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After reminding of properties of the condensate of the complex scalar field in the external uniform
magnetic field H, focus is made on the study of phases of the complex neutral vector-boson fields coupled
with magnetic field by the Zeeman coupling and phases of the charged vector-boson fields. The systems
may behave as nonmagnetic and ferromagnetic superfluids and ordinary and ferromagnetic super-
conductors. Response of these superfluid and superconducting systems occupying half of space on the
external uniform static magnetic field H is thoroughly studied. Then the spin-triplet pairing of neutral
fermions at conserved spin is considered. Novel phases are found. In external magnetic field, the phase with
zero mean spin proves to be unstable to the formation of a phase with a nonzero spin. For a certain
parameter choice ferromagnetic superfluid phases are formed already for H = 0, characterized by an own
magnetic field 4. For H > H,, the spin-triplet pairing and ferromagnetic superfluidity continue to exist
above the “old” phase transition critical temperature 7',. Formation of domains is discussed. Next, spin-
triplet pairing of charged fermions is studied. Novel phases are found. Then, the 3P, nn pairing in neutron
star matter is studied. Also, a 3P, pp pairing is considered. Numerical estimates are performed in the BCS
weak-coupling limit and beyond it for the 3P, nn and pp pairings, as well as for the 3S; np pairing.

DOI: 10.1103/PhysRevD.101.056011

I. INTRODUCTION

In the condensed matter physics, the spin-ordered
pairing is known from the studies of the *He liquid,
heavy-fermion systems like UPt;, some Rb-and La-based
superconductors and other materials; see Refs. [1-7] for
review. A Josephson supercurrent through the strong
ferromagnet CrO, was observed in [8], from which it
was inferred that it is a spin-triplet supercurrent. A long-
range supercurrent in Josephson junctions containing Co
(a strong ferromagnetic material) was observed [9] when
one inserted thin layers of either PdNi or CuNi weakly
ferromagnetic alloys between the Co and the two super-
conducting Nb electrodes.

In cold atomic Fermi gases, strong magnetic dipolar
interaction may cause pairing in the state with orbital
angular momentum L, spin S, and total angular momentum
J equal to one, i.e., in the (2S5 + 1)L; = 3P, [10]. Isotopes
1Dy and !9Dy are the most magnetic fermionic atoms
with magnetic moments as high as 10y, 5, where p, 3 is
the electron Bohr magneton. The lowest temperature
reached in experiments [11] for the spin-polarized '®'Dy
is a factor 0.2 below the Fermi temperature eg = 300 nK.
The cotrapped '%’Dy cools to approximately critical tem-
perature for the Bose-Einstein condensation, realizing a
novel nearly quantum degenerate dipolar Bose-Fermi gas
mixture. In some systems such as dilute Fermi gases, the
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p-wave pairing may occur even in the case of a re-
pulsive interaction [12—14]. Conventional electron-phonon
interactions induce triplet pairing in time-reversal three-
dimensional (3D) Dirac semimetals, if magnetic impurities
or exchange interaction is sufficiently strong, cf. [15] and
refs therein. Very recently, a paramagnetic Meissner effect
in an Nb-Ho-Au structure was observed [16]. In this
system, superconductivity enhances the magnetic signal
rather than expel it. Reference [17] demonstrated that by
combining superconductors with spin-orbit coupled mate-
rials the Meissner effect can be modulated by the orienta-
tion of an external magnetic field.

Since the magnetic field is the axial vector, it is efficient
pair breaker for s-wave superconductors but it should not
break pairs with parallel spins. The Zeeman coupling of
pairs with S, = %1, where S, is the spin projection on the
quantization axis, is responsible for this effect. For in-
stance, the phase A of the p-wave spin-triplet pairing in the
3He survives in the external magnetic field, which can also
induce a specific A; phase [18,19]. The He-A; phase
behaves as the magnetic superfluid in the external magnetic
field. Superconductivity of the spin-triplet electron pairs in
unconventional superconductors in external magnetic fields
was extensively studied; see Refs. [20,21] and review [22].
Interaction of the vector order parameter with the magnetic
field is introduced with the help of the minimal coupling
and the Zeeman coupling.
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In the description of the He, the rotation field was
introduced in [23] with the help of the Galilean variable
shift, similarly to that for the magnetic field. To the best of
our knowledge, a possibility of the appearance of own
magnetic and rotation fields in the whole volume of fermion
superfluids has not been considered.

The 1S, channel provides the largest nn and pp
attractive interactions at low densities in the neutron star
matter. Thereby, A.B. Migdal suggested the Cooper pairing
and superfluidity of neutrons in neutron stars in the 1S,
state [24]. With an increase of the baryon density, the NN
interaction in the s wave is weakened. The nucleon-nucleon
(NN) phase shift in the 3P, partial wave becomes the
largest one among others at sufficiently high momenta
owing to the strong spin-orbit NN interaction in the
vacuum that allows for the nn pairing in 3P, state [25-28].
Therefore, in the neutron star interiors, neutrons are
supposed to be paired in the 1S, state at a low baryon
density n < (0.7-0.8)n,, where n is the nuclear saturation
density, and in 3P, state for (3—4)ny > n > 0.8n, cf. [29]
and recent works [30,31]. However, the value of the 3P, nn
gap in the neutron matter is poorly known and varies in
various calculations from tiny values <10 KeV up to
values of the order of several MeV and may be more;
see Refs. [28,32-37]. Uncertainties appear largely due to a
lack of knowledge of the efficiency of the three-body forces
in a dense baryon matter [38]. Note that the cooling history
of neutron stars is appropriately described in the nuclear
medium cooling scenario within an Ansatz that the 3P,
pairing gap has only a tiny value, cf. [39-41]. Because of
all these uncertainties, and since microscopic calculations
of the gap are beyond the scope of the given work, we
further consider the critical temperature as an external
phenomenological parameter varying in broad limits.

Mixing of 3P, and 3F, partial waves increases the value
of the 3P, gap. In some density interval, the nn 3PF,
pairing may coexist with the pp 1S, pairing. The 1S,
channel is most attractive for protons, as a consequence
of their small concentration in neutron stars but in the
hyperon-enriched central regions of sufficiently massive
neutron stars proton concentration increases and protons
can be paired also in the 3PF, state [42], as well as A
hyperons [43]. Besides hyperons [44,45], A(3.3) isobars
may exist in central regions of sufficiently massive neutron
stars [46,47]. Pairing in the fermion systems of spin 3/2
was recently discussed in [48]. Moreover, a developed pion
condensate may exist in the central regions of sufficiently
massive neutron stars. In the presence of the developed
pion condensate, there is only one Fermi sea of a mixture of
the baryon quasiparticles consisted of neutrons, protons,
and A isobars [49-53], and thereby they can be paired in
the 3S, state.

The phases of the 3P, nn pairing were studied in [54-58]
within the BCS weak-coupling approximation, when the
ground state corresponds to the symmetric (magnetically

neutral) phase. The order parameter for the 3P, nn pairing
is the 3 x 3 matrix. The Ginzburg-Landau free-energy
functional is ordinarily considered as the expansion in
the order parameter up to fourth power. However, the sixth-
order term calculated within the BCS approximation proves
to be negative [54] causing a possibility of the first-order
phase transitions in the system. Recently, the Ginzburg-
Landau free-energy functional was expanded in the order
parameter up to eighth power and coefficients of expansion
were found in the BCS approximation [56]. A particular
role of the Zeeman and gradient terms, which are of our key
interest here, was not studied, cf. [58].

Magnetic fields in ordinary pulsars, like the Crab
pulsar, reach values ~(10'>-10'3) Gs at their surfaces.
At the surface of magnetars, magnetic fields may reach
values >10" Gs. In the interior, the magnetic field might
be even stronger (up to ~10'® Gs) depending on the
assumed (still badly known) mechanism of magnetic
field formation [59]. Still stronger magnetic fields appear
in noncentral heavy-ion collisions. The first estimate
of the value of the magnetic field in heavy-ion collisions
performed in Ref. [60] argued for the presence of the
magnetic fields of the order of ~10'7 = 10'® G at collision
energies ~GeV/A. Subsequent calculations [61] demon-
strated that typical values of magnetic fields may reach
~(10'7-10") Gs in heavy-ion collision experiments from
GSI to LHC energies. Thus, the coupling of a spin-triplet
order parameter to a magnetic field might be of importance
for the description of nuclear systems prepared in periph-
eral heavy-ion collisions.

For low densities, the 3S; channel provides the largest
attractive interaction for the np pairing in the isospin-
symmetrical matter. With increasing density, the 3D,
channel becomes most attractive, cf. [31]. One of the
hypothesis for the explanation of the level structure of
superdeformed (rotated) nuclei is the spin-triplet pairing
[62—64]. Spin-triplet pairing in N = Z nuclei with A > 140
may be favored, since the spin-orbit force becomes vanish-
ing [65]. In the vicinity of the proton drip in heavier
nuclei, the spin-triplet pairing also could potentially
become important. The SD; spin-triplet np pairing in
nuclei was studied in [66]. The BCS calculations for the
symmetric matter with the vacuum interactions predict the
np pairing gaps as large as ~12 MeV. Even with the effect
of the depletion of the Fermi surface taken into account,
one estimates the np pairing gap in maximum to be as high
as ~4 MeV. Reference [67] studying the level structure of
2Pd found signals of the spin aligned n p-paired state with
J=9and L #0.

There exist millisecond pulsars, being fast-rotating
neutron stars with the angular rotation frequencies as high
as ~10* Hz; see Ref. [59]. The rotation frequency of the
fireball in ultrarelativistic heavy-ion collisions at the freeze-
out [68] is estimated as ~10?> Hz. For low energies, the
spectator pieces in heavy-ion collisions can rotate at a still
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larger frequency (> 10> Hz). In a sense, the rotation acts
in a neutral system similar to a magnetic field in a charged
system. Thereby, description of the behavior of the spin-
triplet condensates in the magnetic and the rotation fields is
an important issue.

Another phenomenon, which might be relevant to our
study, is a condensation of the charged p mesons in a dense
isospin-asymmetric baryon matter [69—71]. The p mesons,
being bosons with the spin and isotopic spin equal to one,
are described by the vector—isospin-vector field pg, where
a =1, 2, 3 is the isospin index and y =0, 1, 2, 3 is the
Lorentz index. In the quantum field theory, relevant
phenomena are condensations of non-Abelian charged p
and W bosons in superstrong magnetic fields >10'° G in
vacuum; see Refs. [72-74]. Presence of strong magnetic
fields in neutron star interiors would promote the charged p
meson condensation [75]. Gluons become massive in the
hot quark-gluon plasma and may form condensates at some
conditions. Thereby, a ferromagnetic superconductivity of
the condensate of charged vector fields is another issue
of our interest. The axial-vector—isospin-vector boson may
also play a role in nuclear phenomena forming condensates
at some conditions, cf. [76,77]. Finally, the order parameter
in color superconductors has a matrix structure and a spin-
triplet diquark pairing is allowed in some cases [78-81].

The Ginzburg-Landau description is relevant not only
below critical point for the order parameters but also for
their long-range fluctuations within a fluctuation region
above the critical point. The width of the fluctuation region
is determined by the Ginzburg number Gi following the so-
called Ginzburg-Levanyuk criterion [82]. In the substances
with a strong interaction between quasiparticles, the
Ginzburg number Gi ~ 1 and the fluctuation region should
be broad [83]. For instance, the fluctuation region might be
very broad for the color superconductors and for the proton
pairing in neutron stars [84]. Thereby, the consideration of
a triplet paring correlations above the critical point is also
an important issue.

In this work, we study nonmagnetic, diamagnetic, para-
magnetic, and ferromagnetic responses of superfluid and
superconductive condensates of vector bosons and spin-
triplet Cooper pairs. We start with a reminding of superfluid
and superconductive properties of the complex scalar field
at the negative squared effective mass of the boson (in
Sec. II) and then (in Sec. III) we focus on the description of
the complex vector field of neutral and charged bosons at
the conditions when their squared effective masses might
be either negative or positive. Influence of the external
magnetic field is considered. Various nonmagnetic and
ferromagnetic superfluid phases and nonmagnetic, super-
diamagnetic, and ferromagnetic superconducting phases
will be studied. In Sec. IV, we perform a general analysis
of the spin-triplet pairing of charge-neutral fermions with a
magnetic moment, interacting with the magnetic field by
the Zeeman coupling. First, we assume that spin-orbit

forces are weak and spin of the pair is a good quantum
number. The spin-triplet pairing is then described by a
vector order parameter, as for a composed spin-one charge-
neutral boson with an anomalous magnetic moment. Some
of the phases are characterized by the spin-order parameter
and a self-magnetization. In this sense, we deal with a
ferromagnetic superfluidity. Note that an another type of
the ferromagnetic superfluidity, when a magnetization
exists already in the absence of the Cooper pairing and
remains in presence of the superfluidity, as it may occur in
some uranium compounds, is not of our interest here; see
[85,86]. In Sec. V, we consider the spin-triplet pairing in
charged fermion superconducting systems described by the
vector order parameter. In Sec. VI, focus is made on the
description of the 3P, nn pairing in the neutron star matter.
Various phases are found. Some numerical evaluations are
performed in Sec. VII for the 3P, nn and pp pairings and
for the 3S| np pairing and some physical consequences of
the ferromagnetic superfluidity and superconductivity for
neutron stars and heavy-ion collisions are specified. In
Sec. VIII, we formulate our conclusions.

Throughout the paper, we use units 2 = ¢ = 1, Lattin
indices are i = 1, 2, 3, Greek indices are Lorentz ones,
u =0, 1, 2, 3. For three-vectors, where it does not cause a
confusion, we use the ordinary three-dimensional nota-
tions, @ = (ay, a,, a3). Summation over repeated indices is
implied, if not presented explicitly.

II. PRELIMINARIES

A. Superfluidity and superconductivity
of complex scalar fields

1. Lagrangian and equations of motion

Consider the model described by the Lagrangian density,
L = DypD'* — m|pl® = Agl*/2 = Fy b/ (167), (1)

¢ = (¢, —igh,)/\/2 is the spin-zero complex field of a
negatively charged boson, ¢, and ¢, are real components,

¢ = ¢* = (¢) + ich,)/ /2 is spin-zero complex field of a
positively charged boson, A, is the electromagnetic field,

F,, =08,A,—0,A

ww X LA, D, = 0, +ieA, — iud,, (2)
e < 0 is the charge of the electron, e* = 1/137, u is the
chemical potential of the negatively charged boson, e.g., in
the neutron-star matter due to reactions n +e — n + 7z,
n— p+mn one gets p,- = pu, = u, — u,. The quantity
m2. = m? + U, where m > 0 is the mass of the vector
particle, U is a scalar potential, which we assume to be zero
in vacuum and heaving a negative value in the medium.
We will only use that in a deep potential, U < —m?, in the

medium the quantity m2, becomes negative.
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Equations of motion are
DD+ mip + ApP¢p =0, (3)
0,F" = —4ndL,/0A, = 4nJ”, (4)
with the four-current-density
JY = —iepD*¢p* + c.c.,

which is conserved, d,J* = 0; the abbreviation c.c. denotes
complex conjugation, L, is the part of the Lagrangian
density depending on ¢.

For the case of the static field, ¢b and the static magnetic
field equations of motion render

(V — ieA)*p — m%ep — Alp*p = 0., (5)

AA =—4n], J=ie(pVe* — p*Vp) —22Alg|>.  (6)

where m2; = m% — p? has a sense of the squared effective

mass term. It is used that divA = 0.

We introduce the Gibbs free-energy density G =F—
M H—H? /8, F is the free-energy density, M = (f; —H)/4n
is the density of the magnetization, H is the strength of the
external uniform static magnetic field. Note that in the
given paper we use the definition of G, which differs from
the often used definition by the shift on the constant value
H* /8x. Thus, the Gibbs free-energy density is

(h—H)

— (V-
G=I 8z

ieA)PI2 + mElpP + 10l + )
where 4 = curlA. The condensate of the charged boson
field appears provided m%; < 0 in a part of the space.

A superfluid nonrelativistic motion of the system with
the ve10c1ty v is described with the help of the replacement
D—D+ img v where mg, is a quasiparticle mass coef-
ficient, the value which is not of our interest at present.
Replacing ¢p — ¢ we find the contribution to the density
of the momentum of the system J = 2Vy|d|?, ¥ = Vy,
p= mqpv is the momentum of the particle of the
superfluid.

2. Neutral complex scalar field. Nonmagnetic
superfluid phase
Consider a complex scalar field, which does not interact
with the electromagnetic field. Thus, we put ¢ = 0. Then
i =0 as well, and thereby m?%, = mZ.
Let us consider the half-space x < 0 medium, where

m2. = m} < 0 is the constant, and the system is placed in

the external uniform static magnetic field H. For x > 0,

m2, = m?> > 0. The specific interactions, which may pro-

vide inequality m3 < 0, are not of our interest here.
For x < 0 from Egs. (5) and (6) putting there e = 0, we
obtain solutions

h = hy = const,

ly = 1//|my,

¢ = foth[(x —xo)/(vV21,)],

fo=E£\/—m3/20(-m3),

Xo = const,
(8)

0(z) is the step function. For x > 0, we put ¢ = 0, h=H.Tt
is possible to do provided [, > 1/m, i.e., |my| < m, that
we assume for simplicity. Such an approximation in the
phase transition theory is usually called the Landau
approximation. From the boundary conditions for x = 0,
we get xo = 0 and hy = H. Thus, we conclude that the
magnetic field and condensate decouple.

With these solutions, we obtain the space-averaged
Gibbs free-energy density,

- [dxG mg(l

| (= AT

3 d,

d, is the length of the system in the x direction. Note that
for the semi-infinite matter d, — co and surface-energy
term is vanishingly small. However, after the replacement
d, — d,./2,Eq. (9) holds also for the layer of a finite length
provided d, > 1.

3. Charged complex scalar field. Superdiamagnetic
response, superconductivity, and mixed Abrikosov state

Assume that m2% = m2, —

/4 —mf0 for x <0, with

m% o = const < 0 and that m%, = m*> > 0 for x > 0, and
the system is placed in the static uniform magnetic field
parallel z. For 1/, > eHI,, where mgfyo now replaces the
value m3 in previous example, [, is the penetration depth of
the magnetic field in the medium, assuming [, > 1/m
from Eq. (5) we recover solution (8). With this solution at
hand, Eq. (6) in the gauge divA =0 simplifies as

AA —87?|pPA =0, x<0. (10)

For
L, = 1/7\/8zef§ > 1,.

we may put |¢|> = f§ in (10). The value m, = 1/1,, plays
the role of the photon mass in the superconducting region,
the quantity x = /1,,/1; is the Ginzburg-Landau param-
eter. The inequality 1/1, > eHI,, is rewritten as H < H.,
with the thermodynamical critical field
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H,=v 4ﬂ|mgt|/\/z
For H <« H,, the solution of Eq. (10) is
Ay(x £0) = Hlje¥/!n,

where we used the gauge A = (0, A5(x),0) for H||z and the
boundary conditions A} (x — 0) = H, |A,(x)| < co. This
solution demonstrates the Meissner-Higgs effect of the
repulsion of the magnetic field from the superconducting
region. For H||y, a similar Meissner effect exists for A3 (x)
with A = (0,0, A5(x)).

The volume part of the space-averaged Gibbs free-
energy density in the presence of the condensate, with
the magnetic field being repelled from the condensate

matter (phase I ¢ =f,, h=0), is as follows:

G = —nzl—g{ + Ig—; The volume part of the averaged Gibbs
free-energy density in the absence of the condensate, with
the magnetic field (phase II: ¢ =0, h = H) is Gy = 0.
Thus, for H < H,, the condensate phase is energetically
favorable, since G; < Gy;.

For the Ginzburg-Landau parameter, « >> 1 (actually it is
sufficient to have x > 1/+/2) in a range of the fields H,; <
H < H_, the Abrikosov mixed phase is formed. Already
for H> H (at H, < H) the surface energy of the
system is decreased, if there appear filament vortices of
the normal phase. The typical transversal size of the

normal filament vortex directed parallel His ~ly, whereas
the magnetic field decreases at the distance ~/, in the
transversal direction. Thus, the Gibbs free-energy gain
due to the appearance of the single vortex is estimated as
~—nljd.H*/8z and the energy loss is ~mljd mg/22.
Comparing the gain and loss contributions we see that the
Gibbs free energy is indeed gained for H < H.; ~ H_./k.
For H > H_,, the vortices form the triangular lattice, which
proves to be energetically more favorable compared to the
quadratic lattice originally considered by Abrikosov,
cf. [87]. Thus, for H > H_,, the solution for the field ¢
should satisfy the periodic boundary conditions. Such a
solution replaces the solution satisfying the boundary
conditions for x =0 that we had for H < H.,. With
subsequent increase of H, the distance between vortices
decreases, the condensate weakens, and vanishes for
H=H,.

For H slightly below H,, the condensate field is weak
and the equations of motion (5) and (6) can be linearized.
Then the solution can be found analytically. Equation (5)

for A = (A;(y),A,(x),0) renders
—(Dt + D3)¢p = —msdb. (11)

With A ~ (0, Hx,0), being the solution of the linearized
Eq. (6), we may rewrite Eq. (11) in the form

(V —ieA)p _

2’n/léll])(

me¢

zmaux

(12)

of the Schrodinger equation for the nonrelativistic spin-less
particle in the uniform magnetic field, where the quantity
My, 1S an auxiliary mass coefficient.

_Im

2
The energy in the ground state is E;, = al

2muux
|e|H p/2myyy, from where we find

Hep = |m£f/e| = Hcr\/ilc (13)

For the further usage, let us introduce the auxiliary

condition

Di¢i = 0, or D¢ = 0, (14)
where i =1, 2, ¢; = (¢, —i¢p), D =D, —iD,. Let us
apply the operator D = D + iD, to (14). Then, we obtain
equation

(D} + D3 —i[Dy.D,] )¢ =0, (15)

with [a, b]_ = ab — ba, i]Dy,D,]_¢p = ehzp, hz =
61A2 - 82A1. ThUS,

—(D? + D3)¢p = —ehzp > 0. (16)
With A~ (0, H.,x,0), this equation is equivalent to
Eq. (11). The solution has the form

¢ = Z Cneiknyqﬁn(x), ¢n(x) — e‘(x—xn)z/Zli’

n=—0oo

where x,, = nkl3, C, .y = C,, k = [e*|Hpx0, N = 1 cor-
responds to the quadratic lattice, N = 2, to the triangular
one. This solution can be then used as the probe function to
calculate the space-averaged Gibbs free-energy G within
the mixed state and by variation of the free parameters to
find its minimum.

In the toy model considered above, we were not
interested in specification of the interactions, which provide
the inequality m2, < 0 for the neutral system and inequality
m% = mZ, — p* < 0 for the charged system. In the neutron-
star matter, there exists a fraction of protons, and one can
consider a possibility of the z~ condensation, described by
the negatively charged field ¢ = ¢,-. Chemical potentials
of particles fulfill equalities y,, = u,, — p, and p,- = pi,. In
the approximation of the ideal pion gas, the s-wave 7~
condensation would occur for y,(n) > m,, where n is the
baryon density. However, it proves to be that the ideal
gas approximation is hardly realized in a realistic problem
due to the presence of the s-wave repulsive Weinberg-
Tomozawa 7z~ n interaction. The latter interaction does
not allow for the s-wave z~ condensation up to high
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densities [88]. The n~ condensation with the field ¢ =

foe™" for ky # 0 in neutron star matter may appear for
n > n’ ~ (1.5 = 3)ny due to a strong p-wave zN attraction
[53,88]. The condensate 7~ has properties of an unconven-
tional superconductor of the second kind. In the external
magnetic field, for H > H_,, the vortices form the plane-
layer structures rather than the filamentary structures and
the value H_, proves to be very high [53,60]. Also, for
n> (nk",nk") ~ (2 — 4)ny, there may appear the s-wave
[44,89] and p-wave [89,90] antikaon condensates. The
condensate K~ has properties of a superconductor and K°,
of a superfluid.

B. Zeeman coupling of neutral fermions and
ferromagnetic state

In the quantum field theory in the famous Nambu-Jona-
Lasinio (NJL) model [91,92], the ((yy)?) self-interaction
of quarks represents the squared chiral condensate .
Angular brackets denote averaging over the equilibrium
state of the fermion medium. Reference [76] considers a
generalization of the NJL model with the spin-spin inter-
action term in the free-energy density b (7 ysy)?)
instead of {(yy)?) term in the original NJL model, y;,
75 are the Dirac matrices, the spin operator of the fermion is
S= %1/7}77/51;/, i =1, 2, 3. The spin-spin interaction for
b, <0 causes a spontaneous magnetization. Such an
interaction appears also in the model of the neutral massive
fermion field y interacting with the own static magnetic

field 4 = curlA by the Zeeman coupling, A is the vector
potential of the magnetic field. The Lagrangian density is
as follows:

L =y(iy*0, + iy’u —mp)y — U + ngﬁ—l?/&r,

mg is the bare fermion mass, M= 17§ is the magnetic
moment of the fermion, U is a fermion interaction term not
depending on h.

The contribution to the Gibbs free-energy density
dependent on £ is

Gy = —n{(@ 7 ysw)h)/2 + (h - H)?/8ax.

For (ry’ysy) # 0 and (yry'?ysy) = 0, minimizing G, in
(let it be parallel z), one gets

- -

h = H + ity - 2zn{(yy’ysw)).
where 713 = (0,0, 1), and
Gy = —m*(py’ysw)? /2 + n{(Wysysw)) Hs /2.

The first term represents a spin-spin interaction. For the
polarized spin state, this contribution to the free-energy

density is negative (even for H = 0). However, the positive
Fermi gas energy term for the polarized state is higher than
that for the nonpolarized state. For the fully polarized
matter (yy’ysy) = n, where n is the fermion density.
Thus, the difference in the energy density for the fully
spin-polarized matter and the nonpolarized one for H = 0,
T = 0 becomes

35/3 4/3 22/3 -1 5/3 2,2
E—E(h=0) = 73 ( n _ﬂr]n’
10my; 2
my; is the effective fermion mass resulting from interactions
not dependent on 4. Thus, in this toy model, the ferro-

magnetic state becomes energetically favorable only for an

. . 5_~2/3_1\3
abnormally high density n > n, = 3’1[2(52732)
min

realized for densities reachable in neutron stars. Only in an
extremely high external magnetic field, the neutron star
matter could be fully polarized. Reference [76] additionally
included the axial anomaly term, a contribution of the axial-
vector meson condensate and the neutral pion condensate.
With these additional contributions, the critical density,
above which the neutron star matter can be polarized, is
strongly diminished up to the values reachable in the most
massive neutron stars.

Note also that there exists a possibility of a ferromagnetic
transition in quark matter interacting with one-gluon-
exchange interaction [93], similarly to the ferromagnetism
in electron gas. Spontaneous spin polarization due to the
tensor self-energies in quark matter within the NJL model
was considered in Ref. [94].

that is not

III. COMPLEX VECTOR-BOSON FIELDS.
FERROMAGNETIC SUPERFLUIDITY AND
SUPERCONDUCTIVITY

A. Lagrangian, equations of motion,
Gibbs free energy

Let ¢£j> = (¢£l),¢£2>,¢,(,3) ) be the field of a massive
vector—isospin-vector boson, such as p meson, with
¢£l),¢£2),¢z(/3> as real quantities. Latin superscripts (1),
(2), and (3) describe isospin, whereas the Greek index is as

above the Lorentz index 0, 1, 2, 3. Instead of real fields ¢£l>
and d;,(,z), it is convenient to introduce complex fields,

b= (@ —ig! V2 g =@ +igl)Ve

In our toy model, we will for simplicity put ¢£3) =0.
Then we deal with a simpler problem of the description
of the complex vector field ¢,. The interaction of ¢, with
the electromagnetic field is described with the help of the
long-derivative replacement 0,¢, — D,¢,, cf. (2), and the
Zeeman term. Then the Lagrangian density for the inter-
acting ¢ and the electromagnetic fields renders
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F.Fu ¢ ¢*;w .
L¢,A = - 111/672. - Ml/2 + m§c¢b¢ v
+ L¢¢ =+ inFyy¢*ﬂ¢v’ (17)

¢ = Dy, — D¢, as above m?, is the squared bare mass
shifted by an attractive scalar potential.
The self-interaction term we take in the following form:

Lyy = =A(@d™)* + E1(d0") (dp™)].  (18)
where A is a positive coupling constant. Simplifying
consideration we shall employ &, = 0, if the other is not
mentioned. A non-Abelian form of the self-interaction
was used in [95,96] in the problem of the instability of
the W boson vacuum in a strong external magnetic field, in
[69-71] for the description of the charged p meson
condensation in the dense isospin-asymmetric baryon
matter, and in [72,73] for the description of the instability
of the p meson vacuum in a strong external magnetic field.

At the condition ¢,€3) =0, that we use, results of those
works and ours here coincide provided &; = —1.

The Zeeman coupling term, Lzeeman = inF,,¢™"¢",
describes the interaction of the spin of the complex vector
field with the electromagnetic field. In absence of the
anomalous magnetic moment, the magnetic moment of
the p~ meson would be M, = n/m, = e/m,, e < 0. With
inclusion of a contribution of the anomalous magnetic
moment, M, # 2e/(2m,). Reference [97] finds M~
2.2e/(2m,); other existing calculations give other values.
An important circumstance here is only that in general
case n # e.

Note that in a realistic problem of the behavior of the p
meson in isospin-asymmetric nuclear matter one should

include 4)(()3) component, the electromagnetic interaction of

the charged p fields, and the p interaction with fermions and

other mesons, e.g., with the ¢ meson field, cf. [69-71].
Equations of motion for the fields ¢* render

D*D, ¥ — DD, — i(e + n) Fd,
+mid” = 2M(¢ )¢ =0, (19)

where we used the identity

{D/u Du]—w = ieF/wI// (20)
and
9,F" = 4zJ¥,  with
J = ieD', - b — ied™ D, + c.c.
—i(e+n)0, (¢ " — g™ ") (21)

2 _ 2
Now, the value mz; = mj,

- ,ué has a sense of the squared
effective mass of the complex vector field.

From (19) for 7 = e neglecting ~¢* terms, we recover
ordinary Proca equation for the Bose particle with the spin

one compatible with the condition
D¢t =0, (22)

which is fulfilled identically away from the sources of the
electromagnetic field. To show this, we apply the operator
D, to the equation of motion (19) and make use of the
identity (20) and that away from the sources J, = 0.
Contrary, the condition (22) is not necessarily compatible
with the nonlinear equation of motion (19) and even with
the linear equation of motion at 7 # e. Below [see dis-
cussion of Eq. (50)] we shall demonstrate a specific case,
when the condition (22) is compatible with the linear
equations of motion for the charged field at 5 # e.

For static vector fields ¢* = (0, ¢') and A = (0, A?), the
Gibbs free-energy density renders (now in ordinary three-
dimensional notations)

oo (h—H)
G = m%|p;1* + Alg;07)* + e, T D, I*

— D¢ D;; + inejihi ;. (23)
The Zeeman coupling term ine;;hi¢;p; describes the
interaction of the spin density, Sy o i€;yip;, with the

static magnetic field h = curlA. The quantity M= nS is
the magnetic moment, 75> = M5S;.
The identity (20) can be then written as

l[Dl,DJ]_ = e(:'ijk//lk, (24)

where D; = (V - ieK) j» €jx 18 the Levi-Civita tensor. With
the identity (24) taken into account, equations of motion are
simplified as

— Di¢;+ D;Dip; + mip; + 2A| ;| ¢;
and

AA = —4z] at divA = 0,
J; = —iedDip; + e’ Dgp; + c.c.
+i(e +n)V;(¢ipi — did;)- (26)

with

The condition (22)

cf. Eq. (14) in case of the scalar field.
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B. Charge-neutral complex vector field

Consider model describing a complex vector field
coupled with the electromagnetic field by the Zeeman
coupling (7 # 0) in the absence of minimal coupling (for
e = 0). Equations (23) and (25) hold now for e = 0.

1. Superfluidity in nonmagnetic phase A

The simplest choice is when only one Lorentz compo-
nent of the complex vector field is nonzero. Label such a
choice as the phase A. The spin in this state is zero. For
m2, > 0, there are no solutions in this case. One can
consider three subphases: A; [¢* = (0,¢,(x),0,0)], A,
[¢* = (0,0, ¢»(x),0)], and A3 [¢* = (0,0,0, p3(x))].

In the case of the uniform matter placed in the external
static uniform magnetic field H, all three subphases are
allowed. The magnetic field and the condensate decouple,
h=H, |p|* = =" 0(—m2,). The Gibbs free-energy den-
sity is G = — 2 0(—m2,).

Let now the medium fill half-space x < 0, where m2, =

mj < 0 is a constant, placed in the external static uniform

magnetic field H. We will assume the vector-boson field cz

and the internal magnetic field h = curlA to be functions
only of x (using the symmetry arguments), satisfying the
boundary conditions for x = 0.

Subphase A; is not allowed. Indeed, then the boundary
condition ¢;(x = 0) = 0 for the vector-boson field cannot
be satisfied due to the absence of « 0, gradient term in
Eq. (25). Also, notice that the condition 9;¢; = 0 is not
fulfilled in this case, although the latter condition should be
satisfied at least in the single particle approximation, in
absence of the term « # and for e = 0.

Subphase A,.—Then the condition 0;¢; = 0 is fulfilled,
and ¢, and h satisfy equations of motion that follow
from the variation of (23) for ¢ =0 in ¢, and 4,
cf. Egs. (25) and (26),

01y — mictpr = 2M(hop3)p» = 0. h=H. (28)
Appropriate solution for the condensate field gets the
form (8) for m2 =m} <0, |mg|<m, now with
A = 2A. Then, we find

Ga, = 010> + m|ha* + Alag3)’. (29

whereas the averaged Gibbs free energy is given by (9)
(with A replaced by 2A), i.e.,

. [&xG  m 421
=2 —— (] =———"10(- 2 .
GAZ fd3x 4N 3 dx ( mO) (30)

Subphase A;.—Similarly, we could employ the field
Ansatz ¢* = (0,0, 0, ¢3(x)) with the same results as for the
subphase A,, Ga, = Gy,.

2. Ferromagnetic superfluidity in phase B
Let

A=A-2mp

be positive. Consider the field Ansétze, which we name
the phase B: ¢ = (0,0,¢;(x),$,(x)) (subphase B);
#* = (0,4,(x),0,¢,(x)) (subphase B,); and ¢* =
(0,¢1(x), $2(x),0) (subphase Bj3) with ¢, = —Coighy,
where C, is real coefficient. We further take Cy =1 for
n<0 and Cy= -1 for n >0, as it follows from the
minimization of the Gibbs free energy. Also, for conven-
ience, we introduce the new variable j = ¢, (x)/v/2. We
will show that now classical solutions may exist not only
for m2., < 0 but in some cases also for m% ; > 0.
Already for the uniform matter the free energy is
different for the cases when the mean spin S is parallel

to the external uniform static magnetic field H and
perpendicular to it. For instance, for the subphase B; at

H||x using (23) with A = (0,0, Hy F 4zn||?y), we obtain

hy = H F 4zn||> = const, hy = hy =0,

N -mZ F nH
= 7 T g g,
R _m2 T H 2
Gy, () = - T T g o,

4A
The upper and lower signs here correspond to two
projections of the spin in the ground state for negative

and positive 7, respectively. For H ||z, we have A=
(0. Hx,  4zn|yp|*y).

hy =F 4my|p|* = const,  hy =0,  hy=H,
2 4 2
~ 12 M 2 %) Mse ~Mse
— — 9 —]’}’lg N G H —_ = ~ 6 ~ .
P = ro-nt). G () =" 0( )

Similarly, it can be obtained solutions for the B, and B;
subphases. We used that A > 0. It is the case, e.g., for
hadrons since then A ~ 1 and 57 ~ e. Otherwise, by the first-
order phase transition, there may appear a novel C phase;
see below.

Let now the medium fill half-space x < 0, where m2, =
m} < 0 is a constant, placed in the external static uniform

magnetic field H. Again, consider the vector-boson field q?)

and the internal magnetic field h = curlA to be functions
only of x (using the symmetry arguments), satisfying the
boundary conditions for x=0. At least, at such
assumption, there are no appropriate solutions for the

vector-potential A in the case of the subphase B;.
Subphase B,.—Then the own magnetic field has the

component /,(x) # 0 due to the corresponding nonzero

Zeeman term. The condition 0;¢; = 0 is not fulfilled with
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this field Ansatz. From (23), for ¢ = 0, we have in the
given case

1o _ _
GBz = 5 |vxl//|2 + mgcll//|2 + All//|4
(h — H)*

+ 8

£ nho || (31)
Following the minimization of the energy, for < 0, we
should take the upper sign, and for # > 0, the lower sign,
that relates to the choice ¢, =7 i¢;, respectively.

Consider first H||z. Minimizing Gg, in h, we obtain

hy =F 4mnlp(x)?.  hy = H, (32)

hy = 0. As we see, the field /(x) satisfies the necessary

boundary condition (0)=H, A = (0, Hx, +4zn [*|[§[2dx).
Equation of motion for the field  is given by

1., _ e _
5 O = mip = 20y F oy = 0. (33)
Using (32), we find for x <0,
~ —mj 5y X — Xg
p(x) =+ ﬁe(_mo)th—lgzv (34)

¢

lgz = l¢/\/§, and assuming |mg.| < m, we put x, = 0 to
satisfy the boundary condition ¥(0) = 0. With these

solutions, we find

- mé 4215
G, () = - 2% (1= 27 Yot

(35)

Thus, at # # 0, comparing (30) and (35), we see that for any

value of H ||z the subphase B, is energetically preferable
compared with the subphases A.

Let now Hlx. We get A= (0,Hy,+4an [*|§[2dx),
hy = H, hy =F 4an|@|*>, h; =0 and recover Eq. (34),
and (35) now for Gy, (H|x).

Let now H|ly. With A = (0,0, —Hx + 4zy [* |jp|?dx),
we obtain

h] = 0, ]’lz =H F 4n'77|1/7(x)|2, h3 =0
and
—m} F nH b
7(x) = £ —2""0(—m2 F nH)th——, (36
p(x) = £\ | — < 0(-m; F nH) VT2 (36)

for x <0, with

4ﬂ1§2>

5 = (—m3 F nH)?
G () = - T T T

4N
x O(—m} F nH). (37)

For H |y at m} <0, the condensate amplitude grows
with increasing value H. Thus, for H||y, the energy is
gained compared to the case H||x and H||z. The subphase
B, is a ferromagnetic phase, since even for H = 0, there
exists an own field &, # 0.

The classical vector field (36) is developed for
—m(z) F nH > 0. Thus, in this case, the condensation occurs
not only for m3 < 0 (for arbitrary H) but also for

H > H% = |m3|/|n|, at m}> 0. (38)

For H # 0, we found that Gy (H||y) < Gy, (H||x) =
Gg, (H||2).

Subphase B;.—The condition 9;¢; = 0 is not fulfilled

with this field Ansatz. The Gibbs free-energy density
renders

o _ _
GB3 = 5 |v)cl//|2 + m%c|lll|2 + A|l//|4

- -

h—H)? _
+!iﬂh3|w|2‘

o (39)

Equation of motion for ¥ is as follows:
ey 2 = s -
5 O = miep = 2N ) F nhap = 0. (40)
Let H||z. With A = (0, Hx F 4mn J* |[@|*dx), we get
hy = Fiy = H F 4l (x)]. (41)

The appropriate solution of Eq. (40) with the boundary

conditions (x) — 0 forx — 0 and 7 (x) — £4/ _méz)/{"H for
x — —oo coincides with Eq. (36) and

Gy, (H|1z) = Gy, (H|). (42)

Moreover, for H # 0, we have G, (H|z) < Gp, (H||x) =
Gy, (H|y).

As in case of subphase B, at H ||y, for the subphase B
at H|z, the classical vector field is developed for
—m} F nH > 0. Thus, the condensation occurs not only
at m} <0 for arbitrary H but also at m}>0
for H > HE" = [m3]/|n.

Domains.—The difference in volume and surface ener-

gies of the subphases causes a possibility of existence of the
domains for H # 0 and H = 0 with different directions of
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the own magnetic field h in each domain, which may merge
in the presence of the external fields.

About choice of self-interaction.—With the self-inter-
action taken in the form (18) for &; = 0, that we have used,

for H ||z the subphase B; proves to be energetically
preferable compared to the other allowed subphases A,,
Az, and B,. For & #0, the situation becomes more
complicated. For example, for £ = —1 in the A phase,
the repulsive self-interaction term vanishes, whereas in the
B phase the repulsive self-interaction term does not depend
on the value &,. Thereby, for £, = —1, the A phase becomes
energetically favorable compared to the B phase at least for
H = 0. Similar problems will be considered in next section
on example of fermions with spin-triplet pairing.

3. Ferromagnetic superfluidity in phase C

For A = A — 2z* < 0, by the first-order phase transi-
tion, there may appear a novel C phase. Since the hadron-
hadron coupling A >> €2, at least for the p mesons, the C
phase is not realized. For the triplet pairing, the C phase is
possible; we shall return to this question in Sec. IV.

C. Charged complex vector field

Now, let the complex vector field be charged and
interacting with the electromagnetic field by the minimal
and the Zeeman couplings. Consider first the charged static
complex vector field with m; , = m* — u7 in half-space
x < 0, placed in the external static uniform magnetic field
H. In this case, fields h and ¢,; depend only on x.

1. Nonmagnetic and superdiamagnetic responses of
various superfluid subphases A

Solutions exist only for m% , = m* — uj < 0.

Subphase A; is not realized, as in case of the neutral
complex field considered in Sec. III B, since the appropriate
boundary conditions at x = 0 cannot be fulfilled with the
Ansatz ¢; = (¢1(x),0,0). The condition 9;¢p; = 0 is also
not satisfied, even for # = e and for the linearized equation
of motion, when it must be fulfilled.

Subphase A,—For ¢; = (0,¢,(x),0), taking H|z,
A = (0, Hx,0), A = (0, A5(x), 0), from (23), we obtain

- -

(h—H)

GAZUTIHZ) = [0102* + mZ| a2 |* + Alho|* + .

Minimizing Gy, in i we see that the magnetic field and the

condensate decouple and h = H. The resulting expression
for G,

Gy, (Hl2) =

_mgf.() <1 _4\/§7¢

o (1= 57 o). @)

coincides with (9) after the
my — megg, and Ly = 1/|mg| — 7¢ = 1/|mes,l|. For H||z,
the subphase A, is a nonmagnetic phase.

For H |lx, the Gibbs free-energy density takes the form

replacement 1 — 2A,

G, (H||x) = 10,1¢hs* + A3 al? + mZ| s
(h—H)

+ Aol
T

(44)
Comparison with (7) demonstrates that after the replace-
ment 4 — 2A the charged complex vector field is described
completely the same as the charged complex scalar field.

Thus, for low H (for H < H), the magnetic field / is
repelled from the condensate region and

- H?> m 421,
G (All) =g = (1= 557 Jot-niyy). 49

Thus, the A, superconducting subphase for H ||x demon-
strates a superdiamagnetic response on a weak external
magnetic field, # = 0. With an increase of H in the interval
H., < H < H,, there appears the Abrikosov mixed state
of vortices alternating with the condensate, for H = H
the condensate disappears, and for H > H_, the conden-
sate does not exist.

Subphase A;.—For ¢; = (0,0, ¢5(x)), choosing H||z,
Aey = (0, Hx,0), with A = (0, Ay(x),0), i.e., with /|2, we
are able to satisfy the boundary condition /(x = 0) = H.
The Gibbs free-energy density takes the form

Gy, (H|z) = |01hs]* + e*A3 |5 > + mE sl
(h—H)?

A 4
+ Als|* + Py

(40)

Comparison with (7) demonstrates that after the replace-
ment A — 2A the charged complex vector field is described
completely the same as the charged complex scalar field.
Thus, for low H (for H < H), the magnetic field 5 is
repelled from the condensate region and

_ L H? mg 421
G () = g =732 (1= 52 Y o-niyg). (40

The subphase A, for a weak external magnetic field H||z is
superdiamagnetic, and G, (H|z) = Ga, (H|x).

With an increase of H in the interval H.,; < H < Hp,
there appears the Abrikosov mixed state of vortices alter-
nating with the condensate and for H > H, the conden-
sate disappears.

For H #0, we find that G, (H||z) < Ga,(H|z). For
H — 0, both quantities coincide.
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With A, = (0,0, Hy), we have i = H and

G, (H||1x) = 01053 + m |2 + Algs|*. (48)
Therefore, G, (H|x) = G, (H|z).

Thus most energetically preferable are the subphase A,
for H||z and the subphase A; for H|lx. In both cases,
the subphases are nonmagnetic and the condensate of the
charged vector field exists for arbitrary values of the
external magnetic field.

2. Superconductivity in phase B

We will show that, as in case of the charge-neutral vector
bosons, classical solutions may exist not only for mezfyo <0,
when the response on a weak external magnetic field is
superdiamagnetic, but in the presence of an overcritical
external magnetic field also for mZ , > 0.

Subphase By —Let H||z and employ A= (A (x,y),
Ay (x,y),0), i.e., hl|z.

Integrating by parts the gradient term in the Gibbs free
energy, using the identity (24) and retaining only the
volume part in the Gibbs free energy, we get

/ PGy, (H])2)
3 1~* 2 2\,7,
= [ dx —5W (Dy+D3)ir

e . -
Sy [m§f+ <n+5> hs] \wl2+/\lw|“],

2
+/d3x [7(113 H
8

for n < 0, e < 0. Varying the Gibbs free energy in y*, we
obtain equation of motion for the order parameter

(49)

1 i e\, 7. .
=5 (D + D3 + [mﬁf + (,7 + 5) hz} ¥+ 2Alj 4 = 0.
(50)

Setting e = 0, we recover Eq. (33). Choosing A; = 0 and
varying (49) in A,, we get

G%AQ = —47[.12 = 47T€2|l/~/|2A2 - 477: <7] + g)al |li/ 21 (51)

cf. Eq. (26) for the scalar charged bosons. There are two
typical lengths characterizing solutions of these equations:
I, = V/2l, characterizing the field A,(x) and 7¢ =
1/(v/2|mes|), characterizing the field i (x), cf. quantities
I, and 1 introduced above. We will see that there are two
types of solutions of these equations. One solution
describes the Meissner screening effect, when the external
magnetic field decreases on the length 7, near the system

boundary, whereas the condensate field reaches constant
value for —x > Z,,. In ordinary superconductors of the
second kind, this solution is realized for H < H;.
Another type of solution describes periodic structures for
H., < H < H_,. Consider first a specifics of the Meissner
effect in our case. For —x ~ [, > 74,, corresponding to the
case k > 1 that we consider, the term 4z (5 + ¢/2)0, [r|*
can be dropped and the solution satisfying the boundary
condition h3(0) = H is Ay(x) = Hl,e*/". On the short
distances, —x ~ 1/ 74, from the surface the y component of
the vector potential, A,, is a constant and the term
4me’|jy|’A, can be dropped for H < 1/(I4l;) ~ Hy.
Then the solution (51), being valid for —x 2 7h, but

satisfying the appropriate boundary condition for x = 0,
h3(0) = H, y(0) = 0, renders

ho=dn(§ ) 0P -li(-s0) (1 =€) + e

This solution describes the screening Meissner effect.

For H <« H,, using estimate done above for the scalar
charged field, we can replace D} + D3 — 0% + 05 — 07
The solution of Eq. (50) then renders

fo= —mﬁf.o
0 2A

7(x) & + fo0(—m2 o )th——
w(x) fob( mef,O) \/§7¢

For the space-averaged Gibbs free energy, we obtain the
expression

- o H?> m¥ 4+/21
G () = g~ 280 (1= X2 Yoty

(52)

We see that for H # 0,
GAZ(FIHZ) < GA3(H||Z) < GB;(ITIHZ%

whereas for H — 0, due to a smaller surface energy
contribution, for the system of the finite size, we get
G, (H|[z) < Ga,(H]2).

With increasing H above the value H,, there appears
the Abrikosov lattice of vortices. For the ordinary metallic
superconductors and similarly for the case of the charged
scalar field, with a subsequent increase of H, the con-
densate weakens and for H = H,, it disappears. Assume
that for H near the value H., the condensate is weak.
Then we drop the nonlinear term in Eq. (50) and put

A = (0, Hypx,0). Thus, as for the case of the complex
scalar field considered above at H ~ H,, we find the
solution satisfying periodic boundary conditions. After
dividing all terms in linearized Eq. (50) on an artificial
mass coefficient, the former equation acquires the form of
the Schrodinger equation for the nonrelativistic particle in
the uniform magnetic field 73 = H. The quantity
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Enin = —mg o — (n+e/2)H = |e|H/2
is the minimal eigenvalue. However, as we see, for
mg o < 0, 7 <0 there is no solution of this equation and
there is no upper critical field H,,, at which the condensate
vanishes with increasing H.

On the other hand, the solution exists for mgf > 0,
n <0 at

H > Hy = —m2/n > 0. (53)

Note that we did not use the relation (27). Now, using
condition (27) and the identity (24), we recover Eq. (16),
which coincides with the linearized Eq. (50) at h; = H
for any n < 0 at m2 > 0. Let H be slightly above H .
Then, from (27), we find that 9;|¢;|> = 2eA,(x)|¢p |*.
Setting this result in Eq. (51), we obtain

DA, + 8mneAs | |> =0, (54)

with the solution corresponding to the antiscreening effect,
being in accordance with our observation that the super-
conductivity of the charged vector bosons appears at
H > H, for m% > 0, cf. statement of [74] that “new
superconductivity” may antiscreen magnetic field.

Below I will demonstrate similarities and differences in
the description of the complex vector meson fields and the
spin-triplet pairing of fermions.

IV. SPIN-TRIPLET PAIRING IN NEUTRAL
FERMION SYSTEM DESCRIBED BY COMPLEX
VECTOR ORDER PARAMETER

A. Phenomenological Gibbs free-energy density

A formalism for description of the spin-triplet pairing in
charged fermion systems, where the nonzero spin of the
Cooper pair might be considered as a conserved quantum
number, has been developed, cf. [20-22] and refs. therein.
In this section, we employ a similar formalism for the
description of the spin-triplet pairing in neutral fermion
systems, where the complex vector order parameter is
coupled to the magnetic field by the Zeeman term. Novel
phases will be found.

Consider pairing of identical fermions. Since the total
wave function of the system of identical fermions is
antisymmetric under their exchange, and the spin part in
the triplet state is symmetric, the angular part behaves
as (—1)L with odd L. To be specific, let L = 1. For the
description of the spin-triplet p-wave pairing of fermions,

the pairing gap is as follows [20], A(/E) =0 ;1’(1;) io,, where
d(k) = —d(—k) is an odd vector function and o; are the
Pauli matrices, j =1, 2, 3. If we considered pairing of
nonidentical fermions, e.g., neutrons and protons, the

isospin quantum number should be taken into account,

S+ L+ T (spin plus orbital momentum plus isospin)
should be odd. The np 3S; phase shift is the largest
among others at low nucleon-nucleon scattering energies.
Thus, the np pairing in the 3S; channel is possible in the
isospin-symmetric nuclear matter, also described by the
complex vector order parameter.

We present A(ié) = 1//,-<I>,-(l;), where ®; are three basis
functions. Let us postpone consideration of the rotating
systems (external rotation) and also disregard a possibility
of an internal self-rotation. Thereby, we present the Gibbs
free-energy density associated with the charge-neutral
fermion pairs paired in the spin-triplet state in the form,
cf. [20-22],

__ (- neut
G= Ggrad + Ghom’

Gt = 1|0 ;P + c2|0wil* + c3(0iw;) 0,

*

Ghom = —aly[* + by (wyi)* + balww) (wiv;)
+ MhiCe;jyyy + (h; — H;)?/ (8x)

+b3 )yl + {rawi)®, (55)
J

where y; is the complex vector order parameter with
indices i, j, k =1, 2, 3 transformed as a vector indices
under spin rotations, cf. Eq. (23) introduced above for the
complex vector-boson fields. The functional is symmetric
under the U(1) phase transformations. Coefficients a, by,
by, M, ¢y, ¢,, c3 are real quantities, and relations between
1, €1, c3 should be such that the resulting surface term is
positive. As we see at least should be

C1,Cp Z 0 (56)

In the quantum field theory of the vector field,
cf. [73,74,95,96] and Sec. III, the gradient term is
« (D*¢* — D*¢*)* (D, — D,¢p,), that corresponds to
the choice ¢; = —c3 > 0, ¢, = 0. In the BCS theory of
clean materials, one employs [22] c¢;~cy,~c3 > 0.
Reference [21] for the description of a new class of
Ru-based superconductors uses the simplest choice
¢y = ¢c3 = 0, Ref. [2] employs also the choice ¢, = c3 <
c; ~N(0)v2/(7*T%) (E, model), vg is the Fermi velocity.
Using the most general gradient contribution consistent
with the U(1) gauge symmetry and the rotational symmetry,
Ref. [15] calculated for the triplet superconductivity in 3D
Dirac semimetals c3 = [u; — uy|/4, ¢, = ugp/4, ¢, =0,

2(3)N(0)12
ML = MT/32, MT = TTZP’

Bearing in mind these different possibilities, we further
employ general expression not asking for any relations

ie., cp~—c3 ¢ =0.

between c;, ¢,, and c3. Reference [15] also derives b; =

75;3:2\’;?) and b, = —b,/3. On the other hand, the heat
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capacity measurements performed for UPt; by several
groups give b,/b; = (0.2-0.5), cf. [2,98].

The quantity h; = €;;,0A;/0x; is the actual value of the
strength of the magnetic field; €;;, as above, is the Levi-

Civita symbol. As in previous sections, A is the vector

potential of the magnetic field and H is the strength of the
uniform external static magnetic field. Simplifying con-
sideration we neglect y? corrections to the H> magnetic
energy terms.

The term o« by appears only in case of anisotropic
systems. Thereby, and for simplicity, we further put
by = 0, cf. [15,22]. The term {yy;}° in (55) symbolically
means all possible combinations of the sixth order in the
order parameter. For the sake of simplicity, where it does
not lead to the generation of instabilities, we put y = 0.

Assuming that in the absence of external fields fory = 0,
we deal with the second-order phase transition; we take

a = a()(p(t)v = (Tcr - T)/Tcr’ (57)
where the function ¢(t) = t + O(#) for small ¢, T, has the
sense of the critical temperature of the pairing transition for
H = 0, and all the parameters ay > 0, b; > 0, and b,, b3,
1, C2, €3 can be considered as T-independent constants for
a small 7. Also, simplifying consideration in this work, we
employ the mean-field theory. As is known, fluctuations of
the order parameter prove to be significant in the vicinity
of the critical point of the second-order phase transition,
for T near T, cf. [82,83]. We will show that for certain
subphases placed in the external magnetic field the mean-
field solutions may exist not only for 7' < T, but also for T
above T, i.e., below a higher value of the new critical
temperature 7', Thus, for mentioned subphases, the
fluctuation region is shifted to the vicinity of the critical
temperature T'L. As pointed out in Ref. [82], expansion in
the order parameter is a primary feature in the Landau
theory of phase transitions, whereas an expansion in
powers of t is a secondary assumption valid for 7" near
T Therefore, at least for estimates, we may employ the
functional (55) for T outside the vicinity of 7 using
@(T) =t, (T = 0) = 1, cf. [99]. Below, if not mentioned
another, to be specific, we suppose that the external
magnetic field H is aligned parallel to z, i.e., H ; = 0iH,
although the behavior of the system described by the vector
order parameter is sensitive to the choice of the direction of
H relatively to the surface, as we have demonstrated in the
previous section.

The mean spin density is carried by the order parameter,

S; = —iCejy Wi, (58)

where C > 0 is a normalization constant. For y aligned
along one of the axis 1, 2, 3 (x, y, or z), one has § = 0.

Note that in case b, = —b; the self-interaction contri-
bution to the Gibbs free-energy density, b;(y;y})*+
by (i) (wiy;), is reduced to the spin-spin interaction
term b,S;S; with b, = b;/C? yielding the repulsion for
b; > 0, as in the Ginzburg-Landau treatment of superfluids
described by a single order parameter, and the attraction for
b; < 0. For b; < 0 and b, = 0, the system is unstable.

In difference with description of magnetic superconduc-
tors performed in [20-22], when dealing with neutral
fermions we suppress minimal coupling with the magnetic
field but retain the Zeeman term assuming that neutral
fermions under consideration have magnetic moments.
The orientation of the averaged spin related to the order
parameter relatively the magnetic field depends on the sign
of the magnetic moment of the pair. The effective magnetic
moment of the pair is /\_}lpair = M pirSpaic» Spair 1 the spin of
the pair. Owing to the existence of the anomalous magnetic
moment, the neutron pair with parallel spins gets the
magnetic moment M,, ~g,, My, where My >0 is
the nucleon Bohr magneton, g,, =—-2x 191 is the
effective Lande factor. The proton pair has the magnetic
moment M, ~g, My with g,, =2x2.79, My~
3.15x 1078 MeV/G. Note that the ratio of neutron to
proton magnetic moments M,, /M, , ~—0.68 is close to
the value —2/3 predicted by the valence quark model. In the
spin-orbit Fermi superfluids, the role of the M#h; coef-
ficient in the Zeeman term is played by the Rabi frequency
[100]. The volume-averaged Gibbs free-energy density

G=F—-MH, where F is the averaged free-energy

density, M = (ﬁ — H)/(4x) is the induced magnetization,
h = B is the vector of the magnetic induction.

SO(3) symmetry is partially broken to its SO(2).

Thereby, as in Ref. [21], we may present

w = f(ricosO + inmsind), (59)

where f is real and 7 and /m are arbitrary unit vectors. Let ¢

be the angle between 7 and . Then, for a uniform matter
replacing (59) in (55), we find

GM™ = —af? + [by + by(cos?(260) + (7 m)?*sin*(20))]f*
(h—H)?
.

— CMf2h[ii x ] sin(26) + .

+ O(f9).
(60)

Now, we focus on the consideration of various
phases in a system of fermions with the spin-triplet
pairing. First, consider the case when one can neglect
contribution  f°® formally setting y = 0. Minimization in
h and f yields

h = H + 4nCMf2[ii x i) sin(26), (61)
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_a+ CMAH[ii x ] sin(26) )
N 2y

r? (). (62)

Y = by + by(cos*(20) + (ii m)? sin?(20))
—21C> M?[ii x m)?sin?(26). (63)
Stable solution exists only for ¥ > 0. For H =0, the
solution exists for a > 0, ¥ > 0.

With the solution (61)-(63), we get the Gibbs free-
energy density,

grom _ _la+ CMH[ x i) sin20)P0G%)
4Y

B. Nonmagnetic superfluidity in phase A

1. Uniform matter

The phase A with zero mean spin density (58) corre-
sponds to the choice @ = 0. Then w = fn, as it follows
from (59).

For 8 = ¢ = 0 in the stable phase A, Eq. (60) simplifies
as

GR™ = —af? + (b1 + by)f*. (65)

Equations (61), (62), and (64) read

a

f2=f%:m9(f%)7 (66)
h=hy=H, (67)

om __ a2
GyYm = —mﬂf%% (68)

for T<TA=T, (a>0). For T > T,, we have f =0,

h =0, and Gho™ = (). The gradient term (56) is zero for the
homogeneous solution. In the critical point G}}\Om =0,
OGH™ /9T = 0 but O*Gh™/AT? # 0 that corresponds to
the second-order phase transition at 7 = T,.

Consider stability of the phase A, respectively, to the
formation of a small spin density in the system for H = 0.
Taking |6 = 60 < 1 and allowing ¢ # 0 in Eq. (63), we
obtain

Y = by + by[1 — 4(80)2(1 — (7 in)?))]
— 87C2 M7t x i) (80)?
= by + by — 4(80)’sin’p[b, + 27C2 M2 (69)

that demonstrates stability of the phase A only provided

bl =+ b2 >0 (70)

(otherwise one should incorporate y # 0 terms) and for
by +27C*M?* < 0 (71)

(otherwise the A phase is unstable to the appearance of
0 # 0 and ¢ # 0 in the ground state). Thus, for H = 0, the
phase A is stable to appearance of a nonzero spin density in
the system. Note that for b, = 0, that corresponds to &; = 0
in the vector-boson case considered in Sec. III, the con-
dition (71) is not fulfilled. In the vector-boson case, it was
reflected in the fact that for £, = 0 in the B phase the Gibbs
free energy is smaller than in the A phase.

2. Subphases Ay, A,, Az. Gradient term. Domains

Subphases A, A, A3.—Since 7 is fully characterized
by its three projections, we may consider three specific
choices 7 = (1,0,0), 7 = (0,1,0), and 77 = (0,0, 1): the
A, subphase (y; =w #0,y, =w3; =0), A, subphase
W, =w#0, w;,=w3=0), and A; subphase
(w3 =y #0, y; =y, =0), which we have introduced
in Sec. III. In the uniform neutral superfluid, these states are
degenerate and correspond to the same Gibbs free energies.

Gradient term. Stability of A subphases.—We focus
now on the role of the gradient contribution to the free
energy (55). Let the medium fill the half-space x < 0. Then
f = f(x) and does not depend on y and z due to the
uniformity of the system in these directions. The gradient
contributions for subphases A, A,, and A; are different,

G = Ci(D1 1) i= AL Ay A (72)
In the subphase A;, w(x)#0, w,=w;=0, and
Ca, = €1 + ¢y + ¢3. For such a solution, divy # 0. In
the subphases A, and Aj;, Ca, = C,, = c;. Here only
wo(x) # 0 or w3(x) # 0, respectively, and the condition
divy = 0 is fulfilled.

Thus, the stability conditions are

C1+C2+C3ZO, CIZO. (73)
Now, let us check the stability of the phase A in the
presence of the gradient contribution to the Gibbs free
energy relatively the appearance of a small 6(x). For m||n
in Eq. (72), there appear extra terms (c;+ ¢, +
c3)f(0,0)* for 1= (1,0,0) and c,f?(0,0)> for 7 =
(0,1,0) or n=(0,0,1). For mLln, with 7 =(1,0,0)
and m = (0,1,0) or m = (0,0,1) in Eq. (72) appears
extra term ¢, f2(0,0)2. For it = (0, 1,0) for m = (0,0, 1),
there appears the term ¢, f2(9,60)? and for m = (1,0, 0), the
term (c; + ¢, + ¢3)£2(0,0)%. As we see, in all these cases,
an increase of 6 is energetically not profitable. Thus, the
phase A is stable in respect to the growth of weak
perturbations both in the uniform and the nonuniform
matter.
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Variation of the Gibbs free energy (55) in the field f
yields equations of motion

C:O2f +af —2(b, +b,)f> =0, (74)

with the solutions satisfying the boundary condition

f(x=0)=0,
.

YIN

i

f(x) = foth éa, = VCi/a. (75)

fois given by Eq. (66). Replacing (75) in the expression for
the Gibbs free energy, [ d*xG = G*°' 4+ G, we find that
the surface contribution is Qf-‘"f x &;S, Sis the squarein y, 7
plane. G gets minimum for the subphases A, and A3, if
O<cy<cy+cy+c3, and for the subphase Ay,
ifCl >C1+C2+C3 > 0.

Domains.— Depending on how the system was pre-
pared, it can consist of domains with different directions of
the order parameter y in each domain. Due to the difference
in the contributions to the surface energies in the longi-
tudinal and transversal directions relatively the surface, for
a domain of a fixed volume, it is profitable to become
oblate or prolate in dependence on the sign of ¢, + c3.

For a slab of the subphase A; surrounded by the matter in
the subphase A, due to the presence of the phase boundary,
there appears a contribution to the surface energy,
5g§§1ffA2 = g;ulff + g;u;f > 0. However, as we have demon-
strated, the solution for the order parameter in the phase A
characterized by a direction 7 is stable. Thus, to melt the

. . Q rf
domain should overcome the energy barrier G, .

Necessary energy to overcome the barrier can be extracted,
e.g., from thermal fluctuations, or from external magnetic
field, or for the system subjected to the external rotation
the required energy can be taken from the energy of the
rotation.

Notice that in difference with the case ¢; = —c¢3 # 0,
¢, = 0 considered in Sec. III, where the A; phase was not
realized and the subphases A, and A5 had the same volume
and surface energies, here for ¢; + ¢, + ¢3 #0, ¢; # 0 and
c| # ¢ + ¢, + c3 all three subphases can be realized and
the surface energy in the A; subphase differs from those in
A, and Aj subphases.

C. Instability of A phase in external
magnetic field, AH phase

Above we have demonstrated stability of the phase A (at
zero mean spin density) to formation of a nonzero spin state
in the absence of the external magnetic field. Let us study
stability of the ground state of the A phase (conditions (70)
and (71) are supposed to be fulfilled) relatively the growth
of 0 and ¢, i.e., to the formation of a mean spin density in
the system, for H # 0. Further, we consider energetically

favorable cases, one corresponding to MH > 0 for M >

0 (for protons) and another for M aligned antiparallel z for
M < 0 (for neutrons). Rewrite (64) as

[a + C|MHE|)?0(a + C|MHC|)
A[by + by = (b + 22C* M?)]

hom __ __
GAH -

(76)

for MH > 0 with { = sin ¢ sin(26) > 0 and for MH < 0
with ¢ = sin¢sin(26) < 0. The denominator is positive
provided conditions (70) and (71) are fulfilled. As we can
see, for H # 0 the phase A proves to be unstable in respect
to production of a spin density, since it is energetically
profitable to have { # 0. Accordingly, cf. (61), in the
presence of the external magnetic field, the strength of
the magnetic field becomes

h = H + 4nC M.

1. Paramagnetic response of superfluid
in AH phase for T < T,

For a > 0, ie., T < T, minimizing the Gibbs free-
energy density in { = sin ¢ sin(26), we get at the extremum

_ CMH(b + by)
a(b, +2xC*M?)’

Cn = (77)

valid for |¢,,| < 1, with ¢,, = 0 for H — 0. Note that with
¢ =2¢,, # 1 we obtain 2 > 0 in (62) only for a > 0, i.e.,
for T < T,,. Thus, for H # 0, not all spins in the condensate
are aligned in one direction at T < T.. We deal with the
novel phase, which we name the AH phase when the
conditions (70) and (71) are fulfilled but not all spins of the
paired fermions are aligned in one direction. For b, <0
and |CM(,|H<a, we find h=H[l+2zC>M?/
(|b5|(by = |b,])]. Also, from (77), we find an additional
constraint,

a(|b,| — 22C* M?)

H<HMT <T. )=
< Ha (T < Ta) =71 631, = 15a])

(78)

for a > 0.
The Gibbs free-energy density in the ground state for
T < T, (a > 0) can be presented as

2 2 2H2
N — M . (19

Although for H # 0, the resulting magnetic field /2 # 0, for
H — 0 we obtain & — 0.
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2. Instability of AH phase for T > T .. Transition
to a ferromagnetic superfluid phase

Now, consider the case a < 0, i.e., T > T,. The actual
critical temperature is determined from the condition
a+CMH;=0 for MH>0 and {=1, and from
a— CMH¢ =0 for MH < 0 and { = —1. For favorably
aligned spins, we obtain

TAH = T, (1 + |CMH|/ay) > Tey.  for a <0. (80)

Thus, the AH phase may exist not only for 7 < T’ but also
in the temperature interval 7., < T < TAH and the critical
temperature T4 is increased with increasing H. In this
respect, the AH phase is similar to the A; phase of the
He, cf. [18].

The Gibbs free-energy density in the ground state for
T, <T < TA" is as follows:

la + |[CMH|0(a + |CMH|)0(-a)

Ghor = - (81
Al 4(by —22C*M?) (81)

As we see, for a < 0 still the condition b, — 22C>M? > 0
should be satisfied for the stability of the phase. In next
Sec. IVD, such a phase will be named the B phase.
Thus, for T, <T < TAH, the AH phase coincides
with the B phase, if besides the conditions (70) and (71)
also the condition b, —27C>M? > 0 is satisfied. For
T, <T < TAH, (for a < 0) we put in Eq. (77) { =1 for
CM > 0and { = —1 for CM < 0, that corresponds to the
fact that all spins are aligned in one direction. We find that
the condensate exists now for

H > HM(T, < T <TAH) = |al/|CM|.  (82)

D. Ferromagnetic superfluidity in phases B and C

1. Stability conditions

We name the phase B or C the choice 0 = z/4, nlm, H
is arbitrary. Setting 0 = /4 — 60 in Eq. (63), we find

Y = by + by[4(80)2(1 — (i i)?) + (7 )]
22 CM2[ii x 2 (1 — 4(50)%).  (83)

We deal with the phase B, if

by —2zM*C* > 0 (84)
and with the phase C, if

b, — 2z M*C? < 0. (85)
These conditions together with condition

by + 2z M*C* > 0 (86)

replace the stability conditions (70) and (71), being fulfilled
in case of the A phase. Favorable direction of His parallel
to [7 x m], as follows from (62). This is in agreement with
our observation done in previous section that the subphase
B; with H ||z corresponds to the lowest Gibbs free energy.

For the phase C (at b; — 22C?>M? < 0), one needs to
include at least the sixth-order term (y # 0) in the free
energy. In order not to complicate consideration, we further
choose the simplest form of the {y;y;}° term (y(yiy;)?)
assuming y > 0. Note here that in the BCS weak-coupling
theory, one obtains y < 0 and expansion of the Gibbs free
energy should be continued up to the eighth order [56].

For simplicity, we put T4 = T, = T2; on the other
hand, TS # T, since the phase transition to the phase C
proves to be of the first order.

2. Subphases By, B,, B3, C;, C,, C;

In general, we may consider the following three choices:

1
- 07 :q: i E ~7
781 'g) Y3 \/51//
1
- 07 ::F i =— ~7
Yo Y1 &} \/EW
1
W3 = O?

y=F iy, = 751/7, (87)

for subphases B; (or C;), B, (or C,), and B; (or Cj),
respectively. In all these cases, y,;y; = 0.

With the simplest y(y ;) term taken into account, we
have

- —

N N S N h—H)?
Gh""‘:—all//|2+b1le“—CMhlwlzﬂlwlﬁJr%-
(88)

The gradient contribution to the Gibbs free energy does
not depend on A. Thus, varying (88) in h, we obtain

h— H = 4z|jp|>CM. (89)

In the B; and C; subphases, the averaged spin density
and £ are directed parallel or antiparallel z and for H
directed in z, we get hy = H + 4x|jF|*CM.

In subphases B; and C,, the averaged spin density is
directed parallel/antiparallel x, and H directed in z, we have

hl = 47T|l/~/|2CM, ]’l3 =H. (90)

Similarly, in subphases B, and C,, the averaged spin
density is directed parallel/antiparallel y. Replacing (89)

in (88), we see that for H # 0 in subphases B;, C; the
energy density is gained compared to subphases B, C; and
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B,, C,. In the absence of H, the Gibbs free-energy density
is the same for all the subphases B, B,, B3 and C;, C,, Cs,
respectively. Thereby, since (90) does not depend on H, the
results for subphases B, B,, and C,, C,, can be obtained
from those for subphases B; and C; by setting H = 0.

3. Uniform solutions for phases B and C

For the uniform phases B and C, we find the solution

1
W ? =g = 3, (b1~ 22C* M?)

+ 3% \/(b1 —22C*M2)? + 3y(a + CM H). (91)

We need to retain the solution corresponding to ||> > 0. In
the case of phase B, it is the solution corresponding to the
upper sign in (91) and in the case of phase C, it is the
solution corresponding to the lower sign. From Egs. (88),
(89), and (91), we obtain

l//

Ghom = — 3 02(a+ CMH) - (b, —22C*M2)j3]. (92)

We see that the energetically preferable direction of the
spin is such that MH > 0. Thus, we may replace MH
to [MH|.

Note that the Ansatz y; = iy, has been exploited
previously in description of the unconventional super-
conductors, cf. [21,22,74], but a possibility of appearance
of an own magnetic field 42 #0 was not considered.
Therefore, phases B and C are novel magnetic phases:
already in the absence of the external magnetic field the
matter in these phases represents a ferromagnetic
superfluid.

Uniform solutions for phase B.—Setting y — 0 in (91)
with the plus-sign solution, we find

. a+|CMH| a+|CMH|
_ 0 93
Yo = 26, — 22202 "\ by = 22C°M2 53)

for a + C/\71 H>0 provided the condition (84) is fulfilled.
Using (93), we obtain the own magnetic field fz

(a+|CMH])

h=H+2zC
+ M by = 2nC*M?*

(94)

[T L

Choosing sign solution of Eq. (91) would lead to the
positive value of G.

Replacing (93) in (92), we find the expression for the
Gibbs free-energy density,

hom __
B =

_(at|CMA? (at|CMA| 05)
4(by; = 27C*M?) "\ b, = 22C*M?

cf. Eq. (37) for the B, subphase for vector bosons and
Eq. (42) for B; subphase. For the B; subphase here,
MH =0 and for By subphase M H = +MH. Setting
H = 0 in (95), we recover the Gibbs free energies for the
B, and B, subphases,

gt = Gn(1 =0)

cf. Eq. (35) for neutral vector bosons. For H = 0, in all
three subphases B;, there appears an internal magnetic
field,

27aCM

h(H = 0) = by —2xC*M?*°

(96)

Thus, we found that in subphases B;, superfluidity (v # 0)
coexists with ferromagnetism (h(H = 0) # 0). With
increasing H, the amplitude of the condensate grows.

We see that in the presence of an external magnetic field
the subphase B;, where M|z (for M > 0), becomes
energetically preferable compared to subphases B; and
B,. For M > 0, the preferable orientation of the averaged
spin density S is parallel to H.For M < 0, the preferable
orientation of the averaged spin density S is antiparallel
to H. Note that superfluidity may arise even in the state,
where M is antiparallel to H (for M > 0) provided
a — |MH]| > 0; however, this state corresponds to a higher
Gibbs free energy than the state with M parallel to H.

In the external magnetic field, H # 0, the actual value of
the critical temperature for the subphase By is

T = T.(1 4+ |CMH|/ay), (97)

where T, is the critical temperature for H = 0, provided
one may use the parametrization a = agt with
t = (Ty —T)/Te. Thus, for H # 0 (H||z), the subphase
B; continues to exist above T, up to T = 7M. For
T > TCr , we have 7 = 0. Notice that Eq. (95) coincides
with Eq. (81), which we have derived considering AH
phase. However, Eq. (95)is valid forall T < ToH provided
condition (86) is fulfilled, whereas Eq. (81) is valid for
T, <T <TAH and at the condition (71) satisfied. For
TB = T4 = T, that we for simplicity postulated, Eq. (97)
coincides with Eq. (80). We find that in the temperature
interval T, < T < Te™ the condensate exists now for

H > H' = [a|/|CM|. (98)

, the parametrization a = apt might
become invalid. Using another popular parametrization
=1In(T/T,) in Eq. (57), we find
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T = ToeCMHl/, (99)

Here we should notice that although expression (99) allows

for ToM > T, the Ginzburg-Landau mean-field approach
itself becomes invalid for such temperatures.

At the critical point GEF™ =0, dGE™/OT =0 but
Gngim/aﬂ # 0 that, as in case of the phase A, corre-
sponds to the second-order phase transition.

Note that the quantity b; — 22C>M? should not be too
small. Otherwise, terms o yy® must be taken into account.

Also note that above we considered only contributions
to the Gibbs free energy, which depend on the pairing
order parameter. However, the total Gibbs free energy
contains also a normal contribution of unpaired fermions.
Owing to the normal term, there appears a small para-
magnetic contribution proportional to h”. Simplifying
consideration, we disregarded this small correction term
in our calculations.

Uniform solutions for phase C.—Now we assume that
conditions (85) and (86) are fulfilled. The §* term in the
Gibbs free energy proves to be negative, and the problem
should be reconsidered with taking into account {yy,}%
term, which provides stability (for y > 0).

Let us perform expansion of (91) in a small y. The
minimum of the Gibbs free-energy density is realized for
the choice of “+” sign solution in Eq. (91). Then, from
Egs. (92)-(107), we find

o, 2 (a+CMH)
2,02 242 _
w0_3y(27rCM b1)+2(2nc2/\/12—b,)>0’ (100)
871CM 22CM(a + CMH)
h~H 20C2M? — b
* (2aCM = by) + 2rCM? = b))
(101)

4
Ghom ~ - 3572 (22C2M? — by)3, (102)

again with the energetically preferable direction of M
corresponding to M H > 0. Expansion is valid for

0<y<(22C?M? =b)?*/(a+ |CMH|).  (103)

The condensate amplitude grows with increasing H. For the
case H # 0 parallel z, which we consider, the subphase C;
proves to be the most energetically profitable. The results
for C; and C, follow, if one puts H = 0.

The value of the new critical temperature is determined
by the condition of the vanishing of the square root in
Eq. (91),

(2zC*M?* = b;)? N |CMH|
3yag 200

TS =7, {1 T+

},aw

that holds provided the validity of the relation a = ayt,
t=(Ty—T)/Te. Thus, TSH > TS, where

(2zC*M? - b))?
3yag

¢ =T, [1 + ] >T,. (105)

For the subphases C; and C,, we have chrz (H=0)=
S(H=0)=TgH=0)=TS.

At the critical point, G changes discontinuously,
that corresponds to the first-order phase transition.

Ferromagnetic superfluid solution (100)—(102) holds pro-
vided conditions (85), (86), and (103) are fulfilled.

4. Gradient term. Domains

For the system of a large but finite size already at H = 0,
the degeneracy of the subphases is removed because of a
difference in the gradient contributions in the Gibbs free-
energy density of various subphases. As in case of the
phase A studied above, to be specific, let us consider
sample filling the half-space x < 0. Then,

GE™ = C}l0,)?, i =B(Cy).By(C,), B5(C3).

(106)

For the subphases B; (C3) and B, (C,), the coefficient
C; =c; + (cs+ ¢3)/2, and divy # 0. For subphases B;
and C,, C; = ¢; and diviy = 0. The stability conditions
render

¢+ ¢/24¢3/2 >0, ¢; > 0. (107)

Consider the phase B and put y = 0. Variation of the
Gibbs free energy in fields, cf. (55), yields the equation of
motion,

Ciokr + (a+ |CMH )ig = 2(by = 22C2M2) |2 = 0,
(108)

with the solution satisfying the boundary condition
w(x=0)=0,

X C;
7 (x) = @roth—— &=, ————5—, 109
r(x) = o Vot B, ’/a+|CMH| (109)

instead of Eq. (75) for the A phase. The value ¥, is
determined by Eq. (93). At the fulfilled condition (84), the
solution exists provided a 4+ |CM H | > 0.

Replacing (109) in the expression for the Gibbs free
energy, [d®xG =G"'+ G, we find that the surface
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contribution is Qﬁ“rf x &;S, § is the square in y, z plane.
G gets minimum for the subphases B; and B,, if
0<c;+c¢y/2+c3/2 <cy, and for the subphase B, if
0<cy <cy+cy/24 c3/2. Gradient terms do not con-
tribute to the minimization of G in 4 and Eq. (89) continues
to hold, from where using the boundary condition y(0) = 0
we find that h(x - 0) > H.

The coordinate dependence of the field ¥ in the phase C
is more involved, since one needs to include at least ji> term
in the equation of motion to provide stability.

Domains.—At the phase transition to phase B or C, there

can be formed domains with different directions of || M
and y in each domain. As we have argued, when have
considered the subphase A, an extra energy is needed to
merge the domains. For finite 7', the required energy can be
taken from thermal fluctuations. In the presence of the
external magnetic field or the external rotation, the extra
energy can be taken from the energy of the magnetic and
rotation fields, respectively.

V. SPIN-TRIPLET PAIRING IN CHARGED
FERMION SYSTEM DESCRIBED BY COMPLEX
VECTOR ORDER PARAMETER

The spin-triplet pairing in the condensed matter, e.g., in
systems with heavy fermions, is described by the vector
order parameter at the effective charge of the pair
e, =2e <0, eg., cf. [20-22]. In the nuclear systems,
the np pairing in the 3S; channel is allowed for the case of
the isospin-symmetric nuclear matter. The 3S; np phase
shift is the largest among others at low energies, cf. [31].
The np pairing in the 3S; channel in the absence of the
spin-orbital interaction is described by the vector order
parameter at e, = —e > 0.

A. Gibbs free-energy density

For the description of the charged superconductors, we
may use Eq. (55) for the Gibbs free-energy density
[21,22,74] with Gy replaced by Ggr‘ad,

Gara = 1Dy * + ol Dy P + ¢3(Dyw)* Dy (110)
where D; = 0; — ie,A;, A; = (A, Ay, A,), e, is the charge
of the fermion pair. The D; operators fulfill the relation for
the commutator i[D;, D;|_ = e.€;;hy, cf. Eq. (24) above.

In case when h = hns with 713 = (0,0, 1), we have

i[Dl,Dz]_:e*h, h:FlzzalAz—azAl. (111)

B. Nonmagnetic phase A in the medium filling half
of space placed in uniform magnetic field

We deal with the phase A provided conditions (70) and
(71) are fulfilled. For this case, a difference with the

standard description of the superconductivity of spin-zero
pairs is only in the specificity of the gradient terms. In the
absence of the external magnetic field, the description of
the charged uniform system within the A phase remains the
same as for the neutral system performed above. In the
presence of the external magnetic field, the properties of
the subphase A of a neutral spin-triplet superfluid and
the charged one are different similarly to that we have
demonstrated in previous section on example of the vector-
boson field.

Further consider a superconductor filling half of space

x < 0, placed in a homogeneous external magnetic field H

parallel z, for H > 0. We may choose the gauge, where A
has only one nonzero component A,(x) for x < 0. We
choose A, = (0, Hx,0), satisfying the gauge condition
divA., = 0 and yielding rotA,, = H.

Consider the phases A, A,, and A3, which are now not
degenerate.

1. Subphase A for by, > 0

Consider first phase A;, where w; =w(x) is real,
pi(x > —00) =y =
cific we choose + sign solution), and allow for small
perturbations of the fields y, = —if,(x), w3 = —if3(x),
and A, = A,(x), where f, and f; are real quantities. The
field f, is introduced to check stability of the A phase in
the presence of the external field H. Without loss of the
generality, one may put f3 = 0. For simplicity, assume that
A, and f, are weak fields.

The gradient part of the Gibbs free-energy density can be
presented as

smy for T <T& (to be spe-

Gy = (c1 + 2+ ¢3)(O1)* + ¢ A3 (x)y?

+ 2c3. Ay (x)wd, fr + 1 (01 £2)%, (112)

written in quadratic approximation over the perturbative
fields A, and f, and the derivatives 0,. Stability conditions
imply that ¢c; + ¢, +¢3 >0, ¢ > 0.

Variation of the Gibbs free energy in the fields y, A,, and
f> yields equations of motion,

(c1 + e +¢3)0w +ay —2(by + by)y® =0, (113)

D7As(x) — 8ze ety Ay (x) + 82(C M3 — e c3)wdy f> = 0,
(114)

101 f2 + (c3e. — CM3)wd Ay + c3e,A,01p
+ (a=2y(by = by))f2 =0, (115)

written in linear approximation over perturbative fields.
The solution of Eq. (113) for a>0 is given by
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w = woth(x/ \/§§A]) with  the coherence length

En, = \/(cl + ¢y + ¢3)/a, cf. Eq. (75).

In the absence of the external magnetic field (H = 0),
minimization in fields leads us to solutions (66) and (68)
and h =0 for T < T, in the region x < 0 everywhere
except a surface layer. In the presence of a weak external
magnetic field, there exists complete Meissner effect. We
assume dy /s, > 1, where d,, > 0 is the penetration
depth for the magnetic field determined by Eq. (114). Then,
we may put y =y in Egs. (114) and (115). In the theory
of ordinary superconductors and for the case of the charged
scalar bosons considered in Sec. II for H |lz, the quantity
dy,/&a, is called the Ginzburg-Landau parameter, which
value determines the behavior of the system. In the case
under consideration, situation is a more involved. Explicit
solution of Eq. (114) matched with that valid for x > 0 at
the boundary x = 0 is given by

Ay(x) = Hdy e (116)

We search f, as

fo(x) = Det/, (117)
with a constant D. Since D # 0, to fulfill Eq. (115) for
A, (x) # 0, in case of the subphase A, there appears a spin
density in a surface layer. Dependence on y(x) allows to
fulfill the condition f,(x = 0) = 0. Since y is dropping to
zeroon ascale §, < dy, , for —x ~dy > &5, we may put
W =y in equation for f,. Substituting (116) and (117) in
(114) and (115), we find two solutions for di],

1, = v [AA] + /A2 +327e2b, |,

Aa, = 4meiel = 2[by 4+ 2n(CM; — cse,)?] /ey (118)
We should retain + sign square root. Solution with other
sign does not satisfy boundary condition A,(x =0) = H.
The roots of Eq. (118) are positive (in accordance with the
Meissner effect) for

by <0 at —by, —21(CMj — e,c3)* + 2ncte? > 0,

cf. condition (71) for neutral systems. For ¢; = *£c3, the
latter inequality is simplified as —b, — 22C*M?—
4ncie,CM > 0. If the term « e, is small compared to
the term o (—b, —22C>M?), for b, + 22C*M? <0,
the minimal among two lengths, dil, becomes
dy, =~ e/ (4(=by = 22C2 M?)y3). A larger length then
is dy =~ V(1 +27C*M?/by)/ (8ne2c ).

To be specific, let us further use that dy >X]. Then we

may introduce the Ginzburg-Landau parameter as the ratio
of the maximum among the lengths d;l and Xm to éAl ,l.e.,

dy :\/(1+2nC2M2/b2)(b1+b2)' (119)

Kia =72
o gAl 47Z€£C1(C1 + Cy + C3)

Also, we further suppose that parameters are such that
K1 A, > 1, cf. estimates performed below in Sec. VIl in the

BCS approximation. For x > 1/ V2, the superconductor
proves to be of the second kind, cf. [87,99], and with
increasing H in the interval Hfl' <H< H?z' there appears
a triangular Abrikosov lattice of vortices. The value H ’;‘1‘ ~
He,

o= is the lower critical field, such that for H > H?]‘
b

appearance of filament vortices is energetically profitable,

A Hcr 271'612

Hel V2Kia, Her by + by
where H, has a sense of the thermodynamical critical field,
at which the Gibbs free energy of the phase with & = 0,
W =y, coincides with that for 7 = H, y = 0. The over-
line, as above, means averaging over the volume.

To find the upper critical magnetic field, one assumes
to be tiny and A, ~Hx+ O(y?). As follows from
Eq. (115), for fields nearby Hfz‘, the field f, is of the
second-order smallness and can be dropped in equation for
y. Then, equation of motion for y becomes

(¢1 +¢r+¢3)0w + e D3y +ay =0, (120)

with D, = 0, — ie Hx, f, = 0. From here, we find

a
\/Cl(cl +C2+C3)€3

H?Zl = EI_Icr\/EK'Z.Ap (121)

for a > 0, being the upper critical field, at which the pairing
is completely destroyed. Here we introduced the quantity

P by + by
24 47'[C1(C1 +C2+C3)€£.

We see that k, 5, # & a,- For b, < 0 with above simplified
estimate for dgl, we find that k; o, > Ky 4, -

Recall that for ¢; +c¢, +c¢3 =0 Eq. (113) has no
solution satisfying appropriate boundary condition for
x = 0 and subphase A; is not realized, cf. discussion in
Sec. III.

(122)

2. Instability of subphase A, for b, > 0

For b, > 0, one of the roots, (dy )* or (dj, ), is negative
that means existence of the oscillating solution correspond-
ing to the penetration of the external magnetic field in the
interior of the system. Also, even in the absence of the
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external magnetic field, an own magnetic field & is
produced, as we will show.

Let us first put H = 0 and search the fields in the form
Ay(x) = hoky? sin(kox + x), f2 = Dcos(kox +y),
with iy and D being small constants and y is a constant
phase. Also, assume that 1/k; > &, . Then, in Egs. (114)
and (115), we may put v = y,. The spatially averaged
Gibbs free energy becomes

a’ cie2yihd ¢ k3D*  h}
4(by + by) 2k3 2 16z

aD?
+ (CM3 - e*C3)l//0h0D - T + (bl —_ bz)l[/%DZ

ot
GA] — =

(123)

This expression can be rewritten as

le

4(by + by)
47(CMs — e c3) w3
B { 1 + 87c ey} /k}
1 + 8rc ety /kg
167

ot __
Gyl = -

e\ k2
+ szl//(z) - —12 O:| D2

8 (Cus — e, D]?
{hoJr w(Cus — e.c3)yo ]

1 + 8zc ey} /k}
(124)

Minimum of GY' corresponds to

_ 8a(CM; — e.c3)yoD

ho —
0 1 + 8zc ety}/k3

(125)

The occurrence of the oscillating fields is energetically
profitable provided

47(CMs3 — e.c3)?w}

Clk%
2byys —— > 0. 126
11 8rc /e VT (126)
This is so for k, varying in the range,

vy < k% < Vg, (127)

the upper sign solution is here for v = —4,, > 0 and lower
sign one, for v = =4, <0,

vy = (1/ +4/12+ 32716%1)2)1//%.

Thus, we have shown that for b, > 0, there exists an
interval of values k; corresponding to the growing fields &
and f,. Thereby, the linear approximation that we used

(128)

becomes invalid. As we show below, stable solutions then
correspond to the phase B or C.

3. Subphase A,

Consider the subphase A,, where y, = w(x) # 0 is real.
Assume that fields A, (x) and w; = —if(x) are small real
quantities, and we assume d,, > £5,. Without loss of the
generality, one may put f3 = 0. Then the gradient part of
the Gibbs free-energy density in the quadratic approxima-
tion in perturbative fields can be presented as

G;‘:ad =c1(Ow)* + (c1 + 2+ ¢3)[(01f1)* + e2A3 (x)y?]

+2c3e,A5(X)w0, f1. (129)
As in case of the subphase A;, the stability conditions
imply that ¢; + ¢, + ¢35 > 0, ¢; > 0. Equations of motion

for the perturbative fields in the linear approximation
become

103y + ay —2(by + b))y =0, (130)

DA (x) = 8x(cy + ¢ + ¢3) ey Ay (x)
+ 87(CM;3 — e.c3)yd, f1 =0, (131)

(c1 + ¢z +¢3)01f1 + (cze. = CM3)ypd Ay
+ 36,4201y + (a =297 (by — by))f1 = 0. (132)

We may put v =y in Eq. (132). Solution of Eq. (130)
reads y = woth[x/(V2&,,)] for a > 0, and the coherence

length &5, = \/c;/a. Equation (118) for the spectrum
holds after the replacement c¢; <> ¢ + ¢, + c3,

&3, =3 [AAZ + /23, + 327eD, |,

2[by + 27(C M5 — c3e,)?]
(c1 +c2+c3) '
(133)

AAZ = 47[(0] + Co + C3)€£ —

We deal with the superconductor of the second kind
for dp, > £,,. The value of the critical field H?f =H,/
(\@’Q,Az)» Kia, = da,/En,» With dy, corresponding to
the maximum length among dXz and dy . Assume
¢y < ¢+ ¢y +c3. Then, &4, < &y, . For b, <0, assuming
that the terms «e? in (133) are small, we find
di = /(c1 + ¢y + ¢3)/(4(=by = 22C°MP)y5) > df =
Ver/(4(=by = 22C*MP)y3).  For dy, we get
dy, =~ V(1 +22C*M?/by) [ (8me?(c) + ¢y +c3)wd) < dy,-
Assuming that d;z > dXZ, we find that the Ginzburg-
Landau parameter related to the maximum among d lengths

; — — Ay Al
is ko, = ka,. AlsO, Ky, =Ky 5, and H ;3 = H,.
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As the subphase A;, the subphase A, proves to be
unstable for b, > 0 in respect to the growing of the
oscillating fields & and f. Equations (123)—(128) continue
to hold after the replacement ¢; <> ¢; + ¢, + ¢3.

In the particular case ¢; + ¢, + ¢3 = 0, the subphase A,
for H||z is nonmagnetic, cf. discussion in Sec. IIL

4. Subphase A;

Now, consider the subphase Az, where y3; = w(x). In
this case,
Gara = 1|0 > + ¢ e2A3(x) ly|*.

ch (134)
In the quadratic order in the perturbative fields y(x),
- (x), their contribution to the Gibbs free energy decouples
with that for the fields w3 = yw(x) and A,. The stability
conditions imply that ¢; > 0. In this subphase, we have

by+b
§A3:m’ da,=1/\/8rcyhel. kia, = 41 2 ;
ncie;

(135)

from where it follows that ko, = k; o, As above, we
suppose that k,, > 1 (although it is sufficient to have
Ka, > 1/V2).

Equations of motion for the fields y; = if; and y, =
if, decouple in the linear approximation, e.g., we have

(c1 + €2 + ¢3)01f1 + 4byyif1 = 0. (136)

Equation for f, appears after the replacement
¢y + ¢3 + ¢3 = ¢;. For by < 0, the energetically profitable
solutions correspond to fi, f, = 0.

For b, > 0, there are oscillating solutions indicating on
instability of the subphase Aj.

5. Which A subphase is energetically
most preferable? Domains

If 0 <cy <cj+cy+es, then &y =&y, <&y, Using
above done estimates for dy,, d,,, we have (for b, < 0)
dy, > dy >dy,, and the subphase A; proves to be
energetically favorable compared to the subphases A;
and A, for all H at T < T4 under consideration. Since
Kop, = KoA, = K2.Ay»

a

H?f = Hcr\/EKZ,A3 = m
*

(137)
is higher than H?z' = H?f and the subphases A and A, are
thus destroyed at a smaller value of the external magnetic
field compared to that for the subphase Aj.

If 0<ci+eytcez<cy, then & <&y, =&y, for
b, < 0 we have d;] <dy, < de’ and the subphase A

is energetically favorable for low H, then with increase
of H above the value H ., the subphase A, might become

preferable one, and for H near the value H ?2] , the subphase
A, again becomes most favorable.

Assume that a domain is in a certain subphase A;, with
i = 1, either 2 or 3. Since for b, < 0, each subphase A; is
stable to weak perturbations, in the absence of an external
force the domain remains in the same subphase. In the
presence of the magnetic field or the rotation of the
system as the whole, or due to a temperature fluctuation
the domain, being in one of subphases, after a while may
undergo transition to another subphase.

Thus, we demonstrated that even, being in the mean
spin-zero phase A, the spin-triplet superconductor has
unconventional properties in the presence of the external
magnetic field.

C. Ferromagnetic superconductive phases B and C
for b, > 0 in the medium filling half of space

1. Subphases B; and C;. General consideration

Above on example of the subphase A; we demonstrated
that for b, > 0 the phases A; are unstable. Let b, > 0, the
superconductor fills half-space x < 0 and as above assume

H to be directed parallel z. To be specific, let us focus on
the consideration of the subphase Bj; (or Cj), then # is
directed parallel or antiparallel z.

The gradient contribution to the Gibbs free-energy
density (110) can be rewritten as

¢+ c
G?Sad = 01|Dilllj|2 +% (1D |* + (D))" D]
c3—cC
=S Dyl - D D). (138)

cf. Ref. [22]. Integrating by parts the gradient term in
the Gibbs free energy, using the commutator (111), and
retaining only the volume part of the free energy, we get

[ (G Gl

2ci+cytcs -
=/d3x [—%w (D%+D§)w]

+/d3x {e* G ;Cz ﬁﬁmz}

- —

h—H)? S B ~
+/d3x {%—(a+CMh)|w|2+b1|wl4+7|w|6],

(139)

where as above we have chosen simplest form of the sixth-
order term and used that  does not depend on z. To be
specific, we took y; = —y, for the B3 and C;5 subphases in
(87). The gradient term is positive due to the stability
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conditions (107). The presence of the term o i[D;, D,|_ in
the gradient contribution to the Gibbs free energy resulted
in appearance of the contribution,

/dSX&Gintr,l = _/d3x1‘2intr,1};|y~/2’ (140)

with the quantity My, = —7i3 e, (c3 — ¢,) associated in
[22,23] with an intrinsic magnetic moment of the fermion
pair in the spin-triplet superconductor, 73 is the unit vector
aligned in the z direction. In [22], this contribution was
considered as the total contribution to the intrinsic magnetic
moment density. However, an extra contribution to the
effective magnetic moment of the pair may still appear due
to the presence of the terms o (D? + D3) in the Gibbs free
energy.

Varying the Gibbs free energy in {7, we obtain equation
of motion for the order parameter,

C2+C3

—<C1+ D)

)(D% + DY)y

— @+ M h)jg + 2b, [P + 3yl = 0, (141)
where we introduced the quantity
M= CM —iise.(cy — ¢3)/2. (142)

113 is the unit vector aligned in the z direction. If we used
w1 = +w,, we would get expression with —M instead
of M. The direction of M (the direction of the spin) is
selected to minimize the energy, cf. Eq. (50).

We note that, if we artificially suppressed the gradient
term o« (D? + D3) in (139) and performed variation of the
resulting Gibbs free energy in /4 and ¥, we would recover
(in dependence of the sign of the term b, — 2z M?) either
Egs. (93), (94), and (95) or Eqgs. (100), (101), and (102),
now with M instead of CM.

Equation (141) is supplemented by the Maxwell equa-
tion determining the A;, h; fields,

0,Fy = —4nJy, (143)
where J is the corresponding current density, cf. Eq. (26)
for the case of the charged vector field.

Multiplying (141) by " and replacing result back to the
expression for the Gibbs free energy, we obtain

h—H)?
/GChd3x— /d3x [—b11/7|4—2y|l/7|6+—( - 1.

(144)

From (141), we can immediately recover the value of the
upper critical field H ., taking { — 0. This is valid for the

consideration of the B phase where the phase transition is of
the second order. Neglecting O(||?) terms in (141) and

setting h = H, we get

- <c1 +2 ; C3> (D} + D3)j = Er. (145)

with £ = a + MsH, cf. Eq. (142). Directions of the fields
should be chosen such that the value H, be maximum.
Equation (145) can be interpreted as the nonrelativistic
Schrodinger equation in the homogeneous magnetic field
H for the particle with the mass m=1/(2¢; +¢,+¢3)>0
and the energy E. The maximum/minimum magnetic field,
when there still exists/appears the solution, corresponds to
E=E(n=0,p.=0)=|e,|H/(2m). Thus, we find

HE = —a/M.. (146)
Here M, = CM; —e,(c; + c3) corresponds to e, > 0,
and M_ = CM; —|e,|(c; + ¢,) relates to e, < 0. For
M, <0, solution with w # 0 exists for H<HE, at a>0
(i.e., for T < T,). For My > 0, solution with y # 0 exists
for H > H% ata < 0 (i.e., for TBHCH 5 7> 7)), and for
any H at a > 0 (i.e,, for T < T).

Inverting Eq. (146) we may find the critical temperature
TBH as a function of H. We see that the value of this critical
temperature coincides with that follows from Eq. (97)
[or (99)], but with M. instead of |C M|, provided M. > 0.
For e, > 0 and ¢; = —c3, the mentioned values of the
critical temperatures coincide completely.

2. Subphases B3 and C;. Abrikosov Ansatz

We did not succeed to solve a general problem.
Therefore, let us consider the matter far from the boundary
and employ the variational approach. Let the probe func-
tions satisfy the so-called Abrikosov Ansatz, cf. [73,74],

D;y; = 0. (147)
As we have seen in Sec. Il in the problem of the
description of the complex vector-boson fields, the con-
dition (147), cf. (22) and (27), was required to recover
correct interpretation of the single-particle problem for
n = e. Also in Sec. III, we have shown that the condition
(147) is fulfilled for arbitrary # at the consideration of the
behavior of the vector field interacting with the static
uniform magnetic field at 4 ~ H_,. Here, in the problem
of the spin-triplet pairing of charged fermions, the fulfil-
ment of the condition (147) is not necessary even for
n = CM = e*, but making use of this condition allows to
develop a variational treatment of the problem. Besides
that, below we show that solution of Eq. (147) coincides
with exact solution of the problem for the value of the
external magnetic field H = H .
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From Eq. (147) in the gauge A = (A;(y), A,(x),0), we
obtain

e.(Ay —iA;) = —(0) +i0;) Iny,. (148)

We find

l/~/ — e—e* foz(xl)dX/Jre* val(x”dxlF(x _|__ ly)v (149)

where F' is an arbitrary analytical function. On the other
hand, from (148), we find

1 _ _ P
36O + 9Py = e A i, k=12, (150)

en=1, € =—1, €, =€, =0, ¥ = |fF|le¥%, and for
simplicity choosing y = 0, we get

—(8% + ) In|p| = e, hits. (151)

Using Eqgs. (111) and (147), we derive a helpful relation

—(D? + D3)§r = e, hitsi, (152)

cf. Eq. (50) in Sec. IIL
For the current from (139) and (143) using (147), we
obtain

Je= —M3€kiai|ll7|2- (153)

Here we introduced the effective magnetic moment of the
Cooper pair,

g — —

M = CM + My, (154)

where M, = —nze,(c; + ¢3) is an intrinsic magnetic
moment of the fermion pair, which however differs from

the contribution Mimr, 1, cf. (140).
Replacing (152) in (141), we find

Mh=—a+2b [§* + 3y|p|*. (155)
Setting (152) in the gradient term in (139), we get

[ @36 = [ e, +eipk (150

and

/ d*xG"

> - h—H)?
= [ @x|=ta ihyipR o+

87

+ 71|
(157)

Since the gradient contribution to the Gibbs free energy
should be non-negative, our result is valid only provided
the stability condition (c¢; + ¢3)e,hs > 0 is fulfilled.
Minimizing (157) in A, we find the solution
h = H + 4z |jp|*. (158)
Note that in general (for H # H.») the Ansatz (147) is
incompatible with one of the equations of motion, which
follow from the minimization of (157) in the order parameter
and the electromagnetic field. Indeed, setting in (157)
solution (141), where we substitute Eq. (152), in the limit
y — 0 in dependence of the sign of b, — 2zM> we recover
either Egs. (93), (94), and (95) or Egs. (100), (101), and
(102), however now with M from (154) instead of CM.
Only for H~H_, Ansatz (147) is compatible with
the solution (141). An analogy of Eq. (152) with the

Schrodinger equation in a uniform magnetic field (at he~H
for y — 0) demonstrates that the solutions with appropriate
boundary condition [7(x,y - o0)| < oo exist provided

e, hity = le,|Hyp >0, ie., for e, >0. Otherwise
Abrikosov Ansatz cannot be exploited.

Let us employ the variational procedure. After substi-

tution of % from (158) into (151), the equation for  gets
the form

—~(2+ ) In|@| = e,Hiis + e AnMiisi|>.  (159)

For example, in case H = 0, the solution of this equation
with periodic boundary conditions is given by the
Weierstrass doubly periodic function ¢, cf. [74],

ol ot i)
Valile.[(e; = e3)(es — e1)
X (e3 —ei)(ey —e3)
(e3—e1)(ea—e3) + [C(x + iy) — e3]* (160)

e; are the roots of equation

413—92t—g3:0, (161)
where the quantities g, and g5 are defined in the standard
presentations of the Weierstrass p function. We assume
that these roots are real (that requires g3 — 273 > 0) and
e, > e3 > e. Other forms of the solution can be found in
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[101,102]. If in Eq. (160) periods of ¢ are 2a, 2ib, then ||
is periodic function with periods a, ib.

Now, we substitute solution (158) in (157). With the
solution of Eq. (151) presented in the form = yov(7),
we get

G = —(a+ M H) ||

+ (b = 2282 (2P wol* + rOlwol®.  (162)
Here spatial averaging, G = [d3xG®/ [ dx, is per-
formed with the probed function satisfying Eq. (151).

For H = 0, we may use solution (160). Variational param-
eter y is found by minimization of (162). We obtain

L ai?(2)? - bt)
|‘//o| %
3yv
+ ) Qa2 = by ) + 3y05(a + M H)A.
3y1°
(163)

For the probed function describing the periodic triangular
lattice at ordinary spin zero pairing, one has [87] § =
v/ (1?)? =~ 1.16.

In the absence of the external magnetic field, the system
of a large size may exist in a metastable state, being

constructed of domains with different directions of / and W
in each domain. Since the ground state of the uniform

system corresponds to h aligned in one fixed direction, the
system may undergo transitions with the flip of the domains
until it will reach the state with the minimal surface energy.
Note that the process of the alignment of domains should be
compatible with the conservation of the magnetic flux. As
we have argued, when considered the B; and C; phases in

neutral superfluids, the spin and the h flips require an
energy. In the presence of the external magnetic field or
for the rotating system, a required extra energy can be
taken from the energy of the external magnetic and rotation
fields. Also flips of the domains are possible via thermal
fluctuations.

3. Subphase Bi. Averaged Gibbs free energy

Let us focus on the subphase B;. In case H = 0, results
are valid also for subphases B;,. Within the variational
problem, the B phase arises provided

b\p—2aM* > 0, (164)

where as above B =14/ (?)2 We may for simplicity
put y = 0.

Assume (a + MA H) > 0. From (163), we find

Wi -
ol = =2t i), (165)
203 (b, — 22M?)
_ M H)?
Gy = — AT MH) (166)
3 4(b\f - 27M1?)

with A from (158) Energetically favorable is the dlrectlon
of the vector M parallel H. Thereby, we may replace M H

to |MH |. The subphase B; appears for H =0 by the
second-order phase transition at 7 = T, and continues to
exist in a certain interval of temperatures above 7. for
H # 0. The value of the new critical temperature TeM is
found from Egs. (97) (99), however with M from (154)
instead of CM. For example, with the parametrization
a = opt, we get

T =

T.(1 + |MH|/ap). (167)

4. Subphase C;. Averaged Gibbs free energy
Consider subphase C;. For H = 0, results are also valid
for subphases C;,. Now, we set
b\B - 2zaM?* < 0. (168)
To get stable solutions, we should retain y # 0 term in
(162). As above, simplifying consideration, we assume y to

be positive and small. Then from (163) in analogy with
(100) and (102), we obtain

, 202aiP=bp)  (a+ MH),
v Y Now sy R
. 4
Gly~——5= (2zM? — b, p)>. (170)

277 (2

Here B =15/(1?)%, B, =15/(1*)3. Expansion in the
parameter y is valid for

(2aM* - blB)2

Pa(a+ [MHI)

(171)

The own magnetic field is found with the help of Egs. (158)
and (169). The new phase appears by the first-order phase
transition.

The new critical temperature is determined (for a = ag?)
by setting zero the square root in (163),
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2zM? — b,p)?  |MH
TCz _ T(,r |:1 + ( T _ 1/) + | |:| , (172)
3yprag Qp
with chr3H > TCCS > T, where now
2aM? —
TCCrs: cr|:l+( lﬁ):|
%32050

VL. 3P, nn AND pp PAIRINGS IN NEUTRON
STAR INTERIORS

A. Gibbs free-energy density

So far, we considered the spin-triplet paring in
systems with negligible spin-orbital interactions, so that
both orbital momentum and spin were assumed to be
appropriate quantum numbers and we assumed that
orbital momentum and spin can rotate independently. In
nuclear matter, the spin-orbital interaction is strong and
the state of a Cooper pair is described by the total
angular momentum J and its projections m;. The 3P,
phase shift for identical nucleons (rnn and pp) is the
largest among others for the momenta p > 1.3 fm™!
Thereby, cf. [25], for n Z ny neutrons in the neutron
matter as well as in the beta-equilibrium matter prove to
be paired in the 3P, state with J = 2. Protons might be
paired in this channel at a higher density, if their
fraction becomes rather high.

The pairing gap of the 3P, state can be written as
A = ig, i02A;jn;, where o , 3 are the Pauli spin matrices, i
is the unity vector in the direction of the pairing momen-
tum. The matrix A is symmetric and traceless for this type
of paring and is determined by the expression [54] (here
presented in another normalization, a more convenient one
to compare with results of previous sections)

2 \/’+az° 5(ay—a,) sla —ay)
he | Hemas) —%-%-% i)
slas—a) —4(a +a) Sa0
(173)

The Ginzburg-Landau free-energy density functional for
the uniform matter has the form

~

F[A] = —aTr(AA*) + B Tr(A A)Tr(A*A*)
+ By Tr(AA")Tr(AA™) + BsTr(AA A*AY) + {7A°}.

(174)

The last term, {7A®}, represents symbolically all terms
of the sixth order in A. Below we put ¥y =0, when it

does not contradict to the stability condition of the phase.
Values @&, f; are phenomenological parameters of the
model. Assuming (for y = 0) a second-order phase tran-
sition to the paired state, in the absence of the external
fields, one may use @ = @t for |¢t| < 1, cf. Eq. (57). As we
have mentioned, being computed in BCS approximation,
the 7,A® term proves to be negative [54] that implies
necessity to continue the Ginzburg-Landau expansion up to
ySAS positive contribution [56]. Simplifying consideration,
as in previous sections, we will employ the simplest form of
the {7A®} interaction with y > 0.

To consider systems of a finite size, we should add
the gradient contribution to the free-energy density.
The generalization to the hypothetical 3P, pp pairing,
which may be possible for n > n( in neutron star matter, is
performed with the help of the replacement of the ordinary
derivatives by the long derivatives, i.e., 9; > D; =
0; +ie A +mu;, A; = (A, A, A,), e, is the charge of
the fermion pair, for moving systems % is the velocity of the
system, m, is the effective mass of the pair. Therefore, to
include the effects associated with the spatial nonuniform-
ity, one should add the gradient terms,

Fgrad = ClD AykD A vk + C2D AMD*A* + C';D A D*A*

Jovj Joove

(175)

To include interaction of spins of the Cooper pair with
the own magnetic field E, we add to Eq. (174) the Zeeman
term [18,22], Freeman = —1i i = —inhie A A% Also, the
proper magnetic free-energy density contribution should be
added. To be specific, we further assume h= (0,0, h),
h||H, h||ij (for n > 0) or h|| =7 (for n < 0). Other pos-
sibilities can be considered similarly to that we did in

Sec. III. Thus, the resulting expression for the Gibbs free-
energy density becomes

G= grad[Azph w] + F[Aij} + GH7

Gy = —inhie;A1jA}, + (h H)?
1
= Eﬂh(z\a—ﬂz +la_i* —la* = 2|a,|?)
+i(h H)? (176)
8z ’

As above, we for simplicity disregard small polarization
terms o h2, cf. [103].

If we retain only one m; component among possible
combinations m; = 0, —1, =2, 4+1 or +2 in matrix (173),
the Gibbs free-energy densities for these states become (for
my =0,%1,+2)
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] .
Gy = —alay|* + (ﬁl + 5 +§ﬂ3> |aol*
1
+—(h—H)? + F&™,
¥4

) 1. 1
Gy = —alay|* + <ﬂ2 +Z'B3> lag[* F Eflh‘aiﬂz

1 ra
g (= H) + FEY,
G = —55|aﬁ|2 + Balass|* F nhlas|?
+e (h H)? + F&% (177)

If one assumes the symmetry among all a,, and a_,
amplitudes and takes into account the relations a,, =
+a,et2 and ay,; = +a,e™™ with real amplitudes @, and
a, the Gibbs functional G in such a symmetric subphase
simplifies as

Gym = —alag +2(aj + a3)] (178)
+ (Bl + P+ lB3> lag +2(a; + a3)]
L (- myp P, (179)

8

yielding in the case of the uniform matter the same value in
the minimum as for the G, cf. Eq. (185) below.

Note that the critical temperatures for the symmetric
subphase and the subphases m; =0, m; = +1, and
my; = £2, respectively, might be different. However,
according to [35], the difference proves to be very small.
Thereby, simplifying consideration, we suppose, as we
have used it in previous sections, that values T, are the
same for all the subphases.

Assume

Prabatyhs=0. Bt =0, B2>0.  (180)
that is required for the stability of the symmetric and
m; = 0 subphases, the subphases with m; = £1 and the
subphases with m; = £2, respectively. If we put H =0
and disregard i-dependent terms for a moment, then for the
uniform matter we find that for §; +18; <0 the sym-
metric subphase (and the subphase with m; =0) is
energetically preferable compared to the subphases with
m; =+2. For B +1p; <0, the former subphases are
favorable compared to the subphase with m; = +1. For
pL+ % p3 > 0, the subphase with m; = £2 is energetically
preferable compared to the symmetric and m; = 0 sub-
phases and compared to the m; = +1 subphases provided
simultaneously f; > 0, whereas for f; < 0 the m; = &1
subphases are favorable. In the BCS weak-coupling

approximation [54,104], one has 8, =0, f, = —f; > 0.
In this case, the symmetric and m; = 0 subphases prove to
be energetically favorable.

To consider finite systems, we should include contribu-
tions F224 With taking into account these terms, degen-
eracy of the subphases 3P,(0) and 3P,(sym) disappears.
For the matter filling the semi-infinite space x < 0 in the
gauge where h; = 01A,, h; = h, =0, for the 3P,(0)
subphase, we obtain

c+c
pamd <01+ 26 3>[|ala0|2+e3A§|ao L. (181)

cf. (112), (129), and (134),

ra c+c
Fild = <Cl +-2 2 3>[|ala:tl 2 + e2A3|ag, |?]
cy—c
+ 22 3€*A261|Cli1 2, (182)
r €y + C;
Fi;d = (Cl +-2 > %>[|61a12|2 + e2A3|a,|?]
cy—cC
+-2 > 2,450, ]ass %, (183)
cf. (139).

Difference in the volume and surface energies for various
subphases leads to a possibility of domains; see in Sec. IIL

B. Subphases 3P,(0) and 3P,(sym) of nr pairing in
external uniform static magnetic field

Expressions for the Gibbs free-energy densities for the
symmetric subphase and the m; = 0 subphase are similar
to those for the phase A at the pairing of the neutral
fermions considered above in Sec. IV B.

Let T < T, and §; + f, + 1 B3 > 0. The order param-
eter in subphases 3P,(0) and 3P,(sym) of nn palnng
decouples with the magnetlc field. Thereby, we get h=H.
The order parameters @3 + 2(a? + a3) and |aq|* are found
by the minimization of Gy, and Gy, respectively. In case of
the infinite matter in the minimum, we get

ad(t)

lag)> = a3 +2(a3 + @3) = —=—— - (184)
OO 0By + B + 1)
and
hom hom &29(1‘)
Gy = GSym = - (185)

4By + P + %/_33) ‘

Thus, for the uniform matter, these subphases prove to be
degenerate. With a decreasing temperature, they appear at
T = T, by the second-order phase transition and exist for
T < T,,. The order parameter and external magnetic field
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decouple. The subphases are stable relatively transitions to
m; = +2 subphases provided /3, +%B3 <0 and to m; =
+1 subphases for f, + % py < 0.

C. Subphases 3P, (+2)-B and 3P, (42)-C of nn pairing
in external uniform magnetic field

The problem is reduced to that considered above in
Sec. IV B on example of the phases B and C for the vector
order parameter, provided one puts now ¥ =a,, or
/ = a_,. We label the phase “B” provided p, —2zn*>>0
and “C”, if B, — 2an* < 0.

1. Subphases 3P, (+2)-B;

Let us focus on the 3P, (£2)-B subphases. For h and 7

directed parallel or antiparallel to H , we deal with the
subphase B;. Consider the case of the infinite matter.
Minimization of Eq. (177) yields in case of the phase
3P,(£2)-Bs,

h=H F 4mpla,, |, (186)
cf. (94), and
a+nH)0(a +nH
|alj3:32H|2:(a ’7_ ) (a 27] )’ (187)
2(/7’2 —27mn )
a+nH)*0(a + nH
4(fy = 2mn°)

for a £ nH > 0, and for y — 0, cf. (93), (95). Thus, even
for H =0 in this subphase, there appears the internal
magnetic field h(H = 0).

The critical temperature found from the condition & +
nH = 0 is shifted up in the presence of the external field H
and the new critical temperature equals to

Te" = Te(1 £ nH/a). (189)

provided a = agt, cf. Eq. (97). For 5 > 0, the state
m; = +2 is profitable and for n < 0 the state m; = —2.

At T < T, for n > 0, solutions exist at arbitrary H for
the state m; = 42 and at H < H,, = —a/n they exist
provided n < 0. For 5 < 0, solutions exist at arbitrary H for
my; = -2 and they exist for H < H., = a/n provided
n>0.

For To" > T > T, solutions exist for 7> 0 at H >
H, = —a/n > 0 for the state m; =2 and at H > H, =
a/n > 0 for n < 0 for the state m; = —2.

2. Subphases 3P, (+2)-C;
In the subphase 3P,(+2)-C; for small 7 > 0, we find

2 a+nH
|a(j:32H|2 ( ﬂl’] _ ﬂ2) o 2’7 _, (190)
37 2Q27n* = p»)

C;H 4Q2an* - )’

cf. Eq. (102). The critical temperature is increased in the
presence of the external magnetic field H and the new
critical temperature is as follows:

(27”72 - /_52)2 |’I|H
— + —
3ra Qo

TG —Tcr<1—|— > (192)

provided @ = ayt, cf. Eq. (104).

3. Subphases 3P,(+1)-B and 3P,(+1)-C
of nn pairing
Expressions for m; = +1 can be found from those for
m; = +2 with the help of the replacements 8, — 8, + 1,
n— %;7, cf. Egs. (177).

D. Subphases of 3P, pp pairing

As above, consider medium filling half-space x < 0
under the action of the external uniform magnetic field
H||z. Our consideration is completely similar to that
performed in Sec. V.

1. Subphases 3P,(0) and 3P,(sym)

Penetration of the external static magnetic field in case of
the 3P,(0) and 3P,(sym) subphases is described similar
to that for the A phase in the superconducting matter
described by the vector order parameter in Sec. V B. Using
(177) and (181) for simplicity at ¥ — 0, we obtain

(Cl +2 Z c3> [03ag — e?A%ag] + aay

N
- 2<ﬂ1 +pr+ §ﬂ3> |ao|*ag = 0 (193)

8%142 - 877:6% (Cl + 62 —g_ C3)A2|ao‘2 = 0 (194)

Thus, for m; =0 subphase at low H, there appears

Meissner effect and for x = \/ﬂ 1+ 2+2ﬂ 2> 1/4/2 V2 with

increasing H for H. < H < Hcr2 there exists the
Abrikosov mixed state. The question about stability of
the subphase and a coupling between various subphases
can be considered, as it has been done in Sec. V.
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2. B and C phases of pp pairing.
The m + 1, + 2 subphases

Using (177) and (181), we obtain

<C1 +C2:C3> [a%ail —€$A%ai|] + <62_C3 €*+Q> hail

_ - 1o
+aag, — (ﬂz +4—1ﬂ3> laii[*as; =0, (195)

c)+c
a%A2—87T6§<C1+ 24 3)ai_1|2A2

€y —C3
2

F 4”('74—6’* >8l|a:|:1|2 =0  (196)

and

<C1 + 2 ;CS) [a%(liz - e%A%aﬂ] :l: <C2 ;C3 e, +7’]> haﬂ

a1, —2Bs|ais*a., =0, (197)

2

€y —C3

cH+ ¢
1A, — 8reg (Cl +-2 3) lass|*Ay

F 4”(774—6* >8I|a:|:2|2 =0, (198)

cf. (141).

Instead of solving exact equations of motion, let us
consider the variational problem. For that, we employ the
Abrikosov Ansatz (147), which for our case of the 3P,
pairing reads as

(ai + l.e*Ai)Am‘ — 0 (199)
Expressions for the averaged Gibbs free-energy densities
for the m; = £1 and m; = +2 subphases are similar to

those for the subphase Bj, cf. Sec. V. We deal with 3P,
(£1)-B3 subphases provided

_ 12\~ ~
<ﬂ2 + Z'B3>ﬁ — 273, > 0,
cf. (164), where now

- n
fio =5 —e.(c +c3),

—e*(C1+62), >

i =2
+1 )

and with 3P, (42)-B; subphases, if
o = 27, > 0, (200)

where

fpp=n—eci+c), flo=n—elci+c3). (201
If opposite inequalities are fulfilled, we deal with the
corresponding C; subphases.

Subphases 3P,(+2)-B;.—We employ Eq. (152) in the
gauge A = (0,A,(x),0). The minimization of the Gibbs
free-energy G = [ d°xG, cf. Eq. (177), yields for 7 — 0,

a+ i H
|asopul* = ——za_ A o (202)
20° (P = 27i7)
_ a+i,H)?
G:t2.B3H = _ﬂ (203)

4(Bofp — 2mi?)

For T < T, at e, =0 and n > 0, the phase m; = 42 is
energetically preferable, whereas for e, =0 and 5 <0
wins the phase m; = —2. Equality

&:l:f]izH:O

determines the critical point for the second-order phase
transition,
h = H + 4xij;|aip,ul*. (204)
Even for H = 0 in this phase, there exists an own magnetic
field h(H = 0).
The critical temperature is shifted up in the presence

of the external magnetic field H and the new critical
temperature becomes (for @ = ag1)

Te" = Te(1 £ i1aH /). (205)
Upper sign is for m; = 2 and 7}, > 0 and lower sign is for
my; = —2 and ?72 < 0.

Subphases 3P,(42)-C3.—We deal with 3P,(£2)-Cs
subphase provided

PP — 2, < 0.

For 7 < 0, the ground state is unstable. For 7 > 0, we deal
with the first-order phase transition. For a small y > 0,
we find

o 2Qai, = Baf) | (atiinH)p, 206

|0 c,u|” = 375, 25, (2772 = Bap)’ 1200
=2 _ p 7\3

Carep = — 22— DB (207)

277*B3

and the own magnetic field is determined by Eq. (186).
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The critical temperature is shifted up in the presence
of the external magnetic field H, and the new critical
temperature is given by

C -
cr3H 14 (Z”ﬂiz ﬂzﬂ) WizH
Ter 37“0ﬁ2 Ao

(208)

VII. NUMERICAL EVALUATIONS: BCS
APPROXIMATION AND BEYOND

As we have mentioned, existing in the literature, esti-
mates of the typical value of T, for the 3P, nn pairing in a
dense neutron star matter are controversial. Following BCS
estimates [25], typical value of T, for the 3P, nn pairing is
TBCS ~0.1-1 MeV, cf. [28]. Contrary, Ref. [32] with
taking into account of the polarization effects estimated

T, <10 keV for the 3P, nn pairing. Values of the Fermi
liquid parameters for the isospin-asymmetric nuclear matter
in the pairing channel at n # n,, as well as their density
dependence, are poorly known. Only rough estimates were
performed, cf. [57]. Bearing this in mind, in our estimates
we consider T, as a free parameter, which we vary in the
range 755 ~ (0.01-1) MeV.

Values of the parameters used in Eq. (174) were
calculated in the weak-coupling limit (BCS) [54,104,105],

AS=NOB S0
C(3)N(0
ppes = s —ajp = 0L (a00)

Here N(0) = mjpg/(27%) is the density of states with
my, standing for the effective fermion mass and pg is the
Fermi momentum, {(x) is the Riemann function, and
¢(3) ~ 1.202. In the approximation of a symmetry of the
particles and holes on the Fermi surface, the coefficients ¢y,
¢y, and ¢z approximately coincide [23]

BCS BCS 7C(3)N(0) er

ﬁcz >~ C >~ =

12072 miT%

BCS
cl

¢, (210

where e is the Fermi energy, e = pz/2m;.. Exploiting the
presence of a slight asymmetry of the particles and holes
near the Fermi surface (|c, — ¢3|/c, < 1), Refs. [23,106]
estimated
Cr—C3= C(Tcr/el:)2 1n<€F/Tcr)' (211)
As for T in the vicinity of T, as for T < T, with a
logarithmic accuracy [18,22], we obtain

1 €
PSS = SN/ (0) I (12)

cr

We used that A? = 2|a.,|*/3 for the pairing in m; = +2
states, A is the pairing gap. The quantity N'(0) is the
derivative of the density of states with respect to the energy,
N'(0) = N(0)/2¢p, ppyr is the magnetic moment of the
Cooper pair.

Following an estimate [54], in the BCS theory 755 < 0
for the m; =0 phase. The coefficients in the {A®}
contribution to the Gibbs free energy are 6Gg(m; = 0) =
71(TrA?)? 4+ 7,Tr(A®), and

ZBCS _ i}-,BCS 31C( ) ( )

213
s 16 35 (213)

where ¢(5) =~ 1.0369, that forces to keep A® term in
expansion of G. Reference [56] uses a more complicated
structure of the A® term and keeps A® term in expansion
of G. To avoid these complications in our rough numerical
estimates, e.g., for m; = —1 and -2, we take 6Gg(m; =

—1) =S (m; = =1)]a_y|°, 6Gs(m;=-2)=7"(m; =
—2)|a_,|® with yBCS = |yBCS| taken in modulus. Certainly,
within such a simplified analysis, we disregard a
possibility of existence of some other phases, which
may appear in a sequence of the first-order phase tran-
sitions. Using (171), we find that |[7®S| < 1 for |¢| < 1.
Then, dealing with the phase B, we may use expressions
for [yBSS| — 0.

With the BCS parameters (209), stability conditions
(180) are fulfilled in a case of a weak external
magnetic field H for all the subphases 3P,(0),
3P,(sym), 3P,(+1), and 3P,(%2) considered above.
Also, in the BCS approximation, the value T, is the same
for all these phases.

Actual values of the parameters of the Ginzburg-Landau
functional in the strong coupling theory are poorly known.
Only rough estimations have been performed [57]. Existing
estimates of the gradient terms are controversial.
Reference [15] calculated for the triplet superconductivity
in 3D Dirac semimetals c3 = [u; —uz]/4, ¢| = ur/4,

C2—0 ML—MT/32 MT—%, i.e., C1=—C3, Cp = 0,
and derived values b = 640 12vT<9) and b, =—b/3,

A; =w;/2, vp is the Fermi velocity. As one of the
choices (E, model), Ref. [2] employs ¢, =c;3 <
c; ~ N(0)v%/(z*T?%) that does not contain a small numeri-
cal prefactor appeared in estimate [23,106]. On the other
hand, the heat capacity measurements performed for UPt;
by several groups give b,/b; = (0.2-0.5), cf. [2,98]. We
remind that neglecting u; contribution one recovers the
relation ¢; = —c3, as follows from the microscopical
consideration of the W boson fields [74].

If there were 33 > 0, with the same BSC estimates for
other parameters the phase B would be preferable even for
H=0and for T < T,,.
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A. 3P, nn pairing in neutron stars

For the nn pairing in the subphase 3P,(0)-A following
(184) and (185) with values of the parameters estimated
within the BCS approximation (209), we find

2072 107>N(0)

BCS|2 _ 24, BCS _ _
4071 =7y Tt G 21E03)

T2.1%.

(214)

For the nn pairing in the subphase 3P,(0)-B using
Hpair = Hnn = =383y, py #4.5 x 1075 /MeV, for n~n,
and T, ~ (0.01-1) MeV following (212), we estimate 755~
F(1072-107Y,  Fn8SH/a~+3x(1072-10"")H/m2,
and we obtain (To" = Ty,)/Te $3 x 107! for H < m?
for all relevant values 7T',. From Egs. (187) and (188), we

obtain (for , > 27> which is indeed fulfilled)

‘ |2 2|aBCS|2 (215)
—ZBCS 1 — T2 ’
T,
1 ~BCS 2
3Gy
B;H
Ghpes = TR (216)
— T2

=

cf. also Egs. (202) and (203) at ¢* = 0. We used that

v,=1-nH/a (217)
is positive for relevant values H < m2 and that
212(3)\ 1/2 3/2
T, = c6) . (218)
f 207 ) Tl IniE

vp = pg/m;;. We estimate T, _, ~2 x 103(vg/z/ln;—i) MeV.
At n~ no = 0.16/fm*, we have vp~04 and T, =~
500/ In7 MeV > T,. Thereby, p, > 2xi?, as we have
used derlvmg (215) and (216) and we indeed deal with the B
phase rather than with the C phase.

We see that GP{§ ~3G,. Similarly, G} ~3G,.
Therefore, if the BCS estimates (209) were correct, the
subphases 3P,(—2)-B and 3P,(—1)-B of the nn pairing
would not be realized in the neutron stars for 7 < T,
tillv_, > 1/v/2andv_; > \/2/_3 However, in the temper-
ature interval, T, < T < TCr , where the A phase is
impossible, the 3P,(—1)-B; subphase is realized in
any case.

Using the relation b, = —b, /3 derived in [15] for the
description of the superconductivity in 3D semimetals, that
corresponds to the relation f; = —f,/3 in the functional
(176), with §; = 0, we evaluate GBY ~ 11 G, e, GB{Y s
only slightly larger than G,,.

On the other hand, with 5/, > 0, as follows from
experiments on UPt;, for 7 < T, and in the temperature
interval T,, < T < T2™, the 3P,(—1,-2)-B3 subphases
are energetically favorable compared to the A phase.

As we have mentioned, the heat capacity measurements
performed for UPt; by several groups give b,/b; =
(0.2-0.5), cf. [2,98]. Choosing estimate of b, = b, /2, that
corresponds to fi3 = +f,/2, we find that G®f$ ~3G,

and GB($, ~2G,. With these estimates, the subphase
3P,(—2)-B of the nn pairing would be realized in the

B,H
neutron stars for 0 < 7 < T .

With the help of Egs. (186) and (188) and making use of
the estimate (215), we find

72
2t

F

B; _ CF | |Tu.— Inz =
-2

2
—wt Ta (219)
b (1 = 1)

-2

We have put v_, ~ 1, €g/ |y, #5.7 x 10° [ep/MeV] MeV2~
8.3x10'°[e/MeV]|Gs. Thus, for T%/T2_, <1, we

estimate  1°5 ~ 10" 7] (mex)? 55 Gs for n=ng For

T, ~1 MeV, we estimate h ~ 10!3 Gs. Note that, as we

have shown, 2(H = 0) « |a” (x)[? and thereby it vanishes
at the superfluid—normal matter boundary. If by some
reason the field 2 had a magnetic-dipole component
outside the superfluid star interior, the neutron star
would substantially diminish its rotation during first
~(10°~10%) years of its evolution. At least millisecond
pulsars should not have such a strong magnetic-dipole
fields. For T, < 10 keV, cf. [32], we estimate & < 10° Gs,
which value in any case does not contradict to the data on
millisecond pulsars.

B. Estimates for hypothetical 3P, pp pairing
in neutron stars

Since e,(c; +¢3) ~4x 1073(m,/T,)> for n~ ny,
for T, ~(0.01-1) MeV using (201), we estimate
fip1 ~fien ~ —(1-10%), being valid for the 3P,(2)-B and
3P,(1)-B subphases of the pp pairing. Making use of this
estimate and (209), we see that the condition (200) is
fulfilled for all values T, of our interest. Thus, C phase is
not realized. The value 7o proves to be significantly
shifted up for T, ~0.01 MeV already for H > 10'* Gs.
For a higher value H, the B; subphase becomes energeti-
cally profitable compared to the A phase, as it follows from
Eqgs. (203) and (185). With the help of (202) and (204), we
roughly estimate the value of the own magnetic field as
h ~10'® Gs. Recall that at the surfaces of the magnetars the
strength of the magnetic field reaches values & < 10'¢ Gs.
For T, ~ 1 MeV, the value ToM s significantly shifted up,
respectively, T, only for H > 10'® Gs.
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Reference [42] expressed an idea about a possibility of
the triplet 3PF, pp pairing in the hyperon enriched dense
region. Then one should study a coexistence of the
considered above phases of the nn pairing and those
available for the pp pairing.

C. Estimates for 3S; np pairing
in isospin-symmetrical systems

The 3S; channel provides the largest attractive inter-
action for the triplet np pairing in the isospin-symmetrical
matter for n < ny. With increasing density, the 3D, channel
becomes most attractive, cf. [31]. The BCS calculations for
the symmetric matter with polarization effects included
[66] predict the np pairing gaps ~(several — 10) MeV. As
for the 3P, pp pairing, the own magnetic field in the B,
subphase is estimated as & ~ 10'® Gs. In this phase, the
nucleon matter is spin polarized that might be checked
experimentally. For example, in peripheral heavy-ion
collisions of approximately isospin-symmetric nuclei,
where the temperature is rather low, the spin-triplet np
pairing in the 3S; channel can be formed. Moreover, in
peripheral heavy-ion collisions, the external magnetic field
reaches values 10'7-10'° Gs, cf. [60,61]. In such strong

fields, the value T?F might be significantly larger than 7',
favoring np pairing in the 3S; channel. Also, the np pairing
in the 3SD; state is possible in the nuclei [65,66].

VIII. CONCLUSION

This paper studies effects of the vector-boson conden-
sation and spin-triplet superfluidity and superconductivity,
such as ferromagnetic superfluidity, as well as the effects of
the 3P, nn and p p pairing in the neutron-star matter and the
3S, np pairing in the isospin-symmetrical matter in the
absence and in the presence of the external static uniform
magnetic field. Possible effects of the self-rotation and
response of the system on “external” rotation were for
simplicity disregarded and will be considered elsewhere.

We started in Sec. II with the description of the
condensation of the complex scalar field characterized
by a negative squared effective mass inside a half-space
medium x <0, placed in an external static uniform
magnetic field. Next, we considered a role of the
Zeeman coupling for neutral fermions and discussed a
possibility of the existence of the ferromagnetic state in the
fermion matter (e.g., in the neutron star matter).

In Sec. III, focus was made on the study of the complex
neutral and charged vector-boson fields with negative and
positive squared effective mass. A possibility of existence
of the A, B, and C phases was found. In the phase A, the
mean spin density is zero and in the phase B spins are
aligned in one direction. The simplest choice to describe
the phase A is to chose only one Lorentz component
of the complex vector field to be nonzero. The C phase is

not realized provided the hadron-hadron coupling con-
stant A > €.

The behavior of the charge-neutral complex vector-
boson field inside the half-space medium x < 0 was studied
in the presence of the uniform static external magnetic field.
Two A subphases are then permitted for m2, < 0: A,
provided the y component of the vector-boson field is
nonzero and Aj, provided z component is nonzero. The
vector-boson field and the magnetic field decouple and
the Gibbs free energies in the subphases are the same. Thus,
the A phase of the neutral vector bosons is nonmagnetic.
For m2. > 0, there is no condensate.

In the phase B, which is described by two nonzero
complex components of the neutral vector-boson field, the
system behaves as a ferromagnetic superfluid. In the
condensate region, there appears an own static magnetic
field. We considered the matter filling half-space x < 0 in
the presence of the external uniform static magnetic field
either directed parallel to the system boundary or
perpendicular to it.

In the subphase B, for H ly Gi.e., parallel to the system
boundary and to the direction of the spin) and in the
subphase B; for H ||z and spin parallel z, the condensate
amplitude grows with H. At H > HX", cf. Eq. (38), the
superfluid condensate exists not only for m2, < 0 but also
for m2, > 0. Which phase A or B is energetically favorable
depends on the form of the self-interaction term in the
Lagrangian. For the very same values m2., with the self-
interaction in the form (18) for &; = 0, the phase B proves
to be energetically preferable in comparison with the
phase A.

We demonstrated that the difference in the volume and
surface energies for the subphases motivates a possibility of
the existence of domains with different directions of the
magnetic moment in each domain. Domains may merge in
the presence of the external fields.

Then we studied the behavior of the charged complex
vector field interacting with the electromagnetic field by the
minimal and the Zeeman couplings. As for neutral vector
bosons, we first considered charged complex vector field
with the negative squared effective mass, m%; < 0, in the
half-space x < 0 under the action of the external static

uniform magnetic field H.
For the state with zero spin density (A phase) for H

perpendicular to the system boundary (H ||x), the subphase
A, demonstrates superdiamagnetic response on a weak

external magnetic field, as at H ||z for the charged scalar
boson field, and for H parallel to the system boundary

(ﬁ lz) the subphase A, is nonmagnetic, as for a neutral
complex vector-boson field. The phase A; demonstrates
superdiamagnetic response for a weak external magnetic
field H| z and it is nonmagnetic for H||x. The Gibbs free

energies for the subphase A, at H ||z and for the subphase
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A, at H||x are equal, and they are lower than those for the

subphase A, at H||x and for the subphase A at H||z. There
are no solutions in case of the charged complex vector field
in the phase A at m% > 0.

Then we found solution for the subphase B at H||z. In
this case for H < H, there exists ordinary Meissner
effect. However, for increasing H, we did not find a
solution with H = H,, such that the condensate vanishes
for H — H, from below. For m% > 0, the superconduc-
tive condensate appears for H > H_,. For H #0, the

nonmagnetic A, subphase for H Iz and Az subphase for
H || are more energetically preferable compared to the B;

subphase for H ||z, whereas for H — 0 the subphase Bj
wins due to a smaller surface energy, if the system occupies
a finite size layer.

In Secs. IV-VI, the focus is made on the description of
the spin-triplet pairing of neutral and charged fermions
coupled with the magnetic field by the Zeeman coupling.
First, in Secs. IV and V, we considered the case, when the
spin of the pair can be treated as a conserved quantity. This
is the case for a negligibly small spin-orbit interaction (as
for 3S; np pairing in isospin-symmetrical nuclear matter).
Then the order parameter is a vector with complex
components and the description is similar to that for the
spin 1 vector bosons considered in Sec. III: the vector order
parameter is characterized by the two complex vectors of
different amplitudes.

In Sec. IV, we consider triplet pairing of neutral
fermions. In the p-wave triplet phase with zero projection
of the spin of the pair on a quantization axis (the phase A),
the two unit vectors 7 and m characterizing the vector
order parameter are collinear. The A phase appears for
b + b, > 0 by the second-order phase transition for the
temperature T < T, [b, and b, are coefficients at the y*
terms in the free energy, cf. Eq. (55)]. In the absence of
the external magnetic field [for b, + 27C>M? < 0, where
CM is the appropriately normalized effective magnetic
moment of the fermion pair, cf. Eq. (55)], the A phase
proves to be stable. In difference with the case of the vector
bosons considered in Sec. III, where the A; subphase is not
realized, for the triplet pairing of fermions all three
subphases can be realized, with the same volume contri-
bution to the energy. The surface energies in subphases A,
and Aj are the same, whereas the surface energy in the A,
subphase is another. The vector 7|7 may change the
direction depending on the spatial point, since the surface
contributions to the Gibbs free energy depend on the
direction of the vector order parameter relatively to the
surface boundary. Owing to this property, there may appear
domains with different directions of 7 in each domain.
In the presence of the domains, the system remains for a
while in a metastable state. The system may transform to
the uniform state under the action of the external magnetic
field and in the presence of the external rotation, or the

energetic barrier can be overcame by a heating of the
system.

We have shown that with an increase of the external
magnetic field the system from the phase A transforms to
another phase (labeled as AH), such that there appears an
angle between vectors 7 and m growing with increase of H.
The critical temperature of the phase transition also is
increased with the growth of H. For T < T, not all spins

of Cooper pairs are aligned in the direction parallel H,
and in the temperature interval T, < T < TAY all spins

prove to be aligned in the direction parallel H. The AH
phase exists at H < HAM for T < T, cf. Eq. (78), and at
H > HAH for T, < T < TAH, cf. Eq. (82).

Besides the A phase, we found a possibility of the
ferromagnetic superfluid phases B and C in neutral super-
fluids characterized even for H =0 by the +1 or —1
projections of the spin of the Cooper pair on the quantiza-
tion axis. Here, the vector order parameter is the sum of two
perpendicular vectors, i.e., here 77Lm. The phase B appears,
if by > 27C* M? and b, > 2xC>M?, cf. Eq. (84), and the
C phase occurs, if b, > 27C*M? but b, < 2zC*M?,
cf. Eq. (85). The A and B phases arise by the second-
order phase transitions, whereas the C phase appears by
the first-order phase transition. For simplicity, we put
TA =TB =T, whereas TS, # T,,, since the phase tran-
sition to the phase C proves to be of the first order. The B
and C phases of neutral superfluids are characterized by
an own uniform magnetic field. For some values of
parameters at 7' < T, the B or C phase wins a competition
with the phase A; for other values of parameters, the A
phase wins. For T < T, the condensate amplitude
grows with increasing H. The subphases B and C may
exist for T, < T < TCBSH, TESH, where TCBSH, T&H > T,
cf. Egs. (97) and (104) provided H > HBY, cf. Eq. (98).

Then, in Sec. V, we studied the spin-triplet pairing of
charged fermions. Here, as in case of neutral superfluids,
there may exist the A, B, and C phases. In the A; subphase,
the spin-triplet superconductor, occupying half-space
x < 0, placed in uniform external magnetic field parallel
z behaves as an ordinary second-order superconductor
characterized by the Ginzburg-Landau parameter x5, (we
considered the case k5, > 1). The subphases A; and A,
have some peculiarities. The critical values of the magnetic
field, H?r‘l, H?rzl and H?rlz, H?rzz, are characterized by the
two Ginzburg-Landau parameters k; o, > 1, k; o, > 1 and
Ky A,» K2.a, 0 €ach case.

Then focus was made on the description of the Bj
subphase. We solved the variational problem using the
Abrikosov Ansatz (147) for the probe functions. It was

demonstrated that the value M = CM — nze,(ci + ¢3),
cf. (154), gets sense of the effective magnetic moment, e, is
the effective charge of the fermion pair, ¢; and c;3 are the
coefficients at the gradient contributions to the free energy,
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15 is the unit vector parallel z. For T < T,, and M > 0, the
condensate exists for any value of H and for 7, < T <
TBH the condensate exists also for H > HE,, cf. Eq. (146)

cr2?
and (154). For M < 0, the condensate exists only for
T < T, and H < HB,. Similarly, the subphase C; may
exist in a certain temperature interval above T,.

Then, in Sec. VI, we studied the 3P, pairing in nuclear
systems. Due to a strong spin-orbit nn interaction, 3P,
phase of the nn pairing is supposed to exist in the baryon
density interval 0.8ny S n < (3 +4)ny in the neutron star
interiors. We focused on cases when the projection of the
total angular momentum on quantization axis is fixed as
my;=2,1,0,—1, or -2, and also we considered a sym-
metric phase. It was demonstrated that the subphase
m; =0 and symmetric subphase (labeled 3P,(0)-A and
3P, (sym)-A) are described similarly to the subphases of the
phase A. The subphases m; = 1 and 2 (and —1 and —2) are
described similarly to the subphase B3, and then we label
them as 3P,(=+1)-Bs, 3P,(+£2)-B3, or to the subphase Cs.
For the nn pairing in the mentioned subphases, the
description is similar to that for the neutral complex
vector-boson field and for the pp pairing it is similar to
the case of the charged complex vector-boson field.

The values of the parameters of the Gibbs free-energy
functional for strongly interacting systems are unknown
because of the absence of sound microscopic calculations
with inclusion of the polarization effects. However, these
parameters can be easily evaluated in the BCS weak-
coupling approximation exploiting the bare pairing poten-
tials. In Sec. VII, within the BCS approximation and
beyond it we performed some estimates relevant for the
3P, nn and pp pairings in the neutron star matter and for
the 3S, np pairing in the isospin-symmetric nuclear matter.
We found at which conditions the ferromagnetic superfluid
phases characterized by own magnetic field prove to be
energetically favorable.

A lot of work remains to be done. Let me list some
problems related to the spin-triplet superfluidity in nuclear
systems. In the paper body, only simplest available phases
of the 3P, nn pairing were studied, whereas some other
phases may also exist. Calculations of parameters of the
Ginzburg-Landau functional are very desirable. A possibil-
ity of the ferromagnetic color superconductivity in hybrid
stars should be studied. Gluons become massive in the
hot quark-gluon plasma and may form vector field con-
densates at some conditions. Question about a possibility of

a self-rotation in ferromagnetic superfluids was not con-
sidered, as well as the response of the spin-triplet superfluid
sub-system on the rotation of the normal component.
Another interesting issue is the problem of the neutron
star cooling with taking into account a possibility of the
ferromagnetic superfluidity and superconductivity includ-
ing effects on the cooling of millisecond pulsars, cf. [107],
and strong magnetic fields for magnetars. If the 3P, nn
pairing were realized in the m; # 0 state, the neutron
specific heat and the neutrino emissivity of the nucleon
involved processes would decrease with decrease of the
temperature as a power of the temperature rather than
exponentially, since the gap vanishes at the Fermi sphere
poles. This was noticed in [108] and in [53], and then
considered in a more detail in [109]. However, all presently
existing neutron star cooling scenarios explored 3P, nn
pairing in m; = 0 state, since mechanisms for the for-
mation of the nn pairs in the m; # 0 states were not yet
explored, cf. [40,41,53,109]. Possibilities of the 3P, pp,
hyperon-hyperon and A isobar—A isobar pairings in
interiors of sufficiently massive neutron stars should be
additionally investigated. Triplet pairing in nonequilibrium
systems should be studied. Spin-polarization effects owing
to the possibility of a feasible 3S; np pairing in peripheral
heavy-ion collisions were not yet considered. The presence
of magnetic fields of the order of (10'7-10') Gs,
cf. [60,61], and of high angular momenta in peripheral
heavy-ion collisions may act in favor of the spin-triplet
pairing. Novel spin-triplet subphases can be formed during
very low energy collisions of normal and superfluid nuclei
and in the rotating nuclei. Energetically, favorable transitions
from one phase to another one may result in an increase of
the duration of the process of the collision of nuclei. In
neutron star interiors, the magnetic field may reach values
~10'"8 Gs. At such conditions, the charged p meson con-
densates may appear, may be forming a ferromagnetic
superfluid. A further more detailed quantitative study is
welcome to answer these and other intriguing questions.
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