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We investigate gravitational UV/IR mixing models that predict a breakdown of low energy effective field
theory, from loop-level, nonlocal gravitational corrections to particle processes. We determine how the
choice of IR cutoff in these theories alters predictions for lepton magnetic moments. Using Brookhaven
E821 muon magnetic moment data, we exclude models of UV/IR mixing with an IR cutoff set by a
spherical volume enclosing the experiment. On the other hand, an IR cutoff defined by the simply
connected spatial volume containing the trajectories of the muons implies a correction to the muon
magnetic moment which may have already been observed.
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I. INTRODUCTION

It is a truth universally acknowledged that physicists,
lacking Planck density experiments, do not expect to find
quantum gravity in the laboratory. Nevertheless, there are
some quantum facets of gravity that arise in regions with
sub-Planckian density.

Indeed, progress is still being made understanding quan-
tum mechanics around black holes, where the energy density
is sub-Planckian. Nevertheless, it has become apparent that
new quantum effects should arise as a result of gravitational
horizons. This spurred the development of black hole
radiation, which is too dim to be observed in nature with
present technologies [ 1-3]. Theoretical analysis of the black
hole temperature has led to a set of laws governing black
hole thermodynamics, analogous to the known laws of
thermodynamics [4]. The entropy of a black hole’s horizon
as defined by these laws has been conjectured as an upper
bound on the entropy of any region [5-12] (although it is
possible to derive an entropy bound without black hole
horizons [13—-15]). This implies that a quantum field theory
describing a region should somehow incorporate the fact
that the entropy of quantum fields in some regions cannot
exceed the black hole entropy bound.

However, there are reasons to think that a quantum
field theory’s character is altered before the black hole
entropy bound is saturated. As identified by Cohen,
Kaplan, and Nelson [16], effective field theories describing
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the dynamics of a region with size L and corresponding
infrared cutoff AR N%, may break down if the virtual
energy density inside that region implies a black hole
horizon larger than L. This theory also provides a possible
resolution of the cosmological constant problem [16—19].
In effective field theory terms, this “gravitational UV/IR
mixing” indicates a correspondence between UV and IR
cutoffs, which applies going from the UV to the IR, and
from the IR to the UV.

First, let us assume there is an effective theory with
ultraviolet cutoff Ayy. By definition, this effective field
theory must describe energy densities up to p ~ Af,y . Butif
the effective field theory is applied to a region so large that
the energy density Afy, implies a black hole, the effective
field theory may break down. The size of this region will
define an IR cutoff. Approaching from the other direction,
let us assume an effective field theory with an infrared cutoff
AR ~%. The Schwarzschild radius of this theory 2GM
implies an effective field theory validity bound in terms
of the UV cutoff, 2GM = 2Gp* L* = 2GA{y % L* < L.
This restricts the UV cutoff for the theory to

3 M> 3
Aty §§L—§:§M%Aﬁz, (1)

1
M2
follows that the UV scale at which this theory breaks down
unless black hole states are accounted for is approxi-
mately AUV ~ 3/ MPAIR'

It is useful to consider the physics behind the correction
arising at Ayy ~ /M pAr. For the moment neglecting field
masses, consider the momenta carried by virtual fields in
loop-level processes for some experiment with an infrared

where G = and we will use units with A=c=1. It
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cutoff A = % If the momenta carried in loop-level particle
exchanges is greater than Ayy ~ /M pAr, the theory must
contain virtual states with densities that exceed black hole
densities. Such extremely dense virtual states can be
constructed using sufficiently high-order loop processes,
by linking together a very large number of virtual fields
with momentum Ayy ~ /M pAjg. The fact that these states
would arise at extremely high order in a perturbation theory
does not necessarily mean they can be neglected. In fact,
accurately computing virtual gravitational corrections asso-
ciated with black holes would seem to require a detailed
understanding of how quantum fields assemble to form a
black hole, which is a topic of active research [20-27].
In the absence of a settled theory for nonlocal black
hole field dynamics, we can attempt an estimate of Agy.
Reference [16] pointed out that the gravitational ultraviolet/
infrared (UV/IR) mixing given by Eq. (1) may have observ-
able consequences at particle experiments. Corrections to the
electron magnetic moment were considered; the electron
magnetic moment is arguably the most precisely measured
parameter in the Standard Model [28-31], and is sensitive to
corrections from new UV states [32]. For the electron
anomalous magnetic moment a,, which is related to the
electron g, —2 factor by a, = %— 1, the leading order
UV and IR contributions from a new state coupled to the

electron are
a m, \?2 1 \2
da, ~— ¢ , 2
e 2r |:<AUV> - (meL> ] @)

where a is the fine structure constant in the Standard Model

and m, is the mass of the electron. In [16], the gravitational
2

UV/IR relation L = II\WL;’ was substituted into the second term

in Eq. (2), and Ayy was varied to obtain the minimum

correction to a,,

6ae|min = E MP

2/3

4 <’"> P 014x 107, (3)
which is 5 orders of magnitude smaller than the present
uncertainty on the electron a, measurement, which is
+0.28 x 107'2(16) [28]. It has also been considered in
[33] whether UV/IR effects could lead to an unexpected
running of &, when comparing measurements of the electron
and muon magnetic moments.

On the other hand, Eq. (3) only gives the minimum
possible correction from the gravitational UV/IR mixing
relation Ayy ~ /M pAr. There are other plausible values
for the IR cutoff in the gravitational UV/IR relation. Indeed,
one might expect the IR cutoff to be set by an experimental
length scale. In this paper we investigate a number of
choices for A, based on some field theoretic arguments
and the geometry of particles contained in precision experi-
ments. Using muon a, measurements, we will exclude the

gravitational UV/IR mixing relation for an infrared cutoff
determined by the spherical region circumscribing particle
trajectories at precision experiments. On the other hand,
for an IR cutoff determined by the simply connected
volume containing particle trajectories, we find that the
anomalous measurement of the muon anomalous magnetic
moment [34,35], indicate that the effect of virtual black hole
states may have already been observed.

II. INFRARED CUTOFFS AND NONLOCAL
GRAVITATIONAL CORRECTIONS

In the absence of an explicit theory treating virtual black
holes, we will begin our treatment with a general gravi-
tational UV/IR mixing relation,

2GM = 2GAY,V =R, (4)

where R is the largest radius required to enclose some
region of interest, and V is the volume containing fields of
interest. The choice of R on the right-hand side of this
equation can be motivated by the hoop conjecture [36,37],
which states that a black hole will form if a ring of size
47GM can be spun around some region of interest with
mass M. We expect our black hole formation threshold to
be similarly defined. There are a number of ways we may
define the infrared cutoff for a theory which attempts to
include nonlocal gravitational effects.

A. Spherical infrared cutoff

A simple IR cutoff ansatz is to take V as the spherical
volume circumscribing the region within which some
measured particles are localized. In this case, V = %Rﬂ
as was assumed in Eq. (1). The UV cutoff obtained by
assuming a spherical volume for our IR cutoff region is

) 3 M2\ /4
Ay = (gR—ﬁ) . (5)

We will shortly see that a spherical cutoff can be ruled out
using precise measurements of the muon’s magnetic
moment.

B. Simply connected volume infrared cutoff

But perhaps using a spherical volume to set the IR cutoff
is too simple. We may expect the virtual black hole effect
we are looking for to depend on fluctuations of virtual
fields in the space around the particles being measured. In
most precision experiments, the particles will be confined
to a region (usually a ring or beam), but the virtual states are
presumably not confined to that region. However, if a path
integral formulation applies to corrections associated with
black hole formation thresholds, we should expect these
virtual black hole forming contributions to be suppressed
for paths spanning regions much larger than the immediate
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vicinity of the measured particles. This would mean these
virtual black hole forming contributions would rapidly
decrease away from the path of least action defined by, e.g.,
a particle’s trajectory around a ring. Following this logic,
we define a simply connected IR cutoff volume V. as
follows: we take all the space in which the system of
interest is confined, as well as all points required to connect
any two points in the system by a geodesic, which would
simply be a straight line path through space in low gravity.
In this case, the IR cutoff determined by a simply connected
volume gives a UV cutoff

1 M2R\ /4
a = (5525) )

where the exact form of V. will depend on the geometry of
the system being analyzed. It is important to note that while
this choice of the IR cutoff volume can be nonspherical, it is
still a spherical region, as indicated by Eq. (4), within
which virtual fields are restricted by the UV/IR relation.

III. IMPLICATIONS FOR ELECTRON
AND MUON MAGNETIC MOMENT
MEASUREMENTS

We first consider the Penning trap measurement of
the electron’s anomalous magnetic dipole moment [28].
This experiment consisted of an electron gyrating at f =

150 Ghz around a |B| ~ 5.3 Tesla magnetic field, with
boost y, ~ 3.07, held in position by an electric quadrupole
potential [38]. The anomaly a, was measured using
transitions between different electron spin and energy
levels. The gyration radius of the trapped electron was

R, =7=y,m,vgB~0.03 cm, where v, w, g are the

velocity, angular frequency, and charge of the gyrating
electron. Using R,, we find that Ai}’\]} ~ 1700 GeV, which
predicts a correction to the electron magnetic moment at
this experiment

sph _ @& [ M, 2 _16
5aep = % <W> ~107°, (7)
uv

which is more than 4 orders of magnitude smaller than the
present uncertainty on the measurement of a, [28,29]. The
gravitational UV/IR correction from A{fy using a simply
connected geometry would be even smaller.

Next we consider the muon g—2 experiment E821
conducted at Brookhaven [34]. Here the magnetic moment
of muons was determined by measuring the cyclotron and
spin precession frequencies of the muons. The muons’
spin direction and corresponding precession frequency
can be extracted using the electron decay direction in
u — e+, +v,, which is correlated with the muon spin
direction. The muons were entrained in a ring with radius

Ru =711 cm, from which we find A%’\I} ~ 11 GeV. This

predicts a gravitational UV/IR correction to the muons
contained in this ring of order

m 2
sa™ = 2 () 11 % 1077, 8
it = () =1 ®)

where m,, is the muon mass. Comparing this to how closely
the present measurement of the muon dipole magnetic
moment matches Standard Model predictions [35],

aBXP — gSM =274+ 0.73 x 1079, ©)

we can safely exclude a spherically defined IR cutoff for
gravitational UV/IR mixing.

Before continuing, a few comments are in order about
the size of the UV cutoff we have derived for a spherically
defined gravitational UV/IR mixing relation at the
Brookhaven E821 experiment, Aiﬂ‘, =~ 11 GeV. One might
think that new physics at such a low UV scale could be
excluded, simply on the grounds that other particle physics
experiments like the Large Electron Positron Collider and
the Large Hadron Collider, are sensitive even to weakly
coupled particle dynamics up to UV cutoffs Ayy ~
1000 GeV [39-41]. However, it is important to recognize
that at these colliders, the relevant experimental volume is
either the interaction region of the colliding particles or the
region within which a single collision has been “vertexed.”
This small volume results in a much larger UV cutoff at
these experiments. While a detailed analysis of a particular
observable would have to be carried out to determine the
sensitivity of a high energy collider to gravitational UV/IR
mixing, the relevant collision regions are smaller than
100 ym at these experiments [42,43], which corresponds
to a spherically defined gravitational UV/IR relation cutoff
of A{Allider 3000 GeV. Therefore, it appears gravitational
UV/IR mixing may lie beyond the sensitivity of present
collider data.

Next we consider an IR cutoff for the Brookhaven muon
g — 2 experiment, set by using the simply connected
volume defined by the muons’ trajectories as they circulate
in the experiment. Considering the muon Lorentz factor
Yy = 29.3 and a lifetime of 2.2 x 107%s, it is reasonable to
assume that each muon circulates hundreds of times around
the ring before decaying. The density of material surround-
ing the muons is low enough, that we assume there is no
sizable correction from gravitational curvature to the
simply connected volume as defined above. The muons
were kept within a few cm of their mean radius,
R, =711.2 cm. For example, it was reported during the
R99 period of data collection, that the vertical variation of
the muons was &~ 1.55 cm. We therefore approximate
the simply connected volume containing the muon trajec-
tories as
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VE. = 2R, (10)

which corresponds to a UV cutoff
1 M% 1/4
ASC ~ I
w (27; R,,h)

1 1/4 710 1/4
z6OGeV< Zm) (Rcm> .1

W

and predicts a muon magnetic moment anomaly correction
2
saze = & ( il )
H sc
2w \ A5y

h \1/2/ R 1/2
~35x 1077 - (12
3510 <1 cm) (710 cm) (12)

It is interesting that the size of this correction is close to the
discrepancy that has been observed at the E821 experiment.
One clear way to test the simply connected gravitational
UV/IR mixing model would be to adjust the electric
quadrupole confinement of the muons, so that their trajec-
tories enclose a larger or smaller volume. The effect should
increase or decrease as indicated by Eq. (12).

IV. CONCLUSIONS

We have investigated some observable consequences for
gravitational UV/IR mixing, which is a proposed corre-
spondence between a quantum field theory’s UV and IR
cutoffs, as determined by the energy density at which black
holes would form in a region described by the theory. We
have found that Brookhaven E821 muon g-2 measurements
can exclude the gravitational UV/IR mixing correspon-
dence, for an IR cutoff defined using a spherical volume
circumscribing the E§21 muon ring.

On the other hand, a UV/IR mixing correspondence
determined by using the simply connected region surround-
ing the volume traversed by E821 muons has indicated a
correction to the muon magnetic moment that is close in
size to the presently observed 3.7¢ deviation from Standard
Model predictions [35]. Because this UV/IR mixing
effect would arise from nonlocal dynamics determined
by the volume containing the muons, it can be excluded or
validated by analyzing muons with larger and smaller
trajectories.

There is a great deal remaining to be explored for
gravitational UV/IR mixing. The infrared cutoff volumes
defined in this work were applied to experiments conducted
in backgrounds with minimal gravitational curvature.
Gravitational UV/IR mixing could be explored in regions
with higher density, for example the interior of a neutron
star. A covariant definition of the “energy density” bound
explored in this work might be derived similarly to a
covariant entropy bound [11]. Whether there is a relation-
ship between gravitational UV/IR mixing and UV/IR
mixing in noncommutative field theories can be determined
[44-48], along with the bearing this would have on lepton
magnetic moment measurements.

In conclusion, it is intriguing that precision particle
experiments have already begun testing theories predicting
nonlocal mixing between the UV and IR cutoff of a
quantum field theory, as determined by the threshold for
black hole formation.
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