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Tidal effects in the equations of motion of compact binary systems
to next-to-next-to-leading post-Newtonian order
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As a first step in the computation of the orbital phase evolution of spinless compact binaries including
tidal effects up to the next-to-next-to-leading (NNL) order, we obtain the equations of motion of those
systems and the associated conserved integrals in harmonic coordinates. The internal structure and finite
size effects of the compact objects are described by means of an effective Fokker-type action. Our results,
complete to the NNL order, correspond to the second-post-Newtonian (2PN) approximation beyond the
leading tidal effect itself, already occurring at the SPN order. They are parametrized by three polarizability
(or deformability) coefficients describing the mass-quadrupolar, mass-octupolar, and current-quadrupolar
deformations of the objects through tidal interactions. Up to the next-to-leading (NL) order, we recover
previous results in the literature; up to the NNL order for quasicircular orbits, we confirm the known tidal
effects in the (PN reexpansion of the) effective-one-body (EOB) Hamiltonian. In a future work, we shall
derive the tidal contributions to the gravitational-wave flux up to the NNL order, which is the second step

required to find the orbital phase evolution.
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I. INTRODUCTION

The direct detection of gravitational waves (GW) gen-
erated by the orbital motion and merger of compact binary
systems [1,2] opens up a new avenue in fundamental
physics. Notably, it will play a paramount role in under-
standing the physics of compact objects, mainly black holes
or neutron stars. The tidal effects between such objects are
particularly interesting because they permit revealing and
probing their internal structure, as well as eventually
distinguishing between black holes, neutron stars or,
possibly, more exotic entities like boson stars [3,4].

The tidal interaction affects both the conservative equa-
tions of motion (EOM) and the GW emission of the
compact binary system. This results in a modification of
the time evolution of the binary’s orbital frequency and
phase which is directly observable (see, e.g., Refs. [5-8]).
The tidal distortion depends on the Love numbers [9],
characterizing the rigidity and the deformability of the
body, i.e., its capacity to change shape under the influence
of an external tidal field. Those Love numbers depend in
turn on the internal equation of state (EOS) of the body,
which is uncertain at high densities [10,11]. They decrease
as the compactness of the body increases, reaching zero in
the limit of a maximally compact object, i.e., for a black
hole [12-14].
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The leading tidal contributions to the orbital dynamics
are due to quadrupolar deformations and, for compact
binaries, manifest themselves as formally very small
corrections in the accelerations, of the order of 5PN or
~(v/c)!°, where v denotes the relative orbital velocity.
However, the 5PN coefficient appearing in front of the
small 5PN factor (v/c¢)!'? can be quite large, and the effect
is measurable.' It scales like the dimensionless parameter

2\ 5
AQ = 2 (RN
3 Gm

where k®) denotes the mass-type quadrupolar second
Love number of the body, while m and R represent its
mass and radius. Typically, the compactness parameter
C ~Gm/(Rc?) is of order 0.15 for neutron stars, while the
Love number is k?) ~ 0.1 (depending on the EOS) [13,14];
hence we expect A®) ~ 1000. With the binary neutron-star
event GW170817 [2], the detectors LIGO and Virgo have
already been able to put an observational constraint on the

(1.1)

particular combination of Agz), Agz) and the masses that
enters the orbital phase evolution of the two neutron stars
[6,8]. This constraint permitted the exclusion of some of the
stiffest EOS, for which the neutron stars are less compact

'One can speculate that the tidal 5PN coefficient is larger than
the purely orbital 5PN contribution to the orbital phase for point
particles, which is currently unknown.
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[15,16]. However, the majority of softer EOS are still
allowed (see also [17] and references therein).

The problem of tidal interactions between compact
objects beyond the leading quadrupolar level has been
addressed in Refs. [18-23]. The conservative dynamics,
from which follow the EOM, was obtained in the work [21]
at leading order but including linear spin couplings. In [20]
and [19], it was obtained up to the next-to-leading (NL)
and the next-to-next-to-leading (NNL) orders, respectively,
while the energy flux, waveform amplitude, and phase
evolution have been computed to leading order in the
presence of spin couplings, and NL order, equivalent to the
formal 6PN level [18,22,23], in the nonspinning case.”
The tidal interactions in both the dynamics and waveform
have also been included in the effective-one-body (EOB)
models for template generation [7,19].

In the present paper, we compute the tidal effects in the
conservative EOM, as well as all associated conserved
quantities, at the NNL order for spinless neutron stars on
generic binary orbits in harmonic coordinates. We follow
closely the method proposed in Ref. [19], describing the
internal structure and finite size effects of the compact
objects by means of an effective Fokker-type action.
Our final NNL results are parametrized by three polariza-
bility (or deformability) coefficients describing the mass-
quadrupolar, mass-octupolar, and current-quadrupolar
deformations of the objects through tidal interactions. In
the case of quasicircular orbits, we confirm the expression
of the tidal terms in the EOB Hamiltonian up to the NNL
order [19]. To compute the tidal contribution to the orbital
phase at the NNL order, we need both the conservative
NNL energy of the system and the GW energy flux at the
same NNL order. In a forthcoming paper [24], we shall
complete the present work by computing the latter effect for
the GW flux, which will yield the orbital phase evolution at
the NNL order.

Although the knowledge of the NNL/2PN relative tidal
effect is probably not directly useful for the data analysis of
the advanced LIGO and Virgo detectors, it may become
relevant for the future third-generation detectors, like the
Einstein Telescope or the Cosmic Observatory. On the other
hand, detailed comparisons with numerical relativity (NR)
simulations of binary neutron-star mergers require the
control of high-order tidal interactions on the analytic side.
Yet, such comparisons are essential to get a grip on the
errors of the predicted waveforms and to properly calibrate
EOB models. More generally, adding analytic tidal effects
on top of PN templates of point particles is a good way of
controlling the systematic errors due to our lack of knowl-
edge of the higher-order terms in the PN expansion [4,8].

*The NNL order in the dynamics corresponds to 2PN order
beyond the leading 5PN quadrupolar tidal effect and is thus
formally equivalent to a 7PN orbital effect; similarly, the NL
order means 1PN beyond the leading SPN effect.

This article is organized as follows. In Sec. II, we define
the effective Fokker action with appropriate nonminimal
matter couplings describing finite size effects. The quan-
tities entering this action are determined by the 2PN metric,
presented in Sec. III and computed off shell, i.e., without
the replacement of accelerations by the EOM, ready for
insertion into the action. Our final Lagrangian, accurate
to NNL order for tidal effects, is displayed in Sec. IV,
together with the associated NL center-of-mass (c.m.)
position. We then derive, in Sec. V, the tidal dynamics
in the c.m. frame for general orbits, as well as the reduction
for quasicircular orbits. Appendix A is devoted to basic
recalls and motivation concerning the treatment of tidal
effects in Newtonian theory. In Appendix B we show, using
standard techniques of Lagrangian formalism, that the tidal
multipole moments up to the NNL order can be defined
equivalently by means of either the Riemann tensor or the
Weyl tensor. Finally, we give in Appendix C the complete
tidal acceleration in a general frame for arbitrary orbits to
NNL order.

II. EFFECTIVE FOKKER ACTION WITH
NONMINIMAL MATTER COUPLINGS

The model we use is defined by the gravitation-plus-
matter action § = S, + S,,, where the gravitational part S,
1s the standard Einstein-Hilbert action, to which we add the
appropriate harmonic-gauge fixing term:

3

1
S = d*x/=¢|R — =g, T*T"|, 2.1
g 16ﬂG/ o g{ 29w ] (2.1)

where R is the curvature scalar, I}, is the usual Christoffel
symbol, and T* = ¢*°I",,. In practical calculations, we
rather use the Laudau-Lifshitz [25] form of the action.’
The matter part of the action S, describes massive
pointlike particles with internal structure. It contains
specific nonminimal couplings to the space-time curvature
that describe the finite size effects of the compact bodies
solely due to the tidal interactions, all spins being taken to
zero. Since the matter action is regarded as localized on the
worldline of the particles, it is generally referred to as a
“skeletonized” effective action. In order to define it, we
introduce a local inertial coordinate frame along each body
worldline, together with the associated local tetrad egz*.
More precisely, we pose ez = Ox* /X%, where {x*} is a
global coordinate system and {X%} is the local inertial
frame in the vicinity of the body in question. We may
choose {X%} to be a Fermi local normal coordinate system
[27,28], so that the tetrad is orthonormal on the worldline,

Throughout the paper, we use the conventions of MTW [26];
in particular, the metric signature is (—,+,+,+), and the
Riemann tensor satisfies the identity (V,V, -V, V, V4=
R’l,qu" .
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the time coordinate of the Fermi coordinates coincides with
the proper time along the worldline, and the zeroth timelike
tetrad vector is the four-velocity of the particle. In its own
local frame, the body feels the tidal multipole moments
generated by the other bodies at its very location, namely,
the 7-th order mass-type moments G; and the current-type
ones H;, where those quantities refer to the spatial tetradic
components of the moments, i.e., projected along the local
tetrad, with L =7,---1, denoting a multispatial index
composed of ¢ spatial tetradic indices.

In this paper, we assume that each body stays in static
equilibrium at any instant. In the absence of spin, the
internal structure is then entirely determined by the mass
and the EOS. Thus, the elementary bricks that are allowed
to construct S,, are tensors defined from the metric only and
evaluated at the given particle position, with all indices
contracted so as to preserve the invariance under rotation
and parity in the corresponding constant-time hypersurface
of the local Fermi rest frame. For our purpose, it will be
sufficient to consider the same nonminimal terms as in
Ref. [29], built from quadratic (kineticlike) couplings in the
tidal moments G; and H;. Hence, the form of the matter
action (also addmg the partlcle s label A € {1,2})*

+00
1 ¢
= E d Mac? E : ) (GA)2

+ﬁa§{>(flg)2] +}

The ellipsis indicates many higher-order nonlinear com-
binations of the tidal moments and their covariant (proper-
time) derivatives, which we do not need to include here
[see, e.g., Eq. (2.3) of [19]]. For more insight and moti-
vation about the nonminimal action, see Refs. [19,30-32]
and the treatment of tidal effects in the Newtonian model as
recalled in Appendix A.

The above tidal moments are given by appropriate
covariant derivatives of the Weyl tensor. We first define
the spatial tetradic components of the moments appearing
in Eq. (2.2) (for £ > 2) as

(2.2)

G?, == [vﬁl o v;f—z C?f_lﬁ?ﬁ@]/*’ (238')
A 3 . ...\ *
HY =20V -V, G poila (23b)

*The constant mass of body A is denoted m, and its proper
time dry = (—[g,]ady4dy4/c?)'/?, where y(z4) is the par-
ticle’s worldline. The four-velocity uf = dy’,/(cdz,) is such
that [g,, ] yuyuy = —1, with [g,, ], denoting the metric regularized
at the location of body A; this is of course nothing but the

time-time component of the orthonormalizing condition of the

Au
tetrad, 17,5 = [gu]a€s 62”

The angle brackets over the ¢ free spatial indices L =
1, ---1, of the above tensor expressions mean that they
must be replaced by their symmetric and trace-free (STF)
parts over those indices, the underlined indices being
excluded from the STF projection. We denote by V, the
usual covariant tetradic derivative [we pose & = (0,1)],
whereas C ;.5 and C; aprs represent the tetradic compo-
nents of the Weyl tensor [whose definition is recalled in
Eq. (B2) below] and its dual.’ By construction, the tidal
moments (2.3) are symmetric over their spatial indices L,
and all their traces are zero, i.e., 5MZGW2 3, =0.

Next, we introduce the covariant versions of the pre-
vious tidal tensors. Since u¥ = ey, this is achieved by
imposing that they live in the particle’s local spatial
hypersurface, which is orthogonal to the four-velocity.
Thus, we complete the definition of the tidal moments
(2.3) by requiring them to obey

A = HA =0
0ér, -y 0ér, -y :

(2.4)

In this way, G, .4, and H, .., are both Lorentz tensors and
covariant scalars, while their covariant versions in an
arbitrary coordinate system {x*} read

G;“l"'ﬂf - _CZ[V(LM ’ vlllf 2 W—l/’h) ]Augug’ (253)
HY ., =2c [Vd—ll Vi C;t’—lﬂ/‘f)"]AulA)uf‘. (2.5b)

Here, we denote V,f = 1,V,, with 1}, = &}, + u,u” being
the projector onto the hypersurface orthogonal to the four-
velocity [notice that L5 = (0, €/ )] The tidal moments are

both STF over all their space- tlme indices and transverse to
the four-velocity, namely, w*G,,,..,, = u'H,,, .., =0,
which is equivalent to (2.4).

Very important to the formalism is the fact that the Weyl
tensor and its covariant derivatives in (2.5) are to be
evaluated at the location of the particle A following the
regularization, as indicated by the square brackets |- --,.
Physically, the regularization is crucial because it removes
the self-field of the particle A and therefore permits
automatically selecting the external (tidal) field due to
the other particles B # A. We know of one regularization
able to give a complete, consistent, and physical answer in
high PN approximations, namely, dimensional regulariza-
tion (see, e.g., Refs. [33,34]). In this paper, we systemati-
cally use this regularization. However, in our practical
calculations at the relatively low NNL/2PN order, it is

at . .
In our convention, C* . aprs 2 Eapn ¢C 75 OF, In covariant
form, C} ck

e = é € C™ pos Where Eaprb denotes the tetradic
components of the completely antisymmetric LeV1—C1v1ta tensor

€upo» defined by e5755 =1 and &y3 = \/—g. The tetradic

covariant derivative obeys, e.g., V VP = epeb, V V.
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simpler to use the Hadamard “partie finie” regularization
since it has been shown [19] to yield the same result for the
specific system we are interested in (see also discussions
in Ref. [34]).

On the other hand, as argued in Refs. [19,35], we can
choose to use, for our purpose, the Riemann tensor instead
of the Weyl tensor in the definitions (2.5) of the tidal
moments. Indeed, the contributions due to the trace terms
of the Riemann tensor may be absorbed in the off-shell
metric by redefining it in a certain way. In Appendix B, we
give a detailed proof of this statement valid up to the NNL/
2PN level.

Note finally that the tidal moments (2.5) have been
normalized in such a way that they admit a finite nonzero
Newtonian limit when ¢ — oo, and that the mass-type
moments then match those of Newtonian mechanics given
in Appendix A. In this limit, only the space components
survive. We then get

i — AU 4 o(é) (2.60)

1
Hy = 4eje (1), UF™ + vhd ), UR) + O<02> 7
(2.6b)

where 94 = 04 ---04 with 94 = 9/dy'; the potentials

131 ly 1
U th = ZB;&A Gmg/rg and U fxm = ZB;&A GmB”fz/ I'p
denote the Newtonian and gravitomagnetic potentials
regularized at point A.

As the tidal moments are transverse to the velocity, the
action (2.2) can be rewritten in covariant form as

[
S = ZA:/dTA{—mAcZJr;m {ﬂycﬁrng' ke

£ _(Oya

(2.7)

We observe that the reference to the local tetrad has
completely disappeared from the action. For convenience,
we work only with the global (tensorial) components
G, ., and H, ., of the moments henceforth.

The coefficients 1) and ) entering the nonminimal
action characterize the deformability and polarizability of
the body under the influence of the external tidal field. They
are linked to the dimensionless mass-type k) and current-
type j) second Love numbers as [19]

() _ 2 (?) p2c+1
Gk _(2f—1)!!kA R
£—1
Go = SR (28)

4(£+2)(2¢ = !

where R is the radius of the body (in a coordinate system
such that the area of the sphere of radius R is 47R?). In the

effective description, Eq. (2.7), of compact objects, only the

coefficients ,uf) and af) are measurable. The normaliza-

tion constants in the first equation of (2.8) are chosen to
match the usual Newtonian definitions.

The polarizability coefficients (2.8) actually determine
the formal PN order at which the tidal effects appear.
For compact objects, indeed, the compactness parameter
defined as the ratio C ~ Gm/(Rc?) is of order one. Inserting
C~ 1 in Eq. (2.8), we recover the fact that the dominant
tidal effect is due to the mass quadrupole and is formally
of order

1
€iidal ~ 10 (2.9)
i.e., is comparable to a SPN orbital effect. With the notation
(2.9) for the dominant effect, we see that the deformability
coefficients in the action scale like

¢ ¢ €tida
o) = o).

As we aim at computing tidal effects up to NNL/2PN order,
inspection of the action (2.7) shows that we may consider
only the mass-quadrupole, current-quadrupole, and mass-
octupole interactions:

(2.10)

(2 (2)
5, =% / az, [—mAcz GG+ T H
A
e .
+EAGA G+ 0( “‘;aﬂ ,
C

12 Auv (211)

where the specified remainder means that we neglect higher
order—NNNL and beyond—terms. Direct application of
the general scaling relation (2.10) shows that u(® =
O(€daa)s o = O(€gga)> and p) = O(€gaa/c?). Thus,
the first tidal term in (2.11) yields the leading effect
together with NL and NNL corrections, the second tidal
term contains NL and NNL effects (because of the explicit
factor 1/c? in the action), and the third one represents a
purely NNL effect.

III. METRIC AND REQUIRED
ELEMENTARY POTENTIALS

To build an action for the sole matter variables, we
(i) start from the Einstein-Hilbert action (2.1) with the
nonminimal matter couplings (2.2), (ii) solve the Einstein
field equations resulting from the metric variation by means
of a direct PN iteration, and (iii) insert the explicit PN
solution for the metric back into Egs. (2.1) and (2.2),
which defines the so-called (PN) Fokker action, say Sg.

064047-4
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An important point is that, at the NNL/2PN level, it is
necessary and sufficient to insert into Eqgs. (2.1) and (2.2)
the metric generated by a system of point particles, omitting
all the terms associated with the body’s internal structure.
To see this, we write, as in Ref. [36], the (allegedly
“exact”) PN solution of the Einstein field equations in terms
of the gothic metric deviation #** = |/=gg"” — n**, using
the particular vector variable
h = (R p% hi7),  with B =h% +5;h7.  (3.1)
We already know that the dominant tidal effect is due to the
mass-quadrupole moment, and it appears in the EOM at the
order displayed in (2.9). We can thus write the previous
solution as

h = hpp + Midar» (32)

where the first term is just the result for the metric generated
by point particles (pp) without internal structure and where
the tidal corrections therein are at least of the order of (with
obvious notation)

€tidal €tidal €tidal
htidal = O( C2 s C3 T 4 .

- (3.3)
Since £ is an exact solution of the Einstein field equations,
we have 6Sg/6h = 0, which implies that the functional
derivative of the Fokker action evaluated for the “approxi-
mate” solution h,, will be of the order of the committed
error, namely [taking into account the coupling constant
¢*/(167G) in the field equations]

5Sk
i oo

Equations (3.3) and (3.4), combined together in a Taylor
expansion of the action, imply that

(3.4)

_ 2
= O(C €tidal» C€tidal» etidal)'

Sh
= SF[hpp] + O(Stzidal)’

oS
Se[h] = Sglhpp] + / dx—F [hppl gl + O(higy)
(3.5)

and we conclude that the final remainder O(e2,,) is at least
comparable to a 10PN effect O(c™°) [see Eq. (2.9)].
Therefore, it is amply sufficient to insert into the Fokker
action the metric hy, for point particles without internal
structure. We can recover this conclusion from a general
statement proved in Ref. [36], called the “n + 2 method,
according to which, in order to control the Fokker action at
some nPN order, it is necessary and sufficient to insert the
components of the metric 4 with all the PN corrections up
to the order 1/¢"*? included. In our case, we want the
Fokker action up to NNL order, which means, formally,
7PN, hence n = 7; thus, we require the metric up to the
maximal order 1/c¢°, while tidal effects are of higher order
[see Eq. (3.3)]. The same argument has also been shown
and used in Sec. ILE of Ref. [19].

In this paper, we do not try to compute the full action,
including all the terms up to NNL order O(egq,/c?), but
only the tidal NNL contributions therein, proceeding
essentially as in Ref. [19], although staying in harmonic
coordinates. Consequently, we need the point-particle
metric up to 2PN order only, so as to obtain the regularized
Weyl or Riemann tensor of point particles at 2PN order,
which is the minimum requirement to control the tidal
moments at the same accuracy level:

Gﬁu = —¢? [Rypw]Aufxuf\’ (368')
HA, =2¢3 (R, pyoatia s (3.6b)
Giy = —CViR ol atthu- (3.6¢)

Indeed, for this calculation, the Weyl and the Riemann
tensors give an equivalent dynamics (see Appendix B).
On the other hand, one can show that replacing the
STF operator by the symmetrization operator in the defi-
nitions (2.5) for the mass-quadrupole, current-quadrupole,
and mass-octupole moments does not affect the values of
those tensors. The resulting expressions, provided in
Appendix B, are simpler than the original formulas. The
tensors (3.6) are then obtained by substituting the Riemann
tensor for the Weyl one. However, the off-shell mass-type
tidal moments defined in this manner are no longer trace-
free, contrary to their Weyl counterparts.

At 2PN order, the metric of a general matter system in
harmonic coordinates can be parametrized by the set of

potentials {V, V,, Wij,f?,»,f(} in the following way:

2V 2v? 8 (. V3 1
900:—1+—2——4+—6 X+VVi+— | +0 s
c c c 6

3
(3.7a)
4V, 8R, 1
=14+ 0=, 3.7b
Yoi C3 05 + <C7> ( )

2V 2vE\ AW, 1
9ij = 5ij<1 +7+7> + C4J + O(g)- (3.7¢)

These potentials admit a nonzero, finite Newtonian limit
and solve the flat-space wave equations (with [J = #**0,,)

OV = —4zGo, (3.8a)
DVl- = —47TG(7i, (38b)
DW” = —4ﬂG(Uij - 51']'(7](]() - a,vajV, (380)
N 3
DRi = —47[G(Vﬁi - ViG) - 28kV8in - EalVaiV,
(3.84)
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OX = —42GVoy +2V,0,0,V + VOV
3 .

where the matter source densities are defined in terms of the
components of the matter stress-energy tensor as

TOO+Tii TOi
=5 > o0, =—,

Gij = TU,
C C

(3.9)
with 7" = §;,T". To perform a consistent Fokker reduction
of the original action, the solutions of Egs. (3.8) must, in
principle, be constructed with the symmetric Green func-
tion, which kills all contributions of odd powers of 1/c¢
at the current approximation level. As discussed above,
thanks to the properties of the Fokker action, we only need
the metric produced by pointlike particles and can neglect
tidal effects when inserting the metric (3.7) into the Fokker
action. Therefore, we compute the potentials for point
particles without including any internal structure effect.
The requested potentials have already been published
elsewhere [37], but here we compute their off-shell values,
without replacement of accelerations by means of the EOM
(we then call them the “unreduced” potentials). However, it
is known that the replacement of accelerations in the action
is equivalent to performing an unphysical shift of the
particles” worldlines [38]. We have checked that, indeed, by
inserting the reduced (“on-shell”) versions of the potentials
into the action, the final gauge invariant result for the
conserved energy reduced to circular orbits, which we
obtain below [in Eq. (6.5)], is the same.

For point particles without spins, the matter source terms
(3.9) take the form

o(x,1) = jia()s(x —ya(r)),  (3.10a)

A
oi(x,1) =Y vy (x =ya(1)),  (3.10b)
oi(x. 1) =Y pavi w6 (x =y, (1)), (3.10¢)

sz
[Gij]l =3

1y 2

1 15 3
{3"120‘”12» + 2 |:n12<in12j> <_— (n1202)* + 607, — ErIZ(nl2a2) -

where the three-dimensional Dirac function is confined to
the worldline y,(¢) and we pose, for the effective time-
varying masses (with m, the constant PN mass),

2

myc 3 v
s Ha = (1 +c—g>ﬂA- (3.11)

pa(t) = o
[gg/w]AUA U:l

In Egs. (3.10) and (3.11), the worldlines are parametrized
by the coordinate time ¢ = x°/c of the harmonic coordi-
nates; the coordinate velocities are v = (c, vj;), with
vl = cu', /ul = dy’,/dt, and the relativistic Lorentz factor
reads uQ = (=[g,, ],V v4/c*)"/2. The metric is computed
at the location of the particle A following dimensional
regularization; in particular, we have [gg,,], = [g]4[g,]4 in
(3.11). As already mentioned, in practical calculations, we
use the Hadamard regularization, which is equivalent to
dimensional regularization up to the relatively low NNL/
2PN order [19,34].

To summarize, the metric in Eq. (3.7) is not the full
metric and does not contain tidal effects. However, as
proved in Egs. (3.1)—(3.5), it is sufficient to insert it into
the Fokker action S, + §,,, to obtain the tidal effects in the
equations of motion at the requested order. In our work,
the full metric is not controlled since we only compute the
equations of motion of the particles (and the associated
conserved quantities). With the Fokker method, we do not
need nor have access to the full metric outside the particle’s
worldlines.

IV. TIDAL EFFECTS IN THE EQUATIONS OF
MOTION TO NNL ORDER

From the discussion in the previous section, we know
that, up to NNL order, the only terms in the Fokker action
that depend on the bodies’ internal structure are those that
are explicitly present in the matter action (2.11). Here, we
provide the results for the (coordinate-basis components of
the) tidal mass-quadrupole, mass-octupole, and current-
quadrupole moments at NNL order felt by body 1, i.e.,
regularized at point 1. We find®

3Gm, 3Gm2>

2 2

- 6”12(;’”1;) (n1p012) + 2”1(i”1j> + n12<i”2j>(12<”12”1) —6(n11,)) — 6”1(i”2j> + 3”2(;’”2,‘) - 3az<i”12j) Iz

1 1 105
+6;; ((”121}1 )? - 3 U%ﬂ + s {nlz(inlzj) [8

(n1202)* 4 30(n1202)*(v1v2) + 6(v102)* = 15(nyp05)*0}

®The notation ry, = ly) — y2| represents the Euclidean distance between the two bodies (at constant time y? = y9 = ct); the unit
direction from body 2 to body 1 is then ni, = (¥} —y4)/ri; v}, = v} — v} stands for the relative velocity; the usual Euclidean scalar
product of vectors is denoted with parentheses, e.g., (n,v1) = Ry, - vy; the cross product is denoted, e.g., (11, X v} );, and the mixed
product, e.g., (112, v1, v2) = (n1,0; X v,). All calculations are done with the software Mathematica and the tensor package xAct [39].
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45
— 12(vyvy)v7 + 60} — 7(”12”2)21’% = 12(01v2) 03 + 60703 + 603 + Gy (n12a,)

Gm 291 273
+—r : <——2 (n1201)* +291(n1501) (n1202) 5 (n1p02)? + 35”%2) + Gm, (14(ny2a,) — 10(n12a,))
12
Gm, 1 15G*m?  35G*mym, 5G*m?3
+ *(9("]21]2)2 + 181]%2) + *7’?2(&2}’112) - 5 ! 5 12 + 5 2 + rio 12(1)1612)(”121)2)
1o 8 14r7y, T i,
27 45

9
) (v2a,)(n1507) + T (n122) (n1202)* + 6(n12a2)(v1v2) = 3(nypa2) v — 3 (nlzaz)”%>

9 15 3
+1rh <8 (n12a,)* = @a% + )
_ 18Gm2

2
+ ria(=(v12a2) + 3(n1pa2) (n1201) = 9(n12a2) (n1202)) = r%z(”lzilz)} + V1 015) (—3(’112”2)2 + 2”%

3Gm1 T 6Gm2

2 2

62Gm1

(n1202) (M1aita) + 2(v122) — 2(112&2)>] + ) [ (n12012)

(n12012) 4+ 15(n1201) (n1202)* = 15(n1202)* + 6(n1202) (v102) + 6(n1202) 0], — 6(n1p01) 07

—rip(npay) — ) + N2V [—30(”1291)(”1202) +15(n1p02)* = 12(n1501) (01 0;)

Gm Gm
+ 12(}11201)1)% + 12(}’1121)1)1)% — 6(}1121]2)1]% + , ! (—68(71]2’01) + 62(”]21)2)) + rfz (12(”]21}])
12 12

= 18(nyp1,)) + V%z(”lzélz) + r12(=2(v1a;3) = 6(n12a,)(n1501) — (v2a,) + 9(”12612)(”121)2))]

8Gm; 10Gm
+ vy <—6(n12111)(n12112) +15(n1512)? = 6(v,0,) — 602, + 5r12(n12as) + L_ 2)

2 2
4Gm; 5Gm,
+—

2 2

15 5
+ vy(iV2j) <6("121/1)2 - 7(”12”2)2 + 305 — 5’12(”1202) - ) +4Gmyayinyy;)
27 9
+ ayinizj) [”12 <—12(n127)1)(”1202) 5 (n12v2)* + 4(vyv;) = 207 — 57)%) + 5”%2(”12612) —-3Gm,
5 2
-Gmy| + a2(i”1j>r12(_<n12”1) +7(n120,)) + az(;”zj')rlz(—z(”lzﬂl) —T(n121,)) = Zazoﬂzj‘)rlz
(”12”1)2(”121}2)2

. 7
+ 12y T (=2(1201) + 5(n1202) ) + 3010y, — Bvaaa)y T + < Riagdap i, + i [

4 2
3 1
= 2(nyp01) (n1p02) (01 02) + (v102)* + (”12”1)21’% + B (nlzvz)zv% - 51’? + 2(”12”1)21% - U%U%
4 Gm 16 4 1 Gm
— = Gm(nppay) +—— ——(nu”lz) = (npv)? + 305 + 5 + =2 4(n1av1)? = (n150,)?
3 rn 3 3 ri2
4 1 4 1 2, ] 2
3 ”12 +3 3 711 + T2 3 5 (012a3) (n12v12) = (v143) (n1p0y) — 5(”1202)(”1201) +§(”1zaz)7)1
16G*’m;m, 2G*m3 4 4
T3, + 3,,%22 +1rh ga% —g(vlaz 7 (12a2) (4.1a)
Gm 1
[Hyj], = 3 2 {12(”12 X V1) Mgy + = {(”12 X V12) (iM12)) (‘30(”12”2)2 + 12(vyv5) + 1207, — 6r15(npra)
12
4Gm 12Gm
+ p 1 +r—2> — 12(ay X nyp) i)y ria(niava) + 12(n1y X v12) 102 (11201) = 2(a2 X v12) M2y F1z
12 12
1
— 2ay(i(n1y X 1) jyria + 2(n1y X ag) iy i, + 48;5(npa, vy, U2)(n127]1):| } + O(g): (4.1b)
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15Gm2”12<'”12/”12k>

[Gijnly = — 4l : + (9(12) (4.1¢)

s C

The other components of the tidal moments are readily
obtained from, e.g., the relations [Gy,], = —v}[G;;],/c and
[Gool; = v{v1[G;j];/c?, which are equivalent to [Gyg); =
[Gy;]1 = 0 in tetradic notation. In Eqgs. (4.1), most of the
terms are STF, which we denote by angular brackets
surrounding the indices. Note, however, as mentioned in
Sec. 11, the appearance of pure trace contributions, due to
the fact that we have not resorted to tetradic projections and
have used the Riemann tensor instead of the Weyl tensor
(see the discussion in Appendix B).

With the latter results and the 2PN metric (3.7), it is
straightforward to get the Lagrangian up to the relative
|

NNL/2PN order for the finite-size tidal contributions. As
usual, we apply a number of procedures to eliminate
multiple time derivatives of the accelerations and reduce
the numbers of terms, in particular, removing those that
contain higher time derivatives of the accelerations by
adding suitable double-zero terms and total time derivatives
[40]. Recalling our notation introduced in Eq. (3.2), we
write

L= Lpp + Lgda, (42)

where, to be consistent with the NNL order truncation, we
recall the Lagrangian for point particles up to 2PN order in
harmonic coordinates, which is a generalized Lagrangian
depending on positions ', (7), velocities v',(7), as well as
accelerations @', (1) = dv',/dt [see, e.g., Eq. (209) of [41] ]:

L mivy  Gmym,
pp 2 27"12

1 G*m?*m mvt  Gmym 1 3 7
1 {G3m?m2 19G3*m?m?3
ct 2r3, 8r3,
G*m*m, (1 1 1 7 7

+ Tliz (5(”12”1)2 ) (n1201)(n1202) + 5(”12”2)2 + ZU% 2 (v12) + ZU%>
Gmym, (3 7

rllz 2 <16 (n1,01)?(n1,0,)? _g(i’llﬂ)z) 111 + 3 ”1 ‘1'1(”127)1)(”12”2)(”1”2)
1 my 0
= 207 (v10;) + 5 3 (v10,)? T6? ”2) 1 :

7 7
+ Gmm, <—4 (ajvy)(nyav,) — g (nlzal)(nlzvz)z + - g (nlzal)vz) } +1<2+ O( >

(4.3)

To the terms given above, we must add their symmetric counterpart in the exchange of the two particles, as indicated by the
notation 1 <> 2. Now, the main result of the present paper is the complete expression of the tidal part of the Lagrangian up to

NNL/2PN order in harmonic coordinates. It reads

G2m2 (3 1 9 9
Liiga = 5 2 {EM(IZ) + 2 {ﬂ?) (—5(”12”1)2 = 18(n1o01)(n1p0,) + 18(”12112)2 ) (v1v;) + Z”%)

12

2

15

+ 0,7 (=12(npv1)? + 1203,) .
12

— 18(n1pv1)? (n1202) + 45(n1201)* (n1202)? = 54(n101) (n1202) +

9
— 18(n1ov2)* (v v2) + 5 (v1v2)?

+9(vy0y)v7, + 901,

27, 69
4 U1 1+E

27"12

- 9(”12”1)%%2 + 27(”12”1)("12”2)”?2

9 9
2 ("12”1)2”% ) (”12”1)(”12”2)”% + D)

C4

2 2
_ 3Gm1ﬂ(1 ) _ 21Gm2/¢§ )} + i [ﬂ(2> <9 (npvy)*
1
2

3
5 (n12v2)* + 9(n12v1) (n1pv2) (v v2)

- 36("12”2>2”%2

27
(”12”2)21’% - 9(”1”2)”?

) ‘|‘/4<1 )”12 <—12(711202)(”12711) + 60(n12a2) (n1201)? 4 21(v12a2) (n1207)
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69 69

9
- E(UlaZ)(HIZUZ) — 102(n12a,) (n1201) (n1202) 4+ 60(n12a5) (n1202)? + = (n126) (v1v2) — — (n12a,) V3

39
2

2 4

-y ("1232)1’%) + 052)<60(”12012)4 - 96(”12”12)3("1201) + 48(”12”12)2(”12”1)2 - 24(”12”12)2(111”2)

+ 24(n15012) (n1201) (v102) + 12(0105)* = 84(n15012)* 0T, + 96(n1p015) (1201 ) v, — 36(n10,) 07,
+ 24(vv2)v3, + 2401, + 18(n12012)? 03 = 24(n1p015) (n1201)v3 = 24(v 1 v2)v3 — 180,07 + 1207)

+ 052)r12(16("1202)("12”12)2 + 24(”12612)(”12”1) - 24("12“2)(”12”12)(”12”1) - 16("1202)1}%2)

(2)
Gmyu 807 381 387 63
—— L (2 (n1p01)? + = (11201 (m1202) = 138(n1202)? = == (v10,) + — v} + 4203
rio 8 8 8 8
(2)
Gmyu 27 1051 865 83 45 49
+ rjzl (7(”121)1)2 + 3 (n1201)(n1202) = e (npvp)? + ) (v1v;) = Z”% + §”%>
(2) (2) 2.2 (2)
Gm,o Gmyo 60G“miu
L (=8(nppv1)? + 8v1,) + 2L (36(n15017)? — 36v7,) — 421 ]
ro ry 7}’12
707G> @ 16562m2uP 154 .
m21m2M1 + ’2”2/41 ] i /421 } 124+ O<€tl(édl>. (4.4)
8ri, 4ry, 2r, c

Note that the last term, although it does not contain
any explicit 1/c¢ factor, is actually a NNL term [see
Eq. (2.10)].

The long EOM derived by varying the Lagrangian (4.4)
are relegated to Appendix C. We have verified that the latter
EOM in harmonic coordinates stay manifestly invariant
when we perform a global (PN-expanded) Lorentz boost
with constant velocity V. All the formulas employed to
check the Lorentz invariance are given by Egs. (3.20)—
(3.23) of Ref. [42]. Furthermore, as a confirmation of the
boost invariance of the EOM, we can compute the
Noetherian invariant associated with this symmetry, which
is nothing but the (mass weighted) position of the center of
mass G' of the binary system. We obtain G’ = Gy, + Giigy»
where the point-particle piece is given by Eq. (4.4) in [43],
i.e., at 1PN order by

i ; nmy sz f 1
Gpp = my; +2C2<’U%—r12>y1 + 1 <—>2+O(c4>,
(4.5)

and where the dominant tidal piece appears only at NL/1PN
order and is given by

. 3G?m? 2) , y €tidal
G =z 3ni, ——L) +12+0( 2.
tidal Zr?zcz Hy nyy o <~ A

(4.6)

For simplicity, since it is not needed in the following, we
do not present the complicated NNL/2PN contributions
beyond the result (4.6).

V. TIDAL EFFECTS IN THE
CENTER-OF-MASS FRAME

The c.m. frame is defined as the frame for which the
equation G' =0 holds, consistently including the tidal
terms. The structure of the leading order of the EOM and
energy allows one to compute the corresponding c.m.
quantities at the 2PN relative order without requesting
G' itself at that order. By contrast, it is sufficient to know G
at 1PN relative order for this calculation, which means
including the tidal effects at NL/1PN order as given by
Eq. (4.6). Solving for G' = 0 then yields the c.m. position
of particle 1 as a function of the relative separation and
velocity.” We find i = (y}),, + (¥})jau» Where the known
1PN expression for the point-particle piece reads

5y = [xz +;—f2 <v2 —G7m>]xi+o<%>, (5.1)

with the position of particle 2 obtained by the exchange
1 < 2. Now, the point is that, because of the tidal
contribution to the c.m. position found in (4.6), there also
exists a NL/1PN contribution given by

, 3G*mv ’ . €4
O tidat = —W(Aﬂi) + 5u@)xt + O(jﬂ)- (5.2)

"We pose xi = ¥ —yhand o' = dx'/dz; r = |x| = ry, denotes
the separation, n' = x'/r the unit direction, and we have
i = (nv) = n - v. Mass parameters are as follows: the total mass
m = m, -+ m,, the symmetric mass ratio v = m;m,/m?> = X, X,
and the mass difference A = X| — X,, with X, = m,/m.
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The velocities v} = (v}),, + (¥} )44 are found by itera-
tively differentiating Eqgs. (5.1) and (5.2), using in that
process the full EOM, which include the tidal effect. Here
and below, we define the following convenient combina-
tions of the tidal polarizabilities:

7 1 /m 7 m 4
0 =5 (22 £ 200,

ny my
o) 1 [(my (»y  my (¢
Gi>:§<m—10§)im—2ag) , (5.3)

where the chosen normalization is such that ,uf) = ,u(lf) =

,uéﬂ and u¥) =0 when the two bodies are identical,

L t1dal

with the same mass and internal structure, and likewise

for af).

At this stage, the EOM in the c.m. frame can be derived
in two possible ways: either by computing the c.m.
acceleration a' = a| — ab directly, based on the replace-
ment rules (5.1) and (5.2), or by first getting the expression
of the Lagrangian in the c.m. frame from the Lagrangian in
a general frame, varying it to recover the EOM. We resort to
the two methods, and the results are in full agreement (see
also [44] for further details on the second method). The
c.m. Lagrangian may be decomposed as L = Ly, + Lyl
where L, is, e.g., given by Eq. (4.2) in [45], while the tidal
part is, up to NNL order,

G’m 2 1 @ (27 45 @) () 15 3 15
— —Au® —24 ) == A2
p 5 {3,14+ +cz{[,u —+ % +2 S oy |+ 4+2I/ 7 Aus

2 Gm 27 @y 15 1 5 45 9
+ 240&)} v? +T (—7/453 +7A/4(_2)>} —l—? [r{ [ﬂi) (21 —71/> + Ap? (21 —§u>

- 48m(j>] a,i+ [ (=60 + 180) + Au® (=60 + 18) + 62 (=16 + 48v) — 16A62)]a,,i?

2 4

39 27 39 9
+ [u(f) <— - —u) + Au® (7 - Zz/) +166% + 16A6(_2>] anvz} + 1P (36 — 720 + 1812)

189 45

99
+ Ap?) (27 - 180) +O’+ (72 96v) + 48Ac)]i* + [,uf) (———&-721/—71/ ) + A <_Z

4

27 39 27
—71/) +6(Jr2)(—114+1321/)—54A0(_2>]r2112+ [ ()<——12 V——v ) + Ap (>< +—= 1/)

G
+ 642 - 36) + 6Aa<_2)] v 2 { [u(f) (

+ 2857

—44A0(_2>] +{”<1i3 Ay + 3 >

G?m? [ (915 3119 \ 1395
ikl - Au®
Tz [”* <28 T ”) 28 ” +

3) 15 €tidal
o)

249 27
16 8 16
249 355 303 135
—+T +39IJ2)+AM(_2><—T+TV>

213
2 ) =280 1 440 12}

(5.4)

Note again that the last term is actually a NNL/2PN contribution. The corresponding relative c.m. acceleration is displayed
in Appendix C. Similarly, we show here the tidal part of the conserved energy E = E;, + Ejjgq:

Ei G>m 1 (G2 [[(27 45 ,
= 3T { 5 H(7 + 9y) W+ = A — 240(3] 2

3 @ 15 G3’m? [27 15
W) 2)),2 <0 2) 222
+<< 2) 4A,u +24a+>v}+ P {2;@ sz_}}

L1 [Gm
{ {(( —372 =720 + 542 + (=399 + 900) Au® + (88 + 961)0'2) + 16A52)i*

C
1125 27 1 1
+(<—5—— 135, >u(f>+ <ﬁ—135 >A,u( + (=198 = 360)0'?) — 18A4 >>;‘»2v2

2 4
99 27 81 531 135
G730

-t

2 >Au(_2>+(110—6Ov)05r2)+2A6(_2>)v4}
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r

51 141
+<<T — 1130+ 31/2)//tf) -

Gm? 213 499 135
+—7K< 7—1—71/4—391/) ()-F(———FTIJ)A/J() (60 + 48)6'? — 12A62 >>

+ (=60 — 481/)0'(+2) + 12A6<_2)> vz}

G'm3[( 915 3119 \ o 1395 Gm e
22 S22 A | Y — 15D 4 o Sida ) 5.5
T K 28 28”>”++28 ”‘]} e O e 5:3)
Finally, for the c.m. angular momentum J' = J}, + Ji,,, we find (denoting L’ = &;;x/v*)
Jiw G*m 15 15 o, 1 f[ o (303 ) (393
P L ,u > —+3v -5 —AptY) + 4867 C Y > 27 — 4517 | + Aub > 90v
9 27 201 45
+ 67 (=196 — 1200) — 76Aa<_2>} P+ [u(f) (Z —12w- 7#) + Au® ( Tt ) +6?7(136
G 87 177
—96v) — SAUQ)} 22 [y(ﬁ < 5 — 154 + 6v > A+ ot?(—88 — 48y) + 56Aa<_2)} }]
r
+ (’)(62‘?]). (5.6)

The point-particle pieces E,, and Jf,p are depicted in
Egs. (4.8) and (4.9) of Ref. [45].

VI. TIDAL EFFECTS FOR
QUASICIRCULAR ORBITS

We consider quasicircular orbits, i.e., orbits that are
circular in our harmonic coordinate system but for the
dissipative radiation-reaction effects. For such orbits, we
can neglect i = O(c™>), which is precisely of the order of
radiation-reaction effects. Under this assumption, we see
from Eq. (C2) that the c.m. acceleration becomes purely
radial, ¢’ = —@%x!, from which we can read off the orbital
angular frequency . Relevant quantities will then depend
only on the bodies’ separation r or, equivalently (via a
generalized Kepler third law), on the orbital frequency w. In
the case of circular orbits, it is convenient to introduce the

J

dimensionless PN parameters associated with the separa-
tion and orbital frequency as

Gm Gmw)\ 2/3
r=-"3- r= 3 ’
rc c

(6.1)

as well as to adimensionalize the polarizability coefficients
defined in Eqs. (5.3) by considering the “tilded” quantities®

2\ 26+1 2\ 27+1
~(¢ c £ (£ c 7
,Ug ) = <> G/J( ), 0( ) = <G > Ga( >.

Gm
(6.2)

By identifying the expression of @?> from the circular-orbit
EOM as explained above and replacing y iteratively, we
recover the well-known formula for point masses at 2PN
order, with a nontrivial NNL/2PN relative tidal contribution:

Gm 61 1
(@)pp = 3 {1 +(=3+v)y+ <6 tovt 1/2) yz] + O(E) (6.3a)
Gm (. _ 249 o 15 i
(@)ign = —5- { 18777 + [(—7 + SIV>ﬂ(+2) + 5 AR+ 9609} 78
34317 2976 . 12051
i 5402 ) i? + (=== + 900 | AE®)
+[ 56+7v+ V>ﬂ++ 56+ v | Af
+ (=616 + 2640)5'2) + 200462 + 120,41)} y7} + O<€Z‘;ﬂ>. (6.3b)

The quantity Kk} defined in Ref. [7] is related to our definition ji +> by I =

i il
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Next, we may determine the relation between y and x, defined in Egs. (6.1), by inverting Egs. (6.3), with the result

v 65 1
Ypp:x[1+ <1—3>x—|— (1—121/>x2} +O<c6>’ (6.42)
37 25
Vidal = x{—6ﬂ(ﬁ>x5 + K—z +3 ) RN 3258):|x6
4355 1105 ~(2) 3683 95 -
TR 150 - AR®
- |:< 56 T 21 v > + < 36 +— 6 ) H
440 88 \_@ 200 P e
# () - s gl o). (6.40)

The conserved energy for circular orbits can now be computed. To do so, we take Eq. (5.5) to which we add the point-
particle part, set 7 = 0, and replace v> = r’w? by its expression in terms of the parameter y using Eqs. (6.3). This yields E
first as a function of y. We finally insert the previous relation (6.4) between y and x to get an important result, namely, the

expression of the circular energy as a function of the frequency-dependent parameter x:

1 3 v
Ep = —smuxc? |1+ (=5 ——
op 2mwcc { —l—( 1 12)x+

1 121 55
Ejiga = —Emuxcz{—ISﬂf)XS + K—T—F 331/);7&) —7A

K 20865 5434 91 2)

UV——U

56 a1 4

2444 1768 \ _» 884 _3 €tidal
+(_T+Tu>o-<+)—TA <)—130/4(+>]x7}+(’)< o)

27 19 A\, 1
(-5 +5v=50)¢] o)

(6.5a)

- 1760' }

11583 715
ﬂf)+A<— +2 ) @

56 12

(6.5b)

We can also compute, by the same method, the constant angular momentum for circular orbits, which reads

~

Gm*v
Jida = pwyiy { 12/41)

+
<891 110 >~( (1504
— —— )it

3

We have verified that the energy E and angular momentum
J for circular orbits, including all the tidal contributions
given in (6.5) and (6.6), are linked by the famous relation

3_E:wg+0<i €tidal>’

Jw ow O cf (6.7)

which is just one aspect of the “first law of binary point-
particle mechanics” [46].

VII. SUMMARY AND CONCLUSIONS

We have computed the Lagrangian and associated
conserved quantities of compact binaries including tidal
interactions up to NNL order, corresponding to the 2PN

7Gm21/1 3 v
w2
77 35
K?—zlu)u(ﬁ + 5 AR+ 1125@}x6+

1088 ) @)

27 19 12\ 1
8 §”+24> ]+O<¥>’

0+

544 ~(3 €tidal
+75 A8 <>+80ﬂ<+)}x7}+0< ).

(6.6a)

1605 3344
7 21

v+ 14u2> i

(6.6b)

|

approximation beyond the leading quadrupolar tidal effect
occurring at SPN order. The results follow from the
effective Fokker action (2.1) and (2.2) with nonminimal
matter couplings and are parametrized by polarizability
coefficients describing the mass-quadrupole, mass-octu-
pole, and current-quadrupole tidal interactions. In particu-
lar, we have obtained the NNL conserved invariant energy
of the compact binary for quasicircular orbits.

To conclude, let us compare our expressions for the
invariant energy as given by (6.5) with existing results in
the literature. In the following table, we provide, for
each order and for each multipolar piece contributing to
the conserved energy Eq,(x), the references with which
we agree:

064047-12



TIDAL EFFECTS IN THE EQUATIONS OF MOTION OF ...

PHYS. REV. D 101, 064047 (2020)

Eiiga Mass quadrupole Current quadrupole Mass octupole
SPN (L) [6.8,18-20] X X

6PN (NL) [19-21] [19,21,22] X

7PN (NNL) [19] [19] [19,23]

Note, in particular, that we are in full agreement with all
results of Ref. [19]. We have checked, notably, that by
reexpanding the tidal effects entering the EOB Hamiltonian
[19] in the form of a PN Taylor series, we recover exactly
our Eq. (6.5).9

Now that the problem of the Lagrangian and EOM is
solved (Ref. [19] and this work), we shall compute in a
second paper [24] the gravitational-wave energy flux for
quasicircular orbits and then, from it, deduce, through the
energy balance equation, the crucial orbital phase and
frequency evolution (or “chirp”) of compact binaries in
circular orbits including tidal effects up to NNL/2PN order
beyond the Einstein quadrupole formula.
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APPENDIX A: NEWTONIAN TREATMENT OF
THE TIDAL EFFECTS

In this appendix, we derive the Newtonian EOM and the
Lagrangian of a system of N extended compact bodies
without spins, including multipolar tidal interaction effects.
The mass and the c.m. position of each of the objects are
defined by

. 1 .
mo= [ Expln. 0= [ Pxpxnn
Vu my Jy,

(A1)

where the integrals extend over the volume V, of body A
and where p(x,f) denotes the Eulerian density of the
N-body system satisfying the usual continuity equation
d,p + 0;(pv') = 0 (hence the mass m, is constant). The
equation of motion verified by the c.m. line of body A is
then given by

where we have discarded the self-field of body A, which is
zero by Newton’s action-reaction theorem (so the sum runs

9HOW€V€1’, we do not recover the 1PN coefficient for the
current-quadrupole piece in Ref. [23], where the discrepancy is
by a factor 2.

over all the bodies B # A), and where the Newtonian
potential generated by body B reads

d*x’
Up(x,t) =G | ——p(x',1). A3
e =6 [ (@
For any point outside body B—thus, in particular, located
inside body A, distinct from B—we have AUy = 0. Next,
we define the Newtonian STF multipole moment of body A
to be

1(1) = / Pzppalen 1)2E, (Ad)

Va
where we adopted as an integration variable the vector z, =
X —y4(t) linking the line of the c.m. y,(7) to the generic
point x € V4, where 2§ = STF(z%) denotes the STF prod-
uct of ¢ spatial vectors z§ = z;‘ zi{' (with L=i;---iy a
multispatial index) and where we have posed p4(z4,1) =
p(¥4 + z4, 1). With this notation the mass monopole moment
is just the constant mass, while the c.m. position y' is
defined by the nullity of the mass dipole moment:
Iy = my, I, =0. (A5)
On the other hand, the Newtonian tidal moments,
starting with the quadrupole moment (£ > 2), are defined
quite naturally as the multigradients of the total external
potential due to the other bodies felt by body A at the
location of its c.m. yy:

= Z(aLUB)(.YA) (for > 2),
B#A

with §; = 0;, ---0;,. Since AUy = 0 inside body A, the

tidal moments are automatically STF in all of their indices

L, namely, 0, Uy = éL Up. For the dipolar tidal moment
(with Z = 1) it is convenient to pose

G (1) (A6)

2
Gy = S 0Us) ) - S

B#A

(A7)

so G, = 0 for a system of point particles described only by
their masses, their higher multipole moments being
neglected. The EOM may then be rewritten in elegant
form as (see, e.g., Ref. [32])

Z IAGIL

Using the fact that for any x outside body B we have the
multipole decomposition

vy=03- " 1so <i>
— K ,
—0 k' rp

e (A8)

(A9)
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with rz = |x —yp|, we see that the tidal moments them-
selves (A6) can be expanded in terms of the multipole
moments of the other bodies as (for £ > 2)

GI/;_GZZ - IK8‘2K< ) (A10)

B#A k=0

where 45 = |y4 —¥3| is the distance between the c.m. of
bodies A and B, the gradient is taken with respect to point
A, ie., 04 =0/0y', and we denote 07y = &} with
oF = 8‘,“1 e 6j‘f . Finally, the EOM admit the double multi-
pole expansion series

d2yi |
A dtzA - GZ Z k! Ifllg iLK (r_> > (All)

AB

+00 +00(

+ZZM' ILIKaALK< )}

=2 k=2

(A12)

Those equations have been generalized to 1PN order
[20,48-50] using the DSX formalism [32,51].

We now consider the case where the multipole moments
are exclusively induced by the tidal field of the other
bodies. To describe this situation, we assume that each
extended body is at hydrodynamical equilibrium at every
time, so the mass distribution at any instant is aligned on the
equipotentials of the external gravitational field. We are
thus in the so-called adiabatic regime where the relaxation
timescale of the body’s internal dynamics is significantly
smaller than the orbital timescale. In particular, we neglect
the dissipative effects due to the tides, considering only the
conservative dynamics of the system, and look for a
Lagrangian. In this case, we introduce a linear-response
coefficient ;) depending on the internal structure of the
body and characterizing its deformability or “polarizabil-
ity” under the influence of the external field, such that its
multipole moments obey

15 = ) Gh. (A13)
Following the usual definitions (see, e.g., Refs. [10,13,14]),
this coefficient is related to the radius R of the body and the
(mass-type) multipolar Love numbers k) by

2 () p2z
_7]( R +l
(21,”—1)”

Gl (A14)

The Newtonian EOM (A12) now become

e

(-) ¢ ¢ 1
+ ;7 Imapy Gl + (=) mpu) G510 (—

&y
4 ar

_ GZ{

B#A

T'AB

(A15)

in which the tidal moments obey the implicit relation

o-c () £ L stomn (1)

B#A k— T'AB
(A16)

The latter equations describe the conservative dynamics of
the system of N extended bodies. The dependence on the
internal structure is entirely carried out by the coefficients
u'%), which are supposed to be constant. The dynamics is
conservative in the sense that it can be derived from the
following exact Lagrangian, valid up to any order in the
multipole expansion and the tidal moments:

L= Z{ mAvA+2mAZUB@A}

B#A

—Z{ mavd 4= Zﬂ JGLGL

+00 +oo
oy [ ST
B>A

AB £=2 k=2

()]

The Newtonian action is formally the Newtonian limit, at
the quadratic level, of the nonminimal matter action (2.2) in
general relativity. However, the action (2.2) is effective (or
“skeletonized”), with each compact object described by an
effective point particle endowed with internal structure.

W GLGK

(A17)

The mass-type moments GL (even parity sector) entering
Eqg. (2.2) tend towards the Newtonian tidal moments G%, so
they can be regarded as their legitimate relativistic versions,
and the corresponding response coefficients u(*) identify
with the Newtonian tidal deformabilities. Moreover, the
relativistic action also depends on current-type moments
HL (0dd parity sector) with associated response coefficients
0¥, first arising at the 1PN relativistic order.

Both sets of relativistic tidal moments are given by
appropriate covariant derivatives of the Riemann tensor,
which is nothing but the relativistic tidal field felt by the
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body. Those moments are evaluated at the location of the
particle, and a UV-type regularization is required to remove
the self-field of that particle. Thus, in the effective action,
the self-field regularization automatically selects the exter-
nal tidal field experienced by the body due to the other
bodies composing the system.

APPENDIX B: PROOF THAT THE TRACE
TERMS TO NNL ORDER CAN BE REMOVED
BY A REDEFINITION OF THE METRIC

In this section, we show that the tidal moments entering
the action may be defined in terms of the Riemann tensor
instead of the Weyl tensor since the traces of the Riemann
tensor do not play any role in the dynamics. Here, we denote

R R)
G/(w> 2 GE‘{/H/’

octupole, and current-quadrupole moments introduced in

Egs. (3.6), while G,(,S), Ggfp), and H ,(,9 represent the same but
built with the Weyl tensor instead of the Riemann tensor. We
thus pose (setting G = ¢ = 1 and omitting particle labels

and mention of the regularization)

and HW> as the tidal mass-quadrupole, mass-

G = —R,ou'u®, G\ =—C,.uu’, (Bla)
Hy) = 2R, . Hy =2Cj,, wu.  (Blb)
G,wu VLARW’V JoU U, G/uw = vl Cupn)otu°,

(Blc)
where C,,, stands for the Weyl tensor
1
C;wprr = Ruv/m' - (gu[pRrr]y - gy[pR(r]ﬂ) + ggﬂ[/)g(}']l/R (Bz)

and where we have used expressions for the original Weyl
tidal moments in which the STF operators have been
removed or replaced by mere symmetrizations, thanks to
the properties of the Weyl tensor and the covariant derivative.
To start with, we notice that, as one can check, the Riemann
and Weyl definitions of the current-type quadrupole coin-

cide, i.e., H ,(,S) = Hfj,f). As a result, the following discussion
will, in fact, only concern the mass-type moments. From
Egs. (B1), we then get the following relations:

(GuG™) 9 = (G,G*)® ~ G R
+ (double-zero terms), (B3a)
(G/prlwp)( ) = (G;W/)G w)( ) — G?Z;vﬂRﬂv
2 1
-3 WU’V Ry, | VAR pu u® + 3 V*R
+ (double-zero terms), (B3b)

where the “double-zero terms” are terms that are quadratic
in the Ricci tensor or scalar. Let us now prove that the
actions S®) and S(©) corresponding to Eq. (2.11) using,
respectively, the Riemann and Weyl definitions lead to the
same EOM.

The double-zero terms are treated as follows. Varying
their contributions to the action, which necessarily have
the general form « [ d*x,/=gA**°-V_R,,V._R,, leads,
after possible integrations by parts, to a sum of terms
o« [ dtxy/=g[V..(A7V_R,;) + V_(A?V_R,,)]
OR,,, plus surface integrals at infinity which vanish, since
their integrands contain factors V..R , that are identically
zero in vacuum. The remaining terms are then proportional
to (the covariant derivatives of) the Ricci tensor multiplied

by A#7-- On the other hand, A#***°-- is itself a sum of the
form 3=, 6* (x — y,)F4**", and the presence of the Dirac

distributions forces the evaluation of the Ricci tensor to
take place at one particle’s location, e.g., at x =y,, in the
sense of dimensional regularization. Moreover, by virtue
of Einstein’s equations (reinstalling the particle’s label),
[R;w}A = Sﬂ[(Tpp);w - (Tpp)/lﬁg;w/z]A + O<€tidal)’ where
[(Tpp)*]4 denotes the point-particle stress-energy tensor
of our particle system at point A,

) 5@
[TgP]A = E mB/dTB“’fe”Ié
B

If A#B, then 6“[y,(z4) —yp(75)] =0 because the
compact objects never collide in the PN regime. If
A = B, the Dirac distribution reduces to §*)(0), which
is precisely zero in dimensional regularization, as the limit
of [d?*1ke?"® = O when d — 3. Hence [T%y], vanishes as
well, and so does the contribution of the double-zero terms
to the Euler-Lagrange equations for the pointlike bodies.

However, terms that are linear in both the Riemann and
the Ricci tensors (or the Ricci scalar) in Egs. (B3) cannot
be dealt with in the same way as the double zeros.
Instead, they may be treated by making an appropriate
infinitesimal change of variable on the original metric,

original _ 9 + hy, in the action S©[gy onginal y 1.

Va(za) = yg(7p)] '

N (B4)

say  Guv
This naturally defines the new action S[g,w, yal =
S [gﬁf,iginal[gp,,, ¥5].y4], dynamically equivalent to S()
when regarded as a functional of the metric g,,. At first

order in h,,, it reads

S[gﬂwyA] = S(C) [g;wvyA]

1
~Ton d*x\/= (R”” - —Rg’“’ 871'T””> hyy

+ O(h?). (B5)
Now, we want S’[g,w, y4] to coincide with S®) (G- Y al-
By conveniently choosing ,,, the term (R* —1Rg¢*)h,,
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will cancel the terms linear in the Ricci tensor or scalar
entering Egs. (B3). As for the term [ d4x\/—_gT””hﬂy,
it vanishes by itself and can thus be ignored. Indeed,
integrating the Dirac deltas contained in the expression
chosen for h,, (see below) yields a sum on A =1,2
of o [T"], = [Thpls + O(€gqa), Which boils down to
Ol€egqa) since [Thply, =0, as explained above around
Eq. (B4).

Let us examine more precisely how to construct a 4,
suitable to absorb the Ricci-type terms in Eq. (BS) that
come from the difference AGW = G,(,S) - G,(,f). The con-
tribution induced by this difference through the modi-
fication of the mass-quadrupole invariant A(G,,G") =

260 AGH +

/ d4xZWR"” = / d4x<

(double-zero terms) has the form

1 A Uv 1 1
le —EZ ig/w R —ERQ! .

(B6)
!

3)
2 -
h,(g""’) = 47r§ %/dr V‘[( T VKRK U U (uﬂul, +§gﬂy)) %}
A A vV

It is to be canceled by the piece of the integral in Eq. (BS)
that is sourced by o« (R* —1Rg¢"). An obvious choice

guaranteeing such cancellation is h,(g/’”) =162(Z,, -
17%19,,)/\/=9. Possible extra terms linear (at least) in

the Ricci tensor or scalar merely add irrelevant double zeros
to the action. Those can be tuned to have

) __ gy S ()
=—A4r ZMA /dA v A Ne .

Regarding the mass octupole, we use the same meth(od as
for the mass quadrupole to construct some suitable h,w’m s
the only new feature being that A(G,,,G**) is now a

(B7)

space-time integral with a source of the form zﬁ,wv TR
However, the structure (B6) is straightforwardly recovered
by integrating by parts. We finally find that, in the mass-
octupolar sector, the equality S = (S(R))(Gpo) s
achieved by setting

5@ [x (B8)

APPENDIX C: THE TIDAL ACCELERATION TO NNL ORDER

By varying the total generalized Fokker Lagrangian [(4.3) and (4.4)] and iteratively replacing the accelerations by the
values provided by the EOM consistently truncated at lower orders, we obtain the total acceleration of body 1 as

aj = (a}),, +

G2

i i 2 2 L)
my(a))ida = 7 {”12(—9’"%/4(1 )~ 9’”%/‘& )) "‘? )
12

(@} )qa» Where the point-particle part can be found in, e.g., Ref. [41] and where

m%ﬂgz)(—%(”lzvly +72(nypv)(n1p0,)

81
—18v%, + 9v7) + m%/,téz) <144(n1201)2 —288(n1,01)(n120,) + 180(nj,05)? — 5 v3, + 91}%)

+ m%aﬁz)(—96(n121112) —48v%,) + mio

+ 132m%,u<22)> +

G
22 99m2u? + 84mlu
ri2

Gm; (159

( 96(n1,v1,) — 48v3,) + 0 (T m§'u<12)
12

2 ; )

: ))} + vl[m%:“(l )(54(’1121}1) —45(n,0,))

2 2 2 ; 2
+ 9’"%#2 >("12”1) + 144m%"§ )(’1121}12) + 144’"%0’% )(”12”12)] + v, [m%ﬂg )<—54<”12”1)

+45(n1,0,)) — 9m%/4§2)(n,2m) - 144’"%5(12)("121)12) - 144”1%0;2)("121}12)]}

1] .
+g[”’12{mzﬂ1 (135(”1201)4 540(”12”1)3(’1121}2)+990(”1201)2(”1202)2

—=900(n1pv1)(n1202)* + 225(n1202)* + 72(n1501) (n1202) (01 02) — 18(v1v2)? = 126(nyp 1),
+ 324(”12”1)("12”2)”%2 - 90(”12”2)2”%2 - 36(”1”2)”%2 - 27“?2 - 72(”12”1)(”12112)”%

+36(v102)07 + 360303 — 180) + miul? (~3855(n 130, )*
—23850(n1501)*(n1202)* 4 16860(12150;) (n120,)°

+ 15420(n1501)3 (n1202)
- 4665(”121&)4 - 288(”12”1)("12”2)(”1”2)
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81
+360(n1202)*(vv2) — 5 (0102)? +2598(n1o01) 07, — 5484(n1p01) (n1202) 01,

1923 ,

8 v, +288(n1o01 ) (n1p02) 07 — 360(n1p05)* 07

+3084(n120,)* 07, — 81 (010,07, —
2
+480(n15015)* (n1201)? = 192(n1012)* (0102) + 192(n12015) (n120) (01 0) — 48(v1v,)?
- 336(”12”12)21’%2 - 192("12”12)(”12”1)”?2 + 192(”12“1)21’%2 - 96(”1”2)”%2 - 72”?2
+192(n15012)* 07 = 192(n13015) (n1201) 07 + 96(v1v5)v7 + 960,07 — 48v7)

81
+ 81(1)1112)11% + 811}%211% —111> + m2 25{2 )(840(11121}12)4 —960(n1,v1,)* (n1,0;)

+m Ué )(1000(”127)12) —960(n12012)* (n1p01) + 480(n12v12)* (n1201)* — 192(n15012)? (v10,)
+ 192(n12012) (1201) (0102) = 48(v1v2)? + 64(n12v12)* 07, — 192(n12012) (120107,
+ 192(”121’1)21’%2 - 96(”1”2)”%2 - 128”?2 + 192(”12”12)21’% - 192(”12”12)(”12”1)”%

Gm 7215 7431
+96(vyv;)v7 + 607,07 — 48v1) + —21 [’”5#22) <— (n1pv1)? — n (n1201)(n120,)

8
4461 285 159 15717 16581
+ (”12712)2 - T”%z - 7”%) m%ﬂgz) <— (Vl12111)2 + (n1201)(n120,)
22521 4597
- (”12”2)2 + ”12 132”1) + m%0(12>(656(n121}12)2 — 144(npv1)(n1p01)

+20002,) + m265 (1124(n15v15)? — 144(n1015) (n120;) + 4361)%2)]

Gm
"'—2{ 2#1 (252(”1201)2 504(n1,01)(n1202)

87
- ——(n1p1,)? + 16203, — 9911%)

2
+ mips (=2568(n1501)? + 5136(n150; ) (11202) — 2946(n150,)? + 42603, — 8407)
G2m? ( 2145 , 0

+ m26\" (672(n12012)? + 33603,) + m26t (592(n15v15)? +192v%2)} + — m3
12

G2m1m2 < 2581

sz2
> 5 m3u? — 1805m%ﬂ§2)> +

- 1008m%,u§2)>
ri 12

( —576m 2/‘1

5V

+
6705 A
14 m%ﬂf)) } + ”11{m%ﬂ(12)(—144(”12711)3 +468(n1501)*(n1202) — 720(n120;1 ) (n1202)?

+360(n1305)* = 342(nyy01 ) (v102) + 360(n1202) (v 02) + 144(ngpvy )07 = 135(ngp0;)07
+ 198(1’112’U1) - 225(”1202)1]2) + ml,ug ) <1248(Vl12’[11)3 - 3888(7’1121)1)2(”121]2)

903
+3996(n1pv1)(n12v2)* — 1392(n,0,)? +9(”12711)(7117)2)—7

(l’llz’l}])’lj%z +492(I’l121}2)1]%2
= 9(nyo0p)v ) + ’”201 1056("12”12) + 1248(”121112)2(”1200 - 576(”12”12)("1201)2

—960(n1,012) (v v2) + 48(n1201) (v1v2) + 336(n1012)vT + 48(n 120 )07 4 624(n1v15) 03
—96(nypv1)v3) + mlaz (—1664(”121}12)3 + 1248(n1,v12)* (n1p01) — 576(n1p012) (n1p 01 )
- 1168(”121]12)(1)11]2) + 48(”1201)(1}102) + 440(1’[121]12)1]% + 48(”121]1)1}% + 728(1’[121]12)1}%

Gm 1209 1179 241
—96(”1201)”%)4'721[’"%#52) <— a (npvy) + n (”12”2)) +m1ug>< n (nipv1)
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661
—T(n12”2)> + m%"i )( =712(n13v,) + 856(n1pvy)) +m Ug (- 1416(n1pv,) + 1560(n15v5))

Gm
2 (g (=378(n1201) + 279(n1202)) + mius” (T14(n1201) = 798 (nz02)
12

- 1008’7’1%552)("]21)12) — 784’1’1%0&2)(”]2@]2)]} + Ué{m%ﬂgz)(144(fl127jl)3 - 468(”12U])2(l’l]21}2)
+ 720(n15v1) (n12v2)* = 360(n12v,)? + 342(n150; ) (v1v;) = 360(n120,) (v1v,) — 144 (00, ) v}
135("12712) 198(”1201)7)2 + 225(”12”2)”2) + ml/’lg ) <—1248(”12”1)3

903
+ 3888(n1201)? (n12v2) — 3996(n12v1) (11202)* + 1392(n12v,)* — 9(n1201) (v102) + 5 (npv1) 01,

- 492(”12”2)”12 +9(npvy)v ) + mz"n (1056("12012) - 1248(”12”12>2(”12111)

+ 576(”12”12)(”12”1)2 + 960(”12”12)(”102) - 48(”12”1)(”1”2) 336(”12”12) - 48(”12”1) 3
— 624(n12012) 03 + 96(n1ov,)v3) + m%déz)(1664(n12012)3 — 1248(n1v12)* (n1pv)

+ 576(n12012) (n1201)* + 1168(n12012) (v102) — 48(n1p01) (v1v2) — 440(n1pv10)v] — 48(n1p0 )07
Gm 1209 1179
- 728(7’1121112)’02 + 96(7’1121)1)112) + 71 |:m%/4§2) (T (HIZUI) - T (n1202)>

241 661
ol (=2 m200) + S5 ) )+ mo? (120m130) = 856(m1202)

Gm
+m Ug (1416(n,0,) — 1560("12”2))} + Tzz [m%/"gz)(g’]S(nlzvl) —279(n151,))

+ m2u$ (=714(n10y) + 798(n1205)) + 1008m26\7 (n15v15) + T84m265 (n1515))] H

1 . €tidal
+r—%2n’12( 60;112,141 60m1/42 )} —|—(’)( 2:). (C1)
The tidal part of the relative acceleration in the c.m. frame, deriving from the c.m. Lagrangian whose tidal part is shown in
(5.4), reads
. G’m
(@) iga = 18—/4(+)

1 (G*m . 81 45
+5 { {((108 +720)'? + 180Au2 — 1926%))i2n! + ((—2 - 54u),4<f) — 5 Al
C r

G32
8

—96(;@) n + ((63 - 360)u? 45Au(>+2880(+2))i’v’} + [(183 + 570)u? = 158u@)]n }

1 (G
+ {—7'" {((—3720 — 7200 + 54002)u'Y + (=3990 + 9000) Au® + (880 + 9600)6'? + 160A52))i%n
r

+((2472 + 5220 — 28802)u?) + (2724 — 4500) Au® — 272617 + 400A62)) 2020

1671 153 1527 45 .
<<——y 72y2)yf)+(—+u)Aw (=104 — 960)6'? — 56 A0 ) 4

+

g ' 2
(1104 + 360 — 14402)u?) + (1392 — 1800) Ap® + (—1376 — 15361)6 ) — 608A62))i3p

633 120 .
+<<——+63v+361/) @ 4 ( 29+45 ) Au® + (872 + 6720)07) + 104A0(_2>>i"021}’}
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G’m? 5391
—2316 —
+ (e 0 T2

4
Bt 2);4(3) + (—2820+

1665 '
V> Au® + (1264 + 7440)6'? — 80Ao<_2)> P2ni

887 135 .
+ < <405 + - 271/2> u'? + <279 - 7u> Au® + (528 +216v)0'?) — 144Ao<_2>> Vi

+((336 — 8320 — 1142)'? + (1092 — 1500) Au® + (=1792 — 960v)0?) + 224Aa<_2>)mf]

r 14 7

G'md [( 14769 8716 1359 | G? | .
+—5 [(— - V)uf)Jr(—m +90y)Au(_2>]nl}—120—9mﬂf>nl+o(€“%>.
r Cc

(€2)

[1] B.P. Abbott et al. (LIGO Scientific and Virgo Collabora-
tions), Phys. Rev. Lett. 116, 061102 (2016).
[2] B.P. Abbott et al. (LIGO Scientific and Virgo Collabora-
tions), Phys. Rev. Lett. 119, 161101 (2017).
[3] J. Faber and F. Rasio, Living Rev. Relativity 15, 8 (2012).
[4] A. Buonanno and B. Sathyaprakash, in General Relativity
and Gravitation: A Centennial Perspective, edited by A.
Ashtekar, B. Berger, J. Isenberg, and M. MacCallum
(Cambridge university press, Cambridge, 2015), p. 513.
[5]1 T. Mora and C. M. Will, Phys. Rev. D 69, 104021 (2004).
[6] E. Flanagan and T. Hinderer, Phys. Rev. D 77, 021502
(2008).
[7] T. Damour, A. Nagar, and L. Villain, Phys. Rev. D 85,
123007 (2012).
[8] M. Favata, Phys. Rev. Lett. 112, 101101 (2014).
[91 A.E. H. Love, Some Problems of Geodynamics (Cambridge
University Press, Cambridge, England, 1911).
[10] T. Hinderer, Astrophys. J. 677, 1216 (2008); 697, 964(E)
(2009).
[11] T. Hinderer, B. D. Lackey, R. N. Lang, and J. S. Read, Phys.
Rev. D 81, 123016 (2010).
[12] H. Fang and G. Lovelace, Phys. Rev. D 72, 124016 (2005).
[13] T. Binnington and E. Poisson, Phys. Rev. D 80, 084018
(2009).
[14] T. Damour and A. Nagar, Phys. Rev. D 80, 084035 (2009).
[15] B.P. Abbott et al. (LIGO Scientific and Virgo Collabora-
tions), Phys. Rev. X 9, 011001 (2019).
[16] B.P. Abbott et al. (LIGO Scientific and Virgo Collabora-
tions), Phys. Rev. X 9, 031040 (2019).
[17] B.P. Abbott et al., Classical Quantum Gravity 37, 045006
(2020).
[18] J. Vines, E.E. Flanagan, and T. Hinderer, Phys. Rev. D 83,
084051 (2011).
[19] D. Bini, T. Damour, and G. Faye, Phys. Rev. D 85, 124034
(2012).
[20] J.E. Vines and E.E. Flanagan, Phys. Rev. D 88, 024046
(2013).
[21] T. Abdelsalhin, L. Gualtieri, and P. Pani, Phys. Rev. D 98,
104046 (2018).
[22] B. Banihashemi and J. Vines, arXiv:1805.07266.
[23] P. Landry, arXiv:1805.01882.

[24] Q. Henry, G. Faye, and L. Blanchet (to be published).

[25] L. Landau and E. Lifshitz, The Classical Theory of Fields
(Pergamon, Oxford, 1971).

[26] C. Misner, K. Thorne, and J. Wheeler, Gravitation
(Freeman, San Francisco, 1973).

[27] E. Fermi, Atti Acad. Naz. Lincei Rend. Cl. Sci. Fiz. Mat.
Nat. 31, 21 (1922); 31, 51 (1922).

[28] F. K. Manasse and C. W. Misner, J. Math. Phys. (N.Y.) 4,
735 (1963).

[29] T. Damour and A. Nagar, Phys. Rev. D 81, 084016 (2010).

[30] K. Thorne and J. Hartle, Phys. Rev. D 31, 1815 (1985).

[31] X.-H. Zhang, Phys. Rev. D 34, 991 (1986).

[32] T. Damour, M. Soffel, and C. Xu, Phys. Rev. D 43, 3273
(1991).

[33] T. Damour, P. Jaranowski, and G. Schifer, Phys. Lett. B
513, 147 (2001).

[34] L. Blanchet, T. Damour, and G. Esposito-Farese, Phys. Rev.
D 69, 124007 (2004).

[35] L. Blanchet, T. Damour, G. Esposito-Farese, and B. R. Iyer,
Phys. Rev. D 71, 124004 (2005).

[36] L. Bernard, L. Blanchet, A. Bohé, G. Faye, and S. Marsat,
Phys. Rev. D 93, 084037 (2016).

[37] L. Blanchet, G. Faye, and B. Ponsot, Phys. Rev. D 58,
124002 (1998).

[38] G. Schifer, Phys. Lett. A 100, 128 (1984).

[39] J. M. Martin-Garcia, A. Garcia-Parrado, A. Stecchina, B.
Wardell, C. Pitrou, D. Brizuela, D. Yllanes, G. Faye, L.
Stein, R. Portugal, and T. Bickdahl, xAct: Efficient tensor
computer algebra for Mathematica (GPL 2002-2012),
http://www.xact.es.

[40] T. Damour and G. Schifer, Gen. Relativ. Gravit. 17, 879
(1985).

[41] L. Blanchet, Living Rev. Relativity 17, 2 (2014).

[42] L. Blanchet and G. Faye, J. Math. Phys. (N.Y.) 42, 4391
(2001).

[43] V. de Andrade, L. Blanchet, and G. Faye, Classical
Quantum Gravity 18, 753 (2001).

[44] T. Marchand, L. Bernard, L. Blanchet, and G. Faye, Phys.
Rev. D 97, 044023 (2018).

[45] L. Blanchet and B. R. Iyer, Classical Quantum Gravity 20,
755 (2003).

064047-19


https://doi.org/10.1103/PhysRevLett.116.061102
https://doi.org/10.1103/PhysRevLett.119.161101
https://doi.org/10.12942/lrr-2012-8
https://doi.org/10.1103/PhysRevD.69.104021
https://doi.org/10.1103/PhysRevD.77.021502
https://doi.org/10.1103/PhysRevD.77.021502
https://doi.org/10.1103/PhysRevD.85.123007
https://doi.org/10.1103/PhysRevD.85.123007
https://doi.org/10.1103/PhysRevLett.112.101101
https://doi.org/10.1086/533487
https://doi.org/10.1103/PhysRevD.81.123016
https://doi.org/10.1103/PhysRevD.81.123016
https://doi.org/10.1103/PhysRevD.72.124016
https://doi.org/10.1103/PhysRevD.80.084018
https://doi.org/10.1103/PhysRevD.80.084018
https://doi.org/10.1103/PhysRevD.80.084035
https://doi.org/10.1103/PhysRevX.9.011001
https://doi.org/10.1103/PhysRevX.9.031040
https://doi.org/10.1088/1361-6382/ab5f7c
https://doi.org/10.1088/1361-6382/ab5f7c
https://doi.org/10.1103/PhysRevD.83.084051
https://doi.org/10.1103/PhysRevD.83.084051
https://doi.org/10.1103/PhysRevD.85.124034
https://doi.org/10.1103/PhysRevD.85.124034
https://doi.org/10.1103/PhysRevD.88.024046
https://doi.org/10.1103/PhysRevD.88.024046
https://doi.org/10.1103/PhysRevD.98.104046
https://doi.org/10.1103/PhysRevD.98.104046
https://arXiv.org/abs/1805.07266
https://arXiv.org/abs/1805.01882
https://doi.org/10.1063/1.1724316
https://doi.org/10.1063/1.1724316
https://doi.org/10.1103/PhysRevD.81.084016
https://doi.org/10.1103/PhysRevD.31.1815
https://doi.org/10.1103/PhysRevD.34.991
https://doi.org/10.1103/PhysRevD.43.3273
https://doi.org/10.1103/PhysRevD.43.3273
https://doi.org/10.1016/S0370-2693(01)00642-6
https://doi.org/10.1016/S0370-2693(01)00642-6
https://doi.org/10.1103/PhysRevD.69.124007
https://doi.org/10.1103/PhysRevD.69.124007
https://doi.org/10.1103/PhysRevD.71.124004
https://doi.org/10.1103/PhysRevD.93.084037
https://doi.org/10.1103/PhysRevD.58.124002
https://doi.org/10.1103/PhysRevD.58.124002
https://doi.org/10.1016/0375-9601(84)90947-2
http://www.xact.es
http://www.xact.es
http://www.xact.es
https://doi.org/10.1007/BF00773685
https://doi.org/10.1007/BF00773685
https://doi.org/10.12942/lrr-2014-2
https://doi.org/10.1063/1.1384864
https://doi.org/10.1063/1.1384864
https://doi.org/10.1088/0264-9381/18/5/301
https://doi.org/10.1088/0264-9381/18/5/301
https://doi.org/10.1103/PhysRevD.97.044023
https://doi.org/10.1103/PhysRevD.97.044023
https://doi.org/10.1088/0264-9381/20/4/309
https://doi.org/10.1088/0264-9381/20/4/309

HENRY, FAYE, and BLANCHET

PHYS. REV. D 101, 064047 (2020)

[46] A. Le Tiec, L. Blanchet, and B. Whiting, Phys. Rev. D 85,
064039 (2012).

[47] E. Poisson and C. Will, Gravity: Newtonian, Post-
Newtonian, Relativistic (Cambridge University Press,
Cambridge, England, 2014).

[48] C. Xu, X. Wu, and G. Schifer, Phys. Rev. D 55, 528
(1997).

064047-20

[49] X. Wu, Y. He, and C. Xu, Sci. China Ser. A Math. 41, 1323
(1998).

[50] E. Racine and E.E. Flanagan, Phys. Rev. D 71, 044010
(2005); E. Racine, J.E. Vines, and E.E. Flanagan, Phys.
Rev. D 88, 089903(E) (2013).

[51] T. Damour, M. Soffel, and C. Xu, Phys. Rev. D 45, 1017
(1992).


https://doi.org/10.1103/PhysRevD.85.064039
https://doi.org/10.1103/PhysRevD.85.064039
https://doi.org/10.1103/PhysRevD.55.528
https://doi.org/10.1103/PhysRevD.55.528
https://doi.org/10.1007/BF02882274
https://doi.org/10.1007/BF02882274
https://doi.org/10.1103/PhysRevD.71.044010
https://doi.org/10.1103/PhysRevD.71.044010
https://doi.org/10.1103/PhysRevD.88.089903
https://doi.org/10.1103/PhysRevD.88.089903
https://doi.org/10.1103/PhysRevD.45.1017
https://doi.org/10.1103/PhysRevD.45.1017

