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We apply the method proposed by Frohlich, Morchio, and Strocchi to analyze the bound state spectrum
of various gauge theories with a Brout-Englert-Higgs mechanism. These serve as building blocks for
theories beyond the standard model but also stress the exceptional role of the standard model weak group.
We will show how the Frohlich-Morchio-Strocchi mechanism relates gauge-invariant bound state operators
to invariant objects of the remaining unbroken gauge group after gauge fixing. In particular, this provides a
strict gauge-invariant formulation of the latter in terms of the original gauge symmetry without using
the terminology of spontaneous gauge symmetry breaking. We also demonstrate that the Frohlich-
Morchio-Strocchi approach allows us to put new constraints on theories beyond the standard model by pure
field-theoretical considerations. Particularly the conventional construction of grand unified theories has to

be rethought.
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I. INTRODUCTION

Within the theoretical formulation of the electroweak
sector, the Higgs field is a key ingredient as the Brout-
Englert-Higgs (BEH) mechanism allows us to introduce a
mass generating mechanism for the elementary gauge fields
and fermions without spoiling the basic gauge invariance
[1-5]. This mechanism also plays an important role in
various beyond the standard model (BSM) theories which
exhibit an extended gauge and Higgs sector.

In order to compute the mass spectrum of a theory with
BEH mechanism, the scalar field is usually split into its
vacuum expectation value (VEV) as well as a fluctuating
field in case the Higgs potential has a nontrivial minimum.
By inserting this split into the Lagrangian, it can be
analyzed which fields obtain a nonvanishing mass param-
eter. However, this convenient picture of BEH physics
comes with a grain of salt on a field-theoretical level as a
number of subtle issues arise and have to be addressed for a
solid definition of such theories. Moreover, a puzzling
situation occurs in BSM scenarios.

Recent lattice simulations demonstrated that the usual
framework of treating the observable particle spectrum of a
theory with BEH mechanism has to be questioned. By
calculating the particle spectrum in an SU(3) gauge theory
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coupled to a scalar field in the fundamental representation,
a mismatch was discovered between the lattice results and
the naive expectation of identifying SU(3) gauge-variant
objects as observable quantities after spontaneous sym-
metry breaking [6—8]. The standard approach would predict
for the elementary degrees of freedom from which observ-
able quantities can be build a massive Higgs, five massive
vector bosons, as well as three gauge bosons without a mass
term belonging to the unbroken SU(2) subgroup. While a
scalar particle was identified in the lattice formulation with
the same mass as one would expect from the notion of
spontaneous gauge symmetry breaking for the Higgs, a
qualitative different picture manifests for more sophisti-
cated scalar states as well as in the vector channel. Albeit
the investigated properties of some of the vector particles
coincided with those properties predicted by the conven-
tional analysis, states one would naively expect in the
standard gauge-fixed formulation have not been seen.
Currently it is under investigation whether additional scalar
bound state particles are present in the spectrum as
expected from the standard gauge-fixed treatment of the
theory [7]. By contrast, lattice simulations of an SU(2)
theory precisely confirm the existence of a single massive
Higgs boson as well as three massive vector bosons and
thus substantiate the particle content of the weak-Higgs
subsector of the standard model beyond perturbation theory
[9-12].

Within the conventional approach, the BRST symmetry
of the gauge-fixed action is used to define the physical state
space such that the elementary fields of the Lagrangian can
be considered to make adequate predictions for experi-
ments and can be identified with physical particles in the
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standard model. However, the assumption that the BRST
mechanism takes sufficient care of gauge invariance fails
beyond perturbation theory due to the Gribov-Singer
ambiguity [13-19]. The BRST symmetry might be recov-
ered by extended nonperturbative gauges at least in pure
Yang-Mills theories but then all quantities carrying a gauge
index, e.g., the elementary gauge bosons, are absent from
the physical spectrum, see [20] for a review. This is clearly
in contrast to the perturbative description of the electro-
weak sector.

These statements might be mitigated in case a BEH
mechanism provides mass terms for either all gauge
bosons, i.e., the gauge group is fully broken in the
perturbative language, or the stability group consists only
of an Abelian subgroup. In these cases, it turns out that the
Gribov horizons cannot be reached for sufficiently large
gauge boson masses as the zero-point fluctuations get
suppressed. Thus for infinitely large gauge boson masses,
the Gribov-Singer ambiguity has no quantitative impact on
gauge-dependent correlation functions for these type of
theories [21-26]. Nonetheless, it still affects the spectrum
on a qualitative level because the structure of the BRST
symmetry is unchanged as it depends only on the group
structure and not the internal dynamics. In particular, it is
expected that some remnant of the Gribov-Singer ambi-
guity survives for theories with a remaining non-Abelian
gauge symmetry, like grand unified theories (GUTs), albeit
the details have not been explored yet.

A consequence of this is also the fact that all attempts to
define an observable gauge charge in a non-Abelian gauge
theory failed so far. While it seems to be possible to
construct an “observable” color charge to any order in
perturbation theory via suitable dressing functions similar
to the Abelian case, there is an obstruction in the non-
perturbative regime due to the Gribov-Singer ambiguity
[27-29]. This underlines that the physical state space of a
non-Abelian gauge theory is further restricted once the
nonperturbative regime is taken into account.

To bedevil the situation further, also the VEV of the
Higgs field is not a reliable order parameter as both
the actual direction as well as the modulus depend on
the gauge. Furthermore, gauges can be constructed such
that the VEV vanishes identically even if the scalar
potential has nontrivial minima [30], implying that the
gauge bosons would be massless to any order in a
perturbative description. In particular, the Higgs VEV
vanishes in case no gauge fixing is performed which is
generally true for any gauge-dependent object [31]. Its
absence in a gauge-invariant formulation is put on solid
ground by Elitzur’s theorem which proves the impossibility
of local gauge symmetry breaking [32]. Some of the
philosophical consequences can be found in [33-35].

For the weak subsector of the standard model, it was
shown by Osterwalder and Seiler as well as Fradkin and
Shenker that no gauge-invariant order parameter for the

BEH effect exists [36,37]. Thus, QCD-like physics and
BEH physics are qualitatively indistinguishable and the
occurrence of the different phases in a gauge-fixed setup is
a pure gauge artifact. In addition, it was shown that no
unique transition line between the two phases exists in case
an order parameter is constructed from a residual global
symmetry group after gauge fixing. In principle such
residual global symmetries can be broken. However, differ-
ent gauge choices can have different remaining global
symmetries. Therefore, this strategy is not able to define a
unique transition which physically distinguishes between
the two phases as this depends on the different global
symmetries [38,39]. Suggestions to circumvent this fact
involve nonlocal constructions [40-43].

The proof of the Osterwalder-Seiler—Fradkin-Shenker
argument only works for theories in which all elementary
fields receive a mass within the conventional picture as for
the SU(2) case with one fundamental scalar field. For
instance, in gauge theories with an adjoint Higgs field,
different phases can be distinguished by the invariant
Casimir operators of the gauge group [44,45]. However,
the VEV of the elementary Higgs field is still a gauge-
dependent object and not a well-suited quantity to analyze
the gauge-invariant properties of the theory. These exam-
ples demonstrate in various ways that a proper definition
which treats all these subtle field theoretical issues in an
appropriate way is rather sophisticated and a rethinking of
the observables in terms of gauge-charge singlets appears
to be mandatory [31,46]. This statement is supported by
several lattice calculations in different models [6,9,47,48],
see also [49] for a detailed review.

In order to put the successful phenomenological descrip-
tion of the electroweak standard model mathematically on
solid ground, various attempts have been performed. These
include a reformulation of the bosonic subsector of the
Glashow-Weinberg-Salam model by a change of variables
such that the action depends only on SU(2) gauge-invariant
fields by factoring out the local SU(2) symmetry [50-52],
as well as an investigation of the equations of motion
of gauge-invariant degrees of freedom obtained by non-
linear field redefinitions [53]. In addition, a gauge-invariant
description was proposed by Frohlich, Morchio, and
Strocchi (FMS) which investigates gauge-invariant bound
state operators in analogy to QCD [31,46]. While the
former approaches directly rely on the particular structure
of the SU(2) group, the latter can easily be generalized to
other BEH theories as they appear in many BSM contexts.
This was demonstrated for SU(N) gauge theories with a
Higgs field in the fundamental or adjoint representation
[54]. In addition, the FMS approach explains why the
lattice spectroscopy confirms the perturbative prediction of
the particle content in the standard model but yields
different results in a gauge theory with larger gauge group.

Generally, the FMS approach provides a convenient tool
to define the spectrum of a theory with BEH mechanism in
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a gauge-invariant manner and reveals how the properties of
the strictly gauge-invariant bound state operators can be
extracted from the correlators of gauge-variant objects. We
will use this powerful tool in the following to predict the
nonperturbative bound state spectrum in the 0" and 1~
channel for various representations of the Higgs field for
SO(N) and SU(N) gauge theories and identify those states
that can be described according to the usual lines of the
BEH framework.

This paper is organized as follows: In Sec. II, we discuss
some of the generic properties of the FMS approach for an
arbitrary BEH model and provide a brief introduction into
its basics. In particular, we will systematically elaborate the
precise duality relation between different gauge theories
connected via the BEH mechanism for the first time. As
this section might appear rather abstract, we recommend to
read it together with Sec. III A. In Sec. III, we construct
gauge-invariant bound state operators for SO(N) gauge
theories with scalar fields in the fundamental (IIT A) as well
as irreducible second-rank tensor representations (III B and
III C). In Sec. IV, we use the FMS formalism to discuss the
gauge-invariant spectrum of SU(N) gauge theories. After a
brief preparatory work in Sec. IV A, we study in Secs. [V B
and IV C the symmetric and antisymmetric second-rank
tensor representation, respectively. Finally, we outline the
implications of the FMS formulation for general GUT-like
structures in Sec. V. A summary can be found in Sec. VI.

II. GENERAL PROPERTIES OF
THE FMS MECHANISM

The seminal work of Frohlich, Morchio, and Strocchi
(FMS) illustrates a convenient way to compute observables
in the electroweak sector of the standard model in a strict
gauge-invariant manner [31,46]. A generalization to other
gauge groups and representations is straightforward and
the analysis of Ref. [54] has shown that the computation
of the gauge-invariant bound state spectrum via the FMS
approach sheds a new light on the particle content of BSM
models with a BEH mechanism. In order to obtain a better
understanding of the underlying mechanism and under
which circumstances the conventional gauge-fixed treat-
ment of the particle spectrum is adequate for such theories,
we systematically extend this analysis.

In general, we consider a theory with gauge group G that
breaks to a subgroup H due to the BEH mechanism in the
conventional picture. However, from a conceptual point of
view only those Green’s functions can be nonvanishing
which are invariant under local gauge transformations of
the original gauge group G and it is impossible to have
spontaneous gauge symmetry breaking [32]. The symmetry
breaking is merely imposed by gauge fixing, implying that
gauge-dependent correlation functions become nonvanish-
ing [31,46].

The trivial fact that a physical observable has to be
gauge-invariant by definition implies that any observable

has to be formulated in a G-invariant way, i.e., it has to
transform as a singlet under transformations of the gauge
group G. Nevertheless, under certain conditions it turns
out that it is very convenient to compute properties of
‘H-invariant objects, i.e., to investigate properties of oper-
ators in the effective theory after gauge symmetry breaking
due to gauge fixing, as they can be directly related to
G-invariant states. This duality is formally explained by the
FMS mechanism.

A. The FMS formalism

The first task of the FMS procedure is the following,
formulate an operator which is strictly invariant with
respect to gauge transformations of G albeit the gauge
fixed action is only invariant under H. These operators are
necessarily composite. The only trivial exception is realized
in case the action already contains a field transforming as a
G-singlet. Further, we consider in the following only local
(or almost local) operators that allow for a simple inter-
pretation as potential bound state operators. Of course, it is
also feasible to define other gauge invariant objects such as
connecting two elementary fields at different spacetime
points via a Wilson line. However, these are inherently non-
local and thus do not allow for a straightforward interpre-
tation as common particles, i.e., we do not expect that these
type of gauge-invariant operators are able to describe loca-
lized states. Nonetheless, such operators have to be consid-
ered to gain a comprehensive picture of the investigated
model but this is clearly beyond the scope of this work.

The second step is to choose a gauge in which the scalar
field acquires a nonvanishing VEV which minimizes the
scalar potential. Then it is convenient to split the scalar field
into its VEV and a fluctuation part and to analyze the
properties of the resulting fields that are now described by
an effective low energy theory being only invariant under H
transformations as usual. Further, we are able to expand the
G-invariant operators associated to physical observables
of the system which provides a mapping to H-invariant
objects. Although, each H-invariant operator is gauge
dependent with respect to the original gauge group G,
the gauge-invariant information of the G-invariant operator
is encoded at least in the sum of the H-invariant terms of
the expansion by construction. Thus, we may take either a
top-down or bottom-up viewpoint. From the top-down
perspective, we simply investigate via this FMS mapping as
to whether G-invariant objects can be described by possibly
simpler H-invariant ones. The bottom-up viewpoint allows
to answer the question if a physical system described by
an effective gauge theory H can be embedded into a
G-invariant description with the aid of the BEH mechanism.

Let us formulate these statements mathematically more
precise by considering the classical action of a non-Abelian
gauge theory with field strength tensor F,, coupled to a
single scalar field ¢ in some representation of the gauge
group G,
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where a is a multi-index encoding all possible indices
characterizing the given representation and D, is the
covariant derivative. Note, that we use bared notation to
indicate complex conjugate representations if necessary.
In principle, the potential V can consist of any gauge-
invariant term build from the scalar field but we restrict the
analysis to those operators which are renormalizable by
power-counting. Additionally, we always assume that the
scalar potential has one or several nontrivial minima such
that the scalar field acquires a nonvanishing VEV (¢) in a
suitable chosen gauge and perform the following split

$(x) = ($) + 9(x). (1)

Further, we use the notation (¢) = v, for real-valued
scalar fields and (¢p) = %qﬁo if ¢ is complex. ¢, character-

izes the normalized direction of the VEV in gauge space,
i.e., defines the breaking pattern, and » is its modulus
setting the symmetry breaking scale. Throughout this
paper, we analyze the mass spectra for the elementary
fields appearing in the action as well as for the bound states
on a classical level and do not include higher-order
quantum corrections. As long as also the quantum effective
potential obeys the same properties (nonvanishing VEV for
the scalar field with same breaking pattern), the results will
vary only on a quantitative but not on a qualitative level.

At the beginning of each subsection, we will sketch the
textbook computation for the mass matrices of the gauge
boson and scalar fields in a fixed gauge with nonvanishing
VEV. The simplest way to extract the mass parameters of
the involved elementary fields at tree level is to perform the
calculations in the unitary gauge where the would-be
Goldstone modes are removed from the spectrum. Of
course, analogous calculations can be done in other gauges
with a nontrivial VEV as well. For instance, the results can
be translated to R gauges in a straightforward manner. The
analysis on the level of the elementary fields also shows the
decomposition of the fields assigned to G multiplets into
multiplets of the remaining unbroken subgroup H C G.
This decomposition can be formulated in a gauge-covariant
but obviously not in a gauge-invariant way with respect to
G with the aid of ¢,.

As a simple example consider an SU(N) gauge theory
with a scalar field ¢ in the fundamental representation. If
the scalar field acquires a nonvanishing VEV, we have the
breaking G = SU(N) — H = SU(N — 1). The gauge field
A* can be decomposed into an H-singlet, ¢8A”¢0 =Al,a
field transforming as a complex fundamental vector of H,
Altcpy — Al = A, and (1 = o)A (1 = hochy) = AL
being the massless gauge field of the remaining unbroken
gauge group H. The subscripts s, f, a of the H multiplets
indicate that the fields are in the singlet, fundamental, and

adjoint representation of H." Later, we will also use 2s
and 2a to indicate the second-rank symmetric and anti-
symmetric tensor representations, respectively. Similar
G-covariant decompositions into multiplets of H can be
constructed for other representations, gauge groups, and the
scalar sector as well. A particularity of the decomposition
of the scalar field ¢ into H multiplets is given by the fact
that it always contains a singlet with respect to H,
irrespective of the original gauge group G or the repre-
sentation. This singlet is given by the fluctuating field
proportional to the direction of the VEV ~ Re(¢?¢?)
which we will also call radial Higgs excitation throughout
this paper.

In order to obtain gauge-invariant objects, a dressing as
in Abelian gauge theories is not possible due to the Gribov-
Singer ambiguity [27-29]. As long as no generalization of
such a dressing is known, non of the elementary degrees of
freedom are observable particles in a non-Abelian gauge
theory. This might be obvious for the fields transforming
under a nontrivial representation of . If H is non-Abelian,
the gauge coupling associated to this subgroup can become
large in the infrared (IR), depending on the precise field
content in the gauge fixed theory. Thus, this subsector
would develop a behavior similar to QCD where the quarks
are replaced by bosonic degrees of freedom which become
confined.

Although they are often treated in the literature as they
would, also the fields being singlets with respect to the
remaining gauge group H after symmetry breaking cannot
be part of the physical state space due to the Gribov
problem even though they are singlets of the perturbative
BRST transformations. Strictly speaking, the same is true
for the embedding of H-invariant bound states in the
context of the original gauge structure G. Once more, a
physical observable has to be formulated in a strict
G-invariant way. The term spontaneous gauge symmetry
breaking is merely a figure of speech, though a quite
convenient one for the standard model due to its special
group theoretical structure [31,46] but not necessarily
for BSM models [6,7,54,55]. For this reason, we will be
as conservative as possible and do formally not interpret
‘H-invariant objects as observables of the actual G-gauge
theory. Nevertheless, some of the H-invariant objects can
be extracted from a strict G-invariant counter part via the
FMS mechanism such that a duality between the states of
the different theories can be established.

Following the FMS strategy, we will analyze the spec-
trum of a theory with BEH mechanism in terms of its bound
states. Any gauge-invariant object can only be classified
according to the global symmetries of the theory. Besides

'Note that the inhomogeneous part of a gauge transformation
restricted to the H subgroup drops out for A§ and Af as such a
transformation leaves ¢, invariant. Thus, these fields transform
indeed as spin-one matter fields being in the singlet and
fundamental representation of H.
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spin and parity, internal global symmetries can be used to
characterize the different channels. We will restrict this
discussion and the construction of bound state operators for
the various theories investigated in the following to the
scalar (07) and vector (17) channel but further subdivide
these two channels into multiplets of possible internal
global symmetries if they exist.

A simple example for the FMS approach can be
formulated in the scalar channel. We can always build
a gauge-invariant composite scalar operator given by
O(x) = ¢*3(x)¢*(x). Choosing a gauge with nonvanishing
VEV and splitting the elementary field operators according
to Eq. (1), we obtain the FMS expansion for this scalar
operator,

0 = ¢ " = (¢*)(#") + 2Re((p™)9") + 9™ 9. (2)

Ignoring the unimportant constant term (¢*3)(¢?), the
leading order term in the fluctuating field is given by
the radial Higgs excitation Re({¢**)p?) ~ Re(¢i2¢?). At
next-to-leading order, we obtain an operator that will
generate a trivial scattering state at the elastic threshold
of the elementary scalar singlet and possibly additional
bound states, depending on the representation and the range
of validity of the FMS mechanism, see Sec. II B.

The spectrum as well as further properties of the bound
state operator ¢p*3¢)? or any other operator are encoded in its
n-point functions. In order to extract the mass, we inves-
tigate its propagator with the aid of the FMS expansion (2),

(0(x)0(y)) = 4(Re({#*)¢" (x))Re({$™") 0" ()))
+ (@ ") () (@ Pe”) () + - (3)

The most important result is highlighted in the first line on
the right-hand side. In nontrivial leading order in the FMS
description, the bound state propagator behaves like the
propagator of the radial Higgs excitation. Thus the masses
coincide if the pole structure on the right-hand side is not
altered by the higher-order n-point functions. In general,
the bound state operator on the left-hand side is an
inherently nonperturbative object but in case the FMS
mechanism works for a theory with BEH mechanism, we
have a simple approach to address its properties in a
suitable gauge by investigating the properties of the radial
Higgs excitation in the current example. The dots in the
second line hide an unimportant constant term, discon-
nected parts, as well as three-point functions which vanish
if the n-point functions are evaluated at trivial order in the
coupling constants but give nontrivial contributions to the
analytic structure of the bound state propagator at higher
order. Further, the second line explicitly contains the four-
point function for later illustrative purposes. We also would
like to stress the importance of choosing a gauge with
nonvanishing VEV. Otherwise the FMS expansion is rather
trivial.

From this analysis we are able to conclude that although
the radial Higgs excitation is a gauge-dependent object, it
generates a state which also has a strict gauge-invariant
description in terms of a G-invariant composite operator.
This latter fact justifies that this particular state is part of the
spectrum of the theory. At this point one might be tempted
to infer that similar constructions can be found for the other
elementary degrees of freedom as well. Indeed, it is
possible to find simple operators in the vector channel that
expand to a single elementary gauge boson for SU(N)
gauge theories with a scalar field in the fundamental or
adjoint representation [54]. All examples that provide a
mapping between a G-invariant bound state and a single
elementary field that have been found in the literature as
well as presented in the subsequent sections have one
common property. The elementary fields are always sin-
glets with respect to the remaining unbroken gauge
group H. This is consistent with the following compara-
tively simple group-theoretical point of view.

Due to symmetry breaking, we decompose the original G
multiplets of the model into multiplets of the unbroken
gauge group H. The operator on the left-hand side of the
FMS expression is strictly invariant under G transforma-
tions which implies that the resulting terms on the right-
hand side are invariant with respect to H, i.e., they
transform as singlets and thus no mapping to a single
elementary field that transforms in a nontrivial way
according to H can be constructed. However, that does
not mean that the resulting objects on the right-hand side
cannot contain nontrivial H multiplets. They are rather
bound into H-invariant composite states. This is expected
as in the conventional picture they are anyhow confined if
‘H is non-Abelian.

For instance, consider once more the fundamental case
for SU(N). The G-invariant vector operator ¢'D,¢ =
% gvnggAﬂqbo + O(¢p) expands in leading order to the H
singlet A5 as well as scattering states at higher order in the
expansion but not to an element of the massive fundamental
vector field A’f‘. Nonetheless, we may consider the scalar

operator ¢’ D¢ = —% iA2¢ + O(p) where we have
omitted an unimportant term proportional to the longi-
tudinal part of A5 at leading order. The FMS expansion
projects on a particular H-invariant combination of the
massive vector fields which can be written as a super-
position of two H-invariant objects if we use the multiplet
decomposition, ¢iA%¢p, = AIﬂA? + Ay, AL. The first term
A;A’f‘ is precisely a composite operator one would naively
investigate in the low energy effective theory valid below
the scale ». The term ~AZ? simply reflects the fact that we
expect a cut at the level of the n-point functions in the scalar
channel starting at twice the mass of the massive vector
boson Af. Indeed, A% can be used to describe a physical
particle due to its nontrivial description in terms of the
G-invariant operator ¢’ D" .
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Strictly speaking the FMS mechanism does formally not
provide a mapping from G-invariant bound states on states
generated by the elementary field operators but defines a
relation between G- and H-invariant states in a fixed gauge.
Of course, in case H is trivial, all elementary degrees of
freedom are H-invariant and the G-invariant bound states
expand in leading order to elementary fields. This is indeed
the case for the standard model as the weak sector has no
non-Abelian structure left after gauge symmetry breaking
and an exact bound-state—elementary-state duality can be
established due to the custodial symmetry group, see the
Appendix A. This duality has to be revised to the notion of
‘H-invariant objects if a broader context is considered,
emphasizing the special structure of the standard model.

B. Validity of the FMS mechanism and classification
of operators/states

Before we start to discuss various examples, a few more
statements and details are necessary. The identification
provided by the FMS mechanism is nontrivial. At first
glance, the expansion is an exact identity/rewriting of
the original G-invariant operator in terms of HH-invariant
objects in a fixed gauge. Thus, if any G-invariant composite
operator indeed generates a bound state, the pole structure
of its correlator is hidden in one of the terms on the right-
hand side of the expansion. There, each term is individually
gauge-dependent with respect to G and can meaningfully be
addressed only in the specific chosen gauge. Nonetheless,
the sum of all the terms is invariant by construction.

Let us consider first the case, where the G-invariant
operator expands to a single elementary field in leading
order. At least as long as the scalar fluctuations are small
compared to the VEV, it can be expected that the identi-
fication of the bound state operator with the elementary
field holds. This is obviously the case for the Higgs sector
of the standard model and has been tested in nonperturba-
tive lattice calculations for the weak-Higgs subsector as
well as for an SU(3) gauge theory with fundamental scalar
field [6-10,49]. Up to what extend it also holds in the
nonperturbative regime, i.e., at which coupling strength the
pole structure of the n-point functions on the right-hand
side might get altered, is not fully explored yet. But as long
as the theory is weakly coupled at the characteristic scale
defined by the minimum of the (effective) potential, it is
likely that it holds similar to the standard-model case.

Furthermore, it is not clear as to whether the identifi-
cation also holds, if the H singlet on the right-hand side is
not a single elementary field but a composite operator build
from nontrivial H-multiplets. Provided that some of the
constituents receive a mass term due to the BEH mecha-
nism such that the mass parameter is O(v), it can be
assumed that the mass of the H bound state is also of that
order, if » > Ay with Ay the characteristic scale of the
non-Abelian gauge theory H where the associated coupling
constant becomes large. Assuming a simple constituent

model, we will approximate the mass by the sum of the
mass parameters of the elementary fields in the following
but keep in mind that the mass relation is rather between
the G and ‘H bound state. These type of operators do not
allow for a simple perturbative treatment as in the case of
single elementary field operators on the right-hand side.
Nevertheless, they can be calculated by lattice simulations
or via functional methods. Assuming that the bound state
indeed exists in the effective theory with gauge group H
being a gauge fixed version of the original theory with
gauge group G, it would be interesting to see if the FMS
approach also allows for an identification of the bound
states as the underlying group theoretical structure of the
mechanism dictates.

The answer to this question might be more intricate than
one would naively expect. Formally, we are able to divide
the composite operators as well as their mapping and the
states they produce into different classes. First, we define a
single ‘H-invariant operator as an H-singlet which cannot
be decomposed further, i.e., it is created as a product of
irreducible H multiplets and covariant derivatives thereof.
For instance, h, A, and A‘f"MA’tf are single H-invariant
operators while ¢jA2p, = AI”AQ‘ + Ay A{ is not. The
FMS expansion in terms of the split (1) results in a linear
combination of products of G-covariant objects which are
‘H singlets. Some of these products can be decomposed
further via the standard multiplet decomposition while
others already express single H-invariant operators in a
unique manner. Therefore, we define the following:

(1) The first class consists of those single H-invariant
operators that can be extracted in a unique way
from a G-invariant operator via the FMS expansion
at some fixed order in the expansion parameter
@/v without requiring any further multiplet
decompositions.

Correspondingly, we define a state of the first class as a
state generated by an operator of the first class and similar
for the later introduced classes. For convenience, we will
also use the mathematical symbols characterizing operators
(e.g., h, p3¢?, - - -) for both the operators themselves as well
as the states generated by these operators in the following.
Which interpretation is meant will be obvious from the
context. States of the first class play an important role for
the G-H duality as sufficiently strong evidence is accumu-
lated from lattice simulations that these are part of the
G-invariant spectrum, see Sec. II C.

At most those operators can belong to the first class who
contain at least one constituent that operates in the same
subspace in which ¢, acts nontrivial. Straightforward
examples of the first class are the cases where the FMS
expansion projects on an elementary field, e.g., the radial
Higgs excitation or the massive gauge singlet AY for an
SU(N) theory with fundamental scalar field.

A nontrivial example where we get a relation between a
G-invariant operator and an H-invariant composite object
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belonging to the first class is given by an vector operator
with open global U(1) quantum number for an SU(3) gauge
theory, see App. A. An easier example can be found by
considering an SO(N) gauge theory with scalar field in the
fundamental representation. Here, we obtain only one
massive gauge multiplet AY = A#¢, transforming under
the fundamental representation of SO(N — 1) in the con-
ventional picture of gauge symmetry breaking. From the
perspective of the effective theory with broken gauge
group, we would expect that the scalar meson-type operator
ATA; (we omit the Lorentz indices for better readability in
the following) generates a possible H-invariant bound state.
This operator has a strict G-invariant analog by the operator
¢'D*p = —g*v*ATA; + -+ which expands in leading
order in the FMS prescription to that meson opelrator.2
Depending now on the precise details of the model, in
particular its couplings, the propagator of the G-invariant
composite operator

(TD*h)(x)(¢"D?¢)(¥))

gt
=1 ((AFAD) (X)(AFAR) (9)) + -+

may have a pole, if the four point function on the right-hand
side can indeed be interpreted as the propagator of a bound
state of the remaining H-invariant gauge theory.

By contrast, the gauge field A contains two massive
multiplets in the SU(N) case, namely A and A¢. Thus, we
obtain from the FMS expansion of ¢"D?¢ at leading order
only a projection on the superposition of H-invariant
combinations of both multiplets as we have seen previ-
ously. The contained scattering state generated by A2 and

the bound state operator AZAf can only be identified if we
additionally decompose the multiplet by hand. Moreover,
there exists no simple G-invariant operator that expands
unambiguously to AIAf such that it is not contained in the
first class and can only be extracted if we use the gauge-
variant decomposition. Therefore, we assign it to the
second class which we define as follows:

(2) The second class is defined as the union of those
single H-invariant operators that can only be ex-
tracted from a G-invariant operator if we allow for a
decomposition of the G into H multiplets.

Some further straightforward examples can be obtained
from those G-invariant operators which have a trivial
expansion in terms of (1) such that we rely on the
decomposition of the multiplets to decompose the
G-invariant operators into 7{-invariant objects anyway.
For instance consider the G-invariant scalar glueball
operator trF?. In the conventional gauge-fixed language,

2Throughout this paper, we will use the term “meson” for any
object which consists of two matter fields regardless of whether
these are scalars, fermions, or massive vector particles.

we would decompose trF2=trF2+2|F>+AlF A+
and interpret the states generated by these three H{-invariant
operators as observable quantities. However, we will sketch
in Sec. I C that states of the second class will likely not be
part of the observable spectrum. The dots indicate that we
omitted further terms of the decomposition. All of them
describe trivial scattering states in the simple constituent
model, e.g., F2, |A;2A2, AFAVA A,

Note, that there is no G-invariant operator build by
powers of the elementary G-multiplets that expands to
either trF? or F;F ¢ according to the requirements of the
first class. Although we can define a projection operator

which is nonlinear in the scalar field, 1 — %, and thus can

build a G-invariant operator tr((1 —%)Fz) where the

constituent multiplet (1 — %)F # expands in leading order

to the desired ‘H multiplet, it is a straightforward exercise to
show that the gauge-invariant operator is just a rewriting of
the operators trF? and ¢'F2¢. Thus, we have to assume
that the decomposition for the gauge-invariant spectrum
holds to find a strict gauge-invariant description of a
possible glueball state trF2. This feature is generic for
all glueball operators associated to the unbroken subgroup
independent of the gauge group or the representation of the
scalar field.

The fact that some H-invariant states follow only from a
decomposition of the multiplets holds not only for those
G-invariant operators that have a trivial FMS expansion.
This circumstance can appear to any order in the FMS
expansion at which we do not obtain a single H-invariant
operator. We have already seen this effect at leading order
for AZAf. An example where this effect appears at higher
orders in the FMS expansion is the scalar operator defined
in Eq. (2) at O(¢p?). Suppose ¢ contains further non—
would-be-Goldstones besides the radial Higgs excitation
which are assigned to some H multiplets as it is generally
the case for tensor representations. Then, @*?p“ might
contain not only the trivial scattering state of the radial

*We have chosen to decompose the Yang-Mills degrees of
freedom at the level of the gauge potential A. This decomposition
does generally not translate to the corresponding field strength
tensors except for accidental cases. For instance, for the massive
vector multiplet for the SO(N) fundamental case, A = A¢y, and
its field strength tensor Fy, we obtain indeed F*¢, = Ff* =
DY At — D% Af with Dy, = 9" + gA%. In case there is only one
massive vector multiplet, the projection on this field will likely
also extract the corresponding field strength tensor if it is applied
on the G field strength tensor for all possible gauge theories.
However, one always obtains additional terms from the commu-
tator [A#, A¥] if we consider the subspace of the unbroken gauge
sector, e.g., (1—godd)F* (1—gopy) = Fi¥ + g(AfATY — AZAT)
for SO(N) - SO(N —1). We obtain additional terms also for
theories with more than one massive vector multiplet, e.g.,
boF ¢ # Fy and Fohy — Fypy # Fy for SU(N) with fundamental
scalar.
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Higgs excitation but also possible bound state operators
whose propagators are encoded in the four-point function
in the second line of Eq. (3) if the gauge-variant multiplet
decomposition is meaningful. The FMS formalism does not
provide a further ordering of the H-invariant terms at this
order in the expansion. If no further G-invariant operator
can be found that expands to such a single 7-invariant
bound state operator, they belong to the second class. This
seems to be the case at least for all investigated examples in
which the additional Higgs fields are not singlets with
respect to H.

Though the first two classes cover a wide range of
possible states, there are still some states left which are not
related via a duality relation. Therefore, we define the third
class in the following way:

(3) The third class contains those operators generating
states which are well defined observables from the
perspective of a theory with gauge group H but
cannot be defined in a G-invariant way.

We provide a simple example for such states at the end of
Sec. IIT A. In particular, they will play an important role for
BSM model building which we outline in the context of
grand unified scenarios in Sec. V.

Finally, we would like to mention that also a fourth class
of states is conceivable. These are states appearing in the
spectrum of the theory with gauge group G but cannot be
addressed in terms of H-invariant operators and are thus
generated by inherently nonperturbative effects of the
G-invariant composite operators. As such states cannot
be addressed within the FMS framework, we will ignore
this possibility in the following. If they indeed exist,
they can only be revealed by other nonperturbative
tools. Currently, no such state has been seen by lattice
simulations.

C. Nonperturbative tests of the FMS mechanism

It is an interesting but challenging task for lattice or
functional tools to show that the FMS predictions are valid
beyond the examined case where the G-invariant operators
expand to elementary H-singlet fields, i.e., for the case
bound state to bound state mapping. The only preparatory
work in this direction is the investigation of an SU(3) gauge
theory with a single scalar field in the fundamental
representation [7]. There, the validity of the FMS expansion
has been shown for the mapping to elementary fields being
singlets of H in a first step. Further, nontrivial bound state
operators were considered in the vector channel with
open U(1) quantum number that expand to SU(2)-invariant
bound states belonging to the first class. Due to resources,
the G-invariant bound state spectrum was investigated in
this channel but the pole structure of the H-invariant bound
state counterpart was not. Nonetheless, it could be shown
that the ground state mass of the G-invariant spectrum is in
accordance with the simple constituent model one would
apply to the H-invariant bound states as its assumptions are

fulfilled. This provides evidence that the G-H duality
operates for all operators of the first class. Not only for
those that expand to simple elementary fields but also for
those who map to more sophisticated objects. Thus, states
of this class can be investigated along the usual lines within
the BEH framework. In particular, masses of G-invariant
states that can be mapped onto elementary fields can be
computed in a standard perturbative setting in the weak
coupling regime.

An additional nontrivial test can be done within the
SU(3) model by considering the SU(2)-invariant operators
A;Af or F Z F;. These might be encoded in different SU(3)-
invariant operators but belong to the second class as we
have seen in the previous discussion. Interestingly, these
operators have not been seen on the lattice yet as no
operator included in the variational analysis seems to have
substantial overlap with these states if they are part of the
spectrum [7]. This might have several reasons. The only
investigated operator that may have some overlap with the
state F Z Fy is the G-invariant glueball operator trF? if the
decomposition of the symmetry breaking viewpoint trans-
fers in a straightforward manner. It seems mandatory to
extend the variational analysis by other operators such as
¢"F?¢ to make a decisive statement. Unfortunately there is
another obstacle. The parameter sets of the lattice simu-
lation studied so far imply that the mass of the hybrid
bound states F : F; is close to the mass of the radial Higgs
excitation by accident, making the identification of this
state difficult for the current data sets. The same is true for
the meson-type state AZAf which would be included in
@' D?¢ if states of the second class belong to the G-invariant
spectrum.

In case the G-H duality is applicable for operators of the

second class, we expect that not only the states AIAf and

F Z F; are part of the SU(3)-invariant spectrum but also the
SU(2) glueball. However, the state generated by this
operator is also not seen. To extend the lattice analysis
into that direction is challenging. The mass of this operator
will be set by the scale Agy(2), where the gauge coupling of
the unbroken subsector becomes large. This scale is usually
far separated from the characteristic scale set by the Higgs
sector v, if the original gauge theory is not already strongly
coupled at that scale. Such a large separation by several
orders of magnitude is technically not accessible yet. At
least the massless elementary gauge bosons behave per-
turbatively as one would expect at the investigated scales in
a gauge-fixed set up on the lattice. One may conclude that
this can be viewed as a hint that such a glueball operator
exists. However, it would then manifest in the volume
dependence of the ground state if the operator trF> has
sufficient overlap. This is not seen in the actual lattice
calculations [6,7]. Also in this case a larger operator basis
for the variational analysis will settle the question as to
whether the SU(2) glueball state is contained in the

056006-8



ANALYTICAL RELATIONS FOR THE BOUND STATE SPECTRUM ...

PHYS. REV. D 101, 056006 (2020)

spectrum. Alternatively one may perform a lattice study at
almost strong coupling at the scale v. However, it will then
become an intricate task to disentangle effects coming from
BEH physics from those generated by the large gauge
coupling similar to a QCD system. Thus, we conclude that
it seems reasonable to first focus on the states generated by

AIAf or FI Fy to examine as to whether the state duality
holds for states of the second class.

In the following, we will analyze the bound state
spectrum of various BEH models via the FMS mechanism
and highlight the particularities of the spectra of the
different models. We will mainly focus on operators
belonging to the first class. At least for those, we have
sufficient lattice support to trust the nontrivial FMS
mapping. We also consider operators of the second class
to demonstrate the maximal possible overlap between the
states of the theories with gauge group G and H. However,
one should keep in mind that for these operators the
results have to be treated with caution as current lattice
simulations provide hints that the duality cannot be
extend to operators of this class. Thus, we assume at this
point that states of the second class are not present in the
G-invariant spectrum, although one would naively expect
them from the conventional perspective of spontaneous
gauge symmetry breaking. This might be traced back to
the following difference. Technically both, the multiplet
decomposition as well as the FMS decomposition defined
by the split (1), are gauge dependent and one could
scrutinize the meaningfulness of the distinction between
operators of the first and second class. However, the FMS
expansion provides a clear ordering scheme of the
occurring terms on the right-hand side in terms of ¢/v
in a fixed gauge. This ordering scheme is lost for the
conventional multiplet decomposition and thus for the
extraction of objects assigned to the second class from
G-invariant operators.

1. SO(N) GAUGE THEORY

We start our concrete analysis by extending the inves-
tigations of the fundamental and adjoint representation for
SU(N) gauge theories, see [54], to the special orthogonal
group. Additionally, we include also the symmetric second-
rank tensor representation to obtain a complete overview
over the low dimensional representations up to second-rank
tensors.

As the scalar fields are real valued for these representa-
tions, the only potential global symmetry is given by a
discrete Z, symmetry if we consider only one scalar field,
¢ — —¢ and A, - A, Therefore, we will classify all
SO(N)-invariant observable states into Z,-even and Z,-
odd states. The global symmetry may be broken explicitly,
e.g., by a cubic coupling for the symmetric second-rank
tensor, due to dynamical effects, or is in some cases already
part of the gauge transformations. Regardless of whether

this is the case, we will provide examples for both Z,-even
and Z,-odd operators. If the global symmetry is broken,
transitions between the two channels are allowed without
preserving the Z, quantum number, e.g., a decay of a Z,-
odd state into two Z,-even states is possible if kinemat-
ically allowed. From the perspective of the spectroscopy,
we just have enlarged the number of operators of the
considered J” channel and the distinction is not necessary
but can be done. If the symmetry is intact, the global
quantum number has to be conserved in a decay process. In
particular, we obtain two different ground states in every J”
channel distinguished by the global quantum number.
Depending on the precise details of the theory, in particular
the mass ratios of the states, the ground states of the
different channels can be bound states, resonances, or only
scattering states.

A. Fundamental representation

In order to warm up for the more involved tensor
representations, we start with the fundamental representa-
tion of the SO(N) group. In this case, the scalar field
transforms as a vector ¢p - R¢p, where R is an element of
the orthogonal group, i.e., RTR = 1. The covariant deriva-
tive reads D,¢ = 0,¢ + gA,¢ and the most general poten-
tial up to fourth order in the field is

V) ==L g+ L grar @

Without loss of generality, we can choose ¢§ = &V as
the direction of the vacuum expectation value if x> > 0.
Thus, the field configuration that minimizes the potential is
Pmin = vpo = (@) with y? = L 10> All other solutions are
related by an SO(N) transformation. Obviously, this
solution is invariant under transformations of the subgroup
SO(N —1) and the breaking pattern reads SO(N) —
SO(N — 1) due to gauge fixing. Albeit the gauge symmetry
of the system is a redundancy in our description rather than
an actual symmetry, this situation is often called sponta-
neous gauge symmetry breaking, adopting the vocabulary
of spontaneous symmetry breaking for a global symmetry.
The (N — 1) fields stored in ¢ which are orthogonal to ¢,
will become would-be Goldstone bosons and are removed
from the elementary spectrum in the unitary gauge.
Therefore, the scalar field can be written in the unitary
gauge as

P(x) = v + (x) = (v + h(x))ho (5)

with one real-valued scalar degree of freedom /(x) = ¢ ¢.
The mass of the radial Higgs excitation & is given by
m? = Av?. The mass matrix of the gauge bosons M3 can be
obtained from the kinetic term of the scalar field as usual
and we obtain,
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1

E(Mzzx)ijA' Al = 921}245314;14”450

W=y
with A# = A%T;. Normalizing the generators 7; to fulfill
w(TTT;) =15;;, (N—1) gauge fields obtain a mass

parameter mj3 = 5 g°v>. Note that we use lower indices

starting from i, j, k, - - - to indicate objects in the adjoint
representation while upper indices starting from a, b, c, - - -
are fundamental indices. The massive vector bosons trans-
form as a fundamental vector of SO(N — 1) and can be
extracted from the SO(N) gauge field by A; = A¢,. The
remaining § (N — 1)(N — 2) gauge bosons encoded in A, =
(1= opd)A(1 — o) are the massless gauge fields of
the unbroken SO(N — 1) subgroup.

Ignoring Elitzur’s theorem and the Gribov-Singer ambi-
guity, we would expect the following spectrum in the
conventional picture for N > 4: In the scalar channel the
states generated by operators with lowest field content are
the radial Higgs excitation &, a scalar glueball state tr(F?2),
and a scalar meson-type operator where the constituents are
the massive vector bosons AfTAf. In the vector channel,
one would expect a hybrid state containing two massive
vector bosons and a massless gauge boson, e.g., AfTDD”A’;.
Furthermore, we have possible states generated by
composite operators involving more elementary fields as
the scalar hybrid operator Fi,, Fi*. The case N <4 is
analyzed at the end of this subsection.

In order to discuss the gauge-invariant bound state
spectrum of the original SO(N) theory, we carefully
distinguish between the groups with even N = 2K and
odd N =2K + 1. If we consider the special orthogonal
group for odd N, the action of the model obeys a discrete
Z, symmetry, ¢ - —¢, such that we can distinguish the
states due to this global symmetry in Z, even and odd
states. This symmetry transformation is already part of the
gauge transformation for even N, ¢ - —¢p = —1¢, as
—1 € SO(2K). Therefore, we distinguish the gauge-invari-
ant states only with respect to their spin and parity in this
particular case.

The simplest gauge-invariant scalar state that can be
build for all N is given by the product of two fundamental
scalar fields and expands in the FMS framework to a single
Higgs field £ in nontrivial leading order.

PPt = v* + 209" + @ = v* +20h + K2, (6)

where we have used the unitary gauge condition in the
second identity. Thus, we have found a gauge-invariant
description of the radial Higgs excitation also for the
fundamental representation of SO(N) models, implying
myr, = my. Of course this is not a surprise as this is always
possible for the radial Higgs excitation irrespective of the
representation or the gauge group as we have seen in
Sec. 11, cf. Eq. (2).

Further, we investigate in this channel the Z,-even
operator

¢"D,D'p = —g*v* AT Af + O() (7)

which expands in leading order to the SO(N — 1)-invariant
scalar meson operator build by two massive vector bosons.
We approximate its mass by the sum of its constituents
Mgy = MATA R 2my,. At higher order in the expansion,
the pole structure generated by (6) is formally encoded in
the propagator of ¢"D?¢ as well. Thus, we will obtain off-
diagonal terms at the level of the propagators of ¢'¢ and
¢"D?*¢. In order to avoid this, one may equivalently
consider the operator (D, )" D¥¢. Furthermore, we obtain
trivial scattering states at 2my,, MATA, A+ My, MpATA + 2my,.

According to the definitions of Sec. II, the bound state AT A;
belongs to the first class as we can extract it purely by the
FMS decomposition. Thus, it is likely part of the SO(N)-
invariant spectrum. Also the hybrid states generated by
F{,, Ft* belong to the first class. This can be deduced from
the operator ¢'F wF"™ ¢ and its FMS expansion. They
might be encoded in trF 2 as well. However, the operator
FIF; can only be extracted via the conventional multiplet
decomposition from trF2. This is also the case for trF?
and ATF,A;. In contrast to F{Fy, the operators trF2 and
AT F,A; belong to the second class as no SO(N)-invariant
operator can be found that maps unambiguously to these
two operators without using the conventional multiplet
decomposition.

For SO(2K + 1), the scalar spectrum contains an addi-
tional channel which is odd with respect to the global Z,
symmetry, resulting in a further potentially stable particle
(depending on the mass spectrum in the other J” channels).
A possible example of an operator with odd Z, parity
involves the invariant epsilon tensor and reads

€K1 hh (Fﬂ’fZ)azu_% (Fﬂ’?)aws . (Fﬂ’;(‘ )2k a4
=(v+ h)ga]"'a2k+l¢g| (F#/‘lz)llzaz . (F/Z(l )2k daxc
— petax (F#f:2>511512 - (Fﬂl:(] )5121@1&21( + O(¢) (8)

where dotted indices indicate elements living in the
unbroken SO(2K) subgroup, a; ={1,...,2K}, and we have
again assumed N > 3 (K > 1). Using the multiplet decom-

position, we have Fj” = Fuy,’ + gAp AL — gAf A
Thus, the SO(2K)-invariant operator on the right-hand
side of Eq. (8), appearing at leading order in the FMS
expansion, decomposes in several single SO(2K)-invariant
operators which belong to the second class. One of the
operators can be described by K constituents being mass-
less gauge bosons of the unbroken subgroup in the gauge-
fixed language. These form a nontrivial scalar SO(2K)
glueball operator whose mass will likely be nonvanishing
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and of the order Agg(ok) Which can be checked by lattice or
functional methods. The other operators form hybrids with
an increasing number of massive vector multiplets as
constituents. At next-to-leading order, we obtain the trivial
scattering state of the states generated by these operators
with the radial Higgs excitation /4 or, to be more precise,
with the Z,-even scalar bound state ¢T¢p from the per-
spective of the actual unbroken gauge group SO(2K + 1).

Additional scalar hybrid states containing massless and
massive vector fields can be described in an SO(2K + 1)-
invariant way as well, e.g., consider

e P (Fup ) (Fiiy ) (Fity' )% -+ (Fify,, )
= v i (L) (L )i (P-4 Olg) (9

for spacetime dimensions larger than two, otherwise the
operator vanishes. All SO(2K)-invariant operators are
assigned to the second class also in this case. The only
operator we have found in the Z,-odd scalar channel that
belongs to the first class is given by a hybrid containing 2K
massive constituents Ay,

€K1 hth (Fﬂ"IZ )az (FM/;3 )03 - (FMP;}<¢>ﬂ2K+1
= e (F LY (L Olg). (10

However both, the SO(2K + 1)-invariant and the resulting
SO(2K)-invariant operator are only nonvanishing for 4K <
d(d — 1) where d is the spacetime dimension. Further note,
that this construction principle for Z,-odd operators via the
epsilon tensor does not work for even N, as the elementary
building blocks that transform in a covariant manner are the
scalar field ¢¢, its covariant derivative (D,¢), or the field
strength tensor F fjf Thus, any operator always contains an
even number of scalar fields for SO(2K).

In contrast to SU(N) gauge theories with a scalar field
in the fundamental representation, the elementary vector
spectrum does not contain a singlet with respect to the
unbroken subgroup. This fact can be translated to the
gauge-invariant spectrum as it is not possible to build a
vector operator that expands to a single gauge field. As the
generators of the Lie algebra are antisymmetric, we have
¢"F,¢p =0 and ¢"D,p = ¢"0,¢. The latter expression
reflects the fact that the gauge-invariant operator ¢*0,¢ =
10,(¢"¢) generates a state that mixes with other states in
the vector channel due to its quantum numbers but does not
necessarily give rise to an additional vector particle as it is
build by a partial derivative of the scalar degrees of
freedom. Though, internal excitations of the scalar meson
states with J > 0 might be conceivable, we do not extend
the analysis into this direction. Thus, the simplest operator
that transforms as a vector will contain at least three
covariant derivatives ¢TD*DYD,¢. For simplicity, we
antisymmetrize the first two indices and obtain

PTF D, = v gpi A,y + O(g)
= —v?gF " Ag, + O(). (11)

The FMS expansion reveals that this vector operator
provides a gauge-invariant description of the SO(N — 1)-
invariant vector hybrid operator build by two massive
elementary vector bosons that transform as fundamental
vectors of the SO(N — 1) subgroup and a massless adjoint
gauge boson. In order to make this more transparent,
we notice that FW¥¢, = F{* = DAY — DA} such that
F{*™ Ay, = 10# (AT AY) — AT DAY, The latter term descri-
bes the proposed vector hybrid operator in an SO(N — 1)-
invariant fashion. The first term is simply a derivative of
the already discussed scalar meson operator. Of course
also this state might have nontrivial internal excitations
such that we obtain an additional resonance in the vector
channel. Similar conclusions can be drawn from the general
form ¢TD*DVD, .

For SO(2K + 1), we get additional Z,-odd states. To
explore this channel, we first investigate the following
operator and its FMS expansion which leads to an SO(2K)-
invariant operator of the first class,
€DK h (Dﬂ¢)az (F”P:2¢)fl3 - (Fﬂ"l )“2K+1

2K-1

— gv2K€al..~a2K+]¢81 (A?)az (Ffl;zl)ag .. (Ff//leK—l

+ O(p). (12)

)02K+1

As for the scalar operator defined in Eq. (10), this operator
is nonvanishing only for sufficient small K, here
4K < d(d—1) + 2. An operator that can be defined for
all N =2K + 1 reads

€DK ghh (Dﬂﬁb)az (F”ﬂ]2¢)a3

X (F”/?)llws - (Fﬂ’f(l )a2Ka2K+1

_ gv3€a1"'021<+1¢8] (A”¢O)a2 (F;tl?qﬁO)a3
X (Ff2yes o (Ffa)onenn +O(). (13)

and generates various SO(2K)-invariant hybrid states
containing at least two massive vector bosons and multiple
massless gauge bosons or massive vector bosons. All these
states belong to the second class.

So far, we investigated various SO(N)-invariant oper-
ators that have a nontrivial expansion in terms of ¢/v to
address possible states in the different channels of the
model. This provided a mapping to single SO(N — 1)-
invariant operators either directly via the FMS decompo-
sition or by using the multiplet decomposition additionally.
We concentrated on operators with least or almost minimal
field content in every channel as we assume that those
operators have the largest overlap with the ground state as
well as possible next-level excitations. As expected, none
of the operators assigned to the first class generated a state
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TABLE 1.

Particle content of an SO(N > 3) gauge theory with scalar field in the fundamental representation. Left: Comparison

between operators/states that are strict invariant with respect to SO(N) transformations, i.e., observables, and operators/states that one
would predict from the conventional but gauge-variant viewpoint of spontaneous gauge symmetry breaking (SO(N — 1) singlets).
Trivial scattering states are ignored. Right: Properties of the elementary building blocks obtained from the standard multiplet
decomposition after gauge fixing which are used to construct SO(N — 1) singlets.

SO(N) invariant

SO(N — 1) singlets

SO(N — 1) multiplets

J? Z," Operator 1. Class [2. Class] Field DOF M
0t + dP h h 1 ?
+ ¢"D*p AL AL, B
+ PTFp Fi, F
+ twF? [Fi,Fr] [teF3], [ATF,Af]
- See Eq. (8) [See Eq. (8)]
— See Eq. (9) [See Eq. (9)]
- See Eq. (10) See Eq. (10)
1~ + P"F*D, ¢ Al DY A} Al W 0
- See Eq. (12) See Eq. (12) Af N-1 #
- See Eq. (13) [See Eq. (13)]

7, odd states exist only for N = 2K + 1, see main text.

which is described by an operator only containing fields
living in the orthogonal subspace to the direction of the
VEV in the broken formulation of the theory. The simplest
representative of such an operator would be the SO(N — 1)
scalar glueball trF2. If this operator or any other operator
belonging to the second class can indeed be described by an
SO(N)-invariant operator, e.g., trF?, a strict duality can be
established between the bound state operators of the SO(N)
gauge theory and the SO(N — 1) model for N > 3. Again,
nonperturbative calculations indicate that states of the
second class are not part of the G(=SO(N))-invariant
spectrum but more investigations into this direction are
needed to make a final statement.

In either case, we obtain nontrivial implications. If it
turns out that operators of the second class cannot be des-
cribed in an SO(N)-invariant way, we have a mismatch
between the spectra of the SO(N) and SO(N — 1) gauge
theory, showing that the heuristic picture of spontaneous
gauge symmetry breaking is not adequate for BSM scenar-
ios. In the other case, we may obtain nontrivial phenom-
enological modifications. For instance consider the SO(2K)
scalar glueballs trF2 and e (F 2 )aa(F 3 ). ..
(Fi )®x-1x While from the perspective of the broken
theory one state might decay into the other if the mass ratio is
sufficiently large, the situation is different and more con-
strained from the perspective of the unbroken theory. There,
the latter glueball operator is described by an SO(2K + 1)-
invariant operator with odd Z, parity defined in expression
(8) such that the conservation of an additional quantum
number has to be fulfilled in a possible decay process.

The results of the present investigation are summarized
in Table I. The left part of the table lists G- as well as
‘H-invariant operators and has the intention to provide a
transparent presentation of the duality between the two

different gauge theories in both directions. From the top
down perspective, it can be read off which states are present
in the spectrum of the G(=SO(N)) gauge theory. From the
bottom up perspective, it demonstrates which states of an
H(=SO(N — 1)) gauge theory can be embedded into a
model with larger gauge group. In the right part, we list
the properties of the elementary fields obtained from the
multiplet decomposition. These serve as building blocks for
‘H-invariant quantities. The column DOF lists the number
of nontrivial independent real degrees of freedom of the
associated multiplet with respect to the internal gauge
group but not with respect to the Lorentz group.4 Thus, a
field (either scalar or vector) in a complex representation
with multiplicity N will be listed as 2N.

In the left column, we sort the G-invariant bound state
operators with respect to their global quantum numbers.
In the next column, we list H-invariant operators and
distinguish as to whether they can be extracted from the
G-invariant operator in the same row according to the
definitions of the different classes defined in Sec. II. We
mainly focus on identifying operators of the first class. For
illustration, we list operators of the second class with small
field content (two constituents as well as some examples
containing three and four constituents), unless for Z, odd
or open U(1) channels where the G-invariant operators as
well as their expansion are involved and may contain a
larger field content. For all models considered in this work,
any H-singlet which consists of finitely many fields can be

*Note that we use a G covariant embedding of the H multiplets
throughout this paper. For instance, the SU(N — 1) multiplet
A = Agy contains N — 1 nontrivial (Lorentz-vector) degrees of
freedom but is described by an N component SU(N) covariant
object.
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extracted via the multiplet decomposition. However, this is
not generically true, e.g., for theories with scalar fields in
three and higher index representations or theories with
fermions where the fermions are in lower rank tensor
representations than the scalar field.

Due to the indeterminate role of operators of the second
class, we put them in square brackets to indicate that they
are likely not present in the G-invariant spectrum according
to present lattice simulations [6—8]. Furthermore, we put an
operator of the first class into square brackets if we can
extract it from the G-invariant operator in the same row only
via the standard gauge-dependent multiplet decomposition.
Of course such an operator of the first class has to appear
at some other place in the table without square brackets
where it can be obtained via a clean projection at a fixed
order in the FMS prescription. Otherwise it would not be an
operator of the first class. As an example, consider the row
of the SO(N) glueball operator trF?. Using the conven-
tional decomposition, we obtain the scalar hybrids FTF;
and AT F,A; as well as the glueball trF2. All of them would
be operators of the second class. However, another SO(N)-
invariant operator, ¢ F2¢, expands unambiguously to the
scalar hybrid FTF; at leading order in the FMS procedure
such that the states generated by F} F are states of the first
class. What kind of states are actually generated by an
operator like trF? is currently unknown in case the G-H
duality of states does not hold for the second class.
Although the conventional decomposition is not mean-
ingful in this case, it could be that it still has overlap with
the formally contained state of the first class. Equally likely
is that it might generate a state of the fourth class which has
no dual description in terms of the H gauge theory.

At this point, we also want to emphasize that the above
given operators for the various channels are merely simple
examples to extract information of the ground and excited
states of the various models. Their construction is based on
the assumption that the operator with least field content has
some overlap with the ground and first excited states. By no
means this allows for a comprehensive analysis of the mass
spectrum which is beyond the scope of this paper. As a first
investigation, we will rather try to identify and obtain a first
glance on the properties of the low-lying observable states
of each channel.

Before we go on to more involved representations of the
SO(N) group, we will briefly discuss a few particularities
of the groups SO(2) and SO(3). These two groups are
special for the following reasons. The group SO(2) = U(1)
is Abelian. Thus, there is no need to consider bound state
operators as the transversal part of the gauge field is already
gauge invariant and a physical scalar field is given by the
elementary scalar field dressed with a nonlocal photon

cloud exp(—ig%A”) similar to Dirac’s physical electron
[56,57]. Nonetheless, also the FMS mechanism may be
used to describe the physical particle spectrum. It predicts a

single particle in the scalar channel described by the
properties of the elementary Higgs field as well as a single
massive vector particle with mass proportional to gv,
consistent with the standard description. Also this result
is supported by nonperturbative lattice calculations [58,59].

The group SO(3) is particular with respect to the above
analysis because it breaks to an Abelian subgroup after
gauge fixing. By contrast, the unbroken subgroup is always
non-Abelian for N > 3. Furthermore, SO(3) = SU(2)/Z,
and thus we expect to get the same gauge-invariant
spectrum as in case of the adjoint representation of
SU(2) which contains a massless vector degree of freedom,
cf. [54]. Indeed, we can construct a gauge-invariant SO(3)
vector operator which expands to the massless gauge boson
of the unbroken SO(2). This is easiest displayed at the level
of the field-strength tensors where €149 ¢ F,2* expands

v

in leading order to F’[‘J(]>, the field strength tensor of the

unbroken Abelian subgroup, and a U(1)-neutral Lorentz-
tensor state given by two massive vector fields.” Here, we
used the SO(3) property that the fundamental representa-
tion can be mapped to the adjoint representation, i.e., the
adjoint field ¢“12 = ¢m12%¢p* is the dual field of the
fundamental vector and vice versa. The corresponding
massless SO(3)-invariant vector particle can be described
by 0 (%% ™ Fi™) ~ Ay1)1, which maps on the U(1)-
invariant transversal part of AU(I).6 Thus, SO(3) is the only
non-Abelian SO(N) group for which an operator can be
constructed that expands to a single gauge field. For all
other groups this is not possible as no gauge singlet with
respect to the unbroken subgroup exists.

At this point we would like to emphasize another
particularity of the breaking pattern SO(3) — SO(2).
From the conventional perspective of gauge symmetry
breaking, all elementary fields become observable par-
ticles. This is obvious for the radial Higgs excitation &
and the massless U(1) gauge field A{’J(l). The only two

remaining elementary fields A;* and A" are the massive
vector fields which are charged under the remaining
Abelian subgroup. For convenience we combine them to
a complex massive vector boson W* = (A} F iA?)/v/2
in analogy to the standard model nomenclature. Due to
the Abelian nature of the charge, we can define physical
states via suitable dressings from the SO(2) perspective.
Nonetheless, there is no gauge-invariant description of

*Note that both operators can be assigned to the first class as
the field strength tensor decomposes naturally to these to terms
via the FMS projection and no further multiplet decomposition is
required in this particular case.

We also obtain a term & (Wi W,) from the commutator of
F,, that mixes with the vector states. However, the propagator of
this object does not show the characteristics of a common vector
particle but might describe some nontrivial internal excitation of
the corresponding tensor state. As for 9,¢, we do not extend the
analysis into that direction.
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TABLE II.

Particle content of an SO(3) gauge theory with scalar field in the fundamental representation. Left:

Comparison between operators/states that are strict invariant with respect to SO(3) transformations, i.e.,
observables, and operators/states that one would predict from the conventional but gauge-variant viewpoint of
spontaneous gauge symmetry breaking (SO(2) singlets). Note that states of the third class appear in this specific
model and we have removed the column “[2.Class]” as it is not relevant here. The symbol D indicates a suitable
dressing with a Dirac phase factor to obtain observable SO(2)-invariant vector bosons. Trivial scattering states are
ignored. Right: Properties of the elementary building blocks obtained from the standard multiplet decomposition

after gauge fixing.

SO(3) invariant

SO(2) singlets

SO(2) multiplets

JP Z, Operator 1.Class 3.Class Field DOF mgie] d
0t + P h h 1 v?
+ @D WHW,, h
1- _ o (€u|u2a3¢u| FZZ%) AU(])L# AU(l)u 1 0
DWff W,,i 2 #

these charged particles in a strict SO(3)-invariant formu-
lation. As the FMS mechanism can only provide a map-
ping to singlets of the unbroken subgroup H, we find
only mappings to charge-neutral bound state operators
(@"D?¢p ~ ATA; = ((A])? + (A2)?) = 2W+W~) of the lat-
ter two fields but not to a single U(1)-charged particle.
Thus, the two SO(3) gauge-variant states generated by W+
belong to the third class and have no SO(3)-invariant
counterpart in the embedding theory such that they cannot
be part of the SO(3) bound state spectrum. We summarize
the particle content of this model in Table II.

B. Antisymmetric second-rank
tensor (adjoint) representation

After we have analyzed the simplest nontrivial repre-
sentation for the SO(N) group, we now focus on the
second-rank tensor representations. It is convenient to
introduce matrix notation, (¢)“? = ¢, such that the trans-
formation property of the scalar field reads ¢p — R@RT. For
the covariant derivative we have D, ¢ = 0,4 + glA,. @]
In case the scalar field acquires a nonvanishing VEV, we
split it into its VEV and a part containing the fluctuations
as usual

P(x) = vy + (), (14)
where we use the normalization tr(¢}¢y) =1 and obtain
for the mass matrix of the gauge bosons

(M)A A; = g ([A,. gol[A. do]).  (15)

N =

Of course, any second-rank SO(N) tensor can be decom-
posed into two nontrivial irreducible representations, an
antisymmetric tensor and a symmetric traceless tensor (as
well as a trace part which is a singlet). First, we investigate
the antisymmetric second-rank tensor representation, i.e.,
¢T = —¢, which coincides with the adjoint for SO(N).

We consider the following fourth-order scalar potential
for the scalar self-interactions

A A
V(¢) — _Iu2¢ah¢ah + E (¢ab¢ah)2 + §¢ah¢hc¢cd¢da

= ultrgp? + g (tr¢®)* + %trqﬁ“. (16)

Note that a possible cubic term tr¢® vanishes due to the
antisymmetry of ¢. The field configuration which mini-
mizes the potential (16) can always be transformed to a
block diagonal standard form as ¢ is real and antisym-
metric. The breaking pattern is governed by the non-
isotropic coupling 4 [60].

Li>0
If 1 > 0, the direction of the VEV in gauge space is

€
1

¢0:ﬁ

(17)

£

for N = 2K with block-diagonal elements & = (%) and
all off-diagonal elements vanish, and

&

1

¢0:\/T_K ' . (18)

0

for N=2K + 1, implying the breaking patterns SO(2K) —
U(K) and SO(2K + 1) — U(K), respectively [60]. Due
to the minimization of the potential, we further obtain
12 = 7 (2K + o2,

Indeed, the mass matrix of the gauge bosons (15)
contains K? vanishing eigenvalues. We further have
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K(K — 1) degenerate eigenvalues mj3 = % for all N as

.. . 2,2
well as additional 2K gauge bosons with mass mif =9z

forming a U(K) fundamental vector for N = 2K + 1. In
order to extract the massive vector fields, we can use the
operator A¢y — ¢ppyA. For even N, this simple form is
sufficient as we have only one massive multiplet given
by a complex antisymmetric second-rank tensor of the
remaining unbroken U(K) subgroup, A,, = A¢gy — poA
where the subscript 2a indicates second-rank antisym-
metric. For odd N, we have to define more sophisticated
projections to distinguish the different subspaces cor-
responding to the different multiplets with nonvani-
shing mass parameter. We use Ay, = 16K2¢3[A, ¢o|p3 =
16K2[ (2)A¢(2),¢0] and Af = [A,¢0} - 16K2¢%[A,¢0]¢(2) to
project on the fields transforming as the antisymmetric
second-rank tensor and the fundamental vector of U(K),
respectively. Note, that [p3A@3, Po] ~ [A, ¢ for N = 2K.
The massless gauge bosons transforming under the adjoint
representation of the remaining unbroken U(K) gauge
group can be extracted by considering the anticommutator
{poAdy, Py }. This expression simplifies to {A,¢pq} for
even N. The massless field proportional to the direction of
the VEV is the gauge boson associated to the U(1) gen-
erator while the remaining degrees of freedom form the
gauge bosons of SU(K), A, = {poAdo, po} — 2tr(poA) .

Correspondingly, the elementary scalar spectrum contains
either K> — K (N =2K) or K> =K +2K (N=2K + 1)
would-be Goldstone bosons stored in [¢,po] which we
remove by the unitary gauge condition. Further, we have the
radial scalar excitation /(x) = 2tr(¢p}¢) which is propor-
tional to the direction of the VEV and transforms as a singlet
with respect to the unbroken subgroup U(K) with mass

m: = (A + %) v?. The remaining K2 — 1 components of ¢

are degenerate with mass parameter m = 5% v* and trans-
form according to the adjoint representation of the non-
Abelian part of the unbroken subgroup SU(K). They can be
extracted from h, = {¢ — h¢y, ¢y} in the unitary gauge.
In the conventional picture of spontaneous gauge sym-
metry breaking, observable states of the model are
described with the aid of SU(K)-invariant operators.
Thus, we would expect a singlet Higgs /s, a massless
gauge boson Ay(;) = 2tr(¢pA) of the unbroken U(1), and
meson operators build from two Higgs fields transforming
as adjoint fields tr(h2) or two massive vector fields tr(A3,)
for all N. Further, we have the scalar SU(K) glueball
tr(F2), hybrid states which read schematically tr(F,h,),
tr(FauAs,), tr(F3,), and tr(A,,F,A,,), as well as baryonic-
like operators containing three massive matter fields, e.g.,
tr(A,,h,As,), as well as others. For odd N, we have
additional mesons, hybrids, and baryons containing the
massive vector field Ay, e.g., tr(A?), tr(A;F,A;), tr(FrAy),
tr(Ash,A¢), and tr(A;A,,Ar). Once more, these states are
gauge-variant quantities with respect to the original gauge

symmetry SO(N) and can meaningfully be defined only in
a suitable chosen gauge with nonvanishing VEV.

In order to classify the strict gauge-invariant spectrum of
the SO(N) gauge theory without the notation of gauge
symmetry breaking, we first note that the action of the model
has a global Z, symmetry. Again, it is straightforward to
write down a scalar bound state operator that expands to the
Higgs singlet with respect to the SU(K) subgroup in the
FMS approach. This operator is Z, even and reads

2
tr(pTp) = % + vh + tr(p )

Y oh+ i e 19
=5 + vh + 5 th;. (19)
The FMS expansion on the right-hand side shows, that the
gauge-invariant operator tr(¢pT¢) can be described by the
elementary field / in leading order. At next-to-leading order in
the fluctuation fields an intricate situation appears which we
have already sketched in Sec. II B. Usually, we would expect a
trivial scattering behavior from the term trg?. However, using
the decomposition of ¢ into U(K) multiplets, i.e., & and A,
which we provided in the second line of Eq. (19), the
propagator is described by the trivial scattering state at twice
the mass of & as well as the propagator of the U(K) invariant
meson operator tr(h2) at next-to-leading order.

Unfortunately, more sophisticated nonperturbative meth-
ods are required to make a final statement under which
circumstances the mass of the U(K)-invariant meson
operator tr(h2) is indeed contained in the spectrum of
the scalar channel of the SO(N) gauge theory. According to
the classification of operators of Sec. II, this operator
formally belongs to the second class. There is no SO(N)-
invariant operator build from ¢ that expands solely to tr(h2)
on the right-hand side via the split (14) which would
provide a natural ordering principle. We can only conclude
that the nontrivial next-to-leading order of tr¢* produces a
formal superposition of A2 and tr(h2) which cannot be
disentangled as there is no meaningful definition of the
latter from the perspective of the original SO(N) gauge
theory. Thus, we would only get a scattering state.

Further, we can investigate various other SO(N)-
invariant operators that have the same quantum numbers
but provide a mapping to different U(K)-invariant states.
A careful distinction between even and odd N is required
in order to classify the states as to whether they follow
unambiguously from the FMS expansion due to the
expansion in ¢/v or can only be obtained by a decom-
position of the involved multiplets.

As a first example consider the operator

wr(¢pD*¢) = —g*v’te([A. o)) + Olg).  (20)

For N =2K, we obtain in leading order an SO(N)-
invariant description of the U(K) meson operator
tr(A3,). At next-to-leading order, also the pole structure
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generated by the radial Higgs excitation will be generated at
the level of the propagator of tr(¢D?@) as in the funda-
mental case. However, the state /2 can only be extracted via
the multiplet decomposition. Whether ¢*D?¢ has overlap
with &, which can be extracted from another operator
without requiring the multiplet decomposition, is an open
issue. Further, we find several scattering states at O(¢) and
O(¢?) as well as operators of the second class, e.g.,
containing an adjoint Higgs field and two massive multip-
lets, tr(As,h,Az,) Where Ay, p = [, Any /f].7

For odd N, the situation is more intricate as the field
operator [A,, ¢ contains two different massive multiplets.
Thus, we rely on the standard multiplet decomposition to
identify the resulting two different meson operators tr(A%a)
and tr(A?) as they are interlinked in the strict gauge-
invariant formulation and cannot be disentangled by using
only the split (14). Nonetheless, it is possible to find a strict
gauge-invariant formulation of the former. The operator
tr(¢(D,¢)pD"¢p) provides an unambiguous mapping to
the U(K)-invariant meson operator tr(A3,) at leading order
in the expansion such that it belongs to the first class. Such
a construction is not possible for the meson operator tr(A?)
as the components of A; live in an orthogonal subspace
to ¢y such that we always have to rely on the standard
multiplet decomposition to find an SO(N)-invariant des-
cription. Analyzing the operator tr(¢(D,¢)$D¥¢) at next-
to-leading order in the FMS expansion, we also find the
U(K)-invariant operator generating the baryonic-type state
tr(As,h,A,,). We assign this operator to the second class as
we can only extract it from tr(¢(D,¢)¢pD"¢) or any other
SO(N)-invariant operator we have investigated if we use
the conventional multiplet decomposition. Otherwise, we
cannot disentangle it from the trivial scattering state given
by h and tr(A3,). This is not a surprise as A, is orthogonal to
¢ such that every operator containing this field and two
massive vector fields can only be extracted via the multiplet
decomposition.

In order to extend a variational analysis of the model, it
might be useful to consider another Z, even operator, e.g.,
tr(¢*(D,$)D*¢). It contains the meson trA3, at leading
order and the baryonic-type states tr(A¢h,A;) (only for
odd N) and tr(A,,h,A,,) at next-to-leading order. All can
only be extracted via the multiplet decomposition at the
respective orders of the FMS expansion.

"Note that we used the freedom to express the fields Aoy
which transform according to a complex representation of U(K)
in terms of multiplets of real fields embedded in an SO(N)
covariant way for convenience. The presence of the bared field
within an operator as tr(A,,/,A,,) ensures that the real compo-
nents get combined in an appropriate way to form a meaningful
U(K)-invariant composite operator. Nonetheless, the bar notation
here should not be confused with the Hermitian conjugate of the
corresponding operator when retranslating to complex U(K)
multiplets as both operations are not equivalent.

The scalar SU(K) glueball operator trF?2 can be extrac-
ted from SO(N)-invariant operators only via the multiplet
decomposition. Thus, it belongs always to the second class.
As usual, we might consider the operator trF> which con-
tains trF3, and tr(A,,F,A;,) for all N as well as trF?,
tr(AsF,A¢), tr(A¢Fo,A¢), and tr(FA¢A,,) for odd N as well.
In order to enlarge the operator basis, it is worthwhile to
consider further operators, e.g., tr((D,$)F*D,p). At
leading order, the FMS expansion yields an U(K)-invariant
operator that decomposes into the hybrid tr(A,,F,A,,) as
well as scattering states such as Ay and trA3, for even N.
Note that for K = 2 the hybrid operator tr(A,,F,A,,) van-
ishes as the second-rank antisymmetric tensor representation
transforms trivial with respect to the non-Abelian subgroup.
For odd N, we additionally obtain the hybrid tr(A;F,A;) as
well as more exotic operators, e.g., tr(A¢F,,A¢) at leading
order via the multiplet decomposition.

Studying the vector channel, it is straightforward to find a
gauge-invariant description in terms of the original gauge
symmetry for the only vector singlet state in the elementary
spectrum after gauge fixing. This is the massless gauge
boson associated with the U(1) generator of SU(K) x U(1).

v

Considering the Z, odd operator tr(F*¢) = UF’{J(I) +
gv tr([A%, A% o) + tr(F* ) where i € {2a} for N =
2K and im € {2a,f} for N = 2K + 1 indicates the massive
multiplet(s), we find that the leading order contribution is
precisely the field strength tensor whose generator is propor-
tional to ¢ and thus the associated gauge boson is massless
for any orthogonal group.® As tr(D,¢) = 0, the simplest
vector operator and its FMS expansion reads

D r(FH) = vPAY ) + 00, 1AL L) + Op) (1)

where A’iUm is the transversal part of the gauge field AI{J(I)'

Thus, the FMS formalism predicts a massless state in the
Z,-odd vector channel. Such a result of a massless vector
bound state can also be obtained in case the scalar field is
in the adjoint representation of an SU(N) gauge theory, see
[54] or Appendix B, or the fundamental case for SO(3).
Nonetheless, it is unexpected. Investigating the long-range
effective degrees of freedom of a non-Abelian gauge theory,
i.e., bound states, one would naively expect that they are
massive at least due to radiative corrections unless a

8As in the case of a fundamental scalar field for N = 3, the
leading order contribution is a linear combination of a standard
Abelian field strength tensor and the commutator of the massive
vector multiplet(s) without relying on the multiplet decomposi-
tion. Thus, Fy ;) belongs to the first class. For N = 2K, we can
assign tr([A5,, AL J¢o) = tr(A5,AL,) to the first class as well. For
N = 2K + 1, we need the multiplet decomposition to identify
tr(A% A%) = tr(A%,AY,) + tr(AfAY) and both operators belong to
the second class. Nevertheless, they will mix only with the vector
channel due to the quantum numbers of J#, thus describing at
most internal excitations of the tensor states.
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symmetry dictates that a mass term vanishes. Due to the
duality of states of the SO(N) with the U(|N/2]) gauge
theory, the mass term of the SO(N) vector operator (21)
vanishes as the mass of the Abelian gauge boson is protected
by the remaining unbroken gauge structure.

How this fact translates into a pure gauge-invariant
description is unexplored. It might be the case that the
SO(N)-invariant low energy effective theory of the bound
states’ obeys an emergent gauge symmetry and the operator
(21) turns out to be the corresponding gauge boson. This
could be realized if the system has an intact Z, symmetry
and states with the same mass appear in both, Z, even and
odd, channels. The corresponding two independent oper-
ators can be combined to form a complex object which
might couple to the massless vector operator in the correct
way to form an Abelian gauge theory. To check whether
such a scenario is possible is clearly beyond the scope of
this work. At least, we will see in the following that the
FMS mechanism predicts composite states with identical
constituents at leading order in different Z, channels.
Furthermore, the nontrivial prediction of the FMS mecha-
nism that the vector channel contains indeed a massless
state for the SU(2) adjoint case is supported by lattice
simulations [47,61].

Considering the operator (21) at next-to-leading order in
the FMS expansion, we may use the conventional multiplet
decomposition to extract the trivial scattering state at m;, +
Mpy, = My and the mixing with possible hybrid bound
state formed by the massless non-Abelian gauge bosons A,
and the Higgs fields h,, tr(F,h,).

Further Z, odd operators in the vector channel and their
FMS expansion read,

tr(F*D, ) = gv tr(F*[A,. ¢o]) + O(g),  (22)
tr(pF @D, ) = gv® r(F*Ay,) + O(p).  (23)

The operators defined on the left-hand side of Eq. (22)
and Eq. (23) expand unambiguously to the vector hybrid
tr(Fh.A,,,) at leading order in the FMS formalism for
even N. Therefore, tr(F5.A,,,) belongs to the first class.
Assuming that the constituent model is valid for this hybrid
bound state, the mass will be approximately 2m,, =
2gv/ VK. For N odd, we have to use the standard multiplet
decomposition to get tr(F*[A,, ¢o]) = tr(FhAz,) +
tr(F“Ag) in Eq. (22). The mass of the latter can be
approximated by 2m,, = gv/ VK within the simple con-
stituent model. We also need the multiplet decomposition
to obtain single U(K)-invariant operators in Eq. (23) for
odd N, tr(F*As,,) = (FhiAz,) + 2gtr(AfAXA,,, ). As we
do not find an SO(2K + 1)-invariant operator from which

°Not to be confused with the SO(N)-variant gauge theory
U(|N/2]) after gauge fixing.

we obtain tr(F4. Ay, ) or tr(Ft“ Ay, ) via the FMS expansion,
we assign both operators to the second class. The situation
is different for tr(AfA¥A,, ). An SO(2K + 1)-invariant
operator with three covariant derivatives can be found
that contains this baryonic state at leading order in the
expansion.

The simplest operator containing three covariant deriv-
atives acting on three scalar fields, tr((D*¢)(D¢)D,¢),
vanishes due to the antisymmetry of the adjoint represen-
tation. However, considering

tr(¢?(D"¢)(D*$)D,h)

= g v tr(¢5[A, o] [A%, ol [A,. o)) + O(o)
g3 1]5 KAV

= _Rtr(AfAfAZav) + O((D), (24)
we find an SO(2K + 1)-invariant description of the
baryonic-type operator tr(AfA%A,,,) at leading order. For
N = 2K the leading order contribution vanishes.

In order to investigate the Z, even vector channel, we
first consider the operator

tr(pF* D ) = gvtr(¢oF*[A,. o)) + Ole).  (25)

For even N, the leading order contribution is governed by
two massive vector fields of the SU(K) antisymmetric
second-rank tensor and a massless adjoint SU(K) gauge
boson forming the hybrid tr(F%, A,,,). This hybrid belongs
to the first class as it follows directly from the split (14).
Further, we get several higher order excitations given by
U(K) invariant composite operators which contain three,
four, and five elementary fields that may form more
involved hybrids as well as scattering states. We would
like to emphasize that the field content of the hybrids
tr(F5.Ay,,) and tr(F4.A,,,) is the same but the internal
dynamics how the U(K)-invariant operator is formed is
different."’ Thus, we find indeed that SO(N)-invariant
operators with different global Z, quantum numbers
expand in leading order to U(K)-invariant states with
the same field content. Furthermore, these two states in
the different channels have the same mass as they are
indeed the real and imaginary part of the corresponding
U(K)-invariant operator and similar for operators with
larger field content.

For N odd, the Z,-even operator (25) projects on
composite U(K)-invariant operators containing all massive
gauge multiplets which can only be disentangled if we
assume that the G-H duality can be applied to operators
of the second class. Using the standard decomposition,

"Retranslating A, to complex U(K) multiplets denoted by a;
with field strength f, the operators tr(F% Ay,) and tr(F5 Az,)

mn m
are expressed as tr(f " az, + al, ) and (¥ az, — al 1),

mn mvJ m

i.e., the real and imaginary part of tr(f*ay,), respectively.
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we obtain the hybrid states tr(F5.A,,, ), tr(Ff“Ag,), and
tr(A¥A%A,,,) at leading order. Likewise we rely on the
multiplet decomposition if we want to extract single
U(K)-invariant operators from the Z, even version of
the operator defined in Eq. (23),

tr(¢F“$* D) = gutr(po P dilA,. do]) + -+ (26)

The leading order term is governed by tr(F5.A,,,) and
tr(AfA¥A,,,) after using the multiplet decomposition.
However, considering the operator

tr(¢(D*§)(D*$)D,¢) = g v tr(A{AAry) + -+, (27)

we find that at least the baryonic operator tr(AfA¥A,,,)
belongs to the first class for N = 2K + 1."" Note that an
operator with equivalent constituents and belonging to the
first class is also present in the Z, odd vector channel.

Finally, we have to consider the scalar Z,-odd channel.
In general, it is not possible to construct a gauge-invariant
operator which contains only scalar fields due to the
antisymmetric property of ¢, implying tr(¢?**!) = 0.
Further, it can be shown that every operator build from
the ¢ tensor and ¢ either vanishes or is Z, even with one
particular exception. For N = 4K + 2, we may consider the
Z,-0dd operator €N GO ... hav-198 s leading
order term in the FMS expansion is ~v2Kp, showing that
the propagator of this bound state can be approximated by
the propagator of the radial Higgs excitation with mass .
A Z,-0odd operator which exists for all N is

(D, F*)Dyp) = gouw((D,F*)[Ay. o)) +---. (28)

The dynamics of this bound state operator is governed
by a composite U(K)-invariant hybrid operator of two
massive vector fields as well as massless gauge bosons. For
even N, we have only one massive vector multiplet such
that we obtain the U(K)-invariant operator tr(A,,, D, F%;).
Nevertheless, this is an operator of the second class
as several scattering states are encoded in the leading
order term as well. For odd N, we additionally obtain
tr(Ag, D, F{*) which also belongs to the second class.
Furthermore, we investigated the operator

2tr(¢pF* (D, ¢)D,¢) = g*v’te([o, F*][A,.. dol[A,. o))
+0lp) (29

for N = 2K + 1. From the leading order term of the FMS

expansion, we obtain the hybrid states tr(F%;A,Ag,) and

tr(F*As,Az,,) which are assigned to the second class as
well as various potential scattering states, tr(AgaA’éaAfﬂAfy),

"For even N the leading order contribution vanishes.

tr(AgaAléaAfyAfﬂ), tr(AgaAZaﬂA’fAﬁ,), tr(A}flAlflAfﬂAfy), and
tr(AfAg,)?. The particle content for even and odd N is
summarized in Table III.

2.2<0

If the nonisotropic coupling A is negative, the field
configuration

&
| 0
b0 =7 (30)

0
minimizes the potential (16) where y?> =1 (24 + 1)v? and
the breaking pattern reads SO(N) — U(1) x SO(N —2)
[60]. Note that the coupling 1 is restricted by the condition
|A| < 24 in order to fulfill stability criteria for the potential
(throughout this paper, we always assume A > 0). The
elementary spectrum consists of (N —2)(N — 3)/2 mass-
less gauge bosons A4 as well as a further massless vector
degree of freedom A’{](l) associated to the unbroken sub-

groups SO(N — 2) and U(1), respectively. Further, we have

2(N —2) degenerated gauge bosons with mass mif =

+g*v* being two fundamental vectors of SO(N —2) and
charged under the U(1) which we denote by Af, and A}_. In
the scalar sector we have 2(N — 2) would-be Goldstones,
the radial Higgs excitation % being a singlet with respect to
U(1) x SO(N — 2) with mass m? = (4 + 4/2)v” as well as
an antisymmetric 2nd-rank (=adjoint) SO(N — 2) tensor
field hy, =h, with mass parameter mj = 1|A]v2%. The
U(1) x SO(N — 2) multiplets can be obtained in a covar-
iant manner from ¢ and A similar to the previous case.

Again, we start the analysis of the strict gauge-invariant
spectrum in the scalar channel. The FMS expansion of the
Z,-even scalar operator given in the first line of Eq. (19)
defines an SO(N)-invariant description of the radial Higgs
excitation 4 in leading order as usual. Thus, it generates a
state at my,. Allowing for the decomposition of the potential
scattering contribution p®¢“® at next-to-leading order into
U(1) x SO(N — 2)-multiplets,

T v’ 1., 2
tr(¢' ) :E+vh+§h —tr(hg), (31)

we indeed obtain a trivial scattering state at 2my, as well
as a state of the second class described by the dynamics
of the SO(N —2) meson operator tr(h?) with mass

2my, =4/ ||
Considering the operator tr(¢pD?¢), we find a direct

mapping on the scalar meson operator with two massive
vector fields as constituents tr(Ag,A;_), implying that a

further possible bound state at approximately 2m,, = gv
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TABLE III.

Particle content of an SO(N > 3) gauge theory with scalar field in the second-rank antisymmetric tensor (adjoint)

representation and 4 > 0. The upper table contains the spectrum for even N while the lower table summarizes the spectrum for odd N.
Left: Comparison between operators/states that are strict invariant with respect to SO(N) transformations, i.e., observables, and
operators/states that one would predict from the conventional but gauge-variant viewpoint of spontaneous gauge symmetry breaking
(SU(K) singlets). Trivial scattering states are ignored. In case the contraction is obvious, we suppress Lorentz indices in the scalar
channel for the U(K) singlets for better readability. Right: Properties of the elementary building blocks obtained from the standard
multiplet decomposition after gauge fixing which are used to construct U(K) singlets.

SO(2K) invariant

U(K) singlets

U(K) multiplets

JP Z, Operator 1. Class [2. Class] Field DOF méiel d
0t + tr¢p? h [trh?] h 1 (A + 5&)02
+ tr(¢D2¢) trA%a, [h] [tr(A2ahaA2a)] ha Kz -1 % 1}2
+ tr(¢(DM¢)¢DM¢) tI'A%a [tr(AZahaAZa)]
+ tI'F2 [tng]’ [tI’F%a], [tr(AZaFaAZa)]
+ tr((DuqS)Fm/quS) [tr(AZaFaAga)]
- tr((DﬂF””)Dqu) [tr(AzabDﬂFgZ)]
1- + tr(pF* D) tr(FheAs) [tr(FA“D,h,)] Al K> -1 0
- O,te(F* ) Ay Al 1 0
- twr(F*D,p) tr(FA Ay, [tr(F“D,h,)] AL K(K—1) £y
SO(2K + 1) invariant U(K) singlets U(K) multiplets
JgP oz, Operator 1. Class [2. Class] Field DOF M2 g
0t +  trg? h [trh2] h 1 (A+ ZEK )
+  u(pD*p) [trAZ,], [h] [trAF], [tr(Aga/aAny)], [tr(Ash,Ay)] h, K*-1 2o
+ U((/)(Dﬂ(f))(f)D/‘qﬁ) tI'A%a [tr(AZahaAZa)] _ _
+ tr(d)z(Dpd))DMd)) [tI‘A%a] [trAtg]’ [tr(AZahaAZa)]a [tr(AfhaAf)]
+ tI'F2 [tng]» [trF%a], [tI'F%], _[tr(AZaFaAZa)]»
[tr(ArF,Ap)], [tr(FrAsAn,)], [tr(ArArFy, )]
+  w((Dud)F* D) [tr(AsF Ag)], [tr(AgaFaAn,)], [tr(AsArFa,)]
- (D, ")D,g) [tr(Age, D, F5,)], [tr(Ag, D, FEY)]
- (¢ (D,$)D,o) [tr(ArAsF2,)], [tr(FrArAz,)]
1=+ w(¢pF"D,¢) [tr(AfA¥AQ,)]  [r(FouAgy )], [e(F{*Ap )1, [tr(FA*Dyhy)] AL K*—1 0
+  w(pFedD, ) [tr(ALAYAL,, )] [tr(FheAg,)] Aba) 1 0
+  w(p(D'h)(D'P)D,p)  w(AfAYA,,)  [tr(A5 (D,hy)AL,)] An  K(K-1) s
— (P Ay ) ] Af 2K %
- tr(F”DDu¢) [tr(Fg:AZab)]y [tr(F/fwAfu)]s [tr(ngDvha)]
- tr(¢FMD¢Dv¢) [tr(AlflA?A}dv)] [t (Fg:Ahb)]
- u(¢?(D'p)(D*h)D,p)  tr(AfAfAy,)  [tr(AS, (Dyhy)AS,)]

exists in the Z,-even scalar channel. This meson operator is
invariant under both unbroken subgroups, U(l) and
SO(N —2). We would expect further bound states
being singlets with respect to the non-Abelian subgroup
SO(N —2) but with open U(l) quantum numbers, i.e.,
tr(As As,) and tr(A¢_A;_), from the conventional perspec-
tive of spontaneous gauge symmetry breaking. These can
be dressed via suitable Dirac phase factors for the Abelian
part. However, there is no SO(N)-invariant analog of these
states as an SO(N)-invariant operator can only be expanded
in singlets of the full unbroken subgroup, see Sec. II B.
Thus, the operators tr(A¢, Ar,) and tr(A;_A;_) belong

to the third class. At next-to-leading order, tr(¢pD?¢)
contains scattering states as well as the baryonic operator
tr(As h,A;_). The latter belongs to the second class.

Furthermore, the scalar glueball trF2 and the hybrids
tr(Fr, Fy_) and tr(As, F,A;_) belong to the second class as
can be deduced from the operators trF?, tr(¢p>F?), and
tr((D,¢)F* D,¢). In analogy to the discussion of the
meson states, the hybrids with open U(1) quantum number,
wF7,, wF}, t(Ap, F,A¢), and tr(A;_F,A;_), can be
assigned to the third class.

The FMS expansion of the simplest operator in the scalar
Z5-odd channel reads,
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TABLE IV. Particle content of an SO(N > 3) gauge theory with scalar field in the second-rank antisymmetric tensor (adjoint)
representation and 4 < 0. Left: Comparison between operators/states that are strict invariant with respect to SO(N) transformations, i.e.,
observables, and operators/states that one would predict from the conventional but gauge-variant viewpoint of spontaneous gauge
symmetry breaking (SO(N — 2) singlets). Trivial scattering states are ignored. In case the contraction is obvious, we suppress Lorentz
indices for better readability. The symbol D indicates a suitable dressing with a Dirac phase factor to obtain observable U(1)-invariant
states. Right: Properties of the elementary building blocks obtained from the standard multiplet decomposition after gauge fixing which

are used to construct SO(N — 2) singlets.

SO(N) invariant

U(1) x SO(N —2) singlets

U(1) x SO(N — 2) multiplets

gz, Operator 1. Class [2. Class] 3. Class Field DOF ml%iel d
0t + trgp? h [trA2] h 1 (A+ %1)1}2
+  tr(¢pD?¢) tr(Ap Ap_), [h] [tr(Ary h,Arl)] hy MZ(N—@ 1 Av?
+  wF? [cF2], [r(FpoFro)],
[tr(Af+FaAf—)]
+  t(¢*F?) [tr(Fe, Fpo)]
+  w(Dup)F*" D) [tr(Ary FoAr)]
- tr((D,F*™)D,¢) tr((DﬂF’Ifi)Aij,,) [tr((D”F’;”)Dbha)]
tr(DA)?
tr(DFy.)’
tr(Aps FoAps)
- + tr(pF* D, ) tr(FepAps) Al (N—2)2(N—3) 0
— O, u(Fmg) A At ! 0
- tw(F"D,¢) tr(FeyAey) [tr(F4"D,h,)] Af, N-2 19%0*
tr(DF, DAc,) AL N-2 % g v?

tr((D,F*)Dygp) = tr((D,FL)Ar-y + (D, FED)Ar,)

+0(o), (32)
describing a nontrivial U(1) x SO(N — 2)-invariant hybrid.
By contrast, the operator defined on the left-hand side of
Eq. (29) contains only trivial scattering states.

The analysis of the vector channel follows the same
strategy as in the previous case. Basic Z, even and odd
operators are provided in Table IV which also summarizes
the scalar sector and lists further states of the third class. We
highlight that we obtain again states with identical field
content and mass in the Z, even and odd vector channel
giving rise to a potential emergent U(1) gauge structure at
the bound state level.

As in the case of a fundamental scalar field, we find a
mismatch between the conventional investigation of the
spectrum and the strict gauge-invariant formulation for an
SO(N) gauge theory with scalar field in the adjoint
representation. Although some states are identical in both
descriptions and the FMS mechanism provides a field
theoretical tool to establish this relation, i.e., states of the
first class, the situation is unclear for many composite
objects as they belong to the second class. Even more
critical is the situation for states of the third class for which
no SO(N)-invariant formulation can be found. That such
states arise can be traced back to the explicit presence of the
Abelian U(1) subgroup in the gauge-fixed formulation.

C. Symmetric second-rank tensor representation

The analysis of the irreducible symmetric second-rank
tensor representation (¢ = ¢, tr¢p = 0) is structurally similar
to the adjoint representation of the SU(N) group. The most
general fourth order potential of the scalar sector reads

V(p) = —pPud® + gtrqﬁ + % (trp?)? + gm/;‘*. (33)

If the cubic coupling y vanishes, the action is invariant under
a Z, symmetry. In case the field ¢ acquires a nonvanishing
VEV, different breaking patterns can be realized. In fact it
can be shown that the field configuration that minimizes the
potential has at most two different eigenvalues, implying
SO(N) — S(O(P) x O(N — P)) where P < N [60]. Thus,

e ()
VNP = P) Pl
is a convenient parametrization of the VEV where 1, is the
x x x identity matrix and p? = 110? + 240%tr ¢ + yvtrds}.
The actual global minimum is determined by the two
nonisotropic couplings y and A. If 1 < 0, there is only
one breaking pattern with little group O(N — 1). If 1> 0, y
and 1 pull in opposite directions, such that [2P — N|
becomes as large/small as possible. For example, we have
P = |N/2| for y = 0, where |x] is the floor function, and

056006-20



ANALYTICAL RELATIONS FOR THE BOUND STATE SPECTRUM ...

PHYS. REV. D 101, 056006 (2020)

P =N —1 for =0 [62]. Without loss of generality, we
will restrict the following discussion to the case P < N/2.
The case P > N/2 is included by a simple relabeling of the
occurring fields.

The mass matrix for the gauge bosons is defined in
Eq. (15) and we obtain P(N — P) degenerate massive

gauge bosons Afg, = [A¥, ¢y with mass parameter

2 __ N
MAier = 2P(N=P)

The subscript rp ® rn_p indicates that the object transforms
according to representation rp and ry_p of SO(P) and
SO(N — P), respectively. In addition, we have the massless
gauge fields Afg, and Alg,. Of course, Afg, vanishes if
P =1, ie., the stability group is O(N —1). Then, the
massive vector fields simply transform under the funda-

mental representation of O(N — 1), Afg. = Ay, with mass

parameter mj = 5
massless gauge bosons A,.

The elementary scalar spectrum contains a singlet #,
a symmetric tensor /g transforming according to
(P(P+1)/2—-1,1), and a tensor hygy, transforming as
a singlet with respect to the remaining SO(P) group and
a symmetric second-rank tensor of SO(N —P), i.e.,
(I,(N=P)(N—P+1)/2—1).Unless P = 1 where hyg
vanishes. The subscript 2s indicates symmetric second-rank
tensor. The mass parameters of these fields read

g*v?, transforming as (P, N — P)-multiplet.

g*v? and we have only one kind of

PP+ (N-P) N -2P
mé = J? + 2+ ( ) v? + Yo,
N?P(N - P) SNP(N — P)
N 2AN=P) =P+
2 — yl 2’
Mo = \8P(N=P) " T 2P(N=P) "
N 2P—(N-P) -
2 . (35
Mhex, sev—p) " 2p(v=p) M (35)

For the bound state spectrum of the 0" channel, we inves-
tigate the following operators and their FMS expansion

122
tr¢> = =T vh + trg?

2
v
= ? + vh + trh%s@s + trh?@Zs’ (36)

trg?® = (v + 3v2h) ] + 3v tr(dop?) + trg?

N -2P

/SNP(N - P)

N-P ,
+ T Ao o o trh25®s
V2NP(N - P)

P
- trh}y, + O(¢® 37
e e HOW) (7

which are Z,-even and odd, respectively. While the non-
trivial leading order contribution projects on the radial Higgs

excitation & by performing the split (14), we have also
provided the standard decomposition of the next-to-leading
order terms in the second line of Eq. (36) and Eq. (37),
giving the usual scattering term at 2m,, as well as possible
bound state contributions if the G-H duality extends to
operators of the second class.

In case the global Z, symmetry would be intact, the 0"
channel would be divided into states with even and odd Z,
symmetry and the FMS expansion of the operators (36) and
(37) reveals that both channels would have the same mass
spectrum in a first order approximation. For y # 0, how-
ever, the global symmetry is explicitly broken and the
distinction is superfluous. Then, both operators have over-
lap with the same states of the scalar channel. But even if
y = 0, we expect that the global Z, symmetry is broken. In
contrast to the fundamental and adjoint case, we find this
time an Z,-odd scalar operator which acquires a non-
vanishing VEV, namely tr(;53.]2 Thus we conclude that the
global symmetry is broken spontaneously by the internal
dynamics of the microscopic degrees of freedom.

Of course, we concentrated only on those states which
purely consists of elementary scalar degrees of freedom so
far. Another contribution to the scalar channel is given by
the operator (20) which expands in leading order to the
scalar meson operator tr(AgArg) in an unambiguous way
such that it belongs to the first class. That such a state is also
part of the Z,-odd channel can be deduced from the
operator tr(¢*D?¢).

Further scalar states from the S(O(P) x O(N — P))-
invariant effective theory may be formulated in a strict
SO(N)-invariant way if the G-H duality works at the
decomposition level. For instance, the glueball states
tr(Fig,) and tr(Fig,) as well as the hybrids tr(Ffgy).
tr(AfgrFagsArer), and tr(AggiFyg,Afg,) are encoded in
tr(F?), w(F?¢), or tr(F?¢?). Note that the hybrid
tr(Fige) is not contained in the Z,-odd operator tr(¢F?)
if P = N — P. The next-to-leading order contribution of the
FMS expansion of the operators tr(F%¢) and tr(F?¢?)
contain also hybrid operators involving massless gauge
fields and the corresponding second-rank tensor Higgs field
transforming either nontrivial with respect to the SO(P)
subgroup and being singlets of SO(N — P) or vice versa, i.e.,
tr(Flgihgs) and tr(F2g,hyg,). Furthermore, we obtain the
hybrids tr(Fighysgs) and tr(Figehsgn,).

As no elementary vector particle exists which transforms
as a singlet, we do not expect that it is possible to find a
gauge-invariant bound state operator that expands to an
elementary vector field. Indeed, we have trF*¢" = 0 and
tr¢"D,¢p = tr¢"d,¢ due to the symmetry properties of A,

“In principle, this is also possible for the adjoint case for
N =4K + 2. In this particular case, we can define the non-
vanishing operator €1 1% ... p*N-19v which can be used as
an order parameter for the global Z, symmetry.
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TABLE V. Particle content of a non-Abelian SO(N) gauge theory with scalar field in the irreducible symmetric second-rank tensor
representation. Left: Comparison between operators/states that are strict invariant with respect to SO(N) transformations, i.e.,
observables, and operators/states that are considered from the conventional but gauge-variant viewpoint of spontaneous gauge symmetry
breaking (S(O(P) x O(N — P)) singlets). Trivial scattering states are ignored. We suppress Lorentz indices for better readability for the
S(O(P) x O(N — P)) singlets. Right: Properties of the elementary building blocks obtained from the standard multiplet decomposition
after gauge fixing which are used to construct S(O(P) x O(N — P)) singlets. Note that the Z, distinction is superfluous as the global

symmetry is broken.

SO(N) invariant

S(O(P) x O(N — P)) singlets

S(O(P) x O(N — P)) multiplets

JgP 7, Operator 1. Class [2. Class] Field DOF m%ield
0t 4+ trg? h [trh2gs, ) [trhdg, ] h 1 See Eq. (35)
+  t(pD*¢) trAfgy, [h] [tr(Afghseas) L tr (Afgihosgs)] hses M -1 See Eq. (35)
+  tF? [tr(Fags)]s [tr(Figy)]s [tr(Fige)], hygs (N—P)<§—P+1> _1 SeeEgq. (35)
[tr(ArgrFagsArer) s [tr(AreFsgaAser)]
+  u(¢PF?) [tr(Fge) LItr(Figa ), [tr(Fige)l,
[tr(A}r®fFa®sAf®f)]’ [tr(Af®st®zlA;r®f)]a
[tr(F§®sh2s®s)]! [tr(F§®ahs®2s)]s
[tr(F%®fh2s®s)]’ [tr(Ft2®£hs®25)]
- g’ h [trh2en.), [trhdg, ). [trhigy ], [trh3g,]
- tr(¢p>D%¢h) trAfg,", [h] [tr(Afghsgas) L tr(Afgihosgs)]
- tr(¢F2) [tr(F§®s)]’ [tr(FE@a)]’ [tr(th‘®f)]av
[tr(ArgrFagsArer)]> [M(AterFsgaAser)]s
[tr(F§®sh2s®s)]’ [tr(F§®ahs®2s)]’
[tr(F%®fh25®s)]v [tI’(F%®th®2S)]
1~ + tr((ﬁFleu(f)) tI'(Ff®fAf®f) [tr(Ff@,fAf@fth@S)], [tr(Ff®fAf®fhs®2s)] Alal®S P(Pz_l) 0
- w(@®FD,p) u(FrgrArgr) [Ur(FrgrArerhags)]s [(FrerArgihes)]  Alga W‘%ﬂ 0
Afgr PIN=P) g’

*This state is not present for P = N — P.

and ¢. Also, tr(F* D,¢) = 0. Thus, the simplest operator
to investigate the bound state spectrum in the vector
channel has to contain at least three elementary gauge
fields. Analyzing the Z,-even operator

twr(¢F D) = gv*te(poF*[A,. do]) + Olw).  (38)

we predict that a possible state of the vector channel is
generated by the S(O(P) x O(N — P))-invariant vector
hybrid operator tr(FjgArgs,) Which belongs to the first
class. Similar results can be obtained by investigating the
following Z,-odd vector operator

te(¢*F*D,p) = gvitr(¢5F* Aggr,) + Op).  (39)

At leading order in the FMS expansion, this operator has
overlap with the vector hybrid state tr(FjgAsgs,) With
mass 2my - in the simple constituent model as well. At
higher order in the FMS expansion, we obtain the hybrids
tr(FigiArgr, asgs) and tr( Fig Asgr, hiigos) belonging to the
second class. As usual, we provide a summary table
comparing the different spectra, see Table V.

IV. SU(N) GAUGE THEORY

After the analysis of the low dimensional representations
up to second-rank tensors for SO(N) gauge theories, we
investigate the same representations for SU(N) theories
now. The fundamental and adjoint representation were
already discussed in the literature [54]. We give a brief
summary of the fundamental representation in Appendix A
to put the results of this model into the broader context of
this paper and perform a classification of states for the first
time. In Appendix B, we generalize the results of Ref. [54]
for the adjoint representation to the case of a scalar
potential with cubic term for arbitrary SU(N) theories.
In the main text, we focus on second-rank tensor
representations.

A. Second-rank tensor
representations—Preliminaries

Before we start to analyze the different irreducible
second-rank tensor representations in detail, we list some
of their general properties and common features in order to
prepare the ground. For the second-rank tensor representa-
tions, the scalar field transforms according to ¢ —

U Ubdged where U € SU(N). The potential reads
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. AL i A b be nci
V(d)) — ﬂ2¢*ab¢ab +E(¢*ab¢ab)2 +§¢*ab¢bc¢*cd¢da
= PP+ B+ SueR (40)

where we have introduced a convenient matrix notation
() = ¢ with ¢p — UgUT in the second line in analogy
to the SO(N) case. Expanding the potential in terms of the
fluctuation field ¢, the mass terms for the Higgs fields can
be read off from the quadratic terms. From the kinetic term
of the scalar field with covariant derivative (D,¢)* =
0,9 + 1gAL p" + igALf e, we extract the mass matrix
M3 for the gauge fields. In case the field ¢ is either
completely symmetric or antisymmetric, i.e., transforms
according to an irreducible 2nd-rank tensor representation,
we obtain

1
SMAARA] = Gr(oa* (Audo + doA)) - (41)
with gauge fields A# = A%T; and T; the generators of the
SU(N) Lie algebra.

The gauge-invariant bound state operators in the scalar
and vector channel can be further divided according to
possible flavor symmetries. The model is invariant under
global U(1) transformations if the scalar field transforms as
a complex second-rank tensor and N > 2. Thus, we further
classify the states in U(1) singlets, i.e., particles which have
no observable U(1) charge, and states with an open U(1)
quantum number which describe U(1) charged particles. In
case N =2, it is straightforward to adapt the following
analysis of the bound state spectrum for the symmetric
second-rank tensor. It is important to keep in mind that the

dual field ¢?* = e*ebdg*e4 also transforms as a symmetric
tensor for N = 2, reflecting the fact that the fundamental
representation is pseudo real. Therefore, the operator basis
is enlarged to construct gauge-invariant operators in this
particular case. By contrast, the SU(2) antisymmetric
second-rank tensor transforms as a singlet such that the
scalar and pure Yang-Mills sector decouple. In the follow-
ing, we focus only on the N > 2 case.

The simplest gauge-invariant bound state operator in the
scalar channel which is a U(1) singlet is given by two
elementary Higgs fields and its FMS expansion reads,

2
_7 v _7 _7
Pl = >+ V20Re(5 ™) 4+ @ 2Pt (42)

Thus, this operator always expands in leading order to the
single elementary Higgs field being proportional to the
direction of the VEV, irrespective of the details of the action
or which representation is considered. Further U(1)-singlet
operators in the scalar channel are

tr(¢TD2p) = —g? v tr(pgA* (Ao + BoAL)) + O(gp) (43)

or tr((D*¢)'D,¢) expanding to meson operators contain-
ing massive vector multiplets, as well as trF> which can be
decomposed into the corresponding H glueball and hybrids
containing massive vector multiplets and massless gauge
bosons.

A charged scalar bound state can be constructed via the
epsilon tensor and thus will contain at least N elementary
scalar fields

v

ﬁcﬁoﬂv)- (44)

The charge conjugated operator is given by det(¢") and
describes the corresponding antiparticle. As to whether this
operator expands in leading order to a single elementary
scalar field or has a more complex bound state dynamic
depends on the rank k of the matrix ¢,. If 1| <k < N, the
leading order contribution is given by N — k elementary
Higgs fields. For k = N the leading order contribution is
given by a single elementary scalar field.

In the vector channel the U(1)-singlet operator with least
field content is given by

%ez‘l"'Z’Nei’l"";Nqﬁ“'bl .. .¢aNbN — det <

itrngDﬂqﬁ = —gv2tr¢8AMq§0 —V8gw Re(tr(ﬁgAM(p)
LU . L
+ 1ﬁtr¢08ﬂ(p —2gtp’Ap +itrg’0,0.
(45)

The FMS expansion demonstrates that this operator can be
described by a single elementary vector boson as long as
tr((,boqbgAM) # 0, i.e., the H-invariant spectrum contains a
vector singlet. Note that also a pole at the mass of the radial
Higgs excitation seems to appear in the correlator of this
vector operator. However, this merely reflects the mixing of
0, with other operators in the vector channel and does not
lead to a new particle, cf. the discussion in Sec. III A above
Eq. (11). Additionally, we investigate the SU(N )-invariant
vector operator

(¢ FD, ) = igo*te[pdF* (Ao + poAL)] + O(o)
(46)

which maps on possible H-invariant vector hybrids created
by the massive vector multiplets and the massless gauge
bosons. Finally, vector operators with an open U(1)
quantum number can only be constructed with the aid of
the epsilon tensor as in case of scalar operators. In order to
analyze this channel, we will investigate the following two
operators

i'eal"'aNel_’l"'EN (DM¢)alb1¢azbz - DN (47)
N! '

%651'“‘7N€BI'”IBN (F/“/Dygb)a]blqﬁazbz e pNDN (48)
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The conjugated version of these operators describes the
corresponding antiparticles if the U(1) symmetry is intact.
As their FMS expansions are involved, we discuss the
relevant results in the appropriate subsections.

B. Symmetric second-rank tensor representation

The field configurations which minimize the potential
(40) can always be transformed to either ¢p§? = 5 /+/N for
4> 0or ¢l = §NN? if ] < 0 [60]. Thus, depending on
the sign of 1 the breaking pattern reads either SU(N) —
O(N) or SU(N) — SU(N — 1), respectively.

1.i>0

Beginning the analysis for the case 4 > 0, it is useful to
decompose the fluctuation field of the symmetric second-
rank tensor into 3 parts which read for the particular choice

¢5> =5/ VN,

@ = heo + Re(g — hep) + ilm(¢p — heby).

They are given by a complex scalar field proportional to the
VEV, tr(¢yp) = h(x) = %(hl(x) +1ih,(x)), the real part
of the remaining fluctuation field after the complex Higgs
excitation i proportional to the VEV has been subtracted,
and the corresponding imaginary part. The last part, encod-
ing IN(N + 1) — 1 real-valued scalar fields, mixes with the
fields stored in Re(A,) which acquire a nonvanishing mass
term if 3" ~ 5. Removing these would-be Goldstone
fields by using the unitary gauge, the fluctuation field ¢
contains JN(N + 1)+ 1 real-valued scalar fields after
symmetry breaking in the gauge-fixed formulation. Their
mass spectrum is given by %N (N +1)—1 degenerated Higgs

fields. *¥[(p~heo)do+dy(0' )] =Re(p—heho) =
has/V/2, with mass m, = Jv?* transforming as a traceless
symmetric second-rank tensor of O(N). Further, we obtain
two real-valued singlets, the radial Higgs excitation h; =
\/§Re(tr(¢oqo)) with mass parameter mﬁl = (/1+Ai,1)112,
and a massless degree of freedom /4, = v/2Im(tr(¢hyp)).

Analyzing the mass matrix for the gauge fields given in
Eq. (41), we obtain $N(N + 1) — 1 degenerated vector
bosons stored in A5 = /N(A ¢y + ¢oA™)/2 which
reduces to Re(A*) for ¢py = 1/+/N. Their mass parameter
reads my = % g*v*. The remaining  N(N — 1) massless
vector bosons Ay = Im(A*) form the gauge sector of the
remaining O(N) gauge theory.

In order to investigate the bound state spectrum, we have
to examine the global symmetries of the action which is
given by a U(1) symmetry as in the fundamental case. In
principle it is possible to classify the states according to
this global quantum number. However, a particularity of
the considered model is that the field configuration that

minimizes the potential does not only break the gauge
symmetry due to gauge-fixing but also spontaneously the
global U(1) symmetry. In the gauge-fixed formulation this
is reflected by the occurrence of the massless Higgs
excitation /1, which is the corresponding Goldstone boson.
In order to show the breaking of the global U(1) symmetry
in an SU(N)-invariant fashion, a gauge-invariant order
parameter can be constructed by (det(¢)) which is obvi-
ously invariant under an SU(N) gauge transformation.
Indeed, this vacuum expectation value is nonvanishing
and describes a homogeneous condensate for the field
configuration that minimizes the potential. Therefore, we
expect that also the gauge-invariant bound state spectrum
contains a massless scalar particle. Thus, the U(1) quantum
number is no longer a conserved quantity and transitions
between U(1) singlets and nonsinglets are possible.

The FMS expansion of the simplest gauge-invariant
operator in the scalar channel (42) (which would be a
U(1) singlet) reads:

s 2 1
@Y = =+ vhy 5 (B + B+ w(hy)). (49)

The operator expands in nontrivial leading order to the
massive real-valued Higgs field proportional to the VEV. If
we use the conventional multiplet decomposition, the next-
to-leading order contribution contains not only the scatter-
ing of two radial Higgs fields /4, but also scattering states of
two massless fields 7, and the meson state tr(/3) belong-
ing to the second class, 2¢* % = h? + h3 + h$2hsb. The
possible scattering state 43 produces a cut at 2my,, = 0 for
the correlator of tr(¢’¢) implying that the state at mj, is
merely a resonance. That the ground state of the scalar
channel might indeed be given by a massless excitation as
dictated by the Goldstone theorem can be further sub-
stantiated by investigating bound states with a nonvanish-
ing U(1) quantum number. Although, this quantum number
is no longer conserved, we can still formally build such
operators and view them just as any other operator in the
scalar channel which might have overlap with the ground
state. As the scalar field obeys more structure than in the
fundamental case, it is easier to construct and expand such
operators. For instance the operator (44),

oN \/NUN—I _
det(¢p) = (2N)¥+ anE (hy +ihy) + O(¢?), (50)

expands in nontrivial leading order to the complex singlet
h ~ hy + ih, via the FMS mechanism and similar for the
charge conjugated operator, det(¢") ~ v¥~'h* + - - .. Thus
both scalar singlets & and h* or equivalently their real-
valued counterparts &; and &, belong to the first class. As
the U(1) charged composite object det(¢) acquires a
nonvanishing VEV, the generated states linked by a U(1)
transformation obtain different masses. We have a massless
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TABLE VI

Particle content of an SU(N) gauge theory (N > 2) with a scalar field in the symmetric second-rank tensor representation

and gauge-variant breaking pattern SU(N) — O(N). Left: Comparison between operators/states that are strict invariant with respect to
SU(N) transformations, i.e., observables, and operators/states that are considered from the conventional but gauge-variant viewpoint of
spontaneous gauge symmetry breaking (O(N) singlets). Trivial scattering states are ignored. In case the contraction is obvious, we
suppress Lorentz indices for better readability. Albeit the global U(1) symmetry is broken, we formally divide the SU(N)-invariant
operators into U(1) singlets and nonsinglets. We assign a U(1) charge of 1/N to the scalar field ¢. Right: Properties of the elementary
building blocks obtained from the standard multiplet decomposition after gauge fixing which are used to construct O(N) singlets.

SU(N) invariant

O(N) singlets

O(N) multiplets

JP o U@) Operator 1. Class [2. Class] Field DOF m%iel d
0ot 0 (o) hy [trhZ,] h 1 A+ &)p?
0 tr(¢TD2¢) tI’A%S, [hl] [tr(hZSDﬂAgs)]’ [tr(AgsDﬂhZS)]’ [tr(hZSAZSAZS)] h2 1 0
0 t.I'F‘2 [tng], [tI'F%S], [tr(FaAZSAZS)], [tr(FzsAzsAzs)] h25 w -1 }%2
0_ tr(¢TF2¢) [tng]» [U’F%S], [tr(FaA2SA2S)]’ [tr(F2sA2sA2s)]
1/1  det(¢p)/ det(¢p?) hy, h, [det hy], [trh, (n < N)]
1~ 0 tr((ﬁ"'D”qS) tr(AgshZS) [tr(h%sAgs)]’ [tr(hZSD”hZS)] A’z; NU\;_I) 0
O tr(¢TFﬂ”Du¢) tr(FgZAZS,/) [tr(F’zusDbhzs)], [tr(FgZAzsyhzs)], [U(FZDAZSDI’QS)] Ags M — 1 2912\,_L2
1/1  See operator (47)  tr(Ab /) [See main text]
1/1  See operator (48)  tr(F5 As,) [See main text]

Goldstone mode Im(det ¢p) ~ h, associated with the broken
U(1) generator and a real-valued massive radial mode in the
spectrum.

A further state in the scalar channel belonging to the first
class is the meson operator trA3, which can be deduced
from tr(¢p'D?¢). The hybrid trF3; and the O(N) glueball
trF2 belong to the second class as they can only be
extracted from trF? or tr(¢p" F2¢) via the standard multiplet
decomposition. In addition, tr % and tr(¢" F>¢) contain the
O(N)-invariant states tr(F,A,,As) and tr(F, Ay As).

We investigate the operator defined in Eq. (45) to get a
first glance on the vector channel. Its FMS expansion,
reveals that it does not expand to a single elementary vector
particle as the leading order term, tr(ﬁgAﬂqﬁo, vanishes
for ¢y ~ 1. At next-to-leading order we obtain the vector
meson tr(h,A% ) being invariant under O(N) transforma-
tions. Further next-level states which belong to the second
class as well as the trivial contributions from the scalar
channel are encoded in the remaining terms. Albeit, it is not
possible to construct a gauge-invariant vector operator that
expands to a single vector field, it is straightforward to write
down an operator that expands to an O(N)-invariant
operator containing several vector fields in the FMS
prescription. For instance, the operator

s ny2
W@ FDG) = T u(FiA) + Og)  (51)

expands unambiguously to the hybrid state tr(F5;As,)
containing the massive vector multiplet. Higher orders in
the FMS expansion combined with the multiplet decom-
position reveal several O(N)-invariant operators of the
second class which are summarized in Table VI.

Similar conclusions can be drawn from more involved
operators. For instance, the operator (47) expands in
leading order in the scalar fluctuation field to trA* =0
confirming the findings from the analysis of the U(1)
singlet operator (45). At next to leading order we obtain
tr(A5,p) = tr(A5.hy). Therefore, we also infer from a
formally U(1) charged operator' that this O(N)-invariant
vector meson belongs to the first class. Using the simple
constituent model, we approximate its mass by mp, + my, .
Similarly, the FMS expansion of the operator (48) predicts
a state of the first class at ~2m,, as we obtain a term
proportional to tr(F5.A,,). This vector hybrid is also the

leading order contribution of the operator ¢ @bty x
(FP )11 (D, gp)2b2gp%bs - . . havbn Further states assigned
to the second class and containing an increasing number of
h, as constituents appear in these U(1) charged operators at
higher orders in the expansion coefficients of the FMS
series. An overview of the G- duality of the present model
is depicted in Table VL.

2.2<0

Without loss of generality the field configuration that
minimizes the potential (40) is given by ¢g? = 5V5"" fora
negative coupling 1 [60]. Note that |1| < A for a stable
potential. It is straightforward to show that the gauge-
dependent vacuum configuration remains invariant under
an SU(N — 1) subgroup. Inserting the minimizing field
configuration into Eq. (41), we obtain the mass parameter
matrix for the gauge bosons. We obtain a complex

13Keep in mind that the global U(1) symmetry is broken and
thus the distinction is merely for practical purposes.
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TABLE VIL

Particle content of an SU(N) gauge theory (N > 2) with a scalar field in the symmetric second-rank tensor representation

and gauge-variant breaking pattern SU(N) — SU(N — 1). Left: Comparison between operators/states that are strict invariant with
respect to SU(N) transformations, i.e., observables, and operators/states that are considered from the conventional but gauge-variant
viewpoint of spontaneous gauge symmetry breaking (SU(N — 1) singlets). Trivial scattering states are ignored. In case the contraction is
obvious, we suppress Lorentz indices for better readability. We assign a U(1) charge of 1/N to the scalar field ¢. Right: Properties of
the elementary building blocks obtained from the standard multiplet decomposition after gauge fixing which are used to construct

SU(N — 1) singlets.

SU(N) invariant

SU(N — 1) singlets

SU(N — 1) multiplets

JP U@ Operator 1. Class [2. Class] Field DOF m%iel d
0" 0 u(p'e) h [tr(hisha)] ) h 1 (A4 1)0?
0 tr(¢"D2p) [h] [tr(AF A, [t (A3 AAD)], [tr(haAFAT)] By N(N-1) 1o
0 tF? [trF2], [tr(FLFp)], [tr(A]F,Ap)]
0 w(p'Fg) [te(F{Fy)]
1/T  detgp/ detgp’ det hay/ det hj
1= 0 w(ptDre) Al [tr(h D¥hag)] AL (N=-1)2-1 0
0  tr(p"F*D,¢p) [e(FI™ Ap)], [tr(FI hog AL, [(FIF R A )] AY 1 2AN1) 2,2
1/1  See operator (47) See main text Af 2(N-1) #
1/1  See operator (48) [See main text]

fundamental vector Ay = Ay — Asy with mj = Jg*v*

and an SU(N — 1) singlet A, = tr(¢}A¢,) being generi-

cally heavier mj = 4v-1)

gauge bosons are the massless vector degrees of free-
dom of the unbroken SU(N — 1) group. As the breaking
pattern is the same as in the fundamental case, we obtain
the same structural decomposition of the elementary
gauge field. Nonetheless, the internal dynamics is different
which manifests, e.g., in the different ratio mif /mig,

m3 . The remaining (N —1)* = 1

c.f. Appendix A. The elementary scalar field ¢ decom-
poses into the real-valued radial Higgs excitation h =
V2Re(tr(¢hp)) with m? = (2 + 1)v> and N(N — 1) degen-
erated complex scalars forming a complex symmetric
second-rank SU(N —1) tensor field hy, with mj = |A]v2.
The remaining massless scalar degrees of freedom mix with
those gauge bosons acquiring a nonvanishing mass term
and thus are would-be Goldstones which we remove by the
unitary gauge condition.

In contrast to the previous case (1> 0), the gauge-
invariant spectrum can be defined according to the global
U(1) quantum number of the model. At first sight, it seems
that the field configuration ¢ = 5°N5"" breaks the gen-
erator of the global U(1) symmetry in the gauge-fixed set
up. However, this is a gauge-dependent statement as ¢, is a
gauge-dependent order parameter. The model still obeys an
unbroken global U(1) symmetry which manifests in an
unbroken diagonal subgroup of SU(N) x U(1) in the
gauge-fixed formulation. Thus, it is still possible to classify
the states according to their U(1) quantum number. This
statement can be made more precise in a gauge-invariant
way by realizing that the gauge-invariant order parameter
(det ¢b) vanishes for the particular field configuration which

minimizes the potential for 2 < 0. Also any other U(1)
charged operator does not develop a homogeneous con-
densate at least within the perturbative regime.

Beginning with the U(1)-singlet scalar channel, we
analyze the operators tr(¢'g), tr(¢"D?¢), tF?, and
tr(¢" F?¢). From their FMS expansion, e.g., see Eq. (42)
and Eq. (43), we conclude that only the radial Higgs
excitation i generates a state of the first class. All other
scalar SU(N — 1)-singlets contained in these operators,
e.g., tr(hl ), tr(A;rAf), tr(FZFf), and trF2, can only be
obtained via the conventional multiplet decomposition as
they mix with the scattering states A2 and h?. For the
precise relation between the SU(N) and SU(N — 1) states
see Table VIIL.

The gauge-invariant U(1)-nonsinglet operator (44) that
contains only scalar fields expands in leading order to the
SU(N — 1) invariant state det(/,),

1
detgp = 7 (v + h) det(hy).
Further operators might be investigated for a complete
analysis of the mass spectrum within this channel but all
local operators that can be build from the elementary fields
will generically expand to operators with larger field
content than N — 1 scalar fields.
The simplest gauge-invariant vector operator with van-
ishing U(1) quantum number expands to the heaviest vector
boson which is an SU(N — 1) singlet,

(52)

(' D) =~ L2 42+ Op).

This is equivalent to the fundamental case which creates the
same breaking pattern. Further, the vector operator defined

(53)
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in Eq. (46) expands in leading order to a superposition of

the vector hybrid tr(F*“A;,) and the scattering state
tr(F§*Ay,). Thus, the former state belongs to the sec-
ond class.

To investigate the bound state structure of vector
particles charged under the global U(1) symmetry, we first
study the operator (47). The leading order contribution
forms an intricate SU(N)-invariant hybrid created from
N — 2 different components of %, and one element of
D"hy, le., 531“‘51\/—16;1‘“21\'—1 (D”hzs)d]blhg:bz - hgg’-le-l
where dotted indices run only over those components
defining the nontrivial SU(N — 1) subspace. As this hybrid
operator follows in a unique way from the FMS expansion,
we assign it to the first class. Furthermore, we obtain trivial
scattering states, e.g., given by A% and det h,. The operator
defined in Eq. (48) expands in leading order to scattering
states as well as another SU(N — 1)-invariant hybrid,
gir-in-1 iy (Ff”Any)é"i" hg;bz e hgg*‘i’N*‘, containing
elements of /,, as well as the nonsinglet massive vector
multiplet. As we can disentangle this hybrid and the
scattering states only via the conventional multiplet decom-
position, we assign the hybrid to the second class. At higher

orders, we obtain scattering states such as tr(F ;”‘ “A;,) and
det hy or tr(FE“Ag) and det hy,.

C. Antisymmetric second-rank tensor representation

We have to consider two different breaking patterns
depending on the sign of the nonisotropic coupling 4 also
for the antisymmetric second-rank tensor representation.

1.i>0

First, we consider the case 4 > 0. As the breaking
pattern reads SU(N) — Sp(2|N/2]) where | x] is the floor
function [60,63], it is useful to consider the cases for even
and odd argument separately as in case of the adjoint
representation for SO(N) gauge theories. The direction of
the field configuration that minimizes the potential (40) can
be transformed into the following block diagonal form

£

1 .
tho = N . (54)

&€

for SU(N =2K) with ¢= (") and all off-diagonal
elements vanish [60]. Note that also this field configuration
breaks the global U(1) symmetry.

The mass matrix for the vector fields given in Eq. (41)
has 2K? + K vanishing eigenvalues. The corresponding
massless vector fields are gauge bosons of the unbroken
Sp(2K) Yang-Mills sector in the gauge-fixed version of the
model. The remaining vector fields, A,, = A¢y + PpoAT
form an antisymmetric second-rank tensor of Sp(2K) with

mass parameter my = ¢ g°v>.

Accordingly, the scalar fluctuation field ¢ contains
would-be Goldstone bosons forming an antisymmetric
tensor which we remove from the elementary spectrum
by the unitary gauge. The remaining scalar degrees of
freedom form another antisymmetric Sp(2K) tensor with
mass parameter my,, = ﬁzvz and two real-valued singlets
being the real and imaginary part proportional to .
While the real part is the radial Higgs excitation h; =
V2Re(tr(¢g)) and thus massive, my, = (4 + 5 1)v?, the

imaginary part h, = v/2Im(tr(¢p}g)) is massless but a
BRST singlet. This field is a real Goldstone degree of
freedom associated to the broken generator of the global
U(1) symmetry group of the model.

Albeit the VEV of the scalar field ¢, is gauge-dependent,
we are able to formulate the breaking of the global
symmetry group in a gauge-invariant manner due to the
gauge-invariant order operator (det¢). Similar to the case
of a symmetric second-rank tensor, this order parameter is
nonvanishing for the field configuration (54) that mini-
mizes the potential (40) for 1 > 0 and even N. Likewise,
the U(1) charged but SU(N)-invariant operators det ¢ and
det¢" can be translated into two strict gauge-invariant real-
valued modes which expand to the elementary fields /; and
h,, implying that the scalar channel has no mass gap. Thus,
we find indeed an SU(N)-invariant composite Goldstone
degree of freedom which is connected to the elementary
massless field /1, via the FMS expansion. As the global U
(1) symmetry is spontaneously broken, we have transitions
between U(1)-singlet and -nonsinglet states.

As usual, the FMS expansion of the operator (42)
predicts that the gauge-invariant bound state spectrum in
the scalar channel contains the elementary radial Higgs
field which belongs to the first class. The Sp(2K) meson
bound state of two elementary scalar antisymmetric tensor

fields tr(h,/,) belongs to the second class. Further, we
obtain the branch cut signaling the decay into two massless
Goldstone modes. The analysis of further bound state
operators in the scalar as well as the vector channel follows
the recipes of the previous sections. We list SU(2K) gauge-
invariant operators and the corresponding Sp(2K) singlets
obtained from either the FMS decomposition or the
multiplet decomposition in Table VIII. As the occurring
Sp(2K)-invariant operators obtained from operators with
formally open U(l) quantum number are lengthy, we
briefly discuss their constituent field content here. The
leading order contribution of the FMS expansion of det ¢
and its conjugate is given by the radial Higgs excitation £,
and the U(1) Goldstone /,. Both belong to the first class.
At order 2 < p < N we obtain various operators of the
second class with increasing number of /,, as constituents,

Gy --dy by-b b 10
€a1"'a"’€b1'"b"’hgéb] . hgg p¢g[+] p+l . ¢ngN_(:_det hza for
p = N). Similarly, the scalar operator e“ " “kg? ...
¢®x-1%2¢ expands unambiguously to /; and &, at leading.
Nontrivial composite operators containing two to K fields
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TABLE VIIL

Particle content of an SU(N) gauge theory (N > 2) with a scalar field in the antisymmetric second-rank tensor

representation and gauge-variant breaking pattern SU(N) — Sp(2|N/2]). The upper table contains the spectrum for even N while the
lower table summarizes the spectrum for odd N. Left: Comparison between operators/states that are strict invariant with respect to
SU(N) transformations, i.e., observables, and operators/states that are considered from the conventional but gauge-variant viewpoint of
spontaneous gauge symmetry breaking (Sp(2K) singlets). Trivial scattering states are ignored. In case the contraction is obvious, we
suppress Lorentz indices for better readability. Albeit the global U(1) symmetry is broken for N = 2K, we formally divide the SU(2K)-
invariant operators into U(1) singlets and nonsinglets. We assign a U(1) charge of 1/N to the scalar field ¢. Right: Properties of the
elementary building blocks obtained from the standard multiplet decomposition after gauge fixing which are used to construct Sp(2K)

singlets.
SU(2K) invariant Sp(2K) singlets Sp(2K) multiplets
JP U@ Operator 1. Class [2. Class] Field DOF m g
00 w(pfe) hy [tr(h3,ha0)] hy 1 (A + 5 2)0?
0 tr(¢TD2¢) tr(A;aAza), [hl] [tr(hZaD,uAH )] [ ( T”D,uth) h2 1 0
0 uF? [trF2], [tr(FL, Fao)l, [tr(AL FoAs)]  hyy  2K2—K—1 I
0 w(@'Fe) [tF3), [tr(F5Fa)), [r(AS Fodsy)]
1/1  det(¢) hy, hy [det h,,], [see main text]
1/1  effxgp@ar. .. o192k g, hy [See main text]
1= 0 wu(¢p'Dre) tf(hZaA’éa) [tr(h},D,ha,)] Al KQ2K +1) 0
0 u(¢"F"D,g) w(FY¥Ay,)  I0(FND b)), (r(hy, FiAy,)] As 2K =K -1 il
1 /I See operator (47) See main text [See main text]
1/1  See operator (48) [See main text]
SU(2K + 1) invariant Sp(2K) singlets Sp(2K) multiplets
JP U@ Operator 1. Class [2. Class] Field DOF m%iel d
0* 0 t(¢’9) h [tr(hztha) h 1 (A + 3 2)0?
0  t(¢p'D*p) [h] [tr(AL A1, [Er(A{ A, [tr(AY, D AS )], hyy  2K2— K —1 i
[tr(AT D, hyy)]
0 tw(¢'p(D"¢) dpd'D,) [tr(AZaAZa)]
0 uF? [ter] [tr(F5, Fa,)l, [tr(Ff Fi)l,
| [tr(A}, F, Azdg] [tr(A[F, Af)]
0 (¢ Fepd'F,,p) [trF2], [tr(F),Fa,)l, [tr(AS, FaAz)],
[tr(A]F,Ap)]
1/1  See operator (56) Only trivial scattering states
1= 0 w(piDg) A [tr(h% A5, [tr(h), D" hyy)] Al KQ2K +1) 0
0 w(@'F*D,g) [tr(F ””AM)] [tr(ALF{)1, A% 2K2-K -1 o
[tr(FY“ D, hyy)1, [tr(hh, Fadng)] Al 4K v
— . V4 22
1/1  See operator (48) [See main text] AL 1 K(g I;H)
hy, can be extracted via the multiplet decomposition. The  iay gbiby( Y Azav)albl¢a2b2 o SNbN’ as  well as
leading order contribution vanishes for the Operator (47) in iy ghi-by (JA% A;Z — A% A;’:] Aggy)th ¢82b2 ... Further

the vector channel. At next-to-leading order, we obtain
e an by ARGDL paaba psbs  panPN - without  requiring
the multiplet decomposmon, i.e., this meson operator
belongs to the first class. At higher order p we extract

by ab
further composite operators e @b by LN pg2b2

]’l p+lbp+l apiabpra ¢8NbN and e aN€b1 bN(DMhza)albl X

o
h;;b" -hy! “qb driPrit . The operator (48) does not

expand in leading order to a single Sp(2K)-invariant
operator. Using the conventional multiplet decomposition,
€Zl|-~»ZzN€}_)]--~}_;N (F/;VAzay)a,blqsgzbz . ¢8NbN’

we obtain

operators of the second class can be extracted at higher
orders.

For SU(2K + 1) the normalized field configuration that
minimizes the potential reads

&

¢ = V2K ' . (55)

0
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causing the breaking pattern SU(2K + 1) — Sp(2K) [60].
The elementary scalar sector remains unchanged in the
unitary gauge apart from the fact that the previous BRST
singlet Goldstone 4, becomes now a would-be Goldstone,
mixing with the gauge boson associated to the additional
Cartan generator. Consequently, we get additional massive
vector fields from the decomposition of A¥#. These are a
massive singlet A, = tr(qbgch)O) and a complex 2K compo-
nent field Af = 2K¢ops(D o — 2K (D o) pohy) trans-
forming under the fundamental representation of Sp(2K).
The antisymmetric tensor field A5, is now described in
an Sp(2K) covariant form via 4K2¢opt(D o) dody —
2KAgpochy

Investigating the strict SU(2K + 1)-invariant spectrum
of the model, we first note that det¢) = 0. Any other
nonvanishing operator in the scalar open U(1) channel does
not develop a homogeneous condensate and generates only
massive modes. Thus, we conclude that the global U(1)
symmetry is intact. Nonetheless, the investigation of the
spectrum in the scalar open U(1) channel is intricate. All
examined operators contain only scattering states. For
instance, one of the nonvanishing operators with least field
content is given by

ety gbi-by (FﬂI/DD¢)a|b1 (Dﬂ¢)“2b2¢“3b3 .. .¢aNbN. (56)

The first nontrivial lowest order term of the FMS expansion
is a scattering state of the Sp(2K)-invariant vector hybrid

Gy -dy by by AHA1b1 pasby pasby ayby :
NN et AL TN 2 g’ - - g™, which we already

discussed for N = 2K, and an Sp(2K)-invariant vector
hybrid formed by A; and F;. At higher orders in the FMS
expansion, we obtain further scattering states, e.g., includ-
ing the vector singlet A{ and other Sp(2K)-invariant
operators.

In the vector channel, the U(1)-charged operator (47)
vanishes for N = 2K + 1. The operator (48) expands in
leading order merely to operators of the second class,
e.g., the Sp(2K)-invariant hybrid operator created by F;
and A; which we already encountered in the scalar
channel. At higher orders in the FMS expansion, we
find scattering states of this particular hybrid with & as
well as more sophisticated Sp(2K)-singlets. Only in case
N =3, we find that the SU(2)-invariant operator con-
taining A% and D,Af belongs to the first class. The mass
of this hybrid can be approximated by 2m,_ in the simple
constituent model. That we obtain the same result as in
the fundamental case, c.f. [54] or Appendix A, is not a
surprise for N = 3 because in this case the antisymmetric
second-rank tensor can be mapped on the (anti)funda-
mental representation. The analysis of U(1)-singlet scalar
and vector operators is straightforward. A summary can
be found in Table VIIL

2.2<0

For negative /, the field configuration which minimizes
the potential (40) can be transformed to the following
block-diagonal form [60],

TABLE IX. Particle content of an SU(N) gauge theory (N > 2) with a scalar field in the antisymmetric second-rank tensor
representation and gauge-variant breaking pattern SU(N) — Sp(2) x SU(N — 2). Left: Comparison between operators/states that are
strict invariant with respect to SU(N) transformations, i.e., observables, and operators/states that are considered from the conventional
but gauge-variant viewpoint of spontaneous gauge symmetry breaking (Sp(2) x SU(N —2) singlets). Trivial scattering states are
ignored. In case the contraction is obvious, we suppress Lorentz indices for better readability. We assign a U(1) charge of 1/N to the
scalar field ¢b. Right: Properties of the elementary building blocks obtained from the standard multiplet decomposition after gauge fixing

which are used to construct Sp(2) x SU(N — 2) singlets.

SU(N) invariant

Sp(2) x SU(N —2) singlets

Sp(2) x SU(N —2) multiplets

JP U@ Operator 1. Class [2. Class] Field DOF me g
O+ 0 tr(¢T¢) h [tr(h:®23hs®2a)] h 1 (/l + %j,) 1)2
0 tu(p'D¢p) (7] [tr(AfgrArer)] hagra (N —=2)(N=3) i
0 tF? [0 Flgyl, [0Fgy], [r(FlgFrgr)]
[tr(Afg FagsArer)], [r(AfgFigalrer)]
0 tr(pTF2p) [trF2g,). [tr(FgFrer)]. [r(Ajg FagsArer)]
0 (' F o Fui) [trF2g,). [tr(AfgyFugsArer)]
1/1  detg” h [det Aggr,]*
1/1  See operator (56) Only trivial scattering states
1= 0 u(p'Drg) Al [tr(7{g0, D" hygoa)] Al 3 0
0 w(¢"F*D,gp) [tr(FigrArer,)] Alga (N-2)*-1 0
1/ 1 See operator (47)" See main text A’;®f 4(N-2) ng
1/1  See operator (48) [See main text] Aé‘®s 1 NT—zgzvz

*Vanishes for N = 2K + 1.
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&

0

and we have SU(N) — Sp(2) x SU(N —2) [63,64].

In the unitary gauge, the fluctuation field ¢ can be
parametrized by a real-valued singlet & = \/ERe(tr(d)g(p))
and the remaining components live in the subspace
orthogonal to ¢y. They are singlets with respect to Sp(2)
but transform as a complex antisymmetric second-rank
SU(N —2) tensor which we denote by hggy, using
the notation introduced in Sec. III C. The mass para-
meters of the multiplets are m? = (1+14)»* and

my ==

As we have 4N — 7 broken generators, we get 4N —7
massive vector fields while the remaining gauge bosons
are massless and are in the adjoint representation of either
Sp(2), A,gs, or SUN —2), Ayg,. The massive vector
bosons can be divided into a singlet A g, with mass

mims =N26%p% and 4(N —2) degenerated vector fields

transforming as a fundamental vector with respect to both
subgroups, Asgy, With mass parameter m3 = ;g*v*.
The gauge-invariant composite scalar and vector states of
this theory can be classified according to the global U(1)
symmetry of the model. The FMS expansion for most of the
SU(N)-invariant operators introduced in Sec. IVA is
straightforward and listed in Table IX. Particularities
appear in the U(1) open scalar channel for odd N. In this
case, det ¢ vanishes and all other investigated operators
in this channel, e.g., the operator defined in (56),
contain only scattering states. In the vector channel,
the SU(N)-invariant operator (47) vanishes for odd N.
For N =2K, it expands to the SU(N —2) hybrid

eranaghibva (D g )10 h:ébzza e hg%‘ngN‘Z where dot-
ted indices run only over those components defining the
SU(N — 2) subspace as well as scattering states with % at
higher orders. The vector operator (48) is nonvanishing for
all N and the leading order term of the FMS expansion is
given by an Sp(2)- and SU(N — 2)-invariant hybrid created
by Asgs. Frer, and N — 3 fields h,, belonging to the second
class as well as scattering states. Only for N = 3 we obtain
a state of the first class at ~2m,,  as we can map the
antisymmetric tensor to the (anti-)fundamental representa-
tion. At higher orders in the expansion, we obtain only
scattering states.

V. IMPLICATIONS FOR GUTS

So far, we found that merely a few single H-invariant
operators can be extracted solely via the FMS decom-
position of G-invariant composite operators. In case lattice
studies will accumulate further evidence that only states

belonging to the first class are contained in the G-invariant
spectrum of a gauge theory with BEH mechanism, the
viewpoint on many proposed BSM models will change. In
case states of the second class would also be included in the
G-invariant spectrum, a strict G-H duality could be estab-
lished at least for those theories for which the H multiplets
carry only non-Abelian gauge charges and the tensor rank
of the scalar field is sufficiently low depending on the
representation of other nontrivial G multiplets (gauge fields,
fermions, further scalars) and the conventional gauge-
dependent breaking pattern. However, this is not the case
for a proper BSM model which has to be constructed such
that one obtains the standard model gauge group (and
finally SU(3) x U(1) as a low-energy effective theory).
Thus, a description of U(1) charged objects is necessary in
the context of BSM models.

In our above analysis, we have seen examples which
imply that this will turn out to be problematic for GUTs or
any other scenario which uses some extended gauge sector
which does not include an explicit U(1) part and is
“broken” to the standard model by some extended Higgs
sector. While U(1) charged states are well defined observ-
ables from the perspective of any H = H x U(1) gauge
theory,14 there is no G-invariant operator from which we can
extract such a U(1) charged state, neither via the FMS nor
the multiplet decomposition. Thus, these particular states
belong to the third class. For an explicit example, see our
toy model studies in Sec. III A for N =3 or Sec. IIIB
for 1 < 0.

In order to examine a more sophisticated scenario,
consider the SU(5) GUT. None of the SU(5)-invariant
operators containing only one SU(5) gauge field expand to
a W=, For instance, ¢'E"D#¢p ~ Z# (n > 0), 0, tr(TF*) ~
ZF, O (ZFH) ~ ZF +A’6<1> (n > 1), where ¢ and X are
the scalar fields in the fundamental and adjoint representa-
tion, respectively. At least the Z boson belongs to the first
class. The photon can only be disentangled from the Z if we
use the multiplet decomposition for the latter operator.
Thus, there is not only no SU(5)-invariant description of
W= but also none of the massless photon in case states of
the second class are indeed not contained in the strict
gauge-invariant spectrum of the model.'®

MAs long as the state is invariant with respect to H.

“For the SO(N) antisymmetric tensor and 1 > 0 as well as
for the SU(N > 2) adjoint case, we obtained Abelian charged
multiplets as well. However, the corresponding multiplets carried
also a non-Abelian charge in such a way that H-invariant
operators are always U(l) singlets. Thus, there is no U(1)
charged H-invariant state that can be assigned to the third class
in these cases.

“In a previous work, we classified the photon as a potential
observable of the SU(5)-invariant spectrum [54]. However, we
did not take vgy/vgur corrections into account within this prior
analysis and also did not performed the present classification of
states. Taking such effects into account leads to a reclassification
of the photon.
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That U(1) C H charged states are assigned to the third
class can also be seen within the fermion sector straight-
forwardly. Any SU(5)-invariant operator build by one of
the fermion multiplets as well as an arbitrary number
of Higgs multiplets provides only an SU(5)-invariant
description of a neutrino which is consistent as this is
the only noncharged particle with respect to SU(3) x U(1).
However, there is no SU(5)-invariant description of an
electron or a quark (which is fine for the latter as quarks are
additionally color charged). The only states that can be
extracted via the FMS or the multiplet decomposition from
G-invariant objects are H{-invariant. Thus, we obtain at most
U(1)-singlet bound states as WTW~ or positronium but
not their charged constituents. Also the additional global
U(1) global SYymmetry cannot be used to describe electrically
charged particles as a careful distinction between the
different U(1) groups is necessary. Any operator obtained
from an SU(S5)-invariant object carrying an open global
U(1) gjoba quantum number is still invariant with respect to
U(1),,, transformations as the latter is the central U(1) of
S(U(3) x U(2)). Indeed, one finds only SU(5)-invariant
operators charged with respect to U(1),p, that expand to
bound states, e.g., containing a W+ and three leptoquarks
with charge F %, such that the net electric charge vanishes.

From this perspective, the conventional formulation of
SU(5) GUT fails to describe the experimentally observed
particles in a gauge-invariant manner. This point of view
can be generalized to any other currently investigated GUT
scenario with a single gauge group as well as further BSM
models with extended gauge sector where G does not
include an explicit U(1), e.g., SO(10), E¢, Pati-Salam,
or trinification. As to whether similar constraints also
extend to models where G contains an explicit U(1) factor,
G=GCx U(1), e.g., flipped SU(5), is an open issue and
currently under investigation. Nonetheless, the FMS
analysis of the spectrum of gauge theories with a BEH
mechanism formulates new field theoretical constraints on
the construction of GUTs and BSM model building. Of
course, we assume here that the G-invariant spectrum is
only analyzed via the FMS approach. If novel strict gauge-
invariant formulations beyond the FMS prescription could
be developed, the additional restrictions might be circum-
vented. But even if it would be possible to find G-invariant
formulations of the complete H-invariant spectrum, the
EMS approach still provides additional insights and pos-
sible constraints in terms of G-invariant bound states.
Furthermore, the FMS approach could allow for new routes
toward model building. For instance consider the SO(N)
antisymmetric tensor. Albeit there is no state charged with
respect to the Abelian part of either SU(K) x U(1) (4 > 0)
or U(1) x SO(N —2) (A < 0), we found hints of an addi-
tional emergent Abelian gauge structure at the level of the
G-invariant bound states which could mimic the electric
charge.

VI. CONCLUSIONS

We investigated the spectrum of non-Abelian gauge
theories with a BEH mechanism in a strict gauge-invariant
manner without using the misleading notion of sponta-
neous gauge symmetry breaking. In order to perform these
studies, we systematically extended and adapted the
method developed by Frohlich, Morchio, and Strocchi
who formulated the electroweak standard model in a
gauge-invariant language for the first time. We demon-
strated that properties of some G-invariant operators can be
read off from properties of H-invariant operators in those
gauges where the gauge-depended VEV of the scalar field is
identified with the field configuration that minimizes the
action. Within these commonly chosen gauges, a G-H
duality is established between some but not all states where
'H is the stability group obtained from the usual perspective
on the BEH mechanism. Of course, the properties of
G-invariant objects do not change once a different gauge
condition is chosen. It is rather that they are probably
easiest accessible within these special gauges but the
G-invariant nature of the spectrum is always intact even
in the presence of a BEH mechanism in accordance to
Elitzur’s theorem.

That the spectra of a G gauge theory and the correspond-
ing H gauge theory are in most cases not identical is in
contrast to the assumption of the standard treatment of the
BEH mechanism via spontaneous gauge symmetry break-
ing. The FMS expansion in terms of the split (1) reveals that
only a subset of the spectra coincides. Therefore, a
reinterpretation of the BEH mechanism is mandatory for
a strict gauge-invariant and thus field theoretical well-
defined formulation of observables in gauge theories with
BEH mechanism. In fact, the BEH mechanism does not
lead to spontaneous gauge symmetry breaking but provides
a G-'H duality between the states of these theories. Which
states are actually related via this duality can be extracted
via the FMS expansion. From a bottom up perspective this
analysis shows which states of an 7 gauge theory can be
embedded in the context of a theory with gauge group G
with suitable scalar sector. This latter point leads to new
constraints for BSM model building.

In particular, we investigated the FMS expansion of
various operators of SO(N) and SU(N) gauge theories
with a BEH mechanism induced by a single scalar field
in a low dimensional representation up to second rank
tensors. Further, we categorized the possible states of the
remaining unbroken H gauge theory in a gauge-fixed
formulation according to the definitions of Sec. II. We
put a special emphasis on the distinction between states
of the first and second class. Operators/States of both
classes can formally be obtained from G-invariant oper-
ators. However, states of the first class are distinguished
by the fact that the FMS expansion directly project on
these H singlets. No unique FMS projection exists for
states of the second class. Thus, they can only be
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obtained via the standard gauge-dependent multiplet
decomposition. This classification and the assumption
that only states of the first class are present in the
G-invariant spectrum is based on present available lattice
simulations [6—12]. In particular, states of the first class
can be treated within the usual BEH framework at
leading order in the FMS prescription. Slight modifica-
tions of this assumption might be conceivable once
further theories are simulated. In particular, larger oper-
ator bases are necessary to decide the indeterminate role
of operators of the second class. Furthermore, we ignored
possible nontrivial analytic structures of the propagators
which might become more involved due to the various
interactions. These could give rise to additional bound
states or resonances.

In case H is non-Abelian, we always obtain operators
of the second class, e.g., the H-glueballs, showing that
the G-invariant spectrum is modified compared to the
conventional treatment. But even if it turns out that some
or maybe even all operators of the second class are
present in the G-invariant spectrum, the spectrum of
possible standard model extensions is constrained by
the FMS analysis. Clearly, the standard model contains
fields with an Abelian charge. Thus, any BSM model has
to be able to describe U(1) charged particles at least as
some low-energy effective model. However, this cannot
be a U(1) charge being part of H as we can only extract
‘H-invariant operators from any G-invariant operator via
the FMS or the multiplet decomposition, i.e., the operator
is a U(l) singlet. Therefore, the FMS mechanism
provides an additional field theoretical tool to examine
the validity of proposed BSM models similar to con-
straints from anomalies. Only if the strict gauge-invariant
spectrum of the model is at least compatible with the
standard model, or to be more precise with experiment, it
can be viewed as a valid standard model extension.
Otherwise the proposed model has to be rejected or
alternative ways beyond the FMS description in terms of
bound states have to be developed for a proper definition
of observables.

From the FMS viewpoint, the electroweak structure of
the standard model is special as a duality between gauge-
invariant bound states and elementary fields can be
established at leading order in the FMS approach. This
can be traced back to the following two facts. First, H
does not contain a non-Abelian substructure. Second,
gauge-invariant operators can be assigned to multiplets of
an additional global SU(2) symmetry within the Higgs
sector, although this symmetry is broken by the hyper-
charge. That the global symmetry of the model is the
same as the weak gauge structure provides a one-to-one
mapping at leader order in the expansion. Precisely this
circumstance explains why the perspective of electroweak
symmetry breaking within the standard model is suc-
cessful albeit not well defined. As to whether similar

constructions are possible for general G gauge theories
with enlarged global symmetry group will be discussed in
subsequent work. Further, it is important to investigate
the phenomenological implications of the FMS approach
also beyond the leading order contributions within the
standard model (and beyond). Otherwise modifications
arising from the gauge-invariant formulation of the
standard model could be misinterpreted as BSM signals.
Current exploratory studies in this direction show that
these effects are suppressed but might get observed by
future experiments [49,65-68]. Moreover, the FMS
mechanism might lead to novel model building strategies.
Although, it constrains theories which try to embed the
standard model within some larger gauge group and an
extended Higgs sector, the duality between states of
different gauge theories provides various new possibilities
for dark matter phenomenology [69,70]. Note that the
authors of the latter two papers assume that also states
which we assign to the second class are related via the
duality relation and that the conventional analysis of the
BEH mechanism can be used to study the spectrum of
the investigated models. Furthermore, we observed hints
that also new Abelian gauge structures can emerge at the
level of the G bound states. This emergent gauge
structure was induced by a nontrivial interplay of the
BEH and FMS mechanism.
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APPENDIX A: FUNDAMENTAL
REPRESENTATION OF SU(N)

In this Appendix, we summarize the FMS analysis of an
SU(N) gauge theory with scalar field in the fundamental
representation. The main results can be found in [54]. Here,
we perform a classification of the states introduced in
Sec. II for the first time and express the results in terms of
the more general viewpoint of the present paper.

For the fundamental representation, the scalar field
transforms as a complex vector with respect to the
SU(N) gauge symmetry, ¢p — U¢p with U € SU(N). We
are always able to perform an SU(N) transformation
such that the field configuration which minimizes the
potential,

. A
V(g) =0 )+ 5 (H19)

takes the simple form ¢§ = 6V, where y*> = 1 v?A. In this
case, the radial Higgs excitation, i = % (¢8€0 + @ ), is
located in the real part of the Nth component of the scalar
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TABLE X. Particle content of an SU(N) gauge theory (N > 2) with scalar field in the fundamental representation and gauge-variant
breaking pattern SU(N) — SU(N — 1). Left: Comparison between operators/states that are strict invariant with respect to SU(N)
transformations, i.e., observables, and operators/states that are considered from the conventional but gauge-variant viewpoint of
spontaneous gauge symmetry breaking (SU(N — 1) singlets). Trivial scattering states are ignored. In case the contraction is obvious, we
suppress Lorentz indices for better readability. We assign a global U(1) charge of 1/N to the scalar field ¢. Right: Properties of
the elementary building blocks obtained from the standard multiplet decomposition after gauge fixing which are used to construct

SU(N — 1) singlets.

SU(N) invariant

SU(N — 1) singlets

SU(N — 1) multiplets

Jr u(l) Operator 1. Class [2. Class] Field DOF M g
0+ 0 e h h 1 e
0 D% h [AfA]
0 trF> [wF2), [F{F¢], [AfFAf]
0 PR [F{F;]
1/1 See operator (A2) [See main text]
1/1 See operator (A3) [See main text]
1- 0 D Al Al (N-1)2-1 0
0 (" F*D,¢) [FI™Ap,) Al 2(N —1) 2
1/1 See operator (A4)" [See main text] Al 1 N g?v?

“For N =3, one may consider the operator ¢“1%% ¢ (D" )% (D, D"¢)* which contains an operator of the first class with

mass ~2m,y, .

field. The imaginary part of qbggo and the other components
are populated by the would-be Goldstone bosons which
mix with those gauge bosons that acquire a nonvanishing
mass term. Thus in the unitary gauge, the scalar field
contains only one real-valued degree of freedom which is a

BRST singlet, ¢(x) = %(U + h(x))¢o. The mass of h is

given by m? = Av°.

The mass matrix of the gauge bosons can be
derived from the kinetic term of the scalar field with
covariant derivative D,¢ = 0,¢ + igA,¢ and is defined via
5 (M3);A AL = L P02 piA, A o and A* = AUT; where T,
are the generators of SU(N). The gauge field A# decom-
poses into a massive SU(N — 1)-singlet, ¢$A”¢0 =Af, a
massive field transforming as a complex fundamental
vector of SU(N — 1), A¥¢py — ASpy = A{, and the remain-
ing degrees of freedom are the massless gauge fields of the
unbroken gauge group SU(N — 1), Ay. The mass param-
eters are listed in Table X.

The considered model obeys a global U(1) symmetry
for N > 3. Thus, we can distinguish the states of the
theory as U(1) singlets and states with an open U(1)
quantum number. For the U(l) singlet channel, we
investigate the SU(N)-invariant scalar operator ¢'¢. Its
FMS expansion reveals a duality to the states generated
by the elementary Higgs field /4 and contains the trivial
scattering state 7> as well. It is also possible to find an
SU(N)-invariant operator that maps on the only other
elementary SU(N — 1) singlet in the gauge fixed formu-
lation which is the vector singlet A%. This conclusion can
be drawn by investigating the following operator in the
U(1)-singlet vector channel

2 .
it Drep = —%Aé‘ + %8’%

— guhAl — g WAL + %hﬁﬂh (A1)
implying that the bound state can be mapped to the
elementary vector A5. Several trivial scattering states of
this vector boson and the Higgs are included as well.
These are separated in the second line. Further, a pole at
the mass of the elementary Higgs will appear at the level
of the correlator of this composite operator. However, this
does not necessarily give rise to a new vector particle in
the 1~ singlet channel as the pole appears only in the
longitudinal component. This is expected because the
derivative acting on the scalar field transforms as a vector
and thus mixes with operators in this channel.

Further U(1) singlet operators in the 0" and 1~ channel as
$'D*¢, ' F*¢p, wF?, and ¢p"F**D, ¢ contain SU(N — 1)-
invariant composite objects as the meson operator A.f"Af, the
hybrids FZFf, F;Af, and AZFaAf, as well as the glueball
trF2. As the FMS expansion of the SU (N )-invariant operators
does not provide a direct mapping on these SU(N — 1)-
invariant operators and we need the multiplet decomposition
to extract them, they belong to the second class.

In addition to the U(1)-singlet operators, operators with
an open global U(1) quantum number can be constructed
in the vector and the scalar channel. The lightest ground
state of these channels is necessarily stable as the U(1)
charge is conserved. In order to build such an operator,
we have to contract the indices with the aid of the ¢
tensor. A realization of a U(l)-charged scalar operator
was proposed in [54] and is given by
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G (F, ) (F ) - (Fyy 1)

for 3 < N <1d(d—1)+ 1. At leading order, the hybrid
e‘ill""L‘N-l(Ffvl”Z)al ---(Ff,/Nil”l)dN-l17 can be extracted but
only if we additionally use the multiplet decomposition to
separate it from scattering stats containing A%. Therefore,
this SU(N — 1) hybrid operator belongs to the second
class. For the case N = 3, an operator with minimal field
content is given by e“1%%¢% (D, )" (F*D,¢). Perfor-
ming the FMS expansion, all terms appearing on the
right-hand side can be decomposed further via the con-
ventional multiplet decomposition. For N > d(d —1)/2
the SU(N)-invariant operator defined on the left-hand
side of Eq. (A2) vanishes due to the antisymmetric
property of the ¢ tensor and more involved objects have
to be constructed, e.g., including more covariant deriv-
atives or anticommutators thereof. For instance for
N < d? + 1, we consider

(A2)

G (D, D) - (D, DIGYS. (A3)
Single SU(N — 1)-invariant operators can only be
extracted via the multiplet decomposition. This is also
the case for any further operator with larger field content
in the scalar open U(1) channel. Thus, all states generated
by these operators belong to the second class.

A similar construction can be done in the vector channel.
For N < 4d(d — 1) + 2, a vector operator with open U(1)
quantum number reads

€8N bt (D1 gh) 2 (F,/l”z(ﬁ)u3 s (Fy,vfzﬂfﬁ)a'v

For larger N, we may consider the same operator where
the field strength tensors are replaced by two covariant
derivatives F,* — D,D" which is nonvanishing as long as
N < d? + 2. All single SU(N — 1)-invariant operators con-
tained in these U(1)-charged vector operators are assigned
to the second class as we have to use the multiplet decom-
position to obtain them. The only possibility to construct
an SU(N)-invariant operator whose FMS expansion pro-
vides a projection on an operator of the first class is
given for N = 3. There, e"1%% % (D" ¢p)* (D, D'¢)* =
—g? vt (AL )41 (D, A + O(g). Applying the naive
constituent model to the SU(2) hybrid, the mass can be
approximated by 2m, . This is in agreement with lattice

simulations for N = 3 [7].18

(A4)

"Dotted indices run over those components defining the
subspace perpendicular to ¢y.

®Interestingly, a different operator, €% g% (D)% x
(D?¢)%, was considered in the lattice analysis where the state
with mass ~2m,  can only be extracted via the multiplet
decomposition. Thus, we conjecture that a G-invariant operator
can have overlap with states of the first class even if these states of
the first class can only be extracted via the multiplet decom-
position from the considered G-invariant operator.

1. N=2 and the electroweak sector

The case N = 2 is of particular interest as it describes the
weak-Higgs subsector of the standard model. Furthermore,
it is special regarding the above analysis as the fundamental
representation of SU(2) is pseudoreal. This causes that the
global symmetry is not U(1) but SU(2) and we are able to
assign the gauge-invariant operators to multiplets of the
global SU(2) group. This can be realized by using the
charge conjugated scalar field ¢ = e¢* to construct gauge-
invariant operators [31,46].

The scalar singlet ¢'¢p + o' expands in leading order
to the radial Higgs excitation while the triplet vanishes,
(b p. " h.p"p—d' ) =(0.0,0). In the vector channel the
SU(2) gyyge-invariant  SU(2) gy -triplet  (¢'D ¢, ¢" D g,
¢ DHP — c}ﬁTD"g?)) expands in leading order to the elemen-
tary massive vector bosons. Equally, these form a triplet of
a diagonal SU(2)g;,, subgroup explaining the degeneracy
of the elementary degrees of freedom from the conventional
perspective of gauge symmetry breaking as the gauge-
dependent breaking pattern is SU(2)g0e X SU(2) giopar =
SU(2) diﬂg.lg The vector SU(2) gqpy Singlet does not contain
an elementary gauge boson but only the standard mixing of
a derivative term of the scalar degree of freedom with the
vector channel, ¢'D#¢p + ' D*p = 2¢T0#¢p. Thus, in the
particular case of N = 2, we obtain a one-two-one mapping
from simple gauge-invariant bound state operators with
least field content to the elementary fields of the model.
This is due to the fact that the structure of the global
symmetry group coincides with the gauge structure of the
model as well as the diagonal subgroup of both such that
we obtain a mapping from the global to the local multiplets.
Further note that the non-Abelian gauge group is fully
broken in the conventional picture implying that no gauge
multiplets are left in the elementary spectrum.

A generalization to the full electroweak sector is
straightforward as the additional U(1)y hypercharge group
is Abelian. Of course, the additional hypercharge breaks the
global SU(2) 1,1 explicitly at the level of the Lagrangian.
Nonetheless, we have a sufficiently large operator basis as
we can still use the scalar doublet as well as its dual field to
construct SU(2)g,q.-invariant operators. The only mani-
festation of the explicitly broken SU(2) g, Symmetry is
that the corresponding multiplets split into nondegenerate
degrees of freedom. In order to describe observable states
also in a U(1)y-invariant manner, we may use suitable
dressings via Dirac phase factors [49]. Equally, we can use

POften a reformulation of the scalar sector via the field
variable X = (¢, ¢) is done for convenience, e.g., see [49,65].
The advantage of this reformulation is that SU(2)yp, trans-
formations act linear on X by multiplication from the right while
usual SU(2)gyqe transformations act via multiplication from the
left. In terms of ¢ and ¢, SU(2) elobal transformations are realized
in a nonlinear way.
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the FMS description for a fully SU(2)ge X U(1)y-
invariant description of all experimentally observed particles
in the electroweak sector. For instance, we can still use the
four operators ¢*p + ¢’ ¢, ¢*p, pTp, and p'p — hTp in the
scalar channel. These form a mass eigenbasis at the level of
the gauge-invariant bound state operators as the latter three
operators vanish and the formal SU(2) 4,5 -singlet is dual to
the Higgs boson according to the FMS framework. In the
vector channel, the conjugated operators ¢ D#¢ and ¢" D" ¢
expand to the elementary W*# and W*, respectively. Note
that these two gauge-invariant operators are the SU(2)
versions of the SU(N > 2)-invariant operators with open
U(1) quantum number, see above. The remaining operator of
the formal triplet, ¢" D#¢p — d D, provides an unambigu-
ous mapping on the elementary neutral Z¥. Finally, the
operator ¢' D¢ — " D*¢ provides an electroweak gauge-
invariant description of the photon field A#. Furthermore, the
generalization to the fermion sector of the standard model is
straightforward [31,46].

TABLE XI.

APPENDIX B: ADJOINT REPRESENTATION
OF SU(N)

The FMS analysis of an SU(N) gauge theory with one
scalar field in the adjoint representation and a Z, symmetric
scalar sector was discussed in Ref. [54]. For SU(3) also a
cubic interaction term was considered such that the global
Z, symmetry was explicitly broken. These results will be
generalized to an arbitrary SU(N) gauge theory with
nonsymmetric Z, scalar sector in the following.

The transformation property of the scalar field reads
¢ — UgpU" (U € SU(N)) and the scalar potential has
structurally the same form as the symmetric tensor in
the SO(N) group, Eq. (33). Thus, the direction of the field
configuration that minimizes the potential is given in
Eq. (34) and its modulus » is determined by the para-
meters of the potential via y?> = 1202 + 20 trgpf + yotrgh}.
Equation (33) implies a breaking pattern SU(N) —
S(U(P) x U(N — P)) with P < N. Without loss of gen-
erality, we assume P < N/2. Depending on the sign of the

Particle content of an SU(N) gauge theory with scalar field in the adjoint representation and gauge-variant breaking

pattern SU(N) — S(U(P) x U(N — P)). Left: Comparison between operators/states that are strict invariant with respect to SU(N)
transformations, i.e., observables, and operators/states that are considered from the conventional but gauge-variant viewpoint of
spontaneous gauge symmetry breaking (S(U(P) x U(N — P)) singlets). Trivial scattering states are ignored. We suppress Lorentz
indices for better readability in the 0" channel. Right: Properties of the elementary building blocks obtained from the standard multiplet
decomposition after gauge fixing which are used to construct S(U(P) x U(N — P)) singlets.

SU(N) invariant S(U(P) x U(N — P)) singlets S(U(P) x U(N — P)) multiplets

JgF oz, Operator 1. Class [2. Class] Field DOF M
0~ + trep? h [trh2g, ] [trh2g] h 1 See Eq. (35)
+ tr(¢D2¢) trA%@fa [h] [tr(Af®fhd®s)] [tr(Af@;fhs@a)] ha®s P2 -1 See Eq (35)
+ trF? [tr(Fags)]s [tr(Figa)l, [tr(Fg)], hyga (N-P)*—1  SeeEq. (35
[tr(AferF a®sAf®f)] [tr (Af®fF s@arer)]
+ tr(¢2F2) [tr(FiX)s) [tI'( s®a) [tr(Ff®f)]
[tr(Asgr FagsArer) s [tr(Af®fF s@aArer)]
[tr(F ha®%>] [tr(Fs®dhs®a)]
[tr(Ff®f a®s)] [tr(Fg s®a)]
- g’ h [rhg,l, i, [, ", [trhg,]"
- H(¢2D2¢) trA%@fc’ (7] [t( fQf a®s)] [tr(A@fhs@a)
- tr(¢F2) [tr( a®s)] [tr(F§®a)] [tl'( r®f)]c
[tr(Ahng w@sArer) ], [tr(Ar®’r Figalrer)]
[tr(Fa®shd®s) [tr(Fs®ah\®a)]
[tr(F3 torhaes)]s [tr(Ff®fhs®d)]
T du(Pegd) Ay, Al Pr-1 0
+ tr(pF*Dyp)  t(FrgiArgr)  [tr(FigsDyhags)ls [tr(Fig,Dyhyga)l, Alga (N=-P)—1 0
[tr(Fl;(yngfgafuha@s)]a [tr(F?éfha®sAf®fu)]a Al;@f ZP(N - P) %9202
[tr(Flfl(yngf®fvhs®a)]’ [tr(Flfléfhs®aAf®fv)] Al{](l) 1 0

- (g Ay,

- tr(F/vagb) tr(Ff®fAf®f) [tr(Fg%sDuha®s)]’ [tr(FlslgaDuhstga)]’
[tr(F /fl%fAf@)fbha@s)]a [tr(FigihagsArgn)];
[tr(Flfl@)fAf@fuhs@a)]’ [tr(Flfl®fhs®aAf®fu)]

*Vanishes for P = 2.
®Vanishes for N — P = 2.
“This state is not present for P = N — P.
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nonisotropic couplings y and 7 different breaking patterns
are favored, see the discussion below Eq. (34). The
decomposition of the elementary multiplets is also similar
to the symmetric tensor of SO(N) and summarized in
Table XI. We just highlight the presence of an additional
Abelian gauge boson A’{J( H= tr(A#¢) being invariant with
respect to the non-Abelian subgroups SU(P) x SU(N — P).
Further note that we use Asgr = [A, ¢by] for convenience.
Alternatively, one could define Ajg; = PpAPy_p where

Ppr=2~1 +7”2N1;\,M¢0 and Py_p = 1 —Pp such that
Argr = Ag@f — Atgs- Further, we have A, =PpAPp
and Ag, = Py_pAPy_p.

In order to compute the strict gauge-invariant spectrum
of the SU(N) gauge theory without using the misleading
notion of spontaneous gauge symmetry breaking, we use
the same operators as for the symmetric tensor in the
SO(N) case. As the Z,-odd scalar operator tr¢y> will
acquire a nonvanishing VEV, we conclude that the global
Z, symmetry will be either spontaneously or, depending on
v, explicitly broken. Thus, the distinction in Z, odd and
even operators in Table XI is merely introduced to organize
the operators and the analysis but does not lead to two
separate ground states in the vector and the scalar channel.

Note that such a breaking of the global symmetry was not
considered in [54].

Finally, we would like to emphasize that the case N = 2
is special. For SU(2), the scalar Z,-odd operators listed in
Tab. XTI vanish and all nonvanishing operators that can be
constructed contain only scattering states. As this theory
has further only one invariant Casimir operator, the cubic
term vanishes such that the global Z, symmetry is always
manifest in this particular model. Furthermore, the Z, even
vector operator d,tr(F*¢?*) vanishes and we obtain only
one vector operator that expands to the massless U(1)
vector field Ayy), implying that the model contains a
massless vector in the SU(2)-invariant spectrum. From the
conventional perspective of spontaneous gauge symmetry
breaking, one would also expect that the other two
elementary vector fields charged with respect to the
unbroken Abelian subgroup are part of the physical
spectrum. However, we find only U(1)-invariant objects
as dictated by the FMS framework. Thus these states
belong to the third class which is not a surprise because
the results of the SU(2) adjoint model can be mapped to the
SO(3) fundamental theory. Furthermore, it is proposed that
the G-H duality in this model can be used to investigate the
confinement of Yang-Mills theories [71-73].
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