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Geodesic congruence in quantum improved spacetimes
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We investigate the geodesic deviation equation in the context of quantum improved spacetimes.
The improved Raychaudhuri equation is derived, and it is shown that the classical strong energy
condition does not necessarily lead to the convergence of geodesics in a congruence in the quantum

improved spacetime.
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I. INTRODUCTION

Weinberg’s asymptotic safety conjecture proposed a
successful renormalizibility condition for quantum fields
at the UV limit which would end to a predictive renorma-
lizable theory of gravity [1]. The process of finding a non-
Gaussian UV fixed point for the trajectories of essential
couplings on the finite dimensional critical surface, which
is the ultimate goal of the asymptotic safety conjecture,
would be simplified by using the functional renormaliza-
tion group method [2]. Therefore, instead of functional
integration over all spacetime, one can use the effective
average action I'; satisfying the exact renormalization
group equation (ERGE),

1
kO, Ty = 5Tr[(r,i2> + RO R, (1)

This would simplify the way to obtaining the desired
quantities. The I’} is an effective action averaged over the
high momentum fluctuation modes. To achieve this goal, the
low momentum fluctuations in the functional integral are
suppressed by an arbitrary mass-squared dimension IR-
cutoff function R, o« k>R (p?/k?), where the dimension-
less function R() (p?/k?) is a kind of smeared step function
[3]. Therefore, without any impression by low-momentum
fluctuations, the high-momentum fluctuations are integrated
out such as a kind of Wilsonian loop.

Truncation of the theory space would decrease the
complexity of the infinite dimensional dynamical system
of ERGE, and enables one to solve it nonperturbatively
although approximately. It has been shown [4,5] that the
Einstein—Hilbert truncation which spanned the theory
space on the /g and /gR basis, leads to an antiscreening
gravitational running coupling
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where 0 = (1 - %) and the k is a reference scale. The
Newton’s constant G seems to be a suitable choice as the
reference, hence Gy = G(ky — 0) = Gy [4,5].

Usually people assume the decoupling idea [3,6] and
improve the coupling constant G, of the classical theory to
the running one. It seems that this could be a proper
approximate shortcut from the UV to IR limit in a process
of searching for the effects of this quantization method.

The cutoff momentum k is a common choice for the
scaling parameter of decoupling. On the flat background,
this renomalization group parameter can be identified with
the inverse of a function of coordinate with dimension of
length, k & D~!(x). But this coordinate dependent identi-
fication is not useful for the curved spacetimes. Introducing
a function of all independent curvature invariants as y(y;),
in which y;_, . are the independent curvature invariants,
seems to be a suitable coordinate independent choice for
the scaling parameter in curved spacetimes [7]. Hence, a
proper identification in curved spacetime is k = ¢y~ (y;)
where { is some dimensionless constant. By this coordinate
independence property, improving the coupling constant is
possible at the level of the action functional as

1 4. VY 4
SI_1677.' de(X)R+/dx\/ 9L, (3)

without any concerns
covariance [7].

As a result, the quantum corrections would emerge
dynamically in the gravitational field equation

about breaking the general

Gaﬂ = 8”G(Z)Taﬁ + G()()Xaﬂ()()? (4)

=2 8(/=9Lw)
V=9 647
momentum tensor. The dynamical effects of the running
coupling are contained in

where the 7,5 =

is the classical energy-
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Xap() = (VaV = 90p0)G ()™

_% <R,C(X)5%+aﬂ(1eic(x)$>

+0,0, <RIC(;() wy‘if’igaﬂ)», (5)

which explicitly depends on the identification function y,
its derivatives, the running coupling G(y), and its derivative

through K(y) = 28Gg;/ %,

It has to be noted that, in general y could be a function of
all the independent curvature invariants, but an important
question is that what is this function? It should be
determined via some physical conditions and/or selection
rules. This could be energy conditions and the behavior
of the geodesic congruence as discussed in this paper, or
other physical conditions to be addressed in a forthcoming
work. For simple models like the ones given by y = R,
x = (RyR7)'? and y = (R, cR7%)'/? the Xpy(y) term
is derived in [7]. Note that it is quite possible that some
curvature invariants like R be identically zero, even though
the curvature of the manifold is not zero. For this case, such
simple models are ruled out and invariants constructed out
of untraced curvature tensors seem to be a better choice
(such as the Kretschmann scalar). Other choices like
invariants obtained from derivatives of curvature tensor
(€., Rupy5:c0RP7%%) are also possible and maybe useful.

The metric solution of this equation is the one
describes the spacetime which fulfills the asymptotic safety
conjecture.

The effect of such quantum corrections on the classical
solutions are studied for some specific problems like
cosmological solutions [6,8] and black holes and their
thermodynamics [4,9,10]. Here we investigate the effects
on the geometrical concepts such as geodesic deviation and
the Raychaudhuri equation. To do so, we first evaluate the
quantum corrections to the connection in Sec. II. Then, the
geodesic deviation and Raychaudhuri equations are derived
in the next two sections.

II. IMPROVED METRIC CONNECTION

Determining the eligible connection is an unavoidable
issue in the process of investigating the behavior of
neighboring geodesics. For this purpose, considering
G(y) = Go/(1 + wGy*y?), we expand the improved
equation of motion (4) up to first order of quantum
corrections

Ga} = SHGOTaﬁ + a)gaﬁ()() + 0(2)7 (6)

where G,;5(y) = 8”C2 Top + o6 wG Xop(x)-

Neglecting the hlgher orders, the term G,4(y) behaves as
a source of perturbation to the classical (nonimproved)

Einstein equation. Thus, the approximate solution g,z =
Jap t+ qap could be a proper solution for this equation
where the quantum correction g,; generally depends on
the chosen symmetries of the spacetime and also on the
classical metric g

Using this decomposition into the quantum and

classical effects, the Levi—Civita connection Fzﬁ =
29" (0uYyp + OpGax — Oxap) can be written as
(e]9)] (00)
=17, 4% + ¢ ee (7)

where the fgﬁ =17 (0ufip + OpTax— OxJap) is the classical
connection. The quantum-classical part

c i -

CZ;Q ) = _qkagyUFZﬁ + gKyQaﬁK (8)

is the contribution of both the classical connection and the
quantum part q,qT to the full connection. On the other hand,

Opra — 6,<qaﬁ) describes the pure quantum corrections
and since it is of the second order in q,4, we neglect it in

what follows. Also, because CZﬂ(QC) is defined as the differ-

ence between two connections, it behaves like a tensor.

III. IMPROVED GEODESIC DEVIATION

The behavior of neighboring geodesics is described by
the tidal forces which deflect the Euclidean parallel geo-
desics in curved spacetime. As in general relativity, this
behavior can be investigated by considering a 2-surface S
which is covered by a congruence of timelike geodesics.
If 7 is an affine parameter along the specified geodesic
and distinct geodesics are labeled by a parameter A, then
X = x#(z, A) is a parametric equation of the surface S. Any
point on this surface is specified by two vector fields, u* =
0x*/0t as a tangent vector of the geodesic and & =
O0x* /04 which connects two nearby curves. Therefore, on
using the Lie derivative relations £, = L:u* = 0 besides
symmetric properties of a connection, one gets

uﬂVﬂéa = éﬂvﬂu“ (9)

The geodesic deviation, which describes the relative
acceleration of neighboring geodesics is interpreted as the
parallel transportation of D&%/ Dt = u*V &%, From Eq. (9),
this covariant derivative becomes

D2 5{1
D2

=R, WP Eu + EV 5 (w'V,u®).  (10)

Note that, conservation of stress tensor (VﬂT"” =0) for a
congruence of particles forces the second term to vanish.
But in the approximation g,, = g,, + ¢, the conservation
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relation reduces to (V,T%) -+ other terms

evaluated on g,
linear in g, ~0. Therefore, particles do not move on
the geodesics of g,,, and thus the second term is nonzero
up to the first order in g,,.

On using this approximation and Eq. (6), and by virtue of
Bianchi identity, V*G,; = 0, this term becomes

WVt = =4 (G T () + VX)), (1)

87
where J = G~'(y). Hence, the geodesic deviation equa-
tion in the asymptotic safety context is

D2 ga

D7’ =—Fkj

pro

1
- % fﬂvﬂvy [j()()gaKG;/K + gaKX}'KO(H . (12)

u[i§7 u°

This shows that, in addition to the tidal forces, the deviation
vector would be affected by the variations of the improve-
ment terms. Clearly, this variation depends on the chosen
scaling parameter y.

The relation can be written more clearly on substituting
9ap = Jap + qap> and expanding up to the first order as

DZ 6(1

DTZ = —Raﬁﬂ,l}ﬂf”ﬁ” - 2Raﬂy6aﬂ§yua(QC) - Aaﬂyaﬁﬂgyﬁﬁ

1
+ VTG G + 6" X 1), (13)
where A%, = R%,, — R”ﬁy,, is

a a (QC) a (QC) | ta o4 (QC)
A%, = 0,C24%9 — 9,c0409 - Tect

+ C;(QC)I:f,ﬂ _ fg/lc}ﬁ/ﬂ(QC) _ Czﬁ(QC)f,l

g (14)

Note that any quantity with a tilde is a classical quantity.

While the term —R’“ﬂwﬁﬂ &'’ in (13) is the classical one,
the others are the effects of the quantum improvement.
All the correction terms are proportional to the relative
distance and could affect geodesics like the classical
case. The second term on the right-hand side (r.h.s.),
—2I~€"ﬁwﬁ/’(§yu”(Qc), describes the tidal force between the
classical geometry and its quantum fluctuations. The third
one, —A“ﬁygﬁﬂf’ 1°, determines how two classical parallel
geodesics deviate because of the quantum fluctuations of
the classical background. It is notable that the A% ; is
nothing but the derivatives of quantized metric, which is
compatible with the geometrical definition of the tidal
force. And, the last term at the r.h.s. is caused by dynamical
self-coupling of geometry and the matter terms.

This additional quantum effect may be attractive or
repulsive depending on the structure and symmetries of
the spacetime and the quantum aspects. This symmetry

dependence is the result of the dependence of the cutoff
function y(y;) on the metric. It has to be noted that any
singular curvature invariant, should be avoided in y, at least
in the vicinity of the singularity.

This property would be clarified more by studying the
evolution of the cross-sectional volume of a congruence of
geodesics or Raychaudhuri equation. In the next section we
would see that the improved Raychaudhuri equation is so
that the strong energy condition could not guarantee the
attractive property of quantum improved gravity.

IV. IMPROVED RAYCHAUDHURI EQUATION

The behavior of gravity can be investigated more
precisely by studying the evolution of the expansion
parameter, which describes the cross-sectional volume of
geodesics congruence in the Raychaudhuri equation frame-
work. Although the strong energy condition in the classical
Raychaudhuri equation assures the attractive behavior of
gravity, we would see that the improvement may change the
situation in certain conditions.

As in the classical case, to obtain the Raychaudhuri
equation, we first investigate the kinematics of a congru-
ence of geodesics.

A. Kinematics of a timelike geodesic congruence

The purely transverse tensor B,; = Vgu, measures the
parallel transport failure of £&* along the congruence. For the
linear decomposition (4), we would have

BZ = B‘ﬂ’ 4 BZ (Q0) (15)

where the BZ = vﬂu“ is the classical form of Bj and the
5 (Q€) = 3, (@C)yr is the quantum correction on it.
The expansion,

1
B,s = gehaﬂ + Oop + Dp (16)

where h,z = g5 + u,up is the spacelike hypersurface
induced metric, would facilitate understanding the evolu-
tion of deviation vector D&/ Dt = B,

The scalar expansion 6 which is the trace of B3 becomes
0 =B =0+ 9220 (17)

where for the linear solution g5 = Jup + Gop, the term
92(0C) = —¢* B 5 + B2 (90 is the first order correction to

the classical expansion parameter 6 = B2
The shear tensor 6, is the traceless symmetric compo-
nent of the decomposition (16) and can be expanded as

1 . c
Gaﬂ = B(aﬁ) —_ ghaﬂg = O-aﬂ + ga(ﬁQ ) (18)
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where the 6,4 is the classical shear tensor and the g;ﬂQC) =

BEOQWC;) - (ﬁaﬂé); (Q€) 4 q,,/,»é) /3 is the first order quantum
correction.
Finally, the last term of B, is the antisymmetric rotation

tensor w,; which up to the first order correction becomes

a)aﬁ = B[(xﬁ] = (Daﬁ + W(I([)QC> (19)

with the correction term w,fﬂQC) = BE(lQﬁ?.

Since D&Y/ Dt = Bzfﬂ , any small displacement from a
spacelike hypersurface to another one would be described
by A&* = Bgéﬂ (ty)At. Three distinct cases can portray each

element of this deviation from parallel transportation, best:
(i) The dynamical spacetime without any rotation and
shearing, or 6,5 = w,; = 0. In this case, only the
parameter # would be the source of displacement

such as

1
Ag = 20£(15) A, (20)

which is just the pure expansion. This expansion
may results from either the deviation of the classical
metric field (Cj, (QC)y7), or from the interaction of
the classical metric g,; with the quantum correction
qqp Which has footprints in 9% (90,

It is important to note that the zero value of any
Oup OF W,y quantity, does not mean the vanishing of
their classical counterparts. Instead, the classical
spacetime may have nonzero rotating or shearing
properties, canceled by quantum terms.

(ii) The dynamical spacetime which does not experience
any shearing or expansion, in other words, 6,3 = 0
and 6 = 0. Hence,

A& = i (10)Ar. (21)

Since the quantum corrected term wo(iQQ may have

nonzero value, this case, unlike the previous one,
could end up to asynchronized effects like what
happens in Palatini f(R) theories [11].

Same as for the first case, the vanishing values of
the elements o, and € does not mean that their
classical values are zero.

(iii) The last case, is the spacetime which does not make
any rotation or expansion between the geodesics, so
wuz = 0 and & = 0. This assumption leads to

AE* = oel (1p) At (22)

Again, the quantum correction of transverse vector
&7 to the classical shearing 6, is not limited to extra

shearing ¢;;. And asynchronization which is caused
by the element ¢y; could be considerable for this
kind of spacetimes, too.

B. Improved Raychaudhuri equation

To derive the improved Raychaudhuri equation, which
describes the evolution of expansion scalar, we begin by
studying the time derivation of Bj. We have

DB,

T

= u}’VyBaﬁ

= MY@},BO,/; + uyﬁyBg;?c)
—u'Cty QOB —urCs, (C9B,y.  (23)

The first correction terms, urﬁysfg@, is the contribution of

quantum semiconnection evolution. On the other hand, the
last two terms describe the interaction of the classical
deviation source and the quantum one along the geodesic
passage.

Now, the evolution of the expansion scalar is obtained by
taking the trace of the above equation in the improved
spacetime:

DO DO - s
J— Q) ~Ka ﬂ
Dr Di ' (N, +25Ce, () By
A c
+u'y /}VYBfl% ), (24)
Since
Do 1oy oo o~ -
E = — 562 - Uaﬁgaﬁ + a)‘/}a)aﬁ - Raﬁu”uﬁ (25)
and
Rap = Ry + AL, (26)

and by considering Egs. (17)—(19) the
Raychaudhuri equation is derived as:

improved

D6 1
E — _ 592 _ Gaﬂaaﬁ + waﬂwaﬁ _ Raﬁuau/}

+ 2092 (CC) 1 26 gé%c) - 20({}67/3(]0’7
- Zw“ﬁgfxgo + 20! 59"
- Agyﬁu“uﬁ —u’ [q“ﬁvy + ZQK“Cf,, (QC)]BO,[;
+ gV, BeY. (27)
Although in the improved spacetime the transversity of
o.s and B, are saved, other terms of this equation can

change the standard attractive behavior of gravity and
should be investigated separately.
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Itis interesting to notice that since the first order corrections
are considered, all the nonclassical terms of the improved
Raychaudhuri equation describe the behavior of the quantum
fluctuations of the geodesic on the classical background.

Indeed, since the Finstein equation is improved in this
context, the strong energy condition does not guarantee the
non-negativity of Raﬂu“uﬁ for the quantum improved
spacetime.

Rewriting the improved field equation (4) as

1 1 1
Taﬁ _ETga/} :g <k7()()Raﬁ _Xa/i()() +2X(){)ga/5> s (28)
the strong energy condition (7,5 —37Tg.z)uu’ >0
results in
Ropud > —— (x b~ Lx 29
apl™ U _T(){) aﬁ(){)uu ) (x) (29)

where X(y) is the trace of X,4(y). Therefore, to get the
condition Raﬁuauﬁ > 0, the non-negativity of the quantum
term (X 5(x)u®u” =1 X(x))/ T (x), is necessary. This is not
what would happen always for any spacetime and any
choice of y.

V. CONCLUDING REMARKS

The asymptotic safety conjecture predicts a renormaliz-
able field theory when there is a non-Gaussian fixed point
at the UV limit of the theory. By using the functional
renormalization group methods, with some consideration,
one would end to an antiscreening running gravitational
coupling which has a non-Gaussian fixed point needed by
this conjecture. It is shown that a general function of
curvature invariants, y(y;), seems to be a suitable scaling
parameter for gravity theory as a renormalizable quantum
field theory [7]. Considering the running gravitational
coupling G(y), and improving the Einstein—Hilbert action
would result in the improved equation of motions which
contain this kind of quantum correction effects.

In this paper, we investigated the properties of a geo-
desics congruence in this context. First the geodesic
deviation equation is derived. It is shown that the deviation
contains improvement terms. The improved Raychaudhuri
equation shows that the strong energy condition, unlike the
classical general relativity, does not necessarily end to a
converging quantum corrected geodesic congruence,
because of the presence of correction terms.

To make this more clear, consider a congruence of
timelike geodesics which are hypersurface orthogonal.
Since the improved equation of motion (4) results in

8 1 1 1
R :j—()() (Ta/i _ETgaﬁ> +j—()() <erﬁ _EXgaﬁ> ., (30)

the convergence of this congruence depends on the
condition

8n (T lT ) py_L < IX ) . p
a uu aff T A ap |UTU

j(;() 3 Gap j(;() 5~ 5 Gap
+ 2919(1 (00) + 26(1/} ( C)

ay

2(7(, 6,59
202 4 20 ﬁwyﬂqay

— Al pucu —ul(q PV, + 2Ch, (B of

+w gV, B2 > 0. (31)

As an example, the X,4(y) for a special case y = R,3R™
would be [7]

Xa/}()() = (vavﬁ - gaﬁD)j()() + K()()RR(IKRﬁngy
1
- VIV4(K(x)RR,,) + 5 O(KC(x)RRyp)
1
+ Ega/)’vyvx(’c()oRRYK) (32)
where K(y) = 2060 o . Up to the first order, only the first

G(y)?
term should be considered. Hence, X = -7 (y) and

Eq. (31) reduces to

RY3 (T lT )aﬁ
TN aff T A a uu
T\ "2

j(){) V Vﬂ 29aﬂ|:|> j(){)u uﬂ+2619a 0c)

+ ZU“ﬁgglﬁ Py 0,59 — Zw“ﬂg< )+ 20lo w59
— A} juul — [q“ﬂv], + 2L, (Q0) 1Bos
~apT 13(QC)
+ uyg“ﬁVyBaﬂ > 0. (33)
This shows that it is quite possible that for a general

improved spacetime, the correspondence of attractiveness
and strong energy condition, breaks down.
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