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The spin-dependent operators for heavy quarkonium hybrids have been recently obtained in a
nonrelativistic effective field theory approach up to next-to-leading order in the heavy-quark mass
expansion. In the effective field theory for hybrids several operators not found in standard quarkonia
appear, including an operator suppressed by only one power of the heavy-quark mass. We compute the
matching coefficients for these operators in the short heavy-quark-antiquark distance regime, r ≪ 1=ΛQCD,
by matching weakly coupled potential nonrelativistic QCD to the effective field theory for hybrids. In this
regime the perturbative and nonperturbative contributions to the matching coefficients factorize, and the
latter can be expressed in terms of purely gluonic correlators whose form we explicitly calculate with the
aid of the transformation properties of the gluon fields under discrete symmetries. We detail our previous
comparison with direct lattice computations of the charmonium hybrid spectrum, from which the unknown
nonperturbative contributions can be obtained, and extend it to datasets with different light-quark masses.
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I. INTRODUCTION

One of the long-standing, unconfirmed, predictions of
QCD is the existence of hadrons in which gluonic excitations
play an analogous role as constituent quarks in traditional
hadrons. These kinds of states are divided into two classes
depending on whether they contain quark degrees of free-
dom or not. In the case that the state is formed purely by
gluonic excitations it is called a glueball, while when the
state contains both quark and gluonic degrees of freedom it is
called a hybrid. The experimental identification of any of
such states has been up until now unsuccessful. In the case of
glueballs, this can be understood as owing to the fact that the
lowest-lying states, as predicted by lattice QCD calculations
[1,2], have quantum numbers coinciding with those of
standard isosinglet mesons, and therefore a strong mixing

is expected. Glueballs with exotic JPC, such as 0þ−; 2−þ or
1−þ, are expected to appear at rather large masses.
For hybrid states the experimental identification may be

simpler since the interplay of quark and gluonic degrees of
freedom enlarges the range of possible quantum numbers
JPC, including exotic ones among its lowest mass states.
Nevertheless, if the quarks forming the hybrid state are
light, the hybrids are still expected to appear at the same
scale as conventional mesons, ΛQCD, leading again to the
expected large mixings if the quantum numbers JPC of the
hybrids are not explicitly exotic. On the other hand, hybrids
containing heavy quarks, called heavy or quarkonium
hybrids, develop a gap of order ΛQCD with respect to the
respective states containing only the heavy-quark compo-
nent, i.e., the standard quarkonium states. Therefore, quar-
konium hybrids are expected to be the states including
gluonic excitations that are easier to identify experimentally.
It is precisely in the quarkonium spectrum, close and

above the open-flavor thresholds, that in the last decade tens
of exotic heavy quarkoniumlike states have been discovered
in experiments at B factories (BABAR, Belle, and CLEO),
τ-charm facilities (CLEO-c and BESIII) and hadron colliders
(CDF, D0, LHCb, ATLAS, and CMS). These states are the
so-called XYZ mesons. Several interpretations of the XYZ
mesons have been proposed. In these interpretations, XYZ
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mesons are bound states of a heavy-quark-antiquark pair
with nontrivial light degrees of freedom. In the case that the
light degrees of freedom are light quarks, different tetraquark
pictures emerge depending on the spatial arrangement of the
light quarks with respect to the heavy quarks. If the light
degrees of freedom are gluonic, the picture that emerges is
that of a quarkonium hybrid. So far there is no conclusion on
which interpretation is the correct one, see Refs. [3–7] for
reviews of the experimental and theoretical status of the
subject.
Quarkonium hybrids are characterized by the separation

between the dynamical energy scales of the heavy quarks and
the gluonic degrees of freedom. The gluon dynamics is
nonperturbative and, therefore, happens at the scale ΛQCD,
while the nonrelativistic heavy-quark-antiquark pair bind
together in the background potential created by the gluonic
excited state at a lower energy scalemv2 ≪ ΛQCD,wherem is
the heavy-quark mass and v their relative velocity. This
separationof energyscales is analogous to that of theelectrons
and nuclei in molecules, and has led to the observation that
quarkoniumhybrids can be treated in a framework inspired by
the Born-Oppenheimer approximation [8–14]. In recent
papers [15–18] an effective field theory (EFT) formulation
of the Born-Oppenheimer approximation, called the BOEFT,
has been developed and used to compute the quarkonium
hybrid spectrum. In this paper we will rely on the hierarchy
described above, i.e., ΛQCD ≫ mv2 and work under the
further assumption that mv ≫ ΛQCD. The advantage of this
assumption is that the nonperturbative dynamics can be
factoredout and its effects encoded innonperturbativegluonic
correlators, allowing for a clear theoretical analysis of the
heavy hybrid spin contributions. In the case in which
mv ∼ ΛQCD, the potentials will be given by generalized
Wilson loops, however their spin structure will be the same.
The spin-dependent (SD) operators for the BOEFT have

been presented in Ref. [19] up to Oð1=m2Þ. The most
interesting feature, also pointed out in Ref. [20], is that
quarkonium hybrids, unlike standard quarkonium, receive
spin-dependent contributions already at order 1=m. At order
1=m2 there are spin-dependent operators analogous to those
appearing in the case for standard quarkonium as well as
three new operators that are unique to quarkonium hybrids.
The matching coefficients of these operators, the spin-
dependent potentials, are generically characterized as the
sum of a perturbative contribution and a nonperturbative one.
The perturbative contribution corresponds to the spin-de-
pendent octet potentials and only appears in the operators
analogous to those of standard quarkonium. The nonpertur-
bative contributions can be written as a power series in r2

with coefficients encoding the nonperturbative dynamics of
the gluon fields. In this paper, we compute the spin-
dependent potentials by matching weakly coupled potential
NRQCD (pNRQCD) [21,22] to the BOEFT and obtain
the detailed expressions for the nonperturbative matching
coefficients in terms of gluonic correlators. To complete the

computation, it is necessary to use discrete symmetries to
reduce the pNRQCD two-point functions into the structures
matching the ones in the BOEFT. The values of the non-
perturbative contributions are unknown, nevertheless our
explicit formulas will allow a future direct lattice calculation
of these objects. Alternatively, the nonperturbative matching
coefficients can be obtained by comparing with lattice
calculations of the charmonium hybrid spectrum and the
values used to predict the spin splittings in the bottomonium
hybrid sector as shown in Ref. [19]. We provide in this paper
a detailed description of the fitting procedure and enlarge the
analysis to older lattice data with larger light-quark masses.
The paper is organized as follows: in Sec. II we review the

discussion on the relevant scales for quarkonium hybrid
systems and summarize weakly coupled pNRQCD and the
BOEFT for hybrid states. In Sec. III we demonstrate the
essential calculation steps and present the results for the
matching of the spin-dependent potentials, and give explicit
formulas for the gluonic correlators. In Sec. IV we compute
the mass shifts in the hybrid spectrum due to the spin-
dependent potentials and compare themwith the charmonium
hybrid spectrum obtained from two different lattice QCD
calculations at different light-quark masses and fit the values
of the nonperturbative matching coefficients. We use these
values to give a prediction for the spin-dependent mass shifts
in the bottomonium sector. We give our summary and
conclusion in Sec. V. In the Appendix A, using discrete
symmetries, we obtain the relations between the gluonic
correlators that are needed to complete the matching calcu-
lationof the spin-dependent potentials.Adetailedoverviewof
the matching of the spin-dependent terms of the two-point
functions in pNRQCDand the BOEFT is given in Sec. III and
Appendix B. Finally, in Appendixes C andDwework out the
matrix elements of the spin-dependent operators.

II. SCALES AND EFFECTIVE FIELD
THEORY DESCRIPTION

In heavy quarkonium systems there are several well-
separated scales typical of nonrelativistic bound states: the
heavy-quark mass m (hard scale), the relative momentum
between the heavy quarks mv ∼ 1=r (soft scale), where
v ≪ 1 is the relative velocity and r the relative distance, and
the heavy-quark binding energy mv2 (ultrasoft scale).
Additionally, we also encounter the scale of the QCD
nonperturbative physics ΛQCD.
Heavy quarkonium hybrids are bound states of a heavy-

quark-antiquark pair with a gluonic excitation. In quarko-
nium hybrids an interesting scale separation pattern appears
similar to the one of diatomic molecules bound by electro-
magnetic interactions. The heavy quarks play the role of the
nuclei and the gluons (and the light quarks) play the role of
the electrons. In a diatomic molecule the electrons are non-
relativistic and their energy levels can be studied in the nuclei
static limit due to the latter larger mass. These electronic
energy levels are called electronic static energies and are of
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ordermeα
2, withme the electronmass and α the fine structure

constant. The nuclei vibrational (bound) states occur around
the minima of these electronic static energies and have
energies smaller than meα

2.
In quarkonium hybrids, the light degrees of freedom are

relativistic with a typical energy and momentum of order
ΛQCD. This implies that the typical size of a hybrid state is
of the order of 1=ΛQCD. The scaling of the typical distance
of the heavy-quark-antiquark pair, r ∼ 1=ðmvÞ, depends on
the details of the full interquark potential, which has a long-
range nonperturbative part and a short-range Coulomb-like
interaction. Therefore, it may happen that the heavy-quark-
antiquark pair is more closely bound than the light degrees
of freedom. This situation is interesting because the hybrid
would present a hierarchy between the distance of the
quark-antiquark pair and the typical size of the light degrees
of freedom that does not exist in the case of diatomic
molecules, where the electron cloud and the distance
between the nuclei are of the same size. A consequence
of this is that while the molecules are characterized by a
cylindrical symmetry, the symmetry group for hybrids at
leading order in a (multipole) expansion in the distance of
the heavy-quark-antiquark pair is a much stronger spherical
symmetry. This modifies significantly the power counting
of the EFT for hybrids with respect to the case of diatomic

molecules, leading to new effects. In the following we
consider this case with the interquark distance of order
r ≪ 1=ΛQCD. As in diatomicmolecules, in order for a Born-
Oppenheimer picture to emerge it is crucial that the binding
energy of the heavy particles,mv2, is smaller than the energy
scale of the light degrees of freedom. In summary, we will
require the following hierarchy of energy scales to hold true:
m ≫ mv ≫ ΛQCD ≫ mv2. We can then build an EFT to
describe quarkoniumhybrids by sequentially integrating out
the scales above mv2 [15,17]. In this paper we focus our
attention on the spin-dependent terms up to Oð1=m2Þ.

A. Weakly coupled pNRQCD

The first step in constructing the quarkonium hybrid
BOEFT is to integrate out the hard scale which produces the
well-known nonrelativistic QCD (NRQCD) [23–25]. The
next step is to integrate out the soft scale, i.e., expand in small
relative distances between the heavy quarks. In the short-
distance regime, r ≪ 1=ΛQCD, this step can be performed in
perturbation theory and one arrives at pNRQCD [21,22,26],
which is the starting point of our discussion. The weakly
coupled pNRQCD Lagrangian ignoring light quarks1 and
including the gluon interaction operators from Ref. [27] that
will be needed for the present work is

LpNRQCD ¼
Z

d3R
�Z

d3r
�
Tr½S†ði∂0 − hsÞSþ O†ðiD0 − hoÞO�

þ gTr

�
S†r · EOþ O†r · ESþ 1

2
O†r · fE;Og − 1

8
O†rirj½DiEj;O�

�
þ g
4m

Tr½O†LQQ̄ · ½B;O��

þ gcF
m

Tr½S†ðS1 − S2Þ · BOþ O†ðS1 − S2Þ · BSþ O†S1 · BO − O†S2O · B�

þ gcs
2m2

Tr½S†ðS1 þ S2Þ · ðE × pÞOþ O†ðS1 þ S2Þ · ðE × pÞS

þ O†S1 · ðE × pÞO − O†S2 · ðpO × EÞ�
�
−
1

4
Ga

μνGμνa þ…

�
: ð1Þ

S and O are the heavy-quark-antiquark singlet and octet
fields respectively, normalized with respect to color as S ¼
S1c=

ffiffiffiffiffiffi
Nc

p
and O ¼ OaTa=

ffiffiffiffiffiffi
TF

p
. They should be under-

stood as functions of t, the relative coordinates r, and the
center of mass coordinate R of the heavy quarks. All the
gluon fields in Eq. (1) are multipole expanded in r and
therefore evaluated at R and t: in particular the gluon field
strength Gμνa ≡GμνaðR; tÞ, and the covariant derivatives
iD0O≡ i∂0O − g½A0ðR; tÞ; O� and iDEi ≡ i∇REiðR; tÞþ
g½AðR; tÞ; EiðR; tÞ�. The momentum and orbital angular
momentum of the reducedmass of the heavy-quark-antiquark

pair are respectively denoted by p ¼ mdr
dt ¼ −i∇r and

LQQ̄ ¼ r × p. The spin vectors of the heavy quark and
heavy antiquark are S1 and S2 respectively. The terms
with explicit factors of the chromoelectric field E and
the chromomagnetic field B are obtained by matching
NRQCD to weakly coupled pNRQCD at tree level. The
coefficients cF and cs are matching coefficients of
NRQCD (see e.g., Ref. [25]), calculated in perturbation
theory, as αs is small at the scale m that characterizes these
coefficients. They are equal to 1 at leading order in αs. The
ellipsis denotes other spin-independent (SI) operators,
operators higher order in the multipole expansion or
1=m, and perturbative corrections of higher orders in αs.
The Hamiltonian densities hs and ho of the singlet and octet
fields respectively read

1In this work we will not consider light quarks, see
Refs. [17,18] for a discussion on their inclusion and the use
of the BOEFT formalism for tetraquark states.
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hs ¼ −
∇2

r

m
þ VsðrÞ; ð2Þ

ho ¼ −
∇2

r

m
þ VoðrÞ: ð3Þ

It is useful to organize VoðrÞ2 as an expansion in 1=m and
separate the SI and SD terms:

VoðrÞ ¼ Vð0Þ
o ðrÞ þ Vð1Þ

o ðrÞ
m

þ Vð2Þ
o ðrÞ
m2

þ � � � ; ð4Þ

Vð2Þ
o ðrÞ ¼ Vð2Þ

oSDðrÞ þ Vð2Þ
oSIðrÞ; ð5Þ

Vð2Þ
oSDðrÞ¼VoSLðrÞLQQ̄ ·SþVoS2ðrÞS2þVoS12ðrÞS12; ð6Þ

where S ¼ S1 þ S2 and S12 ¼ 12ðS1 · r̂ÞðS2 · r̂Þ − 4S1 · S2.
The octet-field spin-dependent potentials can be found in
Ref. [28].3 They are given from the tree-level matching of
NRQCD to weakly coupled pNRQCD by

VoSLðrÞ ¼
�
CF −

CA

2

��
cs
2
þ cF

�
αsðνÞ
r3

; ð7Þ

VoS2ðrÞ ¼
�
4π

3

�
CF −

CA

2

�
c2FαsðνÞ

þ TFðf8ð1S0Þ − f8ð3S1ÞÞ
�
δ3ðrÞ; ð8Þ

VoS12ðrÞ ¼
�
CF −

CA

2

�
c2F

αsðνÞ
4r3

; ð9Þ

where CF ¼ ðN2
c−1
Nc

ÞTF and CA ¼ 2NcTF are the Casimir
factors for the fundamental and adjoint representations of
the color gauge group SUðNcÞ respectively. We define TF

by Tr½TaTb� ¼ TFδ
ab, where Ta are the color generators in

the fundamental representation. The renormalization scale,
ν, is naturally of ordermv ∼ 1=r. The matching coefficients
f8’s originate in heavy-quark-antiquark annihilation dia-
grams. To OðαsÞ they read [24,29]

f8ð1S0Þ ¼ 0; f8ð3S1Þ ¼ −παsðmÞ: ð10Þ

At the accuracy of this work, we will use the tree-level
expressions of cF and cs, i.e., cF ¼ cs ¼ 1, for the spin-
dependent octet potentials in Eqs. (7)–(9).

B. The BOEFT

The final step is to build an EFT, which we call the
BOEFT, that describes the heavy-quark-antiquark pair
dynamics in the presence of a background gluonic excited
state by integrating out the scale ΛQCD. First, we have to
identify the degrees of freedom in the BOEFT.
In the short-interquark-distance limit r → 0 and the static

limit m → ∞, quarkonium hybrids reduce to gluelumps,
which are color-singlet combinations of a local static octet
color source coupled to a gluonic field. The gluonic
excitations can be characterized by the so-called gluelump
operators [15,22]. The Hamiltonian for the gluons at
leading order in the 1=m- and multipole expansions,
corresponding to the Ga

μνGaμν-term in the Lagrangian in
Eq. (1), is given by

H0 ¼
Z

d3R
1

2
½Ea · Ea þ Ba · Ba�: ð11Þ

We define the gluelump operators, Gia
κ , as the Hermitian

color-octet operators that generate the eigenstates of H0 in
the presence of a local heavy-quark-antiquark octet source:

H0Gia
κ ðR; tÞj0i ¼ ΛκGia

κ ðR; tÞj0i; ð12Þ

where a is the color index, κ labels the quantum numbers
KPC of the gluonic degrees of freedom and i labels its spin
components. The spectrum of the mass eigenvalues, Λκ,
called the gluelump mass, has been computed on the lattice
in Refs. [30–32].
At the next-to-leading order in the multipole expansion

the system is no longer spherically symmetric but acquires
instead a cylindrical symmetry4 around the heavy-quark-
antiquark axis. Therefore it is convenient to work with a
basis of states with good transformation properties under
D∞h. Such states can be constructed by projecting the
gluelump operators on various directions with respect to the
heavy-quark-antiquark axis:

jκ; λ; r;R; ti ¼ Pi
κλO

a†ðr;R; tÞGia
κ ðR; tÞj0i; ð13Þ

where summations over indices i and a are implied. Pi
κλ is a

projector that projects the gluelump operator to an eigen-
state of K · r̂ with eigenvalue λ, where K is the angular
momentum operator for the gluonic degrees of freedom and
r̂ the unit vector along the heavy-quark-antiquark axis. It is
therefore natural to define the degrees of freedom of the
BOEFT as the operator Ψ̂κλðr;R; tÞ defined by

Pi†
κλO

aðr;R; tÞGia
κ ðR; tÞ¼Z1=2

κ ðr;R;p;PÞΨ̂κλðr;R; tÞ; ð14Þ

2An analogous expansion can be written for VsðrÞ, see [26].
We omit it here since we will not use it.

3A contribution to VoS2 , proportional to the f8’s, which
originate in quark-antiquark annihilation diagrams, is missing
in Ref. [28]. Setting cF ¼ cs ¼ 1 and neglecting the contribution
from the quark-antiquark annihilation diagrams in Eqs. (7)–(9)
would recover the corresponding expressions in Ref. [28].

4The symmetry group is changing from Oð3Þ × C to D∞h,
with P replaced by CP.
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where P is the momentum operator conjugate to R, and Z is
a field renormalization factor, normalized such that the
following commutation relations hold:

½Oaðr;R; tÞ;Ob†ðr0;R0; tÞ� ¼ δabIδ3ðr− r0Þδ3ðR−R0Þ; ð15Þ

½Ψ̂κλðr;R; tÞ;Ψ̂†
κ0λ0 ðr0;R0; tÞ� ¼ δκκ0δλλ0Iδ3ðr− r0Þδ3ðR−R0Þ;

ð16Þ

where I is the identity matrix of the spin indices of the
heavy quark and antiquark. The BOEFT is obtained by
integrating out modes of scale ΛQCD, i.e., the gluonic
excitation. The Lagrangian of the BOEFT reads as

LBOEFT ¼
Z

d3Rd3r
X
κ

X
λλ0

Tr

�
Ψ̂†

κλðr;R; tÞ

×

�
i∂t−Vκλλ0 ðrÞþPi†

κλ

∇2
r

m
Pi
κλ0

�
Ψ̂κλ0 ðr;R; tÞ

�
þ…;

ð17Þ

where the trace is over spin indices of the heavy quark and
antiquark, and the ellipsis stands for operators producing
transitions to standard quarkonium states and transitions
between hybrid states of different κ. The former are beyond
the scopeof thiswork5 and the latter are suppressed at least by
1=ΛQCD since the static energies for different κ are separated
by a gap∼ΛQCD. The potentialVκλλ0 can be organized into an
expansion in 1=m and a sum of SD and SI parts:

Vκλλ0 ðrÞ ¼ Vð0Þ
κλ ðrÞδλλ0 þ

Vð1Þ
κλλ0 ðrÞ
m

þ Vð2Þ
κλλ0 ðrÞ
m2

þ � � � ; ð18Þ

Vð1Þ
κλλ0 ðrÞ ¼ Vð1Þ

κλλ0SDðrÞ þ Vð1Þ
κλλ0SIðrÞ; ð19Þ

Vð2Þ
κλλ0 ðrÞ ¼ Vð2Þ

κλλ0SDðrÞ þ Vð2Þ
κλλ0SIðrÞ: ð20Þ

In Ref. [15] the static potential Vð0Þ
κλ ðrÞ was matched to

the quark-antiquark hybrid static energies computed on the
lattice. In Fig. 1 we show the QCD static energies computed
using lattice NRQCD from Ref. [33]: they are plotted as a
function of the quark-antiquark distance r and only states
with excited glue are presented. The standard quarkonium
static energy, without gluonic excitations, would lie below
in energy and is not shown. Recently, a new comprehensive
lattice study of the hybrid static energies has appeared
in Ref. [34].
One of the major features of this spectrum is that in the

short-distance region the static energies can be organized in
quasidegenerate multiplets corresponding to the gluelump
spectrum. This is a direct consequence of the breaking of

spherical symmetry into a cylindrical symmetry once the
subleading contributions in the multipole expansion are
included. Indeed, at leading order in the multipole expan-
sion Vð0Þ

κλ ðrÞ reads [15]

Vð0Þ
κλ ðrÞ ¼ Λκ þ Vð0Þ

o ðrÞ þ � � � : ð21Þ

That is, the potential in the short-distance limit only
depends on the quantum numbers of the gluelump κ and
not on its projection λ.
The lowest gluelump has quantum numbers κ ¼ 1þ−. In

Ref. [15] the matrix elements of Pi†
κλ

∇2
r

m Pi
κλ0 were obtained

for κ ¼ 1þ− and it was shown to contain off-diagonal terms
in λ − λ0 that lead to coupled Schrödinger equations. The
Schrödinger equations were solved numerically and the
spectrum and wave functions of hybrid states generated
the static energies labeled by Σ−

u and Πu were obtained.

III. MATCHING OF THE SPIN-DEPENDENT
POTENTIALS

We present now the results of the matching for the
spin-dependent potentials in Eqs. (19) and (20) for the

FIG. 1. The lowest hybrid static energies [33] and gluelump
masses [30,31] in units of r0 ≈ 0.5 fm. The absolute values have
been fixed such that the ground state Σþ

g static energy (not
displayed) is zero at r0. The data points at r ¼ 0, labeled with
κ ¼ KPC, are the gluelump masses. The gluelump spectrum has
been shifted by an arbitrary constant to adjust the 1þ− state with
the Πu and Σ−

u potentials at short distances, with the dashed lines
indicating the expected extrapolation to degeneracy at r ¼ 0. The
behavior of the static energies at short distances becomes rather
unreliable for some hybrids, especially the higher excited ones.
This is largely due to the difficulty in lattice calculations to
distinguish between states with the same quantum numbers,
which mix. The figure is taken from [31].

5Transitions to standard quarkonium states are discussed in
Ref. [16].
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lowest-lying gluelump (κ ¼ 1þ−) in the short-distance
regime 1=r ≫ ΛQCD. We will first write down the formu-
lation of the matching for general κ and then focus on
the case κ ¼ 1þ−, for which we will demonstrate the
essential steps of the calculation and present the final
results, and leave the more involved details of calculation in
Appendix B.
The matching between weakly coupled pNRQCD and

the BOEFT at the scale ΛQCD is performed by considering
the following gauge-invariant two-point Green’s function
defined in terms of the fields in pNRQCD:

Iκλλ0 ðr;R; r0;R0Þ
≡ lim

T→∞
h0jPi†

κλG
ia†
κ ðR; T=2ÞOaðr;R; T=2Þ

×Ob†ðr0;R0;−T=2ÞPj
κλ0G

jb
κ ðR0;−T=2Þj0i; ð22Þ

where only the repeated color indices a, b and spin indices
i, j are summed. In the BOEFT, with Eq. (14), the two-
point Green’s function is given by

Iκλλ0 ðr;R; r0;R0Þ
¼ lim

T→∞
Z1=2
κ ðr;R; p;PÞ

× exp

�
−i
�
Vκλλ0 ðrÞ − Pi†

κλ

∇2
r

m
Pi
κλ0

�
T

�
Z†1=2
κ ðr;R; p;PÞ

× Iδ3ðr − r0Þδ3ðR − R0Þ: ð23Þ

The Green’s function in pNRQCD [Eq. (22)] has the form

Iκλλ0 ðr;R; r0;R0Þ ¼ lim
T→∞

exp f−i½ðhoÞκλλ0 þ Λκ þ δVκλλ0 �Tg
× Iδ3ðr − r0Þδ3ðR − R0Þ; ð24Þ

where

ðhoÞκλλ0 ≡ Pi†
κλhoP

i
κλ0 ¼ Pi†

κλ

�
Vo −

∇2
r

m

�
Pi
κλ0 ; ð25Þ

and the gluelump mass Λκ is related to a gluonic
correlator by

e−iΛκT ¼ h0jGia
κ ðR; T=2ÞϕabðT=2;−T=2ÞGib

κ ðR0;−T=2Þj0i;
ð26Þ

with ϕabðt; t0Þ the adjoint static Wilson line defined by

ϕðt; t0Þ ¼ P exp

�
−ig

Z
t

t0
dtAadj

0 ðR; tÞ
�
: ð27Þ

In Eq. (24), δVκλλ0 is obtained from the contributions
to Eq. (22) from insertions of singlet-octet- and octet-
octet-gluon coupling operators from the Lagrangian in
Eq. (1). Comparing Eqs. (24) and (23), we obtain
Zκðr;R; p;PÞ ¼ 1 and

Vκλλ0 ¼ Pi†
κλVoPi

κλ0 þ Λκ þ δVκλλ0 ; ð28Þ

which reduces to Eq. (21) at leading order in 1=m and
the multipole expansion. The matching condition is
schematically depicted in Fig. 2. In Fig. 2, the left-hand
side and the right-hand side correspond to the two-point
Green’s function computed in the BOEFT and pNRQCD
respectively. Diagram (a) gives the perturbative term
Pi†
κλVoPi

κλ0 in Eq. (28), which is inherited from the octet
potential in Eq. (4), as well as a nonperturbative term Λκ,
the gluelump mass. Diagrams like (b), (c), (d), (e), (f),
and (g), with black dots, which denote the singlet-octet-
and octet-octet-gluon coupling operators in the pNRQCD
Lagrangian Eq. (1), give another nonperturbative contri-
bution δVκλλ0 . All diagrams in pNRQCD are computed in
coordinate space, similar to what is done in Ref. [22].
Now we focus on the case κ ¼ 1þ−. To simplify the

notation we will drop the subscript κ for the rest of the

(a) (b) (c) (d)

(e) (g)(f)

FIG. 2. Matching of two-point function in the hybrid BOEFTon the left-hand side to weakly coupled pNRQCD on the right-hand side.
The diagrams are in coordinate space. The single, double, and curly lines represent the heavy-quark-antiquark singlet, heavy-quark-
antiquark octet, and gluon fields respectively. The black dots stand for vertices from the Lagrangian in Eq. (1) and the gray circles
represent the nonperturbative gluon dynamics.
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manuscript and it should be understood that we are always
referring to κ ¼ 1þ−, and so λ takes the values 0;�1. The
spin-dependent potentials in Eqs. (19) and (20) for κ ¼ 1þ−

read as follows:

Vð1Þ
λλ0SDðrÞ ¼ VSKðrÞðPi†

λ K
ijPj

λ0 Þ · S
þ VSKbðrÞ½ðr · P†

λÞðriKijPj
λ0 Þ · S

− ðriKijPj†
λ Þ · Sðr · Pλ0 Þ�; ð29Þ

Vð2Þ
λλ0SDðrÞ¼VSLaðrÞðPi†

λ LQQ̄P
i
λ0 Þ ·S

þVSLbðrÞPi†
λ ðLi

QQ̄S
jþSiLj

QQ̄ÞP
j
λ0

þVSLcðrÞ½ðr ·P†
λÞðp×SÞ ·Pλ0 þP†

λ ·ðp×SÞðr ·Pλ0 Þ�
þVS2ðrÞS2δλλ0 þVS12aðrÞS12δλλ0
þVS12bðrÞPi†

λ P
j
λ0 ðSi1Sj2þSi2S

j
1Þ; ð30Þ

where ðKijÞk ¼ iϵikj is the angular momentum operator for
the spin-1 gluonic excitation. The projectors Pi

λ read

Pi
0 ¼ r̂i0 ¼ r̂i; ð31Þ

Pi
�1 ¼ r̂i� ¼∓ ðθ̂i � iϕ̂iÞ=

ffiffiffi
2

p
; ð32Þ

with

r̂ ¼ ðsinðθÞ cosðϕÞ; sinðθÞ sinðϕÞ; cosðθÞÞ;
θ̂ ¼ ðcosðθÞ cosðϕÞ; cosðθÞ sinðϕÞ;− sinðθÞÞ;
ϕ̂ ¼ ð− sinðϕÞ; cosðϕÞ; 0Þ: ð33Þ

The 1=m operators in Eq. (29), with coefficients VSKðrÞ
and VSKbðrÞ,6 couple the angular momentum of the gluonic
excitation with the total spin of the heavy-quark-antiquark
pair. These operators are characteristic of the hybrid states
and are absent for standard quarkonia. Among the 1=m2

operators in Eq. (30), the operators with coefficients
VSLaðrÞ, VS2ðrÞ, and VS12a are the standard spin-orbit,
total spin squared, and tensor spin operators respectively,
which appear for standard quarkonia also. In addition
to them, three novel operators appear at order 1=m2.
The operators with coefficients VSLbðrÞ and VSLcðrÞ are

generalizations of the spin-orbit operator to the hybrid
states. Similarly, the operator with coefficient VS12bðrÞ is
generalization of the tensor spin operator to the hybrid
states. It should be noted that there are contributions from
the operators with coefficients VSKðrÞ and VSKbðrÞ at order
1=m2. For conciseness of presentation, we choose to treat
these contributions as 1=m-terms in VSKðrÞ and VSKbðrÞ,
instead of showing the VSK and VSKb operators again
in Eq. (30).
The coefficients ViðrÞ on the right-hand side of Eqs. (29)

and (30) have the form ViðrÞ ¼ VoiðrÞ þ Vnp
i ðrÞ, where

VoiðrÞ is the perturbative octet potential and Vnp
i ðrÞ is the

nonperturbative contribution. From the multipole expan-

sion, Vnp
i ðrÞ is a power series in r2, Vnp

i ðrÞ ¼ Vnpð0Þ
i þ

Vnpð1Þ
i r2 þ � � �. We will work at next-to-leading order in the

multipole expansion for the 1=m potentials and leading
order in the multipole expansion for the 1=m2 potentials.
Therefore, up to the precision we work at, we have

VSKðrÞ ¼ Vnpð0Þ
SK þ Vnpð0Þ

SK2

m
þ Vnpð1Þ

SK r2; ð34Þ

VSKbðrÞ ¼ Vnpð0Þ
SKb ; ð35Þ

VSLaðrÞ ¼ VoSLðrÞ þ Vnpð0Þ
SLa ; ð36Þ

VSLbðrÞ ¼ Vnpð0Þ
SLb ; ð37Þ

VSLcðrÞ ¼ Vnpð0Þ
SLc ; ð38Þ

VS2ðrÞ ¼ VoS2ðrÞ þ Vnpð0Þ
S2 ; ð39Þ

VS12aðrÞ ¼ VoS12ðrÞ; ð40Þ

VS12bðrÞ ¼ Vnpð0Þ
S12b

: ð41Þ

In Eqs. (36), (39), and (40), VoSLðrÞ, VoS2ðrÞ, and VoS12ðrÞ
are the perturbative tree-level spin-dependent octet poten-

tials given by Eqs. (7)–(9). The constants Vnpð0Þ
SK , Vnpð0Þ

SK2 ,

Vnpð1Þ
SK , Vnpð0Þ

SKb , Vnpð0Þ
SLa , Vnpð0Þ

SLb , Vnpð0Þ
SLc , Vnpð0Þ

S2 , and Vnpð0Þ
S12b

are
obtained from diagrams (b), (c), (d), (e), (f), and (g) in Fig. 2
with insertions of spin-dependent operators with a chromo-
magnetic field or a chromoelectric field in the pNRQCD
Lagrangian Eq. (1), and are expressed as nonperturbative
purely gluonic correlators. It should be emphasized that the
expressions ofVSKðrÞ, VSKbðrÞ, VSLaðrÞ, VSLbðrÞ,VSLcðrÞ,
VS2ðrÞ, VS12aðrÞ, and VS12bðrÞ in Eqs. (34)–(41) are valid
only for 1=r ≫ ΛQCD. For arbitrary values of r, they are
given by generalized Wilson loops.
To demonstrate the essential steps for obtaining the

VnpðjÞ
i ’s in terms of purely gluonic correlators, here we will

6The operator with coefficient VSKbðrÞ contains the tensor rirj
contracted to other vectors. In the case of standard quarkonia, for
which the symmetry group is SOð3Þ, it is natural to decompose
the tensor rirj into a sum of a trace part and a traceless symmetric
part, each of which corresponds to an irreducible representation
of SOð3Þ. This is done for the operators with coefficients VS2ðrÞ
and VS12aðrÞ, since they also appear in the case of standard
quarkonia. In the case of hybrid states here, since the symmetry
group is D∞h instead of SOð3Þ, this decomposition is not of
particular relevance and we decided to write the VSKbðrÞ operator
without substracting the trace part.
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go through the derivation for the simplest one, Vnpð0Þ
SK , and

leave the details of the derivations for the remaining ones in
Appendix B. In these derivations, relations among gluonic
correlators derived from transformation properties of the
gluonic operators under C, P, T are used, which are
summarized in Appendix A.

Consider diagram (b) in Fig. 2, with an insertion of the
cF-term in Eq. (1). Its contribution to δVλλ0 is given by

δVcF
λλ0 ¼ i

cF
2m

r̂i†λ r̂
k
λ0 ðUBÞijkbcdðhbcdSj1 − hbdcSj2Þ; ð42Þ

where

ðUBÞijkbcd ≡ lim
T→∞

ieiΛT

T

Z
T=2

−T=2
dth0jGiaðT=2ÞϕabðT=2; tÞgBjcðtÞϕdeðT=2; tÞGkeð−T=2Þj0i ð43Þ

and habc ¼ 2
TF
Tr½TaTbTc�. In Eq. (43), repeated color

indices are summed and all fields are understood as
evaluated at R. The structure of the gluonic correlator in
Eq. (43) can be read off from diagram (b) in Fig. 2. The
gluelump operators create and destroy the gluonic excita-
tion at times −T=2 and T=2 respectively. The adjoint
Wilson lines correspond to the propagation of the octet
fields due to the covariant derivative in the first line of
Eq. (1). The insertion of B corresponds to the emission
vertex in diagram (b) of Fig. 2 denoted by a solid black dot.
All possible times of insertion must be taken into account
and therefore the time of insertion is integrated over from
−T=2 to T=2. The exponential factor eiΛT in front of the
correlator is the result of factoring out the gluelump mass Λ
in the potential as indicated in Eq. (28). The expression on
the right-hand side of Eq. (43) is finite in the limit T → ∞,
since the large T behavior of the time integral is compen-
sated by the factor 1=T and the exponential factor eiΛT

compensates for the time evolution of the gluelump
operator from −T=2 to T=2.
Using Eq. (A27), which is derived from the charge

conjugation properties of the gluon fields, Eq. (42)
becomes

δVcF
λλ0 ¼ i

cF
2m

r̂i†λ r̂
k
λ0 ðUBÞijkbcdhbcdSj: ð44Þ

The color combination

ðÛBÞijk ≡ ðUBÞijkbcdhbcd; ð45Þ

being a rotationally invariant tensor, can be written as

ðÛBÞijk ¼ ŨBε
ijk: ð46Þ

Therefore, Eq. (44) becomes

δVcF
λλ0 ¼ i

cF
2m

r̂i†λ r̂
k
λ0ŨBε

ijkSj; ð47Þ

from which it follows that

Vnpð0Þ
SK ¼ cF

2
ŨB: ð48Þ

The detailed derivations of Vnpð0Þ
SK2 , Vnpð1Þ

SK , Vnpð0Þ
SKb , Vnpð0Þ

SLa ,

Vnpð0Þ
SLb , Vnpð0Þ

SLc , Vnpð0Þ
S2

, and Vnpð0Þ
S12b

in terms of gluonic
correlators are shown in Appendix B. Here we list the
final results. Similar to Eq. (43), we have to define the
relevant gluonic correlators that appear in the matching
calculation of the two-point function. All of these gluonic
correlators involve a gluelump operator at t ¼ −T=2 and
another gluelump operator at t ¼ −T=2. The relevant
gluonic correlators that correspond to diagram (c) in
Fig. 2 are

ðUss
EEÞijkl ≡ lim

T→∞

ieiΛT

T

Z
T=2

−T=2
dt

Z
t

−T=2
dt0h0jGiaðT=2ÞϕabðT=2; tÞgEjbðtÞgEkcðt0Þϕcdðt0;−T=2ÞGldð−T=2Þj0i; ð49Þ

ðUss
BBÞijkl ≡ lim

T→∞

ieiΛT

T

Z
T=2

−T=2
dt

Z
t

−T=2
dt0h0jGiaðT=2ÞϕabðT=2; tÞgBjbðtÞgBkcðt0Þϕcdðt0;−T=2ÞGldð−T=2Þj0i: ð50Þ

The correlator ðUss
EEÞijkl in Eq. (49) arises from insertions of two singlet-octet vertices with a chromoelectric field from the

pNRQCD Lagrangian Eq. (1). The adjoint Wilson lines connecting the gluelump operators to the chromoelectric fields arise
from the two propagators of the octet field in diagram (c) of Fig. 2. Similarly, ðUss

BBÞijkl in Eq. (50) is defined like ðUss
EEÞijkl

with the chromoelectric field replaced by the chromomagnetic field. The relevant gluonic correlators that correspond to
diagram (d) in Fig. 2 are
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ðUoo
EEÞijklbcdefg≡ lim

T→∞

ieiΛT

T

Z
T=2

−T=2
dt
Z

t

−T=2
dt0h0jGiaðT=2ÞϕabðT=2; tÞgEjcðtÞϕdeðt; t0ÞgEkfðt0Þϕghðt0;−T=2ÞGlhð−T=2Þj0i;

ð51Þ

ðUoo
BBÞijklbcdefg≡ lim

T→∞

ieiΛT

T

Z
T=2

−T=2
dt
Z

t

−T=2
dt0h0jGiaðT=2ÞϕabðT=2; tÞgBjcðtÞϕdeðt; t0ÞgBkfðt0Þϕghðt0;−T=2ÞGlhð−T=2Þj0i;

ð52Þ

ðUoo
BDEÞijklmbcdefg≡ lim

T→∞

ieiΛT

T

Z
T=2

−T=2
dt
Z

t

−T=2
dt0h0jGiaðT=2ÞϕabðT=2;tÞgBjcðtÞϕdeðt;t0Þ

× ½DkgElðt0Þ�fϕghðt0;−T=2ÞGmhð−T=2Þj0i; ð53Þ

ðUoo
DEBÞijklmbcdefg ≡ lim

T→∞

ieiΛT

T

Z
T=2

−T=2
dt

Z
t

−T=2
dt0h0jGiaðT=2ÞϕabðT=2; tÞg½DjEkðtÞ�cϕdeðt; t0Þ

× gBlfðt0Þϕghðt0;−T=2ÞGmhð−T=2Þj0i: ð54Þ

The correlator ðUoo
EEÞijklbcdefg in Eq. (51) arises from insertions of two octet-octet vertices with a chromoelectric field from the

pNRQCD Lagrangian. The three adjoint Wilson lines arise from the three propagators of the octet field in diagram (d) of
Fig. 2. The correlator ðUoo

BDEÞijklmbcdefg in Eq. (53) arises from insertions of two octet-octet vertices, one with a chromomagnetic

field at time t and another with a covariant derivative of the chromoelectric field at time t0 < t. ðUoo
BBÞijklbcdefg in Eq. (52) and

ðUoo
DEBÞijklmbcdefg in Eq. (54) are similarly defined. The relevant gluonic correlators that correspond to diagram (e) in Fig. 2 are

ðUsso
BEEÞijklmdef ≡ lim

T→∞

ieiΛT

T

Z
T=2

−T=2
dt

Z
t

−T=2
dt0

Z
t0

−T=2
dt00h0jGiaðT=2ÞϕabðT=2; tÞgBjbðtÞ

× gEkcðt0Þϕcdðt0; t00ÞgEleðt00Þϕfgðt00;−T=2ÞGmgð−T=2Þj0i; ð55Þ

ðUsso
EBEÞijklmdef ≡ lim

T→∞

ieiΛT

T

Z
T=2

−T=2
dt

Z
t

−T=2
dt0

Z
t0

−T=2
dt00h0jGiaðT=2ÞϕabðT=2; tÞgEjbðtÞ

× gBkcðt0Þϕcdðt0; t00ÞgEleðt00Þϕfgðt00;−T=2ÞGmgð−T=2Þj0i; ð56Þ

ðUsso
EEBÞijklmdef ≡ lim

T→∞

ieiΛT

T

Z
T=2

−T=2
dt

Z
t

−T=2
dt0

Z
t0

−T=2
dt00h0jGiaðT=2ÞϕabðT=2; tÞgEjbðtÞ

× gEkcðt0Þϕcdðt0; t00ÞgBleðt00Þϕfgðt00;−T=2ÞGmgð−T=2Þj0i: ð57Þ

The relevant gluonic correlators that correspond to diagram (f) in Fig. 2 are

ðUoss
BEEÞijklmbcd ≡ lim

T→∞

ieiΛT

T

Z
T=2

−T=2
dt

Z
t

−T=2
dt0

Z
t0

−T=2
dt00h0jGiaðT=2ÞϕabðT=2; tÞgBjcðtÞ

× ϕdeðt; t0ÞgEkeðt0ÞgElfðt00Þϕfgðt00;−T=2ÞGmgð−T=2Þj0i; ð58Þ

ðUoss
EBEÞijklmbcd ≡ lim

T→∞

ieiΛT

T

Z
T=2

−T=2
dt

Z
t

−T=2
dt0

Z
t0

−T=2
dt00h0jGiaðT=2ÞϕabðT=2; tÞgEjcðtÞ

× ϕdeðt; t0ÞgBkeðt0ÞgElfðt00Þϕfgðt00;−T=2ÞGmgð−T=2Þj0i; ð59Þ

ðUoss
EEBÞijklmbcd ≡ lim

T→∞

ieiΛT

T

Z
T=2

−T=2
dt

Z
t

−T=2
dt0

Z
t0

−T=2
dt00h0jGiaðT=2ÞϕabðT=2; tÞgEjcðtÞ

× ϕdeðt; t0ÞgEkeðt0ÞgBlfðt00Þϕfgðt00;−T=2ÞGmgð−T=2Þj0i: ð60Þ
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The relevant gluonic correlators that correspond to diagram (g) in Fig. 2 are

ðUooo
BEEÞijklmbcdefghpq ≡ lim

T→∞

ieiΛT

T

Z
T=2

−T=2
dt

Z
t

−T=2
dt0

Z
t0

−T=2
dt00h0jGiaðT=2ÞϕabðT=2; tÞgBjcðtÞ

× ϕdeðt; t0ÞgEkfðt0Þϕghðt0; t00ÞgElpðt00Þϕqrðt00;−T=2ÞGmrð−T=2Þj0i; ð61Þ

ðUooo
EBEÞijklmbcdefghpq ≡ lim

T→∞

ieiΛT

T

Z
T=2

−T=2
dt

Z
t

−T=2
dt0

Z
t0

−T=2
dt00h0jGiaðT=2ÞϕabðT=2; tÞgEjcðtÞ

× ϕdeðt; t0ÞgBkfðt0Þϕghðt0; t00ÞgElpðt00Þϕqrðt00;−T=2ÞGmrð−T=2Þj0i; ð62Þ

ðUooo
EEBÞijklmbcdefghpq ≡ lim

T→∞

ieiΛT

T

Z
T=2

−T=2
dt

Z
t

−T=2
dt0

Z
t0

−T=2
dt00h0jGiaðT=2ÞϕabðT=2; tÞgEjcðtÞ

× ϕdeðt; t0ÞgEkfðt0Þϕghðt0; t00ÞgBlpðt00Þϕqrðt00;−T=2ÞGmrð−T=2Þj0i: ð63Þ

In Eqs. (55) to (63), the correlators arise from insertions of three vertices, each being a singlet-octet or an octet-octet vertex,
with a chromoelectric field or a chromomagnetic field. Analogous to Eq. (45), we define the color combinations

ðÛEEÞijkl ≡ ðUoo
EEÞijklbcdefgd

bcddefg þ 4TF

Nc
ðUss

EEÞijkl; ð64Þ

ðÛBBaÞijkl ≡ ðUoo
BBÞijklbcdefgf

bcdfefg; ð65Þ

ðÛBBbÞijkl ≡ ðUoo
BBÞijklbcdefgh

bcdhegf þ 4TF

Nc
ðUss

BBÞijkl; ð66Þ

ðÛBDEÞijklm ≡ ðUoo
BDEÞijklmbcdefgh

bcdfefg; ð67Þ

ðÛDEBÞijklm ≡ ðUoo
DEBÞijklmbcdefgf

bcdhefg; ð68Þ

ðÛBEEÞijklm ≡ ðUooo
BEEÞijklmbcdefghpqh

bcddefgdhpq þ 4TF

Nc
ðUoss

BEEÞijklmbcd hbcd; ð69Þ

ðÛEBEÞijklm ≡ ðUooo
EBEÞijklmbcdefghpqd

bcdhefgdhpq; ð70Þ

ðÛEEBÞijklm ≡ ðUooo
EEBÞijklmbcdefghpqd

bcddefghhpq þ 4TF

Nc
ðUsso

EEBÞijklmdef hdef; ð71Þ

where habc is as defined below Eq. (43), dabc ≡ 1
2
ðhabc þ hacbÞ and fabc ¼ − i

2
ðhabc − hacbÞ. The tensors defined in

Eqs. (64)–(71) have the form Ûijkl or Ûijklm, which being rotationally invariant, have the tensor decompositions given by

Ûijkl ¼ ŨIδijδkl þ ŨIIδikδjl þ ŨIIIδilδjk; ð72Þ

Ûijklm ¼ Ũiεikmδjl þ Ũiiϵjlmδik þ Ũiiiϵjklδim þ Ũivϵijlδkm þ Ũvϵklmδij

þ Ũviϵjkmδil þ Ũviiϵiklδjm þ Ũviiiϵijkδlm þ Ũixϵijmδkl þ Ũxϵilmδjk: ð73Þ

The nonperturbative coefficients Vnpð0Þ
SK2 , Vnpð1Þ

SK , Vnpð0Þ
SKb , Vnpð0Þ

SLa , Vnpð0Þ
SLb , Vnpð0Þ

SLc , Vnpð0Þ
S2 , and Vnpð0Þ

S12b
are then given by

Vnpð0Þ
SK2 ¼ cs

4
ŨI

EE; ð74Þ

Vnpð1Þ
SK ¼ cF

8
½−ðŨi

EBE þ 2Ũix
EBEÞ − 2ðŨi

BEE þ Ũix
BEE þ Ũx

BEEÞ þ ðŨi
BDE þ Ũix

BDE þ Ũx
BDEÞ�; ð75Þ
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Vnpð0Þ
SKb ¼cF

16
½2ðŨv

EBE−Ũvi
EBEþ2Ũix

EBEÞ
þ2ð2Ũi

BEEþŨii
BEE−Ũiv

BEEþŨvi
BEE−Ũviii

BEEþ2Ũx
BEEÞ

−ð2Ũi
BDEþŨii

BDE−Ũiv
BDEþŨvi

BDE−Ũviii
BDEþ2Ũx

BDEÞ�;
ð76Þ

Vnpð0Þ
SLa ¼ 1

4
½cFŨIII

BBa − csŨIII
EE�; ð77Þ

Vnpð0Þ
SLb ¼ cF

4
ŨI

BBa; ð78Þ

Vnpð0Þ
SLc ¼ −

cs
4
ŨI

EE; ð79Þ

Vnpð0Þ
S2

¼ c2F
4
ŨIII

BBb; ð80Þ

Vnpð0Þ
S12b

¼ c2F
2
ŨI

BBb: ð81Þ

In the derivation of Eqs. (74)–(81), identities for the gluonic
correlators in Eqs. (49)–(63) derived from discrete sym-
metries are used, which are summarized in Appendix A.
Note that some of the components in Eqs. (72)–(73) do not
appear in Eqs. (74)–(81) since they can be related to the
other components through the discrete symmetry relations
of Appendix A. From Eqs. (48) and (74)–(81), we see that
the VnpðjÞ

i ’s are products of a perturbative NRQCD match-
ing coefficient cF or cS, for which we know the dependence
on the heavy-quark flavor, and a nonperturbative purely
gluonic correlator, which is independent of the heavy-quark
flavor.

IV. SPIN SPLITTINGS IN THE
HYBRID SPECTRA

We obtain the spin-dependent contributions to the
quarkonium hybrid spectrum by applying time-indepen-
dent perturbation theory to the spin-dependent potentials in
Eqs. (29)–(30). We carry out perturbation theory to second

order for the terms Vnpð0Þ
SK þ Vnpð0Þ

SK2

m in Eqs. (29) and (34), and

to first order for the Vnpð1Þ
SK -term and the Vnpð0Þ

SKb -term in
Eqs. (29), (34) and (35) and the 1=m2-suppressed operators
in Eqs. (30), (36)–(41).
The zeroth-order wave functions are obtained following

the procedure described in Ref. [15], by solving the
coupled Schrödinger equations involving the potentials

Vð0Þ
Σ−
u
ðrÞ and Vð0Þ

Πu
ðrÞ generated by the 1þ− gluelump at short

distances. The Schrödinger wave functions ðΨNjmjlsÞλðr; tÞ
are related to the field operator Ψ̂λðr;R; tÞ by

ðΨNjmjlsÞλðr; tÞ ¼ h0jΨ̂λðr;R ¼ 0; tÞjNjmjlsi: ð82Þ

There are two types of solutions corresponding to states

with opposite parity ðΨNjmjls
þ Þλ and ðΨNjmjls

− Þλ7:

ΨNjmjls
þ ðrÞ ¼

X
mlms

C
jmj

lmlsms

0
BBBBB@

ψ ðNÞ
0 ðrÞv0lml

ðθ;ϕÞ
1ffiffi
2

p ψ ðNÞ
þ ðrÞvþ1

lml
ðθ;ϕÞ

1ffiffi
2

p ψ ðNÞ
þ ðrÞv−1lml

ðθ;ϕÞ

1
CCCCCAχsms

;

ð83Þ

ΨNjmjls
− ðrÞ ¼

X
mlms

C
jmj

lmlsms

0
BB@

0

1ffiffi
2

p ψ ðNÞ
− ðrÞvþ1

lml
ðθ;ϕÞ

− 1ffiffi
2

p ψ ðNÞ
− ðrÞv−1lml

ðθ;ϕÞ

1
CCAχsms

;

ð84Þ

where the components from top to bottom correspond to
λ ¼ 0;þ1;−1. We define L ¼ LQQ̄ þ K, the sum of the
orbital angular momentum of the heavy-quark-antiquark
pair and the angular momentum of the gluelump, and
J ¼ Lþ S, the spin of the quarkonium hybrid. The
quantum numbers are as follows: lðlþ 1Þ is the eigen-
value of L2, jðjþ 1Þ and mj the eigenvalues of J2 and J3
respectively, and sðsþ 1Þ the eigenvalue of S2. Cjmj

lmlsms
are

the Clebsch-Gordan coefficients. The angular eigenfunc-
tions vλlml

are generalizations of the spherical harmonics
for systems with cylindrical symmetry. Their derivation
can be found in textbooks such as Ref. [35]. The χsms

are
the spin wave functions. The radial wave functions

ψ ðNÞ
0 ;ψ ðNÞ

þ ;ψ ðNÞ
− are obtained numerically by solving the

coupled Schrödinger equations, with N labeling the
radially excited states.
The angular wave functions vλlml

are eigenfunctions of L2

and not of L2
QQ̄. As a result, the evaluation of matrix

elements of operators involving LQQ̄ is not totally straight-
forward. The details of the calculation of these matrix
elements can be found in Appendix C. We will present the
results for the four lowest-lying spin multiplets shown in
Table I. Matrix elements of the spin-dependent operators in
Eqs. (29) and (30) for the angular part of the wave functions
of the states in Table I are listed in Appendix D. The eight

nonperturbative parameters Ṽnpð0Þ
SK ≡ Vnpð0Þ

SK þ Vnpð0Þ
SK2
m , Vnpð1Þ

SK ,

Vnpð0Þ
SKb , Vnpð0Þ

SLa , Vnpð0Þ
SLb , Vnpð0Þ

SLc , Vnpð0Þ
S2

, and Vnpð0Þ
S12b

that appear
in the spin-dependent potentials Eqs. (34)–(41) are
obtained by fitting the spin splittings to corresponding
splittings from the lattice determinations of the charmo-
nium hybrid spectrum. Two sets of lattice data from the

7Note that the sign in the subindex refers to relative sign of the
λ ¼ þ1 and λ ¼ −1 components and not to the parity of the state
which depends also on l [15].
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Hadron Spectrum Collaboration have been used, one set
from Ref. [36] with a pion mass of mπ ≈ 400 MeV and a
more recent set from Ref. [37] with a pion mass of
mπ ≈ 240 MeV. We take the values mRS

c ð1 GeVÞ ¼
1.477 GeV [38] and αs at 4-loops with three light flavors,
αsð2.6 GeVÞ ¼ 0.26. In the fit the lattice data is weighed
by ðΔ2

lattice þ Δ2
high-orderÞ−1=2, where Δlattice is the uncer-

tainty of the lattice data and Δhigh-order ¼ ðmlattice −
mlattice spin-averageÞ × ΛQCD=m is the estimated error due to

higher-order terms in the potential. The VnpðjÞ
i ’s in units of

their natural size as powers ofΛQCD are introduced to the fit
through a prior. We take ΛQCD ¼ 0.5 GeV. The results of
the fit are shown in Figs. 3 and 4 for the lattice data
of Refs. [36,37] respectively, and the obtained values
of the nonperturbative matching coefficients are shown

in Table II. Each panel in Figs. 3 and 4 corresponds to one
of the multiplets of Table I. The purple boxes indicate the
lattice results: the middle line corresponds to the mass of
the state obtained from the lattice and the height of the box
corresponds to the uncertainty. The red dashed line indi-
cates the spin average mass of the lattice results. The green
boxes correspond to the contribution to the spin splittings
from the perturbative contributions to Eqs. (34)–(41), i.e,
the contributions from the spin-dependent terms of the
octet potential in Eqs. (7)–(9). The height of the green box
(Δp) is an estimate on the uncertainty given by the
parametric size of higher order corrections, Oðmα5sÞ, to
the potentials in Eqs. (7)–(9). The blue boxes are the full
results including the nonperturbative contributions after
fitting the eight nonperturbative parameters to the lattice
data. The height of the blue box corresponds to the
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FIG. 3. Spectrum of the four lowest-lying charmonium hybrid multiplets. The lattice results from Ref. [36] with mπ ≈ 400 MeV are
plotted in purple. In green we plotted the perturbative contributions to the spin-dependent operators in Eq. (30) added to the spin average
of the lattice results (red dashed line). In blue we show the full result of the spin-dependent operators of Eqs. (29)–(30) including
perturbative and nonperturbative contributions. The unknown nonperturbative matching coefficients are fitted to reproduce the lattice
data. The height of the boxes indicate the uncertainty as detailed in the text.
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uncertainty of the full result. This uncertainty is given
by Δfull ¼ ðΔ2

p þ Δ2
np þ Δ2

fitÞ1=2, where the uncertainty
of the nonperturbative contribution Δnp is estimated to
be of parametric size of higher order corrections,
OðΛQCDðΛQCD=mÞ3Þ, to the matching coefficients. Δfit is
the statistical error of the fit. For the fits to both sets of

lattice data, the resulting χ2=d:o:f: for the eight VnpðjÞ
i ’s is

0.999. It should be noted that the leading contribution

Vnpð0Þ
SK has the most dominant effect.
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FIG. 4. Spectrum of the four lowest-lying charmonium hybrid multiplets. Same as in Fig. 3, except using the lattice results from
Ref. [37] with mπ ≈ 240 MeV.

TABLE I. Lowest-lying quarkonium hybrid multiplets.

Multiplet l JPC (s ¼ 0) JPC (s ¼ 1)

H1 1 1−− ð0; 1; 2Þ−þ
H2 1 1þþ ð0; 1; 2Þþ−

H3 0 0þþ 1þ−

H4 2 2þþ ð1; 2; 3Þþ−

TABLE II. Nonperturbative matching coefficients determined by
fitting charmonium hybrid spectrum obtained from the hybrid
BOEFT to the lattice spectrum from the Hadron Spectrum Col-
laboration data ofRefs. [36,37]with pionmasses ofmπ ≈ 400 MeV
and mπ ≈ 240 MeV respectively. The matching coefficients are
normalized to their parametric natural size. We take the value
ΛQCD ¼ 0.5 GeV.

Ref. [36] Ref. [37]

Ṽnpð0Þ
SK =Λ2

QCD
þ1.50 þ1.03

Vnpð1Þ
SK =Λ4

QCD
−0.65 −0.51

Vnpð0Þ
SKb =Λ4

QCD
þ0.22 þ0.28

Vnpð0Þ
SLa =Λ3

QCD
þ0.81 −1.32

Vnpð0Þ
SLb =Λ3

QCD
þ1.18 þ2.44

Vnpð0Þ
SLc =Λ3

QCD
þ0.75 þ0.87

Vnpð0Þ
S2

=Λ3
QCD

−0.26 −0.33

Vnpð0Þ
S12b

=Λ3
QCD

þ0.69 −0.39
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An interesting feature is that for the spin triplets, the
value of the perturbative contributions decreases with J.
This trend is opposite to that of the lattice results. This
discrepancy can be reconciled thanks to the nonperturbative
contributions, in particular due to the contribution from

Vnpð0Þ
SK , which is only suppressed by 1=m, and has no

perturbative counterpart. A consequence of the countervail
of the perturbative contribution is a relatively large uncer-
tainty on the full result with respect to its absolute value
caused by a large nonperturbative contribution. Due to this
uncertainty the mass hierarchies among the spin-triplet
states of the multiplets H2 and H4 are not firmly deter-
mined. This is reflected on the change of the mass
hierarchies for the central values of the lattice data from
Ref. [36] to Ref. [37].

All the dependence on the heavy-quark mass of the

VnpðjÞ
i ’s in Eqs. (48) and (74)–(81) is encoded in the

NRQCD matching coefficients cF and cs. At leading order
in αs these coefficients are known to be equal to 1 and the
dependence on the heavy-quark mass only appears when
the next-to-leading order is considered [25]. Hence, at the
order we are working, only the heavy-quark mass depend-
ence of cF in Eq. (48) is relevant. We use the one-loop
expression of cF in Eq. (48), with the renormalization scale
set as the heavy-quark mass. Taking this mass dependence
into account, we can use the set of nonperturbative
parameters to predict the spin contributions in the botto-
monium hybrid sector, for which lattice determinations are
yet not available due to their larger difficulty compared to
the charm sector.
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FIG. 5. Spectrum of the four lowest-lying bottomonium hybrids computed by adding the spin-dependent contributions from
Eqs. (34)–(41) to the spectrum obtained in Ref. [15]. The values of nonperturbative contribution to the matching coefficients are
determined from the fit of the charmonium hybrids spectrum obtained from the BOEFT to the lattice data of Ref. [36] shown in Fig. 3.
The average mass for each multiplet is shown as a red dashed line. The results with only the perturbative contributions and the full results
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detailed in the text.

BRAMBILLA, LAI, SEGOVIA, and TARRÚS CASTELLÀ PHYS. REV. D 101, 054040 (2020)
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Wecompute the bottomoniumhybrids spectrumby adding
the spin-dependent contributions from Eqs. (34)–(41) to the
spectrum obtained in Ref. [15]. We show the results thus
obtained in Figs. 5 and 6 for the values in the second and third
columns of Table II respectively. We use the value of the
bottom mass mRS

b ð1GeVÞ ¼ 4.863 GeV.

V. CONCLUSIONS

The spin-dependent operators for heavy quarkonium
hybrids up to order 1=m2 were presented in Ref. [19].
The most prominent feature is the appearance of two spin-
dependent operators already at order 1=m, unlike standard
quarkonia, in which case the spin-dependent operators
appear at order 1=m2. These operators, in Eq. (29), couple
the total spin of the heavy-quark-antiquark pair with the
spin of the gluonic degrees of freedom that generates the
hybrid state. At order 1=m2, we have the spin-orbit, total

spin squared, and tensor spin operators familiar in the
studies of standard quarkonia. In addition, three new
operators appear at order 1=m2, which involve the projec-
tion operators that project the gluonic degrees of freedom
onto representations of D∞h, and can be viewed as
generalizations of the spin-orbit and tensor spin operators
to hybrid states. All the 1=m2 spin-dependent operators are
shown in Eq. (30). The structure of the spin-dependent
operators is valid for both r ≪ 1=ΛQCD and r ∼ 1=ΛQCD,
however the power counting and the form of the potentials
are different in these two regimes. Here we have explicitly
worked out the case r ≪ 1=ΛQCD.
In the short heavy-quark-antiquark distance regime,

r ≪ 1=ΛQCD, the matching coefficients, i.e., the potentials,
of the spin-dependent operators of the BOEFT, the EFT for
hybrids, are obtained by matching the two-point functions
for the hybrid states in weakly coupled pNRQCD and the
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FIG. 6. Spectrum of the four lowest-lying bottomonium hybrids computed by adding the spin-dependent contributions from
Eqs. (34)–(41) to the spectrum obtained in Ref. [15]. Same as in Fig. 5, except using the result of the fit in Fig. 4 with the lattice data from
Ref. [37].
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BOEFT. Two types of contributions arise. The perturbative
one correspond to the spin-dependent terms of the octet
potential, Eqs. (7)–(9), and are generated when the soft
scale is integrated out and NRQCD matched to pNRQCD,
which we review in Sec. II A. The nonperturbative con-
tribution can be organized as a polynomial series in r2 with
coefficients encoding the gluon dynamics. In this paper,
we present the expressions for these coefficients, Eqs. (48)
and (74)–(81), in terms of integrals over the insertion time
of chromoelectric or chromomagnetic fields in gauge
invariant correlators of the gluonic degrees of freedom,
Eqs. (43) and (49)–(63). In these nonperturbative contri-
butions, the dependence on heavy-quark mass appears only
in NRQCD matching coefficients, such as cF and cs, and is
factored out from the gluonic correlators. The details of the
calculation can be found in Sec. III and Appendix B. To
reduce the two-point function in pNRQCD to a form
matching the one in the BOEFT, it is necessary to use
relations between different gluonic correlators derived from
the transformation properties of the gluon fields under C, P
and T. These relations can be found in Appendix A.
The values of the nonperturbative contributions can be

obtained by evaluating on the lattice the gluonic correlators
we provide. These computations are at the moment not
available. Nevertheless, these values can be estimated by
comparing with direct lattice computations of the hybrid
charmonium spectrum. To do so, we compute the contri-
butions of the spin-dependent operators to the hybrid
spectrum toOðΛ3

QCD=m
2Þ using standard time-independent

perturbation theory in Sec. IV. We have used the charmo-
nium hybrid spectrum computed on the lattice by the
Hadron Spectrum Collaboration in Refs. [36,37] and fit the
values of the nonperturbative contributions to the matching
coefficients to reproduce the lattice spectrum. The results
are shown in Figs. 3 and 4 and Table II. We found that it is
possible to reproduce the lattice data of the charmonium
hybrid spectrum with nonperturbative matching coeffi-
cients of natural sizes. The values of the pion mass utilized
in Refs. [36,37] are mπ ≈ 400 MeV and mπ ≈ 240 MeV
respectively. The variation of the values of the nonpertur-
bative matching coefficients obtained by the fits for the
two lattice datasets can be tentatively attributed to the
light-quark mass dependence of the gluon correlators, in
particular for the matching coefficient of the leading spin-

dependent operator Vnpð0Þ
SK .

Finally, we have taken advantage of the fact that the
gluonic correlators are independent of the heavy-quark
flavor to compute the mass spin splittings for the botto-
monium hybrid spectrum. The results are shown in Figs. 6
and 5. The bottomonium hybrid spectrum including spin-
dependent contributions has not yet been computed on the
lattice.8 Calculations of the bottomonium hybrid spectrum
on the lattice are difficult due to the widely separated scales

of the system, i.e., the bottom-quark mass being much
larger than ΛQCD. Therefore, precision calculations of the
bottomonium hybrid spectrum on the lattice would require
both large volume and small lattice spacing, which is
computationally challenging. On the other hand, an EFT
approach can take advantage of the samewide separation of
scales and is, like lattice QCD, a model-independent
approach rooted in QCD. Combining both approaches
opens a promising path towards the understanding of exotic
quarkonia.
The impact of this calculation is manifold. First, as

observed above, the spin dependence of the operators for
quarkonium hybrids is significantly different from that for
standard quarkonia. This has an important impact on the
phenomenological calculation. Second, we have obtained
for the first time the expressions of the nonperturbative
contributions to the spin-dependent potential for quarko-
nium hybrids in terms of gauge-invariant correlators
depending only on the gluonic degrees of freedom, which
are suitable for computation on the lattice or evaluation in
QCD vacuum models. The technology to calculate these
correlators in lattice QCD already exists [34,40–43] and
could be readily applied. Third, we emphasize that the
obtained nonperturbative correlators depend only on the
gluonic degrees of freedom and not on the heavy-quark
flavor. This allows us to extract the unknown nonpertur-
bative parameters in the spin-dependent potential from the
charmonium hybrid spectrum and use them for bottomo-
nium hybrids. Finally, since the BOEFT can be generalized
to considering also light quarks as the light degrees of
freedom [18], the spin-dependent operators will likely have
similar characteristics also in that case. Therefore, we
supply the full list of matrix elements of the spin-dependent
operators in Appendix D to facilitate applications to the
spectrum of XYZ states for phenomenologists and model
builders. Since most of the phenomenological applications
for XYZ states up to date either do not contain such spin-
dependent terms or construct them in a way inspired by the
traditional quarkonium case, we believe that this result can
prove to be very useful.
The next step forward in the BOEFT framework will

be to release the assumption mv ≫ ΛQCD we used in this
paper, and work out the spin-dependent corrections using
only the hierarchy ΛQCD ≫ mv2 underlying the Born-
Oppenheimer approximation [20]. In this case the spin
decomposition of the potential will be the same as
obtained here but the actual form of the r-dependent
potentials will be given in terms of generalized Wilson
loops. This is analogous to the computation of the spin-
dependent potential for traditional quarkonia as gener-
alized Wilson loops in strongly coupled pNRQCD [44–
46] which was later used by lattice groups to obtain the
form of the nonperturbative spin-dependent potentials
[47–49] and can be addressed with the technology
developed in [9,33,34].8In Ref. [39] three states were identified as hybrids.
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APPENDIX A: IDENTITIES FOR GLUONIC
CORRELATORS FROM C, P, T

In this Appendix, we list the identities derived from the
transformation properties of the fields in the correlators in
Eqs. (43) and (49)–(63) under C, P, T that have been used
in the matching calculation of the spin-dependent BOEFT
potentials, shown in detail in Sec. III and Appendix B.
Under C, P, T, the operators EiaðR; tÞ, BiaðR; tÞ, and

ϕabðR; t; t0Þ transform as

CEiaðR; tÞC−1 ¼ −ð−ÞaEiaðR; tÞ; ðA1Þ

CBiaðR; tÞC−1 ¼ −ð−ÞaBiaðR; tÞ; ðA2Þ

CϕabðR; t; t0ÞC−1 ¼ ð−ÞaϕabðR; t; t0Þð−Þb; ðA3Þ

PEiaðR; tÞP−1 ¼ −Eiað−R; tÞ; ðA4Þ

PBiaðR; tÞP−1 ¼ Biað−R; tÞ; ðA5Þ

PϕabðR; t; t0ÞP−1 ¼ ϕabð−R; t; t0Þ; ðA6Þ

TEiaðR; tÞT−1 ¼ ð−ÞaEiaðR;−tÞ; ðA7Þ

TBiaðR; tÞT−1 ¼ −ð−ÞaBiaðR;−tÞ; ðA8Þ

TϕabðR; t; t0ÞT−1 ¼ ð−Þbϕba†ðR;−t0;−tÞð−Þa; ðA9Þ

where ð−Þa ≡ 1 for a ¼ 1, 3, 4, 6, 8 and ð−Þa ≡ −1 for
a ¼ 2, 5, 7. For κ ¼ 1þ−, the gluelump operator GiaðR; tÞ
transforms under C, P, T as

CGiaðR; tÞC−1 ¼ −ð−ÞaGiaðR; tÞ; ðA10Þ

PGiaðR; tÞP−1 ¼ Giað−R; tÞ; ðA11Þ

TGiaðR; tÞT−1 ¼ −ð−ÞaGiaðR;−tÞ: ðA12Þ

Inserting the identity operator C−1C between the fields in
the correlators in Eqs. (43) and (51)–(63) and assuming C
invariance of the vacuum give

ðUBÞijkbcdTb
αβT

c
γδT

d
ρσ ¼ −ðUBÞijkbcdðTbÞTαβðTcÞTγδðTdÞTρσ; ðA13Þ

ðUoo
EEÞijklbcdefgT

b
αβT

c
γδT

d
ρσTe

ητT
f
ωκT

g
μν ¼ ðUoo

EEÞijklbcdefgðTbÞTαβðTcÞTγδðTdÞTρσðTeÞTητðTfÞTωκðTgÞTμν; ðA14Þ

ðUoo
BBÞijklbcdefgT

b
αβT

c
γδT

d
ρσTe

ητT
f
ωκT

g
μν ¼ ðUoo

BBÞijklbcdefgðTbÞTαβðTcÞTγδðTdÞTρσðTeÞTητðTfÞTωκðTgÞTμν; ðA15Þ

ðUoo
BDEÞijklmbcdefgT

b
αβT

c
γδT

d
ρσTe

ητT
f
ωκT

g
μν ¼ ðUoo

BDEÞijklmbcdefgðTbÞTαβðTcÞTγδðTdÞTρσðTeÞTητðTfÞTωκðTgÞTμν; ðA16Þ

ðUoo
DEBÞijklmbcdefgT

b
αβT

c
γδT

d
ρσTe

ητT
f
ωκT

g
μν ¼ ðUoo

DEBÞijklmbcdefgðTbÞTαβðTcÞTγδðTdÞTρσðTeÞTητðTfÞTωκðTgÞTμν; ðA17Þ

ðUsso
BEEÞiljmk

def Td
αβT

e
γδT

f
ρσ ¼ −ðUsso

BEEÞiljmk
def ðTdÞTαβðTeÞTγδðTfÞTρσ; ðA18Þ

ðUsso
EBEÞiljmk

def Td
αβT

e
γδT

f
ρσ ¼ −ðUsso

EBEÞiljmk
def ðTdÞTαβðTeÞTγδðTfÞTρσ; ðA19Þ

ðUsso
EEBÞiljmk

def Td
αβT

e
γδT

f
ρσ ¼ −ðUsso

EEBÞiljmk
def ðTdÞTαβðTeÞTγδðTfÞTρσ; ðA20Þ

ðUoss
BEEÞiljmk

bcd Tb
αβT

c
γδT

d
ρσ ¼ −ðUoss

BEEÞiljmk
bcd ðTbÞTαβðTcÞTγδðTdÞTρσ; ðA21Þ

ðUoss
EBEÞiljmk

bcd Tb
αβT

c
γδT

d
ρσ ¼ −ðUoss

EBEÞiljmk
bcd ðTbÞTαβðTcÞTγδðTdÞTρσ; ðA22Þ
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ðUoss
EEBÞiljmk

bcd Tb
αβT

c
γδT

d
ρσ ¼ −ðUoss

EEBÞiljmk
bcd ðTbÞTαβðTcÞTγδðTdÞTρσ; ðA23Þ

ðUooo
BEEÞiljmk

bcdefghpqT
b
αβT

c
γδT

d
ρσTe

ητT
f
ωκT

g
μνTh

ϵδT
p
λξT

q
ψχ

¼ −ðUooo
BEEÞiljmk

bcdefghpqðTbÞTαβðTcÞTγδðTdÞTρσðTeÞTητðTfÞTωκðTgÞTμνðThÞTϵδðTpÞTλξðTqÞTψχ ; ðA24Þ

ðUooo
EBEÞiljmk

bcdefghpqT
b
αβT

c
γδT

d
ρσTe

ητT
f
ωκT

g
μνTh

ϵδT
p
λξT

q
ψχ

¼ −ðUooo
EBEÞiljmk

bcdefghpqðTbÞTαβðTcÞTγδðTdÞTρσðTeÞTητðTfÞTωκðTgÞTμνðThÞTϵδðTpÞTλξðTqÞTψχ ; ðA25Þ

ðUooo
EEBÞiljmk

bcdefghpqT
b
αβT

c
γδT

d
ρσTe

ητT
f
ωκT

g
μνTh

ϵδT
p
λξT

q
ψχ

¼ −ðUooo
EEBÞiljmk

bcdefghpqðTbÞTαβðTcÞTγδðTdÞTρσðTeÞTητðTfÞTωκðTgÞTμνðThÞTϵδðTpÞTλξðTqÞTψχ : ðA26Þ

From Eqs. (A13)–(A26), taking appropriate summations on
the fundamental color indices, and utilizing the cyclic
symmetry and the total symmetry of indices of habc and
dabc respectively, we have

ðUBÞijkbcdhbcd ¼ −ðUBÞijkbcdhbdc; ðA27Þ

ðUoo
EEÞijklbcdefgh

bcdhefg ¼ ðUoo
EEÞijklbcdefgh

bdchegf; ðA28Þ

ðUoo
EEÞijklbcdefgh

bcdhegf ¼ ðUoo
EEÞijklbcdefgh

bdchefg; ðA29Þ

ðUoo
BBÞijklbcdefgh

bcdhefg ¼ ðUoo
BBÞijklbcdefgh

bdchegf; ðA30Þ

ðUoo
BBÞijklbcdefgh

bcdhegf ¼ ðUoo
BBÞijklbcdefgh

bdchefg; ðA31Þ

ðUoo
BDEÞijklmbcdefgh

bcdfefg ¼ ðUoo
BDEÞijklmbcdefgh

bdcfegf; ðA32Þ

ðUoo
DEBÞijklmbcdefgf

bcdhefg ¼ ðUoo
DEBÞijklmbcdefgf

bdchegf; ðA33Þ

ðUsso
BEEÞijklmdef ddef ¼ 0; ðA34Þ

ðUsso
EBEÞijklmdef ddef ¼ 0; ðA35Þ

ðUoss
EBEÞijklmbcd dbcd ¼ 0; ðA36Þ

ðUoss
EEBÞijklmbcd dbcd ¼ 0: ðA37Þ

ðUsso
EEBÞijklmdef hdef ¼ −ðUsso

EEBÞijklmdef hdfe; ðA38Þ

ðUoss
BEEÞijklmbcd hbcd ¼ −ðUoss

BEEÞijklmbcd hbdc; ðA39Þ

ðUooo
BEEÞijklmbcdefghpqh

bcddefgdhpq ¼ −ðUooo
BEEÞijklmbcdefghpqh

bdcdefgdhpq; ðA40Þ

ðUooo
EBEÞijklmbcdefghpqd

bcdhefgdhpq ¼ −ðUooo
EBEÞijklmbcdefghpqd

bcdhegfdhpq; ðA41Þ

ðUooo
EEBÞijklmbcdefghpqd

bcddefghhpq ¼ −ðUooo
EEBÞijklmbcdefghpqd

bcddefghhqp: ðA42Þ

Inserting the identity operator T−1T between the fields in the correlators in Eqs. (53), (58), (61), and (62) and assuming T
invariance of the vacuum give

ðUoo
BDEÞijklmbcdefgT

b
αβT

c
γδT

d
ρσTe

ητT
f
ωκT

g
μν ¼ −ðUoo

DEBÞmklji
gfedcbðTbÞTαβðTcÞTγδðTdÞTρσðTeÞTητðTfÞTωκðTgÞTμν; ðA43Þ

ðUoss
BEEÞiljmk

def Td
αβT

e
γδT

f
ρσ ¼ −ðUsso

EEBÞkmjli
fed ðTdÞTαβðTeÞTγδðTfÞTρσ; ðA44Þ

ðUooo
BEEÞiljmk

bcdefghpqT
b
αβT

c
γδT

d
ρσTe

ητT
f
ωκT

g
μνTh

ϵδT
p
λξT

q
ψχ

¼ −ðUooo
EEBÞkmjli

qphgfedcbðTbÞTαβðTcÞTγδðTdÞTρσðTeÞTητðTfÞTωκðTgÞTμνðThÞTϵδðTpÞTλξðTqÞTψχ ; ðA45Þ

ðUooo
EBEÞiljmk

bcdefghpqT
b
αβT

c
γδT

d
ρσTe

ητT
f
ωκT

g
μνTh

ϵδT
p
λξT

q
ψχ

¼ − ðUooo
EBEÞkmjli

qphgfedcbðTbÞTαβðTcÞTγδðTdÞTρσðTeÞTητðTfÞTωκðTgÞTμνðThÞTϵδðTpÞTλξðTqÞTψχ : ðA46Þ
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From Eqs. (A43)–(A46), taking appropriate summations on
the fundamental color indices, and utilizing the cyclic
symmetry and the total symmetry of indices of habc and
dabc respectively, we have

ðUoo
BDEÞijklmbcdefgh

bcdfefg ¼ −ðUoo
DEBÞmklji

bcdefgf
bcdhefg; ðA47Þ

ðUoss
BEEÞijklmbcd hbcd ¼ −ðUsso

EEBÞmlkji
def hdef; ðA48Þ

ðUooo
BEEÞijklmbcdefghpqh

bcddefgdhpq

¼ −ðUooo
EEBÞmlkji

bcdefghpqd
bcddefghhpq; ðA49Þ

ðUooo
EBEÞijklmbcdefghpqd

bcdhefgdhpq

¼ −ðUooo
EBEÞmlkji

bcdefghpqd
bcdhefgdhpq; ðA50Þ

which imply that the tensor components [Eq. (73)] of
ðÛBDEÞijklm, ðÛDEBÞijklm, ðÛBEEÞijklm, ðÛEBEÞijklm, and
ðÛEEBÞijklm in Eqs. (67)–(71) satisfy

Ũi
BDE ¼ Ũix

DEB; Ũ
ii
BDE ¼ Ũvii

DEB;

Ũiii
BDE ¼ Ũiii

DEB; Ũ
iv
BDE ¼ Ũv

DEB;

Ũv
BDE ¼ −Ũviii

DEB; Ũ
vi
BDE ¼ Ũiv

DEB;

Ũvii
BDE ¼ −Ũvi

DEB; Ũ
viii
BDE ¼ Ũii

DEB;

Ũix
BDE ¼ Ũx

DEB; Ũ
x
BDE ¼ Ũi

DEB; ðA51Þ

Ũii
EBE ¼ Ũiv

EBE; Ũ
v
EBE ¼ Ũviii

EBE;

Ũvi
EBE ¼ Ũvii

EBE; Ũ
ix
EBE ¼ Ũx

EBE; ðA52Þ

and

Ũi
BEE ¼ Ũi

EEB; Ũ
ii
BEE ¼ Ũiv

EEB;

Ũiii
BEE ¼ Ũiii

EEB; Ũ
iv
BEE ¼ Ũii

EEB;

Ũv
BEE ¼ Ũviii

EEB; Ũ
vi
BEE ¼ Ũvii

EEB;

Ũvii
BEE ¼ Ũvi

EEB; Ũ
viii
BEE ¼ Ũv

EEB;

Ũix
BEE ¼ Ũx

EEB; Ũ
x
BEE ¼ Ũix

EEB: ðA53Þ

Inserting the identity operator P−1P between the fields in
the correlators ðUss

EEÞijkl, ðUoo
EEÞijklbcdefg, ðUss

BBÞijkl, and

ðUoo
BBÞijklbcdefg, and assuming P invariance of the vacuum give

r̂i†þ r̂lþðUss
EEÞijkl ¼ r̂i†− r̂l−ðUss

EEÞijkl; ðA54Þ
r̂i†þ r̂lþðUoo

EEÞijklbcdefg ¼ r̂i†− r̂l−ðUoo
EEÞijklbcdefg; ðA55Þ

r̂i†þ r̂lþðUss
BBÞijkl ¼ r̂i†− r̂l−ðUss

BBÞijkl; ðA56Þ

r̂i†þ r̂lþðUoo
BBÞijklbcdefg ¼ r̂i†− r̂l−ðUoo

BBÞijklbcdefg: ðA57Þ

Then, using that r̂†� ¼ −r̂∓ and δij ¼ P
λ r̂

†i
λ r̂

j
λ, together

with Eqs. (A54)–(A57), we can derive that the tensor
components in Eq. (72) satisfy

ŨI
EE¼ ŨII

EE; ŨI
BBa¼ ŨII

BBa; ŨI
BBb¼ ŨII

BBb: ðA58Þ

APPENDIX B: MATCHING WEAKLY COUPLED
pNRQCD TO THE BOEFT

In this Appendix, we show the derivations of Eqs. (74)–
(81) in detail. Consider diagram (d) in Fig. 2, with insertion
of one cF vertex and one LQQ̄ · B vertex. Its contribution to
δVλλ0 is given by9

δVcF;L·B
λλ0 ¼ −

cF
16m2

r̂i†λ ðUoo
BBÞijklbcdefg½Sj1Lk

QQ̄ðhbcdhefg − hbcdhegfÞ þ Lj
QQ̄S

k
1ðhbcdhefg − hbdchefgÞ

þ Sj2L
k
QQ̄ðhbdchegf − hbdchefgÞ þ Lj

QQ̄S
k
2ðhbdchegf − hbcdhegfÞ�r̂lλ0 : ðB1Þ

Similar to Eqs. (72) and (A58), rotational invariance and parity imply that the coefficients ðUoo
BBÞijklbcdefgðhbcdhefg − hbdchefgÞ

and ðUoo
BBÞijklbcdefgðhbdchegf−hbcdhegfÞ in Eq. (B1) have tensor decomposition of the form Ûijkl¼ŨIðδijδklþδikδjlÞþ

ŨIIIδilδjk, and thus is symmetric in the indices jk. Therefore, Eq. (B1) becomes

δVcF;L·B
λλ0 ¼−

cF
16m2

r̂i†λ ðUoo
BBÞijklbcdefg½Sj1Lk

QQ̄ð2hbcdhefg−hbcdhegf−hbdchefgÞþSj2L
k
QQ̄ð2hbdchegf−hbcdhegf−hbdchefgÞ�r̂lλ0 ;

ðB2Þ

which with Eqs. (A30) and (65) is simplified to

9Note that in deriving Eq. (B2), exponential factors of the form e−ihoðT=2−tÞ, e−ihoðt−t0Þ, and e−ihoðt0þT=2Þ originating from the octet-field
propagators are approximated by 1, as justified by the fact that ho ∼mv2, T ∼ 1=ΛQCD, and ΛQCD ≫ mv2. Similar approximations are
used in deriving Eqs. (B5), (B8), (B12) and (B18)–(B26).
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δVcF;L·B
λλ0 ¼ cF

4m2
r̂i†λ ðÛBBaÞijklSjLk

QQ̄r̂
l
λ0 : ðB3Þ

With the tensor decomposition Eq. (72) and Eq. (A58), Eq. (B3) becomes

δVcF;L·B
λλ0 ¼ cF

4m2
ŨIII

BBaðr̂i†λ LQQ̄r̂
i
λ0 Þ · Sþ cF

4m2
ŨI

BBar̂
i†
λ ðLi

QQ̄S
j þ SiLj

QQ̄Þr̂
j
λ0 : ðB4Þ

Consider diagrams (c) and (d) in Fig. 2, with insertion of one cs vertex and one r · E vertex. Its contribution to δVλλ0 is
given by

δVcs;r·E
λλ0 ¼ −

cs
2m2

r̂i†λ

�
TF

Nc
ðUss

EEÞijkl½ðp × SÞjrk þ rjðp × SÞk� þ ðUoo
EEÞijklbcdefg

4
½ðp × S1Þjrkhbcddefg þ ðp × S2Þjrkhbdcdefg

þ rjðp × S1Þkdbcdhefg þ rjðp × S2Þkdbcdhegf�
�
r̂lλ0 ; ðB5Þ

which with Eqs. (A28) and (A29) is simplified to

δVcs;r·E
λλ0 ¼ −

cs
8m2

r̂i†λ ðÛEEÞijkl½rjðp × SÞk þ ðp × SÞjrk�r̂lλ0 ; ðB6Þ

where ðÛEEÞijkl is defined in Eq. (64).
With the tensor decomposition Eq. (72) and Eq. (A58) and using the commutation relation ½ri; pj� ¼ iδij, Eq. (B6)

becomes

δVcs;r·E
λλ0 ¼ −

cs
4m2

fŨI
EE½r̂†λ · ðp × SÞðr · r̂λ0 Þ þ ðr̂†λ · rÞðp × SÞ · r̂λ0 þ iðr̂†λ × r̂λ0 Þ · S�þŨIII

EEr̂
i†
λ LQQ̄ · Sr̂iλ0g: ðB7Þ

Adding up Eqs. (B4) and (B7), we obtain Eqs. (74) and (77)–(79).
Consider diagrams (c) and (d) in Fig. 2, with insertion of two cF vertices. Its contribution to δVλλ0 is given by

δVcF;cF
λλ0 ¼ −

c2F
m2

r̂i†λ r̂
l
λ0

�
TF

Nc
ðUss

BBÞijklðS1 − S2ÞjðS1 − S2Þk

þ ðUoo
BBÞijklbcdefg

4
ðSj1Sk1hbcdhefg þ Sj2S

k
2h

bdchegf − Sj1S
k
2h

bcdhegf − Sj2S
k
1h

bdchefgÞ
�
; ðB8Þ

which with Eqs. (A30), (A31), and (66) is simplified to

δVcF;cF
λλ0 ¼ −

c2F
4m2

r̂i†λ r̂
l
λ0 ½ðÛBBcÞijklðSj1Sk1 þ Sj2S

k
2Þ − ðÛBBbÞijklðSj1Sk2 þ Sj2S

k
1Þ�; ðB9Þ

where

ðÛBBcÞijkl ≡ ðUoo
BBÞijklbcdefgh

bcdhefg þ 4TF

Nc
ðUss

BBÞijkl: ðB10Þ

Similar to Eqs. (72) and (A58), rotational invariance and parity imply that ðÛBBcÞijkl also has tensor decomposition of the
form Ûijkl¼ŨIðδijδklþδikδjlÞþŨIIIδilδjk. In Eq. (B9), the terms Sj1S

k
1 and S

j
2S

k
2 can be rewritten using σ

iσj ¼ iεijkσk þ δij,
the first term of which gives zero when contracted with ðÛBBcÞijkl, since ðÛBBcÞijkl ¼ ðÛBBcÞikjl. Therefore, after applying
the tensor decomposition of ðÛBBcÞijkl and ðÛBBbÞijkl, the spin-dependent terms in Eq. (B9) are given by

δVcF;cF
λλ0SD ¼ c2F

4m2
ŨIII

BBbS
2δλλ0 þ

c2F
2m2

ŨI
BBbr̂

i†
λ r̂

j
λ0 ðSi1Sj2 þ Si2S

j
1Þ; ðB11Þ

which gives Eqs. (80) and (81).
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Consider diagram (d) in Fig. 2 with insertion of one cF vertex and one rirjDiEj vertex. Its contribution to δVλλ0 is
given by

δVcF;rirjDiEj

λλ0 ¼ icF
16m

r̂i†λ r̂
m
λ0 ½rkrlðSj1hbcd − Sj2h

bdcÞðUoo
BDEÞijklmbcdefgf

efgþrjrkðSl1hefg − Sl2h
egfÞðUoo

DEBÞijklmbcdefgf
bcd�; ðB12Þ

which with the help of Eqs. (A32), (A33), (67), and (68) becomes

δVcF;rirjDiEj

λλ0 ¼ icF
16m

r̂i†λ r̂
m
λ0 ½rkrlSjðÛBDEÞijklm þ rjrkSlðÛDEBÞijklm�: ðB13Þ

Consider diagrams (e), (f), and (g) in Fig. 2, with insertion of one cF vertex and two r · E vertices. Its contribution to δVλλ0 is
given by

δVcF;r·E;r·E
λλ0 ¼ δVe þ δVf þ δVg; ðB14Þ

where each term is the sum of the three possible diagrams with the insertion of cF vertex in a different location

δVe ¼ ðδVeÞBEE þ ðδVeÞEBE þ ðδVeÞEEB; ðB15Þ

δVf ¼ ðδVfÞBEE þ ðδVfÞEBE þ ðδVfÞEEB; ðB16Þ

δVg ¼ ðδVgÞBEE þ ðδVgÞEBE þ ðδVgÞEEB; ðB17Þ

with

ðδVeÞBEE ¼ −
icF
2m

�
TF

Nc

�
r̂i†λ r̂

m
λ0 r

krlðSj1 − Sj2ÞðUsso
BEEÞijklmdef ddef; ðB18Þ

ðδVeÞEBE ¼ −
icF
2m

�
TF

Nc

�
r̂i†λ r̂

m
λ0 r

jrlðSk1 − Sk2ÞðUsso
EBEÞijklmdef ddef; ðB19Þ

ðδVeÞEEB ¼ −
icF
2m

�
TF

Nc

�
r̂i†λ r̂

m
λ0 r

jrkðhdefSl1 − hdfeSl2ÞðUsso
EEBÞijklmdef ; ðB20Þ

ðδVfÞBEE ¼ −
icF
2m

�
TF

Nc

�
r̂i†λ r̂

m
λ0 r

krlðhbcdSj1 − hbdcSj2ÞðUoss
BEEÞijklmbcd ; ðB21Þ

ðδVfÞEBE ¼ −
icF
2m

�
TF

Nc

�
r̂i†λ r̂

m
λ0 r

jrlðSk1 − Sk2ÞðUoss
EBEÞijklmbcd dbcd; ðB22Þ

ðδVfÞEEB ¼ −
icF
2m

�
TF

Nc

�
r̂i†λ r̂

m
λ0 r

jrkðSl1 − Sl2ÞðUoss
EEBÞijklmbcd dbcd; ðB23Þ

ðδVgÞBEE ¼ −
icF
8m

r̂i†λ r̂
m
λ0 r

krlðhbcdSj1 − hbdcSj2ÞðUooo
BEEÞijklmbcdefghpqd

efgdhpq; ðB24Þ

ðδVgÞEBE ¼ −
icF
8m

r̂i†λ r̂
m
λ0 r

jrlðhefgSk1 − hegfSk2ÞðUooo
EBEÞijklmbcdefghpqd

bcddhpq; ðB25Þ

ðδVgÞEEB ¼ −
icF
8m

r̂i†λ r̂
m
λ0 r

jrkðhhpqSl1 − hhqpSl2ÞðUooo
EEBÞijklmbcdefghpqd

bcddefg: ðB26Þ

From Eqs. (A34)–(A37),

ðδVeÞBEE ¼ ðδVeÞEBE ¼ 0; ðB27Þ
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ðδVfÞEBE ¼ ðδVfÞEEB ¼ 0: ðB28Þ

Using Eqs. (A38)–(A42) and (69)–(71), we have

ðδVfÞBEE þ ðδVgÞBEE ¼ −
icF
8m

r̂i†λ r̂
m
λ0 r

krlSjðÛBEEÞijklm; ðB29Þ

ðδVgÞEBE ¼ −
icF
8m

r̂i†λ r̂
m
λ0 r

jrlSkðÛEBEÞijklm; ðB30Þ

ðδVeÞEEB þ ðδVgÞEEB ¼ −
icF
8m

r̂i†λ r̂
m
λ0 r

jrkSlðÛEEBÞijklm: ðB31Þ

Adding up Eqs. (B13) and (B29)–(B31), applying the tensor decomposition Eq. (73) and using Eqs. (A51), (A52) and
(A53), we have

δVcF;rirjDiEj

λλ0 þ δVcF;r·E;r·E
λλ0 ¼ cF

16m
f½−2Ũi

EBE − 4Ũix
BEE þ 2Ũix

BDE�r2ðr̂i†λ Kijr̂jλ0 Þ · S
þ ½2ðŨv

EBE − Ũvi
EBE þ Ũii

BEE − Ũiv
BEE þ Ũvi

BEE − Ũviii
BEEÞ − ðŨii

BDE − Ũiv
BDE þ Ũvi

BDE − Ũviii
BDEÞ�

× ½ðr · r̂†λÞðriKijr̂jλ0 Þ · S − ðriKijr̂j†λ Þ · Sðr · r̂λ0 Þ�
þ ½−4ðŨix

EBE þ Ũi
BEE þ Ũx

BEEÞ þ 2ðŨi
BDE þ Ũx

BDEÞ�ðS · rÞðr̂i†λ Kijr̂jλ0 Þ · rg: ðB32Þ

We can eliminate the last term on the right-hand side of Eq. (B32) using the relation

ðS · rÞðr̂i†λ Kijr̂jλ0 Þ · r ¼ r2ðr̂i†λ Kijr̂jλ0 Þ · S − ðr · r̂†λÞðriKijr̂jλ0 Þ · Sþ ðriKijr̂j†λ Þ · Sðr · r̂λ0 Þ: ðB33Þ
Therefore, we have

δVcF;rirjDiEj

λλ0 þ δVcF;r·E;r·E
λλ0 ¼ Vnpð1Þ

SK

m
r2ðr̂i†λ Kijr̂jλ0 Þ · Sþ Vnpð0Þ

SKb

m
½ðr · r̂†λÞðriKijr̂jλ0 Þ · S − ðriKijr̂j†λ Þ · Sðr · r̂λ0 Þ�; ðB34Þ

where Vnpð1Þ
SK and Vnpð0Þ

SKb are given by Eqs. (75) and (76).

APPENDIX C: MATRIX ELEMENTS OF OPERATORS INVOLVING LQQ̄

In this Appendix, we rewrite the operators for VSLa, VSLb, and VSLc in Eq. (30) in a way such that the matrix elements of
them sandwiched by the wave functions in Eqs. (83) and (84) can be readily computed.
The angular momentum operator in spherical coordinates is

LQQ̄ ¼ −iϕ̂∂θ þ
i

sin θ
θ̂∂ϕ: ðC1Þ

Let us compute the commutators of the angular momentum operator and the unit vectors in spherical coordinates

½Li
QQ̄; r̂

j
0� ¼ r̂iþr̂j− − r̂i−r̂

j
þ; ðC2Þ

½Li
QQ̄; θ̂

j� ¼ iϕ̂ir̂j0 þ i cotðθÞθ̂iϕ̂j; ðC3Þ

½Li
QQ̄; ϕ̂

j� ¼ −iθ̂iðr̂j0 þ cotðθÞθ̂jÞ; ðC4Þ

from which one can obtain

½Li
QQ̄; r̂

j
�� ¼ �ðr̂j0r̂i� þ cotðθÞθ̂ir̂j�Þ: ðC5Þ

Therefore, for any λ

BRAMBILLA, LAI, SEGOVIA, and TARRÚS CASTELLÀ PHYS. REV. D 101, 054040 (2020)
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½Li
QQ̄; r̂

j
λ� ¼ λ cotðθÞr̂jλθ̂i þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

λðλ − 1Þ
2

r
r̂jλ−1r̂

iþ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

λðλþ 1Þ
2

r
r̂jλþ1r̂

i
−: ðC6Þ

To compute the matrix elements of the VSLa operator, we rewrite the operator in the following way (for a matrix in λλ0,
indices run as 0;þ1;−1 from left to right and top to bottom):

ðr̂i†λ LQQ̄r̂
i
λ0 Þ · S ¼ ðLQQ̄δλλ0 þ r̂i†λ ½LQQ̄; r̂

i
λ0 �Þ · S ¼

0
BB@

LQQ̄ r̂þ −r̂−
r̂†þ LQQ̄ þ cot θθ̂ 0

−r̂†− 0 LQQ̄ − cot θθ̂

1
CCA · S

¼ δλλ0 ½LQQ̄ þ λðcot θθ̂þ r̂0Þ� · Sþ iðr̂†λ × r̂λ0 Þ · S ¼ δλλ0L · S − ðr̂i†λ Kijr̂jλ0 Þ · S

¼ δλλ0

2
ðJ2 − L2 − S2Þ − ðr̂i†λ Kijr̂jλ0 Þ · S; ðC7Þ

where we have used that

½LQQ̄ þ λðcot θθ̂þ r̂0Þ�2 ¼ L2
QQ̄ þ λ2

sin2 θ
þ 2iλ

cos θ
sin2 θ

∂ϕ ≡ L2; ðC8Þ

which is the operator whose eigenfunctions are our angular wave functions,

�
L2
QQ̄ þ λ2

sin2 θ
þ 2iλ

cos θ
sin2 θ

∂ϕ

�
vλlmðθ;ϕÞ ¼ lðlþ 1Þvλlmðθ;ϕÞ; ðC9Þ

with

vλlmðθ;ϕÞ ¼
ð−1Þmþλ

2l

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lþ 1

4π

ðl −mÞ!
ðlþmÞ!ðl − λÞ!ðlþ λÞ!

s
Pλ
lmðcos θÞeimϕ; ðC10Þ

Pλ
lmðxÞ ¼ ð1 − xÞm−λ

2 ð1þ xÞmþλ
2 ∂lþm

x ðx − 1Þlþλðxþ 1Þl−λ; ðC11Þ

with jmj ≤ l and jλj ≤ l.
Next, we consider the VSLb operator,

r̂†iλ ðLi
QQ̄S

l þ SiLl
QQ̄Þr̂lλ0 : ðC12Þ

The first term in Eq. (C12) can be manipulated as follows:

r̂†iλ S
iLl

QQ̄r̂
l
λ0 ¼ ðr̂†λ · SÞðr̂λ0 · LQQ̄ þ ½Ll

QQ̄; r̂
l
λ0 �Þ ¼ ðr̂†λ · SÞ

�
r̂λ0 · LQQ̄ − ðλ0Þ2 cot θffiffiffi

2
p

�
: ðC13Þ

This expression vanishes for λ0 ¼ 0. In the case λ0 ¼ �1,

r̂†iλ S
iLl

QQ̄r̂
l
� ¼ ðr̂†λ · SÞ

�
r̂� · LQQ̄ −

cot θffiffiffi
2

p
�

¼∓ ðr̂†λ · SÞffiffiffi
2

p
�
�∂θ þ

i
sin θ

∂ϕ � cot θ

�
¼∓ ðr̂†λ · SÞffiffiffi

2
p K0∓: ðC14Þ

The operators K�, defined by

K�≡ ∓ ∂θ þ
i

sin θ
∂ϕ ∓ cot θ; ðC15Þ

act as the λ-raising and -lowering operators for the angular wave functions vλlml
,

K�vλlml
ðθ;ϕÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lðlþ 1Þ − λðλ� 1Þ

p
vλ�1
lml

ðθ;ϕÞ; ðC16Þ
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and the prime in K0∓ in Eq. (C14) indicates that the operator lowers the index λ0 according to the value of λ0 ¼ �1. The
second piece of the operator in Eq. (C12) can be written in a similar way,

r̂†iλ L
i
QQ̄S

lr̂lλ0 ¼ ð½r̂†iλ ; Li
QQ̄� þ LQQ̄ · r̂†λÞðS · r̂λ0 Þ ¼

�
LQQ̄ · r̂†λ − λ2

cotðθÞffiffiffi
2

p
�
ðr̂λ0 · SÞ: ðC17Þ

In this case the operator vanishes for λ ¼ 0. For λ ¼ �1 we have

r̂†i�L
i
QQ̄S

lr̂lλ0 ¼
�
ðr̂� · LQQ̄Þ† −

cot θffiffiffi
2

p
�
ðr̂λ0 · SÞ ¼∓

�
�∂θ þ

i
sinðθÞ ∂ϕ � cot θ

�† r̂λ0 · Sffiffiffi
2

p ¼∓ K†∓
ðr̂λ0 · SÞffiffiffi

2
p : ðC18Þ

Adding up both contributions gives

r̂†iλ ðLi
QQ̄S

l þ SiLl
QQ̄Þr̂lλ0 ¼∓ K†∓

ðr̂λ0 · SÞffiffiffi
2

p δλ�1 ∓ ðr̂†λ · SÞffiffiffi
2

p K0∓δλ0�1: ðC19Þ

Finally, we consider the VSLc operator, which is written as a matrix in λλ0 as

ðr · r̂†λÞðp × SÞ · r̂λ0 þ r̂†λ · ðp × SÞðr · r̂λ0 Þ ¼

0
B@

2LQQ̄ · S rðp × SÞ · r̂þ rðp × SÞ · r̂−
r̂†þ · ðp × SÞr 0 0

r̂†− · ðp × SÞr 0 0

1
CA: ðC20Þ

The entry 2LQQ̄ · S can be rewritten using Eq. (C7) as

2LQQ̄ · S ¼ J2 − L2 − S2: ðC21Þ
For the entry rðp × SÞ · r̂þ, we have

rðp×SÞ · r̂þ ¼−rðp× r̂þÞ ·S¼−r
��

−ir̂∂r−
1

r
r̂×LQQ̄

�
× r̂þ

�
·S¼ ½irr̂×∂rr̂þþðr̂×LQQ̄Þ× r̂þ� ·S

¼ ½ðr̂×LQQ̄Þ× r̂þ� ·S¼ ½r̂jLi
QQ̄r̂

j
þ− r̂iðLQQ̄ · r̂þÞ�Si¼fr̂j½Li

QQ̄; r̂
j
þ�þ r̂jr̂jþLi

QQ̄− r̂i½Lj
QQ̄; r̂

j
þ�− r̂ir̂þ ·LQQ̄gSi

¼ ½r̂iþþ 1ffiffiffi
2

p r̂i
�
cotθþ i

sinθ
∂ϕþ∂θ

��
Si¼

�
r̂þþ 1ffiffiffi

2
p r̂K0

−

�
·S: ðC22Þ

The other entries can be manipulated similarly. The result is

ðr · r̂†λÞðp × SÞ · r̂λ0 þ r̂†λ · ðp × SÞðr · r̂λ0 Þ ¼

0
BBB@

2LQQ̄ · S ðr̂þ þ 1ffiffi
2

p r̂K0
−Þ · S −ðr̂− þ 1ffiffi

2
p r̂K0þÞ · S

ðr̂†þ þ 1ffiffi
2

p K†
−r̂Þ · S 0 0

−ðr̂†− þ 1ffiffi
2

p K†
þr̂Þ · S 0 0

1
CCCA: ðC23Þ

APPENDIX D: LIST OF MATRIX ELEMENTS OF SPIN-DEPENDENT OPERATORS

In this Appendix, we list the angular part of the matrix elements of the spin-dependent operators in Eqs. (29) and (30)
which are required when applying perturbation theory. Let us write the angular wave functions in Eqs. (83) and (84) as

Φjmjls
λ ðθ;ϕÞ ¼

X
mlms

C
jmj

lmlsms
vλlml

ðθ;ϕÞχsms
: ðD1Þ

Define the angular matrix elements of the VSK-term by

MSK
λλ0 ðj; l; sÞ ¼

Z
dΩΦjmjls†

λ ðθ;ϕÞðr̂i†λ Kikr̂k†λ0 Þ · SΦ
jmjls
λ0 ðθ;ϕÞ; ðD2Þ
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where there is no sum on j; mj; l; s; λ; λ0. Note that MSK
λλ0 ðj; l; sÞ is independent of mj owing to rotational invariance. For

s ¼ 0, we have MSK
λλ0 ðj; j; 0Þ ¼ 0. For s ¼ 1 and l ¼ 0, 1, 2, MSK

λλ0 ðj; l; 1Þ are given by

For the VSKb-term, we define the corresponding angular matrix elements by

MSKb
λλ0 ðj; l; sÞ ¼

Z
dΩΦjmjls†

λ ðθ;ϕÞ½ðr · P†
λÞðriKijPj

λ0 Þ · S − ðriKijPj†
λ Þ · Sðr · Pλ0 Þ�Φjmjls

λ0 ðθ;ϕÞ: ðD3Þ

For s ¼ 0, we have MSKb
λλ0 ðj; j; 0Þ ¼ 0. For s ¼ 1 and l ¼ 0, 1, 2, MSKb

λλ0 ðj; l; 1Þ are given by
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The matrix elements of J2, L2 and S2 are trivial:

Z
dΩΦjmjls†

λ ðθ;ϕÞJ2δλλ0Φjmjls
λ0 ðθ;ϕÞ ¼ jðjþ 1Þδλλ0 ; ðD4Þ

Z
dΩΦjmjls†

λ ðθ;ϕÞL2δλλ0Φ
jmjls
λ0 ðθ;ϕÞ ¼ lðlþ 1Þδλλ0 ; ðD5Þ

Z
dΩΦjmjls†

λ ðθ;ϕÞS2δλλ0Φjmjls
λ0 ðθ;ϕÞ ¼ sðsþ 1Þδλλ0 : ðD6Þ

The VSLa-term can be reduced to the sum of Eqs. (D4)–(D6) and the VSK-term using Eq. (C7). The VS2-term corresponds to
Eq. (D6). For the VSLb-term, we define the corresponding angular matrix elements by

MSLb
λλ0 ðj; l; sÞ ¼

Z
dΩΦjmjls†

λ ðθ;ϕÞr̂i†λ ðLi
QQ̄S

k þ SiLk
QQ̄Þr̂kλ0Φ

jmjls
λ0 ðθ;ϕÞ: ðD7Þ

MSLb
λλ0 ðj; l; sÞ is calculated using Eq. (C19). For s ¼ 0, we have MSLb

λλ0 ðj; j; 0Þ ¼ 0. For s ¼ 1 and l ¼ 0, 1, 2, MSLb
λλ0 ðj; l; 1Þ

are given by

For the VSLc-term, we define the corresponding angular matrix elements by

MSLc
λλ0 ðj; l; sÞ ¼

Z
dΩΦjmjls†

λ ðθ;ϕÞ½ðr · r̂†λÞðp × SÞ · r̂λ0 þ r̂†λ · ðp × SÞðr · r̂λ0 Þ�Φjmjls
λ0 ðθ;ϕÞ: ðD8Þ

MSLc
λλ0 ðj; l; sÞ is calculated using Eq. (C23). For s ¼ 0, we have MSLc

λλ0 ðj; j; 0Þ ¼ 0. For s ¼ 1 and l ¼ 0, 1, 2, MSLc
λλ0 ðj; l; 1Þ

are given by
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For the VS12a-term, we define the corresponding angular matrix elements by

MS12a
λλ0 ðj; l; sÞ ¼

Z
dΩΦjmjls†

λ ðθ;ϕÞS12δλλ0Φjmjls
λ0 ðθ;ϕÞ: ðD9Þ

For s ¼ 0, MS12a
λλ0 ðj; j; 0Þ ¼ 0. For s ¼ 1 and l ¼ 0, 1, 2, MS12a

λλ0 ðj; l; 1Þ ¼ 0 are given by
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For the VS12b-term, we define the corresponding angular matrix elements by

MS12b
λλ0 ðj; l; sÞ ¼

Z
dΩΦjmjls†

λ ðθ;ϕÞr̂i†λ r̂kλ0 ðSi1Sk2 þ Si2S
k
1ÞΦjmjls

λ0 ðθ;ϕÞ: ðD10Þ

For s ¼ 0, MS12b
λλ0 ðj; j; 0Þ ¼ −δλλ0=2. For s ¼ 1 and l ¼ 0, 1, 2, MS12b

λλ0 ðj; l; 1Þ are given by
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