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The Cabibbo-Kobayashi-Maskawa (CKM) mixing matrix and flavor-changing neutral currents (FCNCs)
in the quark sector are examined in the grand unified theory inspired SOð5Þ ×Uð1Þ × SUð3Þ gauge-Higgs
unification in which the 4D Higgs boson is identified with the Aharonov-Bohm phase in the fifth
dimension. Gauge invariant brane interactions play an important role for the flavor mixing in the charged-
current weak interactions. The CKM matrix is reproduced except that the up quark mass needs to be larger
than the observed one. FCNCs are naturally suppressed as a consequence of the gauge invariance, with a
factor of order 10−6. It is also shown that induced flavor-changing Yukawa couplings are extremely small.
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I. INTRODUCTION

The standard model (SM), SUð3ÞC × SUð2ÞL ×Uð1ÞY
gauge theory, has been firmly established at low energies.
Yet it is not clear what the observed Higgs boson is. All of
the Higgs couplings to other fields and to itself need to be
determined with better accuracy in the coming experiments.
The fundamental problem is the lack of a principle which
regulates the Higgs interactions.
One possible answer is the gauge-Higgs unification in

which the Higgs boson is identified with the zero mode
of the fifth dimensional component of the gauge potential
[1–6]. It appears as a fluctuation mode of the Aharonov-
Bohm (AB) phase θH in the fifth dimension. As a concrete
model, the SUð3ÞC × SOð5Þ ×Uð1ÞX gauge theory in the
Randall-Sundrum (RS) warped space has been proposed
[7–10]. It gives nearly the same phenomenology at low
energies as the standard model [10–12]. Deviations of the
gauge couplings of quarks and leptons from the SM values
are less than 10−3 for θH ∼ 0.1. Higgs couplings of quarks,
leptons, W and Z are approximately the SM values times
cos θH, the deviation being about 1%. The Kaluza-Klein
(KK) mass scale is about mKK ∼ 8 TeV for θH ∼ 0.1.

The KK excited states contribute, for instance, in inter-
mediate states of the two γ decay of the Higgs boson. Their
contribution is finite and very small. The signal strengths
of various Higgs decay modes are approximately cos2 θH
times the SM values. The branching fractions of those
decay modes are approximately the same as in the SM.
Gauge-Higgs unification predicts Z0 bosons, which are

the first KK modes of γ, Z, and ZR [SUð2ÞR gauge boson].
Their masses are in the 6–9 TeV range for θH ¼ 0.11–0.07
in the model with quark-lepton multiplets introduced in the
vector representation of SOð5Þ, which will be referred to as
the A model below. Those Z0 bosons have broad widths and
can be produced at 14 TeV LHC. The current nonobserva-
tion of Z0 signals puts the limit θH ≲ 0.11. Recently an
alternative model with quark-lepton multiplets introduced
in the spinor, vector, and singlet representations of SOð5Þ
(referred to as the B model below) has been proposed [13],
which can be incorporated in theSOð11Þgauge-Higgs grand
unification [14,15], Other variants of the fermion content
have also been proposed [16]. Implications of gauge-Higgs
unification to precision electroweak observables have been
investigated. It has been shown that the typical models are
consistent with the current measurements.
Distinct signals of the gauge-Higgs unification can be

found in eþe− collisions [17–20]. Large parity violation
appears in the couplings of quarks and leptons to KK gauge
bosons, particularly to the Z0 bosons. In the A model right-
handed quarks and charged leptons have rather large
couplings to Z0. The interference effects of Z0 bosons
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can be clearly observed at 250 GeV eþe− collisions at the
International Linear Collider (ILC). In the process eþe− →
μþμ− the deviation from the SM amounts to −4% with the
electron beam polarized in the right-handed mode by 80%
ðPe− ¼ 0.8Þ for θH ∼ 0.09, whereas there appears negli-
gible deviation with the electron beam polarized in the
left-handed mode by 80% ðPe− ¼ −0.8Þ. In the forward-
backward asymmetry AFBðμþμ−Þ the deviation from the
SM becomes −2% for Pe− ¼ 0.8. These deviations can be
seen at 250 GeV ILC even with 250 fb−1 data [21,22]. In
the B model the pattern of the polarization dependence is
reversed.
So far quarks and leptons in the gauge-Higgs unification

models have been incorporated generation by generation so
that the flavor mixing among quarks and leptons is left
unexplained. In this paper we tackle the flavor mixing in
the quark sector [23,24]. We will argue in the B model that
the Cabibbo-Kobayashi-Maskawa (CKM) mixing matrix
in the charged current interaction is reproduced with brane
interactions. These brane interactions generally lead to
flavor-changing neutral current (FCNC) interactions. It will
be shown that the FCNC interactions are naturally sup-
pressed in the gauge-Higgs unification as a consequence of
the gauge invariance. The FCNC interaction is suppressed
by a factor of ðmb=mKKÞ2 ∼ 10−6 where mb and mKK are
the bottom quark mass and the KK mass scale. It is also
shown that induced flavor-changing Yukawa interactions
are extremely small.
We stress that the natural suppression of FCNC in

the gauge-Higgs unification results from the gauge invari-
ance and the orbifold structure, without relying on addi-
tional symmetry or mechanisms. We present a rigorous
treatment of deriving and evaluating the CKM matrix
and Z couplings in the quark sector in the gauge-Higgs
unification. We also give a simple explanation in the
effective theory of quarks and relevant heavy fields
to illuminate the mechanism of suppressing FCNC
interactions.
In Sec. II the minimal grand unified theory (GUT)

inspired SUð3ÞC × SOð5Þ ×Uð1ÞX model of gauge-Higgs
unification is described with brane interactions. In Sec. III
mass spectra andwave functions of gauge bosons andquarks
are derived. Detailed derivation of the mass spectrum and
mixing in the down-type quark sector is given. In Sec. IVan
effective theory in 4D is formulated for quarks and SOð5Þ
singlet heavy fermion fields. We show how mass terms
connecting down quarks and singlet fields lead to flavor
mixing. It also illuminates how FCNC interactions are
naturally suppressed. In Sec. V we evaluate W and Z
couplings of quarks, using the wave functions obtained in
Sec. III. The gauge couplings turn out very close to those
in the SM. It is confirmed that FCNC interactions are
naturally suppressed. Section VI is devoted to a summary
and discussions. Basis functions used in the text are
summarized in the Appendix.

II. MODEL

The GUT inspired SUð3ÞC × SOð5Þ ×Uð1ÞXð≡GÞ
gauge-Higgs unification has been introduced in Ref. [13].
It is defined in the Randall-Sundrum (RS)warped spacewith
metric given by

ds2 ¼ gMNdxMdxN ¼ e−2σðyÞημνdxμdxν þ dy2; ð2:1Þ

where M;N ¼ 0, 1, 2, 3, 5, μ, ν ¼ 0, 1, 2, 3, y ¼ x5,
ημν ¼ diagð−1;þ1;þ1;þ1Þ, σðyÞ ¼ σðyþ 2LÞ ¼ σð−yÞ,
and σðyÞ ¼ ky for 0 ≤ y ≤ L. In terms of the conformal
coordinate z ¼ eky (1 ≤ z ≤ zL ¼ ekL) in the region
0 ≤ y ≤ L

ds2 ¼ 1

z2

�
ημνdxμdxν þ

dz2

k2

�
: ð2:2Þ

The bulk region 0 < y < L (1 < z < zL) is anti-de Sitter
(AdS) spacetime with a cosmological constant Λ ¼ −6k2,
which is sandwiched by the UV brane at y ¼ 0 (z ¼ 1) and
the IR brane at y ¼ L (z ¼ zL). The KK mass scale is
mKK ¼ πk=ðzL − 1Þ ≃ πkz−1L for zL ≫ 1.
Let us denote gauge fields of SUð3ÞC, SOð5Þ, andUð1ÞX

by ASUð3ÞC
M , ASOð5Þ

M , and AUð1ÞX
M , respectively. The orbifold

boundary conditions (BC) are given by

�
Aμ

Ay

�
ðx; yj − yÞ ¼ Pj

�
Aμ

−Ay

�
ðx; yj þ yÞP−1

j ð2:3Þ

for each gauge field where ðy0; y1Þ ¼ ð0; LÞ. In terms of

PSUð3Þ
3 ¼ I3;

PSOð5Þ
4 ¼ diagðI2;−I2Þ;

PSOð5Þ
5 ¼ diagðI4;−I1Þ; ð2:4Þ

P0 ¼ P1 ¼ PSUð3Þ
3 for ASUð3ÞC

M and P0 ¼ P1 ¼ 1 for AUð1ÞX
M .

P0 ¼ P1 ¼ PSOð5Þ
5 for ASOð5Þ

M in the vector representation

and PSOð5Þ
4 in the spinor representation, respectively. PSOð5Þ

4

and PSOð5Þ
5 break SOð5Þ to SOð4Þ ≃ SUð2ÞL × SUð2ÞR.

W, Z bosons and γ (photon) are zero modes in the SOð4Þ
part of ASOð5Þ

μ , whereas the 4D Higgs boson is a zero mode

in the SOð5Þ=SOð4Þ part of ASOð5Þ
y .

Matter fields are introduced both in 5D bulk and on
the UV brane. They are listed in Table I. Quark multiplets
ð3; 4Þ1

6
and ð3; 1Þ�−1

3

are introduced in the 5D bulk in

three generations. They are denoted as Ψα
ð3;4Þðx; yÞ and

Ψ�α
ð3;1Þðx; yÞ (α ¼ 1, 2, 3). Ψα

ð3;4Þ and Ψ�α
ð3;1Þ intertwine with

each other. These fields obey boundary conditions
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Ψα
ð3;4Þðx; yj − yÞ ¼ −PSOð5Þ

4 γ5Ψα
ð3;4Þðx; yj þ yÞ;

Ψ�α
ð3;1Þðx; yj − yÞ ¼ ∓γ5Ψ�α

ð3;1Þðx; yj þ yÞ: ð2:5Þ

With (2.5) the parity of quark fields are summarized in
Table II with names adopted in the present paper.

The action of each gauge field, ASUð3ÞC
M , ASOð5Þ

M , or AUð1ÞX
M ,

is given by

Sgaugebulk ¼
Z

d5x
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− detG

p

×

�
−tr

�
1

4
FMNFMN þ 1

2ξ
ðfgfÞ2 þ Lgh

��
; ð2:6Þ

where
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− detG

p ¼ 1=kz5. Field strengths are defined by
FMN ¼ ∂MAN − ∂NAM − ig½AM; AN � with each 5D gauge
coupling constant g. The gauge fixing and ghost terms are
taken as

fgf ¼ z2
�
ημνDc

μA
q
ν þ ξk2zDc

z

�
1

z
Aq
z

��
;

Lgh ¼ c̄

�
ημνDc

μDν þ ξk2zDc
z
1

z
Dz

�
c; ð2:7Þ

where AM ¼ Ac
M þ Aq

M. Dc
MB ¼ ∂MB − ig½Ac

M; B� and
Dcþq

M B ¼ ∂MB − ig½AM; B� where B ¼ Aq
μ, A

q
z=z, and c.

Only Az component of ASOð5Þ
M has nonvanishing classical

background Ac
z .

Each fermion multiplet Ψðx; yÞ in the bulk has its own
bulk-mass parameter c [25] The covariant derivative is
given by

DðcÞ ¼ γAeAM
�
DM þ 1

8
ωMBC½γB; γC�

�
− cσ0ðyÞ;

DM ¼ ∂M − igSA
SUð3Þ
M − igAA

SOð5Þ
M − igBQXA

Uð1Þ
M : ð2:8Þ

Here σ0 ¼ dσðyÞ=dy and σ0ðyÞ ¼ k for 0 < y < L. gS, gA,
gB are SUð3ÞC, SOð5Þ, Uð1ÞX gauge coupling constants.
The bulk part of the action for the quark multiplets are
given by

Squarkbulk ¼
Z

d5x
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− detG

p X3
α¼1

fΨ̄α
ð3;4ÞDðcαÞΨα

ð3;4Þ

þ Ψ̄þα
ð3;1ÞDðcDþ

α
ÞΨþα

ð3;1Þ þ Ψ̄−α
ð3;1ÞDðcD−

α
ÞΨ−α

ð3;1Þ

−mDα
ðΨ̄þα

ð3;1ÞΨ
−α
ð3;1Þ þ Ψ̄−α

ð3;1ÞΨ
þα
ð3;1ÞÞg; ð2:9Þ

where Ψ̄ ¼ iΨ†γ0. The bulk mass parameters of the SOð5Þ
spinor multiplets are denoted as ðc1; c2; c3Þ ¼ ðcu; cc; ctÞ
below as each cα is determined from the mass of each
up-type quark. For the SOð5Þ singlet multiplets we consider
the case cDþ

α
¼ cD−

α
≡ cDα

in the present paper. (An alter-
native choice cDþ

α
¼ −cD−

α
is also possible. See Ref. [13].)

The action for the brane scalar field Φð1;4ÞðxÞ is given by

SΦbrane ¼
Z

d5x
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− detG

p
δðyÞf−ðDμΦð1;4ÞÞ†DμΦð1;4Þ

− λΦð1;4Þ ðΦ†
ð1;4ÞΦð1;4Þ − jwj2Þ2g;

DμΦð1;4Þ ¼
�
∂μ − igA

X10
α¼1

Aα
μTα − igBQXBμ

�
Φð1;4Þ:

ð2:10Þ

TABLE I. G ¼ SUð3ÞC × SOð5Þ ×Uð1ÞX content of matter fields is shown in the GUT inspired model (B model)
and previous model (A model). In the A model only SUð3ÞC × SOð4Þ × Uð1ÞX symmetry is preserved on the UV
brane so that the SUð2ÞL × SUð2ÞR content is shown for brane fields. The B model is analyzed in the present paper.

B model A model

Quark ð3; 4Þ1
6
ð3; 1Þþ−1

3

ð3; 1Þ−−1
3

ð3; 5Þ2
3
ð3; 5Þ−1

3

Lepton ð1; 4Þ−1
2

ð1; 5Þ0ð1; 5Þ−1
Dark fermion ð3; 4Þ1

6
ð1; 5Þþ0 ð1; 5Þ−0 ð1; 4Þ1

2

Brane fermion ð1; 1Þ0 ð3; ½2; 1�Þ7
6
;1
6
;−5

6

ð1; ½2; 1�Þ1
2
;−1

2
;−3

2

Brane scalar ð1; 4Þ1
2

ð1; ½1; 2�Þ1
2

Symmetry of brane interactions SUð3ÞC × SOð5Þ ×Uð1ÞX SUð3ÞC × SOð4Þ × Uð1ÞX

TABLE II. Parity assignment ðP0; P1Þ of quark multiplets in the
bulk. In the third column G22 ¼ SUð2ÞL × SUð2ÞR content is
shown. Brane scalar field Φð1;4Þ is also listed at the bottom for
convenience.

Field G G22 Left-handed Right-handed Name

Ψα
ð3;4Þ ð3; 4Þ1

6
½2; 1� ðþ;þÞ ð−;−Þ u c t

d s b
½1; 2� ð−;−Þ ðþ;þÞ u0 c0 t0

d0 s0 b0

Ψ�α
ð3;1Þ ð3; 1Þ−1

3
½1; 1� ð�;�Þ ð∓;∓Þ D�

d D
�
s D�

b

Φð1;4Þ ð1; 4Þ1
2

½2; 1� � � � � � � Φ½2;1�
½1; 2� � � � � � � Φ½1;2�
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A spinor 4 of SOð5Þ is decomposed to ½2; 1� ⊕ ½1; 2� of
SOð4Þ ≃ SUð2ÞL × SUð2ÞR. Φð1;4Þ develops a nonvanish-
ing vacuum expectation value (VEV);

Φð1;4Þ ¼
�Φ½2;1�
Φ½1;2�

�
; hΦ½1;2�i ¼

�
0

w

�
; ð2:11Þ

which reduces the symmetry G0 ¼SUð3ÞC×SOð4Þ×Uð1ÞX
to the SM gauge group GSM¼SUð3ÞC×SUð2ÞL×Uð1ÞY .
It is assumed that w ≫ mKK, which ensures that boundary
conditions for the 4D components of gauge fields corre-
sponding to broken generators in the breaking SUð2ÞR ×
Uð1ÞX → Uð1ÞY obey effectively Dirichlet conditions at
the UV brane for low-lying KK modes [15]. Accordingly
the mass of the neutral physical mode of Φð1;4Þ is much
larger than mKK.
There are brane interactions on the UV brane which are

invariant under G ¼ SUð3ÞC × SOð5Þ × Uð1ÞX.

Sintbrane ¼ −
Z

d5x
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− detG

p
δðyÞ

×

�X
α;β

καβΨ̄α
ð3;4ÞΦð1;4ÞΨ

þβ
ð3;1Þ þ H:c:

�
; ð2:12Þ

where καβ’s are coupling constants. If only the gauge
invariance under G0 were imposed, there would appear
additional brane interactions. Instead of (2.12) one would
have

X
α;β

n
κð1Þαβ Ψ̄α

ð3;½2;1�ÞΦð1;½2;1�ÞΨ
þβ
ð3;1Þ þκð2Þαβ Ψ̄α

ð3;½1;2�ÞΦð1;½1;2�ÞΨ
þβ
ð3;1Þ

o

þH:c: ð2:13Þ

in the Lagrangian density. The invariance under G implies

κð1Þαβ ¼ κð2Þαβ . For fermion fields we define Ψ̌ ¼ z−2Ψ. With
nonvanishing VEV hΦð1;4Þi ≠ 0, (2.12) generates mass
terms

Sfermion
brane mass ¼

Z
d5x

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− detG

p
δðyÞ

×

�X
α;β

2μαβ
¯̌d 0α
R Ď

þβ
L þ H:c:

�
; ð2:14Þ

where 2μαβ ¼
ffiffiffi
2

p
καβw, ðd01; d02; d03Þ ¼ ðd0; s0; b0Þ and

ðDþ1; Dþ2; Dþ3Þ ¼ ðDþ
d ;D

þ
s ; D

þ
b Þ. Only the κð2Þαβ part in

the decomposition (2.13) gives rise to mass terms. Brane
interaction of the form Ψ̄α

ð3;4ÞΦð1;4ÞΨ
−β
ð3;1Þ is possible, which,

however, does not yield a mass term as D−β
L jy¼0 ¼ 0 due to

the BC. It will be shown below that the brane interactions
(2.12) lead to the flavor mixing, yielding the CKM matrix
in the charged current interactions. We stress that the brane

interactions (2.12) respect full G ¼ SUð3ÞC × SOð5Þ ×
Uð1ÞX gauge invariance. It may be contrasted to the earlier
attempts [23,24] to incorporate flavor mixing in higher
dimensional theories where only SUð3ÞC×SUð2ÞL×Uð1ÞY
gauge invariance is respected. We note the same mass terms
are generated from (2.13) so that the results obtained below
remain valid even with only the G0 invariance imposed on

the brane so long as jκð1Þαβ =κ
ð2Þ
αβ j is not extremely large.

Nonvanishing VEV hΦð1;4Þi also breaks SUð2ÞR ×
Uð1ÞX to Uð1ÞY . Uð1ÞY gauge field BY

M is given in terms
of SUð2ÞR gauge fields AaR

M and Uð1ÞX gauge field BM by

BY
M ¼ sϕA

3R
M þ cϕBM;

cϕ ¼ gAffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2A þ g2B

p ; sϕ ¼ gBffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2A þ g2B

p ; ð2:15Þ

where gA and gB are gauge couplings in SOð5Þ and Uð1ÞX,
respectively. The 5D Uð1ÞY gauge coupling is given by
g5DY ¼ gAsϕ. The 4D SUð2ÞL gauge coupling is given
by gw ¼ gA=

ffiffiffiffi
L

p
.

The 4D Higgs boson doublet ϕHðxÞ is the zero mode
contained in the Az ¼ ðkzÞ−1Ay component;

Aðj5Þ
z ðx; zÞ ¼ 1ffiffiffi

k
p ϕjðxÞuHðzÞ þ � � � ; uHðzÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
2

z2L − 1

s
z;

ϕHðxÞ ¼
1ffiffiffi
2

p
�
ϕ2 þ iϕ1

ϕ4 − iϕ3

�
: ð2:16Þ

Without loss of generality we assume hϕ1i; hϕ2i; hϕ3i ¼ 0
and hϕ4i ≠ 0, which is related to the AB phase θH in the
fifth dimension by hϕ4i ¼ θHfH where

fH ¼ 2

gw

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k

Lðz2L − 1Þ

s
: ð2:17Þ

III. MASS SPECTRUM AND WAVE FUNCTIONS

Manipulations are simplified in the twisted gauge
[26,27] defined by an SOð5Þ gauge transformation

ÃMðx; zÞ ¼ ΩAMΩ−1 þ i
gA

Ω∂MΩ−1;

ΩðzÞ ¼ expfiθðzÞTð45Þg; θðzÞ ¼ θH
z2L − z2

z2L − 1
; ð3:1Þ

where Tjk’s are SOð5Þ generators and AM ¼
2−1=2

P
1≤j<k≤5 A

ðjkÞ
M Tjk. In the twisted gauge the back-

ground field vanishes (θ̃H ¼ 0) so that all fields satisfy free
equations in the RS space in the bulk. Boundary conditions
at the UV brane are modified, whereas boundary conditions
at the IR brane remain the same as in the original gauge.
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A. Gauge fields

The masses of W and Z bosons at the tree level, mW ¼
kλW and mZ ¼ kλZ, are determined by

2Sð1; λWÞC0ð1; λWÞ þ λW sin2θH ¼ 0;

2Sð1; λZÞC0ð1; λZÞ þ ð1þ s2ϕÞλZ sin2θH ¼ 0; ð3:2Þ

where functions Sðz; λÞ andCðz; λÞ are given in (A2) and sϕ
is defined in (2.15). The masses are approximately given by

mW ≃
ffiffiffiffi
k
L

r
z−1L sin θH ≃

sin θH
π

ffiffiffiffiffiffi
kL

p mKK;

mZ ≃
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ s2ϕ

q
mW: ð3:3Þ

sϕ is related to the Weinberg angle at the tree level by

sin θ0W ¼ sϕ=
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ s2ϕ

q
.

Let us define

AaL
M ¼ 1ffiffiffi

2
p

�
1

2
εabcAðbcÞ

M þ Aða4Þ
M

�
;

AaR
M ¼ 1ffiffiffi

2
p

�
1

2
εabcAðbcÞ

M − Aða4Þ
M

�
;

Ap̂
M ¼ Aðp5Þ

M ; ð3:4Þ

where a; b; c ¼ 1 − 3 and p ¼ 1 − 4. AaL
M and AaR

M are
gauge fields of SUð2ÞL and SUð2ÞR. For W and Z bosons
and photon γ we define

�
W
∘
μðx; zÞ

W
∘ S
μðx; zÞ

�
¼

ffiffiffi
k

p
WμðxÞ

1ffiffiffiffiffiffi
rW

p
�
Cðz; λWÞ
Ŝðz; λWÞ

�
;

�
Z
∘
μðx; zÞ

Z
∘ S
μðx; zÞ

�
¼

ffiffiffi
k

p
ZμðxÞ

1ffiffiffiffiffi
rZ

p
�
Cðz; λZÞ
Ŝðz; λZÞ

�
;

A
∘ γ
μ ¼

ffiffiffi
k

p
Aγ
μðxÞ 1ffiffiffiffiffiffi

kL
p ;

Ŝðz; λÞ ¼ Cð1; λÞ
Sð1; λÞ Sðz; λÞ; ð3:5Þ

where

rW ¼
Z

zL

1

dz
z
fð1þ c2HÞCðz; λWÞ2 þ s2HŜðz; λWÞ2g;

rZ ¼
Z

zL

1

dz
z
f½c2ϕ þ ð1þ s2ϕÞc2H�Cðz; λZÞ2

þ ð1þ s2ϕÞs2HŜðz; λZÞ2g;
cH ¼ cos θH; sH ¼ sin θH: ð3:6Þ

Here WμðxÞ, ZμðxÞ, and Aγ
μðxÞ represent canonically

normalized W, Z, and γ fields, respectively. Note that
λWzL; λZzL ≪ 1. For λzL ≪ 1, Cðz; λÞ ∼ zL and Ŝðz:λÞ∼
zLð1 − z2=z2LÞ.
Couplings of W, Z, and γ are obtained by inserting

2
664
Ã1L
μ − iÃ2L

μ

Ã1R
μ − iÃ2R

μ

Ã1̂
μ − iÃ2̂

μ

3
775 ¼

2
664
ð1þ cHÞW

∘
μ

ð1 − cHÞW
∘
μ

−
ffiffiffi
2

p
sHW

∘ S
μ

3
775;

2
666664
Ã3L
μ

Ã3R
μ

Ã3̂
μ

Bμ

3
777775 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ s2ϕ

q
ffiffiffi
2

p

2
666664

ð1þ cHÞZ
∘
μ

ð1 − cHÞZ
∘
μ

−
ffiffiffi
2

p
sHZ

∘ S
μ

0

3
777775

þ 1ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ s2ϕ

q
2
6664
sϕ
sϕ
0

cϕ

3
7775ðA

∘ γ
μ −

ffiffiffi
2

p
sϕZ

∘
μÞ

ð3:7Þ

in the SOð5Þ gauge fields Ãμ in the twisted gauge and
Uð1ÞY gauge field BY

μ in the action.

B. Up-type quarks

Up, charm, and top quarks are zero modes contained
solely in the fields Ψα

ð3;4Þ and there arises no mixing in
generation. The mass spectrum mq ¼ kλq (q ¼ u, c, t) is
determined by

SLð1; λ; cqÞSRð1; λ; cqÞ þ sin2
1

2
θH ¼ 0: ð3:8Þ

Basis functions for fermions, SL=Rðz; λ; cÞ andCL=Rðz; λ; cÞ,
are given by (A3). For the first and second generation
jcuj; jccj > 1

2
, whereas for the third generation jctj < 1

2
. The

masses are approximately given by

mu;c ∼ π−1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4c2u;c − 1

q
z−jcu;cjþ0.5
L sin

1

2
θHmKK;

mt ∼ π−1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4c2t

q
sin

1

2
θHmKK: ð3:9Þ

4D fields denoted by ûðxÞ appear in the ðu; u0Þ compo-
nents in the 5D fields Ψα¼1

ð3;4Þðx; zÞ. (See Table II.) In the

twisted gauge,
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� ˜̌u
˜̌u0

�
¼

ffiffiffi
k

p
ffiffiffiffiffi
ru

p
�
ûLðxÞ

�
c̄HCLðz; λu; cuÞ
is̄HŜLðz; λu; cuÞ

�
þ ûRðxÞ

�
c̄HSRðz; λu; cuÞ
is̄HĈRðz; λu; cuÞ

��
;

ru ¼
Z

zL

1

dzfc̄2HCLðz; λu; cuÞ2 þ s̄2HŜLðz; λu; cuÞ2g

¼
Z

zL

1

dzfc̄2HSRðz; λu; cuÞ2 þ s̄2HĈRðz; λu; cuÞ2g;

c̄H ¼ cos
1

2
θH; s̄H ¼ sin

1

2
θH;

ŜLðz; λ; cÞ ¼
CLð1; λ; cÞ
SLð1; λ; cÞ

SLðz; λ; cÞ; ĈRðz; λ; cÞ ¼
CLð1; λ; cÞ
SLð1; λ; cÞ

CRðz; λ; cÞ: ð3:10Þ

The equality of the two expressions for ru is confirmed with the aid of (3.8). Formulas for charm and top quark fields are
obtained by substitution u → c; t.

C. Down-type quarks

Down, strange, and bottom quarks are contained in Ψα
ð3;4Þ and Ψ

�α
ð3;1Þ. By the brane interactions (2.12) and (2.14) all three

generations mix with each other. In Ref. [13] the mass spectrum is determined in each generation separately. Generalization
to the case with mixing is straightforward. We consider the case in which both Ψþα

ð3;1Þ and Ψ−α
ð3;1Þ have the same bulk mass

parameters cDþ
α
¼ cD−

α
≡ cDα

. Without loss of generality we assume Dirac masses mDα
in (2.9) are real.

For the sake of clarity we adopt vector/matrix notation in the generation space. Fermion fields are expressed in terms of
“checked” fields; ψ̌ ¼ z−2ψ . Write

d⃗ ¼

0
B@

ď

š

b̌

1
CA; d⃗0 ¼

0
B@

ď0

š0

b̌0

1
CA; D⃗� ¼

0
B@

Ď�
d

Ď�
s

Ď�
b

1
CA; Dq

� ¼

0
B@

D�ðcuÞ
D�ðccÞ

D�ðctÞ

1
CA;

D�ðcÞ ¼ � ∂
∂zþ

c
z
; DD

� ¼

0
B@

D�ðcDd
Þ

D�ðcDs
Þ

D�ðcDb
Þ

1
CA;

m̃D ¼

0
B@

m̃Dd

m̃Ds

m̃Db

1
CA; m̃Dα

¼ mDα

k
; μ ¼

0
B@

μ11 μ12 μ13

μ21 μ22 μ23

μ31 μ32 μ33

1
CA: ð3:11Þ

In terms of two-component 4D Lorentz spinors (d⃗L; d⃗R etc.) the equations of motion in the original gauge are given by

ðaÞ∶
ðbÞ∶ σμ∂μ

�
d⃗L

d⃗0L

�
− kD̂q

−

�
d⃗R

d⃗0R

�
¼ 0;

ðcÞ∶
ðdÞ∶ σ̄μ∂μ

�
d⃗R
ď0R

�
− kD̂q

þ

�
d⃗L

d⃗0L

�
¼ δðyÞ2μ

�
0

D⃗þ
L

�
;

ðeÞ∶ σμ∂μD⃗
þ
L − kDD

−D⃗
þ
R −

km̃D

z
D⃗−

R ¼ δðyÞ2μ†d⃗0R;

ðfÞ∶ σ̄μ∂μD⃗
þ
R − kDDþD⃗

þ
L −

km̃D

z
D⃗−

L ¼ 0;

ðgÞ∶ σμ∂μD⃗
−
L − kDD

−D⃗
−
R −

km̃D

z
D⃗þ

R ¼ 0;

ðhÞ∶ σ̄μ∂μD⃗
−
R − kDDþD⃗

−
L −

km̃D

z
D⃗þ

L ¼ 0: ð3:12Þ
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The μ terms on the right side of the equations come
from the brane interaction (2.14). The derivative D̂q

� in
Eqs. (a)-(d) represents, in each generation subspace,

D̂�ðcÞ ¼ D�ðcÞ � iθ0ðzÞT45;

T45 ¼ 1

2

�
0 1

1 0

�
for

�
ď

ď0

�
;

�
š

š0

�
;

�
b̌

b̌0

�
; ð3:13Þ

where θðzÞ is given by (3.1). Note that the mass dimension
of each coupling and field is e.g., ½ďR=L� ¼ 2, ½k� ¼ 1

and ½m̃D� ¼ ½μ� ¼ 0.
Boundary conditions at the IR brane (z ¼ zL) are, in the

original gauge,

8>>>>><
>>>>>:

d⃗R ¼ 0;

Dq
þd⃗L ¼ 0;

Dq
−d⃗ 0

R ¼ 0;

d⃗ 0
L ¼ 0;

8>>>>><
>>>>>:

D⃗þ
R ¼ 0;

DDþD⃗
þ
L ¼ 0;

DD
−D⃗

−
R ¼ 0;

D⃗−
L ¼ 0:

ð3:14Þ

Fields in the twisted gauge (χ̃) are related to those in the
original gauge (χ) by

χ ¼
�

cos 1
2
θðzÞ −i sin 1

2
θðzÞ

−i sin 1
2
θðzÞ cos 1

2
θðzÞ

�
χ̃;

χ ¼
�

ď

ď0

�
;

�
š

š0

�
;

�
b̌

b̌0

�
; ð3:15Þ

so that all fields in the twisted gauge obey the same
boundary conditions as (3.14).
In the twisted gauge all fields in the bulk (1 < z < zL)

satisfy free equations with vanishing background field
θ̃H ¼ 0. General solutions satisfying BC (3.14) are

⃗d̃R ¼

0
B@

αdSRðz; λ; cuÞ
αsSRðz; λ; ccÞ
αbSRðz; λ; ctÞ

1
CA; ⃗d̃L ¼

0
B@

αdCLðz; λ; cuÞ
αsCLðz; λ; ccÞ
αbCLðz; λ; ctÞ

1
CA;

⃗d̃ 0
R ¼

0
B@

αd0CRðz; λ; cuÞ
αs0CRðz; λ; ccÞ
αb0CRðz; λ; ctÞ

1
CA; ⃗d̃ 0

L ¼

0
B@

αd0SLðz; λ; cuÞ
αs0SLðz; λ; ccÞ
αb0SLðz; λ; ctÞ

1
CA;

D⃗þ
R ¼

0
B@

adSR2ðz; λ; cDd
; m̃Dd

Þ þ bdSR1ðz; λ; cDd
; m̃Dd

Þ
asSR2ðz; λ; cDs

; m̃Ds
Þ þ bsSR1ðz; λ; cDs

; m̃Ds
Þ

abSR2ðz; λ; cDb
; m̃Db

Þ þ bbSR1ðz; λ; cDb
; m̃Db

Þ

1
CA;

D⃗þ
L ¼

0
B@

adCL2ðz; λ; cDd
; m̃Dd

Þ þ bdCL1ðz; λ; cDd
; m̃Dd

Þ
asCL2ðz; λ; cDs

; m̃Ds
Þ þ bsCL1ðz; λ; cDs

; m̃Ds
Þ

abCL2ðz; λ; cDb
; m̃Db

Þ þ bbCL1ðz; λ; cDb
; m̃Db

Þ

1
CA;

D⃗−
R ¼

0
B@

adCR1ðz; λ; cDd
; m̃Dd

Þ þ bdCR2ðz; λ; cDd
; m̃Dd

Þ
asCR1ðz; λ; cDs

; m̃Ds
Þ þ bsCR2ðz; λ; cDs

; m̃Ds
Þ

abCR1ðz; λ; cDb
; m̃Db

Þ þ bbCR2ðz; λ; cDb
; m̃Db

Þ

1
CA;

D⃗−
L ¼

0
B@

adSL1ðz; λ; cDd
; m̃Dd

Þ þ bdSL2ðz; λ; cDd
; m̃Dd

Þ
asSL1ðz; λ; cDs

; m̃Ds
Þ þ bsSL2ðz; λ; cDs

; m̃Ds
Þ

abSL1ðz; λ; cDb
; m̃Db

Þ þ bbSL2ðz; λ; cDb
; m̃Db

Þ

1
CA:

ð3:16Þ

The tilde ˜ above each field indicates that it is in the twisted

gauge. Note ⃗D̃
� ¼ D⃗�. Functions SR1ðz; λ; c; m̃Þ etc. are

defined in (A4). The coefficients

α⃗ ¼

0
B@

αd

αs

αb

1
CA; α⃗0 ¼

0
B@

αd0

αs0

αb0

1
CA; a⃗ ¼

0
B@

ad
as
ab

1
CA; b⃗ ¼

0
B@

bd
bs
bb

1
CA

ð3:17Þ

are determined such that BC at z ¼ 1þ (y ¼ þϵ) be
satisfied.
To find BC at z ¼ 1þ, first note that in the y coordinate

D�ðcÞ ¼
e−σðyÞ

k

�
� ∂
∂yþ cσ0ðyÞ

�
: ð3:18Þ

Fields d⃗L, d⃗0R, Dþ
L , and D−

R are parity even at y ¼ 0,

whereas d⃗R, d⃗
0
L, D

þ
R , and D−

L are parity odd. We integrate
the equations for parity odd fields, (a), (d), (e), and (h) in
(3.12), from y ¼ −ϵ to þϵ to find

d⃗RðϵÞ ¼ 0; d⃗0LðϵÞ þ μD⃗þ
L ð0Þ ¼ 0;

D⃗þ
R ðϵÞ − μ†d⃗0Rð0Þ ¼ 0; D⃗−

LðϵÞ ¼ 0: ð3:19Þ

For parity even fields we evaluate the equations (b), (c), (f),
and (g) at y ¼ þϵ, by using (3.19), to find

D̂q
−d⃗

0
R þ μfDD

−D⃗
þ
R þ m̃DD⃗

−
Rg ¼ 0; D̂q

þd⃗L ¼ 0;

DDþD⃗
þ
L − μ†DDþd⃗

0
L ¼ 0; DD

−D⃗
−
R þ m̃DD⃗

þ
R ¼ 0: ð3:20Þ
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Inserting (3.16) into (3.19) and (3.20), one finds equa-
tions for the coefficient vectors in (3.17). The conditions
(3.19) and (3.20) are split into two sets, one for left-handed
components and the other for right-handed components.
The two sets yield equivalent conditions. Making use
of the relation (3.15) and equations DþðCL; SLÞ ¼
λðSR; CRÞ, DþðCLj;SLjÞ ¼ λðSRj; CRjÞ − ðm̃=zÞðSLk; CLkÞ
[ðj; kÞ ¼ ð1; 2Þ; ð2; 1Þ] etc., one finds for the set of left-
handed components that

ðp1Þ∶ c̄HS
q
Rα⃗ − is̄HC

q
Rα⃗

0 ¼ 0;

ðp2Þ∶ − is̄HC
q
Lα⃗þ c̄HS

q
Lα⃗

0 þ μfCDL2a⃗þ CDL1b⃗g ¼ 0;

ðp3Þ∶ SD
L1a⃗þ SD

L2b⃗ ¼ 0;

ðp4Þ∶ SD
R2a⃗þ SD

R1b⃗ − μ†f−is̄HSqRα⃗þ c̄HC
q
Rα⃗

0g ¼ 0;

ð3:21Þ

where

SqR ¼

0
BB@

SRð1; λ; cuÞ
SRð1; λ; ccÞ

SRð1; λ; ctÞ

1
CCA;

SD
Rj ¼

0
BB@

SRjð1; λ; cDd
; m̃Dd

Þ
SRjð1; λ; cDs

; m̃Ds
Þ

SRjð1; λ; cDb
; m̃Db

Þ

1
CCA; ð3:22Þ

and so on. With the use of (p1) and (p3), α⃗0 and b⃗ are expressed in terms of α⃗ and a⃗, respectively. Then (p2) and (p4) become

i
s̄H

fs̄2HCq
L þ c̄2HS

q
LðCq

RÞ−1SqRgα⃗ − μfCDL2 − CDL1ðSD
L2Þ−1SD

L1ga⃗ ¼ 0;

fSD
R2 − SD

R1ðSD
L2Þ−1SD

L1ga⃗þ i
s̄H

μ†SqRα⃗ ¼ 0: ð3:23Þ

All matrices in (3.23) except for μ are diagonal. Eliminating
a⃗, one finds that

KðλÞSqRα⃗ ¼ 0;

KðλÞ ¼ SqLS
q
R þ s̄2H

SqRC
q
R

þ μ
CDL1S

D
L1 − CDL2S

D
L2

SD
R1S

D
L1 − SD

R2S
D
L2

μ†: ð3:24Þ

The mass spectrum mn ¼ kλn of down-type quarks is
obtained by

detKðλnÞ ¼ 0: ð3:25Þ

Three lowest roots correspond to md, ms, mb. In the
μ → 0 limit, the down-quark spectrum is given by
detðSqLSqR þ s̄2HÞ ¼ 0, the same formula as for the up-quark
spectrum, and the spectrum of D� fields is given by
detðSD

R1S
D
L1 − SD

R2S
D
L2Þ ¼ 0. As pointed out in Ref. [13],

the spectrum for cu; cc > 0 contains exotic light fermions
when μ ≠ 0. For this reason we take cu; cc; ct < 0. We shall
see below that gauge couplings of quarks remain very close
to those in the SM for cu; cc; ct < 0 as well.
The coefficient vector SqRα⃗ of each down-type quark is an

eigenvector of KðλnÞ with a zero eignevalue. Once α⃗ is
determined, a⃗, and α⃗0 and b⃗ are determined. Consequently

the wave functions in (3.16) are determined, with which all
gauge couplings can be evaluated.

IV. EFFECTIVE THEORY OF
CKM AND FCNC

Before evaluating theW, Z gauge couplings of quarks by
using exact wave functions obtained in Sec. III, it is
instructive to write down an effective theory of relevant
fields to see how the brane interactions μ lead to flavor
mixing and FCNC. The effective theory illuminates also
how FCNC interactions are naturally suppressed.
One crucial ingredient for lifting the degeneracy in the

masses of up and down quarks is that right-handed
component of down quark is mixture of d0 and D�

d .
As confirmed in the next section, dominant part of
physical down-type quarks, ðd̂R; ŝR; b̂RÞ, are contained in
ðD−

dR; D
−
sR; D

−
bRÞ. It also assures that the W boson barely

couples to right-handed components of physical up-type
quarks as they are contained solely in Ψα

ð3;4Þ.

A. Mass matrix

To simplify expressions, we use the following vector
notation for 4D fermion fields in this section:
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u⃗ ¼

0
B@

u

c

t

1
CA; u⃗0 ¼

0
B@

u0

c0

t0

1
CA; d⃗ ¼

0
B@

d

s

b

1
CA;

d⃗0 ¼

0
B@

d0

s0

b0

1
CA; D⃗ ¼

0
B@

Dd

Ds

Db

1
CA: ð4:1Þ

The masses of up-type quarks are generated solely by the
Hosotani mechanism. The effective mass terms in four
dimensions are written as

Lup
m ¼ −f ⃗ūLtMupu⃗ 0

R þ H:c:g;

Mup ¼

0
B@

mu

mc

mt

1
CA: ð4:2Þ

For down-type quarks the effective mass terms are writ-
ten as

Ldown
m ¼ −

�
ð ⃗d̄Lt; ⃗D̄L

tÞMdown

�
d⃗0R
D⃗R

�
þ H:c:

�
;

Mdown ¼
�
Mup 0

μ̌ m̌D

�
;

μ̌ ¼

0
B@

μ̌11 μ̌12 μ̌13

μ̌21 μ̌22 μ̌23

μ̌31 μ̌32 μ̌33

1
CA;

m̌D ¼

0
B@

m̌Dd

m̌Ds

m̌Db

1
CA: ð4:3Þ

The Hosotani mechanism generates degenerate masses, the
Mup term in Mdown, for the components in Ψα

ð3;4Þ. DαL

(DαR) is approximatelyDþ
αL (D

−
αR). m̌Dα

is a mass generated
by mDα

in (2.9). The matrix μ̌ represents the brane
interactions (2.14). Each element μ̌αβ is proportional to
ðμ†Þαβ ¼ μ�βα. (Note that μ̌ has dimension of mass and that
μ̌ is not proportional to μ† as a matrix).
Mass eigenstates of up-type quarks are gauge eigen-

states. However mass eigenstates of down-type quarks
are not gauge eigenstates as a result of μ̌. Mdown can be
expressed, in the canonical form, as

Mdown ¼Ω
�
Mdown

MD

�
Ω̃†; Ω† ¼Ω−1; Ω̃† ¼ Ω̃−1;

Mdown ¼

0
B@
md

ms

mb

1
CA; MD ¼

0
B@
mD1

mD2

mD3

1
CA:

ð4:4Þ

Note Ω ≠ Ω̃ for μ̂ ≠ 0. Mass-eigenstates denoted by ^ are
given by

� ⃗d̂L
⃗D̂L

�
¼ Ω†

�
d⃗L

D⃗L

�
;

� ⃗d̂R
⃗D̂R

�
¼ Ω̃†

�
d⃗0R
D⃗R

�
;

Ldown
m ¼ −f ⃗ ¯̂dL tMdown

⃗d̂R þ ⃗ ¯̂DL
tMD

⃗D̂R þ H:c:g: ð4:5Þ

AllmDα
’s are ofOðmKKÞ, and much larger thanmd,ms, and

mb. Unitary matrices Ω and Ω̃ are decomposed as

Ω ¼
�Ωq Ωb

Ωa ΩD

�
; Ω̃† ¼

� Ω̃q Ω̃b

Ω̃a Ω̃D

�
; ð4:6Þ

where all Ωq, Ω̃q etc. are three-by-three matrices. The
unitarity of Ω implies that

ΩqΩ†
q þ ΩbΩ†

b ¼ I3; Ω†
qΩq þ Ω†

aΩa ¼ I3;

ΩaΩ
†
a þ ΩDΩ

†
D ¼ I3; Ω†

bΩb þ Ω†
DΩD ¼ I3;

ΩqΩ†
a þΩbΩ†

D ¼ 0; Ω†
qΩb þ Ω†

aΩD ¼ 0; ð4:7Þ

where I3 is a three-by-three unit matrix. Similar relations
hold for Ω̃.

B. W couplings

The gauge coupling of Ψα
ð3;4Þðx; zÞ leads to the W

coupling

LW ≃
gWLffiffiffi
2

p Wμ ⃗ūLΓμd⃗L þ H:c: ð4:8Þ

In the next section we will confirm that gWL ∼ gw and that
couplings of right-handed components are tiny, gWR =gw ≲
10−6. It follows from (4.5) that the gauge-eigenstate d⃗L is

related to the mass-eigenstate ⃗d̂L by d⃗L ¼ Ωq
⃗d̂L þΩb

⃗D̂L.

For up-type quarks u⃗L ¼ ⃗ûL. At low energies (
ffiffiffi
s

p
≪ mDj

)

the D̂ field may be dropped so that

LW ≃
gWLffiffiffi
2

p Wμ
⃗ ¯̂uLΓμΩq

⃗d̂L þ H:c: ð4:9Þ

In other words the CKM matrix is given by

VCKM ≃Ωq: ð4:10Þ

It should be noted that Ωq is not unitary in rigorous sense,

as ΩqΩ
†
q ¼ I3 − ΩbΩ

†
b.

CKM MATRIX AND FCNC SUPPRESSION … PHYS. REV. D 101, 055016 (2020)

055016-9



Equations (4.3) and (4.4) lead to

ðq1Þ∶ ΩqMdownΩ̃b þ ΩbMDΩ̃D ¼ 0;

ðq2Þ∶ ΩaMdownΩ̃q þ ΩDMDΩ̃a ¼ μ̌;

ðq3Þ∶ ΩqMdownΩ̃q þ ΩbMDΩ̃a ¼ Mup;

ðq4Þ∶ ΩaMdownΩ̃b þ ΩDMDΩ̃D ¼ m̌D; ð4:11Þ

or equivalently

ðr1Þ∶ ΩqMdown ¼ MupΩ̃†
q;

ðr2Þ∶ ΩbMD ¼ MupΩ̃†
a;

ðr3Þ∶ ΩaMdown ¼ μ̌Ω̃†
q þ m̌DΩ̃†

b;

ðr4Þ∶ ΩDMD ¼ μ̌Ω̃†
a þ m̌DΩ̃

†
D: ð4:12Þ

From the relation (q1) and (r2) above one finds

Ωb ¼ −ΩqMdownΩ̃bΩ̃−1
D M−1

D ¼ −MupΩ̃†
aM−1

D : ð4:13Þ

In other words the magnitude of each matrix element ofΩb,
denoted as kΩbk, is

kΩbk ¼ O
�
mq

mD

�
kΩ̃bk ≪ 1 ð4:14Þ

wheremq ¼md;ms;mb andmD ¼ mDj
. Asmb=mD ∼ 10−3,

Ωq is nearly unitary. AsΩa ¼ −ðΩ†
DÞ−1Ω†

bΩq, one sees that
jjΩajj ¼ Oðmq=mDÞ as well.
Further (q2) and (q4) in (4.11) imply that

μ̌ ∼ΩDMDΩ̃a; m̌D ∼ΩDMDΩ̃D: ð4:15Þ

The relation (r1) in (4.12) gives a severe constraint on the
mass spectrum. Recall (4.10), which implies that

mdk

muj
jVCKM

jk j ∼ jðΩ̃†
qÞjkj < 1 ð4:16Þ

where ðmd1; md2; md3Þ ¼ ðmd;ms;mbÞ and ðmu1; mu2;
mu3Þ ¼ ðmu;mc;mtÞ. The observed mean value (magni-
tude) of VCKM is

VCKM
obs ∼

0
B@

0.974 0.224 0.004

0.218 0.997 0.042

0.008 0.030 1.019

1
CA: ð4:17Þ

The observed mu ∼ 1.3 MeV is too small, and the inequal-
ity (4.16) is not satisfied for the 11, 12, and 13 elements.
Rigorous treatment presented in the previous and next
sections also confirms this behavior. In the present paper
we tentatively suppose that mu ∼ 20 MeV. The issue of
small mu is left for future investigation.

C. Z couplings

For up-type quarks one finds

Lup
Z ∼ −

gw
cos θW

Zμ

�
1

2
⃗ ¯̂uLΓμ ⃗ûL

−
2

3
sin2θWð ⃗ ¯̂uLΓμ ⃗ûL þ ⃗ ¯̂uRΓμ ⃗ûRÞ

�
: ð4:18Þ

Recall that Dα fields are SOð5Þ singlet. Z couplings of
down-type quarks are given by

Ldown
Z ∼ −

gw
cos θW

Zμ

�
−
1

2
⃗d̄LΓμd⃗L

þ 1

3
sin2θWð ⃗d̄LΓμd⃗L þ ⃗D̄LΓμD⃗L

þ ⃗d̄ 0
RΓμd⃗ 0

R þ ⃗D̄RΓμD⃗RÞ
�
: ð4:19Þ

In terms of mass eigenstates in (4.5), Z couplings at low
energies are expressed as

Ldown
Z ∼ −

gw
cos θW

Zμ

�
−
1

2
ð ⃗ ¯̂dL tΩ†

q þ ⃗ ¯̂DL
tΩ†

bÞΓμðΩq
⃗d̂L þΩb

⃗D̂LÞ þ
1

3
sin2θWð ⃗ ¯̂dLΓμ ⃗d̂L þ ⃗ ¯̂DLΓμ ⃗D̂L þ ⃗ ¯̂dRΓμ ⃗d̂R þ ⃗ ¯̂DRΓμ ⃗D̂RÞ

�

∼ −
gw

cos θW
Zμ

�
−
1

2

⃗ ¯̂dLΓμΩ†
qΩq

⃗d̂L þ 1

3
sin2θWð ⃗ ¯̂dLΓμ ⃗d̂L þ ⃗ ¯̂dRΓμ ⃗d̂RÞ

�
: ð4:20Þ

In the first term Ω†
qΩq ¼ I3 −Ω†

aΩa, and the Ω†
aΩa term

gives rise to FCNC. However, with the use of the last two
relations in (4.7) and the relation (4.13) one sees

Ω†
aΩa ¼ Ω†

qΩbΩ
†
bðΩ†

qÞ−1 ¼ O

�
m2

q

m2
D

�
≲ 10−6: ð4:21Þ

FCNC interactions are naturally suppressed. The FCNC
suppression will be confirmed by rigorous treatment in the
next section as well.

V. EVALUATION OF GAUGE COUPLINGS

In Sec. III we obtained wave functions of gauge bosons
and quarks, with which gauge couplings of quarks can be
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evaluated. Given the parameters μαβ of the brane interaction
(2.14) and the Dirac masses mDα

for the D�
α fields, the

bulk mass parameters cDα
are chosen such that the mass

spectrum of down-type quarks are reproduced by the
condition (3.25). Then the wave functions of all quarks
are unambiguously determined. The parameters μαβ need
be chosen such that the observed CKM mixing matrix is
reproduced. This process, however, is not so trivial.
As inferred in the effective theory formulated in the

previous section, consistent solutions are available only
whenmd < mu. This behavior has been already recognized
in the case of no-mixing in Ref. [13]. In this section we
present the detailed results for the W and Z couplings of
quarks with typical μαβ. It will be seen that a simple form of
μmatrix leads to reasonable CKMmixing matrix, though it
may not be perfect.
mZ, zL ¼ 1010, mt, mb, mc, ms, mu, and md are inputs.

The bare Weinberg angle sin2θ0W ¼ s2ϕ=ð1þ s2ϕÞ with a
given θH is determined to fit the LEP1 data for eþe− →
μþμ− at

ffiffiffi
s

p ¼ mZ [28]. It will be seen below that evaluated
gauge couplings turn out very close to those in the SM with
sin2 θW ¼ 0.2312. The values for mKK, cu, cc, ct etc. with
given θH are summarized in Table III.
In general nine elements of the brane interaction matrix μ

can be complex. Six out of nine phases can be absorbed by
redefinition of the fields d⃗ 0

R and D⃗þ
L . Three of them remain

as CP violation phases. When all heavy fields such as D⃗�

are integrated out, only one complex phase survives at the
CKM matrix level. In the present paper we consider a real
matrix μ, which is parametrized as

μ ¼ U12ðϕ12ÞU13ðϕ13ÞU23ðϕ23Þ

0
B@

μ1

μ2

μ3

1
CA

× U23ðω23Þ†U13ðω13Þ†U12ðω12Þ†: ð5:1Þ

Here UjkðϕÞ is a rotation matrix in the jk subspace;

U12ðϕÞ ¼

0
B@

cosϕ sinϕ 0

− sinϕ cosϕ 0

0 0 1

1
CA: ð5:2Þ

As typical values we set m̃Dd
¼ m̃Ds

¼ m̃Db
¼ 1. For the μ

matrix, we take ðμ1; μ2; μ3Þ ¼ ð0.1; 0.1; 1Þ as reference
values suggested in Ref. [13]. Among the rotation angles
in (5.1), ω12 is most responsible for the Cabibbo angle. We
have explored the parameter space ðω12;ω23Þ, while keep-
ing ϕjk ¼ ω13 ¼ 0. Given μ, the bulk mass parameters ofD
fields, ðcDd

; cDs
; cDb

Þ, are determined so as to reproduce
ðmd;ms;mbÞ. This turns out possible only for appropriate μ.
With all the parameters set, wave functions of down-type
quarks are determined, and gauge couplings of quarks are
evaluated. Sets of typical values of these parameters are
tabulated in Table IV. We note that the masses of the first
KK excited states of d, s, b quarks turn out around 0.6mKK.
Wave functions of each down-type quark consist

of 12 components, ðd; d0; Dþ
d ;D

−
d Þ, ðs; s0; Dþ

s ; D−
s Þ,

ðb; b0; Dþ
b ; D

−
b Þ. Coefficient vectors, α⃗, α⃗0, a⃗ and b⃗ in

(3.16) and (3.17) for θH ¼ 0.15 with the parameter set
(b) in Table IV are tabulated in Table V. With these
coefficients wave functions of left- and right-handed
components, fjLðzÞ and fjRðzÞ, are determined. In
Table VI the norm of each component NjL=R ¼R zL
1 dzjfjL=Rj2 is listed. Note

P
j NjL ¼ P

j NjR ¼ 1.
It is seen that the left-handed components of mass

eigenstates, ðd̂L; ŝL; b̂LÞ, are mostly contained in the
original ðd; s; bÞ fields. On the other hand the right-handed
components ðd̂R; ŝR; b̂RÞ are distributed among various
components. Dominant parts of d̂R are in D�

s , ŝR in d0,
D�

d , and D�
b , and b̂R in d0, D�

d , and D�
b . The pattern of

distribution for the right-handed components depends on
the form of the brane interaction, or on the μ matrix.

TABLE IV. Sets of parameters which yield a reasonable CKM matrix. ðcDd
; cDs

; cDb
Þ is determined to give ðmd;ms;mbÞ ¼

ð0.0029; 0.055; 2.89Þ GeV by (3.25). We set ϕjk ¼ ω13 ¼ 0 in (5.1) and m̃Dd
¼ m̃Ds

¼ m̃Db
¼ 1.

θH ðμ1; μ2; μ3Þ ðω12;ω23Þ cDd
cDs

cDb

(a) 0.10 (0.1,0.1,1) (0.1055,0.0018) 0.520074 0.751360 0.951239
(b) 0.15 (0.1,0.1,1) (0.1055,0.00198) 0.478059 0.751545 0.955367

TABLE III. Values of mKK, k, sin2 θ0W ¼ s2ϕ=ð1þ s2ϕÞ, cu, cc, ct are tabulated for θH ¼ 0.10, 0.15 and zL ¼ 1010. We set
mZ ¼ 91.1876 GeV, αEMðmZÞ ¼ 1=128 and ðmu;mc; mtÞ ¼ ð0.020; 0.619; 171.17Þ GeV. The value mu > md has been used for a
reason explained in the text.

θH mKK (TeV) k (GeV) sin2 θ0W cu cc ct

0.10 12.08 3.84 × 1013 0.2306 −0.9169 −0.7545 −0.2274
0.15 8.07 2.57 × 1013 0.2299 −0.9170 −0.7546 −0.2294
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A crucial point is that d0 component of d̂R, s0 component
of ŝR, and b0 component of b̂R are all small. As is seen in
the following subsection, this property is important to
assure vanishingly small W couplings of right-handed
quarks.

A. W couplings

The SOð5Þ gauge potentials can be expanded as

AM ¼
X3
a¼1

fAaL
M TaL þ AaR

M TaR þ Aâ
MT

âg þ A4̂
MT

4̂; ð5:3Þ

where TaL and TaR are SUð2ÞL and SUð2ÞR generators,
respectively. fTp̂;p ¼ 1;…; 4g are generators of
SOð5Þ=SOð4Þ. In the spinor representation, for instance,

TaL ¼ 1

2

�
σa 0

0 0

�
; TaR ¼ 1

2

�
0 0

0 σa

�
;

Tâ¼ 1

2
ffiffiffi
2

p
�

0 iσa

−iσa 0

�
; T 4̂¼ 1

2
ffiffiffi
2

p
�
0 I2
I2 0

�
ð5:4Þ

where σa’s and I2 are Pauli matrices and a two-by-two unit
matrix. W boson is contained, in the twisted gauge, in

Ãμ ⇒
1

2
fðÃ1L

μ − iÃ2L
μ ÞðT1L þ iT2LÞ

þ ðÃ1R
μ − iÃ2R

μ ÞðT1R þ iT2RÞ
þ ðÃ1̂

μ − iÃ2̂
μÞðT 1̂ þ iT 2̂Þg þ H:c:

⇒
1

2
fð1þ cHÞW

∘
μðT1L þ iT2LÞ

þ ð1 − cHÞW
∘
μðT1R þ iT2RÞ

−
ffiffiffi
2

p
sHW

∘ S
μðT 1̂ þ iT 2̂Þg þ H:c: ð5:5Þ

Here the expression (3.7) has been inserted.W couplings of
quarks come solely from the couplings of Ψα

ð3;4Þ.

Ld¼4
W ¼ −igA

Z
zL

1

dz
k

�
W
∘
μ

�
1þ cH

2
⃗ ¯̃uΓμ ⃗d̃þ 1− cH

2
⃗ ¯̃u
0Γμ ⃗d̃

0
�

þW
∘ S
μ

�
−i

sH
2

⃗ ¯̃uΓμ ⃗d̃
0 þ i

sH
2

⃗ ¯̃u
0Γμ ⃗d̃

��
þH:c: ð5:6Þ

Here, as in (3.11), we have denoted as

u⃗ ¼

0
B@

ǔ

č

ť

1
CA; u⃗0 ¼

0
B@

ǔ0

č0

ť0

1
CA: ð5:7Þ

We use the following notation for wave functions of
quarks. 4D quark fields are denoted by a hat ^ ;

0
B@
û1ðxÞ
û2ðxÞ
û3ðxÞ

1
CA¼

0
B@
ûðxÞ
ĉðxÞ
t̂ðxÞ

1
CA;

0
B@
d̂1ðxÞ
d̂2ðxÞ
d̂3ðxÞ

1
CA¼

0
B@
d̂ðxÞ
ŝðxÞ
b̂ðxÞ

1
CA: ð5:8Þ

For up-type quarks 5D fields in the twisted gauge are
expanded as

˜̌ujðx; zÞ ¼
ffiffiffi
k

p
fûjLðxÞfûjLujðzÞ þ ûjRðxÞfûjRujðzÞg;

˜̌u0jðx; zÞ ¼
ffiffiffi
k

p
fûjLðxÞfûjLu0jðzÞ þ ûjRðxÞfûjRu0jðzÞg: ð5:9Þ

With the expression in (3.10), for instance,

fû1Lu1ðzÞ ¼ c̄HCLðz; λu; cuÞ= ffiffiffiffiffi
ru

p
;

fû2Lu0
2
ðzÞ ¼ is̄HŜLðz; λc; ccÞ= ffiffiffiffi

rc
p

: ð5:10Þ

TABLE V. Coefficient vectors in (3.17) for wave functions of
down-type quarks for θH ¼ 0.15 with the parameter set (b) in
Table IV are listed. ðd̂; ŝ; b̂Þ represent mass eigenstates.

α⃗ α⃗0 a⃗ b⃗

d̂ 1.640 −8.692 × 10−6i 0.007734i 2.207 × 10−9i
−0.3588 2.148 × 10−6i −0.4697i −1.178 × 10−7i
1.476 × 10−5 −1.520 × 10−10i 0.005361i 1.232 × 10−9i

ŝ 0.3812 −3.832 × 10−5i 0.03452i 1.868 × 10−7i
1.542 −1.752 × 10−4i 0.04968i 2.362 × 10−7i

−0.02291 4.474 × 10−6i −0.4376i −1.908 × 10−6i

b̂ 0.007211 −3.809 × 10−5i 0.03431i 9.756 × 10−6i
0.02927 −1.746 × 10−4i 0.05525i 1.380 × 10−5i
1.208 −0.01239i 0.4389i 1.005 × 10−4i

TABLE VI. Norm of each component of down-type quarks for
θH ¼ 0.15with the parameter set (b) in Table IV is listed. ðd̂; ŝ; b̂Þ
represent mass eigenstates. In this table 10−13, for instance,
implies order of 10−13.

d̂L ŝL b̂L d̂R ŝR b̂R

d 0.9487 0.0513 10−5 0.0001 0.0022 0.0022
s 0.0513 0.9484 0.0003 10−8 10−5 10−5

b 10−10 0.0004 0.9996 10−22 10−13 10−6

d0 10−23 10−19 10−15 0.0198 0.3856 0.3810
s0 10−24 10−18 10−14 10−6 0.0074 0.0074
b0 10−32 10−21 10−10 10−20 10−11 0.0003

Dþ
d 10−17 10−13 10−9 0.0023 0.0465 0.0459

Dþ
s 10−13 10−12 10−9 0.3113 0.0035 0.0043

Dþ
b 10−17 10−10 10−7 10−5 0.1177 0.1184

D−
d 10−17 10−13 10−9 0.0025 0.0489 0.0484

D−
s 10−13 10−13 10−9 0.6639 0.0074 0.0092

D−
b 10−17 10−11 10−7 0.0001 0.3808 0.3830
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For down-type quarks 5D fields in the twisted gauge are
expanded as

˜̌djðx; zÞ ¼
ffiffiffi
k

p X3
m¼1

fd̂mLðxÞfd̂mLdjðzÞ þ d̂mRðxÞfd̂mRdjðzÞg;

˜̌d
0
jðx; zÞ ¼

ffiffiffi
k

p X3
m¼1

fd̂mLðxÞfd̂mLd0jðzÞ þ d̂mRðxÞfd̂mRd0jðzÞg;

Ďþ
j ðx; zÞ ¼

ffiffiffi
k

p X3
m¼1

fd̂mLðxÞfd̂mLDþ
j
ðzÞ þ d̂mRðxÞfd̂mRDþ

j
ðzÞg;

Ď−
j ðx; zÞ ¼

ffiffiffi
k

p X3
m¼1

fd̂mLðxÞfd̂mLD−
j
ðzÞ þ d̂mRðxÞfd̂mRD−

j
ðzÞg:

ð5:11Þ

With the expression in (3.16), one finds, for instance,

fd̂1Ld2ðzÞ ¼ αd̂sCLðz; λd; ccÞ;
fd̂2Rd0

3
ðzÞ ¼ αŝb0CRðz; λs; ctÞ;

fd̂3RDþ
1

ðzÞ ¼ ab̂dSR2ðz; λb; cDd
; m̃Dd

Þ
þ bb̂dSR1ðz; λb; cDd

; m̃Dd
Þ: ð5:12Þ

Here α⃗d̂j , α⃗0d̂j , a⃗d̂j , and b⃗d̂j are the coefficient vectors
determined for d̂j.
W couplings of quarks are defined by

Ld¼4
W ¼ iffiffiffi

2
p Wμ

X
j;k

n
gWLjk ¯̂ujLΓμd̂kL þ gWRjk ¯̂ujRΓμd̂kR

o

þ H:c: ð5:13Þ

Inserting (5.9) and (5.11) into (5.6), one finds

� gWLjk
gWRjk

�
¼ −igw

ffiffiffiffiffiffi
kL

p
ffiffiffiffiffiffi
rW

p
Z

zL

1

dz

8<
:Cðz; λWÞ

0
B@1þ cH

2

2
64 f

ûj
Luj

ðzÞ�fd̂kLdjðzÞ
f
ûj
Ruj

ðzÞ�fd̂kRdjðzÞ

3
75þ 1 − cH

2

2
64 f

ûj
Lu0j

ðzÞ�fd̂kLd0jðzÞ

f
ûj
Ru0j

ðzÞ�fd̂kRd0jðzÞ

3
75
1
CA

þ Ŝðz; λWÞð−iÞ
sH
2

2
64 f

ûj
Luj

ðzÞ�fd̂kLd0jðzÞ − f
ûj
Lu0j

ðzÞ�fd̂kLdjðzÞ

f
ûj
Ruj

ðzÞ�fd̂kRd0jðzÞ − f
ûj
Ru0j

ðzÞ�fd̂kRdjðzÞ

3
75
9=
;: ð5:14Þ

Let us denote the couplings in the matrix form; ðĝWL Þjk ¼ gWLjk and ðĝWR Þjk ¼ gWRjk. ĝ
W
L is parametrized as

ĝWL ¼ gWL V̂CKM; detVCKM ¼ 1: ð5:15Þ

ĝWL and ĝWR are evaluated for the two sets of parameters in Table IV;

ðaÞ θH ¼ 0.10∶

gWL ¼ 0.9978gw; V̂CKM ¼

0
B@

0.9744 0.2245 0.0031

−0.2245 0.9743 0.0134

9 × 10−6 −0.0138 1.0002

1
CA;

ĝWR ¼ gw

0
B@

2 × 10−12 8 × 10−12 6 × 10−12

−1 × 10−11 9 × 10−10 7 × 10−10

1 × 10−13 −3 × 10−9 1 × 10−5

1
CA;

ðbÞ θH ¼ 0.15∶

gWL ¼ 0.9950gw; V̂CKM ¼

0
B@

0.9737 0.2264 0.0043

−0.2264 0.9736 0.0185

1 × 10−5 −0.0190 1.0004

1
CA;

ĝWR ¼ gw

0
B@

4 × 10−12 1 × 10−11 2 × 10−11

−3 × 10−11 2 × 10−9 2 × 10−9

4 × 10−13 −1 × 10−8 3 × 10−5

1
CA: ð5:16Þ
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We have checked remarkable cancellation among four
terms in the right-handed couplings gWRjk in (5.14). The

resultant V̂CKM is reasonably close to the observed
CKM matrix, although the 31 element is still too small.
We have evaluated the W couplings of leptons as well.
The couplings of left-handed leptons ðe; μ; τÞ are
ð0.997665; 0.997662; 0.997659Þgw for θH ¼ 0.10, and
ð0.994756; 0.994748; 0.994743Þgw for θH ¼ 0.15. The

relative coupling gWL to gWL lepton is gWL =g
W
L lepton ¼ 1.00013

and 1.00028 for θH ¼ 0.10 and 0.15, respectively. The
universality holds to high accuracy. The W couplings of
right-handed leptons are typically of order 10−20gw.

B. Z couplings

Photon γ and Z boson are contained in

Ãμ þ
gB
gA

QXBμ ⇒ ðÃ3L
μ T3L þ Ã3R

μ T3R þ Ã3̂
μT 3̂Þ þ gB

gA
QXBμ

⇒

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ s2ϕ

q
ffiffiffi
2

p
n
½ð1þ cHÞT3L þ ð1 − cHÞT3R �Z∘ μ −

ffiffiffi
2

p
sHT 3̂Z

∘ S
μ

o
þ sϕffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ s2ϕ
q QEMðA

∘ γ
μ −

ffiffiffi
2

p
sϕZ

∘
μÞ: ð5:17Þ

Here (3.7) and the relation QEM ¼ T3L þ T3R þQX have been used. Photon couplings are given by

Ld¼4
γ ¼ −igA

sϕffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ s2ϕ

q Z
zL

1

dz
k
A
∘ γ
μ

�
2

3
ð ⃗ ¯̃uΓμ ⃗ũþ ⃗ ¯̃u

0Γμ ⃗ũ0Þ − 1

3
ð ⃗ ¯̃dΓμ ⃗d̃þ ⃗ ¯̃d

0
Γμ ⃗d̃

0 þ ⃗D̄
þΓμD⃗þ þ ⃗D̄

−ΓμD⃗−Þ
�
: ð5:18Þ

Inserting (3.5), (5.9) and (5.11) into (5.18), one finds that

Ld¼4
γ ¼ −igw

sϕffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ s2ϕ

q Aγ
μðxÞ

Z
zL

1

dzJμγ ðx; zÞ;

Jμγ ðx; zÞ ¼ 2

3

X3
j¼1

h
¯̂ujLΓμûjLðxÞ

n
f
ûj
Luj

ðzÞ�fûjLujðzÞ þ f
ûj
Lu0j

ðzÞ�fûjLu0jðzÞ
o
þ ðL → RÞ

i

−
1

3

X3
l;m¼1

�
¯̂dlLΓμd̂mLðxÞ

X3
j¼1

n
fd̂lLdjðzÞ�f

d̂m
Ldj

ðzÞ þ fd̂lLd0j
ðzÞ�fd̂mLd0jðzÞ

þ fd̂lLDþ
j
ðzÞ�fd̂mLDþ

j
ðzÞ þ fd̂lLD−

j
ðzÞ�fd̂mLD−

j
ðzÞ

o
þ ðL → RÞ

�
: ð5:19Þ

By making use of orthonormality relations, the z integration can be done to lead to

Ld¼4
γ ¼ −ieAγ

μðxÞ
X3
j¼1

�
2

3
¯̂ujðxÞΓμûjðxÞ −

1

3
¯̂djðxÞΓμd̂jðxÞ

�
; e ¼ gw sin θ0W; sin θ0W ¼ sϕffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ s2ϕ
q : ð5:20Þ

Z couplings are given by

Ld¼4
Z ¼ −igA

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ s2ϕ

q
ffiffiffi
2

p
Z

zL

1

dz
k

�
Z
∘
μ

�
1þ cH

2
ð ⃗ ¯̃uΓμ ⃗ũ − ⃗ ¯̃dΓμ ⃗d̃Þ þ 1 − cH

2
ð ⃗ ¯̃u0Γμ ⃗ũ0 − ⃗ ¯̃d

0
Γμ ⃗d̃

0Þ
�

− Z
∘ S
μi
sH
2
½ ⃗ ¯̃uΓμ ⃗ũ0 − ⃗ ¯̃u

0Γμ ⃗ũ − ⃗ ¯̃dΓμ ⃗d̃
0 þ ⃗ ¯̃d

0
Γμ ⃗d̃�

�
þ igA

ffiffiffi
2

p
s2ϕffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ s2ϕ
q Z

zL

1

dz
k
Z
∘
μJ

μ
γ ð5:21Þ

where Jμγ is given in (5.19). Let us denote Z couplings of quarks as

Ld¼4
Z ¼ −

i
cos θ0W

Zμ

�X
j

ðgZLujuj ¯̂ujLΓμûjL þ gZRujuj
¯̂ujRΓμûjRÞ þ

X
j;k

ðgZLdjdk
¯̂djLΓμd̂kL þ gWRdjdk

¯̂djRΓμd̂kRÞ
�
: ð5:22Þ

SCHUICHIRO FUNATSU et al. PHYS. REV. D 101, 055016 (2020)

055016-14



The couplings of up-type quarks are diagonal in flavor, but there appear off-diagonal couplings (FCNC) for down-type
quarks. Insertion of (3.5), (5.9) and (5.11) into (5.21) leads to

gZLujuj ¼ gw

ffiffiffiffiffiffiffiffi
2kL

p
ffiffiffiffiffi
rZ

p
Z

zL

1

dz

×

�
Cðz; λZÞ

�
1þ cH

4
f
ûj
Luj

ðzÞ�fûjLujðzÞ þ
1 − cH

4
f
ûj
Lu0j

ðzÞ�fûjLu0jðzÞ −
2

3
sin2θ0W

h
f
ûj
Luj

ðzÞ�fûjLujðzÞ þ f
ûj
Lu0j

ðzÞ�fûjLu0jðzÞ
i�

− i
sH
2
Ŝðz; λZÞ

h
f
ûj
Luj

ðzÞ�fûjLu0jðzÞ − f
ûj
Lu0j

ðzÞ�fûjLujðzÞ
i�

;

gZLdjdk ¼ gw

ffiffiffiffiffiffiffiffi
2kL

p
ffiffiffiffiffi
rZ

p
Z

zL

1

dz
X3
l¼1

×

�
Cðz; λZÞ

�
−
1þ cH

4
f
d̂j
Ldl

ðzÞ�fd̂kLdlðzÞ −
1 − cH

4
f
d̂j
Ld0l

ðzÞ�fd̂kLd0lðzÞ þ
1

3
sin2θ0W

h
f
d̂j
Ldl

ðzÞ�fd̂kLdlðzÞ þ f
d̂j
Ld0l

ðzÞ�fd̂kLd0lðzÞ

þ f
d̂j
LDþ

l
ðzÞ�fd̂kLDþ

l
ðzÞ þ f

d̂j
LD−

l
ðzÞ�fd̂kLD−

l
ðzÞ

i�
þ i

sH
2
Ŝðz; λZÞ

h
f
d̂j
Ldl

ðzÞ�fd̂kLdlðzÞ − f
d̂j
Ld0l

ðzÞ�fd̂kLdlðzÞ
i�

: ð5:23Þ

Formulas for gZRujuj and gZRdjdk are obtained by the replace-
ment L → R in each expression.
The Z couplings of down-type quarks are written in the

matrix form; ðĝZLdÞjk ¼ gZLdjdk and ðĝZRdÞjk ¼ gZRdjdk . One

finds for the two sets of parameters in Table IV

ðaÞ θH ¼ 0.10∶0
B@

gZLuu
gZLcc
gZLtt

1
CA ¼

0
B@

0.3451

0.3451

0.3455

1
CAgw;

0
B@

gZRuu
gZRcc
gZRtt

1
CA ¼

0
B@

−0.1538
−0.1538
−0.1534

1
CAgw;

ĝZLd ¼ gw

0
B@

−0.4220 −3 × 10−7 −4 × 10−9

−3 × 10−7 −0.4220 −1 × 10−7

−4 × 10−9 −1 × 10−7 −0.4220

1
CA;

ĝZRd ¼ gw

0
B@

0.0769 −6 × 10−7 −4 × 10−7

−6 × 10−7 0.0769 −3 × 10−6

−4 × 10−7 −3 × 10−6 0.0769

1
CA;

ðbÞ θH ¼ 0.15∶0
B@

gZLuu
gZLcc
gZLtt

1
CA ¼

0
B@

0.3441

0.3441

0.3449

1
CAgw;

0
B@

gZRuu
gZRcc
gZRtt

1
CA ¼

0
B@

−0.1533
−0.1533
−0.1524

1
CAgw;

ĝZLd ¼ gw

0
B@

−0.4208 −7 × 10−7 −1 × 10−8

−7 × 10−7 −0.4208 −4 × 10−7

−1 × 10−8 −4 × 10−7 −0.4207

1
CA;

ĝZRd ¼ gw

0
B@

0.0767 −1 × 10−6 −1 × 10−6

−1 × 10−6 0.0767 −7 × 10−6

−1 × 10−6 −7 × 10−6 0.0767

1
CA:

ð5:24Þ

Although FCNCs emerge for the down-type quarks, their
magnitude is naturally suppressed. FCNCs induce themixing
of neutral mesons (M ¼ K;Bd; Bs) at the tree level, yielding
ΔmM ∼ ðmMf2M=3m

2
ZÞðĝZd jMÞ2 where mM and fM are the

meson mass and decay constant and ĝZd jM is the relevant
coupling in ĝZLd or ĝZRd. Making use of ðmK;mBd

; mBs
Þ ∼

ð0.498; 5.280; 5.367Þ GeV and ðfK;fBd
;fBs

Þ∼ð0.156;
0.191;0.274ÞGeV, one finds, for θH ¼ 0.10, ðΔmK;ΔmBd

;
ΔmBs

Þ ∼ ð7 × 10−20; 5 × 10−19; 6 × 10−17Þ GeV, which are
much smaller than the experimental values ð3.48 × 10−15;
3.36 × 10−13; 1.17 × 10−11Þ GeV [29,30].
The gauge invariance guarantees natural suppression of

FCNC interactions. This should be contrasted to the previous
approaches of Refs. [23,24], in which only SUð3ÞC ×
SUð2ÞL ×Uð1ÞY invariance is imposed on the brane. The
requirement of the gauge invariance under G ¼ SUð3ÞC ×
SOð5Þ × Uð1ÞX restricts the form of brane interactions to
(2.12),whichyield the specificmass terms of the form (2.14).
The resultant FCNCs are suppressed with a factor of order
ðmq=mDÞ2 (mq ¼ md;ms;mb) as anticipated from the effec-
tive theory developed in Sec. IV. The orbifold boundary
condition breaks SOð5Þ to SOð4Þ so that one might expect
only G0 ¼ SUð3ÞC × SOð4Þ ×Uð1ÞX invariance on the
brane. As explained earlier, the above conclusion remains
valid evenwith theG0 gauge invariance alone being imposed.
We remark that the relative couplings to gWL lepton are

1

gWL lepton

0
BBB@

gZLuu
gZRuu
gZLdd
gZRdd

1
CCCA ¼

0
BBB@

0.34588

−0.15413
−0.42295
0.07707

1
CCCA;

0
BBB@

0.34591

−0.15411
−0.42298
0.07706

1
CCCA

ð5:25Þ
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for θH ¼ 0.10, and 0.15, respectively. The values in the SM
with sin2 θW ¼ 0.2312 are 0.3458;−0.1541;−0.4229, and
0.0771. The values (5.25) in the gauge-Higgs unification
are very close to those in the SM.

C. Yukawa couplings

The flavor mixing in the down-type quarks induces
flavor-changing Yukawa couplings. We show that its effect
is extremely tiny. The 4D Higgs field HðxÞ is contained in
A4̂
z in the expansion (5.3);

Ãz ¼ H
∘ ðx; zÞT 4̂ þ � � � ;

H
∘ ðx; zÞ ¼ 1ffiffiffi

k
p HðxÞhHðzÞ þ � � � ; hHðzÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
2

z2L − 1

s
z:

ð5:26Þ
Inserting (5.26) into the gauge interaction part of the action,
one obtains

− igA

Z
zL

1

dzH
∘ X3

α¼1

¯̌̃
Ψ α

ð3;4ÞΓ
5T 4̂ ˜̌Ψ α

ð3;4Þ

¼ −
gA
2

ffiffiffi
2

p
Z

zL

1

dzH
∘ f ⃗ũ†L ⃗ũ0R þ ⃗ũ0†L ⃗ũR þ ⃗ũ†R ⃗ũ

0
L þ ⃗ũ0†R ⃗ũL

þ ⃗d̃
†
L
⃗d̃
0
R þ ⃗d̃

0†
L
⃗d̃R þ ⃗d̃

†
R
⃗d̃
0
L þ ⃗d̃

0†
R
⃗d̃Lg ð5:27Þ

where the notation (5.7) has been used. We insert (5.9) and
(5.11) into (5.27) and integrate over z. In terms of mass
eigenstates (5.8) the Yukawa interactions are written as

− iHðxÞ
�X3

j¼1

yujujðû†jLûjR − û†jRûjLÞ

þ
X3
j;k¼1

ydjdkðd̂†jLd̂kR − d̂†kRd̂jLÞ
�

ð5:28Þ

where the Yukawa couplings are given by

yujuj ¼ −i
gw

ffiffiffiffiffiffi
kL

p

2
ffiffiffi
2

p
Z

zL

1

dzhHðzÞ
n
f
ûj
Luj

ðzÞ�fûjRu0jðzÞ

þ f
ûj
Lu0j

ðzÞ�fûjRujðzÞ
o
;

ydjdk ¼ −i
gw

ffiffiffiffiffiffi
kL

p

2
ffiffiffi
2

p
Z

zL

1

dzhHðzÞ
X3
m¼1

n
f
d̂j
Ldm

ðzÞ�fd̂kRd0mðzÞ

þ f
d̂j
Ld0m

ðzÞ�fd̂kRdmðzÞ
o
: ð5:29Þ

Note that the Yukawa couplings in the up-type quark sector
are diagonal in the generation space, whereas those in the
down-type quark sector have nonvanishing off-diagonal
elements.

For the two sets of parameters in Table IV one finds

ðaÞθH¼0.10∶

ðyuu;ycc;yttÞ¼ð8.1376×10−5;2.5186×10−3;0.69693Þ;

ŷd¼

0
B@
1.1800×10−5 −1×10−16 −2×10−13

−2×10−18 2.2378×10−4 1×10−11

−9×10−17 4×10−13 1.1759×10−2

1
CA:

ðbÞθH¼0.15∶

ðyuu;ycc;yttÞ¼ð8.1222×10−5;2.5138×10−3;0.69620Þ;

ŷd¼

0
B@
1.1777×10−5 −3×10−16 −9×10−13

−6×10−18 2.2336×10−4 2×10−11

−4×10−16 8×10−13 1.1737×10−2

1
CA:

ð5:30Þ

Here ðŷdÞjk ¼ ydjdk . Note that in the evaluation we have
used the values ðmu;mdÞ ¼ ð20; 2.90Þ MeV for the reason
described earlier. The flavor-changing Yukawa couplings
are exceedingly small. Splitting of mass ΔmM of neutral
mesons (M ¼ d̄jdk; djd̄k; j ≠ k) due to ydjdk is estimated to

be at most ½mM=ðmdj þmdkÞ�2ðmMf2M=m
2
HÞðydjdkÞ2, [30]

which is much smaller than the observed ΔmM.
The values of the diagonal part of the Yukawa couplings

can be understood from the effective theory as well.
Recalling that the 4D Higgs field HðxÞ is the fluctuation
mode of the AB phase θH, the effective interactions ofW, Z
and fermion field ψf with the Higgs field can be written
as [31]

L ∼ −m̄Wðθ̂HÞ2W†
μWμ −

1

2
m̄Zðθ̂HÞ2ZμZμ − m̄fðθ̂HÞψ̄fψf;

θ̂HðxÞ ¼ θH þHðxÞ
fH

: ð5:31Þ

The mass functions are, in good approximation, given by

m̄Wðθ̂HÞ ∼ aW sin θ̂H;

m̄Zðθ̂HÞ ∼ aZ sin θ̂H;

m̄fðθ̂HÞ ∼
�
af sin θ̂H in the A model

af sin 1
2
θ̂H in the B model;

ð5:32Þ

where aW , aZ, and af are constants. At the tree level
mW ¼ m̄WðθHÞ ¼ 1

2
gwfH sin θH, mZ¼m̄ZðθHÞ¼mW=

cosθ0W and mf ¼ m̄fðθHÞ. Expanding the mass functions
in (5.31) around θH, one finds the Higgs couplings to be
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gWWH ¼ 2m2
W cos θH

fH sin θH
¼ gwmW cos θH;

gZZH ¼ 2m2
Z cos θH

fH sin θH
¼ gwmZ

cos θ0W
cos θH;

yf ¼
8<
:

mf cos θH
fH sin θH

¼ mf

vSM
cos θH in the A model

mf cos
1
2
θH

2fH sin1
2
θH

¼ mf

vSM
cos2 1

2
θH in the B model:

ð5:33Þ

Here vSM ¼ fH sin θH. In other words, compared to the
couplings in the SM, the Higgs couplings ofW and Z in the
gauge-Higgs unification are suppressed by a factor cos θH.
The Yukawa couplings of quarks and leptons are sup-
pressed by a factor cos θH in the A model and by a factor
cos2 1

2
θH in the B model.

The diagonal part of the evaluated Yukawa couplings
(5.30) are well described by the formula in (5.33). Denoting
the couplings in the SM by ySMf ¼ mf=vSM, one finds

ðaÞ θH ¼ 0.10∶ cos2
1

2
θH ¼ 0.99750�

yuu
ySMu

;
ycc
ySMc

;
ytt
ySMt

�
¼ ð0.99758; 0.99758; 0.99826Þ;�

ydd
ySMd

;
yss
ySMs

;
ybb
ySMb

�
¼ ð0.99758; 0.99758; 0.99758Þ:

ðbÞ θH ¼ 0.15∶ cos2
1

2
θH ¼ 0.99439�

yuu
ySMu

;
ycc
ySMc

;
ytt
ySMt

�
¼ ð0.99456; 0.99456; 0.99607Þ;�

ydd
ySMd

;
yss
ySMs

;
ybb
ySMb

�
¼ ð0.99456; 0.99456; 0.99456Þ:

ð5:34Þ
The deviation from the SM is rather small.
Wewould like to add a comment. As explained in Sec. II,

the neutral physical scalar of Φð1;4Þ has a large mass
ð≫mKKÞ so that its couplings to quarks and leptons at
low energies are negligible, playing no role in flavor
changing processes.

VI. SUMMARY AND DISCUSSIONS

In this paper we have shown that the flavor mixing in the
quark sector can be incorporated in the GUT inspired
SUð3ÞC × SOð5Þ ×Uð1ÞX gauge-Higgs unification. The
brane interactions on the UV brane are responsible both
for splitting the mass spectrum between the up-type quarks
and down-type quarks and for generating flavor mixing in
the charged current (W) interactions. A quite reasonable
form of the CKM matrix has been obtained. The mixing, in
general, induces FCNC interactions in the Z couplings of
quarks. It is shown that the FCNC interactions are naturally

suppressed, with a suppression factor of order 10−6. The
suppression is a result of the SUð3ÞC × SOð5Þ × Uð1ÞX or
SUð3ÞC × SOð4Þ ×Uð1ÞX gauge invariance which allows
only a certain class of interactions on the UV brane. In
addition to presenting rigorous evaluation of the gauge
couplings, we have also given an explanation in terms of
the effective theory which illustrates how the natural
suppression of the FCNC interactions results in the
gauge-Higgs unification. The flavor-mixing induces fla-
vor-changing Yukawa couplings as well. We have con-
firmed that those couplings are extremely small.
There remains an issue to be clarified. In the present

model we could obtain a consistent spectrum and mixing
only if the up-quark mass mu were larger than the down-
quark mass md. With the minimal matter content in the
GUT inspired gauge-Higgs unification, md necessarily
becomes smaller than mu. One may have an additional
field which affects mu, or may consider the running of
quark masses which reverses the order of mu and md at low
energies. We leave the issue for future investigation.
In the GUT inspired gauge-Higgs unification we have

chosen negative bulk mass parameters. With positive bulk
mass parameters there arise exotic light fermions with the
same quantum numbers as the down-type quarks. Although
negative bulk mass parameters imply that left-handed
(right-handed) light quarks are localized near the IR
(UV) brane, we have shown that the W and Z couplings
of all quarks are very close to those in the SM. This is one
of the remarkable properties in the gauge-Higgs unification
in the RS space. Similarly negative bulk mass parameters of
leptons are preferred to positive ones, as positive ones yield
additional light neutral fermions.
The sign of the bulk mass parameters of quarks and

leptons can be investigated by eþe− collider experiments, as
the couplings of quarks and leptons to Z0 bosons, namely
KK excited states of Z, γ, and ZR, have large parity violation.
It has been shown in the previous A model of SOð5Þ ×Uð1Þ
gauge-Higgs unification that right-handed quarks and lep-
tons have much larger couplings to Z0 bosons so that in the
process eþe− → μþμ−, for instance, significant deviation
from the SM appears even at 250 GeV at the ILC with
250 fb−1 data. If the e− beam is polarized in the left-handed
mode, there would be no deviation from the SM, whereas, if
the e− beam is polarized in the right-handed mode, then
there appears large deviation. By changing the polarization
of the e− beam, one can see a distinct pattern of deviation.
Similar effects are seen in the forward-backward asymmetry
in various processes as well. In the present B model left-
handed leptons and quarks have much larger couplings to Z0
bosons than right-handed ones. As a consequence the pattern
of the dependence on the e− polarization is reversed in
comparison with that in the A model. ILC experiments can
provide rich information on underlying physics.
Gauge-Higgs unification is formulated in five or higher

dimensions in which the running of gauge couplings is
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much more rapid than in four dimensions [32] In this paper
we have analyzed the W and Z couplings of quarks below
the KK mass scale mKK. All relations presented in this
paper should be understood as those for the energy scale
below mKK. Above mKK effects of KK modes need to be
properly incorporated. Gauge-Higgs unification is a new
approach to physics beyond the SM. It may provide a key
to solving the problems of dark matter, gauge hierarchy,
neutrinos, Higgs couplings, and grand unification as
well [33–36]. We will come back to these issues in the
future.
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APPENDIX: BASIS FUNCTIONS

We summarize basis functions in the RS space. We
define

Fα;βðu; vÞ≡ JαðuÞYβðvÞ − YαðuÞJβðvÞ ðA1Þ

where JαðxÞ and YαðxÞ are Bessel functions of the first and
second kind, respectively. For gauge bosons C ¼ Cðz; λÞ
and S ¼ Sðz; λÞ are defined by

Cðz; λÞ ¼ þ π

2
λzzLF1;0ðλz; λzLÞ;

C0ðz; λÞ ¼ þ π

2
λ2zzLF0;0ðλz; λzLÞ;

Sðz; λÞ ¼ −
π

2
λzF1;1ðλz; λzLÞ;

S0ðz; λÞ ¼ −
π

2
λ2zF0;1ðλz; λzLÞ: ðA2Þ

We note that CS0 − SC0 ¼ λz.
For massless fermions we define

�
CR

SR

�
ðz; λ; cÞ ¼ ∓ π

2
λ

ffiffiffiffiffiffiffi
zzL

p
Fc−1

2
;c�1

2
ðλz; λzLÞ;�

CL

SL

�
ðz; λ; cÞ ¼ � π

2
λ

ffiffiffiffiffiffiffi
zzL

p
Fcþ1

2
;c∓1

2
ðλz; λzLÞ: ðA3Þ

These satisfy CLCR−SLSR¼1, CLðz; λ;−cÞ ¼ CRðz; λ; cÞ,
and SLðz; λ;−cÞ ¼ −SRðz; λ; cÞ. For massive fermions such
as D� fields with mD ≠ 0 we define basis functions

�
CR1
CL1

�
ðz;λ;c;m̃Þ¼

�
CR

CL

�
ðz;λ;cþm̃Þþ

�
CR

CL

�
ðz;λ;c−m̃Þ;

�
CR2
CL2

�
ðz;λ;c;m̃Þ¼

�
SR
SL

�
ðz;λ;cþm̃Þ−

�
SR
SL

�
ðz;λ;c−m̃Þ;

�
SR1

SL1

�
ðz;λ;c;m̃Þ¼

�
SR
SL

�
ðz;λ;cþm̃Þþ

�
SR
SL

�
ðz;λ;c−m̃Þ;

�
SR2

SL2

�
ðz;λ;c;m̃Þ¼

�
CR

CL

�
ðz;λ;cþm̃Þ−

�
CR

CL

�
ðz;λ;c−m̃Þ:

ðA4Þ

These functions satisfy various relations which are sum-
marized in Appendix B of Ref. [13].
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