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We study the fermionic condensate (FC) and the vacuum expectation value (VEV) of the energy-
momentum tensor for a massive spinor field in the de Sitter (dS) spacetime including an ideal cosmic string.
In addition, spatial dimension along the string is compactified to a circle of length L. The fermionic field is
assumed to obey quasiperiodic condition along the z-axis. There are also magnetic fluxes running along the
cosmic string and enclosed by the compact dimension. Both, the FC and the VEVof the energy-momentum
tensor, are decomposed into two parts: one induced by the cosmic string in dS spacetime considering the
absence of the compactification, and another one induced by the compactification. In particular, we show
that the FC vanishes for a massless fermionic field.
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I. INTRODUCTION

It is well known that in the early Universe different types
of topological defects may have been formed due to the
series of phase transitions [1] which among them, cosmic
strings have been extensively studied in the literature.
Observations of the cosmic microwave background have
ruled cosmic strings out as the main source of the primordial
density fluctuations, but several other interesting physical
effects can be associated with this topological defect like
emission of gravitational waves, generation of high-energy
cosmic rays and doubling images of distant objects [2–4].
Furthermore, a variant in the mechanism of formation for
cosmic strings has been proposed in the context of brane
inflation [5–7] leading to a renewed interest in the research
on this object. The topological defects can also form in
condensed matter systems due to symmetry breaking phase
transitions. The conical space can appear as an effective
background geometry in certain condensed matter systems
such as nanotubes, superfluids, superconductors, crystals,
liquid crystals, and quantum liquids [8,9].
The geometry of the spacetime associated with an

infinitely long and straight cosmic string is characterized

by a planar angle deficit on the two-surface orthogonal to
the string. Besides that, the spacetime is locally flat except
on the top of the string where a delta shaped curvature
tensor is present. Cosmic strings were first introduced in the
literature as being created by a Dirac-delta type distribution
of energy and an axial stress, however it can also be
described in the context of a classical field theory which the
energy-momentum tensor associated with the vortex con-
figuration of the Maxwell-Higgs system [10] couples to the
Einstein equations. Garfinkle [11] and Linet [12] have
studied this coupled system and have shown that a planar
angle deficit arises on the two-surface perpendicular to the
string, as well as a magnetic flux running along to its core.
One of the most remarkable features of this spacetime is the
fact that fields are sensitive to its global conical structure
which can cause interesting phenomena.
It is well known that geometry and topology play

important roles in many physical problems with implica-
tions from subnuclear to cosmological scales. In the context
of the quantum field theory, the vacuum properties are
influenced by both geometrical and topological aspects of
the background spacetime. In the present paper, we intend
to investigate the combined effects of the geometry and
topology on the fermionic condensate and the VEV of the
energy-momentum tensor associated with a massive fer-
mion field. We take the de Sitter spacetime as the back-
ground geometry and that the topological effects are
induced by the presence of a cosmic string and the
compactification of the spatial dimension along the string.
The dS spacetime is the curved spacetime most analyzed

in the context of quantum field theory and cosmology.
Considering the presence of a positive cosmological
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constant, the dS spacetime is a maximally symmetric
solution of Einstein equations. As a consequence of this
high degree of symmetry, several numbers of physical
problems can be exactly solved in this spacetime. In
addition, the importance of this background has increased
after the advent of the Universe’s expansion in its early
stages from an inflationary scenario. In this scenario the
geometry of the Universe can be approximated by a portion
of the dS spacetime and due to this fact some problems in
the standard cosmology are naturally solved. Besides that,
during the inflationary epoch, fluctuations in the inflaton
field have generated inhomogeneities that play an impor-
tant role in the generation of large scale structures in the
Universe [13].
The type of topological effect we shall consider here is

induced by a planar angle deficit due the presence of a cosmic
string. The conical structure of the spacetime associated with
this topological defect modifies the vacuum fluctuations
associated to quantum fields. In this way, the vacuum
expectation values (VEVs) of the energy-momentum tensor
associated with scalar [14–18] and fermion [19–21] fields
present a nonzero value. Additional contributions to the
above VEVs associated with charged quantum fields are
induced when is considered the presence of a magnetic flux
running along the string [22–26]. Vacuum current densities
are also induced by the magnetic fluxes and it has been
shown that the azimuthal induced current density arises if the
ratio of the magnetic flux by the quantum one has a nonzero
fractional part [27,28]. In addition, induced current densities
in a higher-dimensional cosmic string spacetime [29] and in a
(2þ 1)-dimensional cosmic string spacetime with a circular
boundary [30] in the presence of a magnetic flux were also
studied. In the aforementioned analysis the cosmic string had
no inner structure, i.e., it is considered as an ideal linear
object. The inner structure of the cosmic string has been
taken into consideration in Refs. [31,32] for the scalar and
fermionic currents and also for the energy-momentum tensor
in [33].
The compactification along the cosmic string axis can also

induce a topological effect in the system. Most high-energy
theories of fundamental physics, like supergravity and
superstring theories, have this feature in common. An
interesting application of a theoretical model with a compact
dimension appeared in the context of nanophysics. In
cylindrical and toroidal carbon nanotubes, the background
of the corresponding field theory presents compact dimen-
sions [34]. In the context of quantum field theory, the
imposition of periodicity conditions on the field operator
along compact dimension also alters the VEVs of physical
observables. In [35,36] the fermionic current in the presence
of an arbitrary number of compactified spatial dimensions
and a constant gauge was investigated. The VEV of the
induced fermionic current and the energy-momentum tensor
considering a compactified cosmic string spacetime in the
presence of a magnetic flux running through the string was

studied in [37,38]. Moreover, for a charged scalar field, the
VEVs of the induced bosonic current and energy-momentum
tensor in a higher dimensional compactified cosmic string
spacetime was considered in [39,40], respectively. For
Schwarzschild spacetime equipped by a cosmic string, the
vacuum polarization was investigated in [41,42]. For the dS
spacetime, the vacuum polarization induced by a cosmic
string for a scalar field [43] and a fermion field [44], and the
calculation of the vacuum fermionic current [45] have been
developed. In addition, similar analysis induced by a cosmic
string in anti-dS spacetime have also been considered for
massive scalar [46] and fermion fields [47], and for a scalar
field with a compactified extra dimension [48]. With the
intention of developing a further analysis, here we plan to
investigate the fermionic vacuum polarization and the VEV
of the energy-momentum tensor in dS spacetime, consider-
ing the presence of a compactified cosmic string. In this way,
this present analysis is as general as possible.However, in the
limit where the size of the compactification goes to infinity
one recovers the result in the absence of the compactification.
The paper is organized as follows. In Sec. II we describe

the background geometry and the complete set of normalized
positive- and negative-energy fermionic mode function
which obey a quasiperiodic boundary condition with an
arbitrary phase along the z-axis.We also assume the presence
of a constant gauge field. In Sec. III, by using the mode-
summation method we develop the analysis of the FC which
is decomposed into two contributions: the first one corre-
sponds to the geometry of a cosmic string in dS spacetime
with no compactification and the second one induced by the
compactification of the spatial dimension along the string. In
Sec. IVwe develop the calculation of the VEVof the energy-
momentum tensor, proving the same decomposition. In
Sec. V we study some properties of the results obtained in
the previous section and discuss some limiting cases. Our
conclusions are summarized in Sec. VI. Throughout the
paper we use natural units in which G ¼ ℏ ¼ c ¼ 1.

II. BACKGROUND GEOMETRY
AND FERMIONIC MODES

The line element describing a cosmic string along the
z-axis in dS spacetime is given by

ds2¼ gμνdxμdxν¼ dt2−e2t=αðdr2þ r2dϕ2þdz2Þ; ð2:1Þ

in cylindrical coordinates with non-negative r, t ∈
ð−∞;þ∞Þ and ϕ ∈ ½0; 2π=q� where the presence of the
cosmic string is codified by the parameter q > 1. The
parameter α appearing in the line element above is related
to the Ricci scalar R and the cosmological constant Λ as
R ¼ 12α−2 and Λ ¼ 3α−2. Making use of the conformal
time η, which is defined as [43]

η ¼ αe−t=α; η ∈ ½0;∞�; ð2:2Þ
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we can write the line element (2.1) in the following
form

ds2 ¼ ðα=ηÞ2ðdη2 − dr2 − r2dϕ2 − dz2Þ: ð2:3Þ

Besides that, the direction along the z-axis is compactified
to a circle with length L, meaning z ∈ ½0; L�, and we
assume that along this compact direction the fermionic field
obeys the following quasiperiodicity condition

ψðt; r;ϕ; zþ LÞ ¼ e2πiβψðt; r;ϕ; zÞ: ð2:4Þ

The parameter β in the above expression is defined as a
constant in the interval [0, 1]. We have two special cases for
this parameter: for β ¼ 0 we have a peridioc boundary
condition, while for β ¼ 1=2 we have an antiperiodic
boundary condition. These values correspond to untwisted
and twisted fields, respectively.
The dynamics of a massive spinor field in the above

curved spacetime with a magnetic flux running along the
string is governed by the Dirac equation in the following
form

iγμDμψ −mψ ¼ 0; Dμ ¼ ∂μ þ ieAμ þ Γμ; ð2:5Þ

knowing that Γμ and Aμ are the spin connection and a four
vector potential, respectively. Note that the physical com-
ponents of the vector potential, Aϕ and Az, are related to the
covariant components by Aϕ ¼ −A2=r and Az ¼ −A3 in
the Dirac equation (2.5). To obtain the fermionic conden-
sate as well as the vacuum expectation value of the energy-
momentum tensor one needs a complete set of fermionic
modes. The positive- and negative-energy fermionic modes
in this spacetime background were obtained in [45]
which are

ψ ð�Þ
σ ðxÞ¼ cð�Þ

σ η2eiqðjþaÞϕþikz

×

0
BBBBBB@

Hðλ�Þ
1=2−imαðγηÞJβ1ðprÞe−iqϕ=2

ispϵj
γþskH

ðλ�Þ
1=2−imαðγηÞJβ2ðprÞeiqϕ=2

−isHðλ�Þ
−1=2−imαðγηÞJβ1ðprÞe−iqϕ=2

pϵj
γþskH

ðλ�Þ
−1=2−imαðγηÞJβ2ðprÞeiqϕ=2

1
CCCCCCA
; ð2:6Þ

where the gauge transformation Aμ → Aμ þ ∂μΛ, ψ →
e−ieΛψ with Λ ¼ −Aμxμ leading to the new Dirac equation,
ðiγμ∇μ −mÞψ ¼ 0, was used. The above fermionic modes
are specified by the set σ ¼ ðp; k; j; sÞ of quantum num-
bers. In the above expression, λþ ¼ 1, λ− ¼ 2,
j ¼ �1=2;�3=2;…, and s ¼ �1. In addition, JνðxÞ and

Hð1;2Þ
ν ðxÞ are Bessel and Hankel functions [49], respec-

tively, and γ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þ p2

p
where 0 ≤ p < ∞. Moreover, in

the Eq. (2.6) we have

β1 ¼ qjjþ aj − ϵj=2; β2 ¼ qjjþ aj þ ϵj=2;

jcð�Þ
σ j2 ¼ qpe�mαπ

16Lα3
ðγ þ skÞ; ð2:7Þ

with k ¼ kl ¼ 2πðlþ β̃Þ=L, l ¼ 0;�1;�2;… and

a ¼ Φϕ

Φ0

and β̃ ¼ β −
Φz

Φ0

; ð2:8Þ

whereΦ0 ¼ 2π=e is the quantum flux while Φφ and Φz are
the magnetic fluxes in the azimuthal and axial directions,
respectively. Besides that, ϵj ¼ 1 for j > −a and ϵj ¼ −1
for j < −a.
One can write the parameter a in the form

a ¼ n0 þ a0; ja0j < 1=2; ð2:9Þ

with n0 being an integer number. It is easy to see that the
VEVs of the physical observables are given in terms of a0
solely, by simply a shift like jþ n0 → j.
In [45], we studied the vacuum fermionic currents in the

same geometry, a compactified cosmic string in the back-
ground of dS spacetime assuming that the field is prepared
in the Bunch-Davies vacuum state. In the continuation of
the work, we investigate the fermionic condensate and the
renormalized vacuum expectation value of the energy-
momentum tensor in the present paper.

III. FERMIONIC CONDENSATE

In this section we develop the analysis of the FC, which
is defined by the VEV

h0jψ̄ψ j0i≡ hψ̄ψi ¼
X
σ

ψ̄ ð−Þ
σ ψ ð−Þ

σ : ð3:1Þ

with j0i representing the vacuum state and ψ̄ ¼ ψ†γ0 being
the Dirac adjoint. By using the mode functions (2.6) one
can write the FC as

hψ̄ψi¼qη4e−mαπ

16Lα3
X
σ

pðγþskÞ
�
J2β1ðprÞþ

p2

ðγþskÞ2J
2
β2
ðprÞ

�

× ½jHð2Þ
1=2−imαðγηÞj2− jHð2Þ

−1=2−imαðγηÞj2�; ð3:2Þ

using the compact notation for the sum over all independent
quantum numbers as

X
σ

¼
Z

∞

0

dp
Xþ∞

l¼−∞

X
s¼�1

X
j¼�1=2;�3=2;…

: ð3:3Þ

Making use of (A1) and evaluating the summation over
s result in
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hψ̄ψi ¼ qη4

2π2Lα3

Z
∞

0

dp
Xþ∞

l¼−∞

X
j

γp½J2β1ðprÞ þ J2β2ðprÞ�

× ½jK1=2−imαðiγηÞj2 − jK1=2þimαðiγηÞj2�: ð3:4Þ

By means of the relation (A2) we obtain

hψ̄ψi ¼ −
iqη4

2π2α3L

�
∂η þ

1 − 2imα

η

�

×
Z

∞

0

dpp
X
j

½J2β1ðprÞ þ J2β2ðprÞ�

×
X∞
l¼−∞

K1=2−imαðiγηÞK1=2−imαð−iγηÞ; ð3:5Þ

being γ ¼ γl ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ ð2πðlþ β̃Þ=LÞ2

q
and KνðzÞ the

Macdonald function [49]. The summation over l can be
evaluated with the help of the Abel-Plana formula in the
form [50–52]

2π

L

Xþ∞

l¼−∞
gðklÞfðjkljÞ ¼

Z
∞

0

du½gðuÞ þ gð−uÞ�fðuÞ

þ i
Z

∞

0

du½fðiuÞ − fð−iuÞ�

×
X
χ¼�1

gðiχuÞ
eLuþ2πiχβ̃ − 1

; ð3:6Þ

where one can decompose the FC in the following way

hψ̄ψi ¼ hψ̄ψidSs þ hψ̄ψic: ð3:7Þ

The first term in the right-hand side of the above equation is
the contribution for the FC due to the curvature of the dS
spacetime in the cosmic string background with no com-
pactificationwhile the secondone is the contribution induced
by the compactification along the z-axis. Obviously, the
second term should vanish in the limit L → ∞.
By choosing gðuÞ ¼ 1 and

fðuÞ ¼ K1=2−imαðiγηÞK1=2−imαð−iγηÞ; ð3:8Þ

the first term in the Eq. (3.6) gives

hψ̄ψidSs ¼ −
iqη4

2π3α3

�
∂η þ

1 − 2imα

η

�

×
Z

∞

0

dpp
X
j

½J2β1ðprÞ þ J2β2ðprÞ�

×
Z

∞

0

dkK1=2−imαðiγηÞK1=2−imαð−iγηÞ: ð3:9Þ

Using the integral representation (A3) as well as the
relation (A10), the integral over k and p can be done
directly which gives

hψ̄ψidSs ¼ −
iq

29=2π5=2α3

�
η
∂
∂ηþ 1 − 2imα

�

×
Z

∞

0

dy
cosh½ð1 − 2imαÞy�

sinh3y

×
Z

∞

0

du

u5=2
e−1=ð2uÞ−r2=ð4uη2sinh2yÞ

× J
�
q; a0;

r2

4uη2sinh2y

�
; ð3:10Þ

with the notation

J ðq; a0; wÞ ¼
X
j

½Iβ1ðwÞ þ Iβ2ðwÞ�: ð3:11Þ

Defining a new variable x≡ r2=ð4uη2 sinh2 yÞ the integral
over y can be evaluated directly and we obtain

hψ̄ψidSs ¼ −
iqη3

ð2πÞ5=2ðαrÞ3
�
η
∂
∂ηþ 1 − 2imα

�

×
Z

∞

0

dx x1=2exðη2=r2−1Þ

× K1=2−imαðxη2=r2ÞJ ðq; a0; xÞ; ð3:12Þ

Now, considering the formula (A4) and defining a new
variable z≡ xη2=r2, we have

hψ̄ψidSs ¼ qffiffiffi
2

p
π5=2α3

Z
∞

0

dz z3=2ezð1−r2=η2Þ

× Im½K1=2−imαðzÞ�J ðq; a0; zr2=η2Þ; ð3:13Þ

Following the procedure used in the Ref. [53] for the
summation over j in (3.11), we obtain

J ðq; a0; wÞ

¼ 2

q
ew þ 4

q

Xp
k¼1

ð−1Þk cosð2kπa0Þ cosðkπ=qÞew cosð2kπ=qÞ

þ 4

π

Z
∞

0

dx
hðq; a0; 2xÞ sinh x

coshð2qxÞ − cosðqπÞ e
−w cosh 2x; ð3:14Þ

where p is an integer number defined by the relation 2p <
q < 2pþ 2 and

hðq; a0; 2xÞ
¼

X
χ¼þ;−

cos½qπð1=2þ χa0Þ� sinh½2qxð1=2 − χa0Þ�:

ð3:15Þ

In the case of q < 2 the summation term in (3.14) is absent.
Also for the special case of q ¼ 2p, one should add the
term
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−ð−1Þq=2 e
−w

q
sinðqπa0Þ ð3:16Þ

to the Eq. (3.14).
The first term in the right-hand side of the Eq. (3.14)

provides the FC due only to the dS spacetime. The second
and the third ones are the contributions due to the non-
trivial topology of the cosmic string spacetime and the
magnetic flux. Because here we are mostly interested in the
contribution to the FC induced by the presence of the string,
we shall discard the pure dS contribution, hψ̄ψidS, accord-
ing to the expression below,

hψ̄ψis ¼ hψ̄ψidSs − hψ̄ψidS: ð3:17Þ

It is important to note that the presence of cosmic string
does not change the local geometry of dS spacetime for
points away from the string. Consequently, the renormal-
ization is needed only for the pure dS contribution.
Therefore, the result is finite for r ≠ 0 and is given by

hψ̄ψis ¼
23=2

π5=2α3

�Xp
k¼1

ð−1Þk cosð2kπa0Þ cosðkπ=qÞ

×
Z

∞

0

dzz3=2ez½1−2ðr
2=η2Þs2k�

þ q
π

Z
∞

0

dx
hðq; a0; 2xÞ sinh x

coshð2qxÞ − cosðqπÞ

×
Z

∞

0

dzz3=2ez½1−2ðr2=η2Þc2x�
�
Im½K1=2−imαðzÞ�;

ð3:18Þ

where we have defined

sk ¼ sinðkπ=qÞ and cx ¼ cosh x: ð3:19Þ

Using the formula (A5) we can evaluate the integral over z
and also with the help of (A6) the final expression for the
FC induced by the magnetic flux and the planar angle
deficit reads

hψ̄ψis ¼
23=2

π5=2α3

�Xp
k¼1

ð−1Þk cosð2kπa0Þ cosðkπ=qÞG0ðu0;kÞ

þ q
π

Z
∞

0

dx
hðq; a0; 2xÞ sinh x

coshð2qxÞ − cosðqπÞG0ðu0;xÞ
�
:

ð3:20Þ

In the above expression we have introduced the notation

Glðul;yÞ ¼ Im½F lðul;yÞ�; ð3:21Þ

where

F lðul;yÞ ¼
ffiffiffi
π

p
27=2

Γð3 − imαÞΓð2þ imαÞ
u3−imα
l;y

Fða; b; c; dl;yÞ;

ð3:22Þ
with Fða; b; c; dl;yÞ being the hypergeometric function

Fða;b;c;dl;yÞ≡F

�
2−

imα

2
;
3− imα

2
;3;1−u−2l;y

�
ð3:23Þ

and

ul;k ¼
l2L2

2η2
þ 2r2s2k

η2
− 1 and ul;x ¼

l2L2

2η2
þ 2r2c2x

η2
− 1:

ð3:24Þ
In the Eq. (3.20), we have (3.21) and (3.24) with l ¼ 0. One
can notice that the string contribution in FC is an even
function of the parameter a0.
Now, let us consider some particular cases of the

expression (3.20). For example, for a massless fermionic
field, it is easy to see that the string part of the FC vanishes.
This result is more evident looking at the expression (3.18).
Now, let us study the short and large distances from the

string. For the region near the string, r=η ≪ 1, it is more
convenient to consider the expression (3.18). In this regime
the dominant contribution to this expression comes from
large values of z and we can use the expansion of the
Macdonald function for large arguments [49]. The leading
term is given by

hψ̄ψis ≈ −
m
2π2

�
η

αr

�
2
�Xp

k¼1

ð−1Þk cosð2kπa0Þ cosðkπ=qÞ
s2k

þ q
π

Z
∞

0

dx
c−2x hðq; a0; 2xÞ tanh x
coshð2qxÞ − cosðqπÞ

�
: ð3:25Þ

It is important to have in mind that the ratio r=η means the
proper distance from the cosmic string in units of the dS
curvature ratio α. In the above expression there is a
divergence with the second power of the proper distance
matching exactly the behavior obtained in [44].
For large distances from the string, r=η ≫ 1, the main

contribution to the integral over z in (3.18) comes from the
lower limit of integration and we can use the asymptotic
expression of the Macdonald function for small arguments.
Considering the leading term, the string part of the FC
behaves as

hψ̄ψis ≈
1

π5=2α3

�
η

r

�
4

Im

�
Γð2þ imαÞΓð1=2 − imαÞ

22imα−1

�
η

r

�
imα

×

�Xp
k¼1

ð−1Þk cosð2kπa0Þ cosðkπ=qÞ
s4þ2imα
k

×
q
π

Z
∞

0

dx
c−4−2imα
x sinh xhðq; a0; 2xÞ
coshð2qxÞ − cosðqπÞ

��
: ð3:26Þ
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The string part of the FC is exhibited as a function of the
ratio r2=η2 in the left plot of Fig. 1, for different values of
the parameter a0.

1 In the right plot we show the same but
now as a function of mα, where we note that the FC
vanishes in the limit of very massive fields. The results
shown in this figure match the expected result for the case
a0 ¼ 0, in the absence of the magnetic field [see Fig. 1 in
[44]]. As one can see, the behavior of the string part of FC

as a function of the proper distance and the mass changes
dramatically depending on the value of a0. With the
parameters chosen for the figure, the threshold value is
around a0 ≈ 0.22.
Now, for the contribution of the FC induced by the

compactification using the second term of the Abel-Plana
summation formula we obtain

hψ̄ψic ¼
qη4

4π3α3

�
∂η þ

1 − 2imα

η

�Z
∞

0

dpp
X
j

½J2β1ðprÞ þ J2β2ðprÞ�
Z

∞

p
duK1=2−imα

	
η

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2 − p2

q 


×
h
K1=2−imα

	
eiπη

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2 − p2

q 

− K1=2−imα

	
e−iπη

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2 − p2

q 
iX
χ¼�1

1

eLuþ2πiχβ̃ − 1
; ð3:27Þ

where we have used the relation

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð�iuÞ2 þ p2

q
¼

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 − u2

p
; if u < p;

�i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2 − p2

p
; if u > p;

ð3:28Þ

to show that the integral over u in the interval ½0; p� vanishes while in the interval ½p;∞� does not. Equations (A8) and (A9)
help to write the part of the FC induced by the compactification as follows

hψ̄ψic ¼ −
iqη4

2π2α3
X∞
l¼1

cosð2πlβ̃Þ
�
∂η þ

1 − 2imα

η

�Z
∞

0

dpp
X
j

½J2β1ðprÞ þ J2β2ðprÞ�

×
Z

∞

0

dλλ
e−lL

ffiffiffiffiffiffiffiffiffiffi
λ2þp2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 þ p2

p K1=2−imαðηλÞ½I1=2−imαðηλÞ þ I−1=2þimαðηλÞ�; ð3:29Þ

where λ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2 − p2

p
and we have used the expansion

ðeu − 1Þ−1 ¼ P∞
l¼1 e

−lu. For the further transformation of
the above expression we apply the identity bellow,

e−lL
ffiffiffiffiffiffiffiffiffiffi
λ2þp2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 þ p2

p ¼ 2ffiffiffi
π

p
Z

∞

0

ds e−ðλ2þp2Þs2−l2L2=ð4s2Þ: ð3:30Þ

Substituting the above integral representation into the
Eq. (3.29), we are able to evaluate the integration over p
and λ. Therefore, for the part induced by the compactifi-
cation we obtain

1All the figures presented in this paper are obtained numeri-
cally using Mathematica.

FIG. 1. Fermionic condensate induced by the magnetic flux and planar angle deficit as function of r2=η2 (left plot) formα ¼ 2 and the
mass of the field (right plot) for r2η2 ¼ 2. For both plots we adopted q ¼ 1.5.
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hψ̄ψic¼
ffiffiffi
2

p
q

π5=2α3

X∞
l¼1

cosð2πlβ̃Þ
Z

∞

0

dzz3=2ez½1−r2=η2−l2L2=ð2η2Þ�

×Im½K1=2−imαðzÞ�J ðq;a0;zr2=η2Þ; ð3:31Þ

where the function J ðq; a0; zr2=η2Þ is given by the
Eq. (3.14). As a result, the final expression for the FC
induced by the compactification is given by

hψ̄ψic ¼
25=2

π5=2α3

X∞
l¼1

cosð2πlβ̃Þ

×

�X0
p

k¼0

ð−1Þk cosð2kπa0Þ cosðkπ=qÞGlðul;kÞ

þ q
π

Z
∞

0

dx
hðq; a0; 2xÞ sinh x

coshð2qxÞ − cosðqπÞGlðul;xÞ
�
;

ð3:32Þ
with the notation (3.21) and (3.24). It is easy to see that the
compactification part as well as the string part of FC is zero
for the massless fermion.
The compactification part of the FC can be decom-

posed as

hψ̄ψic ¼ hψ̄ψið0Þc þ hψ̄ψiðq;a0Þc : ð3:33Þ

The first term on the right-hand side of the above decom-
position is the k ¼ 0 term of (3.32) with the coefficient 1=2.
This is a pure topological term dependent only on the
compactification and the curvature of the dS spacetime and
independent of the radial coordinate and the magnetic flux.
This contribution is given by

hψ̄ψið0Þc ¼ 23=2

π5=2α3

X∞
l¼1

cosð2πlβ̃ÞGlðul;0Þ: ð3:34Þ

The second term on the right-hand side of (3.33) is given by

hψ̄ψiðq;a0Þc ¼ 25=2

π5=2α3

X∞
l¼1

cosð2πlβ̃Þ

×

�Xp
k¼1

ð−1Þk cosð2kπa0Þ cosðkπ=qÞGlðul;kÞ

þ q
π

Z
∞

0

dx
hðq; a0; 2xÞ sinh x

coshð2qxÞ − cosðqπÞGlðul;xÞ
�
;

ð3:35Þ
which is the contribution to the FC induced by the
compactification and the magnetic flux.
We now evaluate some asymptotic expressions of the

previous equation. Considering r=η ≪ 1, near the string,
the leading order reads

hψ̄ψiðq;a0Þc ≈
q cos½qπð1=2þ ja0jÞ�Γð1=2 − qð1=2 − ja0jÞÞ

π7=2α3

�
rffiffiffi
2

p
η

�
qð1−2ja0jÞ−1

×
X∞
l¼1

cosð2πlβ̃ÞIm
�

Γð2þ imαÞΓð3=2 − imαþ qð1 − 2ja0jÞÞ
21þimαΓð2 − imαÞðlL=ð ffiffiffi

2
p

ηÞ3−imαþqð1−2ja0jÞÞ

�
: ð3:36Þ

The FC is finite on the string for ja0j ¼ ð1 − 1=qÞ=2, vanishes for ja0j < ð1 − 1=qÞ=2 and diverges for ja0j > ð1 − 1=qÞ=2.
Note that in the absence of axial magnetic flux, the FC vanishes on the string’s core.
For large values of L=η, we use (A7), and to the leading order we find

hψ̄ψiðq;a0Þc ≈
25=2

π5=2α3

�
η

L

�
4 X∞

l¼1

cosð2πlβ̃Þ Im
�
Γð1=2 − imαÞΓð2þ imαÞ

2imαþ1=2

�
η

L

�
2imα

×

�Xp
k¼1

ð−1Þk cosð2kπa0Þ cosðkπ=qÞ
ðl2
2
þ r2s2k

L2 Þ2þimα
þ q
π

Z
∞

0

dx
hðq; a0; 2xÞ sinh x

coshð2qxÞ − cosðqπÞ
�
l2

2
þ r2c2x

L2

�−2−imα
��

: ð3:37Þ

As can be seen the FC, considering the length of the
compact dimension much larger than the curvature of the
dS spacetime, presents a fourth power decay.
Figure 2 shows the behavior of the FC induced by the

compactification as a function of L=η (left plot) and β̃ (right
plot).2 As one expects, in the limit L → ∞, the compacti-
fication contribution of FC vanishes.

IV. ENERGY-MOMENTUM TENSOR

Another important physical quantity which characterizes
the quantum vacuum is the VEVof the energy-momentum
tensor. Considering a charged fermionic field this VEV can
be evaluated considering the summation formula

h0jTμνj0i ¼
i
2

X
σ

½ψ̄ ð−Þ
σ ðxÞγðμDνÞψ

ð−Þ
σ ðxÞ

− ðDðμψ̄
ð−Þ
σ ðxÞÞγνÞψ ð−Þ

σ ðxÞ�; ð4:1Þ
2In the summation over l, due to the rapid convergence of the

series in our numerical calculation, we consider only the
dominant contributions given by small l.
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where we consider the negative energy eigenspinors given
by the Eq. (2.6) and Dμψ̄ ¼ ∂μψ̄ − ieAμψ̄ − ψ̄Γμ. In the
above expression, the brackets in the index expression
mean the symmetrization over the enclosed indexes.
The geometry that we have considered allows us to

decompose the VEVof the energy-momentum tensor in the
following way

h0jTν
μj0i ¼ h0jTν

μj0idSs þ h0jTν
μj0ic; ð4:2Þ

where the first term is the contribution induced by the
cosmic string and the curvature of the de Sitter spacetime,
while the second one is the contribution induced by the
compactification.

A. Energy density

Let us start with the evaluation of the vacuum energy
density, h0jT0

0j0i. Using the expression for the eigenfunc-
tions given by the Eq. (2.6), and taking into account that
Γ0 ¼ 0 [44], after long but straightforward calculations, we
obtain

h0jT0
0j0i¼−

qη5

4π2α4L

X∞
l¼−∞

X
j

Z
∞

0

dpp½J2β1ðprÞþJ2β2ðprÞ�

× ½4γ2þ Ŝη�K1=2−imαðiγηÞK1=2−imαð−iγηÞ; ð4:3Þ

where we have defined the operator

Ŝη ¼ ∂2
η þ

2

η
∂η þ

4imαð1=2 − imαÞ
η2

: ð4:4Þ

The expression for the energy density can be decomposed as
indicated by (4.2). TheAbel-Plana summation formula (3.6)
allows us to solve the summation over the quantumnumber l
in the expression (4.3). For the first term inside the square
brackets we take

fðuÞ ¼ K1=2−imαðiγηÞK1=2−imαð−iγηÞ; ð4:5Þ

and for the second one we take

fðuÞ ¼ γ2K1=2−imαðiγηÞK1=2−imαð−iγηÞ; ð4:6Þ

considering gðuÞ ¼ 1 for both terms. The contribution
induced by the cosmic string and the curvature of the dS
spacetime, taking the first term on the right-hand side of
(3.6), is given by

h0jT0
0j0idSs ¼ −

qη5

4π3α4
X
j

Z
∞

0

dpp½J2β1ðprÞ þ J2β2ðprÞ�

×

�
Ŝη

Z
∞

0

dkK1=2−imαðiγηÞK1=2−imαð−iγηÞ

þ 4

Z
∞

0

dkγ2K1=2−imαðiγηÞK1=2−imαð−iγηÞ
�
:

ð4:7Þ

Thanks to the representation (A3) the integration over the
variable k can be performed following a similar procedure
adopted in the Appendix A of the Ref. [44]. As a result we
have

h0jT0
0j0idSs ¼ −

qðη=rÞ5
23=2π5=2α4

Z
∞

0

dxx3=2e−xJ ðq; a0; xÞ

× F̂ueuK1=2−imαðuÞju¼xη2=r2 ; ð4:8Þ

where we have defined the operator

F̂u ¼ u∂2
u þ ð3=2− 2uÞ∂u − 2þ imαð1=2− imαÞ

u
: ð4:9Þ

From the properties of the Macdonald functions, one can
see that

FIG. 2. FC induced by the magnetic flux, the planar angle deficit and the compactification. In the left plot the behavior of the FC is
shown as a function of L=η considering three different values of q, a0 ¼ 0.25, r=η ¼ 0.75 and β̃ ¼ 0.25. In the right plot we have the
same quantity, but as a function of β̃ considering three different values of a0 for q ¼ 1.5, r=η ¼ 0.5 and L=η ¼ 0.75. In both
graphs mα ¼ 2.
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F̂ueuK1=2−imαðuÞ ¼ −
1

2
eu½K1=2−imαðuÞ þ ½K−1=2þimαðuÞ�:

ð4:10Þ

Taking into account the previous results we find

h0jT0
0j0idSs ¼ qα−4

23=2π5=2

Z
∞

0

dzz3=2ezð1−r2=η2Þ½ReK1=2−imαðzÞ�

× J ðq; a0; zr2=η2Þ; ð4:11Þ

where J ðq; a0; zr2=η2Þ is given by (3.14). Following
a similar procedure as in (3.17) to extract the dS part for
the FC and using (A5) and (A6), we find the final expression
for the VEV of the energy density induced by the cosmic
string in dS space

h0jT0
0j0is

¼ 1

π2α4

ffiffiffi
2

π

r �Xp
k¼1

ð−1Þk cosð2kπa0Þ cosðkπ=qÞM0ðu0;kÞ

þ q
π

Z
∞

0

dx
sinhðxÞhðq;a0;2xÞ
coshð2qxÞ− cosðqπÞM0ðu0;xÞ

�
; ð4:12Þ

with the notation

Mlðul;yÞ ¼ Re½F lðul;yÞ�; ð4:13Þ
wherewe have definedF l and ul;y in (3.21)–(3.24).We note
that the energy density induced by the cosmic string is an
even function of a0 and depends on the ratio r=η.
Now, we focus on the compactification contribution to

the VEVof the energy density. From the second term in the
Abel Plana summation formula (3.6) and considering again
(3.28), we get

h0jT0
0j0ic ¼ −

iqη5

8π3α4
X
j

Z
∞

0

dpp½J2β1ðprÞ þ J2β2ðprÞ�
Z

∞

p
duK1=2−imαðηλÞ

× ½Ŝη − 4λ2�½K1=2−imαðeiπηλÞ − K1=2−imαðe−iπηλÞ�
X
χ¼�1

ðeLuþ2πiχβ̃ − 1Þ−1: ð4:14Þ

In the above integral we considered λ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2 − p2

p
, as before. By using again the Eqs. (A8) and (A9) besides the expansion

ðeu − 1Þ−1 ¼ P∞
l¼1 e

−lu, we obtain

h0jT0
0j0ic ¼ −

iqη5

4π2α4
X∞
l¼1

cosð2πlβ̃Þ
X
j

Z
∞

0

dpp½J2β1ðprÞ þ J2β2ðprÞ�
Z

∞

0

dλffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 þ p2

p
× ½λŜðη; αÞ − 4λ3�K1=2−imαðηλÞ½I1=2−imαðηλÞ þ I−1=2þimαðηλÞ�e−lL

ffiffiffiffiffiffiffiffiffiffi
λ2þp2

p
: ð4:15Þ

One can use the identity (3.30) which allows to solve the integration over p as well as the integration over λ knowing
λ3e−λ

2s2 ¼ −λ∂s2e
−λ2s2 . Doing so and considering similar transformations that we have done in the evaluation of the

contribution induced by the compactification for the FC, we find

h0jT0
0j0ic ¼ −

qη5

4π5=2α4

X∞
l¼1

cosð2πlβ̃Þ
Z

∞

0

dss−6e−
l2L2

4s2
− r2

2s2J ðq; a0; r2=ð2s2ÞÞF̂ueuK1=2−imαðuÞju¼η2=2s2 ; ð4:16Þ

where the operator F̂u was defined in the Eq. (4.9). The next step, we consider (4.10) and (3.14) to obtain the final
expression for the energy density induced by the compactification which is given by

h0jT0
0j0ic ¼

23=2

π5=2α4

X∞
l¼1

cosð2πlβ̃Þ
�X0

p

k¼0

ð−1Þk cosð2kπa0Þ cosðkπ=qÞMlðul;kÞ

þ q
π

Z
∞

0

dx
sinhðxÞhðq; a0; 2xÞ
coshð2qxÞ − cosðqπÞMlðul;xÞ

�
; ð4:17Þ

where the prime on the summation means that the k ¼ 0 term has the coefficient 1=2.
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B. Radial stress

Now, let us consider the VEVof the radial part of the stress-energy tensor. Taking into account Γr in the Eq. (4.1) as well
as considering the modes (2.6), we have

h0jT1
1j0i ¼

qη5

π2α4L

X∞
l¼−∞

Z
∞

0

dpp3
X
j

ϵj½Jβ1ðprÞJ0β2ðprÞ − J0β1ðprÞJβ2ðprÞ�

× Re½K1=2−imαðiγηÞK1=2−imαð−iγηÞ�; ð4:18Þ

where the prime in the Bessel functions means derivative with respect to the argument. Using the recurrent relation (A11)
for the Bessel functions we obtain

h0jT1
1j0i ¼

qη5

π2α4L

X∞
l¼−∞

Z
∞

0

dpp3
X
j

�
J2β1ðprÞ þ J2β2ðprÞ −

2β1 þ ϵj
pr

Jβ1ðprÞJβ2ðprÞ
�

× Re½K1=2−imαðiγηÞK1=2−imαð−iγηÞ�: ð4:19Þ

We shall use the Abel-Plana summation formula to solve the summation over l which allows us to decompose the radial
stress as (4.2). We can use the (3.6) with gðuÞ ¼ 1 and fðuÞ being the real part of (3.8). From the first term of the right-hand
side of the Abel-Plana formula (3.6), the contribution coming from the curvature of the dS spacetime and the cosmic string
can be written as

h0jT1
1j0idSs ¼ qη5

π3α4
X
j

Z
∞

0

dpp3

Z
∞

0

dkRe½K1=2−imαðiγηÞK1=2−imαð−iγηÞ�

×

�
J2β1ðprÞ þ J2β2ðprÞ −

2β1 þ ϵj
pr

Jβ1ðprÞJβ2ðprÞ
�
: ð4:20Þ

Combining the relations (A3), (A12), and (A13) where x ¼ r2=ð4uη2 sinh2 yÞ, the final expression for the radial stress
induced by the string and the dS curvature is given by

h0jT1
1j0idSs ¼ qα−4

23=2π5=2

Z
∞

0

dzz3=2ezð1−r2=η2ÞRe½K1=2−imαðzÞ�J ðq; a0; zr2=η2Þ: ð4:21Þ

From this expression we can note that

h0jT1
1j0idSs ¼ h0jT0

0j0idSs : ð4:22Þ

Now, for the radial stress induced by the compactification, considering the second term on the right-hand side of the
Abel-Plana summation formula (3.6) we have

h0jT1
1j0ic ¼

qη5

π2α4
X∞
l¼1

cosð2πlβ̃Þ
X
j

Z
∞

0

dpp3

�
J2β1ðprÞ þ J2β2ðprÞ −

2β1 þ ϵj
pr

Jβ1ðprÞJβ2ðprÞ
�

×
Z

∞

0

dλλffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 þ p2

p RefK1=2−imαðηλÞ½I1=2−imαðηλÞ þ I−1=2þimαðηλÞ�ge−lL
ffiffiffiffiffiffiffiffiffiffi
λ2þp2

p
; ð4:23Þ

where we have used the expansion ðeu − 1Þ−1 ¼ P∞
l¼1 e

−lu besides the Eqs. (A8) and (A9). Considering the integral
representation (3.30), the integral over λ can be evaluated directly and the result is

h0jT1
1j0ic ¼

qη5

π5=2α4

X∞
l¼1

cosð2πlβ̃Þ
X
j

Z
∞

0

ds
e−l

2L2=ð4s2Þþη2=ð2s2Þ

s2
Re½K1=2−imαðη2=2s2Þ�

×
Z

∞

0

dpp3e−p
2s2
�
J2β1ðprÞ þ J2β2ðprÞ −

2β1 þ ϵj
pr

Jβ1ðprÞJβ2ðprÞ
�
: ð4:24Þ
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To solve the integral over p we make similar considerations
done for the contribution induced by the curvature of the dS
spacetime and the cosmic string which results in

h0jT1
1j0ic ¼

qα−4

21=2π5=2

X∞
l¼1

cosð2πlβ̃Þ

×
Z

∞

0

dzz3=2ezð1−r2=η2−l2L2=ð2η2ÞÞRe½K1=2−imαðzÞ�

×J ðq;a0;zr2=η2Þ: ð4:25Þ

As in the case of the string contribution, we note that

h0jT1
1j0ic ¼ h0jT0

0j0ic: ð4:26Þ

C. Azimuthal stress

Our next step is the evaluation of the azimuthal stress. In
order to proceed we take into account that [44]

Γ2 ¼ −
1

2α
γ0γ2 þ 1 − q

2
γð1Þγð2Þ: ð4:27Þ

Using the negative energy eingenfunction in the mode sum
(4.1), one finds

h0jT2
2j0i

¼ 2q2η5

π2α4Lr2
X∞
l¼−∞

X
j

ðjþaÞ
�
ϵjβ1−

r
2
∂r

�Z
∞

0

dppJ2β1ðprÞ

×Re½K1=2−imαðiγηÞK1=2−imαð−iγηÞ�; ð4:28Þ

where we have used the relation (A14).
Again, using the Abel-Plana summation formula, con-

sidering gðuÞ ¼ 1 and fðuÞ as the real part of (3.8), we are

able to decompose this component of the energy-momentum
tensor into two contributions. For the contribution induced
by the curvature of the dS spacetime and the cosmic string,
and considering similar transformations previously done,
we have

h0jT2
2j0idSs

¼ q2

21=2π5=2α4

X
j

ðjþ aÞ
Z

∞

0

dzz3=2ez Re½K1=2−imαðzÞ�

×

�
ϵjβ1
x

− ∂x

�
e−xIβ1ðxÞjx¼zr2=η2 : ð4:29Þ

Following the representations (A15) and (A13), one obtains

h0jT2
2j0idSs

¼ q

21=2π5=2α4

Z
∞

0

dzz3=2ezð1−r2=η2ÞRe½K1=2−imαðzÞ�

× ðz∂z− zr2=η2þ 1=2Þ
X
j

½Iβ1ðzr2=η2Þþ Iβ2ðzr2=η2Þ�;

ð4:30Þ

knowing qðjþ aÞ ¼ ϵjβ1 þ 1=2. Writing the parameter a
as indicated by (2.9) and comparing the above equation with
the Eq. (4.21), we note that following relation holds

h0jT2
2j0idSs ¼ ∂r½rh0jT1

1j0idSs �: ð4:31Þ

Using the corresponding radial stress, and extracting the
divergent part, we find the azimuthal one in the follow-
ing form

h0jT2
2j0is ¼

1

21=2π5=2α4

�Xp
k¼1

ð−1Þk cosð2kπa0Þ cosðkπ=qÞMðϕÞ
0

�
u0;k;

r
η
sk

�

þ q
π

Z
∞

0

dx
sinhðxÞhðq; a0; 2xÞ
coshð2qxÞ − cosðqπÞM

ðϕÞ
0

�
u0;x;

r
η
cx

��
; ð4:32Þ

where we define the notation

MðϕÞ
l ðul;y; vÞ ¼

ffiffiffi
π

p
25=2

Re

�
Γð3 − imαÞΓð2þ imαÞ

u6−imα
l;y

�
u2l;y

�
l2L2

2η2
þ 2ð2imα − 5Þv2 − 1

�
Fða; b; c; dl;yÞ

þ 2

3
ð3 − imαÞð4 − imαÞv2Fðaþ 1; bþ 1; cþ 1; dl;yÞ

��
: ð4:33Þ

taking l ¼ 0.
Considering the second term in the Abel-Plana summation formula and doing similar transformations, for the

contribution of the azimuthal stress induced by the compactification we find
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h0jT2
2j0ic ¼

21=2q

π5=2α4

X
l¼1

cosð2πβ̃Þ
Z

∞

0

dzz3=2e−zðl2L2=ð2η2Þþr2=η2ÞRe½K1=2−imαðzÞ�

× ðz∂z − zr2=η2 þ 1=2Þ
X
j

½Iβ1ðzr2=η2Þ þ Iβ2ðzr2=η2Þ�: ð4:34Þ

Again, it is easy to show that

h0jT2
2j0ic ¼ ∂r½rh0jT1

1j0ic�; ð4:35Þ

which leads to the final expression for the azimuthal stress induced by the compactification as

h0jT2
2j0ic ¼

21=2

π5=2α4

X∞
l¼1

cosð2πlβ̃Þ
�X0

p

k¼0

ð−1Þk cosð2kπa0Þ cosðkπ=qÞMðϕÞ
l

�
ul;k;

r
η
sk

�

þ q
π

Z
∞

0

dx
sinhðxÞhðq; a0; 2xÞ
coshð2qxÞ − cosðqπÞM

ðrÞ
l

�
ul;x;

r
η
cx

��
: ð4:36Þ

Taking into account (4.32) and (4.36), it is possible to write an expression for the total azimuthal stress. This expression
reads

h0jT2
2j0i ¼

21=2

π5=2α4

X∞
l¼0

cosð2πlβ̃Þ
�X0

p

k¼0

ð−1Þk cosð2kπa0Þ cosðkπ=qÞMðϕÞ
l

�
ul;k;

r
η
sk

�

þ q
π

Z
∞

0

dx
sinhðxÞhðq; a0; 2xÞ
coshð2qxÞ − cosðqπÞM

ðϕÞ
l

�
ul;x;

r
η
cx

��
; ð4:37Þ

where the contribution induced by the cosmic string is the l ¼ 0 term of the above equation with the coefficient 1=2.

D. Axial stress

For the axial stress, considering the equation (4.1) after inserting the expression for the eigenfunctions, one finds

h0jT3
3j0i ¼

qη5

α4π2L

X∞
l¼−∞

X
j

Z
∞

0

dpp½J2β1ðprÞ þ J2β2ðprÞ�k2l Re½K1=2−imαðiγηÞK1=2−imαð−iγηÞ�: ð4:38Þ

To solve the summation over l we consider the Abel-Plana summation formula (3.6) with the functions gðuÞ ¼ k2 and fðuÞ
given by the real part of (3.8). For the contribution induced by the cosmic string and the de Sitter spacetime, using the first
term of (3.6) and the representation (A3), after similar transformations done previously one finds

h0jT3
3j0idSs ¼ qα−4

23=2π5=2

Z
∞

0

dzz3=2ezð1−r2=η2ÞRe½K1=2−imαðzÞ�J ðq; a0; zr2=η2Þ; ð4:39Þ

where we can note that

h0jT3
3j0idSs ¼ h0jT0

0j0idSs : ð4:40Þ

The axial stress induced by the compactification is obtained from the second term in (3.6). By using this formula
and taking into account similar transformations done previously for the contributions induced by the compactification we
obtain

h0jT3
3j0ic ¼ −

qη5

α4π2
X∞
l¼1

cosð2πlβ̃Þ
X
j

Z
∞

0

dpp½J2β1ðprÞ þ J2β2ðprÞ�
Z

∞

p
du u2e−lLu

× RefK1=2−imαðηλÞ½I1=2−imαðηλÞ þ I−1=2þimαðηλÞ�g; ð4:41Þ
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where again we have considered (3.28). Knowing u2e−lLu ¼ l−2∂2
Le

−lLu and using the representation (3.30) we are able to
solve the integrals over p and u which gives

h0jT3
3j0ic ¼

qη5

4α4π5=2

X∞
l¼1

cosð2πlβ̃Þ
Z

∞

0

ds

�
1 −

l2L2

2s2

�
e−ðl2L2=2þr2−η2Þ=ð2s2Þ

s6

× Re½K1=2−imαðη2=2s2Þ�J ðq; a0; r2=2s2Þ: ð4:42Þ

By making the change of variables z ¼ η2=2s2 and also using the representation (3.14) we note that the following relation
holds

h0jT3
3j0ic ¼ ∂L½Lh0jT1

1j0ic�: ð4:43Þ

Taking into the consideration the expression for the radial stress induced by the compactification, the axial stress is given by

h0jT3
3j0ic ¼

23=2

π5=2α4

X∞
l¼1

cosð2πlβ̃Þ
�X0

p

k¼0

ð−1Þk cosð2kπa0Þ cosðkπ=qÞMðzÞ
l

�
ul;k;

r
η
sk

�

þ q
π

Z
∞

0

dx
sinhðxÞhðq; a0; 2xÞ
coshð2qxÞ − cosðqπÞM

ðzÞ
l

�
ul;x;

r
η
cx

��
; ð4:44Þ

with the notation

MðzÞ
l ðul;y; vÞ ¼

ffiffiffi
π

p
25=2

Re

�
Γð3 − imαÞΓð2þ imαÞ

u6−imα
l;y

�
u2l;y

�
ð2imα − 5Þ l

2L2

2η2
þ 2v2 − 1

�
Fða; b; c; dl;yÞ

þ 1

3
ð3 − imαÞð4 − imαÞ l

2L2

2η2
Fðaþ 1; bþ 1; cþ 1; dl;yÞ

��
: ð4:45Þ

V. PROPERTIES OF THE VEV OF THE
ENERGY-MOMENTUM TENSOR

In this section, we plan to analyze some properties of the VEVs of the energy-momentum tensor. As we have shown, the
VEVs of the energy-momentum tensor can be decomposed into a contribution induced by the curvature of the de Sitter
spacetime and the cosmic string, and another one induced by the compactification. The first contribution, after removing the
pure dS part, can be written in a compact form as (no summation over μ)

h0jTμ
μj0is ¼

21=2

π5=2α4

�Xp
k¼1

ð−1Þk cosð2kπa0Þ cosðkπ=qÞM0ðu0;kÞ

þ q
π

Z
∞

0

dx
sinhðxÞhðq; a0; 2xÞ
coshð2qxÞ − cosðqπÞM0ðu0;xÞ

�
; ð5:1Þ

for μ ¼ t, r, z where the functionsM0ðu0;yÞ were defined in (4.13), and also (3.21)–(3.24). This contribution of the energy-
momentum tensor is an even function of a0. Considering a massless fermionic field, the above expression is simplified to

h0jTμ
μj0is ¼

1

4π2α4

�Xp
k¼1

ð−1Þk cosð2kπa0Þ cosðkπ=qÞ
u30;k

Fð2; 3=2; 3; 1 − u−20;kÞ

þ q
π

Z
∞

0

dx
sinhðxÞhðq; a0; 2xÞ
coshð2qxÞ − cosðqπÞ u

−3
0;xFð2; 3=2; 3; 1 − u−20;xÞ

�
: ð5:2Þ

Now, let us consider some asymptotic behavior of the expression (5.1). Near the string, r=η ≪ 1, we proceed in a similar
way as was done in the string part of the FC. First, we write (5.1) as
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h0jTμ
μj0is ¼

21=2

π5=2α4

�Xp
k¼1

ð−1Þk cosð2kπa0Þ cosðkπ=qÞ
Z

∞

0

dzz3=2e−zð2r
2s2k=η

2−1Þ

þ q
π

Z
∞

0

dx
sinhðxÞhðq; a0; 2xÞ
coshð2qxÞ − cosðqπÞ

Z
∞

0

dzz3=2e−zð2r2c2x=η2−1Þ
�
Re½K1=2−imαðzÞ�: ð5:3Þ

For the region near the string, the main contribution to the integral over z comes from the regions near the upper limit of the
integration, and we can use the expression for the Macdonald function considering large arguments. To the leading order we
obtain

h0jTμ
μj0is ≈

1

2π2

�
η

αr

�
4
�Xp
k¼1

ð−1Þk cosð2kπa0Þ cosðkπ=qÞ
s4k

þ q
π

Z
∞

0

dx
c−4x sinhðxÞhðq; a0; 2xÞ
coshð2qxÞ − cosðqπÞ

�
; ð5:4Þ

where we note a divergence with a fourth power of the proper distance.
On the other hand, for regions where r=η ≫ 1, we have

M0ðu0;yÞ ≈ Re
�
Γð1=2 − imαÞΓð2þ imαÞ
22imαþ5=2ðu0;y þ 1Þ2þimα

�
; ð5:5Þ

and to the leading order, Eq. (5.1) reads

h0jTμ
μj0is ≈

21=2

π5=2

�
η

αr

�
4

Re

�
Γð1=2 − imαÞΓð2þ imαÞ

22imαþ5=2

�
η

r

�
2imα

�Xp
k¼1

ð−1Þk cosð2kπa0Þ cosðkπ=qÞ
s4þ2imα
k

þ q
π

Z
∞

0

dx
sinhðxÞhðq; a0; 2xÞ
coshð2qxÞ − cosðqπÞ c

−4−2imα
x

��
: ð5:6Þ

In the Fig. 3 we show the behavior of the string part of the energy density as function of r2=η2 (left plot) and ofmα (right
plot). As in the case of the string part of FC, the behavior of the string part of the energy density is highly affected by the
value of the azimuthal magnetic flux. The turning point is around a0 ≈ 0.23 for the chosen parameters in the figure.
In a similar way, the contribution due to the compactification, can be written as (no summation over μ)

h0jTμ
μj0ic ¼

23=2

π5=2α4

X∞
l¼1

cosð2πlβ̃Þ
�X0

p

k¼0

ð−1Þk cosð2kπa0Þ cosðkπ=qÞMlðul;kÞ

þ q
π

Z
∞

0

dx
sinhðxÞhðq; a0; 2xÞ
coshð2qxÞ − cosðqπÞMlðul;xÞ

�
; ð5:7Þ

for μ ¼ t, r. The previous expression is an even function of the parameters β̃ and a0. Considering r=η ≪ 1, the leading term
of the above expression reads

FIG. 3. Energy density and azimuthal stress induced by the magnetic flux and planar angle deficit as a function of r2=η2 (left plots) for
mα ¼ 2 and the mass of the field (right plots) considering r=η ¼ 2. In both plots q ¼ 1.5.
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h0jTμ
μj0ic ≈

q cos½qπð1=2þ ja0jÞ�Γð1=2 − qð1=2 − ja0jÞÞ
π7=2α4

�
rffiffiffi
2

p
η

�
qð1−2ja0jÞ−1

×
X∞
l¼1

cosð2πlβ̃ÞRe
�

Γð2þ imαÞΓð3=2 − imαþ qð1 − 2ja0jÞÞ
22þimαΓð2 − imαÞðlL=ð ffiffiffi

2
p

ηÞ3−imαþqð1−2ja0jÞÞ

�
: ð5:8Þ

This expression is divergent if ja0j > ð1 − 1=qÞ=2 and is finite if ja0j ≤ ð1 − 1=qÞ=2 in the limit r ¼ 0. For a0 ¼ 0 the
above expression vanishes on the string’s core.
The Eq. (5.7) can be decomposed as

h0jTμ
μj0ic ¼ h0jTμ

μj0ið0Þc þ h0jTμ
μj0iðq;a0Þc : ð5:9Þ

The first term is the k ¼ 0 contribution with the coefficient 1=2 in (5.7). This is a pure topological term, independent of the
radial coordinate, the azimuthal magnetic flux and the conical defect. This contribution is induced only by the
compactification which is given by

h0jTμ
μj0ið0Þc ¼ 21=2

π5=2α4

X∞
l¼1

cosð2πlβ̃ÞMlðul;0Þ: ð5:10Þ

The second contribution on the right-hand side of (5.7) which depends on the planar angle deficit, magnetic flux and
compactification, is given by

h0jTμ
μj0iðq;a0Þc ¼ 23=2

π5=2α4

X∞
l¼1

cosð2πlβ̃Þ
�Xp
k¼1

ð−1Þk cosð2kπa0Þ cosðkπ=qÞMlðul;kÞ

þ q
π

Z
∞

0

dx
sinhðxÞhðq; a0; 2xÞ
coshð2qxÞ − cosðqπÞMlðul;xÞ

�
: ð5:11Þ

For L=η ≫ 1 and fixed r=η, to the leading order, we have

h0jTμ
μj0iðq;a0Þc ≈

23=2

π5=2

�
η

αL

�
4X∞

l¼1

cosð2πlβ̃ÞRe
�
Γð1=2 − imαÞΓð2þ imαÞ

2imαþ1=2

�
η

L

�
2imα

×

�Xp
k¼1

ð−1Þk cosð2kπa0Þ cosðkπ=qÞ
ðl2
2
þ 2r2s2k

L2 Þ2þimα
þ q
π

Z
∞

0

dx
sinhðxÞhðq; a0; 2xÞ
coshð2qxÞ − cosðqπÞ

�
l2

2
þ 2r2c2x

L2

�−2−imα
��

: ð5:12Þ

In Fig. 4 we show the behavior of the energy density induced by the compactification as a function of L=η (left plot) and
β̃ (right plot). We note that, this contribution of the energy density goes to zero for large values of L, as expected.

FIG. 4. Energy density induced by the compactification as a function of L=η (left plot) for β̃ ¼ r=η ¼ a0 ¼ 0.25, considering different
values of q and as a function of β̃ (right plot) for L=η ¼ 0.75, r=η ¼ 0.25 and q ¼ 1.5, for three different values of a0.
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Now, let us evaluate some special cases of the azimuthal stress given by the Eq. (4.37). For a massless fermion field the
azimuthal stress reads

h0jT2
2j0i ¼

1

2π2α4
X∞
l¼0

cosð2πlβ̃Þ
�X0

p

k¼0

ð−1Þk cosð2kπα0Þ cosðkπ=qÞBl

�
ul;k;

r
η
sk

�

þ q
π

Z
∞

0

dx
hðq; a0; 2xÞ sinh x

coshð2qxÞ − cosðqπÞBl

�
ul;x;

r
η
cx

��
; ð5:13Þ

with the notation

BðϕÞ
l ðul;y; vÞ ¼

ðl2L2

2η2
− 10v2 − 1Þ
u4l;y

Fð2; 3=2; 3; 1 − u−2l;yÞ þ
4v2

u6l;y
Fð3; 5=2; 4; 1 − u−2l;y Þ: ð5:14Þ

In the absence of the magnetic flux in the azimuthal direction, a0 ¼ 0, we have

h0jT2
2j0i ¼

21=2

π5=2α4

X∞
l¼0

cosð2πlβ̃Þ
�X0

p

k¼0

ð−1Þk cosðkπ=qÞMðϕÞ
l

�
ul;k;

r
η
sk

�

þ 2q cosðqπ=2Þ
π

Z
∞

0

dx
sinhðxÞ sinhðqxÞ

coshð2qxÞ − cosðqπÞM
ðϕÞ
l

�
ul;x;

r
η
cx

��
: ð5:15Þ

The axial stress induced by the compactification is given by the Eq. (4.44). Considering a massless fermion field, this
expression reads

h0jT3
3j0ic ¼

1

π2α4
X∞
l¼1

cosð2πlβ̃Þ
�X0

p

k¼0

ð−1Þk cosð2kπa0Þ cosðkπ=qÞBðzÞ
l

�
ul;k;

r
η
sk

�

þ q
π

Z
∞

0

dx
sinhðxÞhðq; a0; 2xÞ
coshð2qxÞ − cosðqπÞB

ðzÞ
l

�
ul;x;

r
η
cx

��
; ð5:16Þ

with the notation

BðzÞ
l ðul;y; vÞ ¼

ð2v2 − 5l2L2

2η2
− 1Þ

u4l;y
Fð2; 3=2; 3; 1 − u−2l;yÞ −

2l2L2=η2

u6l;y
Fð3; 5=2; 4; 1 − u−2l;yÞ: ð5:17Þ

Again, it is easy to see that the axial stress induced by the compactification can be decomposed as

h0jT3
3j0ic ¼ h0jT3

3j0ið0Þc þ h0jT3
3j0iðq;a0Þc : ð5:18Þ

The first contribution of the above decomposition is the axial stress induced only by the compactification, being a pure
topological term independent of the radial coordinate and the magnetic flux in the azimuthal direction. This part is the k ¼ 0
term in (4.44) which is given by

h0jT3
3j0ið0Þc ¼ 21=2

π5=2α4

X∞
l¼1

cosð2πlβ̃ÞMðzÞ
l

�
ul;0;

r
η
s0

�
: ð5:19Þ

The second term on the right-hand side of (5.18), the compactification contribution to the axial stress dependent on the
planar angle deficit and the magnetic flux, has the form

h0jT3
3j0ic ¼

23=2

π5=2α4

X∞
l¼1

cosð2πlβ̃Þ
�Xp
k¼1

ð−1Þk cosð2kπa0Þ cosðkπ=qÞMðzÞ
l

�
ul;k;

r
η
sk

�

þ q
π

Z
∞

0

dx
sinhðxÞhðq; a0; 2xÞ
coshð2qxÞ − cosðqπÞM

ðzÞ
l

�
ul;x;

r
η
cx

��
; ð5:20Þ

where we note that the axial stress induced by the compactification is an even function of the parameters β̃ and a0.
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Two important relations obeyed by the fermionic energy-
momentum tensor are the conservation condition and the
trace relation. The latter can be obtained by using the
general expression for the energy-momentum tensor,
Eq. (4.1), combined with the equation of motion. We
can start with the trace relation. Because the contribution to
the energy-momentum tensor associated with the cosmic
string and compactification present no anomalies, the trace
relations read

h0jTμ
μj0is ¼ mhψ̄ψis; h0jTμ

μj0ic ¼ mhψ̄ψic; ð5:21Þ

where we observe that for a massless field the VEV of the
energy-momentum tensor is traceless. As to the conserva-
tion condition, ∇αh0jTα

βj0i ¼ 0, in the configuration that
we are studying here, this equation is reduced only to one
differential equation

∂r½rh0jT1
1j0i� ¼ h0jT2

2j0i: ð5:22Þ

Note that we have already proved this equation during the
evaluation of the energy-momentum tensor in the previous
sections.

VI. CONCLUSION

In the present paper, we have studied the influence of the
combined effects of the spacetime background and the
topology on the FC and the VEVof the energy-momentum
tensor associated with a massive spinor field. As the
background geometry we have considered the dS space-
time, maximally symmetric curved space, conformally flat
with constant positive curvature, which plays an important
role in the quantum field theory and most importantly in
cosmology. We have investigated the effect of the presence
of the cosmic string in the aforementioned spacetime and a
magnetic flux as well as the compactification of the spatial
dimension along the string inducing topological effects in a
fermionic system, considering that the fermion field obeys
a quasiperiodic condition (2.4).
The FC has been evaluated by using the direct summa-

tion over the fermionic modes, prepared in the Bunch-
Davies vacuum state, given by (2.6). The momentum along
the string direction becomes discrete due the compactifi-
cation along this direction and in order to evaluate the
summation over this quantum number, we have employed
the Abel-Plana summation formula (3.6). Consequently,
both the FC and the VEVof the energy-momentum tensor
are decomposed into a contribution induced by a cosmic
string in the dS space with no compactification, and another
one induced by the compactification.
The string part of the FC is given by (3.20), where this

contribution is an even function of the magnetic flux along
the azimuthal direction and depends on the ratio between
the radial and conformal time coordinates, r=η, which is the

proper distance from the string measured in units of the dS
curvature scale α. Some particular cases of the FC con-
tribution induced by the cosmic string in dS spacetime have
been considered. For points near the string the FC is given
by (3.25) where the leading term presents a divergence with
the second power of the proper distance and for large
distances from the string the leading term of the FC is given
by (3.26). In Fig. 1 we show the influence of the magnetic
flux in the azimuthal direction on the FC as function of
r2=η2 and mα. The FC induced by the compactification is
given by (3.32) being an even function of the magnetic flux
in the azimuthal and axial directions. This induced con-
tribution of the FC can be decomposed into two parts as
shown in (3.33). The first part, given by (3.34) is a pure
topological term induced only by the compactification and
independent of the parameters q, a0 and the radial coor-
dinate. The second part, Eq. (3.35), is the contribution of
the FC induced by the compactification, the planar angle
deficit and the magnetic fluxes. For regions near the string,
the leading term of the FC induced by the compactification
is given by (3.36), which is finite on the string if
ja0j ¼ ð1 − 1=qÞ=2, vanishes for ja0j < ð1 − 1=qÞ=2 and
diverges if ja0j > ð1 − 1=qÞ=2. We have also studied the
limit of large values of the compactification, L=η ≫ 1,
where the leading term is given by Eq. (3.37). Figure 2
shows the behavior of the FC induced by the compacti-
fication as a function of L=η and the axial magnetic flux.
We have shown that both induced parts of the FC vanish for
a massless fermion field.
Another important quantity that characterizes the fer-

mionic vacuum is the VEV of the energy-momentum
tensor. The steps of the evaluation of each component of
this tensor has been presented in Sec. IV while in Sec. V we
have presented combined expressions for both cosmic
string in dS spacetime without compactification and topo-
logical contribution of the energy-momentum tensor. The
VEV of the energy-momentum tensor in dS space in the
presence of a cosmic string is given in a compact form (5.1)
which includes the energy density, the radial and the axial
stresses. This contribution is an even function of the
azimuthal magnetic flux. Some special cases of this
expression have been evaluated. For a massless fermionic
field we have the expression (5.2). Considering r=η ≪ 1,
there is a divergence with a fourth power of the proper
distance, (5.4). On the other hand, for large distances from
the string, this contribution goes to zero as one can see in
the Eq. (5.6). In Fig. 3 we have plotted the effect of the
parameter a0 on the energy-density as a function of r2=η2

and mα. For the contribution induced by the compactifi-
cation, the energy density and the radial stress are written in
the compact form (5.7). They are even functions of the
magnetic fluxes in azimuthal and axial directions. For
regions near the string, this part of the energy-momentum
tensor is given by (5.8) being divergent on the string
if ja0j > ð1 − 1=qÞ=2 and finite if ja0j ≤ ð1 − 1=qÞ=2.
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Wehave also decomposed this part of the energy-momentum
tensor into two parts: the first one is purely topological,
(5.10), independent of the planar angle deficit, the azimuthal
magnetic flux and the radial coordinate, while the second
one, (5.11), is dependent on the compactification and other
parameters that characterize the system under consideration.
In the regime where L=η ≫ 1, the latter has been given by
(5.12). In Fig. 4 we have plotted the behavior of the energy
density as a function of L=η and β̃.
The azimuthal and axial stresses induced by the compac-

tification have been evaluated in the Secs. IV C and IVD,
respectively. An expression for the total azimuthal stress and
the axial stress induced by the compactification has been
written in compact forms given by (4.37) and (4.44),
respectively. Some particular cases of these components of
the energy-momentum tensor are presented in the Sec. V.
Moreover, for a massless spinor field in the absence of the
azimuthal flux, a0 ¼ 0, the azimuthal stress is given by
(5.13) and (5.15), respectively. The axial stress induced by
the compactification considering a massless fermionic field
is given by (5.16). This induced part of the axial stress has
been decomposed into two parts: a pure topological part,
(5.19), independent of the parameters q, a0 and the radial
coordinate, and a part dependent on these parameters, (5.20),
where the latter is an even function of both magnetic fluxes.
We have also verified that the components of the energy-

momentum tensor obey the trace relation (5.21) and the
energy-momentum conservation in the covariant form.
In particular, for a massless fermion field the energy-
momentum tensor is traceless.
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APPENDIX: RELEVANT RELATIONS
FOR BESSEL, HANKEL, AND
MACDONALD FUNCTIONS

In this paper we use the following relations [49,54–56]

Hð2Þ
ν ðxÞ ¼ 2i

π
eiπν=2KνðixÞ

jHð2Þ
1=2−imαðγηÞj2 ¼

4eπmα

π2
jK1=2−imαðiγηÞj2

jHð2Þ
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4eπmα

π2
jK1=2þimαðiγηÞj2
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¼−i
�
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1−2imα

x

�
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Z
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duu−1
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ðA3Þ

ðu∂u þ 2νÞeu2Kνðu2Þ ¼ 2u2eu
2 ½Kνðu2Þ−Kν−1ðu2Þ� ðA4Þ
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ðp2 þ c2Þα=2 Qν

α−1

�
pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2 − c2
p

�
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Qμ
νðzÞ ¼ eiμπ

ffiffiffi
π

p
Γðνþ μþ 1Þðz2 − 1Þμ=2

2νþ1Γðνþ 3=2Þzνþμþ1

× F
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1þ νþ μ

2
;
νþ μþ 1

2
; νþ 3

2
; z−2

�
ðA6Þ

Fða;b;c;zÞ ¼ ΓðcÞΓðc−a−bÞ
Γðc−aÞΓðc−bÞFða;b;aþb− c; 1− zÞ
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KνðeimπxÞ ¼ e−imνπKνðxÞ − iπ
sinðmνπÞ
sinðνπÞ IνðxÞ ðA8Þ
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