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In this work, we seriously discuss whether X(3915) can be treated as a y.(2P) state. Based on an
unquenched quark model, we give the mass spectrum of the y.;(2P) states, where there are no free input
parameters in our calculation. Our result shows that the mass gap between y.(2P) and y,(2P) can reach
13 MeV, which can reproduce the mass difference between Z(3930) and X(3915). Additionally, the
calculated masses of y.o(2P) and y,(2P) are consistent with experimental values of X(3915) and Z(3930),
respectively. Besides, giving the mass spectrum analysis to support X(3915) as y .o (2P), we also calculate the
width of y .o (2P) with the same framework, which is also consistent with the experimental data of X(3915).
Thus, the possibility of charmoniumlike state X(3915) as y.o(2P) state is further enforced.
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I. INTRODUCTION

As an important group of the whole hadron spectrum, the
charmonium family plays a very important role to provide
the hint for quantitatively understanding how quarks form
different types of hadrons, which has a close relation to
nonperturbative behavior of strong interactions. In 1974,
the first charmonium state J/y was found [1,2]. Then, in
the subsequent eight years from 1974 to 1982, most of
charmonia listed in the present Particle Data Group (PDG)
were observed, which becomes the main body of the
charmonium family. Here, the typical states include J/y
[1,2], w(3686) [3], w(4040) [4], w(4415) [5], w(3770) [6],
[11], and #.(2S) [12]. With these observations, the Cornel
model was proposed by Eichten ef al. [13] in 1975, from
which different versions of a potential model [14-19]
applied to depict the interaction between quarks were
developed by different groups.

However, the present observed charmonium spectrum is
not complete in the sense that higher states in the
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charmonium family are still absent, where the higher states
refer to the charmonia with higher radial and orbital quantum
numbers. These missing higher states include three 1D states
accompanied by y(3770) and 2P states in the charmonium
family. In fact, there is a big window without discovery of
more new charmonia from 1982 to 2003, except A, reported
by the R704 Collaboration [20] in 1986. In Fig. 1, all the
observed charmonia and possible candidates are shown for
the present status of charmonium family.

This situation has been dramatically changed as a series
of charmoniumlike XYZ states have been observed in
experiments. X(3872), as the first XYZ states reported by
the Belle collaboration [21], stimulated theorists’ interests
in exploring DD* molecular pictures [22-24], which has
continued to date and shed light on the nature of X(3872).
For X(3872), the experimental mass and decay width are

measured as M(3372)=3.871GeV and F?(%WZ) <1.2MeV.

The mass and width are far lower than predictions of
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FIG. 1. The established charmonia and some XYZ states as

possible candidates for charmonium.
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potential models. By introducing coupled-channel effects,
the low mass puzzle of X(3872) can be well understood
[25-27]. Thus, X(3872) can be explained as a y.; (2P) state
containing a DD* component. And, two candidates of
1D states were announced by the Belle and LHCb
Collaborations [28,29], which are X(3823) from the
X(3823) - y. 7 decay channel and X(3842) from the
X(3842) — DD process. In addition, the Lanzhou group
indicated that there exists a narrow Y state around 4.2 GeV,
which corresponds to w(4S) [30]. Later, BESIII indeed
observed this narrow structure in the ete™ — zt 7z~ h, and
ete™ = wy.; processes [31,32]. Recently, they again
published one paper to illustrate how to construct higher
vector states of the J/w family with updated data of
charmoniumlike Y states [33]. From these examples, some
of the charmoniumlike XYZ states may be good candidates
of missing charmonia. Thus, the above facts tell us a lesson,
i.e., before introducing exotic hadronic state assignments to
XYZ, we should carefully check whether there exists a
possibility to group it into the charmonium family. Up to
date, such a study has become an interesting research
issue [25,27,34,35].

In 2009, focusing on 2P states, the Lanzhou group
carried out the study of the mass spectrum and strong decay
behaviors of 2P charmonia by combining the experimental
data of X(3872), Z(3930), and X(3915). Here, Z(3930)
and X(3915) are from yy — DD [36] and yy — J/y®
processes [37], respectively. Linking these XZ states to
charmonia, they indicated that Z(3930) is the y ., (2P) state
and decoded X(3915) as the y.(2P) state with definite
JP€ = 0*t" quantum number [34]. Later, the BABAR
Collaboration confirmed this quantum number of
X(3915) [38]. Thus, X(3915) as the y.(2P) state was
listed into the 2013 version of PDG [39].

After three years, this situation was changed by the paper
[40] with the title “Where is the y.o(2P)?”. In this work,
three questions were raised if treating X(3915) as y.o(2P):
(1) why X(3915) — J/ww has large width, (2) why the
main decay mode “X(3915) — DD” was not reported in
experiment, and (3) why the mass gap between X(3915)
and Z(3930) is far smaller than that between y;,o(2P) and
12 (2P). Then, two groups joined the discussion of whether
X(3915) can be the y.(2P) state [41-43]. As a conse-
quence, labeling X(3915) as y.o(2P) was removed in the
2016 version of PDG [44].

Guo et al. claimed that the y.o(2P) state should have mass
around 3837.61+11.5MeV and width about 221 £+ 19 MeV
by their analysis to the DD invariant mass spectrum of the
yy = DD process [40]. In 2017, the Belle Collaboration
made an analysis with eTe~ — J/wDD process, and found
abroad structure named as X (3860) [45]. Here, its mass and
width are M = 3862 MeV andI" = 201 MeV, respectively.
Belle indicated that X(3860) favors the J*¢ = 0" assign-
ment. Therefore, Belle assigned the observed X (3860) as
Xc0(2P). In Ref. [46], the authors studied charmoniumlike

structures around 3.9 GeV in the framework of a constituent
quark model. Here, their result favors the hypothesis that
X(3915) and Z(3930) resonances arise as different decay
mechanisms of the same J’C = 2+ state, and explained
X(3860) to be a y.o(2P) state [46].

It is obvious that the situation of establishing the y .o (2P)
candidate gets into a mess, which should be urgently
clarified as soon as possible.

In the past years, we have been paying close attention to
this problem. In Ref. [35], the Lanzhou group proposed a
solution to the second problem mentioned above. The
structure corresponding to Z(3930) observed in the DD
decay channel may contain two P—wave higher charmonia
xeco(2P) and y.,(2P), which can be supported by the
analysis of the DD invariant mass spectrum and cos 6"
distribution of yy — DD [36]. This means that the second
problem raised in Ref. [40] can be solved. We suggest
Belle II to reanalyze the yy — DD process with more
precise data.

We still believe that X(3915) observed in yy — J/ww is
a good candidate of y.(2P). Thus, we must face the third
problem raised in Ref. [40] just mentioned above. In a
quenched potential model, the mass splitting between
xc0(2P) and y.,(2P) is far larger than that between
X(3915) and Z(3930). According to the quenched
quark model estimate, this relation |m, ,op) — m, op) >
|mm(zp) — m,, op)| can be naively obtained as claimed in
Ref. [40]. In fact, we should be careful with this point.
X(3872) is a typical example, where there exists the low
mass puzzle, i.e., the mass of X(3872) is around 100 MeV
lower than the value from the quenched quark model
calculation [16]. This puzzle can be solved by a
coupled-channel effect by calculating mass with an
unquenched quark model [27]. In fact, for other 2P states
which are above the threshold of open-charm decay
channels, the coupled-channel effect should be seriously
considered, which will be the task in this work. We will
illustrate why the mass gap of y.(2P) and y.,(2P) is far
smaller than that of y,((2P) and y;,(2P) by an unquenched
quark model calculation. In the following sections, we will
give a detailed illustration.

Finally, when treating X(3915) as y.o(2P), we need to
answer the remaining problem whether or not y.(2P) has
wide width, which is a crucial point we have to face. In this
work, we will explicitly present that y.q(2P) should be a
narrow state which is due to the node effect. Thus, two
Xc0(2P) candidates like X(3840) in Ref. [40] and X (3860)
reported by the Belle Collaboration [45] should be
excluded.

This paper is organized as follows. After the Introduction,
we will introduce the mass problem of a quenched quark
model. Next, we will give a coupled-channel picture for the
discussed y.(2P) state in Sec. II. In Sec. III, the numerical
result will be presented. Especially, we give an analysis
why we can get consistent results with experimental data
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of X(3915). At last, this paper ends with a summary
in Sec. IV.

II. MASS PROBLEM OF 2P CHARMONIUM
STATES FROM QUENCHED QUARK MODEL

With the observation of a series of charmonia, the Cornell
model for quantitatively depicting the strong interactions
between quarks was proposed by Eichten et al. [13]. Since
then, different versions of a potential model were developed
by different groups. Among them, the Godfrey-Isgur (GI)
model [16] was extensively applied to study the hadron
spectrum. In this work, we firstly illustrate the mass problem
of a quenched quark model by presenting the spectrum of 2P
charmonium states, where the GI model was adopted.1

The GI model is a semirelativistic potential model with a
Hamiltonian

H=\/p*+m}+\/p?+m+V(pr). (1)

where m; and m, are masses of quark and antiquark. The
potential V(p,r) is composed of a short-range y* ® v,
interaction of one-gluon exchange and a long-range 1 ® 1
linear color confining interaction. When taking the non-
relativistic limit, a familiar nonrelativistic potential can be
obtained from V(p.r). In the GI model, the relativistic
corrections can be considered by smearing transformation
and momentum-dependent factors. Here, the smearing
function should be introduced, i.e.,

/ 613] —02.([‘—[‘/)2
Pij(r—r) =—€¢ v ) (2)
2

by which the confining potential S(r) = br + ¢ and one-
gluon exchange potential G(r) = —4a,(r)/(3r) can be
smeared out by

'Here, we need to comment on the calculated result of the mass
of 3P, ct state by the nonrelativistic quark model. In Ref. [19],
the authors adopted the nonrelativistic quark model to give the
mass spectrum of the charmonium family. We may reproduce
most of their results by applying a perturbation method, where H,
and H’ are treated as a solvable part and a perturbation term,
respectively. However, for 1°P; and 2P, states, the calculated
masses are not stable and convergent when including higher order
perturbation contributions. For example, if adopting the potential
suggested in Ref. [19], mass of 1P, is 3.525, 3.425, 3.351,
and 3.266 GeV and mass of 23P0 is 3.943, 3.854, 3.781, and
3.701 GeV when zeroth-order, first-order, second-order, and
third-order perturbation contributions are considered step by step
in calculation. If adopting the potential given in Ref. [18], there
exists the same problem for the calculation of the mass of 13P,
and 2P, states. This problem is due to the singularity of 1/r3-
like terms in the potential near r = 0. However, in the GI model,
this singularity is smeared. Thus, such a problem does not exist.

G(r)(g(r))Z/d3r’pij(r—l")G(r’)(S(r’))- (3)

For a general relativistic form of the potential, it should be
dependent on momenta of interacting quarks in the center-
of-mass system. Thus, we should further modify this
smeared potential V(r) by

" ma\ 1/2+e; m=\ 1/2+e;
Vi) - (””’”) V(1) (M) )
E.E, E.E,

with E. = (p> +m2)"/? and E; = (p*> + m2)'/?, where a
parameter €; corresponds to different types of interactions.
The details of the GI model can be found in Ref. [16].

In Table I, we list the parameters of the GI model,
which can be obtained by refitting the masses of the low-
lying well-established charmonia (3.(1S), J/y, y(3686),
w(3770), he(1P), xoo(1P), xc1(1P), xe2(1P), w(4040),
and y(4160)) [47]. The obtained values are slightly differ-
ent from those given in Ref. [16]. Here, the obtained masses
(in units of GeV) of 1'S,, 135, 218,, 235, 33S,, 11P;, 1°P,,
1°P,, 1°P,, 1°D,, 1°D,, 1°D;, and 2°D, are 2.996, 3.098,
3.634, 3.676, 4.090, 3.513, 3.417, 3.500, 3.549, 3.805,
3.828, 3.841, and 4.172, respectively. Just shown in above,
these low-lying charmonia can be well reproduced.

With the same parameters as input, we may give the
masses of 2P states and make a comparison with the
observed X(3872), X(3915), and Z(3930). There exists
the 64 MeV difference between 23P, charmonium and
X(3872), which is the famous low mass puzzle of X (3872).
In addition, the mass gap (89 MeV) between 23P,, and 2° P,
cc states is far larger than that between X(3915) and
Z(3930), which is 12 MeV. In Fig. 2, the difference of mass
spectrum between the 2P states given by the GI model and
the observed three charmoniumlike states is explicitly
illustrated.

This is the mass problem of the 2P charmonium
spectrum by the quenched quark model. Hence, we should
develop an unquenched picture when facing such a mass
problem since the allowed open-charm decay channels are
open for these 2P states. This will be the crucial task
dedicated in this paper.

TABLE I. The parameters involved in the GI model and their
values by fitting the well-established charmonia.

m,  0.220 GeV b 0.175 €cone  —0.103
mg; 0419 GeV  qgritical 0.6 €ens  —0.114
m, 1628 GeV A 200 MeV €0y  —0.279
s 0.821 GeV c —0.245 GeV €4y 0.3

oo 2.33 GeV
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XC2(2P)
)(Cl(ZP) . Z(3930)
“$12MeV

64 MeV  X(3915)
_ Xeo(2P) l X(3872)

FIG. 2. The masses of spin triplet of 2P charmonia given by the
GI model and the comparison with three charmoniumlike states
X(3872), X(3915), and Z(3930). Here, the J© quantum numbers
of X(3872) and X(3915) were measured in experiment which are
17+ [48] and 0" [38], respectively.

III. THE MASS SPECTRUM OF 2P CHARMONIA
BY AN UNQUENCHED PICTURE

When checking the masses from a quenched quark
model like the GI model, we notice that the discussed
2P c¢ states are above the DD and DD* thresholds. For
Xc1(2P), S-wave and D-wave interactions occur for the
2e1(2P) coupling with the DD*. For y,o(2P), it can couple
with DD via an S-wave interaction while y.,(2P) may
interact with the DD and DD* via a D-wave coupling.
Thus, in this section we exam the coupled-channel effect
from the DD and DD* channels to the mass spectrum of 2P
charmonia. In the following subsection, we first introduce
some historical results of y.(2P) presented in some
published literatures. After that, the unquenched model
adopted in this paper will be introduced.

A. The research status of mass
OfXCO(ZP) and XcZ(ZP)

In fact, there were some theoretical papers of the
calculation of mass of y.o(2P) and y.,(2P) states under
the unquenched picture [27,49-52] before the present
work, which are summarized in Table II.

The results in Table II show that the effect from open-
charm channel contributions to the mass of y.(2P) and
X (2P) are obvious. However, if checking the details
of the obtained results, inconsistency2 still exists in the
results. Especially, the small mass gap between X(3915)
and Z(3930) in Fig. 2 cannot be reproduced exactly.
According to the general physical picture, we may

We also notice the result in Ref. [53] which is not listed in
Table II, where the DD channel only gives a 2 MeV contribution
to the mass shift of y.,(2P).

TABLE II. Mass of y.(2P) and y.,(2P) states from different
theoretical groups. Here, the bare and physical masses and the
corresponding mass shift are collected.

){CO(ZP) )(02(21))
Reference my . Mppy  Mass shift  my,.. Mypy  Mass shift
[27] 4108 3918° —190 4230 3990 —240
[49] 3852 3782° =70 3972 3917 =55
[50] 3916 3814° -102 3979 3942 =37
[51] 3948 3915% -33 4085 3966 -119
[52] 3990 3893% -97 4104 3957 —147

“The DD, DD*, D*D*, D,D,, D,D¥, D:D} channels are
contained in their calculations. The bare mass is gotten from a
mass spectrum, where the contributions from the above channels
are subtracted.

bOnly the open channels are considered in these papers. The
bare masses are gotten from the potential model fitted with
experimental mass directly.

conclude that the S-wave coupled-channel contribution
to the mass shift should be larger than the D-wave
coupled-channel, which in fact was not reflected by some
concrete results in Refs. [27,51,52]. To some extent, the
authors in Refs. [51,52] did not realize this problem. Thus,
the messy situation of mass study of y.o(2P) and y.,(2P)
should be clarified by a more in-depth research, which is
the main task of the present work.

B. The adopted unquenched model

The description of self-energy hadronic loop corrections to
2P charmonium states is illustrated in Fig. 3. Here, a bare state
can be dressed by these coupled hadronic channels composed
of charmed mesons, which corresponds to a physical state.

For giving a quantitative calculation for it, we need to
construct the coupled-channel equation

P~I(s) = miy — s +1(s) =0, (5)

where the my,, is the mass of a bare state which can be
calculated by a quenched quark model like the GI model as
described in Sec. 1. s is a pole found in a complex energy
plane. The II(s) is the summation of IT,(s), and the
subscript n in II,(s) denotes the nth hadronic channel
coupled with this bare ¢ state. The s fulfilling the P~! = 0
is the coupled-channel result. The s is defined as s =
(mphy —i'/2)?, where myy,, and T are the mass and width

FIG. 3. The self-energy hadronic loop correction to 2P char-
monium states. Here, ¢ = u, d, s and the intermediate loops are
composed of charmed or charmed-strange mesons.
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of a physical state which may correspond to experimental
resonance parameters of the concrete observed state.

For a discussed heavy quarkonium, the narrow width
approximation s = mghy —imp, I" can be employed in
Eq. (5). Then, the real and imaginary parts of Eq. (5)
can be separated, i.e.,

ImH( phy)

M=-— M

2
m mbare + Ren( phy) m
phy

phy ™ (6)
from which my,, and I" are directly calculated. By solving
the first equation in Eq. (6), m,y, can be obtained, which
can be subsequently applied to get the width I'" by the
second equation in Eq. (6).

Using the optical theorem, the imaginary part
ImIT,(m phy) in Eq. (6) can be calculated by cutting the
hadronic loop shown in Fig. 3. The interaction between a
bare state and a hadronic channel is described by an
amplitude ML5(P), which has a close relation with the
imaginary part ImHn(mghy) [54], i.e.,

Imll, (m2,,) = —27PEEc|M"S(P)[?

(7)

where B and C are two intermediate mesons which are the
components of a constructing hadronic loop. P represents the
momentum of a B meson. Using the Killen function
A(x,y,2) =x2+y? 472 =2xy—2x7— 2yz, the momentum P
can be expressed as P =2'2(ml . mp, mg)/(2mpy).
Then, M"“3(P) can be transferred into M"S(my,y) which

will be abbreviated as M™S for convenience. E; and E are
energies of B and C mesons, which can be represented as

Egjc = /P* + mj,c. The amplitude M** can be given by
the quark pair creation (QPC) model [55-58], which will be
explicitly introduced later.

Next, the corresponding real part Rell,(m?,,) can be

Mohy

Here. the P denotes of principal value integration, and Sy, ,,
is the threshold of the nth channel.

Notice that because of the optical theorem, we could sum
over the contributions from all possible intermediate had-
ronic loops, if Eq. (8) is used. However, this treatment is not
realistic, which is a problem if directly applying Eq. (8) to
calculate the coupled-channel correction to the bare mass.
For solving this problem, the once subtracted dispersion
relation was proposed in Ref. [49] by Pennington et al.. In
this work, we employ this once subtracted Rell,, (m;, )

2
Rell, () =2 "0 / ™ dgAm(2)
"oy ™ Sun(Z=m2 ) (z—mg)’

where the subtraction point m, may correspond to a ground
state, which is usually much lower than the threshold of the
first OZI-allowed coupled channel. For a discussed charmo-
nium system, we may choose the mass of J/y particle
(my), =3.097 GeV) as m,. With this subtraction method
givenin Eq. (9), only the hadronic channels whose thresholds
are lower than the mass of a discussed bare state are taken into
consideration, by which the coupled-channel corrections
become calculable.

In the following, we should briefly introduce how to
employ the QPC model to get the partial wave amplitude
M"S appearing in Eq. (7). In the QPC model, a transition
operator T is defined as [58]

:—37/211111

m(P3— P
. (324);&"14034@3%;<p3>d1<p4>,

©)

.0) / &*p3d*psd’ (ps + pa)
(10)
where p; and p, are momenta of the quark and antiquark,

respectively, which are created from the vacuum. b; and dZ
represent the quark and antiquark creation operators. x4,

related to the imaginary part ImHn( ) by the dispersion 847 “)84’ and Y are spin, flavor, color, and orbital wave
relation, functions of the created quark pair, respectively. The y
©  Tmll,(2) depicts the strer}gth. of a quark—aptiquark pair .created from

Rell,, (mphy) - P dz 7”2 . (8) the vacuum, which is fixed by fitting the experimental data.

Sun £ Mphy Finally, the M5 could be expressed as
J
(2L + 1
15 = 3 R S L0S(My, + My AV, + M)

My M,

x (JgMy, J M |S(My, + M, ) (LaMp, SAMg, [J4(My, +M,.))

XD

My, Mg, Mpg Mg,

MLC'MSC"”
x (1, ><ZSBMS )(SCMSC WSAMS 1 m><

+< 1)1+SA+SB+SC<¢32¢ |¢

s L

witof ooy’ (¢

oV (=PZ, my, my, m3)].

(LaMy SyMg |Jo(M;, +M,; ) (LgM;, SgMg, |JpM; ){LcMp ScMg |JcM;.)

|

> (PZ ml9m27m3>

(11)
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Here, the integral I(PZ, m,, m,, m3) is the overlap of the
finial and initial wave functions in momentum space

) Y __ ™M ps
I[(PZ,my, my, m3) = /d PVosL,m,, <p m; + ms PZ)

. ny
XWneLeM,, (P WPZ)

x V(e = PLy,,m, (), (12)

where y,,; 4 (p) is the spatial wave function of a meson state,
which can be given by the GI model. It could be decomposed
asW, . (P) = R, (p)Y (D), where the numerical result of
R, (p) for the involved mesons will be given in the next
subsection and Y ,,(p) represents the angular part.

With these preparations, we will present the numerical
results in the next subsection.

C. The numerical results

To present the numerical result, the key point is to
quantitatively calculate a bare c¢ 2P state coupling with the
corresponding open-charm channels. As described in
Sec. III B, the y value should be provided, and spatial
wave functions of charmonia and charmed mesons
involved in this work should be given.

As shown in Sec. II, the numerical spacial wave
functions of the mesons involved in this work can be
obtained with the help of the GI model, where the
numerical results of a radial part R,; (p) for the involved
mesons are collected in Fig. 4.

Instead of directly applying the obtained numerical
radial wave functions to concrete calculation, we adopt

1.0 T T 2.0

0.0

-1.0 1.0F

P(13D1) | 7
—20
-
L
3.0 . ;
g o 00 1 2 3
= 80 T T 5.0 T
3 \
o \
6.0\ 4 40 g
\\
1
40F \ 4 30 E
\
\
20F 4 20 g
\\
\ il
OO ____\\_____/4______‘_"_‘_ \\\\\\ 10 -
\ ,
\\/
-2.0 L . 0.0
0 1 2 3 3
p (GeV)

FIG. 4. The radial wave functions of the involved mesons from
the GI model calculation in Sec. II. Here, the factor (—i)" is
omitted, which does not affect the physical results in this work.

o (p) = domm C, RO (p), where RSO is the simple
harmonic oscillator (SHO) basis with an expression

RyiC(p)

S [Tt (5 ()

p C(n+L+3)\p VA

(13)

For different states, we choose # = 0.5 and n,,,, = 20, by

which the numerical wave functions shown in Fig. 4 can be

well reproduced. Here, the values of C, (n = 1-20) are
collected in Tables II-IV.

To determine the y value, we need to reproduce the
widths of w(3770) and y(4040), which are treated as
w(1°D,) and w(3%S;) charmonium states, respectively.
The allowed open-charm decay channels are the DD mode
for (3770), and the DD, DD*, D*D*, and DD, modes
for y(4040), where the sum of these open-charm decays
almost provides the width of these two charmonia. The
QPC model is employed to calculate the corresponding
partial decay widths [the details of the QPC model can be
found in Egs. (10)—(11)]. 3 We find that taking y = 0.4, the

experimental width of y(3770) and w(4040) (T exgﬂo

27.2 MeV and F:/x(lzmo) = 80 MeV [47]) can be reproduced
here. In this calculation, the obtained numerical wave
functions shown in Fig. 4 and Tables III-IV are input.
Additionally, we give the masses of the involved states
w(3770), w(4040), D, D*, and D, as myz770) =
3.773 GeV,  my 040y = 4.039 GeV, mp = 1.867 GeV,
mp- = 2.009 GeV, and m;, = 1.968 GeV, respectively.

With the above preparation, we have no free parameter

when presenting the result of the discussed 2P states of the
charmonium family. As illustrated in Fig. 5, we may plot
the dependence of the self energy function Rell(m?) and
the corresponding function m*> —m?,. on m for each
discussed state. Then, we can find an intersection of these
two curves, which corresponds to an m value. This m value
is the physical mass m,y, defined in Eq. (6).

Our result indicates:

(i) For y.(2P), its physical mass is 3855 MeV, where
the mass shift from the DD* channel is —81 MeV,
which shows that the unquenched effect is obvious.
In this approach, the 17 particle X(3872) can be
categorized as y. (2P). Although there is small
difference between the exact mass of X(3872)
and our result, we are still satisfied by our present
result, since the result is obtained without free

The expression of width is

PERE.

=2z |MES(P)|?, (14)

which is equivalent to I' in the second equation in Eq. (6). Here,
M"S is given by Eq. (11).

Mphy ‘I
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TABLE IIL

w(13D,) in Fig. 4.

The values of C,, (n = 1,2, ...,20) to reproduce the numerical radial wave functions of y.;(2P) and

Cn }((70(2[,) )(cl(zp) }(CZ(ZP) U/(13D1)

C, —0.4143005333 —0.2843674639 —0.1676617871 0.9774736067
C, 0.8404062724 0.9214858898 0.9698447346 0.1358246808
Cs 0.1889966268 0.1226379196 0.0355260912 0.1368425228
Cy 0.2206650135 0.1943672207 0.1608808564 0.0586720974
Cs 0.1187442290 0.0814078379 0.0385803776 0.0443341708
Cs 0.0972576561 0.0707988554 0.0421864384 0.0282505346
(o 0.0692867953 0.0453031791 0.0198853318 0.0212717487
Cy 0.0553864904 0.0359848223 0.0159988286 0.0157696071
Cy 0.0436391753 0.0269896878 0.0100372317 0.0123820607
Cio 0.0357426112 0.0216974016 0.0075839604 0.0098380167
Ch 0.0294901747 0.0174196570 0.0053734274 0.0080194428
Cy 0.0247632590 0.0143745749 0.0040706414 0.0066226763
Cis 0.0209684539 0.0119603710 0.0030550108 0.0055457695
Ciy 0.0179500110 0.0100906442 0.0023420753 0.0046949549
Cis 0.0154172210 0.0085715809 0.0018238133 0.0039968502
Cie 0.0134312438 0.0073601625 0.0013873140 0.0034541240
Cy; 0.0114735863 0.0062784400 0.0011435597 0.0029304188
Cis 0.0104085833 0.0055533857 0.0007883739 0.0026436853
Cio 0.0080198357 0.0044020432 0.0007780672 0.0020248026
Cy 0.0091080535 0.0046668322 0.0003497855 0.0022979575

TABLEIV. The valuesof C, (n =1,2, ...

charmed mesons in Fig. 4.

,20) to reproduce the numerical radial wave functions of y(3S,) and

Cn VI(33S] ) D Dr Ds

C —0.0992718502 0.9572904583 0.9865559279 0.9443017126
&) —0.3374923597 0.1825918937 0.0680481013 0.2307929570
Cs 0.8955788540 0.1817331834 0.1360498850 0.1813594151
C, 0.0617570803 0.0801633067 0.0310250496 0.0967093768
Cs 0.2255541433 0.0728160884 0.0421465440 0.0749847869
Ce 0.0768962829 0.0430908329 0.0156328977 0.0510236218
C; 0.0825487703 0.0382417626 0.0181746661 0.0405972604
Cs 0.0487249825 0.0260513695 0.0086611075 0.0307169610
Co 0.0412764414 0.0229624531 0.0093519699 0.0250604139
Cio 0.0300564574 0.0169590578 0.0051437458 0.0200640064
Ch 0.0245477609 0.0148880186 0.0053563851 0.0166755766
Cp 0.0194363155 0.0116148335 0.0032086072 0.0138410163
Cis 0.0160355493 0.0101167361 0.0032967040 0.0116231318
Cu 0.0131933394 0.0082650453 0.0020670878 0.0099353357
Cis 0.0110759571 0.0070565574 0.0021411336 0.0083202705
Cie 0.0092823524 0.0060863301 0.0013498963 0.0073784008
Cyy 0.0079033729 0.0049219290 0.0014562009 0.0059660834
Cis 0.0066896346 0.0046946936 0.0008680175 0.0057311122
Co 0.0055357701 0.0031600071 0.0010199307 0.0039539041
Cao 0.0052012926 0.0040956058 0.0005608933 0.0050360564

parameters and the low mass puzzle of X(3872) is tal width of X(3915) observed in yy — @J/y [37].
comprehensible. This can be seen later in the next subsections.

(ii) For y.o(2P), the bare mass is 3885 MeV. After (iii) For y.(2P), the unquenched effect from the DD,
considering the unquenched effect, the mass shift is DD*, and D D channels makes its physical mass
+19 MeV, which is due to the DD channel con- lower down to 3917. Thus, assigning Z(3930)
tribution. Finally, the physical mass of y.,(2P) is existing in yy — DD [36] as a y.(2P) state is
3904 MeV, which is consistent with the experimen- supported by our calculation of mass spectrum.
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FIG.5. The self-energy function Rell(m?) of y,(2P) (red solid
curve) and corresponding function m? — m? ., dependent on m
(blue dot curve). The intersection of two curves is the solution of
the equation mghy =ml .+ ReH(mghy), which corresponds to
the physical mass.

In Table V, we summarize the above results for convenience
of readers.

We want to emphasize that the mass gap between y ., (2P)
and y.(2P) can be decreased to only 13 MeV in our
calculation, which shows that the small mass gap between
Z(3930) and X(3915) (see Fig. 2) can be understood well.

Although this small mass gap between Z(3930) and
X(3915) can be achieved in our unquenched model, we
must face the serious problem. That is, before the present
work, there are several theoretical calculations using the
unquenched model [27,49-52] as summarized in Sec. IIT A.
Why can we get this good result consistent with the
experimental observation?

In the next subsection, we need to give an analysis to clarify
this point, which makes our conclusion more convincing.

D. How important is the node effect?

In this subsection, using Eqgs. (6), (7), (11), (12), we
show how the node affects the decay width " of y.,(2P).
We also show the parameter f dependence of masses and

TABLE V. The obtained physical masses for three 2P charmo-
nium states. Additionally, their bare masses, widths and ém =
Mphy — Mare are given. Here, these results are obtained by taking
numerical spatial wave function listed in Fig. 4 and Tables III-IV
as input.

State Myyre MeV) — my,, (MeV)  6m (MeV)  T' (MeV)
Xc0(2P) 3885 3904 +19 23
xe1(2P) 3936 3855 -81 0
X2 (2P) 3974 3917 =57 26

the mass gap between y.o(2P) and y.,(2P) so that the mass
gap becomes smaller.

For the nth radial excitation of a meson family, its spatial
wave function y,; 5, (p) contains a radial one R,; (p) with
(n — 1) nodes. If taking a simple form like Eq. (13) to
express R,,; (p), we can list its line shape dependent on /3 as
shown in Fig. 6, where we take y.,(2P) state as an
example. For y.;(2P) states, the principle quantum number
is n = 2, and the orbital angular momentum is L = 1. At
the node, a radial wave function can be separated into
R,.(p) <0and R,; (p) > 0 parts. The position of a node
changes with different § values.

Then, we apply this wave function to calculate the
integral I(PZ,m,m,, m3) given in Eq. (12). Since it is
the overlap of the finial and initial wave functions, the
dependence of a node on f directly results in the depend-
ence of I(PZ,m;, my, m3) on the f value. To intuitively
reflect this aspect, we take y.o(2P) affected by the DD
channel as a typical example, where we still take a
numerical wave function listed in Fig. 4 for the final state
D meson as input. For y.o(2P), its radial wave function is
defined by an SHO wave function given in Fig. 6 to
illustrate the g dependence of I(PZ,m;,m,, mz). The
integral in Eq. (12) is further rewritten as

I(Pia my, my, m3)

= / d*pf(p, Pi)WnALAMLA (),

© 4
= [7 [P0, 0, (P00,
0 0

Prode o
= ( A Ry, (p)p*dp + / Ry, (p)pzdp>
Pnode

< [ 0. P2) Y0, ()00 (15)

&
<@
>
[0}
Q
e
o
Ha
o
e mep=07 === B=0.5
....... B=0.6 == =04
3t
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FIG. 6. The radial wave function of y.;(2P) dependent on
several typical values of /5. Here, the form of a radial wave function
of y.;(2P) is simply taken as the same as Eq. (13). The red points
are the so-called node of a spatial wave function. /£ is in unit of GeV.
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where f(p, PZ) represents the remaining parts other than
Wa,LaM,, (p) in Eq. (12). ppoge is the p value corresponding
to a node in a radial wave function of y .o (2P). The subscript
A in Eq. (15) is employed to label the y.,(2P) state. In
Eq. (15), the integral [}™* R, ; (p)p*dp can partially
cancel the contribution of [ o R, (p) pidp. Tt is

obvious that the node position becomes crucial to the
result. Then, for Eq. (11), we may continue and define

MLS — MILefL(p)<0 + MILefL(p)>0 according to Eq. (15), where
M1LefL(p)<0 and M}ei(m>0 are related to I(PZ,m,, m,, ms)

with [ R, (p)p*dp and [° R, . (p)p*dp, respec-
tively. In Fig. 7, we present the dependence of M5 on the
physical mass of y.y(2P) with four typical 3 values, which
will be applied to discuss the width of y . (2P) state. We find
that the mass value corresponding to M5 = 0 changes with
different f values.

The above analysis shows that the node effect should be
emphasized. In Fig. 8, we further give Rell(m?) of y.o(2P)
and y ., (2P) with different § values, where the line shapes
of Rell(m?) are dependent on a concrete 8 value. Since
Rell(m?) is a key step to determine the physical mass of
and y,, the physical mass of y,, and y., must be dependent
on the f value (see Table VI for more details).

We also find that the mass gap between y.,(2P) and
X (2P) becomes smaller as the f value increases. In the
former calculations by the unquenched models [49,50], the
authors selected different wave functions as input, which
results in the inconsistences among the obtained results.

In the present work, we take the GI model to get the
numerical spatial wave function of the involved states.
Before giving the inputs, we firstly reproduce the mass
spectrum of the well known charmonia. This treatment
avoids the uncertainty caused by spatial wave functions or
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FIG. 7. The variation of M%S involved in y.,(2P) by changing
the mass of y., when taking f = 0.4, 0.5, 0.6, 0.7 GeV. Here,
solid, dot, and dash-dot curves correspond to M*S, MILQSL (p)=0- and
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FIG. 8. Comparison of Rell(m?) of y.,(2P) (red solid curve)

and y.(2P) (blue dot curve) with four typical § values.

the so-called g value, which also makes our conclusion to
xcs(2P) states reliable. Finally, the reason why we may get
small mass gap can be naturally explained by the above
analysis.

E. The ., (2P) state must be a narrow state

In Table V, we also give our result of width of y.;(2P)
state. For y.,(2P) state, the calculated width is 26 MeV,
which is consistent with the experimental width of Z(3930)
(T'z(3030) = 24 £ 6 MeV [47]). This result supports the
charmoniumlike state Z(3930) to be a y.,(2P) state again.

In the following, we need to focus on the y.o(2P) state.
Our unquenched calculation shows that y.q(2P) should be
a narrow state only with a width 23 MeV (see Table V). If
checking the resonance parameter of X(3915), we find that
our result overlaps with the measured width of X(3915).
Here, the y.o(2P) state dominantly decays into a DD
channel, which is a typical S-wave interaction. Since there
is enough phase space for the y.o(2P) — DD decay, we
usually guess that the partial decay width of y.,(2P) —
DD is large before performing a realistic study. As
indicated in Sec. III D, for the discussed y.;(2P) states,
the node effect is important. When discussing the width of
Xc0(2P), the node effect on the width is obvious which can
be reflected by the data from the third column in Table VI.

TABLE VI. The unquenched results for y.;(2P) with different
p values. f is in unit of GeV.

p=04 05 0.6 0.7

xeo(2P) myy (GeV)  3.824 3849 3.877 3.900
Mpare = 3.885 T (MeV) 47 1 12 48
Y (2P) Moy (GeV)  3.879  3.871 3.859 3.849
Mpre = 3.937 T (MeV) 2 0 0 0
Y2 (2P) myy (GeV) 3932 3922 3912 3.906
Mpre = 3.974 T (MeV) 10 19 19 15
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Thus, assigning X(3915) as a y.(2P) state is fully
possible. It is obvious that treating X (3860) with a width
201 MeV as y.o(2P) by Belle [45] cannot be supported by
our present study. We also notice a theoretical work, where
Wang, Liang and Oset indicated that it is questionable to
assign X(3860) as y.o(2P) [59] since the poor precise data
of the Belle cannot rule out the existence of a DD bound/
unbound state.

We also noticed the recent LHCb’s result of the DD
invariant mass spectrum from the pp collision [29]. By
analyzing the DD invariant mass spectrum, LHCb found a
new narrow charmoniumlike state X(3842) which can be a
good candidate of w(13D;) state in the J/y family.
Accompanied by X(3842), w(3770) also exists in the
measured DD invariant mass spectrum. Besides, there is
a structure around 3.9 GeV. The LHCb Collaboration claim
that this 3.9 GeV structure may correspond to Z(3930) as
X (2P) state. Thus, LHCb’s data can be employed to
search for charmonia with DD decay mode.

In Fig. 9, we collect the LHCb’s data of the DD invariant
mass spectrum, especially focusing on the 3.9 GeV struc-
ture. We want to emphasize that this 3.9 GeV structure
cannot be described by a simple Breit-Wigner formula, and
conjecture that this 3.9 GeV structure may contain at least
two substructures according to our former analysis pre-
sented in Ref. [35]. In Ref. [35], we once analyzed the
structure around 3.9 GeV existing in the DD invariant mass
spectrum from yy — DD and indicated that this structure
can be composed of y.(2P) and y.,(2P).

We strongly suggest experimentalists to examine it. If our
conjecture can be confirmed in experiment, one substructure
may correspond to the y.(2P) state and another denotes
the y.,(2P) state. Observation of the DD decay mode of
X(3915) is the key point to finally establish X(3915) as
Xc0(2P) state.
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FIG. 9. The DD invariant mass spectrum from pp collision in
Ref. [29].

We also want to comment on the Belle’s result of X (3860)
[45] from e*e™ — J/wDD or the broad structure X (3840)
with mass 3837.6 & 11.5 MeV reported in Ref. [40] from
vy — DD. Since X(3860) or X(3840) exists in the DD
structure, there should exist their explicit signal in the
LHCb’s data of the DD invariant mass spectrum.
Unfortunately, we cannot find any evidence either of
X (3860) or X(3840) in the DD invariant mass spectrum
released by LHCb [29]. This fact cannot be evaded by the
authors in Refs. [40] if treating X (3860) [45] or the so-called
X(3840) as y.o(2P). Here, it is time to seriously check
whether the broad structures X (3860) [45] and X (3840) [40]
are due to resonance contribution or background, which will
be a crucial task left to experimentalists.

Finally, we should state our opinion on the y . (2P) state:
Yeo(2P) must be a narrow state and the charmoniumlike
state X(3915) is a good candidate of y.o(2P) without
any doubt.

IV. SUMMARY

Since the observation of J/y in 1974, the charmonium
family has become abundant. In the past 17 years, the
charmoniumlike XY Z states have been reported, which not
only provides a good chance to explore exotic hadronic
states but also gives us an opportunity to identify a missing
charmonium. However, the road to identify a missing
charmonium is not smooth. A typical example is
X(3915) discovered in yy — wJ/w by Belle [37]. In the
former work, the Lanzhou group indicated that X(3915) is
a good candidate for the y.y(2P) state [34]. Later, BABAR
confirmed that the JP¢ quantum number is 0*+ by
performing angular momentum analysis [38]. According
to this result, the 2013 version of PDG [39] labeled
X(3915) as y.o(2P). However, some theoretical groups
proposed three problems against such an assignment (see
the review in Sec. I). Among these problems, it has been a
crucial task we have to face how to explain the small mass
gap between X(3915) and Z(3930).

In this work, we have seriously studied the possibility of
X(3915) as y.o(2P). For the discussed y.;(2P) states, they
are above the DD and DD* thresholds. Thus, a coupled-
channel effect should be considered when performing such
a study, which is a typical unquenched picture for hadrons.
Based on an unquenched quark model, we have calculated
the mass spectrum of three y.;(2P) states. To avoid the
uncertainty from input parameters, we have fixed the y
value and have taken numerical spatial wave functions of
the involved states calculated by the GI model. Having
carried out the GI model calculation, we have reproduced
the masses of the well-established charmonia. Having done
the above treatment, no free parameter has existed in our
calculation. Our results have shown that the mass difference
between y.o(2P) and y.,(2P) is 13 MeV, which is very
close to the mass gap between X(3915) and Z(3930).
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Of course, the masses of X(3915) and Z(3930) have been
reproduced in the present work. For letting the reader to
convince our result, we have given an analysis to explain
why we can reach such good results different form the
former unquenched model calculation, where the impor-
tance of node effects due to spatial wave functions of 2P
charmonium is explicitly indicated.

Besides mass spectrum analysis to support the assign-
ment of X(3915) as y.o(2P), we have also calculated the
width of y.(2P) to be 23 MeV. Such a value is also
consistent with the experimental data of X(3915), which
further enforces the possibility of X(3915) as y.(2P).
Especially, in this work we have emphasized that y.,(2P)
should be a narrow state.

To finally establish X(3915) as y.o(2P), the search for
X(3915) = DD is crucial. In Ref. [35], the Lanzhou
group proposed that the 3.9 GeV structure corresponding
to Z(3930) in the DD invariant mass spectrum of yy — DD
should be composed of two substructures, which gives a
solution of the dominant DD channel of X(3915) missing
in experiments. Recent LHCb’s data of the DD invariant
mass spectrum from p p collision [29] can again support the
above proposal since the 3.9 GeV structure existing in
LHCDb’s data cannot be depicted by one structure. We
strongly encourage an experimental study of the detailed
structure around 3.9 GeV found by LHCb from the DD
invariant mass spectrum data.

Before making a final conclusion X(3915) as
xeo(2P), we still need to face the so-called consistency
problem existing in two estimated branching ratios of
B(y.0(2P) = wJ/y), which was proposed in Ref. [42].
Here, Olsen adopted two approaches to estimate
B(x.o(2P) = @J/w): (1) assuming that both X(3915)
from the yy — J/ww process and Y(3940) from
BT - J/wwK" [60] are originated from the same
state y.o(2P), one expects B(BT — KTY(3940)) =
B(B™ - K" y.(2P)) < B(BT — K'y,(1P)). Then, one
obtains the lower limit B(Y(3940) - J/yw) =
B(x.o(2P) = J/wyw) > 0.14, where the experimental
values  B(BT = KTy (1P)) = 1.55017 x 107*  [61]
and B(B* — K7Y(3930)) x B(Y(3940) - J/yw) =
3.0708103 % 107> [62,63] were employed in this estimate;
(2) applying the relation from the quenched potential

model [42]
Teo(2P) = 1r) _TOo(IP) = 77) _ 4y 06 (16)

C(x2(2P) = 77)  T(xe2(1P) = y7)

one gets an upper limit B(y.(2P) - J/yw) < 8.1% with
the experimental value I'(X(3915) — yy) x B(X(3915) —
oJ/y) =54+ 9 eV [61] as input. In this work, taking this
opportunity, we want to give comments on the above
estimate of the branching ratio of y . (2P) — J/yw:

(i) Although there exists similarity of the resonance
parameters of X(3915) and Y (3940), this treatment
of X(3915) as the same as ¥ (3940) is not acceptable
in the whole community (see a review article
[64,65]). In fact, Y(3940) from B' — J/wwK™
[60] is a good candidate of a D* D* molecular state
as indicated in Ref. [66]. Thus, this value of
B(B* — K1Y(3940)) x B(Y(3940) — J/yw) can-
not be applied to estimate the branching ratio
of y.o(2P) = J/yw.

(i) Equation (16) is only valid under the framework of a
quenched quark model. For these higher charmonia
with mass above the threshold of a charmed meson
pair, the hadronic loop contribution should be
considered in calculating their decays. In Ref. [67],
the Lanzhou group performed a realistic study of
X(3915) - J/yw and Z(3930) - J/ww, which
occurs via intermediate hadronic loops composed
of charmed mesons. The result shows that the partial
decay width of ¥, (2P) — J/ww is at least one order
of magnitudes smaller than that of y.c(2P) — J/ww
[67]. It is obvious that the relation shown in Eq. (16)
is violated by a hadronic loop effect when discussing
higher charmonia y.(2P) and y.(2P). Thus, the
estimate of the upper limit of a branching ratio of
Xc0(2P) = J/ww in Ref. [42] is questionable.

As illustrated above, we would like to emphasize that the
consistency problem raised in Ref. [42] does not exist. Of
course, investigating the y. (2P) — J/ww decay in the
near future will still be an interesting issue.

We hope that the present work can provide valuable
information to clarify the messy situation of identifying the
candidate of y.(2P). In the following years, experimen-
talists should dedicate themselves to this tough problem
accompanied by theorists, where LHCb and Belle II will
still play the main force role.
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