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We perform a systematic study on the twist-3 gluon distribution and fragmentation functions which
appear in the collinear twist-3 factorization for hard inclusive processes. Three types of twist-3 distribution
and fragmentation functions, i.e., intrinsic, kinematical, and dynamical ones, which are necessary to
describe all kinds of twist-3 cross sections, are related to each other by the operator identities based on the
QCD equation of motion and the Lorentz invariance properties of the correlation functions. We derive the
exact relations for all twist-3 gluonic distribution and fragmentation functions for a spin-1=2 hadron. Those
relations allow one to express intrinsic and kinematical twist-3 gluon functions in terms of the twist-2 and
dynamical twist-3 functions, which provides a basis for the renormalization of intrinsic and kinematical
twist-3 functions. In addition, those model independent relations are crucial to guarantee gauge invariance
and frame independence properties of the twist-3 cross sections.
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I. INTRODUCTION

During the past few decades twist-3 effects in (semi-)
inclusive processes have been receiving great attention, in
that they show up as a leading contribution to interesting
spin asymmetries and reveal an important role of multi-
parton correlations in the scattering processes which shed
new lights on the hadron structure. By now theoretical
methods for dealing with those twist-3 effects have been
developed and widely used to derive many relevant twist-3
cross section formulas. Such theoretical studies include
those for g2-structure function of the nucleon measured in
deep-inelastic scattering [1,2], single spin asymmetries
(SSA) for a hadron or (virtual) photon production in
proton-proton (nucleus) collisions with one proton trans-
versely polarized, p↑p → hX (h ¼ π; D; γ; γ� etc.) [3–17],
p↑A → hX [18–22], and semi-inclusive deep-inelastic
scattering (SIDIS), ep↑ → ehX [23–32], SSA in trans-
versely polarized hyperon production in the unpolarized
proton-proton collision, pp → Λ↑X [33–38] and in eþe−

-collision, eþe− → Λ↑X [39], the longitudinal-transverse
double spin asymmetry ALT in the proton-proton collision,

p⃗p↑ → fh; γ�gX [40–44], etc. Collinear twist-3 parton
distribution functions (DFs) and fragmentation functions
(FFs) which appear in these twist-3 factorization formula
for the cross sections no longer have probability interpre-
tation but represent multiparton (quark-gluon or purely
gluonic) correlations in the hadrons or in the fragmentation
processes. The leading order evolution equations for
the relevant twist-3 functions have been also derived
[10,30,45–58].
Collinear twist-3 DFs and FFs can be, in general,

classified into three types: intrinsic, kinematical, and
dynamical ones [59]. Although they all appear in the
calculation of the twist-3 cross section formula, they are
not independent from each other, but are related by QCD
equation of motion (e.o.m.) and Lorentz invariance proper-
ties of the correlation functions. One of the present authors
(Y. K.) performed a systematic study on the twist-3 quark
DFs and FFs, and presented a complete set of those model
independent relations, which are often called e.o.m. rela-
tions and the Lorentz invariance relations [59]. These
relations allow one to express the intrinsic and kinematical
twist-3 DFs and FFs in terms of the twist-2 functions and
the dynamical twist-3 functions. In addition, they play a
critical role to guarantee the gauge invariance and frame
independence of the twist-3 cross sections [29,59,60]. In
this paper, we extend the study to gluonic twist-3 DFs and
FFs for a spin-1=2 hadron [37–39,61,62] and derive all of
those exact relations. For the twist-3 gluon DFs in the
transversely polarized nucleon, which are relevant to SSAs
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in ep↑ → eDX [27], p↑p → DX [11], p↑p → fγ; γ�gX
[12], and also ALT for p⃗p↑ → DX [42], one of the present
authors (S. Y.) derived such relations [63], while no such
systematic studies exist for the twist-3 gluon FFs. There are
several purely gluonic twist-3 FFs for a transversely
polarized spin-1=2 hadron, so the present study is particu-
larly important for the study of their contribution to
the polarized hyperon production in the unpolarized
proton-proton collision (pp → Λ↑X) [37,38] and SIDIS
(ep → eΛ↑X), etc. Those exact relations for the gluonic
DFs and FFs need to be taken into account in the derivation
of the cross section and will be crucial to guarantee gauge
invariance and the frame independence of the twist-3 cross
sections as in the case of quark DFs and FFs.
The remainder of this paper is organized as follows: In

Sec. II, we derive the relations among the twist-3 gluon
DFs. After summarizing the complete set of purely gluonic
distributions up to twist-3, we derive all the constraint
relations among those functions. In Sec. III, we extend the
study to the twist-3 gluon FFs. There are more twist-3 FFs

compared to the twist-3 DFs due to the lack of a constraint
from time reversal invariance. In particular, the dynamical
FFs become complex, and the real and imaginary parts
obey different constraint relations. Section IV will be
devoted to a brief summary.

II. TWIST-3 GLUON DISTRIBUTIONS

A. Intrinsic, kinematical, and dynamical
twist-3 gluon distributions

We first summarize the definition of three types of purely
gluonic distribution functions in the nucleon which has
mass M, momentum P (P2 ¼ M2), and the spin vector S
(S2 ¼ −M2). As usual, we introduce two lightlike vectors p
and n, which satisfy Pμ ¼ pμ þ M2

2
nμ and p · n ¼ 1. Below

we work in a frame where pμ ¼ Pþgμþ and nμ ¼ ð1=pþÞgμ−.
The simplest collinear gluon distribution functions are
defined from the light cone correlation functions of the
gluon’s field strengths Fαν

a with color index a in the
nucleon state jPSi as [61,62]

Φαν;βμðxÞ ¼
Z

dλ
2π

eiλxhPSjFαν
a ð0Þ½0; λn�abFβμ

b ðλnÞjPSi

¼ 1

2
fð−gαβ⊥ pμ þ gαμ⊥ pβÞpν − ð−gνβ⊥ pμ þ gνμ⊥ pβÞpαgxGðxÞ

þ i
2
ðS · nÞfðϵpnαβpμ − ϵpnαμpβÞpν − ðϵpnνβpμ − ϵpnνμpβÞpαgxΔGðxÞ

−
iM
2

fðϵαβnS⊥pμ − ϵαμnS⊥pβÞpν − ðϵνβnS⊥pμ − ϵνμnS⊥pβÞpαgxΔG3TðxÞ

þ iM
2

fϵβμpnðSα⊥pν − Sν⊥pαÞ − ϵανpnðSβ⊥pμ − Sμ⊥pβÞgxΔH3TðxÞ þ � � � ; ð1Þ

where þ � � � denotes twist-4 or higher, gαβ⊥ ¼
gαβ − pαnβ − pβnα, and the transverse spin vector Sμ⊥ is
defined as Sμ ¼ ðS · nÞpμ þ ðS · pÞnμ þMSμ⊥. ½0; λn�≡
P expfig R 0

λ dtAðtnÞ · ng is the gauge link which guaran-
tees gauge invariance of the correlation function. Here and
below we use the shorthand notation ϵpnαβ ≡ ϵνμαβpνnμ,
etc. GðxÞ and ΔGðxÞ are, respectively, twist-2 unpolarized
and helicity distributions and ΔG3TðxÞ and ΔH3TðxÞ are

the intrinsic twist-3 distributions corresponding, respec-
tively, to hFþ⊥Fþ−i and hFþ⊥F⊥⊥i correlators. Although
ΔH3TðxÞ drops from the correlator Φαn;βnðxÞ which con-
tributes to a cross section, we need the form (1) to derive
constraint relations among the twist-3 distributions. Each
function in (1) has a support on jxj < 1.
The second type of the twist-3 gluon distributions are the

kinematical ones which are defined as

Φαβγ
∂ ðxÞ ¼

Z
dλ
2π

eiλxhPSjFαnð0ÞFβnðλnÞjPSii∂⃖γ

≡ lim
ξ→0

Z
dλ
2π

eiλxhPSjðFαnð0Þ½0;∞n�Þai
d
dξγ

ð½∞nþ ξ; λnþ ξ�Fβnðλnþ ξÞÞajPSi

¼ M
2
gαβ⊥ ϵpnS⊥γGð1Þ

T ðxÞ − iM
2

ϵpnαβSγ⊥ΔG
ð1Þ
T ðxÞ þM

8
ðϵpnS⊥fαgβgγ⊥ þ ϵpnγfαSβg⊥ ÞΔHð1Þ

T ðxÞ
þ ðterms proportional topγÞ þ � � � ; ð2Þ
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where � � � denotes twist-4 or higher. These three kinemati-

cal distributions ΔGð1Þ
T ðxÞ, ΔGð1Þ

T ðxÞ, and ΔHð1Þ
T ðxÞ can be

also written as the k2⊥=M2-moment of the transverse
momentum dependent (TMD) distributions. Note that the

TMD distribution corresponding to ΔGð1Þ
T ðxÞ is naively T-

even, while those for Gð1Þ
T ðxÞ and ΔHð1Þ

T ðxÞ are naively
T-odd. Each function in (2) has a support on jxj < 1.
The last distributions (third type) are the dynamical ones

which are defined as the light cone correlation functions of
three field strengths (“F-type” distribution) [27,61]1:

Nαβγ
F ðx1; x2Þ ¼ i

Z
dλ
2π

Z
dμ
2π

eiλx1eiμðx2−x1ÞhPSjifacbðFnαð0Þ½0; μn�ÞagFnγ
c ðμnÞð½μn; λn�FnβðλnÞÞbjPSi

¼ 2iM½−gαβ⊥ ϵγpnS⊥Nðx1; x2Þ þ gαγ⊥ ϵβpnS⊥Nðx2; x2 − x1Þ þ gβγ⊥ ϵαpnS⊥Nðx1; x1 − x2Þ� þ � � � ; ð3Þ

where facb is the antisymmetric structure constant for
color SU(N) and � � � denotes twist-4 or higher. Nðx1; x2Þ
satisfies the symmetry relation Nðx1; x2Þ ¼ Nðx2; x1Þ and
Nð−x1;−x2Þ ¼ −Nðx1; x2Þ and has a support on jx1;2j < 1

and jx1 − x2j < 1. Replacing ifabc by dabc (symmetric
structure constants) in Nαβγ

F ðx1; x2Þ, one can define other

3-gluon correlation functions. However, we shall not
consider them, since they are not related to any other
types of twist-3 gluon distributions. We call Nðx1; x2Þ
[and GFðx1; x2Þ in (17) below] dynamical twist-3 DFs.
Replacing gFnγðμnÞ by the covariant derivative DγðμnÞ ¼
∂γ − igAγðμnÞ in (3), one obtains “D-type” distributions as

Nαβγ
D ðx1; x2Þ ¼ i

Z
dλ
2π

Z
dμ
2π

eiλx1eiμðx2−x1ÞhPSjðFnαð0Þ½0; μn�ÞaðDγðμnÞ½μn; λn�FnβðλnÞÞajPSi

¼ 2iM½−gαβ⊥ ϵγpnS⊥D1ðx1; x2Þ − gαγ⊥ ϵβpnS⊥D2ðx1; x2Þ þ gβγ⊥ ϵαpnS⊥D2ðx2; x1Þ�

−
1

2
gαβ⊥ pγGðx1; x2Þx22 þ

i
2
ϵαβpnpγðS · nÞΔGðx1; x2Þx22 −

i
2
MϵαβnS⊥pγΔG3Tðx1; x2Þx22 þ � � � ; ð4Þ

where � � � denotes twist-4 or higher. It is easy to see thatR
dx1N

αβn
D ðx1; xÞ is reduced to Φαn;βnðxÞ, and the three

distributions in the last three terms of (4) are thus related to
those in (1) as

Z
1

−1
dx1fðx1; xÞ ¼ fðxÞ; for f ¼ G;ΔG;ΔG3T: ð5Þ

Equations (1), (2), (3) and (4) define all necessary collinear
twist-3 gluonic distribution functions in the collinear twist-
3 formalism. Below we shall derive all constraint relations
among those functions.

B. Relations between D- and F-type DFs
and QCD equation of motion

Using the identity

DγðμnÞ½μn; λn� ¼ ig
Z

μ

λ
dt½μn; tn�FγnðtnÞ½tn; λn�

þ ½μn; λn�DγðλnÞ; ð6Þ
D- and F-type 3-gluon correlators in (4) and (3) are
connected as

Nαβγ
D ðx1; x2Þ ¼ P

1

x2 − x1
Nαβγ

F ðx1; x2Þ

þ δðx1 − x2ÞΦ̃αβγ
∂ ðx1Þ; ð7Þ

where

Φ̃αβγ
∂ ðxÞ ¼ i

Z
dλ
2π

eiλxhPSjFnαð0Þ½0;λn�DγðλnÞFnβðλnÞjPSi

þ
Z

dλ
2π

eiλx
Z

∞

−∞
dμ

1

2
ϵðμ− λÞhPSj

×Fnαð0ÞgFnγðμnÞFnβðλnÞjPSi; ð8Þ
with ϵðμ − λÞ ¼ 2θðμ − λÞ − 1. Here and below we often
suppress the color indices and gauge links for simplicity:
Fnαð0Þ½0; λn�DγðλnÞFnβðλnÞ denotes ðFnαð0Þ½0; λn�Þa ×
ðDγðλnÞFnβðλnÞÞa, and Fnαð0ÞgFnγðμnÞFnβðλnÞ represents
ifacbðFnαð0Þ½0; μn�ÞagFnγ

c ðμnÞð½μn; λn�FnβðλnÞÞb. On the
other hand, the correlator for the kinematical twist-3
distributions Φαβγ

∂ ðxÞ in (2) can be rewritten as

Φαβγ
∂ ðxÞ¼ i

Z
dλ
2π

eiλxhPSjFnαð0Þ½0;λn�DγðλnÞFnβðλnÞjPSi

þ
Z

dλ
2π

eiλx
Z

∞

λ
dμhPSj

×Fnαð0ÞgFnγðμnÞFnβðλnÞjPSi: ð9Þ1We follow the convention of [27].
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One thus obtains the relation

Φ̃αβγ
∂ ðxÞ ¼ Φαβγ

∂ ðxÞ þ iπNαβγ
F ðx; xÞ; ð10Þ

where Nαβγ
F ðx; xÞ defines soft-gluon-pole functions. By

comparing real and imaginary parts of both sides of (7),
one obtains the following relations:

D1ðx1; x2Þ ¼ P
1

x2 − x1
Nðx1; x2Þ; ð11Þ

D2ðx1; x2Þ ¼ P
−1

x2 − x1
Nðx2; x2 − x1Þ

−
1

4
δðx1 − x2ÞΔGð1Þ

T ðx1Þ; ð12Þ

Gð1Þ
T ðxÞ ¼ 4πðNðx; xÞ − Nðx; 0ÞÞ; ð13Þ

ΔHð1Þ
T ðxÞ ¼ −8πNðx; 0Þ: ð14Þ

The first two relations were derived in [63]. They show the
D-type functions are determined by the F-type and kin-
ematical functions. The last two relations (13) and (14) are
the analogs of the relations for the quark distributions that
show the k2⊥-moment of the “naively T-odd” TMD distri-
bution functions, such as Sivers and Boer-Mulders func-
tions, and are proportional to the soft-gluon-pole (SGP)
function of the F-type quark-gluon correlation function. It
has been shown that the SGP functions Nðx; xÞ and Nðx; 0Þ
contribute to SSAs for ep↑→eDX [27], p↑p→DX [11],
p↑p→fγ;γ�gX [12] and p↑p → πX [16]. To the best of our
knowledge, the relations (13) and (14) were not explicitly
written in the literature.
To get further relations, we multiply g⊥βγ to (7),

integrate over x1 and use the relation D⊥βðλnÞFnβðλnÞ ¼
−DnðλnÞFnpðλnÞ þ gψ̄ðλnÞ=ntaψðλnÞ which follows from
the QCD equation of motion, ðDμFμαÞa ¼ −gψ̄γαtaψ . One
then obtains

x2

2
ΔG3TðxÞ þDgðxÞ

¼ 2

Z
1

−1
dx1P

1

x − x1
½−Nðx1; xÞ þ Nðx; x − x1Þ

þ 2Nðx1; x1 − xÞ� − 1

2
ΔGð1Þ

T ðxÞ; ð15Þ

where DgðxÞ is defined as

MDgðxÞϵαpnS⊥ ¼
Z

dλ
2π

eiλxhPSjFnα
a ð0Þψ̄ðλnÞta=nψðλnÞjPSi:

ð16Þ

DgðxÞ is related to the twist-3 quark-gluon correlation
function GFðx1; x2Þ defined by2

Z
dλ
2π

Z
dμ
2π

eiλx1eiμðx2−x1ÞhPSjψ̄ð0ÞFαn
a ðμnÞta=nψðλnÞjPSi

¼ MϵαpnS⊥GFðx1; x2Þ; ð17Þ

as

DgðxÞ ¼ −
Z

1

−1
dx1GFðx1; x1 − xÞ; ð18Þ

with the support on jxj < 1. The relation (15) is also new.
From (7), one can obtain another relation involving

ΔH3TðxÞ as follows. We first write

Φαn;βμðxÞ ¼ −i
x

Z
dλ
2π

deiλx

dλ
hPSjFαnð0Þ½0; λn�FβμðλnÞjPSi

¼ i
x

Z
dλ
2π

eiλxhPSjFαnð0Þ½0; λn�

×DnðλnÞFβμðλnÞjPSi; ð19Þ

where we have used the relation d
dλ ½0; λn�FβμðλnÞ ¼

½0; λn�DnðλnÞFβμðλnÞ after integration by parts. We then
use the Bianchi identity DnFβμ ¼ −DβFμn þDμFβn to get

Φαn;βμðxÞ ¼ 1

x

Z
dx1fNαβμ

D ðx1; xÞ − Nαμβ
D ðx1; xÞg: ð20Þ

Taking α, β, and μ to be transverse, one arrives at the
following relation:

xΔH3TðxÞ ¼
4

x

Z
dx1fD1ðx1; xÞ −D2ðx1; xÞg: ð21Þ

Using the relations, (11) and (12), in this equation one
eventually obtains

1

2
x2ΔH3TðxÞ ¼ 2

Z
dx1P

1

x− x1
fNðx1; xÞ þNðx; x− x1Þg

þ 1

2
ΔGð1Þ

T ðxÞ: ð22Þ

This relation was derived here for the first time.
To summarize this subsection, we have obtained two

relations (15) and (22) which relate the two intrinsic
functions, ΔG3TðxÞ and ΔH3TðxÞ, and one kinematical

function, ΔGð1Þ
T ðxÞ, to the dynamical functions. One needs

another independent relation to express those three func-
tions in terms of the dynamical functions.

2We follow the convention of [24,25] for GFðx1; x2Þ.
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C. Constraint relations from nonlocal operator
product expansion

Here we derive a relation from the nonlocal version of the
operator product expansion (OPE) for general correlation
functions not necessarily on the light cone. The method was
originally developed in [45,64], andhas been frequently used
for the twist-3 distributions [24,45,63,65,66], the twist-3

fragmentation functions [59,67], and the distribution ampli-
tudes for hard exclusive processes [64,68,69], etc. This
method is equivalent to OPE and incorporates all the
constraints from Lorentz invariance property of the correla-
tion functions.Hereweapply thismethod to the twist-3gluon
distribution functions to derive constraint relations.
We start from the following operator identity:

∂
∂yρ ½F

ανð−yÞ½−y; y�FβμðyÞ� ¼ −Fανð−yÞD⃖ρð−yÞ½−y; y�FβμðyÞ þ Fανð−yÞ½−y; y�D⃗ρðyÞFβμðyÞ

þ i
Z

−1

1

dttFανð−yÞ½−y; ty�gFρyðtyÞ½ty; y�FβμðyÞ:

ð23Þ

In the left-hand side (l.h.s.) of this equation, one should first make y non-lightlike, and take the light cone limit yμ → y−gμ−
after taking the derivative. From translational invariance, we have another identity,

0¼ lim
ξ→0

d
dξρ

hPSjFανð−yþ ξÞ½−yþ ξ; yþ ξ�Fβμðyþ ξÞjPSi

¼ hPSjFανð−yÞD⃖ρð−yÞ½−y; y�FβμðyÞjPSi þ hPSjFανð−yÞ½−y; y�D⃗ρðyÞFβμðyÞjPSi

þ i
Z

−1

1

dthPSjFανð−yÞ½−y; ty�gFρyðtyÞ½ty; y�FβμðyÞjPSi: ð24Þ

We take the expectation value of (23) by jPSi, and use (24) to eliminate the first term in the right-hand side (r.h.s.). We then
obtain

∂
∂yρ hPSjF

ανð−yÞ½−y; y�FβμðyÞjPSi ¼ 2hPSjFανð−yÞ½−y; y�D⃗ρðyÞFβμðyÞkPSi

þ hPSji
Z

−1

1

dtðtþ 1ÞFανð−yÞ½−y; ty�gFρyðtyÞ½ty; y�FβμðyÞjPSi: ð25Þ

From this equation, one obtains the identity

∂
∂yβ hPSjF

αyð−yÞ½−y; y�FβyðyÞjPSi ¼ hPSjFα
μð−yÞ½−y; y�FμyðyÞjPSi þ 2hPSjFyαð−yÞgψ̄ðyÞ=ytaψðyÞjPSi

þ hPSji
Z

−1

1

dtðtþ 1ÞFαyð−yÞ½−y; ty�gFy
βðtyÞ½ty; y�FβyðyÞjPSi; ð26Þ

where we used the QCD e.o.m., DβðyÞFβμðyÞ ¼ −gψ̄ðyÞγμtaψðyÞ, in the second term of the r.h.s. In order to get a relation
among the twist-3 distributions from (26), one needs inverse Fourier transform of (1), (3), and (17). In particular, to calculate
the l.h.s. and the first term in the r.h.s. of (26), one has to use the following form:

hPSjFανð−yÞ½−y; y�FβμðyÞjPSi ¼
Z

dxe−2ixp·y
�
1

2
fð−gαβ⊥ pμ þ gαμ⊥ pβÞpν − ð−gνβ⊥ pμ þ gνμ⊥ pβÞpαgxGðxÞ

þ iS · y
2ðp · yÞ2 fðϵ

pyαβpμ − ϵpyαμpβÞpν − ðϵpyνβpμ − ϵpyνμpβÞpαgxΔGðxÞ

−
iM

2p · y
fðϵαβyS⊥pμ − ϵαμyS⊥pβÞpν − ðϵνβyS⊥pμ − ϵνμyS⊥pβÞpαgxΔG3TðxÞ

þ iM
2p · y

fϵβμpyðSα⊥pν − Sν⊥pαÞ − ϵαμpyðSβ⊥pν − Sν⊥pβÞgxΔH3TðxÞ�: ð27Þ
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In taking the derivative of (27) with respect to yβ, one should use the form Sμ⊥ ¼ Sμ − S·y
p·y p

μ and gμν⊥ ¼ gμν − pμyνþpνyμ

p·y , keep

all components of yμ with y2 ≠ 0, and then take the yμ → gμ−y− limit. With this procedure, we have eventually obtained the
following relation:

x
∂
∂x ðxΔG3TðxÞÞ þ xΔH3TðxÞ þ xΔGðxÞ

¼ −2
dDgðxÞ
dx

þ 4

Z
dx1P

1

x − x1

∂
∂x f2Nðx1; x1 − xÞ þ Nðx; x − x1Þ − Nðx1; xÞg

þ 4

Z
dx1P

1

ðx − x1Þ2
f−Nðx1; x1 − xÞ − 2Nðx; x − x1Þ þ Nðx1; xÞg: ð28Þ

This relation is independent from (15) and (22), and the
three relations (15), (22), and (28) allow one to solve

ΔG3TðxÞ, ΔH3TðxÞ and ΔGð1Þ
T ðxÞ in terms of ΔGðxÞ and

the dynamical functions.
Here we comment on the relations obtained from operator

identities other than (23). One can derive a constraint relation
by considering the following correlation function:

yρ

� ∂
∂yρ hPSjF

yνð−yÞ½−y; y�Fβ
νðyÞjPSi − ðρ ↔ βÞ

�
: ð29Þ

We found that this correlator simply gives the relation that is
obtained from (15) and (22), which supplies a good con-
sistency check. We also found that the operator identity for
the correlator

yρ

� ∂
∂yρ hPSjF

yνð−yÞ½−y; y�F̃β
νðyÞjPSi − ðρ ↔ βÞ

�
; ð30Þ

with F̃βν ¼ 1
2
ϵβνρτFρτ gives the same relation as (28), which

also serves to confirm our result.
It is interesting to compare our approach and that in [63].

The authors of [63] analyzed the correlator (30) to express

ΔĜ3TðxÞ and ΔĜð1Þ
T ðxÞ in terms of ΔGðxÞ and the dynami-

cal twist-3 distributions. They started from the identity

yρ

� ∂
∂yρ hPSjF

yνð−yÞF̃β
νðyÞjPSi− ðρ↔ βÞ

�

¼hPSjðFyνð−yÞF̃β
νðyÞ−Fβνð−yÞF̃y

νðyÞÞjPSi

þyαyρ

� ∂
∂yρ hPSjF

ανð−yÞF̃β
νðyÞjPSi− ðρ↔ βÞ

�
: ð31Þ

The second term in the r.h.s. can be rewritten further to be
expressed in terms of the F-type functions. In our approach,

the l.h.s. and the first term in the r.h.s. are calculated by
using (27) and are expressed in terms of the intrinsic
distributions. In this method, ΔH3TðxÞ does not survive in
the l.h.s., while it does appear in the first term of the r.h.s.
This procedure leads to the same relation as (28). As for the
method of [63], they treated the l.h.s. of (31) in the same
way as ours (although they did not refer to the presence of
the ΔH3T term). On the other hand, they analyzed the first
term in the r.h.s. of (31) in a different way. They did not use
the form (27), but rewrote it directly in terms of the F-type
functions. Therefore they could obtain the constraint
relation among the twist-3 distribution functions without
recourse to ΔH3TðxÞ contribution at any stage. As we will
see in the next subsection, our results for ΔG3TðxÞ and

ΔGð1Þ
T ðxÞ agree with those in [63]. Our approach can also

supply the expression for ΔH3TðxÞ. (See next subsection.)

D. Solution for intrinsic and kinematical DFs
in terms of twist-2 and dynamical twist-3 DFs

As we found in previous subsections, Eqs. (15), (22), and
(28) constitute a complete set of the independent relations
among the twist-3 intrinsic, kinematical, and dynamical
DFs. Here we provide a solution for the intrinsic and
kinematical functions in terms of the twist-2 and dynamical
twist-3 DFs. Taking the sum of (15) and (22), we obtain

xΔH3TðxÞ ¼ −xΔG3TðxÞ −
2

x
DgðxÞ

þ 8

x

Z
dx1P

1

x − x1
× fNðx; x − x1Þ þ Nðx1; x1 − xÞg: ð32Þ

Inserting this into (28) to eliminate ΔH3TðxÞ, we have

x2
d
dx

ΔG3TðxÞ þ xΔGðxÞ þ 2x
d
dx

�
DgðxÞ
x

�
¼ 4

Z
dx1P

1

x − x1

∂
∂x f2Nðx1; x1 − xÞ þ Nðx; x − x1Þ − Nðx1; xÞg

þ 4

Z
dx1P

1

ðx − x1Þ2
f−Nðx1; x1 − xÞ − 2Nðx; x − x1Þ þ Nðx1; xÞg

−
8

x

Z
dx1P

1

x − x1
fNðx; x − x1Þ þ Nðx1; x1 − xÞg: ð33Þ
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This equation can be integrated to give

ΔG3TðxÞ ¼ −
Z

x

ϵðxÞ
dx1

ΔGðx1Þ
x1

− 2

�
DgðxÞ
x2

þ
Z

x

ϵðxÞ
dx1

Dgðx1Þ
x31

�

þ 4

x2

Z
1

−1
dx1P

1

x − x1
f2Nðx1; x1 − xÞ þ Nðx; x − x1Þ − Nðx1; xÞg

þ
Z

x

ϵðxÞ
dx2

8

x32

Z
1

−1
dx1P

1

x2 − x1
fNðx1; x1 − x2Þ − Nðx1; x2Þg

þ
Z

x

ϵðxÞ
dx2

4

x22

Z
1

−1
P

1

ðx2 − x1Þ2
fNðx1; x1 − x2Þ − Nðx2; x2 − x1Þg: ð34Þ

Combining this result and (15), one obtains the expression for ΔGð1Þ
T ðxÞ as

ΔGð1Þ
T ðxÞ ¼ x2

Z
x

ϵðxÞ
dx1

ΔGðx1Þ
x1

þ 2x2
Z

x

ϵðxÞ
dx1

Dgðx1Þ
x31

− x2
Z

x

ϵðxÞ
dx2

8

x32

Z
1

−1
dx1P

1

x2 − x1
fNðx1; x1 − x2Þ − Nðx1; x2Þg

− x2
Z

x

ϵðxÞ
dx2

4

x22

Z
1

−1
dx1P

1

ðx2 − x1Þ2
fNðx1; x1 − x2Þ − Nðx2; x2 − x1Þg: ð35Þ

The result in (34) and (35) agrees with that in [63]. Insertion of (34) into (32) gives the expression for ΔH3TðxÞ as

ΔH3TðxÞ ¼
Z

x

ϵðxÞ
dx1

ΔGðx1Þ
x1

þ 2

Z
x

ϵðxÞ
dx1

Dgðx1Þ
x31

þ 4

x2

Z
1

−1
dx1P

1

x − x1
fNðx; x − x1Þ þ Nðx1; xÞg

− 8

Z
x

ϵðxÞ
dx2

1

x32

Z
1

−1
dx1P

1

x2 − x1
fNðx1; x1 − x2Þ − Nðx1; x2Þg

− 4

Z
x

ϵðxÞ
dx2

1

x22

Z
1

−1
dx1P

1

ðx2 − x1Þ2
fNðx1; x1 − x2Þ − Nðx2; x2 − x1Þg: ð36Þ

This result is new. As shown in (34), (35), and (36),
the intrinsic and kinematical twist-3 gluonic distributions
are completely determined by ΔGðxÞ (often called
Wandzura-Wilczek contribution) and the F-type purely
gluonic correlation function Nðx1; x2Þ and the quark-
gluon correlation function GFðx1; x2Þ. Since these
relations are model independent exact relations, they
need to be satisfied in phenomenological applica-
tions. These relations also provide a basis for the renorm-
alization of the intrinsic and the kinematical twist-3
distributions. The evolution equations for Nðx1; x2Þ
and GFðx1; x2Þ have already been derived in [55].
The above relations (34), (35), and (36) show it also

determines the scale dependence of ΔG3TðxÞ, ΔGð1Þ
T and

ΔH3TðxÞ.

III. TWIST-3 GLUON FRAGMENTATION
FUNCTIONS

A. Intrinsic, kinematical, and dynamical
twist-3 gluon fragmentation functions

In this sectionwe extendour analysis in the previous section
to the twist-3 gluon fragmentation function. We consider FFs
for a spin-1=2 baryon with mass Mh, four momentum Ph

(P2
h ¼ M2

h), and the spin vector S (S2 ¼ −M2
h). In the twist-3

accuracy, we can treat Ph as lightlike and introduce another
lightlikevectorw by the relationPh · w ¼ 1.Weagainwork in
a framewherePμ

h ¼ Pþ
h g

μ
þ andwμ ¼ gμ−=P

þ
h . Transverse spin

vector for the baryon Sμ⊥ is normalized as S2⊥ ¼ −1. Similarly
to (1), the gluon’s collinear FFs can be defined from the
following fragmentation matrix elements [62]:
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Γ̂αν;βμðzÞ ¼ 1

N2 − 1

Z
dλ
2π

e−iλ=z
X
X

h0jð½∞w; 0�Fανð0ÞÞajhXihhXjðFβμðλwÞ½λw;∞w�Þaj0i

¼ fð−gαβ⊥ Pμ
h þ gαμ⊥ Pβ

hÞPν
h − ð−gνβ⊥Pμ

h þ gνμ⊥ Pβ
hÞPα

hgĜðzÞ
þ iðS · wÞfðϵPhwαβPμ

h − ϵPhwαμPβ
hÞPν

h − ðϵPhwνβPμ
h − ϵPhwνμPβ

hÞPα
hgΔĜðzÞ

−Mh½fðwαϵβPhwS⊥ þ wβϵαPhwS⊥ÞPμ
h − ðwαϵμPhwS⊥ þ wμϵαPhwS⊥ÞPβ

hgPν
h

−fðwνϵβPhwS⊥ þ wβϵνPhwS⊥ÞPμ
h − ðwνϵμPhwS⊥ þ wμϵνPhwS⊥ÞPβ

hgPα
h�ΔĜ3T̄ðzÞ

− iMhfðϵαβwS⊥Pμ
h − ϵαμwS⊥Pβ

hÞPν
h − ðϵνβwS⊥Pμ

h − ϵνμwS⊥Pβ
hÞPα

hgΔĜ3TðzÞ
þMhfϵβμPhwðSα⊥Pν

h − Sν⊥Pα
hÞ þ ϵανPhwðSβ⊥Pμ

h − Sμ⊥P
β
hÞgΔĤ3T̄ðzÞ

þ iMhfϵβμPhwðSα⊥Pν
h − Sν⊥Pα

hÞ − ϵανPhwðSβ⊥Pμ
h − Sμ⊥P

β
hÞgΔĤ3TðzÞ þ � � � ; ð37Þ

where N ¼ 3 is the number colors for SUðNÞ and þ � � �
denotes twist-4 or higher. All functions in (37) are defined
as real. Note that the last two terms drop in the correlator
∼hFwνihFwμi, but we need this general correlator to derive
relations among the twist-3 gluonic FFs. ĜðzÞ and ΔĜðzÞ
are, respectively, twist-2 unpolarized and helicity FFs, and
other 4 functions ΔĜ3TðzÞ, ΔĜ3T̄ðzÞ, ΔĤ3TðzÞ, and
ΔĤ3T̄ðzÞ are intrinsic twist-3 FFs. Compared with the

distribution functions, the number of twist-3 FFs is doubled
due to the absence of the constraint from time reversal
invariance, i.e., naively T-odd FFs ΔĜ3T̄ðzÞ and ΔĤ3T̄ðzÞ
survive in addition to “naively T-even” ΔĜ3TðzÞ and
ΔĤ3TðzÞ. Each function in (37) has a support on 0 < z < 1.
The second type of a gluon’s FFs are the kinematical

FFs, which are defined by

Γ̂αβγ
∂ ðzÞ ¼ 1

N2 − 1

X
X

Z
dλ
2π

e−iλ=zh0jð½∞w; 0�Fwαð0ÞÞajhXihhXjðFwβðλwÞ½λw;∞w�Þaj0ii∂⃖γ

¼ −
Mh

2
gαβ⊥ ϵγPhwS⊥Ĝð1Þ

T ðzÞ − i
Mh

2
ϵαβPhwSγ⊥ΔĜ

ð1Þ
T ðzÞ þMh

8
ðϵPhwS⊥fαgβgγ⊥ þ ϵPhwγfαSβg⊥ ÞΔĤð1Þ

T ðzÞ
þ ðterms proportional toPγ

hÞ þ � � � ; ð38Þ

where � � � denotes twist-4 or higher. These three kinematical FFs Ĝð1Þ
T ðzÞ, ΔĜð1Þ

T ðzÞ, and ΔĤð1Þ
T ðzÞ can also be written as the

k2⊥=M2
h-moment of the TMD FFs as in (2) for the distribution functions. Each function has a support on 0 < z < 1.

The third type of twist-3 FFs are the dynamical ones which are defined as the three gluon correlation function [37–39]:

N̂αβγ
F

�
1

z1
;
1

z2

�
¼ i

N2 − 1

X
X

Z
dλ
2π

Z
dμ
2π

e−i
λ
z1e−iμð

1
z2
− 1
z1
Þifabch0jFwα

a ð0ÞjhXihhXjFwβ
b ðλwÞgFwγ

c ðμwÞj0i

¼ iMh

�
−gαβ⊥ ϵγPhwS⊥N̂2

�
1

z2
−

1

z1
;
1

z2

�
þ gαγ⊥ ϵβPhwS⊥N̂2

�
1

z1
;
1

z2

�
þgβγ⊥ ϵαPhwS⊥N̂1

�
1

z1
;
1

z2

��
; ð39Þ

where the color indices of the field strength are contracted
by the antisymmetric structure constant ifabc and the
presence of appropriate gauge links similar to (37) is
implied to guarantee gauge invariance of the FFs. There
are two independent F-type FFs N̂1ð 1z1 ; 1z2Þ and N̂2ð 1z1 ; 1z2Þ
which are in general complex, meaning that the number of
independent F-type FFs is four times more than the
distribution case. ℜN̂1;2ð 1z1 ; 1z2Þ are naively T-even, while

ℑN̂1;2ð 1z1 ; 1
z2
Þ are naively T-odd. N̂1;2ð 1z1 ; 1z2Þ have a support

on 1
z2
> 1 and 1

z2
> 1

z1
> 0. Replacing ifabc by the sym-

metric structure constants dabc, one can define another
F-type FFs. Although they appear in a certain cross section,
e.g., pp → Λ↑X [37,38], they are not related to other twist-
3 FFs. We therefore do not consider those FFs hereafter.
One can also define another set of twist-3 FFs by the

replacement of gFwγðμwÞ → DγðμwÞ in (39), which gives
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N̂αβγ
D

�
1

z1
;
1

z2

�
¼ i

N2 − 1

X
X

Z
dλ
2π

Z
dμ
2π

e−i
λ
z1e−iμð

1
z2
− 1
z1
Þh0jFwα

a ð0ÞjhXihhXjðFwβðλwÞD⃖γðμwÞÞaj0i

¼ iMh

�
gαβ⊥ ϵγPhwS⊥D̂2

�
1

z1
;
1

z2

�
þ gαγ⊥ ϵβPhwS⊥D̂3

�
1

z1
;
1

z2

�
þgβγ⊥ ϵαPhwS⊥D̂1

�
1

z1
;
1

z2

��

þ Pγ
hg

αβ
⊥ Ĝ

�
1

z1
;
1

z2

�
1

z2
− iPγ

hϵ
PhwαβðS · wÞΔĜ

�
1

z1
;
1

z2

�
1

z2

þ iMhP
γ
hϵ

αβwS⊥ΔĜ3T

�
1

z1
;
1

z2

�
1

z2
−MhP

γ
hϵ

PhwS⊥fαwβgΔĜ3T̄

�
1

z1
;
1

z2

�
1

z2
; ð40Þ

where gauge links are suppressed for simplicity.
D̂1;2;3ð 1z1 ; 1z2Þ are also complex functions, and are called
D-type FFs. Functions in the last two lines are related to
those in (37): From the relation

−z
Z

d

�
1

z1

�
N̂αβγ

D

�
1

z1
;
1

z

�
wγ ¼ Γ̂αw;βwðzÞ; ð41Þ

it is easy to see

Z
d

�
1

z1

�
f̂

�
1

z1
;
1

z

�
¼ f̂ðzÞ; for f̂¼ Ĝ;ΔĜ;ΔĜ3T;ΔĜ3T̄ :

ð42Þ

Finally we introduce another dynamical FF defined by

Δ̃α

�
1

z1
;
1

z2

�
¼ 1

N

X
X

Z
dλ
2π

Z
dμ
2π

e−i
λ
z1e−iμð

1
z2
− 1
z1
Þ

× h0jFwα
a ðμwÞjhXihhXjψ̄ jðλwÞtaψ ið0Þj0i

¼ Mh

�
eαPhwS⊥ðPhÞijD̃FT

�
1

z1
;
1

z2

�

þ iSα⊥ðγ5PhÞijG̃FT

�
1

z1
;
1

z2

��
; ð43Þ

where the spinor indices i, j are shown explicitly. These
two functions D̃FT and G̃FT are, in general, complex
functions with their naively T-even real part and the T-
odd imaginary part. They have a support on 1

z1
> 0, 1

z2
< 0

and 1
z1
− 1

z2
> 1. As we will see below, constraint relations

for the twist-3 gluonic FFs involve these F-type quark-
gluon correlation functions through QCD e.o.m. We
collectively call the functions in (39) and (43) dynamical
twist-3 FFs.

B. Relations between D- and F-type FFs
and QCD equation of motion

The gluon FFs introduced in (37)–(40) are not indepen-
dent but are related by various operator identities. Using the
identity (6), we find D-type and F-type FFs are related as

N̂αβγ
D

�
1

z1
;
1

z2

�
¼ P

�
−1

1
z2
− 1

z1

�
N̂αβγ

F

�
1

z1
;
1

z2

�

þ δ

�
1

z2
−

1

z1

�
Γ̂αβγ
∂ ðz1Þ: ð44Þ

An important difference of this relation from the similar
one for the distribution function (7) is that the correlator for
the kinematical FFs appear directly as the coefficient of the
δ-function. This is because F-type FFs become 0 at z1 ¼ z2
due to the support property as shown in [70,71]. From (44),
we have

D̂1

�
1

z1
;
1

z2

�
¼P

1
1
z2
− 1

z1

N̂1

�
1

z1
;
1

z2

�

þδ

�
1

z1
−
1

z2

��
−1
2
ΔĜð1Þ

T ðz1Þþ
i
4
ΔĤð1Þ

T ðz1Þ
�
;

ð45Þ

D̂2

�
1

z1
;
1

z2

�
¼ P

−1
1
z2
− 1

z1

N̂2

�
1

z2
−

1

z1
;
1

z2

�

þ δ

�
1

z1
−

1

z2

��
i
2
Ĝð1Þ

T ðz1Þ −
i
4
ΔĤð1Þ

T ðz1Þ
�
;

ð46Þ

D̂3

�
1

z1
;
1

z2

�
¼P

1
1
z2
− 1

z1

N̂2

�
1

z1
;
1

z2

�

þδ

�
1

z1
−
1

z2

��
1

2
ΔĜð1Þ

T ðz1Þþ
i
4
ΔĤð1Þ

T ðz1Þ
�
:

ð47Þ

These relations show D̂1;2;3ð 1z1 ; 1
z2
Þ are completely deter-

mined by N̂1;2ð 1z1 ; 1
z2
Þ and the kinematical FFs. Following

the same procedure leading to (15) from (7), we can derive
the e.o.m. relation by contracting (44) with g⊥βγ as
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1

z
ðΔĜ3T̄ðzÞ þ iΔĜ3TðzÞÞ − iD̃FTðzÞ

¼ i
Z

d

�
1

z1

�
P

�
1

1
z −

1
z1

��
−2N̂1

�
1

z1
;
1

z

�

− N̂2

�
1

z1
;
1

z

�
þ N̂2

�
1

z
−

1

z1
;
1

z

��

þ 1

2
ðĜð1Þ

T ðzÞ þ ΔĤð1Þ
T ðzÞÞ þ i

2
ΔĜð1Þ

T ðzÞ; ð48Þ

where D̃FTðzÞ is defined from the dynamical FFs in (43) as

D̃FTðzÞ≡ 2

CF

Z
1=z

0

d

�
1

z1

�
D̃FT

�
1

z1
;
1

z1
−
1

z

�
; ð49Þ

with CF ¼ N2−1
2N , and it has a support on 0 < z < 1. Real

and imaginary parts of (48), respectively, read

1

z
ΔĜ3T̄ðzÞ þ ℑD̃FTðzÞ

¼
Z

d

�
1

z1

�
P

�
1

1
z −

1
z1

�
ℑ

�
2N̂1

�
1

z1
;
1

z

�

þ N̂2

�
1

z1
;
1

z

�
− N̂2

�
1

z
−

1

z1
;
1

z

��

þ 1

2
ðĜð1Þ

T ðzÞ þ ΔĤð1Þ
T ðzÞÞ; ð50Þ

and

1

z
ΔĜ3TðzÞ −ℜD̃FTðzÞ

¼
Z

d

�
1

z1

�
P

�
1

1
z −

1
z1

�
ℜ

�
−2N̂1

�
1

z1
;
1

z

�

− N̂2

�
1

z1
;
1

z

�
þ N̂2

�
1

z
−

1

z1
;
1

z

��

þ 1

2
ΔĜð1Þ

T ðzÞ: ð51Þ

The relation (51) is the FF version of (15).
We can also derive another relation from (44). Following

a similar step from (19) to (20), we obtain the following
relation:

ΔĤ3T̄ðzÞ
z

þ i
ΔĤ3TðzÞ

z

¼ i
Z

d

�
1

z1

��
D̂2

�
1

z1
;
1

z

�
− D̂3

�
1

z1
;
1

z

��
: ð52Þ

Using (46) and (47) in the r.h.s. of this equation and
comparing real and imaginary parts of both sides, one
obtains the following two relations:

ΔĤ3T̄ðzÞ
z

¼
Z

d

�
1

z1

�
P

1
1
z −

1
z1

× ℑ

�
N̂2

�
1

z1
;
1

z

�
þ N̂2

�
1

z
−

1

z1
;
1

z

��

þ 1

2
ðΔĤð1Þ

T ðzÞ − Ĝð1Þ
T ðzÞÞ; ð53Þ

ΔĤ3TðzÞ
z

¼
Z

d

�
1

z1

�
P

−1
1
z −

1
z1

×ℜ

�
N̂2

�
1

z1
;
1

z

�
þ N̂2

�
1

z
−

1

z1
;
1

z

��

−
1

2
ΔĜð1Þ

T ðzÞ: ð54Þ

The second one is the FF version of (22) for the distribution
function.
To summarize this section, we have derived two inde-

pendent relations among the intrinsic, kinematical, and
dynamical functions, (51) and (54), for the T-even sector,
and two independent ones (50) and (53) for the T-odd
sector. One needs another independent relation for the
former and two more relations for the latter.

C. Constraint relations from nonlocal
operator product expansion

In this subsection, we will derive the relations among
the twist-3 gluonic FFs, employing the method used in
Sec. II C. To this end, we consider operator identities for the
correlation functions away from the light cone which
become the fragmentation matrix element in the lightlike
limit. We need to calculate a matrix element like

∂
∂yρ h0jð½∞y;−y�Fανð−yÞÞajhXihhXjðFβμðyÞ½y;∞y�Þaj0i;

ð55Þ
for y2 ≠ 0 and take the yμ → δμ−y− limit after differentia-
tion. To calculate (55), we use the following operator
identities:

ðFβμðyÞ½y;∞y�Þa
∂⃖
∂yρ

¼ ðFβμðyÞD⃖ρðyÞ½y;∞y�Þa
þ i

Z
1

∞
dttðFβμðyÞ½y; ty�gFρyðtyÞ½ty;∞y�Þa; ð56Þ

∂
∂yρ ð½∞y;−y�Fανð−yÞÞa
¼−ð½∞y;−y�Dρð−yÞFανð−yÞÞa
þ i

Z
∞

−1
dttð½∞y; ty�gFρyðtyÞ½ty;−y�Fανð−yÞÞa: ð57Þ
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From translational invariance, we also have the relation

0 ¼ lim
ξ→0

d
dξρ

h0jð½∞yþ ξ;−yþ ξ�Fανð−yþ ξÞÞajhXihhXjðFβμðyþ ξÞ½yþ ξ;∞yþ ξ�Þaj0i

¼ h0jð½∞y;−y�Fανð−yÞÞajhXihhXjðFβμðyÞD⃖ρðyÞ½y;∞y�Þaj0i

þ h0jð½∞y;−y�Fανð−yÞÞajhXihhXji
Z

1

∞
dtðFβμðyÞ½y; ty�gFρyðtyÞ½ty;∞y�Þaj0i

þ h0jð½∞y;−y�Dρð−yÞFανð−yÞÞajhXihhXjðFβμðyÞ½y;∞y�Þaj0i

þ h0ji
Z

∞

−1
dtð½∞y;−y�gFρyðtyÞ½ty;−y�Fανð−yÞÞajhXihhXjðFβμðyÞ½y;∞y�Þaj0i: ð58Þ

In (55)–(58), we have explicitly written gauge links and color indices. Below we will suppress them for brevity. Inserting
(56) and (57) into (55), and using (58) to eliminate the term containing h0jDρð−yÞFανð−yÞjhXi, one obtains

∂
∂yρ h0jF

ανð−yÞjhXihhXjFβμðyÞj0i ¼ 2h0jFανð−yÞjhXihhXjFβμðyÞD⃖ρðyÞj0i

þ h0jFανð−yÞjhXihhXji
Z

1

∞
dtðtþ 1ÞFβμðyÞgFρyðtyÞj0i

þ h0ji
Z

∞

−1
dtðtþ 1ÞgFρyðtyÞFανð−yÞjhXihhXjFβμðyÞj0i: ð59Þ

This equation is the starting point of our analysis in this section. Constraint relations for the twist-3 FFs can be obtained by
expressing each term of (59) in terms of the FFs defined in Sec. III. 1. To calculate the l.h.s. of (59), we need the Fourier
inversion of (37) for non-lightlike separation (y2 ≠ 0), which can be written as

1

N2 − 1

X
X

h0jFανð−yÞjhXihhXjFβμðyÞj0i ¼
Z

d
�
1

z

�
e2iPh·y=z

�
fð−gαβ⊥ Pμ

hþ gαμ⊥ Pβ
hÞPν

h − ð−gνβ⊥ Pμ
hþ gνμ⊥Pβ

hÞPα
hgĜðzÞ

þ iðS · yÞ
ðPh · yÞ2

fðϵPhyαβPμ
h − ϵPhyαμPβ

hÞPν
h− ðϵPhyνβPμ

h− ϵPhyνμPβ
hÞPα

hgΔĜðzÞ

−
Mh

ðPh · yÞ2
½fðyαϵβPhyS⊥ þ yβϵαPhyS⊥ÞPμ

h − ðyαϵμPhyS⊥ þ yμϵαPhyS⊥ÞPβ
hgPν

h

−fðyνϵβPhyS⊥ þ yβϵνPhyS⊥ÞPμ
h− ðyνϵμPhyS⊥ þ yμϵνPhyS⊥ÞPβ

hgPα
h�ΔĜ3T̄ðzÞ

−
iMh

Ph · y
fðϵαβyS⊥Pμ

h − ϵαμyS⊥Pβ
hÞPν

h − ðϵνβyS⊥Pμ
h − ϵνμyS⊥Pβ

hÞPα
hgΔĜ3TðzÞ

þ Mh

Ph · y
fϵβμPhyðSα⊥Pν

h −Sν⊥Pα
hÞþ ϵανPhyðSβ⊥Pμ

h−Sμ⊥P
β
hÞgΔĤ3T̄ðzÞ

þ iMh

Ph · y
fϵβμPhyðSα⊥Pν

h −Sν⊥Pα
hÞ− ϵανPhyðSβ⊥Pμ

h −Sμ⊥P
β
hÞgΔĤ3TðzÞþ � � �

�
: ð60Þ

In calculating the derivative of the l.h.s. of (59), one needs to use Sμ⊥ ¼ Sμ − S·y
Ph·y

Pμ
h and gμν⊥ ¼ gμν − 1

Ph·y
ðPμ

hy
ν þ Pν

hy
μÞ in

(60). This way the l.h.s. of (59) can be written in terms of the intrinsic FFs in (60). Likewise the second and the third terms in
the r.h.s. of (59) can be easily expressed by using the dynamical FFs in (39). In order to express the first term in the r.h.s. of
(59) in terms of the dynamical FFs, we introduce two particular contractions with respect to the Lorentz indices which
allows use of the QCD e.o.m. Fμα

a ðyÞD⃖μðyÞ ¼ −gψ̄ðyÞγαtaψðyÞ.
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1. Relations from operator identity I

We can obtain a constraint relation from the following identity:

yρ

� ∂
∂yρ h0jF

μyð−yÞjhXihhXjFμ
αðyÞj0i− ðα↔ ρÞ

�
¼h0jFμyð−yÞjhXihhXjFμ

αðyÞj0i− h0jFμαð−yÞjhXihhXjFμ
yðyÞj0i

þ2h0jgψ̄ð−yÞ=ytaψð−yÞjhXihhXjFa
yαðyÞj0i

−2ifabch0jFa
μyð−yÞjhXihhXjig

Z
1

∞
dtFb

yαðyÞFcμ
yðtyÞj0i

− ifabch0jFa
μyð−yÞjhXihhXjig

Z
1

∞
dtðtþ1ÞFb

y
μðyÞFc

αyðtyÞj0i

−2ifabch0jig
Z

∞

−1
dtFa

μyðtyÞFbμ
yð−yÞjhXihhXjFc

yαðyÞj0i

− ifabch0jig
Z

∞

−1
dtðtþ1ÞFαy

a ðtyÞFbμ
yð−yÞjhXihhXjFμy

c ðyÞj0i: ð61Þ

This identity can be obtained as follows: We first use (59) in the l.h.s. of (61). We then find that the terms corresponding to
the first term in the r.h.s. of (59) read

h0jFμyð−yÞjhXihhXjðFμ
αðyÞD⃖ρðyÞyρ − Fμ

ρðyÞD⃖αðyÞyρÞj0i;

which is equal to

−h0jFμyð−yÞjhXihhXjFαρðyÞD⃖μðyÞyρj0i;

by the Bianchi identity. Then by using the relation (58), it is transformed into

h0jyβDμðyÞFμβð−yÞjhXihhXjFαρðyÞyρj0i;

plus terms which contain three field strengths. The former eventually becomes the third term in the r.h.s. of (61) by the QCD
e.o.m., and the latter is shown as the fourth and the sixth terms in the r.h.s. of (61).
Using (60) and the inverse Fourier transform of (39) in (61), one obtains the following relation among the twist-3

fragmentation functions:

−
∂

∂ð1=zÞ
�
1

z
ðΔĜ3T̄ðzÞ − iΔĜ3TðzÞÞ

�
þ 2ΔĜ3T̄ðzÞ þ

∂
∂ð1=zÞ

�
1

z
ðΔĤ3T̄ðzÞ þ iΔĤ3TðzÞÞ

�
− 2ΔĤ3T̄ðzÞ

¼ i
∂

∂ð1=zÞ D̃
�
FTðzÞ þ i

Z
d
�
1

z0

�
1

1
z −

1
z0 þ iϵ

∂
∂ð1=zÞ

�
−N̂2

�
1

z0
;
1

z

�
− N̂2

�
1

z
−
1

z0
;
1

z

��

þ i
Z

d

�
1

z0

�
1

ð1z − 1
z0 þ iϵÞ2

�
N̂1

�
1

z0
;
1

z

�
þ 2N̂2

�
1

z0
;
1

z

�
− N̂2

�
1

z
−
1

z0
;
1

z

��

þ i
Z

d

�
1

z0

�
1

1
z −

1
z0 − iϵ

∂
∂ð1=zÞ

�
−2N̂�

1

�
1

z0
;
1

z

�
− N̂�

2

�
1

z0
;
1

z

�
þ N̂�

2

�
1

z
−
1

z0
;
1

z

��

þ i
Z

d

�
1

z0

�
1

ð1z − 1
z0 − iϵÞ2

�
N̂�

1

�
1

z0
;
1

z

�
þ N̂�

2

�
1

z
−
1

z0
;
1

z

��
: ð62Þ

The real part of this equation reads
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−
∂

∂ð1=zÞ
�
1

z
ðΔĜ3T̄ðzÞ − ΔĤ3T̄ðzÞÞ

�
þ 2ðΔĜ3T̄ðzÞ − ΔĤ3T̄ðzÞÞ

¼ ∂
∂ð1=zÞℑD̃FTðzÞ þ

Z
d

�
1

z0

�
1

1
z −

1
z0

∂
∂ð1=zÞℑ

�
−2N̂1

�
1

z0
;
1

z

�
þ 2N̂2

�
1

z
−
1

z0
;
1

z

��

þ
Z

d

�
1

z0

�
1

ð1z − 1
z0Þ2

ℑ

�
−2N̂2

�
1

z0
;
1

z

�
þ 2N̂2

�
1

z
−
1

z0
;
1

z

��
; ð63Þ

and the imaginary part gives

∂
∂ð1=zÞ

�
1

z
ðΔĜ3TðzÞ þ ΔĤ3TðzÞÞ

�
¼ ∂

∂ð1=zÞℜD̃FTðzÞ þ
Z

d

�
1

z0

�
1

1
z −

1
z0

∂
∂ð1=zÞℜ

�
−2N̂1

�
1

z0
;
1

z

�
− 2N̂2

�
1

z0
;
1

z

��

þ
Z

d

�
1

z0

�
1

ð1z − 1
z0Þ2

ℜ

�
2N̂1

�
1

z0
;
1

z

�
þ 2N̂2

�
1

z0
;
1

z

��
: ð64Þ

Equations (63) and (64) are the constraint relations among the intrinsic and the dynamical FFs. We note that (64) is the
relation obtained as the sum of (51) and (54), while (63) is an independent relation from (50) and (53).

2. Relations from operator identity II

Here we use the following identity to get independent relations among the twist-3 FFs:

∂
∂yμ h0jF

yνð−yÞjhXihhXjFyμðyÞj0i ¼ h0jFμ
νð−yÞjhXih0jFyμðyÞj0i þ 2h0jFyνð−yÞjhXih0jgψ̄ðyÞ=ytaψðyÞj0i

þ ifabch0jFa
yνð−yÞjhXih0jig

Z
1

∞
dtðtþ 1ÞFb

yρðyÞFcρ
yðtyÞj0i

þ ifabch0jig
Z

∞

−1
dtðtþ 1ÞFaρ

yðtyÞFb
yνð−yÞjhXih0jFc

yρðtyÞj0i: ð65Þ

This relation is obtained by using (59) in the l.h.s. of (65), and taking into account of the QCD e.o.m.,
DμðyÞFμα

a ðyÞ ¼ −gψ̄ðyÞγαtaψðyÞ. For the calculation of the l.h.s. of this equation, one should use (60) contracted with
yαyβ by keeping y2 ≠ 0 before taking the derivative:

1

N2 − 1

X
X

h0jFyνð−yÞjhXihhXjFyμðyÞj0i

¼
Z

d

�
1

z

�
e2iPh·y=z

�
f−gαβ⊥ yαyβP

μ
hP

ν
h þ ðPh · yÞðgμy⊥ Pν

h þ gνy⊥Pμ
hÞ − gνμ⊥ ðPh · yÞ2gĜðzÞ

þiðS · yÞϵPhyνμΔĜðzÞ − iMhϵ
νμyS⊥ðPh · yÞΔĜ3TðzÞ

þMh

�
y2

Ph · y
ðϵμPhyS⊥Pν

h þ ϵνPhyS⊥Pμ
hÞ − ðϵμPhyS⊥yν þ ϵνPhyS⊥yμÞ

�
ΔĜ3T̄ðzÞ

�
: ð66Þ

From the identity (65), one obtains the following relation:

∂
∂ð1=zÞ

�
1

z
ΔĜ3T̄ðzÞ

�
þ i
z

∂
∂ð1=zÞΔĜ3TðzÞ − 3ΔĜ3T̄ðzÞ − ΔĤ3T̄ðzÞ þ iΔĤ3TðzÞ þ iΔĜðzÞ

¼ i
∂

∂ð1=zÞ D̃FTðzÞ − i
Z

d

�
1

z0

�
1

1
z −

1
z0 þ iϵ

∂
∂ð1=zÞ

�
2N̂1

�
1

z0
;
1

z

�
þ N̂2

�
1

z0
;
1

z

�
− N̂2

�
1

z
−
1

z0
;
1

z

��

þ i
Z

d

�
1

z0

�
1

ð1z − 1
z0 − iϵÞ2

�
N̂�

1

�
1

z0
;
1

z

�
þ 2N̂�

2

�
1

z0
;
1

z

�
− N̂�

2

�
1

z
−
1

z0
;
1

z

��
: ð67Þ

The real part of this equation gives
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∂
∂ð1=zÞ

�
1

z
ΔĜ3T̄ðzÞ

�
− 3ΔĜ3T̄ðzÞ − ΔĤ3T̄ðzÞ

¼ −
∂

∂ð1=zÞℑD̃FTðzÞ þ
Z

d

�
1

z0

�
1

1
z −

1
z0

∂
∂ð1=zÞℑ

�
2N̂1

�
1

z0
;
1

z

�
þ N̂2

�
1

z0
;
1

z

�
− N̂2

�
1

z
−
1

z0
;
1

z

��

þ
Z

d

�
1

z0

�
1

ð1z − 1
z0Þ2

ℑ

�
N̂1

�
1

z0
;
1

z

�
þ 2N̂2

�
1

z0
;
1

z

�
− N̂2

�
1

z
−
1

z0
;
1

z

��
; ð68Þ

while the imaginary part is

1

z
∂

∂ð1=zÞ fΔĜ3TðzÞg þ ΔĤ3TðzÞ þ ΔĜðzÞ

¼ ∂
∂ð1=zÞℜD̃FTðzÞ −

Z
d

�
1

z0

�
1

1
z −

1
z0

∂
∂ð1=zÞℜ

�
2N̂1

�
1

z0
;
1

z

�
þ N̂2

�
1

z0
;
1

z

�
− N̂2

�
1

z
−
1

z0
;
1

z

��

þ
Z

d
�
1

z0

�
1

ð1z − 1
z0Þ2

ℜ
�
N̂1

�
1

z0
;
1

z

�
þ 2N̂2

�
1

z0
;
1

z

�
− N̂2

�
1

z
−
1

z0
;
1

z

��
: ð69Þ

For consistency check, we have also analyzed the
correlation function

yρ

� ∂
∂yρ h0jF

μyð−yÞjhXihhXjF̃μ
αðyÞj0i − ðα ↔ ρÞ

�
: ð70Þ

This operator only gives the relation among the T-even
functions which is identical to (69).
To summarize this section, from nonlocal OPE we have

derived an independent relation (69) for theT-even sector, and
two independent relations (63) and (68) for the T-odd sector.

D. Solution for intrinsic and kinematical FFs
in terms of dynamical FFs

Using the constraint relations derived in Secs. III B
and III C, we present here expressions for the intrinsic

and the kinematical FFs in terms of the twist-2 FFs and
the twist-3 dynamical FFs. Since N̂1ð 1z1 ; 1

z2
Þ, N̂2ð 1z1 ; 1z2Þ and

N̂2ð 1z2 − 1
z1
; 1
z2
Þ have a support on 1

z2
> 1 and 1

z2
> 1

z1
> 0, they

vanish at the edge of the support, i.e., N̂1;2ð0;1zÞ¼
N̂1;2ð1z ;1zÞ¼ N̂1;2ð1z ;1Þ¼0. D̃FTðzÞ has a support on z < 1

and thus D̃FTð1Þ ¼ 0. Taking these boundary conditions into
account, we can integrate the constraint relations.

1. T-odd fragmentation functions

We first integrate (63) to obtain ΔĜ3T̄ðzÞ − ΔĤ3T̄ðzÞ.
From that result and (68) one obtains ΔĤ3T̄ðzÞ and
ΔĜ3T̄ðzÞ in terms of the dynamical FFs. Since the calcu-
lation is straightforward, we only present the final result.
The result for ΔĜ3T̄ðzÞ reads

ΔĜ3T̄ðzÞ ¼ −zℑD̃FTðzÞ −
2

z3

Z
1=z

1

d

�
1

z2

�
z52ℑD̃FTðz2Þ −

1

z

Z
1=z

1

d

�
1

z2

�
z32ℑD̃FTðz2Þ

þ z
Z

1=z

0

d

�
1

z1

�
1

1=z − 1=z1
ℑ

�
2N̂1

�
1

z1
;
1

z

�
þ N̂2

�
1

z1
;
1

z

�
− N̂2

�
1

z
−

1

z1
;
1

z

��
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z3

Z
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1

d
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1

z2

�
z52

Z
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0
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1
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1

1=z2 − 1=z1
ℑ
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1
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1

z2
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z3
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Integrals in this equation can be rewritten as
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Similarly the result for ΔĤ3T̄ðzÞ is given by
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Using (71) and (73) in (50) and (53), one can obtain the kinematical FFs as
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and
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2. T-even fragmentation function

The solution for ΔĜ3TðzÞ, ΔĜð1Þ
T ðzÞ and ΔĤ3TðzÞ can be obtained by integrating the relations (51), (54), and (69).

Actually we can make a shortcut. Since they are in parallel with (15), (22), and (28) for the gluon distributions ΔG3TðxÞ,
ΔGð1Þ

T ðxÞ, and ΔH3TðxÞ, we can read off the desired results from (34), (35), and (36) by a simple replacement. The results
read
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and
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This completes the derivation of all the relations among the twist-3 gluonic FFs.

To summarize this section, we have derived all the
constraint relations for twist-3 gluonic FFs, which follow
from the QCD e.o.m. and the operator product expansion.
These relations are exact and need to be taken into account
in deriving a twist-3 cross section to which they contribute,
and should constitute a cornerstone for proving the gauge
invariance and Lorentz invariance of the cross sections. In
particular, the intrinsic and kinematical twist-3 FFs are
completely determined by the twist-2 FF and the dynamical
twist-3 FFs (which equal three-gluon correlation func-
tions), which provides a basis for the renormalization of
the intrinsic and kinematical FFs.

IV. SUMMARY

In this paper, we have performed a systematic study on
the collinear twist-3 gluonic distribution functions (DFs)
and fragmentation functions (FFs). Both DFs and FFs are
classified into three categories, intrinsic, kinematical, and
dynamical functions. Although they are convenient tools to
describe twist-3 cross sections, they are not independent of

each other but are constrained by a set of exact relations
which follow from the QCD e.o.m. and the nonlocal
operator product expansion. We have derived all those
constraint relations for all the gluonic twist-3 DFs and FFs
and have given expressions for the intrinsic and kinematical
DFs and FFs in terms of the dynamical ones. Those
relations are expected to play a critical role to guarantee
gauge invariance and the Lorentz invariance of the twist-3
cross sections to which those DFs and FFs contribute.
Those relations need to be satisfied for phenomenological
analyses.
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