2
�

j¼0 h
�
s ðn; k; jÞ

P
3
κ¼1 cos ðχnkjσκÞ:

ðA13Þ

APPENDIX B: EXPRESSIONS OF Qððr�μνÞ2;nÞ AS THE FUNCTIONS OF t AND
THE PROOF OF THE SYMMETRY OF β�μν

By substituting Eqs. (A7) and (14) to Eq. (18), Qððr�μνÞ2; nÞ can be rewritten as the functions of t, namely,

Qððr�μνÞ2; nÞ ¼
Xn−1
p¼1

�
2C�

h ðn − pÞC�
h ðpÞ

�
1 − cos

�
ðμ − νÞ 2π

3

�	

þ 2
Xn−p
k¼0
k≠1

X½n−p−k2
�

j¼0

Xp
k0¼0
k0≠1

X½p−k02
�

j0¼0

½f�s ðn − p; k; jÞf�s ðp; k0; j0ÞðCFμνðΩt; ξnpkj − χpk0j0 ; ξnpkj − χpk0j0 Þ

− CFμνðΩt; ξnpkj þ χpk0j0 þ 2; ξnpkj − χpk0j0 ÞÞ
þ g�s ðn − p; k; jÞg�s ðp; k0; j0ÞðCFμνðΩt; ξnpkj − χpk0j0 ; ξnpkj − χpk0j0 Þ
− CFμνðΩt; ξnpkj þ χpk0j0 − 2; ξnpkj − χpk0j0 ÞÞ
− 2f�s ðn − p; k; jÞg�s ðp; k0; j0ÞðCFμνðΩt; ξnpkj − χpk0j0 þ 2; ξnpkj þ χpk0j0 Þ
− CFμνðΩt; ξnpkj þ χpk0j0 ; ξnpkj þ χpk0j0 ÞÞ�

þ 4
Xn−p
k¼1

X½n−p−k2
�

j¼0

Xp
k0¼1

X½p−k02
�

j0¼0

h�s ðn − p; k; jÞh�s ðp; k0; j0ÞSF
μνðΩt; ξnpkj; ξnpkjÞSF

μνðΩt; χpk0j0 ; χpk0j0 Þ

þ 4
Xn−p
k¼0
k≠1

X½n−p−k2
�

j¼0

C�
h ðpÞ½f�s ðn − p; k; jÞðCFμνðΩt; ξnpkj; ξnpkjÞ − CFμνðΩt; ξnpkj þ 2; ξnpkjÞÞ

− g�s ðn − p; k; jÞðCFμνðΩt; ξnpkj − 2; ξnpkjÞ − CFμνðΩt; ξnpkj; ξnpkjÞÞ�



ðB1Þ

with � CFμνðΩt; ϵ; ηÞ ≔ cos ðϵðμ − νÞ π
3
Þ cos½ηðΩt − ðμþ ν − 2Þ π

3
Þ�;

SF
μνðΩt; ϵ; ηÞ ≔ sin ðϵðμ − νÞ π

3
Þ sin½ηðΩt − ðμþ ν − 2Þ π

3
Þ�; ðB2Þ

ξnpkj ≔ n − p − k − 2jþ 1, and χpk0j0 ¼ p − k0 − 2j0 þ 1.
This result can be used to prove the symmetry of arm-

lengths and their rates of change as done in Sec. III B.
Here, we will prove that β�μν also possess the same
symmetry, and namely, their three components are
identical to each other up to a phase shift of 2π=3 at

every order, which does not depend on ϕ�. Technically,
one only needs to prove that Qðβ�μν; pÞ in Eq. (37) can be
expressed as GðθμνðΩtÞÞ, where G is the corresponding
function of a single variable, and θμνðΩtÞ is defined in
Eq. (19). Firstly, from Eq. (29), β�μν can be rewritten as
the following form:
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β�μν ¼ arccos
r�μλ · r

�
νλ

l�μλl
�
νλ

with

ðl�μλl�νλÞ2 ¼ ðr�μλ · r�νλÞ2 þ ðr�μλ × r�νλÞ2; ðB3Þ

where8>><
>>:

r�μλ · r
�
νλ ¼ x�μλx

�
νλ þ y�μλy

�
νλ þ z�μλz

�
νλ;

r�μλ × r�νλ ¼ ððr�μλ × r�νλÞx; ðr�μλ × r�νλÞy; ðr�μλ × r�νλÞzÞ
¼ ðy�μλz�νλ − y�νλz

�
μλ; z

�
μλx

�
νλ − z�νλx

�
μλ; x

�
μλy

�
νλ − x�νλy

�
μλÞ:

ðB4Þ

Equation (B3) shows that one should begin to deal with
r�μλ · r

�
νλ and r�μλ × r�νλ. From Eqs. (13) and (14),8>>>>><

>>>>>:

r�μλ · r
�
νλ ¼ R2

P∞
n¼2ð∓ 1ÞnQðr�μλ · r�νλ; nÞen;

ðr�μλ × r�νλÞx ¼ R2
P∞

n¼2ð∓ 1Þn−1Qððr�μλ × r�νλÞx; nÞen;
ðr�μλ × r�νλÞy ¼ R2

P∞
n¼2ð∓ 1Þn−1Qððr�μλ × r�νλÞy; nÞen;

ðr�μλ × r�νλÞz ¼ R2
P∞

n¼2ð∓ 1ÞnQððr�μλ × r�νλÞz; nÞen
ðB5Þ

with their discrete spectrum functions of the power of e,
respectively,

8>>>>><
>>>>>:

Qðr�μλ · r�νλ; nÞ ≔
P

n−1
k¼1½Qðx�μλ; n − kÞQðx�νλ; kÞ þQðy�μλ; n − kÞQðy�νλ; kÞ þQðz�μλ; n − kÞQðz�νλ; kÞ�;

Qððr�μλ × r�νλÞx; nÞ ≔
P

n−1
k¼1½Qðy�μλ; n − kÞQðz�νλ; kÞ −Qðy�νλ; n − kÞQðz�μλ; kÞ�;

Qððr�μλ × r�νλÞy; nÞ ≔
P

n−1
k¼1½Qðz�μλ; n − kÞQðx�νλ; kÞ −Qðz�νλ; n − kÞQðx�μλ; kÞ�;

Qððr�μλ × r�νλÞz; nÞ ≔
P

n−1
k¼1½Qðx�μλ; n − kÞQðy�νλ; kÞ −Qðx�νλ; n − kÞQðy�μλ; kÞ�;

ðB6Þ

and further, 8>><
>>:

ðr�μλ · r�νλÞ2 ¼ R4
P∞

n¼4ð∓ 1ÞnQððr�μλ · r�νλÞ2; nÞen;
ðr�μλ × r�νλÞhs ≔ ððr�μλ × r�νλÞxÞ2 þ ððr�μλ × r�νλÞyÞ2 ¼ R4

P∞
n¼4ð∓ 1ÞnQððr�μλ × r�νλÞhs; nÞen;

ðr�μλ × r�νλÞvs ≔ ððr�μλ × r�νλÞzÞ2 ¼ R4
P∞

n¼4ð∓ 1ÞnQððr�μλ × r�νλÞvs; nÞen
ðB7Þ

with their discrete spectrum functions of the power of e, respectively,8>><
>>:

Qððr�μλ · r�νλÞ2; nÞ ≔
P

n−2
k¼2Qðr�μλ · r�νλ; n − kÞQðr�μλ · r�νλ; kÞ;

Qððr�μλ × r�νλÞhs; nÞ ≔
P

n−2
k¼2½Qððr�μλ × r�νλÞx; n − kÞQððr�μλ × r�νλÞx; kÞ þQððr�μλ × r�νλÞy; n − kÞQððr�μλ × r�νλÞy; kÞ�;

Qððr�μλ × r�νλÞvs; nÞ ≔
P

n−2
k¼2Qððr�μλ × r�νλÞz; n − kÞQððr�μλ × r�νλÞz; kÞ:

ðB8Þ

Then, by Eq. (B3), one directly gets

ðl�μλl�νλÞ2 ¼ R4
X∞
n¼4

Qððl�μλl�νλÞ2; nÞen ðB9Þ

with

Qððl�μλl�νλÞ2; nÞ ≔ ð∓ 1ÞnQððr�μλ · r�νλÞ2; nÞ þ ð∓ 1ÞnQððr�μλ × r�νλÞhs; nÞ þ ð∓ 1ÞnQððr�μλ × r�νλÞvs; nÞ ðB10Þ
as their discrete spectrum functions of the power of e, where from Eqs. (22), (24), and (27), there are

Qððl�μλl�νλÞ2; 4Þ ¼ Qðl�μλ; 1Þ2Qðl�νλ; 1Þ2 ¼ a�μλð2Þa�νλð2Þ > 0: ðB11Þ
Equation (B9) provides

1

l�μλl
�
νλ

¼ 1

e2R2

�X∞
p¼0

c�μνλðpÞep
�

−1
2

with c�μνλðpÞ ≔ Qððl�μλl�νλÞ2; pþ 4Þ ðB12Þ

by p ≔ n − 4. From Eqs. (B11) and (B12), ðc�μνλð0ÞÞ−1=2 ¼ ða�μλð2Þa�νλð2ÞÞ−1=2 ≠ 0. According to Eqs. (C11)–(C13) and
(C16), ðP∞

p¼0 c
�
μνλðpÞepÞ−1=2 in Eq. (B12) can be expanded, and then, substituting the obtained result to Eq. (B12) gives
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1

l�μλl
�
νλ

¼ 1

e2R2

X∞
p¼0

Q

�
1

l�μλl
�
νλ

; p

�
ep ðB13Þ

with the corresponding discrete spectrum functions of the power of e,

Q

�
1

l�μλl
�
νλ

; p

�
≔ δ0p

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a�μλð2Þa�νλð2Þ

q þ
Xp
k¼1

ð−1Þk ð2k − 1Þ!!
ð2kÞ!!

ðc�μνλÞkðpÞ� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a�μλð2Þa�νλð2Þ

q �
2kþ1

; ðB14Þ

where

ðc�μνλÞkðpÞ ¼
(
c�μνλðpÞ; k ¼ 1;Pp−1

jk−1¼k−1
Pjk−1−1

jk−2¼k−2 � � �
Pj3−1

j2¼2

Pj2−1
j1¼1 c

�
μνλðp − jk−1Þc�μνλðjk−1 − jk−2Þ � � � c�μνλðj2 − j1Þc�μνλðj1Þ; k ≥ 2.

ðB15Þ

Thus, from Eqs. (B5) and (B13), one can derive

B�
μν ¼ cos β�μν ¼

r�μλ · r
�
νλ

l�μλl
�
νλ

¼
X∞
p¼0

QðB�
μν; pÞep ðB16Þ

with

QðB�
μν; pÞ ¼

Xp
k¼0

ð∓ 1Þp−kQðr�μλ · r�νλ; p − kþ 2ÞQ
�

1

l�μλl
�
νλ

; k

�
: ðB17Þ

By substituting Eqs. (A7) and (14) to Eqs. (B6) and (B8),Qðr�μλ · r�νλ; nÞ,Qððr�μλ × r�νλÞz; nÞ, andQððr�μλ × r�νλÞhs; nÞ can be
rewritten as the functions of t, respectively,

Qðr�μλ · r�νλ; nÞ ¼
Xn−1
p¼1

�
4C�

h ðn − pÞC�
h ðpÞCGμνðΩt; 1; 1Þ

þ 4
Xn−p
k¼0
k≠1

X½n−p−k2
�

j¼0

Xp
k0¼0
k0≠1

X½p−k02
�

j0¼0

½f�s ðn − p; k; jÞf�s ðp; k0; j0ÞCGμνðΩt; ξnpkj þ 1; χpk0j0 þ 1Þ

þ g�s ðn − p; k; jÞg�s ðp; k0; j0ÞCGμνðΩt; ξnpkj − 1; χpk0j0 − 1Þ
þ f�s ðn − p; k; jÞg�s ðp; k0; j0ÞCGμνðΩt; ξnpkj þ 1;−χpk0j0 þ 1Þ
þ g�s ðn − p; k; jÞf�s ðp; k0; j0ÞCGμνðΩt; ξnpkj − 1;−χpk0j0 − 1Þ�

þ 2
Xn−p
k¼1

X½n−p−k2
�

j¼0

Xp
k0¼1

X½p−k02
�

j0¼0

h�s ðn − p; k; jÞh�s ðp; k0; j0Þ½CGμνðΩt; ξnpkj; χpk0j0 Þ þ CGμνðΩt; ξnpkj;−χpk0j0 Þ�

þ 4
Xn−p
k¼0
k≠1

X½n−p−k2
�

j¼0

C�
h ðpÞ½f�s ðn − p; k; jÞCGμνðΩt; ξnpkj þ 1; 1Þ þ g�s ðn − p; k; jÞCGμνðΩt;−ξnpkj þ 1; 1Þ�

þ 4
Xp
k0¼0
k0≠1

X½p0−k2
�

j0¼0

C�
h ðn − pÞ½f�s ðp; k0; j0ÞCGμνðΩt; 1; χpk0j0 þ 1Þ þ g�s ðp; k0; j0ÞCGμνðΩt; 1;−χpk0j0 þ 1Þ�



; ðB18Þ
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Qððr�μλ × r�νλÞz; nÞ ¼
Xn−1
p¼1

�
4C�

h ðn − pÞC�
h ðpÞSG

μνðΩt; 1; 1Þ

þ 4
Xn−p
k¼0
k≠1

X½n−p−k2
�

j¼0

Xp
k0¼0
k0≠1

X½p−k02
�

j0¼0

½f�s ðn − p; k; jÞf�s ðp; k0; j0ÞSG
μνðΩt; ξnpkj þ 1; χpk0j0 þ 1Þ

− g�s ðn − p; k; jÞg�s ðp; k0; j0ÞSG
μνðΩt; ξnpkj − 1; χpk0j0 − 1Þ

þ f�s ðn − p; k; jÞg�s ðp; k0; j0ÞSG
μνðΩt; ξnpkj þ 1;−χpk0j0 þ 1Þ

− g�s ðn − p; k; jÞf�s ðp; k0; j0ÞSG
μνðΩt; ξnpkj − 1;−χpk0j0 − 1Þ�

þ 4
Xn−p
k¼0
k≠1

X½n−p−k2
�

j¼0

C�
h ðpÞ½f�s ðn − p; k; jÞSG

μνðΩt; ξnpkj þ 1; 1Þ þ g�s ðn − p; k; jÞSG
μνðΩt;−ξnpkj þ 1; 1Þ�

þ 4
Xp
k0¼0
k0≠1

X½p−k02
�

j0¼0

C�
h ðn − pÞ½f�s ðp; k0; j0ÞSG

μνðΩt; 1; χpk0j0 þ 1Þ þ g�s ðp; k0; j0ÞSG
μνðΩt; 1;−χpk0j0 þ 1Þ�



;

ðB19Þ

and

Qððr�μλ × r�νλÞhs; nÞ ¼
Xn−2
s¼2

�
16

Xn−s−1
p¼1

Xp
k0¼1

X½p−k02
�

j0¼0

Xs−1
ps¼1

Xps

k0s¼1

X½ps−k0s2
�

j0s¼0

C�
h ðn − s − pÞh�s ðp; k0; j0ÞC�

h ðs − psÞh�s ðps; k0s; j0sÞ

×N H
μνðΩt; ςð−1; 0; 0Þ; ςð−1; 0; 0Þ; ςðp; k0; j0Þ; ςðps; k0s; j0sÞÞ

þ 16
Xn−s−1
p¼1

Xn−s−p
k¼0
k≠1

X½n−s−p−k2
�

j¼0

Xp
k0¼1

X½p−k02
�

j0¼0

Xs−1
ps¼1

Xs−ps

ks¼0
ks≠1

X½s−ps−ks2
�

js¼0

Xps

k0s¼1

X½ps−k0s2
�

j0s¼0

h�s ðp; k0; j0Þh�s ðps; k0s; j0sÞ

× ½f�s ðn − s − p; k; jÞf�s ðs − ps; ks; jsÞ
×N H

μνðΩt; ςðn − s − p; k; jÞ; ςðs − ps; ks; jsÞ; ςðp; k0; j0Þ; ςðps; k0s; j0sÞÞ
þ g�s ðn − s − p; k; jÞg�s ðs − ps; ks; jsÞ
×N H

μνðΩt;−ςðn − s − p; k; jÞ;−ςðs − ps; ks; jsÞ; ςðp; k0; j0Þ; ςðps; k0s; j0sÞÞ
þ 2f�s ðn − s − p; k; jÞg�s ðs − ps; ks; jsÞ
×N H

μνðΩt; ςðn − s − p; k; jÞ;−ςðs − ps; ks; jsÞ; ςðp; k0; j0Þ; ςðps; k0s; j0sÞÞ�

þ 32
Xn−s−1
p¼1

Xp
k0¼1

X½p−k02
�

j0¼0

Xs−1
ps¼1

Xs−ps

ks¼0
ks≠1

X½s−ps−ks2
�

js¼0

Xps

k0s¼1

X½ps−k0s2
�

j0s¼0

C�
h ðn − s − pÞh�s ðp; k0; j0Þh�s ðps; k0s; j0sÞ

× ½f�s ðs − ps; ks; jsÞN H
μνðΩt; ςð−1; 0; 0Þ; ςðs − ps; ks; jsÞ; ςðp; k0; j0Þ; ςðps; k0s; j0sÞÞ

þ g�s ðs − ps; ks; jsÞN H
μνðΩt; ςð−1; 0; 0Þ;−ςðs − ps; ks; jsÞ; ςðp; k0; j0Þ; ςðps; k0s; j0sÞÞ�



ðB20Þ

with

ςðp; k; jÞ ≔ p − k − 2jþ 1;

where
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� CGμνðΩt; ρ; σÞ ≔ sin ðρðμ − λÞ π
3
Þ sin ðσðν − λÞ π

3
Þ cos½ρðΩt − ðμþ λ − 2Þ π

3
Þ − σðΩt − ðνþ λ − 2Þ π

3
Þ�;

SG
μνðΩt; ρ; σÞ ≔ sin ðρðμ − λÞ π

3
Þ sin ðσðν − λÞ π

3
Þ sin½ρðΩt − ðμþ λ − 2Þ π

3
Þ − σðΩt − ðνþ λ − 2Þ π

3
Þ�; ðB21Þ

N H
μνðΩt; ρ; ρs; σ; σsÞ ≔ KH

μνðΩt; ρþ 1; ρs þ 1; σ; σs; ρ − ρs; 0; 0Þ sin
�
σ

�
Ωt − ðνþ λ − 2Þ π

3

��

× sin

�
σs

�
Ωt − ðνþ λ − 2Þ π

3

��
þKH

μνðΩt; σ; σs; ρþ 1; ρs þ 1; 0; ρ − ρs; 0Þ

× sin

�
σ

�
Ωt − ðμþ λ − 2Þ π

3

��
sin

�
σs

�
Ωt − ðμþ λ − 2Þ π

3

��

−KH
μνðΩt; ρþ 1; σs; ρs þ 1; σ; ρ;−ρs;−1Þ sin

�
σs

�
Ωt − ðμþ λ − 2Þ π

3

��

× sin

�
σ

�
Ωt − ðνþ λ − 2Þ π

3

��
−KH

μνðΩt; ρs þ 1; σ; ρþ 1; σs;−ρs; ρ; 1Þ

× sin

�
σ

�
Ωt − ðμþ λ − 2Þ π

3

��
sin

�
σs

�
Ωt − ðνþ λ − 2Þ π

3

��
ðB22Þ

with

KH
μνðΩt; ι1; ι2; ι3; ι4;ϑ1; ϑ2; ϑ3Þ

≔ sin

�
ι1ðμ − λÞ π

3

�
sin

�
ι2ðμ − λÞ π

3

�
sin

�
ι3ðν − λÞ π

3

�

× sin

�
ι4ðν − λÞ π

3

�
cos

�
ϑ1

�
Ωt − ðμþ λ − 2Þ π

3

�
þ ϑ2

�
Ωt − ðνþ λ − 2Þ π

3

�
þ ϑ3ðμ − νÞ π

3

	
:

r�μλ · r
�
νλ, ðr�μλ × r�νλÞhs, and ðr�μλ × r�νλÞvs show that all of them are symmetric about μ, ν, so from ðr�μλ × r�νλÞ2 ¼ ðr�μλ ×

r�νλÞhs þ ðr�μλ × r�νλÞvs and Eq. (B3), one only needs to consider ðμ; νÞ ∈ fð1; 2Þ; ð2; 3Þ; ð3; 1Þg when proving the symmetry
of β�μν. All the terms of Qðr�μλ · r�νλ; nÞ, Qððr�μλ × r�νλÞz; nÞ, and Qððr�μλ × r�νλÞhs; nÞ contain, respectively, CGμνðΩt; ρ; σÞ,
SG
μνðΩt; ρ; σÞ, andN H

μνðΩt; ρ; ρs; σ; σsÞ whose expressions refer to Eqs. (B21) and (B22), where ρ; σ; ρs; σs are integers. By
a direct calculation, if ðμ; νÞ ∈ fð1; 2Þ; ð2; 3Þ; ð3; 1Þg, there are

CGμνðΩt; ρ; σÞ ¼ cos
�
ðρ − σÞθμνðΩtÞ þ ð2ρ − σÞ π

3

�
sin

�
ρπ

3

�
sin

�
2σπ

3

�
;

SG
μνðΩt; ρ; σÞ ¼ sin

�
ðρ − σÞθμνðΩtÞ þ ð2ρ − σÞ π

3

�
sin

�
ρπ

3

�
sin

�
2σπ

3

�
;

and

N H
μνðΩt; ρ; ρs; σ; σsÞ ≔ MH

μνðΩt; 1; 1; 2; 2; 2; 0; 1; 1Þ þMH
μνðΩt; 2; 2; 1; 1; 1; 0; 2; 2Þ

þMH
μνðΩt; 2; 1; 1; 2; 2;−1; 2; 1Þ þMH

μνðΩt; 1; 2; 2; 1; 1; 1; 1; 2Þ
with

MH
μνðΩt; ζ1; ζ2; ζ3; ζ4; ζ5; ζ6; ζ7; ζ8Þ ≔ sin

�
ζ1ðρþ 1Þ π

3

�
sin

�
ζ2ðρs þ 1Þ π

3

�
sin

�
ζ3

σπ

3

�
sin

�
ζ4

σsπ

3

�

cos

�
ðρ − ρsÞ

�
θμνðΩtÞ þ ζ5

π

3

�
þ ζ6ðρ − 2Þ π

3

	
sin

�
σ

�
θμνðΩtÞ þ ζ7

π

3

�	
sin

�
σs

�
θμνðΩtÞ þ ζ8

π

3

�	
;

and then, Eq. (B8) implies that all of Qðr�μλ · r�νλ; nÞ, Qððr�μλ · r�νλÞ2; nÞ, Qððr�μλ × r�νλÞhs; nÞ, and Qððr�μλ × r�νλÞvs; nÞ can be
expressed as the functions of θμνðΩtÞ, respectively. Therefore, from Eqs. (B10)–(B12), (B14), (B15), and (B17),QðB�

μν; pÞ
can also be expressed as the functions of θμνðΩtÞ, and further with Eqs. (38) and (39), one finally concludes that Qðβ�μν; pÞ
in Eq. (37) can be expressed as GðθμνðΩtÞÞ.
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APPENDIX C: EXPANSION OF f ðP∞
p= 0 dðpÞepÞ WITH f ðdð0ÞÞ ≠ 0 TO INFINITE ORDER OF e

To expand fðP∞
p¼0 dðpÞepÞ with fðdð0ÞÞ ≠ 0 to infinite order of e, the expansion of fðPi

p¼0 dðpÞepÞ with i as any
positive integer to ei order should be first taken into account, and then, there should be

f

�X∞
p¼0

dðpÞep
�

¼ lim
i→∞

f

�Xi

p¼0

dðpÞep
�
: ðC1Þ

fðPi
p¼0 dðpÞepÞ can be rewritten as the following form:

f

�Xi

p¼0

dðpÞep
�

¼ fðdð0Þ þ ΔÞ with Δ ≔
Xi

p¼1

dðpÞep; ðC2Þ

and because Δ is small, the further Taylor expansion gives

f

�Xi

p¼0

dðpÞep
�

¼
Xi

k¼0

fðkÞðdð0ÞÞ
k!

Δk; ðC3Þ

where fðkÞ is the kth derivative of f with fð0Þ ¼ f. Equation (C3) implies that the expansion of Δkð1 ≤ k ≤ iÞ to ei order
needs to be dealt with.
Next, by induction, we will derive Δk

i ¼ ðPi
p¼1 dðpÞepÞki ð1 ≤ k ≤ iÞ, where the subscript i means that only the

expansion of Δk to ei order is kept. For k ¼ 1 and k ¼ 2, the expansions are trivial,

�Xi

p¼1

dðpÞep
�1

i

¼
Xi

p¼1

d1ðpÞep with d1ðpÞ ≔ dðpÞ; ðC4Þ

�Xi

p¼1

dðpÞep
�2

i

¼
Xi

p¼2

ðdðp − 1Þdð1Þ þ dðp − 2Þdð2Þ þ � � � þ dð1Þdðp − 1ÞÞep

¼
Xi

p¼2

d2ðpÞep with d2ðpÞ ≔
Xp−1
j1¼1

dðp − j1Þdðj1Þ: ðC5Þ

Then, Eqs. (C4) and (C5) can be used to derive the expansion for k ¼ 3, namely,

�Xi

p¼1

dðpÞep
�3

i

¼
��Xi

p¼1

dðpÞep
�1�Xi

p¼1

dðpÞep
�2	

i

¼
��Xi

p¼1

d1ðpÞep
��Xi

p¼2

d2ðpÞep
�	

i

¼
Xi

p¼3

ðd1ðp − 2Þd2ð2Þ þ d1ðp − 3Þd2ð3Þ þ � � � þ d1ð1Þd2ðp − 1ÞÞep

¼
Xi

p¼3

d3ðpÞep ðC6Þ

with

d3ðpÞ ≔
Xp−1
j2¼2

d1ðp − j2Þd2ðj2Þ ¼
Xp−1
j2¼2

Xj2−1
j1¼1

dðp − j2Þdðj2 − j1Þdðj1Þ: ðC7Þ
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Similarly, the expansion for k ¼ 4 can be further derived, and there are

�Xi

p¼1

dðpÞep
�4

i

¼
Xi

p¼4

d4ðpÞep ðC8Þ

with

d4ðpÞ ≔
Xp−1
j3¼3

Xj3−1
j2¼2

Xj2−1
j1¼1

dðp − j3Þdðj3 − j2Þdðj2 − j1Þdðj1Þ: ðC9Þ

Repeating the same procedure, the expansions for 5 ≤ k ≤ i can also be obtained, and then, one arrives at

Δk
i ¼

�Xi

p¼1

dðpÞep
�k

i

¼
Xi

p¼k

dkðpÞep ðC10Þ

with

dkðpÞ ≔
� dðpÞ; k ¼ 1;Pp−1

jk−1¼k−1
Pjk−1−1

jk−2¼k−2 � � �
Pj3−1

j2¼2

Pj2−1
j1¼1 dðp − jk−1Þdðjk−1 − jk−2Þ � � � dðj2 − j1Þdðj1Þ; 2 ≤ k ≤ i:

ðC11Þ

Plugging Eq. (C10) into Eq. (C3) and setting i → ∞
gives

f

�X∞
p¼0

dðpÞep
�

¼
X∞
p¼0

Qðf; pÞep ðC12Þ

with its discrete spectrum function of the power of e,

Qðf; pÞ ≔ δ0pfðdð0ÞÞ þ
Xp
k¼1

fðkÞðdð0ÞÞ
k!

dkðpÞ: ðC13Þ

For a definite function f, in order to apply the above
result, one needs to know the expression of fðkÞ, and here,
some typical examples are given.

(i) fðζÞ ¼ ζm with m as any real number.
One can easily prove the following formula:

fðkÞðζÞ ¼ k!Ck
mζ

m−k ðC14Þ

with Ck
m ≔ mðm − 1Þ � � � ðm − kþ 1Þ=k! as the gen-

eralized binomial coefficients, where if m is any
positive integer and k > m, Ck

m ¼ 0. The following
two formulas can be derived by this result:

fðkÞðζÞ ¼ ð−1Þk−1 ð2k− 3Þ!!
2k

ζ−
2k−1
2 ; for fðζÞ ¼

ffiffiffi
ζ

p
;

ðC15Þ

fðkÞðζÞ ¼ð−1Þk ð2k − 1Þ!!
2k

ζ−
2kþ1
2 ; for fðζÞ ¼ 1ffiffiffi

ζ
p ;

ðC16Þ

where ð−3Þ!! ≔ −1.
(ii) fðζÞ ¼ arccosðζÞ.

By induction, one can obtain the following
formula:

fðkÞðζÞ ¼ −
X½k−12 �

p¼0

ð2k − 2p − 3Þ!!ðk − 1Þ!
ð2pÞ!!ðk − 2p − 1Þ!

ζk−2p−1

ð1 − ζ2Þ2k−12
−p

; k ≥ 1: ðC17Þ

Now, we will prove it. If k ¼ 1, Eq. (C17) gives fð1ÞðζÞ ¼ −1=ð1 − ζ2Þ1=2, which holds. Suppose that when
k ¼ l ≥ 1, Eq. (C17) holds, namely,

fðlÞðζÞ ¼ −
X½l−12 �
p¼0

all−1−2pζ
l−2p−1

ð1 − ζ2Þ2l−12 −p
; all−1−2p ≔

ð2l − 2p − 3Þ!!ðl − 1Þ!
ð2pÞ!!ðl − 2p − 1Þ! :
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Then,

fðlþ1ÞðζÞ ¼ −
X½l−12 �
p¼0

ð2l − 2p − 1Þall−1−2pζl−2p
ð1 − ζ2Þ2l−12 −pþ1

−
X½l−12 �
p¼0

ðl − 2p − 1Þall−1−2pζl−2p−2
ð1 − ζ2Þ2l−12 −p

¼ −
ð2l − 1Þall−1ζl
ð1 − ζ2Þ2lþ1

2

−
X½l−12 �
p¼1

ð2l − 2p − 1Þall−1−2pζl−2p
ð1 − ζ2Þ2lþ1

2
−p

−
X½l−12 �þ1

p0¼1

ðl − 2p0 þ 1Þall−1−2p0þ2
ζl−2p

0

ð1 − ζ2Þ2lþ1
2
−p0

¼ −
ð2l − 1Þall−1ζl
ð1 − ζ2Þ2lþ1

2

−
X½l−12 �
p¼1

ðð2l − 2p − 1Þall−1−2p þ ðl − 2pþ 1Þall−1−2ðp−1ÞÞζl−2p
ð1 − ζ2Þ2lþ1

2
−p

−
ðl − 2pþ 1Þall−1−2ðp−1Þζl−2p

ð1 − ζ2Þ2lþ1
2
−p

����
p¼½l−1

2
�þ1

¼ −
X½l−12 �
p¼0

ð2l − 2p − 1Þ!!l!
ð2pÞ!!ðl − 2pÞ!

ζl−2p

ð1 − ζ2Þ2lþ1
2
−p

−
ðl − 2pþ 1Þall−1−2ðp−1Þζl−2p

ð1 − ζ2Þ2lþ1
2
−p

����
p¼½l−1

2
�þ1

¼ −
X½l2�
p¼0

ð2l − 2p − 1Þ!!l!
ð2pÞ!!ðl − 2pÞ!

ζl−2p

ð1 − ζ2Þ2lþ1
2
−p

;

where in the second step, p0 ≔ pþ 1, in the last second step,

ð2l − 1Þ!! ¼ ð2l − 1Þall−1;
ð2l − 2p − 1Þ!!l!
ð2pÞ!!ðl − 2pÞ! ¼ ð2l − 2p − 1Þall−1−2p þ ðl − 2pþ 1Þall−1−2ðp−1Þ

have been used, and in the last step, when l is even, by using ½ðl − 1Þ=2� þ 1 ¼ l=2, one gets

−
ðl − 2pþ 1Þall−1−2ðp−1Þζl−2p

ð1 − ζ2Þ2lþ1
2
−p

����
p¼½l−1

2
�þ1

¼ −
ð2l − 2p − 1Þ!!l!
ð2pÞ!!ðl − 2pÞ!

ζl−2p

ð1 − ζ2Þ2lþ1
2
−p

����
p¼½l

2
�
;

and when l is odd, p ¼ ½ðl − 1Þ=2� þ 1 ¼ ðlþ 1Þ=2 ⇔ ðl − 2pþ 1Þ ¼ 0, which means that the above term
vanishes.

(iii) fðζÞ ¼ secðζÞ.
In Ref. [23], the following formula is presented:

fðkÞðζÞ ¼ sec ζð
ffiffiffiffiffiffi
−1

p
Þk
Xk
j¼0

ð−1Þjj!
Xk
p¼j

Cp
kSðp; jÞ2p−jð

ffiffiffiffiffiffi
−1

p
tan ζ þ 1Þj; ðC18Þ

where Sðp; jÞ denotes the Stirling number of the second kind.
(iv) fðζÞ ¼ cosðζÞ.

The following formula is readily derived:

fðkÞðζÞ ¼ ð−1Þ½kþ1
2
�
�
1þ ð−1Þk

2
cos ζ þ 1 − ð−1Þk

2
sin ζ

�
: ðC19Þ

(v) fðζÞ ¼ sinðζÞ.
From Eq. (C19), one can get the following formula:

fðkÞðζÞ ¼ ð−1Þ½k2�
�
1 − ð−1Þk

2
cos ζ þ 1þ ð−1Þk

2
sin ζ

�
: ðC20Þ
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APPENDIX D: THE EXPRESSIONS OF Qðl�μν;pÞ;Qðv�μν;pÞ, AND Qðβ�μν;p− 1Þ WITH 2 ≤ p ≤ 5
AND THEIR CORRESPONDING OPTIMIZED EXPRESSIONS

From Eqs. (B1), (20), (21), and (23), Eqs. (25) and (26) give the expressions of Qðl�μν; pÞ and Qðv�μν; pÞ with 2 ≤ p ≤ 5,
and further, from Eqs. (A7), (14), (32), (34), (36), and (39), Eq. (38) gives the expressions of Qðβ�μν; p − 1Þ.

Qðl�μν; 2Þ ¼∓ 15
ffiffiffi
3

p

8
∓ 15

ffiffiffi
3

p

16
cos θμνðΩtÞ �

15
ffiffiffi
3

p

8
cosð2θμνðΩtÞÞ ∓

ffiffiffi
3

p

16
cosð3θμνðΩtÞÞ;

Qðl�μν; 3Þ ¼
5489

ffiffiffi
3

p

1024
þ 1095

ffiffiffi
3

p

256
cos θμνðΩtÞ −

16239
ffiffiffi
3

p

2048
cosð2θμνðΩtÞÞ −

285
ffiffiffi
3

p

512
cosð3θμνðΩtÞÞ

−
441

ffiffiffi
3

p

1024
cosð4θμνðΩtÞÞ þ

15
ffiffiffi
3

p

512
cosð5θμνðΩtÞÞ −

ffiffiffi
3

p

2048
cosð6θμνðΩtÞÞ;

Qðl�μν; 4Þ ¼∓ 1656729
ffiffiffi
3

p

65536
∓ 1165791

ffiffiffi
3

p

65536
cos θμνðΩtÞ �

288213
ffiffiffi
3

p

8192
cosð2θμνðΩtÞÞ

� 40947
ffiffiffi
3

p

32768
cosð3θμνðΩtÞÞ �

49515
ffiffiffi
3

p

16384
cosð4θμνðΩtÞÞ �

3999
ffiffiffi
3

p

32768
cosð5θμνðΩtÞÞ

� 1635
ffiffiffi
3

p

8192
cosð6θμνðΩtÞÞ ∓ 2697

ffiffiffi
3

p

131072
cosð7θμνðΩtÞÞ �

45
ffiffiffi
3

p

65536
cosð8θμνðΩtÞÞ

∓
ffiffiffi
3

p

131072
cosð9θμνðΩtÞÞ;

Qðl�μν; 5Þ ¼
2318991805

ffiffiffi
3

p

16777216
þ 180178337

ffiffiffi
3

p

2097152
cos θμνðΩtÞ −

754445953
ffiffiffi
3

p

4194304
cosð2θμνðΩtÞÞ

þ 3801087
ffiffiffi
3

p

2097152
cosð3θμνðΩtÞÞ −

3237903959
ffiffiffi
3

p

167772160
cosð4θμνðΩtÞÞ þ

4280999
ffiffiffi
3

p

4194304
cosð5θμνðΩtÞÞ

−
92332561

ffiffiffi
3

p

41943040
cosð6θμνðΩtÞÞ þ

68505
ffiffiffi
3

p

4194304
cosð7θμνðΩtÞÞ −

1944549
ffiffiffi
3

p

16777216
cosð8θμνðΩtÞÞ

þ 67125
ffiffiffi
3

p

4194304
cosð9θμνðΩtÞÞ −

6753
ffiffiffi
3

p

8388608
cosð10θμνðΩtÞÞ þ

75
ffiffiffi
3

p

4194304
cosð11θμνðΩtÞÞ

−
5

ffiffiffi
3

p

33554432
cosð12θμνðΩtÞÞ;

Qðv�μν; 2Þ ¼ � 15
ffiffiffi
3

p

16
sin θμνðΩtÞ ∓ 15

ffiffiffi
3

p

4
sinð2θμνðΩtÞÞ �

3
ffiffiffi
3

p

16
sinð3θμνðΩtÞÞ;

Qðv�μν; 3Þ ¼ −
1095

ffiffiffi
3

p

256
sin θμνðΩtÞ þ

16239
ffiffiffi
3

p

1024
sinð2θμνðΩtÞÞ þ

855
ffiffiffi
3

p

512
sinð3θμνðΩtÞÞ

þ 441
ffiffiffi
3

p

256
sinð4θμνðΩtÞÞ −

75
ffiffiffi
3

p

512
sinð5θμνðΩtÞÞ þ

3
ffiffiffi
3

p

1024
sinð6θμνðΩtÞÞ;

Qðv�μν; 4Þ ¼ � 1165791
ffiffiffi
3

p

65536
sin θμνðΩtÞ ∓ 288213

ffiffiffi
3

p

4096
sinð2θμνðΩtÞÞ ∓ 122841

ffiffiffi
3

p

32768
sinð3θμνðΩtÞÞ

∓ 49515
ffiffiffi
3

p

4096
sinð4θμνðΩtÞÞ ∓ 19995

ffiffiffi
3

p

32768
sinð5θμνðΩtÞÞ ∓ 4905

ffiffiffi
3

p

4096
sinð6θμνðΩtÞÞ

� 18879
ffiffiffi
3

p

131072
sinð7θμνðΩtÞÞ ∓ 45

ffiffiffi
3

p

8192
sinð8θμνðΩtÞÞ �

9
ffiffiffi
3

p

131072
sinð9θμνðΩtÞÞ;

Qðv�μν; 5Þ ¼ −
180178337

ffiffiffi
3

p

2097152
sin θμνðΩtÞ þ

754445953
ffiffiffi
3

p

2097152
sinð2θμνðΩtÞÞ −

11403261
ffiffiffi
3

p

2097152
sinð3θμνðΩtÞÞ

þ 3237903959
ffiffiffi
3

p

41943040
sinð4θμνðΩtÞÞ −

21404995
ffiffiffi
3

p

4194304
sinð5θμνðΩtÞÞ þ

276997683
ffiffiffi
3

p

20971520
sinð6θμνðΩtÞÞ
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−
479535

ffiffiffi
3

p

4194304
sinð7θμνðΩtÞÞ þ

1944549
ffiffiffi
3

p

2097152
sinð8θμνðΩtÞÞ −

604125
ffiffiffi
3

p

4194304
sinð9θμνðΩtÞÞ

þ 33765
ffiffiffi
3

p

4194304
sinð10θμνðΩtÞÞ −

825
ffiffiffi
3

p

4194304
sinð11θμνðΩtÞÞ þ

15
ffiffiffi
3

p

8388608
sinð12θμνðΩtÞÞ;

Qðβ�μν; 1Þ ¼∓ 15
ffiffiffi
3

p

32
cos θμνðΩtÞ �

15
ffiffiffi
3

p

16
cosð2θμνðΩtÞÞ;

Qðβ�μν; 2Þ ¼
135

ffiffiffi
3

p

128
cos θμνðΩtÞ −

5997
ffiffiffi
3

p

2048
cosð2θμνðΩtÞÞ þ

447
ffiffiffi
3

p

1024
cosð4θμνðΩtÞÞ þ

15
ffiffiffi
3

p

512
cosð5θμνðΩtÞÞ;

Qðβ�μν; 3Þ ¼∓ 16899
ffiffiffi
3

p

8192
cos θμνðΩtÞ �

47307
ffiffiffi
3

p

4096
cosð2θμνðΩtÞÞ ∓ 6045

ffiffiffi
3

p

2048
cosð4θμνðΩtÞÞ

� 297
ffiffiffi
3

p

16384
cosð5θμνðΩtÞÞ �

897
ffiffiffi
3

p

32768
cosð7θμνðΩtÞÞ �

15
ffiffiffi
3

p

16384
cosð8θμνðΩtÞÞ;

Qðβ�μν; 4Þ ¼
985237

ffiffiffi
3

p

131072
cosðθμνðΩtÞÞ −

30295387
ffiffiffi
3

p

524288
cosð2θμνðΩtÞÞ þ

330064081
ffiffiffi
3

p

20971520
cosð4θμνðΩtÞÞ

þ 960503
ffiffiffi
3

p

524288
cosð5θμνðΩtÞÞ −

39585
ffiffiffi
3

p

524288
cosð7θμνðΩtÞÞ −

403803
ffiffiffi
3

p

2097152
cosð8θμνðΩtÞÞ

þ 1347
ffiffiffi
3

p

1048576
cosð10θμνðΩtÞÞ þ

15
ffiffiffi
3

p

524288
cosð11θμνðΩtÞÞ:

The corresponding optimized expressions of Qðl�μν; pÞ; Qðv�μν; pÞ, and Qðβ�μν; p − 1Þ with 2 ≤ p ≤ 5 in Eq. (54) can be
derived by plugging Eq. (53) into the expressions of Qðl�μν; pÞ, Qðv�μν; pÞ, and Qðβ�μν; pÞ in Eq. (43).

Qðl�μν; 2Þ ¼∓ 15
ffiffiffi
3

p

16
cos θμνðΩtÞ ∓

ffiffiffi
3

p

16
cosð3θμνðΩtÞÞ;

Qðl�μν; 3Þ ¼ −
Ql

30ðω̄�
l ; ω̄

�
v ; ω̄�

β Þ
4ω̄�

l þ 16ω̄�
v þ ω̄�

β

þ Ql
32ðω̄�

l ; ω̄
�
v ; ω̄�

β Þ
4ω̄�

l þ 16ω̄�
v þ ω̄�

β

cosð2θμνðΩtÞÞ þ
9

ffiffiffi
3

p

1024
cosð4θμνðΩtÞÞ −

ffiffiffi
3

p

2048
cosð6θμνðΩtÞÞ;

Qðl�μν; 4Þ ¼ � Ql
41ðω̄�

l ; ω̄
�
v ; ω̄�

β Þ
4ω̄�

l þ 16ω̄�
v þ ω̄�

β

cosðθμνðΩtÞÞ �
Ql

43ðω̄�
l ; ω̄

�
v ; ω̄�

β Þ
4ω̄�

l þ 16ω̄�
v þ ω̄�

β

cosð3θμνðΩtÞÞ

� Ql
45ðω̄�

l ; ω̄
�
v ; ω̄�

β Þ
4ω̄�

l þ 16ω̄�
v þ ω̄�

β

cosð5θμνðΩtÞÞ �
3

ffiffiffi
3

p

131072
cosð7θμνðΩtÞÞ ∓

ffiffiffi
3

p

131072
cosð9θμνðΩtÞÞ;

Qðl�μν; 5Þ ¼
Ql

50ðω̄�
l ; ω̄

�
v ; ω̄�

β Þ
ð4ω̄�

l þ 16ω̄�
v þ ω̄�

β Þ3
−

Ql
52ðω̄�

l ; ω̄
�
v ; ω̄�

β Þ
ð4ω̄�

l þ 16ω̄�
v þ ω̄�

β Þ3
cosð2θμνðΩtÞÞ

−
Ql

54ðω̄�
l ; ω̄

�
v ; ω̄�

β Þ
ð4ω̄�

l þ 16ω̄�
v þ ω̄�

β Þ2
cosð4θμνðΩtÞÞ −

Ql
56ðω̄�

l ; ω̄
�
v ; ω̄�

β Þ
4ω̄�

l þ 16ω̄�
v þ ω̄�

β

cosð6θμνðΩtÞÞ

þ Ql
58ðω̄�

l ; ω̄
�
v ; ω̄�

β Þ
4ω̄�

l þ 16ω̄�
v þ ω̄�

β

cosð8θμνðΩtÞÞ −
3

ffiffiffi
3

p

8388608
cosð10θμνðΩtÞÞ −

5
ffiffiffi
3

p

33554432
cosð12θμνðΩtÞÞ;

Qðv�μν; 2Þ ¼ � 15
ffiffiffi
3

p

16
sin θμνðΩtÞ �

3
ffiffiffi
3

p

16
sinð3θμνðΩtÞÞ;

Qðv�μν; 3Þ ¼ −
2Ql

32ðω̄�
l ; ω̄

�
v ; ω̄�

β Þ
4ω̄�

l þ 16ω̄�
v þ ω̄�

β

sinð2θμνðΩtÞÞ −
9

ffiffiffi
3

p

256
sinð4θμνðΩtÞÞ þ

3
ffiffiffi
3

p

1042
sinð6θμνðΩtÞÞ;

Qðv�μν; 4Þ ¼∓ Ql
41ðω̄�

l ; ω̄
�
v ; ω̄�

β Þ
4ω̄�

l þ 16ω̄�
v þ ω̄�

β

sinðθμνðΩtÞÞ ∓
3Ql

43ðω̄�
l ; ω̄

�
v ; ω̄�

β Þ
4ω̄�

l þ 16ω̄�
v þ ω̄�

β

sinð3θμνðΩtÞÞ

∓ 5Ql
45ðω̄�

l ; ω̄
�
v ; ω̄�

β Þ
4ω̄�

l þ 16ω̄�
v þ ω̄�

β

sinð5θμνðΩtÞÞ ∓ 21
ffiffiffi
3

p

131072
sinð7θμνðΩtÞÞ �

9
ffiffiffi
3

p

131072
sinð9θμνðΩtÞÞ;
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Qðv�μν; 5Þ ¼
2Ql

52ðω̄�
l ; ω̄

�
v ; ω̄�

β Þ
ð4ω̄�

l þ 16ω̄�
v þ ω̄�

β Þ3
sinð2θμνðΩtÞÞ þ

4Ql
54ðω̄�

l ; ω̄
�
v ; ω̄�

β Þ
ð4ω̄�

l þ 16ω̄�
v þ ω̄�

β Þ2
sinð4θμνðΩtÞÞ

þ 6Ql
56ðω̄�

l ; ω̄
�
v ; ω̄�

β Þ
4ω̄�

l þ 16ω̄�
v þ ω̄�

β

sinð6θμνðΩtÞÞ −
8Ql

58ðω̄�
l ; ω̄

�
v ; ω̄�

β Þ
4ω̄�

l þ 16ω̄�
v þ ω̄�

β

sinð8θμνðΩtÞÞ

þ 15
ffiffiffi
3

p

4194304
sinð10θμνðΩtÞÞ þ

15
ffiffiffi
3

p

8388608
sinð12θμνðΩtÞÞ;

Qðβ�μν; 1Þ ¼∓ 15
ffiffiffi
3

p

32
cos θμνðΩtÞ;

Qðβ�μν; 2Þ ¼
Qβ

22ðω̄�
l ; ω̄

�
v ; ω̄�

β Þ
4ω̄�

l þ 16ω̄�
v þ ω̄�

β

cosð2θμνðΩtÞÞ −
3

ffiffiffi
3

p

1024
cosð4θμνðΩtÞÞ;

Qðβ�μν; 3Þ ¼ � Qβ
31ðω̄�

l ; ω̄
�
v ; ω̄�

β Þ
4ω̄�

l þ 16ω̄�
v þ ω̄�

β

cosðθμνðΩtÞÞ �
Qβ

35ðω̄�
l ; ω̄

�
v ; ω̄�

β Þ
4ω̄�

l þ 16ω̄�
v þ ω̄�

β

cosð5θμνðΩtÞÞ ∓ 3
ffiffiffi
3

p

32768
cosð7θμνðΩtÞÞ;

Qðβ�μν; 4Þ ¼ −
Qβ

42ðω̄�
l ; ω̄

�
v ; ω̄�

β Þ
ð4ω̄�

l þ 16ω̄�
v þ ω̄�

β Þ3
cosð2θμνðΩtÞÞ þ

Qβ
44ðω̄�

l ; ω̄
�
v ; ω̄�

β Þ
ð4ω̄�

l þ 16ω̄�
v þ ω̄�

β Þ2
cosð4θμνðΩtÞÞ

þ Qβ
48ðω̄�

l ; ω̄
�
v ; ω̄�

β Þ
4ω̄�

l þ 16ω̄�
v þ ω̄�

β

cosð8θμνðΩtÞÞ −
3

ffiffiffi
3

p

1048576
cosð10θμνðΩtÞÞ

with

Ql
30ðω̄�

l ; ω̄
�
v ; ω̄�

β Þ ¼
ffiffiffi
3

p ð10503ω̄�
l þ 28682ω̄�

v þ 1919ω̄�
β Þ

512
;

Ql
32ðω̄�

l ; ω̄
�
v ; ω̄�

β Þ ¼
ffiffiffi
3

p ð17368ω̄�
l þ 16152ω̄�

v þ 1515ω̄�
β Þ

2048
;

Ql
41ðω̄�

l ; ω̄
�
v ; ω̄�

β Þ ¼
ffiffiffi
3

p ð1852288ω̄�
l þ 3516792ω̄�

v þ 256701ω̄�
β Þ

65536
;

Ql
43ðω̄�

l ; ω̄
�
v ; ω̄�

β Þ ¼
ffiffiffi
3

p ð4498ω̄�
l þ 524532ω̄�

v þ 27981ω̄�
β Þ

65536
;

Ql
45ðω̄�

l ; ω̄
�
v ; ω̄�

β Þ ¼
ffiffiffi
3

p ð24554ω̄�
l þ 71556ω̄�

v þ 4725ω̄�
β Þ

65536
;

Ql
50ðω̄�

l ; ω̄
�
v ; ω̄�

β Þ ¼
ffiffiffi
3

p

16777216
ð47642365472ðω̄�

l Þ3 þ 399069232000ðω̄�
l Þ2ðω̄�

v Þ
þ 26075374104ðω̄�

l Þ2ðω̄�
β Þ þ 1036985622144ðω̄�

l Þðω̄�
v Þ2

þ 128928982880ðω̄�
l Þðω̄�

v Þðω̄�
β Þ þ 4088092496ðω̄�

l Þðω̄�
β Þ2

þ 811946166784ðω̄�
v Þ3 þ 148384407456ðω̄�

v Þ2ðω̄�
β Þ

þ 9032642280ðω̄�
v Þðω̄�

β Þ2 þ 184675777ðω̄�
β Þ3Þ;

Ql
52ðω̄�

l ; ω̄
�
v ; ω̄�

β Þ ¼
ffiffiffi
3

p

4194304
ð6331721632ðω̄�

l Þ3 þ 46245994048ðω̄�
l Þ2ðω̄�

v Þ
þ 3046484592ðω̄�

l Þ2ðω̄�
β Þ þ 97440130048ðω̄�

l Þðω̄�
v Þ2

þ 11015200048ðω̄�
l Þðω̄�

v Þðω̄�
β Þ þ 327885768ðω̄�

l Þðω̄�
β Þ2

þ 55054799872ðω̄�
v Þ3 þ 7430284320ðω̄�

v Þ2ðω̄�
β Þ

þ 282997416ðω̄�
v Þðω̄�

β Þ2 þ 2487199ðω̄�
β Þ3Þ;
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Ql
54ðω̄�

l ; ω̄
�
v ; ω̄�

β Þ ¼
ffiffiffi
3

p

167772160
ð3563227584ðω̄�

l Þ2 þ 16611195072ðω̄�
l Þðω̄�

v Þ
þ 1150966632ðω̄�

l Þðω̄�
β Þ þ 23648250944ðω̄�

v Þ2
þ 3137566528ðω̄�

v Þðω̄�
β Þ þ 104999579ðω̄�

β Þ2Þ;

Ql
56ðω̄�

l ; ω̄
�
v ; ω̄�

β Þ ¼
7

ffiffiffi
3

p ð1823132ω̄�
l þ 6759328ω̄�

v þ 427513ω̄�
β Þ

41943040
;

Ql
58ðω̄�

l ; ω̄
�
v ; ω̄�

β Þ ¼
3

ffiffiffi
3

p ð38392ω̄�
l þ 100248ω̄�

v þ 6771ω̄�
β Þ

16777216
;

Qβ
22ðω̄�

l ; ω̄
�
v ; ω̄�

β Þ ¼
ffiffiffi
3

p ð4987ω̄�
l þ 6618ω̄�

v þ 540ω̄�
β Þ

1024
;

Qβ
31ðω̄�

l ; ω̄
�
v ; ω̄�

β Þ ¼
3

ffiffiffi
3

p ð33422ω̄�
l þ 53708ω̄�

v þ 4115ω̄�
β Þ

16384
;

Qβ
35ðω̄�

l ; ω̄
�
v ; ω̄�

β Þ ¼
ffiffiffi
3

p ð17114ω̄�
l þ 41796ω̄�

v þ 2865ω̄�
β Þ

65536
;

Qβ
42ðω̄�

l ; ω̄
�
v ; ω̄�

β Þ ¼
ffiffiffi
3

p

1048576
ð692633616ðω̄�

l Þ3 þ 5166147320ðω̄�
l Þ2ðω̄�

v Þ
þ 336981015ðω̄�

l Þ2ðω̄�
β Þ þ 11296361392ðω̄�

l Þðω̄�
v Þ2

þ 1236584274ðω̄�
l Þðω̄�

v Þðω̄�
β Þ þ 35603882ðω̄�

l Þðω̄�
β Þ2

þ 6855639872ðω̄�
v Þ3 þ 891106656ðω̄�

v Þ2ðω̄�
β Þ

þ 30716436ðω̄�
v Þðω̄�

β Þ2 þ 160544ðω̄�
β Þ3Þ;

Qβ
44ðω̄�

l ; ω̄
�
v ; ω̄�

β Þ ¼
ffiffiffi
3

p

41943040
ð220359572ðω̄�

l Þ2 − 415245424ðω̄�
l Þðω̄�

v Þ
− 5303164ðω̄�

l Þðω̄�
β Þ − 1632956848ðω̄�

v Þ2
− 188904056ðω̄�

v Þðω̄�
β Þ − 5108353ðω̄�

β Þ2Þ;

Qβ
48ðω̄�

l ; ω̄
�
v ; ω̄�

β Þ ¼
ffiffiffi
3

p ð8575ω̄�
l þ 20970ω̄�

v þ 1437ω̄�
β Þ

1048576
:

APPENDIX E: REEXPANSIONS OF cos ε� AND sin ε� BASED ON EQ. (42)

Equations (5) and (8) show that α� need to be first reexpanded, and then, one can acquire the reexpansions of cos ε�

and sin ε�. From Eq. (A4), the expansions of secϕ� ¼ secðP∞
p¼0 γ

�ðpÞepÞ need to be taken into account, and with
Eqs. (C11)–(C13) and (C18), there is

secϕ� ¼
X∞
p¼0

Qðsecϕ�; pÞep ðE1Þ

with the discrete spectrum functions of the power of e,

Qðsecϕ�; pÞ ≔ 2δ0p þ
Xp
k¼1

secðkÞ ðπ=3Þ
k!

γ�k ðpÞ; ðE2Þ

where

γ�k ðpÞ ¼
� γ�ðpÞ; k ¼ 1;Pp−1

jk−1¼k−1
Pjk−1−1

jk−2¼k−2 � � �
Pj3−1

j2¼2

Pj2−1
j1¼1 γ

�ðp − jk−1Þγ�ðjk−1 − jk−2Þ � � � γ�ðj2 − j1Þγ�ðj1Þ; k ≥ 2.
ðE3Þ
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Then, Eq. (A4) shows that secm ϕ� ¼ ðP∞
p¼0Qðsecϕ�; pÞepÞm with m ¼ 2n − 2k − 1 should be expanded, and using

Eqs. (C11)–(C14) gives

secm ϕ� ¼
X∞
p¼0

Qðsecm ϕ�; pÞep ðE4Þ

with their corresponding discrete spectrum functions of the power of e,

Qðsecmϕ�; pÞ ≔ 2mδ0p þ
Xp
l¼1

Cl
m2

m−lQlðsecϕ�; pÞ; ðE5Þ

where Qðsecϕ�; 0Þ ¼ 2 and

Qlðsecϕ�; pÞ ¼

8>><
>>:

Qðsecϕ�; pÞ; l ¼ 1;Pp−1
jl−1¼l−1

Pjl−1−1
jl−2¼l−2 � � �

Pj3−1
j2¼2

Pj2−1
j1¼1 Qðsecϕ�; p − jl−1ÞQðsecϕ�; jl−1 − jl−2Þ � � �

×Qðsecϕ�; j2 − j1ÞQðsecϕ�; j1Þ; l ≥ 2.

ðE6Þ

By substituting Eq. (E4) to Eqs. (A3) and (A4), α� are reexpanded by only modifying their discrete spectrum functions of
the power of e, namely,

Qðα�; nÞ ≔
Xn−1
s¼0

ð�1Þs
X½n−s2 �

k¼0

ð−1Þn−s−k−1 ð2n − 2s − 2k − 3Þ!!
2kk!ðn − s − 2kÞ! Qððsecϕ�Þ2n−2s−2k−1; sÞ: ðE7Þ

One also needs to expand cosϕ� ¼ cosðP∞
p¼0 γ

�ðpÞepÞ
and sinϕ� ¼ sinðP∞

p¼0 γ
�ðpÞepÞ in Eq. (A6), which is

easy to deal with by use of Eqs. (C11)–(C13) again, and
here, we directly present their results together,

� cosϕ� ¼ P∞
p¼0Qðcosϕ�; pÞep;

sinϕ� ¼ P∞
p¼0 Qðsinϕ�; pÞep ðE8Þ

with their discrete spectrum functions of the power of e,
respectively,

�
Qðcosϕ�; pÞ ≔ 1

2
δ0p þ

Pp
k¼1

cosðkÞ ðπ=3Þ
k! γ�k ðpÞ;

Qðsinϕ�; pÞ ≔
ffiffi
3

p
2
δ0p þ

Pp
k¼1

sinðkÞ ðπ=3Þ
k! γ�k ðpÞ;

ðE9Þ

where the expressions of γ�k ðpÞ refer to Eq. (E3), and the
expressions of cosðkÞ and sinðkÞ refer to Eqs. (C19) and

(C20), respectively. The combination of Eqs. (E4) and (E8)
provides�Φ�

c ðmÞ ≔ secm ϕ� cosϕ� ¼ P∞
p¼0QðΦ�

c ðmÞ; pÞep;
Φ�

s ðmÞ ≔ secm ϕ� sinϕ� ¼ P∞
p¼0 QðΦ�

s ðmÞ; pÞep
ðE10Þ

with their discrete spectrum functions of the power of e,
respectively,�
QðΦ�

c ðmÞ; pÞ ≔ Pp
k¼0Qðsecm ϕ�; p − kÞQðcosϕ�; kÞ;

QðΦ�
s ðmÞ; pÞ ≔ Pp

k¼0Qðsecm ϕ�; p − kÞQðsinϕ�; kÞ;
ðE11Þ

and then, plugging them into Eqs. (A5) and (A6) gives the
reexpansions of cos ε� and sin ε� by only modifying their
discrete spectrum functions of the power of e, namely,

(
Qðcos ε�; nÞ ≔ ð−1Þn þP

n−1
s¼0ð�1ÞsPn−s−1

k¼0

P½n−s−k
2

�
p¼0 ð−1Þn−s−p−1 ð2n−2s−2k−2p−3Þ!!

2pp!ðn−s−k−2pÞ! QðΦ�
c ð2n − 2s − 2k − 2p − 1Þ; sÞ;

Qðsin ε�; nÞ ≔ P
n−1
s¼0ð�1ÞsPn−s−1

k¼0

P½n−s−k
2

�
p¼0 ð−1Þn−s−p−1 ð2n−2s−2k−2p−3Þ!!

2pp!ðn−s−k−2pÞ! QðΦ�
s ð2n − 2s − 2k − 2p − 1Þ; sÞ:

ðE12Þ
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