PHYSICAL REVIEW D 101, 055016 (2020)

CKM matrix and FCNC suppression in SO(5) x U(1) x SU(3)
gauge-Higgs unification

Schuichiro Funatsu ,1 Hisaki Hatanaka ,2 Yutaka Hosotani ,3 Yuta Orikasa ,4 and Naoki Yamatsu

5

'Institute of Particle Physics and Key Laboratory of Quark and Lepton Physics (MOE),
Central China Normal University, Wuhan, Hubei 430079, China
*Osaka, Osaka 536-0014, Japan
3Department of Physics, Osaka University, Toyonaka, Osaka 560-0043, Japan
*Institute of Experimental and Applied Physics, Czech Technical University in Prague,
Husova 240/5, 110 00 Prague 1, Czech Republic
5Department of Physics, Kyoto University, Kyoto 606-8502, Japan

® (Received 3 September 2019; accepted 12 February 2020; published 11 March 2020)

The Cabibbo-Kobayashi-Maskawa (CKM) mixing matrix and flavor-changing neutral currents (FCNCs)
in the quark sector are examined in the grand unified theory inspired SO(5) x U(1) x SU(3) gauge-Higgs
unification in which the 4D Higgs boson is identified with the Aharonov-Bohm phase in the fifth
dimension. Gauge invariant brane interactions play an important role for the flavor mixing in the charged-
current weak interactions. The CKM matrix is reproduced except that the up quark mass needs to be larger
than the observed one. FCNCs are naturally suppressed as a consequence of the gauge invariance, with a

factor of order 107°. It is also shown that induced flavor-changing Yukawa couplings are extremely small.
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I. INTRODUCTION

The standard model (SM), SU(3)- x SU(2), x U(1)y
gauge theory, has been firmly established at low energies.
Yet it is not clear what the observed Higgs boson is. All of
the Higgs couplings to other fields and to itself need to be
determined with better accuracy in the coming experiments.
The fundamental problem is the lack of a principle which
regulates the Higgs interactions.

One possible answer is the gauge-Higgs unification in
which the Higgs boson is identified with the zero mode
of the fifth dimensional component of the gauge potential
[1-6]. It appears as a fluctuation mode of the Aharonov-
Bohm (AB) phase @y in the fifth dimension. As a concrete
model, the SU(3). x SO(5) x U(1)y gauge theory in the
Randall-Sundrum (RS) warped space has been proposed
[7-10]. It gives nearly the same phenomenology at low
energies as the standard model [10-12]. Deviations of the
gauge couplings of quarks and leptons from the SM values
are less than 1073 for 8, ~ 0.1. Higgs couplings of quarks,
leptons, W and Z are approximately the SM values times
cos @y, the deviation being about 1%. The Kaluza-Klein
(KK) mass scale is about mgg ~8 TeV for 0y ~0.1.
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The KK excited states contribute, for instance, in inter-
mediate states of the two y decay of the Higgs boson. Their
contribution is finite and very small. The signal strengths
of various Higgs decay modes are approximately cos? 8
times the SM values. The branching fractions of those
decay modes are approximately the same as in the SM.

Gauge-Higgs unification predicts Z' bosons, which are
the first KK modes of y, Z, and Zy [SU(2), gauge boson].
Their masses are in the 6-9 TeV range for 0y = 0.11-0.07
in the model with quark-lepton multiplets introduced in the
vector representation of SO(5), which will be referred to as
the A model below. Those Z’ bosons have broad widths and
can be produced at 14 TeV LHC. The current nonobserva-
tion of Z’ signals puts the limit 85 < 0.11. Recently an
alternative model with quark-lepton multiplets introduced
in the spinor, vector, and singlet representations of SO(5)
(referred to as the B model below) has been proposed [13],
which can be incorporated in the SO(11) gauge-Higgs grand
unification [14,15], Other variants of the fermion content
have also been proposed [16]. Implications of gauge-Higgs
unification to precision electroweak observables have been
investigated. It has been shown that the typical models are
consistent with the current measurements.

Distinct signals of the gauge-Higgs unification can be
found in e*e™ collisions [17-20]. Large parity violation
appears in the couplings of quarks and leptons to KK gauge
bosons, particularly to the Z' bosons. In the A model right-
handed quarks and charged leptons have rather large
couplings to Z’. The interference effects of Z’' bosons
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can be clearly observed at 250 GeV e™e™ collisions at the
International Linear Collider (ILC). In the process ete™ —
utp~ the deviation from the SM amounts to —4% with the
electron beam polarized in the right-handed mode by 80%
(P,- =0.8) for 05 ~0.09, whereas there appears negli-
gible deviation with the electron beam polarized in the
left-handed mode by 80% (P,- = —0.8). In the forward-
backward asymmetry Agg(utp~) the deviation from the
SM becomes —2% for P,- = 0.8. These deviations can be
seen at 250 GeV ILC even with 250 fb~! data [21,22]. In
the B model the pattern of the polarization dependence is
reversed.

So far quarks and leptons in the gauge-Higgs unification
models have been incorporated generation by generation so
that the flavor mixing among quarks and leptons is left
unexplained. In this paper we tackle the flavor mixing in
the quark sector [23,24]. We will argue in the B model that
the Cabibbo-Kobayashi-Maskawa (CKM) mixing matrix
in the charged current interaction is reproduced with brane
interactions. These brane interactions generally lead to
flavor-changing neutral current (FCNC) interactions. It will
be shown that the FCNC interactions are naturally sup-
pressed in the gauge-Higgs unification as a consequence of
the gauge invariance. The FCNC interaction is suppressed
by a factor of (m,,/mgg)? ~ 107 where m,, and myy are
the bottom quark mass and the KK mass scale. It is also
shown that induced flavor-changing Yukawa interactions
are extremely small.

We stress that the natural suppression of FCNC in
the gauge-Higgs unification results from the gauge invari-
ance and the orbifold structure, without relying on addi-
tional symmetry or mechanisms. We present a rigorous
treatment of deriving and evaluating the CKM matrix
and Z couplings in the quark sector in the gauge-Higgs
unification. We also give a simple explanation in the
effective theory of quarks and relevant heavy fields
to illuminate the mechanism of suppressing FCNC
interactions.

In Sec. II the minimal grand unified theory (GUT)
inspired SU(3) x SO(5) x U(1)y model of gauge-Higgs
unification is described with brane interactions. In Sec. III
mass spectra and wave functions of gauge bosons and quarks
are derived. Detailed derivation of the mass spectrum and
mixing in the down-type quark sector is given. In Sec. IV an
effective theory in 4D is formulated for quarks and SO(5)
singlet heavy fermion fields. We show how mass terms
connecting down quarks and singlet fields lead to flavor
mixing. It also illuminates how FCNC interactions are
naturally suppressed. In Sec. V we evaluate W and Z
couplings of quarks, using the wave functions obtained in
Sec. III. The gauge couplings turn out very close to those
in the SM. It is confirmed that FCNC interactions are
naturally suppressed. Section VI is devoted to a summary
and discussions. Basis functions used in the text are
summarized in the Appendix.

II. MODEL

The GUT inspired SU(3). x SO(5) x U(1)x(=0G)
gauge-Higgs unification has been introduced in Ref. [13].
Itis defined in the Randall-Sundrum (RS) warped space with
metric given by

ds? = gyndxMdxN = e7200y dxtdx? + dy?,  (2.1)
where M\N =0, 1, 2,3, 5 pu, v=0, 1,2, 3, y=x,
N = diag(=1,4+1,4+1,41), 6(y) = 6(y +2L) = o(~y),
and 6(y) = ky for 0 <y < L. In terms of the conformal
coordinate z =¥ (1 <z<z, =ef) in the region
0<y<L

1 dz2
ds> = <r1ﬂydx”dx” + k—i) (2.2)

The bulk region 0 <y < L (1 < z < z;) is anti-de Sitter
(AdS) spacetime with a cosmological constant A = —6k?,
which is sandwiched by the UV brane at y = 0 (z = 1) and
the IR brane at y = L (z = z;). The KK mass scale is
myg = nk/(z; — 1) = zkzp! for z; > 1.

Let us denote gauge fields of SU(3), SO(5), and U(1)y
by Ai,,U(”C, A}suo(s)’ and A,ﬁf,(l)x, respectively. The orbifold
boundary conditions (BC) are given by

(ii)(x’yj_y) _Pf<_f‘:y><xvyj+y)P]1 (2.3)

for each gauge field where (yq,y;) = (0,L). In terms of

P$°% = diag(1,. -1,).

P3O0 — diag(1,, —1,), 2.4
5 g

Py =P, =P’ for A3 and Py = Py = 1 for ALV,

Py=P = Pgo(s) for A;flo@) in the vector representation

and Pio(5> in the spinor representation, respectively. Pio(s)

and P3°®) break SO(5) to SO(4) ~SU(2), x SU(2)p.
W, Z bosons and y (photon) are zero modes in the SO(4)
part of Aio(s), whereas the 4D Higgs boson is a zero mode
in the SO(5)/SO(4) part of A§0(5>.

Matter fields are introduced both in 5D bulk and on
the UV brane. They are listed in Table I. Quark multiplets
(3.4), and (3.1)% are introduced in the 5D bulk in

3
three generations. They are denoted as ‘I’?’l %) (x,y) and

WL (xy) (@ = 1,2, 3). W, and W57

each other. These fields obey boundary conditions

intertwine with
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TABLEL. G = SU(3). x SO(5) x U(1)y content of matter fields is shown in the GUT inspired model (B model)
and previous model (A model). In the A model only SU(3). x SO(4) x U(1)y symmetry is preserved on the UV
brane so that the SU(2), x SU(2)g content is shown for brane fields. The B model is analyzed in the present paper.

B model A model
Quark (3.4,3.1),3.1) (3.5:(3.5,
Lepton (1,4), (1,5),(1,5)_,
Dark fermion (3.4).(1,5); (1.5)5 (1.4),
Brane fermion (1,1), (3, ]2, 1])%_%

(L [2.2])s 1

Brane scalar (1,4)% (1, [1,2])%
Symmetry of brane interactions SU3)e x SO(5) x U(1)y SU3)c x SO(4) x U(1)y

a S0(5)_ suya
l11(3,4)(357}71' _)’) =—P, ( )VS\P(;;A)(X’)’/' +y>7

\P?::S(,xl)(xvyj _y) = :Fysqlé,al)(-x’ yj +y> (25)

With (2.5) the parity of quark fields are summarized in
Table II with names adopted in the present paper.

The action of each gauge field, AZSMUO)C, Ai,,o(s), or AAUl(l)"
is given by

)

ggauge

gauge _ / &xv/—det G
1 1
X [—tr (Z FMNFMN + 2_5 (fgf)z + [:gh>:| s (26)

where v/—detG = 1/kz’. Field strengths are defined by
FMN = (9MAN - 8NAM - lg[AM,AN] with each 5D gauge
coupling constant g. The gauge fixing and ghost terms are
taken as

1
for = zz{n””D,iAﬂ + Ek*Z DS <E A?) }

1
Ly, = 5{;7#”2);;1)” + Ek*ZD¢ —Dz}c, (2.7)
V4

TABLEIIL Parity assignment (P, P;) of quark multiplets in the
bulk. In the third column Gy, = SU(2), x SU(2), content is
shown. Brane scalar field @y 4) is also listed at the bottom for
convenience.

Field g G,, Left-handed Right-handed Name
PGy (G4 2.1 (+.4) (=-) u c t
d s b
[1.2] (=-) (+,4) u 7
d s b
viy, G L1 (£4) (+.F)  DD*D}
Q4 (L4) [2.1] Dy
’2’} (I)[LZ]

where Ay = AS, +A},. DB = 0yB—ig|AS,.B] and
DS B = 0y B — ig|Ay, B] where B = A{, A?/z, and c.
Only A, component of Ai,,om
background A¢.

Each fermion multiplet W(x, y) in the bulk has its own
bulk-mass parameter ¢ [25] The covariant derivative is

given by

has nonvanishing classical

1
D(c) = yte, <DM + gwMBc[YB,}’CD —cd(y),

. SUB) . 4S0(5) . U1
Dy = Oy —igsAy O igaAy o lgBQXAM( . (2.8)

Here ¢/ = do(y)/dy and ¢'(y) = k for 0 <y < L. gs, g,
gg are SU(3)¢, SO(5), U(1)y gauge coupling constants.
The bulk part of the action for the quark multiplets are
given by

3
uark pa a
Shule = /d5xv —detG Z{‘P@A)D(Ca)q'(m)

a=1

+ Wi Dlep )P 5 + P Dlen, Y Ey)
- mDa(TTzfl)lP(_sofl) + lP(_s{fl)ngtl))L (2.9)

where ¥ = i¥7y°. The bulk mass parameters of the SO(5)
spinor multiplets are denoted as (cy, ¢s, ¢3) = (¢y, ey ;)
below as each ¢, is determined from the mass of each
up-type quark. For the SO(5) singlet multiplets we consider
the case cpr = cp- = cp, in the present paper. (An alter-
native choice ¢+ = —cp- is also possible. See Ref. [13].)

The action for the brane scalar field ® (4 4(x) is given by

Sl?;ane = /dsx v _detG5<y){_(Dﬂq)(lA))-i-Dﬂ(D(lA)
— 0 (Pl 4 Prra) — W)},
10
D,®4 = {a,, —igy Y  AGT - igBQXB,,}cDM.
a=1

(2.10)
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A spinor 4 of SO(5) is decomposed to [2,1] @ [1,2] of
SO(4) = SU(2), x SU(2)g. @(14) develops a nonvanish-
ing vacuum expectation value (VEV);

[} 0
2.1]
D4 = (‘D[l ) > (@) = <w> (2.11)

which reduces the symmetry G =SU(3)-xSO(4)xU(1)y
to the SM gauge group Ggy=SU(3)-xSU(2), xU(1)y.
It is assumed that w > mgg, which ensures that boundary
conditions for the 4D components of gauge fields corre-
sponding to broken generators in the breaking SU(2), x
U(l)y - U(1), obey effectively Dirichlet conditions at
the UV brane for low-lying KK modes [15]. Accordingly
the mass of the neutral physical mode of ®(y4) is much
larger than myy.

There are brane interactions on the UV brane which are
invariant under G = SU(3), x SO(5) x U(1)y.

St == [ dx/=deiGaly)
pa +p
x {Zxaﬂq!(wq)(l,‘,)w(&l) + Hc} (2.12)
ap

where k,5’s are coupling constants. If only the gauge
invariance under G' were imposed, there would appear
additional brane interactions. Instead of (2.12) one would
have

(D \ga +$ 2)\ya +$
Dk ¥l P2 ¥ iy R B 12 Pl Y |
ap

+H.c.

in the Lagrangian density. The invariance under G implies
K((llﬁ) = fo? For fermion fields we define ¥ = z2W¥. With

nonvanishing VEV (®(14)) # 0, (2.12) generates mass
terms

S, = [ ¢xV/=dGoly)
x {Zzﬂaﬂé%’bfﬁ +H.c.}, (2.14)
ap

where 2,5 = V2kgyw, (d".d?.d?) = (d.s',b') and
(D*'.D*2,D¥) = (D}, D}, D). Only the ) part in
the decomposition (2.13) gives rise to mass terms. Brane
interaction of the form @?3,4)‘13(1.4)‘1’(_3?1) is possible, which,

however, does not yield a mass term as Dzﬁ ly—o = 0 due to
the BC. It will be shown below that the brane interactions
(2.12) lead to the flavor mixing, yielding the CKM matrix
in the charged current interactions. We stress that the brane

interactions (2.12) respect full G = SU(3), x SO(5) x
U(1)y gauge invariance. It may be contrasted to the earlier
attempts [23,24] to incorporate flavor mixing in higher
dimensional theories where only SU(3)xSU(2), xU(1)y
gauge invariance is respected. We note the same mass terms
are generated from (2.13) so that the results obtained below
remain valid even with only the G’ invariance imposed on
the brane so long as |K$})/ K((jj)| is not extremely large.
Nonvanishing VEV (®(4)) also breaks SU(2)g x
U(1)y to U(1)y. U(1), gauge field B}, is given in terms
of SU(2), gauge fields A}¥ and U(1)y gauge field By, by

BY, = s,A3 + c;By,

9a ]
C¢ = 5 S¢ - )
Vi + 95 Vi + 95
where g, and gp are gauge couplings in SO(5) and U(1)y,
respectively. The 5D U(1), gauge coupling is given by
GP = gasy. The 4D SU(2); gauge coupling is given

by gw = g4/ VL.
The 4D Higgs boson doublet ¢y (x) is the zero mode
contained in the A, = (kz)~'A, component;

AP (x,2) = %(ﬁj(x)uH(Z) o up(e) = \/Z%T—lz’

1t
¢”(x>_ﬁ(¢4—i¢3>'

Without loss of generality we assume (¢, (¢h,), (¢3) =0

and (¢,) # 0, which is related to the AB phase 0 in the
fifth dimension by (¢4) = 0y fy where

2 k
Tn= g \T@ -1y

ITI. MASS SPECTRUM AND WAVE FUNCTIONS

(2.15)

(2.16)

(2.17)

Manipulations are simplified in the twisted gauge
[26,27] defined by an SO(5) gauge transformation

Ay(x.2) = 4,07 + 09,0,
ga

2 _ 2

Q(z) = exp{if(z) T}, 6(1):9HZZ’“2 Zl, (3.1)
2 _

where T/%s are SO(5) generators and Ay =

27123 ks A](‘f,k) T/*. In the twisted gauge the back-
ground field vanishes (8 = 0) so that all fields satisfy free
equations in the RS space in the bulk. Boundary conditions
at the UV brane are modified, whereas boundary conditions
at the IR brane remain the same as in the original gauge.
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A. Gauge fields

The masses of W and Z bosons at the tree level, my =
kAy and m; = kA,, are determined by

285(15 2y )C' (15 Aw) + Ay sin?0y = 0,

28(1:42)C' (13 42) + (1 + s3)Azsin’0 =0, (3.2)

where functions S(z; 4) and C(z; 4) are given in (A2) and s,
is defined in (2.15). The masses are approximately given by

\/2—1 o sin Oy

My ~ =27 sin @y ~ ———=mgy,
w L L H ﬂ\/k_L KK
mZ:1/1+sémW.

sy 1s related to the Weinberg angle at the tree level by

sindy, = s4/1/1+ 5.

Let us define

(3.3)

1 C a:
ag 1 1 abe A (bc a4
Au _—2<§€ b Ay - Al )>,
Al = Ay, (3.4)

where a,b,c=1-3 and p=1-4. A}} and Aj} are
gauge fields of SU(2), and SU(2)g. For W and Z bosons
and photon y we define

o] =vame ]
X, C(z, 4
5609 i (€]
AL = VAL (x) \/%
S(e) = 51 (e (35)
where
rw = [ E+ OGP + 8 Aw),
o= [* G + 1+ )
+ (1+53)533(2.22)° .
ey =cosOy, sy —=sinfy. (3.6)

Here W,(x), Z,(x), and Aj(x) represent canonically
normalized W, Z, and y fields, respectively. Note that
AWZL7/12ZL < 1. For AZL < 1, C(Z,l) ~ 7y and S(Z/I) ~

2 (1 =2%/23).
Couplings of W, Z, and y are obtained by inserting

o

Ar—idr] [+ emW,
A =ik | = | (1= cpW, |
Al—iA} | VW

A (14 cn)Z,

~ 2 o
Al VIS -z,

Bl 2 o§
A” \/_ _\/ESHZ/A
B, ] 0
S¢
1 S o o
b " (A~ V25,2,)
W1+ sé 0

Co
(3.7)

in the SO(5) gauge fields Z\ﬂ in the twisted gauge and
U(1)y gauge field B} in the action.

B. Up-type quarks

Up, charm, and top quarks are zero modes contained
solely in the fields ‘I“("3’4) and there arises no mixing in
generation. The mass spectrum m, = kA, (¢ = u, ¢, 1) is
determined by

1
Sp(1:4,¢g)Sr(154,¢,) +sin2§9H =0. (3.8)

Basis functions for fermions, S /g(z. 4. ¢) and C; (2, 4. ¢),
are given by (A3). For the first and second generation
|| |cc| > 1, whereas for the third generation |c,| < 1. The
masses are approximately given by

_ —lewcl+05 .1
Mye~a 'y /dek, — 1zL‘C ! smEGHmKK,
-1 .
m; ~7 1 —4c; smieymKK.

4D fields denoted by #(x) appear in the (u,u’) compo-
nents in the 5D fields ‘P’(’3:_41) (x,z). (See Table II.) In the
twisted gauge,

(3.9)

055016-5
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[;ﬂ _ Vk {ﬁL(x)|:C_HCL(Z;/1mCu):| +ﬁR(x)[5HSR(Z;/1mCu) ]}

iEHSL(Z;/lu,Cu) l.S_'HCA‘R(Z;lu,CM)

Fw = /ZL dz{eCp (25 4. ) + 5581 (23 4y €)%}
!

2L A
= / dZ{E%JSR<Z;/1wCu)2+§%—ICR<Z;AWCM)2}’
1

_ 1 _ .
Cy = COSEHH, Sy — SIHEHH,
N Cr (154, ¢) N Cr(1;4,¢)
Si(z;4,¢c) =——=58,(z;4,¢), Cr(z;4,c) = Cr(z:4,¢). 3.10
L(Z C) SL(I,),,C) L(Z C) R(Z C) SL(I, ,C) R(Z C) ( )

The equality of the two expressions for r, is confirmed with the aid of (3.8). Formulas for charm and top quark fields are
obtained by substitution u — ¢, t.

C. Down-type quarks

Down, strange, and bottom quarks are contained in ‘P?S %) and ‘Pisf‘l). By the brane interactions (2.12) and (2.14) all three
generations mix with each other. In Ref. [13] the mass spectrum is determined in each generation separately. Generalization
to the case with mixing is straightforward. We consider the case in which both ‘I‘Zg‘fl) and ‘P(_:;fl) have the same bulk mass

parameters cp+ = cp- = cp . Without loss of generality we assume Dirac masses mp in (2.9) are real.
D, Dy D, D,

For the sake of clarity we adopt vector/matrix notation in the generation space. Fermion fields are expressed in terms of
“checked” fields; ¥ = z2y. Write

3 3/ Df Di(cu)
d=\|s|. d=|¥]|. D*=|bt|. Dli= D, (c.) ;
b b b:bt Dy (c,)
D (cp,)
Di(c)=t—+-, DY = D (cp,) ;
Dy (cp,)

mp, Kt M1z M3

~ - ~ Mmp,

mp = mp, ) mp, = r H= | Mo Ho Ho3 |- (3.11)

mp, M3l M3z H33

In terms of two-component 4D Lorentz spinors (c_iL, d r etc.) the equations of motion in the original gauge are given by
: d ~ (d
( )_ aﬂaﬂ<ﬁf> —kDZ(f) =0,
( ) dL dR
9 o, ()1 (%) ().
(d): dy dy Dy
N O pr+  kip =_ $7
(e). O’ (:)#DL — kD_DR —TDR = 5(y)2ﬂ dR’
. L. kip -
1): 6#0,D% — kDPDF =2 pr — 0,
H + z
. o kitp
(9): 0#8,D; — kDD — ?D}F -0,

. o kit -
(h): 6"0,Dy — kDPDj — ?D{ —0. (3.12)

055016-6
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The u terms on the right side of the equations come
from the brane interaction (2.14). The derivative D% in
Egs. (a)-(d) represents, in each generation subspace,

DAi(C) = Di(c) :l: i@’(Z)T45,
1/0 1 d 5 b
T4 — — fi 1
2(1 0> Or(d)<s>(b) (3.13)

where 0(z) is given by (3.1). Note that the mass dimension
of each coupling and field is e.g., [dg/] =2, [k] =1
and [p] = [u] = 0.

Boundary conditions at the IR brane (z = z;) are, in the
original gauge,

1

R — 07 5; == 0,
D%d, =0, DPD; =0,

r ot (3.14)
Didl, =0, DPDy =0,
d), =0, D; =0.

Fields in the twisted gauge (7) are related to those in the
original gauge (y) by

( cos30(z)

—isin}6(z)
d 5 b
){ - El/ ) S,J ) E/ )

so that all fields in the twisted gauge obey the same
boundary conditions as (3.14).

In the twisted gauge all fields in the bulk (1 <z < z;)
satisfy free equations with vanishing background field
0y = 0. General solutions satisfying BC (3.14) are

—isini6(z) ) y
Xa

cos30(z)

(3.15)

a;Sr(z:4,¢,) a,Cr(z34,¢,)
dp=| asSe(crc) | d=| aCulzic) |

a,Sg(z; 4, ¢;) a,Cr(z;4, ¢;)

ayCr(z:4,¢,) ayS(z:4,¢,)
éﬁe: ayCr(z:d,c.) |, L:i'L: agS;(z4,¢.) |,

ayCr(z; 4, ¢,) aySr(z34,¢;)

a,Sro (234, ¢p,.p,) + baSri(z;4. cp,. p,)

Dy = | a,Spa(z: cp,.fp ) +bSpi(z:4.cp . iip ) |,
+ bpSki(z: 4, ¢p, . p,)
+byCpi (24, cp,. Tip,)

a,Spo (234, Cp,,Mp,

achz(Zﬂl, Cp,s ﬁ’lDd

l_jzr = aSCLz(Z;l, CDyvﬁlDy +bsCLl(Z;/1’ CDS_,I”;IDS_) s
+b,Cri (254, ¢, iitp,)

)

)

)

)

apCry(z3A.cp,.p,)
a,Cri(z: 4, cp,.1p,) + b Cro(2: 4, cp,. p,)

)

)

)

)

)

b

Dg = | aCri(z:2,cp,.iitp,) + byCra(z: 2, cp . iitp,) |
apCri (254, cp,» Mp,) + byCra(2; 4. cp,. 1itp),)
agS11(z: 4 cp,. fip,) + baS12 (234 cp,, ip, )

D; = | a,S.1(z:4 cp.ip ) + bySia(z: 4, cp, . iip,)

a,Sp1(z4, Cp,.Mp,) + bpSi2(z; 4, CDy» ’th)
(3.16)

The tilde ~above each field indicates that it is in the twisted

gauge. Note Di — D*. Functions Sri(z; 4, ¢, ) etc. are
defined in (A4). The coefficients

a, Ay ag bd
a=|a, |, d=|ay |, a=] a, |, b= b,
ap Ay a, bb

(3.17)

are determined such that BC at z =17 (y = +¢) be
satisfied.
To find BC at z = 1™, first note that in the y coordinate

e_”(y) o
D.(c) = 2 {:l:a—y—l—co"(y)}. (3.18)
Fields ZIL, 2} Dj, and Dy are parity even at y =0,
whereas ;ZR, ZZ}‘, Dy, and Dy are parity odd. We integrate

the equations for parity odd fields, (a), (d), (e), and (k) in
(3.12), from y = —¢ to +¢ to find

dp(e) =0, dy(e) +uD}(0) =0,
Di(e) —udr(0) =0,  Di(e) =0. (3.19)

For parity even fields we evaluate the equations (b), (¢), (f),
and (¢) at y = +¢, by using (3.19), to find

A

DYdy + u{DPDj + mpDrt =0,  Did, =0,
DPD} - u'DPd; =0, DPDy + inpDj = 0.
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Inserting (3.16) into (3.19) and (3.20), one finds equa- (p1): eySka—isyCha =0,
tions for the coefficient vectors in (3.17). The conditions i = g S D7
(3.19) and (3.20) are split into two sets, one for left-handed ~ (P2): — iSuCra+ CHS a +p{Cpa+Cp b} =0,
components and the other for right-handed components. (p3): SP,d+ SP,
The two sets yield equivalent conditions. Making use } o
of the relation (3.15) and equations D, (C;,S;)=  (p4): 811325+SR1 —u { iSySha+ cyCa'} =0,
A(Sm CR>’ D+(CLj7SLj) = ﬂ(SRﬁCRj) - (m/z)(SLk’CLk) (3.21)
[(j,k) = (1,2),(2,1)] etc., one finds for the set of left-
handed components that where
(134, ¢,)
St = Se(L;4,¢.) ,
Sr(1:4.¢;)
SRj(l;/l, CDd,ﬁ’lDd)
ng = Sgi(Lid,cp . inp.) , (3.22)

Sgj(1;4,¢cp,.mp,)

and so on. With the use of (p;) and (p3), @ and b are expressed in terms of @ and 4, respectively. Then (p,) and (p,) become

e _ _ -
Q{S?ﬂz + e, SL(CR)™ Ska — u{Ch,

{SB,

All matrices in (3.23) except for ¢ are diagonal. Eliminating
d, one finds that

('USRO‘ =
%%+$
SkCr

ch,SP,

—CShy
Hsp s,

K@) = ~ 8,8,

(3.24)

The mass spectrum m, = kA, of down-type quarks is
obtained by
detK(4,) =0. (3.25)
Three lowest roots correspond to my, mg, m;. In the
i — 0 limit, the down-quark spectrum is given by
det(S7S% + 5%,) = 0, the same formula as for the up-quark
spectrum, and the spectrum of D* fields is given by
det(SR, 8P, — SB,8P,) = 0. As pointed out in Ref. [13],
the spectrum for c¢,, c. > 0 contains exotic light fermions
when u # 0. For this reason we take ¢, ¢, ¢, < 0. We shall
see below that gauge couplings of quarks remain very close
to those in the SM for ¢, c., c; < 0 as well.
The coefficient vector S%a of each down-type quark is an
eigenvector of K(4,) with a zero eignevalue. Once @ is

determined, @, and &' and b are determined. Consequently

- SR (8P,)"1SP Ya +—,u TSta = 0.

—CH(SP) 'SP ya=0

(3.23)

[

the wave functions in (3.16) are determined, with which all
gauge couplings can be evaluated.

IV. EFFECTIVE THEORY OF
CKM AND FCNC

Before evaluating the W, Z gauge couplings of quarks by
using exact wave functions obtained in Sec. III, it is
instructive to write down an effective theory of relevant
fields to see how the brane interactions u lead to flavor
mixing and FCNC. The effective theory illuminates also
how FCNC interactions are naturally suppressed.

One crucial ingredient for lifting the degeneracy in the
masses of up and down quarks is that right-handed
component of down quark is mixture of 4 and D3.
As confirmed in the next section, dominant part of
physical down-type quarks, (ﬁR, Sks ISR), are contained in
(Dyg, Dig- Dyg)- It also assures that the W boson barely
couples to right-handed components of physical up-type
quarks as they are contained solely in \P?l e

A. Mass matrix

To simplify expressions, we use the following vector
notation for 4D fermion fields in this section:
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u u d
u=| c |, =1\, d= ,
t I b
d D,
d=|s | D=| b, (4.1)
v D,

The masses of up-type quarks are generated solely by the
Hosotani mechanism. The effective mass terms in four
dimensions are written as

L = —{ii, Mypii + Hee.},

(4.2)

m;

For down-type quarks the effective mass terms are writ-

ten as
d =2t 2t 2}3
Lyt = - (dL Dy )Mdown - +Hc. .
Dg

Mdown = <A{UP VO )7

H mp
B B s
= for fo B3 |,
P31 Bz fss
mp,
mp = mp, (4.3)
Mp

The Hosotani mechanism generates degenerate masses, the
M, term in Mgy, for the components in ‘P‘(‘3’4). D,
(Dgg) is approximately D}, (Dyz). p, 1s a mass generated
by mp in (2.9). The matrix (i represents the brane
interactions (2.14). Each element fi,; is proportional to
(4")ap = Hj,- (Note that ji has dimension of mass and that
Ji is not proportional to x' as a matrix).

Mass eigenstates of up-type quarks are gauge eigen-
states. However mass eigenstates of down-type quarks
are not gauge eigenstates as a result of ji. My, can be
expressed, in the canonical form, as

M own ~ -+ = 4
,M®w29< d >Qisﬁ:94,sﬂzgﬁ,
Mp

my Mp,

M gown = mg , Mp= mp

2
myp Mp,

(4.4)

Note Q # Q for /i # 0. Mass-eigenstates denoted by ~ are
given by

(G)o(G) (3)-a(5)
le DL DR DR

down __ e M
'me - _{dL

b1l

downdR + DL MDDR + H.c. } (45)

All mp, ’s are of O(myy), and much larger than m,, m;, and
m,. Unitary matrices Q and Q are decomposed as

Q Q . Q O
Q—(q b) @—(ﬁ f) (4.6)
Q, Qp Q, Q)

where all Q, Qq etc. are three-by-three matrices. The
unitarity of € implies that

Q00 +Q,Q) =1,
Q.Qf +QpQ5 =15,
Q00 +Q,Q} =0,

QiQ, +QiQ, =1,
QQ, + QL 0, =1,

QIQ,+QlQ, =0, (4.7)

where /5 is a three-by-three unit matrix. Similar relations
hold for Q.

B. W couplings
The gauge coupling of ‘I"(”3 4)(x, z) leads to the W

coupling

g = s
Ly ~=LW i, I"d; + H.c.

v (4.8)

In the next section we will confirm that g}’ ~ g,, and that
couplings of right-handed components are tiny, gy / gw <

1076, It follows from (4.5) that the gauge- elgenstate dL is
related to the mass- elgenstate dL by dL =Q dL + QbD,_
For up-type quarks i; = =i - At low energies (v/s < m D,)
the D field may be dropped so that

w

9 = 3
EWi%%WW%Q+HQ (4.9)
In other words the CKM matrix is given by
YCRM Q,. (4.10)

It should be noted that €, is not unitary in rigorous sense,
as QQf = I, - Q,Q;.
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Equations (4.3) and (4.4) lead to

(QI): Qquoanb + QbMszD =0,
(‘h): QaMdoanq + QDMDQa = /27
(43): Qquoanq + QbIWDQa = Mupv
(q4) QuM goun sy + QoM pQy, = i, (4.11)
or equivalently
(}’1): Qqludown - Muqua
(VZ): QMp = Mupga’
(l’3) : QaMdown = ﬁQI] + mDQ;;v
(ra): QpMy = pQf + mpQl. (4.12)
From the relation (g;) and (r,) above one finds
Q, = —Q M0, Qp' My = —M Qi ME!. (4.13)

In other words the magnitude of each matrix element of €,
denoted as ||Q,]], is

m ~
12 = o(—q)uszbu <1
mp

where m, = mg, ms,m, and mp = mp . As my,/mp ~ 1072,
Q, is nearly unitary. As Q, = —(Qg)" QZQq, one sees that
1Q,|] = O(m,/mp) as well.

Further (g,) and (g4) in (4.11) imply that

(4.14)

ﬁNQDMDQa, mp NQDMDQD. (415)
The relation (7;) in (4.12) gives a severe constraint on the

mass spectrum. Recall (4.10), which implies that

where  (mgy, mgy, mgs) = (mg.mg,my) and  (m,, m,
m,3) = (m,,m.,m;). The observed mean value (magni-
tude) of VKM jg

0.974 0.224 0.004
0.218 0.997 0.042
0.008 0.030 1.019

CKM
Vobs

(4.17)

The observed m, ~ 1.3 MeV is too small, and the inequal-
ity (4.16) is not satisfied for the 11, 12, and 13 elements.
Rigorous treatment presented in the previous and next
sections also confirms this behavior. In the present paper
we tentatively suppose that m, ~20 MeV. The issue of
small m, is left for future investigation.

C. Z couplings
For up-type quarks one finds

up 9w
EZ ~ =

cos Oy

lz =
Zﬂ{i MLI_WML

2 - - = >
—gsinzew(ﬁLrﬂﬁL + ZZRF”ZZR)}. (418)

Recall that D, fields are SO(5) singlet. Z couplings of
down-type quarks are given by

gv 1__’ -
ﬁdZOWn ~ _—COS VQW Zy{_EdLr‘”dL

1 2 - 2 -
+ §Sin29W(dLF"dL + DLFMDL

+dvd + DRrﬂf)R)}. (4.19)

M |VCKM\ ~ |(§2;)/k| <1 (4.16)  In terms of mass eigenstates in (4.5), Z couplings at low
uj energies are expressed as
|
3 - 3 2 1 3 = 3 2
Ldown ~, _ﬁzﬂ{ (dp'Qy+ Dy 'Q)TH(Q,d;, +Q,D;) + §sin29W(dLF”dL + DLF/‘DL + dRF”dR -+ DgI* DR)}
w

l\)l'—‘ l\)l'—

= 1 2
~ I d, 70, d; -+~ sin0y (d,T*d; +
cos QW 3

In the first term Q)Q, = I3 — Q{Q,, and the Q/Q, term
gives rise to FCNC. However, with the use of the last two
relations in (4.7) and the relation (4.13) one sees

QI0, = Q0,0 (0! = 0<ﬂ> <1075, (4.21)

>|l

dRF”dR>} (4.20)

FCNC interactions are naturally suppressed. The FCNC
suppression will be confirmed by rigorous treatment in the
next section as well.

V. EVALUATION OF GAUGE COUPLINGS

In Sec. III we obtained wave functions of gauge bosons
and quarks, with which gauge couplings of quarks can be
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evaluated. Given the parameters y,4 of the brane interaction
(2.14) and the Dirac masses mp_for the D7 fields, the

Here U (¢) is a rotation matrix in the jk subspace;

bulk mass parameters cj, are chosen such that the mass cos¢p sing 0
spectrum of down-type quarks are reproduced by the Up(p)=| —sing cos¢p 0 (5.2)
condition (3.25). Then the wave functions of all quarks 0 0 1

are unambiguously determined. The parameters s need
be chosen such that the observed CKM mixing matrix is
reproduced. This process, however, is not so trivial.

As inferred in the effective theory formulated in the
previous section, consistent solutions are available only
when m,; < m,. This behavior has been already recognized
in the case of no-mixing in Ref. [13]. In this section we
present the detailed results for the W and Z couplings of
quarks with typical . It will be seen that a simple form of
u matrix leads to reasonable CKM mixing matrix, though it
may not be perfect.

my, z; = 10'°, m,, m,, m., mg, m,, and m, are inputs.
The bare Weinberg angle sin’6), = s3/(1 +s3) with a
given 6y is determined to fit the LEPI data for ete™ —
utu at /s = my [28]. It will be seen below that evaluated
gauge couplings turn out very close to those in the SM with
sin? @y, = 0.2312. The values for mgy, c,, c., c, etc. with
given @y are summarized in Table IIL

In general nine elements of the brane interaction matrix y
can be complex. Six out of nine phases can be absorbed by

redefinition of the fields d % and Dy . Three of them remain

as CP violation phases. When all heavy fields such as D*
are integrated out, only one complex phase survives at the
CKM matrix level. In the present paper we consider a real
matrix ¢, which is parametrized as

Hy
#=U(¢12)Ui3(d13)Uns(h23) Mo
H3
X Uns(023) U 3(013) Upp(@12)".

(5.1)

As typical values we set imp, = mp_ = imp, = 1. For the u
matrix, we take (p,ur,p3) = (0.1,0.1,1) as reference
values suggested in Ref. [13]. Among the rotation angles
in (5.1), w;, is most responsible for the Cabibbo angle. We
have explored the parameter space (@;,, @,3), while keep-
ing ¢ = w3 = 0. Given g, the bulk mass parameters of D
fields, (cp,.cp,.cp,), are determined so as to reproduce
(mg,mg,my). This turns out possible only for appropriate .
With all the parameters set, wave functions of down-type
quarks are determined, and gauge couplings of quarks are
evaluated. Sets of typical values of these parameters are
tabulated in Table IV. We note that the masses of the first
KK excited states of d, s, b quarks turn out around 0.6 mg.

Wave functions of each down-type quark consist
of 12 components, (d.d',D},Dy), (s.s'.Df.Dy),
(b,b', D}, Dj). Coefficient vectors, @, @, d and b in
(3.16) and (3.17) for 8y = 0.15 with the parameter set
(b) in Table IV are tabulated in Table V. With these
coefficients wave functions of left- and right-handed
components, f;(z) and fg(z), are determined. In
Table VI the norm of each component N; r =
Jidz|f 1 r|* is listed. Note Y7, Nj, = > Njg = 1.

It is seen that the left-handed components of mass
eigenstates, (d,§;.b;), are mostly contained in the
original (d, s, b) fields. On the other hand the right-handed
components (dg, §z, bg) are distributed among various
components. Dominant parts of ézR are in DY, §g in &,
D%, and D, and bg in d, D%, and Di. The pattern of
distribution for the right-handed components depends on
the form of the brane interaction, or on the u matrix.

TABLE III.  Values of mgg, k, sin® @), = s;/(1 4 53), c,» c., ¢, are tabulated for 65 = 0.10, 0.15 and z, = 10'. We set
my = 91.1876 GeV, agy(mz) = 1/128 and (m,, m., m;) = (0.020,0.619,171.17) GeV. The value m, > m, has been used for a
reason explained in the text.

Oy mgg (TeV) k (GeV) sin? «9%, Cy Ce ¢
0.10 12.08 3.84 x 1013 0.2306 -0.9169 —0.7545 -0.2274
0.15 8.07 2.57 x 1013 0.2299 -0.9170 —0.7546 —0.2294

TABLE IV. Sets of parameters which yield a reasonable CKM matrix. (cp,.cp ,cp,) is determined to give (m,, m,, m,) =
(0.0029,0.055,2.89) GeV by (3.25). We set ¢pjx = w13 = 0 in (5.1) and p, = iy = inp, = 1.

On (H1s Hos 1i3) (@12, w3) D, €D, Cp,
(a) 0.10 (0.1,0.1,1) (0.1055,0.0018) 0.520074 0.751360 0.951239
(b) 0.15 (0.1,0.1,1) (0.1055,0.00198) 0.478059 0.751545 0.955367
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TABLE V. Coefficient vectors in (3.17) for wave functions of
down-type quarks for 6y = 0.15 with the parameter set (b) in

Table 1V are listed. (3, S, l;) represent mass eigenstates.

-

a a a b

4 1.640 —8.692 x 107%;  0.007734i 2.207 x 1072
—0.3588 2.148 x 107%f —0.4697i —1.178 x 1077;
1.476 x 1075 =1.520 x 10~1%;  0.005361i 1.232 x 107%;

§ 0.3812 —3.832x 1075 0.03452i  1.868 x 10~7i
1.542 —1.752 x 1074 0.04968i  2.362 x 10~7i
—0.02291 4474 x 107% —0.4376i —1.908 x 107%;

5 0.007211 —3.809 x 1075; 0.03431i  9.756 x 1076i
0.02927 —1.746 x 10~4i  0.05525i  1.380 x 1075;
1.208 —0.01239; 0.4389i 1.005 x 1074
TABLE VI. Norm of each component of down-type quarks for

0y = 0.15 with the parameter set (b) in Table IV is listed. (c?, $, 1;)
represent mass eigenstates. In this table 10~'3, for instance,
implies order of 10713,

d, sy by dy $r bg
d 09487 0.0513 105  0.0001 0.0022 0.0022
s 0.0513 09484 0.0003 108 105 107

b 10719 0.0004 0.9996 1022 10°13 107

d 1072 10719 1015 0.0198 0.3856 0.3810
s 1074 10718 1074 1076 0.0074 0.0074
v 10732 102! 10710 1072 10~ 0.0003
D 1077 10713 107 0.0023 0.0465 0.0459
DY 1071 10712 107 03113  0.0035 0.0043
Dy 1077 10710 1077 10°5  0.1177 0.1184
D; 1077 10713 107 0.0025 0.0489 0.0484
Dy 1071 10°13 107 0.6639 0.0074 0.0092
D; 107V 10-1 10°7  0.0001 0.3808 0.3830

A crucial point is that d’ component of nAiR, s’ component
of §z, and b’ component of Z;R are all small. As is seen in
the following subsection, this property is important to
assure vanishingly small W couplings of right-handed
quarks.

A. W couplings
The SO(5) gauge potentials can be expanded as

3
Ay =Y fAT® + AT + AL T} + AL TS, (5.3)
a=1

where T and T are SU(2), and SU(2)y generators,
respectively. {TP;p =1,...,4} are generators of
SO(5)/SO(4). In the spinor representation, for instance,

TaL1<0'“ 0) Tak1<o 0)
~2\o o)’ - 2\0 ¢ )’

R 1 0 io” i 1 017
e ) T h) e
22\ =ic® 0 2v2\1, 0
where 6“’s and I, are Pauli matrices and a two-by-two unit
matrix. W boson is contained, in the twisted gauge, in

~ 1 - ~
A, = E{(A}; — A (T + iT2)
+ (AJ® — iAZ)(T'% + iT2)
+ (Al —iA2)(TT +iT?)} + Hec.

o

1
= E{(l +ey)W, (T +iT?)

4 (1= cy)W, (T + iT?)
o9 ~ o
—V2syW,(T" +iT*)} + Hec. (5.5)

Here the expression (3.7) has been inserted. W couplings of
quarks come solely from the couplings of ‘P’(’3’4).

L d ° 1 2 =z 1
5%1:4 = —igy /Z _Z{Wﬂ( —;CH ul*d -+
1

—Cy 2. =
I'“d
k 2 )

°S =S 2, pog
+W, (—i%”’arﬂd’ + i%’u’Wd) } +He. (5.6)

Here, as in (3.11), we have denoted as

i i
i=el|. w=|¢|. (5.7)
i 7

We use the following notation for wave functions of
quarks. 4D quark fields are denoted by a hat ;

i (x) i(x) dy(x) d(x)
i (x) | =1 e(x) |, dy(x) | = | $(x) |- (5.8)
it (x) i(x) ds(x) b(x)

For up-type quarks 5D fields in the twisted gauge are
expanded as

i (x.2) = Vik{i (0)f 1, (2) + 2 ()5, (2)}.

i(x, 2) = Vi{ay, (X)fZ’;,; (2) + djr (X)fZ’;,;(Z)} (5.9)
With the expression in (3.10), for instance,
1o (2) = EnCL(z Ay ) /T

1(2) = i8n8L (2 Aes o) [/ (5.10)
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For down-type quarks 5D fields in the twisted gauge are
expanded as

<

X meLhAH%m%W»

= Vk Z{% (Ff(2) + g ()l ()},

dez( z) = alCp(zAg ).
fRd’ ( ) - ai’CR(Z;’Im Ct)7
fRD+( ) = agSRZ(Z;/lh, Cp,» ”711)‘1)

+bZSR1(Z;/1b,CDd,ﬁ1Dd). (512)

Sd. =1d. =d. >d. ..
Here a%, o', a%, and b“ are the coefficient vectors

Dj(x Z \/_Z{dmL fLD* (Z) + dmR( )fRD+( )} determined for d
W couplings of quarks are defined by
DT = 1 a"’ _ 7 aA”" _ . — i = A = A
j(.2) ﬁ;wmmwmwmwm@} £ = WS ol i + ol i
ok
(5:11) +He. (5.13)
With the expression in (3.16), one finds, for instance, Inserting (5.9) and (5.11) into (5.6), one finds
v VAT Fh @) fly @) Pl @) Fiiy @)
9L jk kL [z 1+cy Lu; < Ld, < 1—cy L Ld,
W = —lgw—r/ dZ C(Z,llw) 3 i 3 + 2 0
IRk viwi TR, (2)" R, (2) TRz )*fRd/( )
i d
Sy fLuj( ) Ld’( ) fLu Lkd<(z>
+8(z, Aw) (=) = > | (5.14)
&, (2)"f Rd/ (2) = frs (2)° 7,(2)
Let us denote the couplings in the matrix form; (9;"); = g/ and (98 ) jx = gy 7 is parametrized as
o = 9 Veku, det Vegm = 1. (5.15)
gy and gy are evaluated for the two sets of parameters in Table IV;
(a) Oy =0.10:
0.9744  0.2245 0.0031
gy = 0.9978g,, Vekm = | —0.2245 09743 0.0134 |,
9x 107 -0.0138 1.0002
2x 10712 8x 10712 6x 10712
ar =g, =1 x107"" 9x10710 7 x 10710
Ix1078  —3x10™° 1x107
(b) 6y =0.15:
0.9737  0.2264  0.0043
gy = 0.9950g,, Vekm = | =0.2264  0.9736  0.0185 |,
1x1075 -0.0190 1.0004
4x1072  1x107'"" 2x 107!
R =g, =3x107"" 2x107° 2x107 (5.16)
4x10°8  —1x10"% 3x107?
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We have checked remarkable cancellation among four
terms in the right-handed couplings gg, in (5.14). The

resultant Vigy is reasonably close to the observed
CKM matrix, although the 31 element is still too small.
We have evaluated the W couplings of leptons as well.
The couplings of left-handed leptons (e,u,7) are
(0.997665,0.997662,0.997659)g,, for 6y = 0.10, and
(0.994756,0.994748,0.994743)g,, for 6y = 0.15. The

|

A+ z—j OxB, = (AT + A7 + A71%) + g—j OxB,

1+SZ§ e} AoS
= —V{[u +eg)T + (1 - e)TH)Z, — fzsmzﬂ} +—¢

V2

Here (3.7) and the relation Qgy =

/ZLdZ J’{
gy ——
,/l—l—s

d=4 _ _
Ly =

Inserting (3.5), (5.9) and (5.11) into (5.18), one finds that

uF"u—i—uF“u)

relative coupling g} 10 g\i0n 15 91 /91 1epon = 1:00013
and 1.00028 for 8y = 0.10 and 0.15, respectively. The
universality holds to high accuracy. The W couplings of
right-handed leptons are typically of order 10720

B. Z couplings

Photon y and Z boson are contained in

QEM(A —\/—S¢Z) (5.17)

\/1+s¢

T3t 4 T3 + Qy have been used. Photon couplings are given by

2 2

1
g(dF"d+dF”d +D' D" + D D" )} (5.18)

S L
1+s2 1

2
J(x,z) ==
v (x,2) 3

Mw

1

~.
Il

3

|
W] =
]+

£,m=1

E

Jj=1

P () iy (2) + il () (z)} HL=R).

|:§f L Iy amL Z {

[ (0 £, (2 Ly () + £ (2 1 ()} + (L = B)]

*f (2) + de/( )*de/()

By making use of orthonormality relations, the z integration can be done to lead to

3 J

3
2 . 1: ]
=1 K

Z couplings are given by

=2 2/

u

oS = = =
-Z zTH[ul"”u — & - arvd +dF"d}—|—lgA

where JY is given in (5.19). Let us denote Z couplings of quarks as

Ed:4 — _
z 0
cos By, 5

i _ _
E gZ a0 TR0 gZ - H
Zﬂ{ ( Lujul-u]LF MJL + Rujuju]RF

(5.19)
(5.20)
z =z 1 - = /-7
H (iD%fi — drvd) H i - d rﬂd/)}
V252 dz e
Ve /ZL 7,0 (5.21)
(/14 s

ijr) + Y (G di i + iy, dk&jkrﬂak,e)}. (5.22)

Jk
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The couplings of up-type quarks are diagonal in flavor, but there appear off-diagonal couplings (FCNC) for down-type
quarks. Insertion of (3.5), (5.9) and (5.11) into (5.21) leads to

7 vV ZkL L
ruw, = 9w —F—
% 7 1
1+c¢ i ol 1-c¢
] et (S A e )+ 5

- iS—HS’(z, Az) [ ,Li’;lj(z)*fi;}(Z) - fﬁt;(z)*f?u/(z)} }

Gy = W/ zz

X {C(z,/lz)<

1
(@) () -

i (@) Py () + F i (2 . <z>}) + isz $(e.22) [ 10, (2 £, @) = £y (20125, 2)] }

Formulas for g%, , and g%, , are obtained by the replace-
ment L — R in each expressmn
The Z couplings of down-type quarks are written in the

matrix form; (§7,)u = 974, q, and (9% jx = 9ka q,- One
finds for the two sets of parameters in Table IV
(a) 0 = 0.10:
Fun 0.3451 G —0.1538
Giee | = | 03451 | gy, | GRee | = | —0.1538 | gy,
Iin 0.3455 o —0.1534
—0.4220 -3x1077 —-4x107°
i=gu| =3x1077 04220 -1x107 |,
—4x107° —-1x1077 —0.4220
0.0769 —-6x1077 —4x1077
#i=g,] =6x1077 00769 —3x107 |,
—4x107 =3x10°  0.0769
(b) 0 = 0.15:
o 0.3441 i/ —0.1533
#.. | =103441 |g,. | . | =| —0.1533 |g,,
Iiu 0.3449 o —0.1524
—0.4208 -7x 1077 —1x 1078
=g, =7x107  —04208 —4x1077 |,
—1x10°% —4x107 —0.4207
00767 —1x10"% —1x 107
Fi=gu| ~1x10° 00767 —7x 107
—1x10°% —7x10°  0.0767
(5.24)

CHd

2 S

B €)1 () = 35008 78 2 18 2) 4 18y (6111 )]

1 ), 0,
sty £, ()" 1, (2) + £ (L (2)

(2 Fly () + 5

(5.23)

|

Although FCNCs emerge for the down-type quarks, their
magnitude is naturally suppressed. FCNCs induce the mixing
of neutral mesons (M = K, By, B,) at the tree level, yielding
Amyy ~ (myf3,/3m%) (65 )* Where my, and f), are the
meson mass and decay constant and §%|,, is the relevant
coupling in §7, or §%, Making use of (my,mp, mp )~
(0.498,5.280,5.367) GeV  and  (fk.fp,.f5, )~ (0.156,
0.191,0.274) GeV, one finds, for 8 = 0.10, (Amg, Amg,,
Amp ) ~ (7 x107%,5x 1071?,6 x 10~'7) GeV, which are
much smaller than the experimental values (3.48 x 10713
3.36 x 10713, 1.17 x 10~'1) GeV [29,30].

The gauge invariance guarantees natural suppression of
FCNC interactions. This should be contrasted to the previous
approaches of Refs. [23,24], in which only SU(3). x
SU(2), x U(1), invariance is imposed on the brane. The
requirement of the gauge invariance under G = SU(3) x
SO(5) x U(1)y restricts the form of brane interactions to
(2.12), which yield the specific mass terms of the form (2.14).
The resultant FCNCs are suppressed with a factor of order
(my/mp)? (m, = my, mg, my) as anticipated from the effec-
tive theory developed in Sec. IV. The orbifold boundary
condition breaks SO(5) to SO(4) so that one might expect
only ¢ =SU(3)-xSO(4) x U(1)y invariance on the
brane. As explained earlier, the above conclusion remains
valid even with the G’ gauge invariance alone being imposed.

We remark that the relative couplings to g{"lepmn are

I 0.34588 0.34591
1 Gk | | —0.15413 —0.15411
T m— —0.42295 |’ —0.42298
Pors 0.07707 0.07706
(5.25)
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for 0y = 0.10, and 0.15, respectively. The values in the SM
with sin? @y, = 0.2312 are 0.3458, —0.1541, —0.4229, and
0.0771. The values (5.25) in the gauge-Higgs unification
are very close to those in the SM.

C. Yukawa couplings

The flavor mixing in the down-type quarks induces
flavor-changing Yukawa couplings. We show that its effect
is extremely tiny. The 4D Higgs field H(x) is contained in
A? in the expansion (5.3);

A, =H(x,2)T*+ -,

H(x,z) = \/L%H(x)hl_](z) oo, hy(z) = -

(5.26)

Z.

Inserting (5.26) into the gauge interaction part of the action,
one obtains

3 _
. L o < ~
—ng[ dzH g ‘{’?3’4)FST4
a=1
SrA~

ga L S Tl
~ o dzH ity il + i) ity + ity + dig ity

2/

=t
Fdydn +dy dp + dpd, + dud,)

=

(34

(5.27)

where the notation (5.7) has been used. We insert (5.9) and
(5.11) into (5.27) and integrate over z. In terms of mass
eigenstates (5.8) the Yukawa interactions are written as

3
_ iH(x){Z Yuyu, (W i = i)

J=1

3
+ Z ydjdk<d;'LdkR - diRdjL)} (5.28)
k=1
where the Yukawa couplings are given by
9w i
wu; = " dzhy(z { u (2)°
u = =120 [ deha0) {11, 0 Ay 0
+fL;;_<z>*fRa,,.<z>},
9wV kL iL 3 d.
Ydja, = 1 dzhy(z) fra,(z (2)* f , (2)
k 2\/§ ] ’;{ Rd,,
‘7/’ * ak
+ de;n (2) Rd,, (Z)} (5.29)

Note that the Yukawa couplings in the up-type quark sector
are diagonal in the generation space, whereas those in the
down-type quark sector have nonvanishing off-diagonal
elements.

For the two sets of parameters in Table IV one finds

(a)0y=0.10:
(VuurYeerVu) = (8.1376x 107°,2.5186 x 1073,0.69693),
1.1800x 1075 —1x107'¢ —2x10713
$.=1 —-2x10"18 22378x10~* 1x10~!
—-9x10717  4x107B  1.1759x1072
(b)6y=0.15:
VuwsVeeryu) = (8.1222x1072,2.5138 x 1073,0.69620),
1.1777x 1075 —=3x107'® —9x10°13
$a=| —-6x10""8 22336x10™* 2x107"!
—4x10716  8x1071  1.1737x 1072
(5.30)

Here (94)x = ya,a,- Note that in the evaluation we have
used the values (mu, mg) = (20,2.90) MeV for the reason
described earlier. The flavor-changing Yukawa couplings
are exceedingly small. Splitting of mass Am,, of neutral
mesons (M = gjdk, djdk,j # k) due to Vd,d, is estimated to

be at most [my/(mg, + mdk)]z(me%/[/m%I)(ydjdk)z, [30]
which is much smaller than the observed Am,,.

The values of the diagonal part of the Yukawa couplings
can be understood from the effective theory as well.
Recalling that the 4D Higgs field H(x) is the fluctuation
mode of the AB phase 0y, the effective interactions of W, Z
and fermion field y, with the Higgs field can be written
as [31]

_ A t | PN
L~ _mW(gH)ZW}LW” - Emz(eH)ZZuZ” — (O sy s,
H(x)

éH()C) fH .

=0+

(5.31)

The mass functions are, in good approximation, given by

iy (Oy) ~ ay sin Oy,
iz (0) ~ az sin Oy,

N { ag sin éH in the A model

1 () ~ (5.32)

ay sin%éH in the B model,

where ay, az, and a; are constants. At the tree level

my = iy (0y) =% g, fu sin Oy, my =iz (Oy)=my/
cos#), and m; = m;(0y). Expanding the mass functions
in (5.31) around @y, one finds the Higgs couplings to be
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2m?, cos Oy
JwwH = —————— = g,y c0S Oy,
Sfusinfy
2m%cosOy  g,my
9zzH = : = 5-Ccos Oy,
fusinfy  cosdy,
my cos 0, m .
ity = 1es 08Oy in the A model
VE=19 oo
mycosytly  my 21 .
2y sintdy — v 08 50y in the B model.

(5.33)

Here vgy = fy sinfy. In other words, compared to the
couplings in the SM, the Higgs couplings of W and Z in the
gauge-Higgs unification are suppressed by a factor cos 6.
The Yukawa couplings of quarks and leptons are sup-
pressed by a factor cos 8 in the A model and by a factor
cos? 160y in the B model.

The diagonal part of the evaluated Yukawa couplings
(5.30) are well described by the formula in (5.33). Denoting
the couplings in the SM by ijcM = my/vgy, one finds

1
(a) Oy = 0.10: 0052591., = 0.99750

(yS—M e %) = (0.99758,0.99758,0.99826),
v My

(ysiﬁ e %) — (0.99758,0.99758,0.99758).
Ya Ys Y

1
(b) Oy =0.15: COSZEHH = 0.99439

(ys“;; e ys’l(4> — (0.99456,0.99456,0.99607),
vy,

(ysiﬁ i %) — (0.99456,0.99456, 0.99456).
Ya Ys Y,

(5.34)

The deviation from the SM is rather small.

We would like to add a comment. As explained in Sec. II,
the neutral physical scalar of ®(;4) has a large mass
(>myg) so that its couplings to quarks and leptons at
low energies are negligible, playing no role in flavor
changing processes.

VI. SUMMARY AND DISCUSSIONS

In this paper we have shown that the flavor mixing in the
quark sector can be incorporated in the GUT inspired
SU3)s xSO(5) x U(1)y gauge-Higgs unification. The
brane interactions on the UV brane are responsible both
for splitting the mass spectrum between the up-type quarks
and down-type quarks and for generating flavor mixing in
the charged current (W) interactions. A quite reasonable
form of the CKM matrix has been obtained. The mixing, in
general, induces FCNC interactions in the Z couplings of
quarks. It is shown that the FCNC interactions are naturally

suppressed, with a suppression factor of order 107°. The
suppression is a result of the SU(3)- x SO(5) x U(1)y or
SU(3)c x SO(4) x U(1)y gauge invariance which allows
only a certain class of interactions on the UV brane. In
addition to presenting rigorous evaluation of the gauge
couplings, we have also given an explanation in terms of
the effective theory which illustrates how the natural
suppression of the FCNC interactions results in the
gauge-Higgs unification. The flavor-mixing induces fla-
vor-changing Yukawa couplings as well. We have con-
firmed that those couplings are extremely small.

There remains an issue to be clarified. In the present
model we could obtain a consistent spectrum and mixing
only if the up-quark mass m, were larger than the down-
quark mass m,. With the minimal matter content in the
GUT inspired gauge-Higgs unification, m, necessarily
becomes smaller than m,. One may have an additional
field which affects m,, or may consider the running of
quark masses which reverses the order of m, and m, at low
energies. We leave the issue for future investigation.

In the GUT inspired gauge-Higgs unification we have
chosen negative bulk mass parameters. With positive bulk
mass parameters there arise exotic light fermions with the
same quantum numbers as the down-type quarks. Although
negative bulk mass parameters imply that left-handed
(right-handed) light quarks are localized near the IR
(UV) brane, we have shown that the W and Z couplings
of all quarks are very close to those in the SM. This is one
of the remarkable properties in the gauge-Higgs unification
in the RS space. Similarly negative bulk mass parameters of
leptons are preferred to positive ones, as positive ones yield
additional light neutral fermions.

The sign of the bulk mass parameters of quarks and
leptons can be investigated by e*e™ collider experiments, as
the couplings of quarks and leptons to Z’ bosons, namely
KK excited states of Z, y, and Z, have large parity violation.
It has been shown in the previous A model of SO(5) x U(1)
gauge-Higgs unification that right-handed quarks and lep-
tons have much larger couplings to Z’ bosons so that in the
process ete” — utu~, for instance, significant deviation
from the SM appears even at 250 GeV at the ILC with
250 fb~! data. If the e~ beam is polarized in the left-handed
mode, there would be no deviation from the SM, whereas, if
the e~ beam is polarized in the right-handed mode, then
there appears large deviation. By changing the polarization
of the e~ beam, one can see a distinct pattern of deviation.
Similar effects are seen in the forward-backward asymmetry
in various processes as well. In the present B model left-
handed leptons and quarks have much larger couplings to Z’
bosons than right-handed ones. As a consequence the pattern
of the dependence on the e~ polarization is reversed in
comparison with that in the A model. ILC experiments can
provide rich information on underlying physics.

Gauge-Higgs unification is formulated in five or higher
dimensions in which the running of gauge couplings is
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much more rapid than in four dimensions [32] In this paper
we have analyzed the W and Z couplings of quarks below
the KK mass scale mgg. All relations presented in this
paper should be understood as those for the energy scale
below mygg. Above mgg effects of KK modes need to be
properly incorporated. Gauge-Higgs unification is a new
approach to physics beyond the SM. It may provide a key
to solving the problems of dark matter, gauge hierarchy,
neutrinos, Higgs couplings, and grand unification as
well [33-36]. We will come back to these issues in the
future.
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APPENDIX: BASIS FUNCTIONS

We summarize basis functions in the RS space. We
define

Fop(u.v) =Jo(u)Yp(v) = Yo(u)Jp(v) (A1)

where J,(x) and Y, (x) are Bessel functions of the first and

second kind, respectively. For gauge bosons C = C(z;4)
and S = S(z;4) are defined by

C(Z;/l) = +gﬂZZLF170(/1Z,/12L),
C'(z:4) = +3 22, Foo(32.221),

S(z;4) = —g/lem (Az,Azp),

§'(:2) = =35 P2Fo, (32,321, (A2)
We note that CS' — SC’ = Az.
For massless fermions we define
CR VA
g ) (@he)=F A2z Fepen(lz Az,
R
CL T
S (z34,¢) = i5/1,/ZZLFC+%,CJF%(AL/11L). (A3)
L

These satisfy C; Cr—S;Sg=1, Cr(z;4, —c) = Cr(z; 4, ¢),
and S; (z;4, —¢) = —Sg(z; 4, ¢). For massive fermions such
as D fields with mp, # 0 we define basis functions

z;A,c,m) = A c+im)+ A, c—im),
(Cu ( ) Cr ( Cr ( )

(gij) (z:A,¢,i) = (S:Le) (z;A,c+i)— (ij) (234, c— 1),
<§2>(Z,l,c,rn)= (ii) (z3A,c+m)+ (?Z) (z:4.c—),
(s~

(A4)

These functions satisfy various relations which are sum-
marized in Appendix B of Ref. [13].
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