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The cosmic censorship conjecture essentially states that naked singularities should not form from
generic initial conditions. Since black hole parameters can change their values under Hawking evaporation,
one has to ask whether it is possible to reach extremality by simply waiting for the black hole to evaporate.
If so a slight perturbation would likely render the singularity naked. Fortunately, at least for the case of an
asymptotically flat 4-dimensional Reissner-Nordstrom black hole, Hiscock and Weems showed that it can
never reach extremality despite the fact that for a sufficiently massive black hole, its charge-to-mass ratio
can increase during Hawking evaporation. Hence, cosmic censorship is never violated by Hawking
emission. However, we know that under some processes, it is easier to violate cosmic censorship in higher
dimensions; therefore, it is crucial to generalize the Hiscock and Weems model to dimensions above four to
check cosmic censorship. We found that Hawking evaporation cannot lead to violation of cosmic
censorship even in higher dimensional Reissner-Nordstrom spacetimes. Moreover, it seems to be more
difficult to reach extremality as the number of dimensions increases.
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I. INTRODUCTION: HAWKING EVAPORATION
AND COSMIC CENSORSHIP

Black holes hide singularities behind their horizons.
Singularities themselves are problematic in general rela-
tivity, and if it ever becomes naked would render general
relativity indeterministic. This is because one has to pre-
scribe boundary conditions on the singularities, which we
cannot do without understanding what they are. Nowadays
we know that naked singularities can form under various
circumstances [1-9], notwithstanding the (weak) cosmic
censorship conjecture, which states that naked singularities
should not form from generic initial conditions [10,11]. The
strong cosmic censorship goes a step further, demanding that
determinism should hold even inside black holes (in practice
it requires the inner horizon of a black hole to be unstable).

One obvious problem is to properly understand what
“generic” means in this context, and that involves the study
of different mechanisms that could lead to naked singu-
larities. It would be helpful for future research if the
community can classify under what physical processes
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the censorship can be violated. Since Hawking radiation
can change the values of the black hole parameters (i.e., the
black hole hairs; in general relativity this means mass,
charge, and angular momentum), one such mechanism that
should be considered is the Hawking evaporation.

Let us consider an isolated" asymptotically flat Reissner-
Nordstrom black hole. The Hawking evaporation process
of this type of black hole has been investigated by many
previous works, e.g., [15-18], just to name a few.

"This assumption ensures that the black hole charge is not
neutralized by accreting oppositely charged particles from the
surrounding environment. In an astrophysical context it has
always been assumed that charge plays a minimal, if any, role.
However, this might be an oversimplification, since there exists
some mechanism that could “charge-up” a black hole in astro-
physics (e.g., the Wald mechanism [12]), and although the
amount of charges does not significantly affect the near-
Schwarzschild spacetime geometry, it does affect the motion
of charged particles enough to cause degeneracy with effect from
rotation [13]. In addition, there exist dark matter models (e.g.,
minicharged dark matter) in which astrophysical black holes
might be charged under a hidden U(1) symmetry, and the metric
is formally the same as Kerr-Newman solution [14].

© 2020 American Physical Society
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Surprisingly, the charge-to-mass ratio Q/M of Reissner-
Nordstrom black holes is not a monotonically decreasing
function of time as the black holes undergo Hawking
evaporation. As shown in the work of Hiscock and Weems
[19], depending on the initial conditions, Q/M can actually
increase during the course of its evaporation. Sufficiently
large black holes can get very close to extremality (for
Reissner-Nordstrom black holes, extremality is character-
ized by zero temperature), even if it initially started out with
a very small charge-to-mass ratio. Suppose that these black
holes can indeed become extremal under Hawking evapo-
ration, then they could very well, under slight perturbation,
become naked singularities. Of course, reaching extrem-
ality in finite time is itself a violation of the third law of
black hole thermodynamics. Indeed, Davies realized a long
time ago that “unattainability of absolute zero (temper-
ature) is equivalent to the cosmic censorship hypothesis”
[20]. This would spell disaster for the cosmic censorship
conjecture—for any practical meaning of genericity—since
a large class of black holes can evolve towards a naked
singularity end state just by waiting long enough for
Hawking radiation to take effect.

Fortunately, this does not occur, at least in the case of
Reissner-Nordstrom black holes. As shown by Hiscock and
Weems, although the charge-to-mass ratio Q/M might
come very close to achieve extremality, it never does.
Instead, the evolution would eventually turn around towards
the Schwarzschild state. More specifically, on the Reissner-
Nordstrém configuration space of (Q/M)? plotted against
M, the black hole evolution curves split it into two parts
separated by a narrow region which is a dissipative attractor.
The attractor region approaches the Schwarzschild limit
(Q/M)?> =0 when M — 0, and approaches the extreme
Reissner-Nordstrom limit (Q/M)? =1 when M — co. If
the initial black hole is on the right of the attractor (mass
dissipation zone), it will lose mass while the charge is almost
unchanged—thereby increasing Q/M—until it “hits” the
attractor. Then the mass and charge continue to decrease and
evolve towards the Schwarzschild limit. If the initial black
hole is on the left of the attractor (charge dissipation zone),
it will lose charge faster than mass, and Q/M will mono-
tonically decrease until it joins the attractor and evolves
towards the Schwarzschild limit. That is to say, the attractor
is approximately characterized by dM/dt = dQ/d¢ [19,21].

Recently, the Hiscock-Weems model has been applied to
asymptotically flat dilatonic charged black holes [22].
Remarkably, if we impose the validity of the weak cosmic
censorship, then this would force us to modify the charge
loss rate, the result of which agrees with direct calculation
of charge loss rate via the WKB (Wentze-Kramers-
Brillouin) method which considers the scattering of the
charged scalar on the curved black hole background [23].
This strongly suggests that cosmic censorship does indeed
hold under Hawking evaporation. (It also serves as an
example that cosmic censorship can sometimes be used as a

useful principle to deduce some other physics.) In addition,
a similar technique was recently applied to study charged
black holes in a de Sitter universe [24].

Surprisingly, the study of charged black holes evapora-
tion in higher dimensions using the method of Hiscock and
Weems is still lacking. In view of its connection to cosmic
censorship conjecture, this is a well-motivated problem.
After all, we know from the literature that whether naked
singularities can form from various processes does depend
on the number of spacetime dimensions. For example,
some of the earliest examples of naked singularity for-
mation involves pinching-off of black strings (Gregory-
Laflamme instability [5-8]) which takes place in higher
dimensions. More recently, it was discovered that collisions
of black holes can violate cosmic censorships in higher
dimensions as energy that gets dissipated in gravitational
waves decreases when dimensionality increases [9]; see
also the earlier result of [25], and its recent follow-up [26].
(For a short readable account of the maximal amount of
gravitational radiation emitted by black hole collision in
4-dimensions, see Hawking’s paper [27].)

Nevertheless, it is not always the case that higher
dimension leads to easier violation of cosmic censorship.
Recently, strong cosmic censorship of charged black holes
in asymptotically de Sitter spacetime has attracted a lot of
interest [28—30]. The situation in higher dimensions is not
so straightforward [31]: it is indeed easier to violate strong
cosmic censorship in higher dimensions, provided that the
black holes are “large” (in the sense of large A/ A, Where
A is the cosmological constant, and A,,,, is the value for
which if A > A, then the spacetime admits at most one
horizon). If the black holes are small, then it becomes
harder to violate the censorship. Actually the situation is
even more complicated: there exists a range of A/Apax
for which the difficulty to violate strong cosmic censorship
is not monotonic as one increases the dimensionality.
For example, it could be that it is easiest to achieve this
in 6-dimensions, but hardest to do so in 4-dimensions, and
then followed by 5-dimensions (see Table I of [31]).
In short, it is not easy to tell under a given process
whether going to higher dimensions makes it easier to
violate cosmic censorship (of either version). Therefore,
although Reissner-Nordstrom black holes cannot attain
extremality in 4-dimensions, one has to ask whether this
is still true in higher dimensions, and, if so, whether the
tendency to achieve extremality, in some suitable measure,
is higher or lower.

Our paper is organized as follows. In the next section we
will derive the differential equations describing the evolu-
tion of charged black hole as functions of time in arbitrary
dimensions above four. In Sec. IIl we present some
numerical examples of the evaporative evolution of charged
black holes. In the final section we give some concluding
remarks. We shall adopt the same units of Hiscock and
Weems (hereinafter, HW), setting the speed of light in

064015-2



COSMIC CENSORSHIP AND THE EVOLUTION OF ...

PHYS. REV. D 101, 064015 (2020)

vacuum c, the gravitational constant G, and the Boltzmann
constant k equal to one. However the reduced Planck
constant # is retained explicitly.

II. HISCOCK AND WEEMS MODEL
IN d-DIMENSIONS

For a d-dimensional asymptotically flat spacetime with
an electric field, the action can be written as

~ oG | drTIR = P, (1)

where R is the Ricci scalar and F? the contraction of
the Maxwell tensor F? := FWF - The asymptotically flat
d-dimensional (d > 4) charged black hole (Reissner-
Nordstrom solution) can be described by the metric tensor

dr?
ds? = —f(r)d? + —— + r’dQ?_,, (2)
£(r) -
where dQ?_, is the canonical round metric of a unit (d — 2)-
sphere, and the function f(r) takes the form
2M Q?
for)=1-—m+ 5. (3)
r r
Here M and Q are related to the Arnowitt-Deser-Misner
(ADM) mass and electric charge of the black hole (they
differ from the ADM counterparts by some constant
factors, the exact forms of which are not important in this
work). Note that M and Q have different physical dimen-
sions for different d. Without loss of generality we assume

that O > 0. The black hole radius r satisfies f(r,) = 0so
we have

ry=(M+ \/szQz)ﬁ (4)

The temperature is proportional to the surface gravity at
the black hole horizon and is explicitly given by

(d=3)(M? Q2+M\/M2 Q*)h

= (5)

20(M + /M? - Q)5

Now we give a brief discussion on the Stefan-Boltzmann
law in (d — 1)-dimensional space (spatial dimension only).
See also [32,33]. Considering a (d — 1)-dimensional cavity,
the number of modes N is given by

dN = dxld.X'2..

dxydpidp,...dpy
= . ©

where & is the Planck constant. Integrating the above
formula and multiplying the result by a factor of (d —2)
because of the (d — 2) independent polarizations of radi-
ation (see e.g., [33-35] for more discussion in this field),
we obtain

(d—2)Ap?=2dp _ (d-2)Aw'?dw

V - 9
hd—l (2ﬂ,>d—1

(7)

where
A=—«-—"—— (8)

is the area of an (d — 1)-dimensional sphere with unit
radius, and V is the volume of the (d — 1)-dimensional
cavity. For example, in 4-dimensions, we have d = 4 and
A = 4z. After multiplying by the photon energy Am and by
the Bose-Einstein factor 1/ (' — 1), we obtain the (d — 1)-
dimensional photon gas energy

V(d—Z)A/hw oo (d=2)AT? /xd"dx o
(2m)d-! et —1 Qr) 'ttt ) e —1"

where the integration domain is from 0 to co. We can find
the energy density is proportional to 7¢ and the Stefan-
Boltzmann constant reads

 (d-2)4 /xd—ldx
da = Qo) w1 (10)

For d = 4, we have the well-known result for the total
energy density
7 4

U=——
153

(11)

Next we need to calculate the cross section of the effective
emitting surface of the black hole. We shall assume that the
emitted massless particle moves along null geodesics and,
following [19,36,37], we shall apply the geometrical optics
approximation. Orienting the extra (d — 3) angular coordi-
nates in de,_z and normalizing the affine parameter 4, the
geodesic equation of the massless quanta reads

<§2>2:E2—J2f£;), (12)

where E = f(r) §t and J = 2 are the energy and angular
momentum, respectwely For the emitted massless particle
to reach infinity rather than falling back to the black hole
horizon, defining b = J/E, one must have

1 ( )
217 (13)
for any r > r,. Therefore we need to find the maximal value
of f(r)/r?. In our system it corresponds to the unstable
photon orbit r,,, and the impact factor b, can be defined as
b.=r,/+/f(r,). The exact formula for r,, and b, are quite
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complicated and we omit them here. The cross section of the
black hole is just the volume of the (d — 2)-dimensional
sphere with radius b, that is,

41
2
o= b‘ci‘2. (14)
NG)

Finally we obtain the mass loss rate of the black hole due
to emission of massless particles via the simple differential
equation

dm
? = —adaTd. (15)

This is the generalization of the four-dimensional Stefan-
Boltzmann law in d-dimensional spacetime. Note that the
Stefan-Boltzmann constant depends on spacetime dimen-
sion. With this understanding, we shall hereinafter write
a=a, for simplicity. The greybody factor is ignored
because we are not interested in the exact lifetime of the
evolution but rather its qualitative behaviors.

The charge-loss rate of the black hole, on the other hand,
is described in the framework of quantum electrodynamics
(QED). We can study particle creation from the vacuum by
external electric fields in arbitrary spacetime dimensions.
If the radius of black hole is much larger than the Compton
wavelength of the electron, the production of electron-
positron pairs is well described by ordinary flat-space
QED. The rate of pair creation per unit d-volume reads [38]

20420 — 1 fm\ 4 [ E\4/2 —nE.
r—-___—_(")(L <L
e (1) (&) = F ) 09

where E.=m?/he represents the Schwinger critical
charge, and | | denotes the floor function. For the charged
black hole in d-dimensional spacetime (d > 4), the electric
field” is given by

E=(d-3)0/r". (17)

The charge loss rate of the black hole is obtained by
integrating the above formula over the entire space outside
the horizon. We have

The constant prefactor of the electric field depends on the
definition of the charge and mass parameters, which differ from
the ADM quantities by constant factors. The electric field is
computed from the first law of black hole thermodynamics, since
dM = ®dQ gives the electric potential, from which we can
compute the electric field. The fact that £ seems to vanish in
(2 + 1)-dimensions is not alarming since the Reissner-Nordstrom
metric is not a solution in d = 3, so we do not expect the prefactor
computed this way to correctly match the result obtained directly
via the Gauss law of point charge for the d = 3 case.

d|_ d
do A 21511 /oo (d—3)Qe ;’rd_z
dr (2n)= /. hrd=2

_ﬂ.m2rd—2
Xexp{m}dr. (18)

The integral can be found explicitly, although this requires
somewhat tedious calculations. Unlike the 4-dimensional
case, we need to make use of the properties of a special
function called the “WhittakerM function”,

1
WhittakerM <a —5d: z) =2ae¥?779[[(2a) —-T'(2a,7)],
(19)

and expand the incomplete Gamma function I'(2a, z) in
large z,

F(Za,z) _ Z2a—le—z

"_1(2a—1)(2a—2)m(2a—k)' (20)
0

Zk

=~

Finally, we obtain the leading order term of the differential
equation that governs charge loss, which reads

40 a2 ((d—3)e)tt 7!
dt = Qo) gptim? d-2
—am?rd=2
e 21
XexP{(d—s)Qhe} 2l

This is a wuniversal result in arbitrary dimensions d > 4.
For d = 4, the WhittakerM function can be described by
the error function erf(r), and the final result reads

o et Q—Se —m*r’ (22)
dr = 2m3hm? ;’3+ *P Qhe )’

This is exactly the same result obtained by HW and it is also
consistent with the result using the semiclassical method to
investigate the tunneling of particles through the effective
Dirac gap outside of the black hole [39].

The created charged particle will be repelled towards
infinity. Note that since we have assumed Q > 0, it is
actually the positrons that are emitted in this manner
(because like charges repel). Similar discussion holds also
for electrons, and so for simplicity, we shall use the term
“electron” in the following discussions. (Since we are more
used to referring to a particle rather than its antiparticle.)
Since the rest mass of the electron or positron is much
smaller than its electrical charge, the potential energy
gained by the repelled particle, Qe/r¢3, is also much
larger than its rest mass. Consequently, the black hole mass
loss rate due to the electromagnetic pair creation is
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dm 0 do
e r43de’ (23)
This is also consistent with the first law of black hole
thermodynamics.

Combining Eq. (15) and Eq. (23), we finally obtain the
total rate of mass loss for the charged evaporating black
hole in d-dimensional spacetime:

dm s . Q do
P acT +”31r_3 e (24)
This of course recovers the model of Hiscock and Weems
when d = 4. Note that Eq. (24) forms a set of coupled
ordinary differential equations with the charge loss rate
given by Eq. (21).

A few remarks are in order before we proceed. First
of all, let us explain that in this model, the black holes
are required to be sufficiently large. This is because the
Hawking temperature is inversely proportional to the black
hole size. For small black holes, the temperature is large
enough to effectively create charged particles as well, in
which case it would not make sense to separate the mass
loss due to massless chargeless particle and massive
charged particles in the way it is done in Eq. (24). Only
in the large mass regime can one model Hawking evapo-
ration via the HW model. See also [16]. The series
expansion of the charge loss formula is obtained by
inserting the Eqgs. (19) and (20) into (18). The leading
order term is Eq. (21). This is amount to ignoring other
charged particles which are heavier than the electrons
(since the heavier a particle is, its production rate will
be suppressed even more).

III. EVAPORATION OF HIGHER DIMENSIONAL
REISSNER-NORDSTROM BLACK HOLES

Since we have obtained the coupled set of differential
equations, Eq. (24), which can be used to describe the
evaporative evolution of the charged black hole in
d-dimensional spacetime, we can investigate the evolution
process by numerically integrating the differential equa-
tions. Before we do that, we give a brief discussion on the
validity of this method. As we emphasized earlier, the
production of electron-positron pairs is well described by
ordinary flat-space QED if the radius of black hole is much
larger than the Compton wavelength of the electron. This
requires r, > h/m. Furthermore, the electric field of the
black hole must be much smaller than the Schwinger limit
E_; otherwise the electric field is expected to become
nonlinear and the black hole will discharge rapidly. The
electric field of the black hole reads

L =30 (d-3)0

(M M= 0N

(25)

o

d=4
0.91
0.81
0.71
0.61
2
205
M
0.41
0.31
0.21
0.11
2.x10" 6.x10" 1. x 10"
M
FIG. 1. Evaporative evolution of the 4-dimensional asymptoti-
cally flat Reissner-Nordstrom black holes in % — M diagram.

For a given black hole mass M, the electric field is a
monotonic function of Q and it attains maximal value at the
extremal limit Q = M, which reads

d-3

Eext = 1
M=

(26)

Thus in order to let the electric field of the black hole be
much smaller than the Schwinger limit £., we must have

d—3\43
M > .
(%)

For d = 4, the condition is simply M > 1/E.. However,

for the black holes in higher dimensions, their mass must be

some powers of the inverse of Schwinger critical field so

that they are large enough to retain a significant charge for
more than a microscopic duration.

Now we are ready to investigate the mass and charge loss
of these black holes. As we have discussed, in the Hiscock
and Weems model, the mass loss of the black hole comes
from two terms: the term —acT<, which corresponds to the
thermal radiation (Stefan-Boltzmann law), which depends
on powers of M and Q, and the term (Q/r¢7)dQ/ds,
which corresponds to the charge loss rate multiplied by the
potential energy of the electric field, which depends
exponentially on M and Q.

For a given initial mass satisfying M, > 1/E?73, if the
initial charge Q, is small, the charge loss rate is suppressed
due to the exponent, thus it is in the “mass dissipation
zone”. The black hole loses its mass primarily by the

(27)
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d=5

0.9
0.8
0.7
0.6

2 o5
0.4-
0.3
0.2-

0.1+

5.x10%°  7.x10%  9.x10%°

M

1.x10%  3.x10%

FIG. 2. Evaporative evolution of the 5-dimensional asymptoti-
cally flat Reissner-Nordstrom black holes in % — M diagram.

thermal radiation, until the electric field becomes larger and
the charged loss is significant (though still suppressed by
the Boltzmann factor). Then the black hole evolution curve
joins the “attractor” in the }%2 — M diagram, which is a very
narrow region containing many different paths. Once on the
attractor, the black hole will continue to lose charge and
mass, and eventually evolves towards a Schwarzschild
state. If the initial charge Q, is large, the temperature T
becomes small and the black hole loses its mass primarily
via charge loss, until it joins the attractor. In Fig. 1, Fig. 2,

d=6

0.34
0.24

0.1+

0 1. x 104 2.x 104 3. x10%

FIG. 3. Evaporative evolution of the 6-dimen§ional asymptoti-
cally flat Reissner-Nordstrom black holes in % — M diagram.

and Fig. 3 we present some examples of the evaporative
evolution of charged black holes for 4, 5, and 6 dimensional
spacetimes, respectively.

Therefore, from these plots we can conclude that the
qualitative features for evaporative evolution of the charged
black holes are the same in higher dimensions. Although
we have only plotted up to d = 6 dimensions, similar
results probably also hold in higher dimensions since, from
our analysis, it is clear that the Stefan-Boltzmann law and
the Schwinger effect in different dimensions are qualita-
tively similar.

Note that for a fixed value of the charge-to-mass ratio
Q*/M* close to unity, it requires that a black hole that starts
from the mass dissipation zone to have higher initial mass
in order to reach it. The caveat is that, in making our
comparisons, we have assumed that the values of the
electrical charge and mass of the electron are the same
in different dimensions (the physical dimensions of charge
and mass are, however, not the same in different dimen-
sions). We are concerned with how the results in different
dimensions compare, if everything else is equal.

IV. CONCLUSION: HAWKING EVAPORATION
OBEYS COSMIC CENSORSHIP

In this work we have generalized the Hiscock and
Weems model of evaporating charged black holes to higher
dimensions. At the technical level, we see that it involves the
WhittakerM function, whereas in d = 4 it only requires the
error function. By solving the coupled differential equations
of the mass loss and charge loss rate numerically, we have
demonstrated that Reissner-Nordstrom black holes in higher
dimensions (with explicit calculations in d = 5, 6) behave in
qualitatively the same way as the 4-dimensional case. This
means that these black holes cannot achieve extremality via
Hawking evaporation, which in turn implies that they would
not evolve into naked singularities.

In the Introduction, we mentioned that the role of the
spacetime dimension in determining whether weak cosmic
censorship is easier or harder to be violated is nontrivial.
If one considers black hole collisions, then it is easier to
violate cosmic censorship in higher dimensions [9], and,
in view of a variety of higher dimensional cases such as
black strings that form naked singularities under Gregory-
Laflamme instability, it would seem to suggest that it is
harder to maintain cosmic censorship in higher dimensions.
Nevertheless, at this stage there is no general proof for this
claim, and one needs to check it for a different physical
mechanism, especially in view of the rather complicated
situation in the case of the violation of the strong cosmic
censorship we discussed in the Introduction.

Our work suggests that as the number of spacetime
dimensions grows, the initial mass of the black hole has to
be larger in order for it to evolve towards a near extremal
Q/M. In this sense then, one could say that as far as
Hawking radiation is concerned, cosmic censorship in
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Reissner-Nordstrom spacetime is safest in d = 4. Whether
this remains to be the case in other black hole spacetimes
would require more studies in the future.
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