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Induced fermionic vacuum polarization in a de Sitter spacetime
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We study the fermionic condensate (FC) and the vacuum expectation value (VEV) of the energy-
momentum tensor for a massive spinor field in the de Sitter (dS) spacetime including an ideal cosmic string.
In addition, spatial dimension along the string is compactified to a circle of length L. The fermionic field is
assumed to obey quasiperiodic condition along the z-axis. There are also magnetic fluxes running along the
cosmic string and enclosed by the compact dimension. Both, the FC and the VEV of the energy-momentum
tensor, are decomposed into two parts: one induced by the cosmic string in dS spacetime considering the
absence of the compactification, and another one induced by the compactification. In particular, we show

that the FC vanishes for a massless fermionic field.
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I. INTRODUCTION

It is well known that in the early Universe different types
of topological defects may have been formed due to the
series of phase transitions [1] which among them, cosmic
strings have been extensively studied in the literature.
Observations of the cosmic microwave background have
ruled cosmic strings out as the main source of the primordial
density fluctuations, but several other interesting physical
effects can be associated with this topological defect like
emission of gravitational waves, generation of high-energy
cosmic rays and doubling images of distant objects [2—4].
Furthermore, a variant in the mechanism of formation for
cosmic strings has been proposed in the context of brane
inflation [5-7] leading to a renewed interest in the research
on this object. The topological defects can also form in
condensed matter systems due to symmetry breaking phase
transitions. The conical space can appear as an effective
background geometry in certain condensed matter systems
such as nanotubes, superfluids, superconductors, crystals,
liquid crystals, and quantum liquids [8,9].

The geometry of the spacetime associated with an
infinitely long and straight cosmic string is characterized
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by a planar angle deficit on the two-surface orthogonal to
the string. Besides that, the spacetime is locally flat except
on the top of the string where a delta shaped curvature
tensor is present. Cosmic strings were first introduced in the
literature as being created by a Dirac-delta type distribution
of energy and an axial stress, however it can also be
described in the context of a classical field theory which the
energy-momentum tensor associated with the vortex con-
figuration of the Maxwell-Higgs system [10] couples to the
Einstein equations. Garfinkle [11] and Linet [12] have
studied this coupled system and have shown that a planar
angle deficit arises on the two-surface perpendicular to the
string, as well as a magnetic flux running along to its core.
One of the most remarkable features of this spacetime is the
fact that fields are sensitive to its global conical structure
which can cause interesting phenomena.

It is well known that geometry and topology play
important roles in many physical problems with implica-
tions from subnuclear to cosmological scales. In the context
of the quantum field theory, the vacuum properties are
influenced by both geometrical and topological aspects of
the background spacetime. In the present paper, we intend
to investigate the combined effects of the geometry and
topology on the fermionic condensate and the VEV of the
energy-momentum tensor associated with a massive fer-
mion field. We take the de Sitter spacetime as the back-
ground geometry and that the topological effects are
induced by the presence of a cosmic string and the
compactification of the spatial dimension along the string.

The dS spacetime is the curved spacetime most analyzed
in the context of quantum field theory and cosmology.
Considering the presence of a positive cosmological
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constant, the dS spacetime is a maximally symmetric
solution of Einstein equations. As a consequence of this
high degree of symmetry, several numbers of physical
problems can be exactly solved in this spacetime. In
addition, the importance of this background has increased
after the advent of the Universe’s expansion in its early
stages from an inflationary scenario. In this scenario the
geometry of the Universe can be approximated by a portion
of the dS spacetime and due to this fact some problems in
the standard cosmology are naturally solved. Besides that,
during the inflationary epoch, fluctuations in the inflaton
field have generated inhomogeneities that play an impor-
tant role in the generation of large scale structures in the
Universe [13].

The type of topological effect we shall consider here is
induced by a planar angle deficit due the presence of a cosmic
string. The conical structure of the spacetime associated with
this topological defect modifies the vacuum fluctuations
associated to quantum fields. In this way, the vacuum
expectation values (VEVs) of the energy-momentum tensor
associated with scalar [14—18] and fermion [19-21] fields
present a nonzero value. Additional contributions to the
above VEVs associated with charged quantum fields are
induced when is considered the presence of a magnetic flux
running along the string [22-26]. Vacuum current densities
are also induced by the magnetic fluxes and it has been
shown that the azimuthal induced current density arises if the
ratio of the magnetic flux by the quantum one has a nonzero
fractional part [27,28]. In addition, induced current densities
in a higher-dimensional cosmic string spacetime [29] and ina
(2 + 1)-dimensional cosmic string spacetime with a circular
boundary [30] in the presence of a magnetic flux were also
studied. In the aforementioned analysis the cosmic string had
no inner structure, i.e., it is considered as an ideal linear
object. The inner structure of the cosmic string has been
taken into consideration in Refs. [31,32] for the scalar and
fermionic currents and also for the energy-momentum tensor
in [33].

The compactification along the cosmic string axis can also
induce a topological effect in the system. Most high-energy
theories of fundamental physics, like supergravity and
superstring theories, have this feature in common. An
interesting application of a theoretical model with a compact
dimension appeared in the context of nanophysics. In
cylindrical and toroidal carbon nanotubes, the background
of the corresponding field theory presents compact dimen-
sions [34]. In the context of quantum field theory, the
imposition of periodicity conditions on the field operator
along compact dimension also alters the VEVs of physical
observables. In [35,36] the fermionic current in the presence
of an arbitrary number of compactified spatial dimensions
and a constant gauge was investigated. The VEV of the
induced fermionic current and the energy-momentum tensor
considering a compactified cosmic string spacetime in the
presence of a magnetic flux running through the string was

studied in [37,38]. Moreover, for a charged scalar field, the
VEVs of the induced bosonic current and energy-momentum
tensor in a higher dimensional compactified cosmic string
spacetime was considered in [39,40], respectively. For
Schwarzschild spacetime equipped by a cosmic string, the
vacuum polarization was investigated in [41,42]. For the dS
spacetime, the vacuum polarization induced by a cosmic
string for a scalar field [43] and a fermion field [44], and the
calculation of the vacuum fermionic current [45] have been
developed. In addition, similar analysis induced by a cosmic
string in anti-dS spacetime have also been considered for
massive scalar [46] and fermion fields [47], and for a scalar
field with a compactified extra dimension [48]. With the
intention of developing a further analysis, here we plan to
investigate the fermionic vacuum polarization and the VEV
of the energy-momentum tensor in dS spacetime, consider-
ing the presence of a compactified cosmic string. In this way,
this present analysis is as general as possible. However, in the
limit where the size of the compactification goes to infinity
one recovers the result in the absence of the compactification.
The paper is organized as follows. In Sec. II we describe
the background geometry and the complete set of normalized
positive- and negative-energy fermionic mode function
which obey a quasiperiodic boundary condition with an
arbitrary phase along the z-axis. We also assume the presence
of a constant gauge field. In Sec. III, by using the mode-
summation method we develop the analysis of the FC which
is decomposed into two contributions: the first one corre-
sponds to the geometry of a cosmic string in dS spacetime
with no compactification and the second one induced by the
compactification of the spatial dimension along the string. In
Sec. IV we develop the calculation of the VEV of the energy-
momentum tensor, proving the same decomposition. In
Sec. V we study some properties of the results obtained in
the previous section and discuss some limiting cases. Our
conclusions are summarized in Sec. VI. Throughout the
paper we use natural units in which G =hA=c¢ = 1.

II. BACKGROUND GEOMETRY
AND FERMIONIC MODES

The line element describing a cosmic string along the
z-axis in dS spacetime is given by
ds* = g, dx'dx’ = d* — e2/%(dr* + r*d¢? + dz*),  (2.1)
in cylindrical coordinates with non-negative r, &
(—o0,+00) and ¢ € [0,27/q| where the presence of the
cosmic string is codified by the parameter ¢ > 1. The
parameter « appearing in the line element above is related
to the Ricci scalar R and the cosmological constant A as
R = 12a7? and A = 3a~2. Making use of the conformal
time #, which is defined as [43]

n=ae", n € [0, o], (2.2)
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we can write the line element (2.1) in the following
form
ds> = (a/n)*(dy? — dr* — r*d¢?* — dz?).  (2.3)
Besides that, the direction along the z-axis is compactified
to a circle with length L, meaning z € [0, L], and we
assume that along this compact direction the fermionic field
obeys the following quasiperiodicity condition
w(t,r,¢.z+L) =™ Py(t,r, ¢, z). (2.4)
The parameter f in the above expression is defined as a
constant in the interval [0, 1]. We have two special cases for
this parameter: for f =0 we have a peridioc boundary
condition, while for = 1/2 we have an antiperiodic
boundary condition. These values correspond to untwisted
and twisted fields, respectively.

The dynamics of a massive spinor field in the above
curved spacetime with a magnetic flux running along the
string is governed by the Dirac equation in the following
form

iy* Dy — my = 0, D, =0, +ieA, +T,, (2.5)
knowing that I, and A, are the spin connection and a four
vector potential, respectively. Note that the physical com-
ponents of the vector potential, A, and A_, are related to the
covariant components by A, = —A,/r and A, = —A3 in
the Dirac equation (2.5). To obtain the fermionic conden-
sate as well as the vacuum expectation value of the energy-
momentum tensor one needs a complete set of fermionic
modes. The positive- and negative-energy fermionic modes
in this spacetime background were obtained in [45]
which are

llh(ri)(x) _C( )}7 eialita)p+ikz

H(l/iz) ima(yrl)-]ﬂl (pr)e—iq¢/2

ispe; (A1) i
% 7+312H1/i2 lma(yrl)‘]ﬁz (pr)elq¢/2 , (26)

~isH' 1/)2 ima (Y p, (pr)eTa?l?

l .
7+5kH(—li/)2 ima(yn)‘]ﬂz (pr)e“1¢/2

where the gauge transformation A, — A, +J,A, w —
e~My with A = —A,x* leading to the new Dirac equation,
(iy"V, — m)y = 0, was used. The above fermionic modes
are specified by the set 6 = (p,k, j,s) of quantum num-
bers. In the above expression, A, =1, 1_=2,
j==1/2,43/2,..., and s = £1. In addition, J,(x) and
H£1’2) (x) are Bessel and Hankel functions [49], respec-
tively, and y = \/k*> + p? where 0 < p < co. Moreover, in
the Eq. (2.6) we have

P =4qlj+al—¢€;/2, Pr=qlj+al +¢€;/2,

+man
B =IPC () 4 sk 2.7
o | 6L (v + sk), (2.7)
with k = k, = 2z(l + j)/L, | = 0,+1,+2, ... and
) 3
a=-" and B= /3—— (2.8)
q)O 0

where @, = 27/ e is the quantum flux while @, and @, are
the magnetic fluxes in the azimuthal and axial directions,
respectively. Besides that, ¢; = 1 for j > —a and €¢; = -1
for j < —a.
One can write the parameter a in the form

a = ny + ay, lag| < 1/2, (2.9)
with n, being an integer number. It is easy to see that the
VEVs of the physical observables are given in terms of a
solely, by simply a shift like j + ny — .

In [45], we studied the vacuum fermionic currents in the
same geometry, a compactified cosmic string in the back-
ground of dS spacetime assuming that the field is prepared
in the Bunch-Davies vacuum state. In the continuation of
the work, we investigate the fermionic condensate and the
renormalized vacuum expectation value of the energy-
momentum tensor in the present paper.

III. FERMIONIC CONDENSATE

In this section we develop the analysis of the FC, which
is defined by the VEV

(Olyy|0) =

Zwa i

with |0) representing the vacuum state and 7 = 'y° being
the Dirac adjoint. By using the mode functions (2.6) one
can write the FC as

(3.1)

2 P’ 2
p(r+sk) |:Jp’, (Pr)+mJﬁZ(Pr)

) =T
16La” 4

2 2
S H ) P=1HE) o) 21, (3.2)

using the compact notation for the sum over all independent
quantum numbers as

o)

Making use of (Al) and evaluating the summation over
s result in

dpz

I=—co s=%1 j=41/2,£3/2...

(3.3)
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7 J
(py) = 2ﬂ2La / pl;ozj:m (pr) +J35,(pr)]
X [|K1/2—ima(i7n)’2 - |K1/2+ima(i7/77)‘2]' (34)
By means of the relation (A2) we obtain
_ iqn 1 —2ima
= o 4+
oy) = -5 57 ( R )
< [ dp 3193, pr) + 3, o)
J
X > Kijpima(iy) Ky jpmima(=irn),  (3.5)

[=—

being y =y, = \/p2 + (2z(1+ p)/L)* and K,(z) the
Macdonald function [49]. The summation over [ can be
evaluated with the help of the Abel-Plana formula in the
form [50-52]

25 stk k) = [ dulgte + -l @

[=—00
+iAmdﬂﬂm)—ﬂ—mﬂ
x Z Lu+232(1/[i’)

where one can decompose the FC in the following way

(3.6)

() = )& + (). (3.7)
The first term in the right-hand side of the above equation is
the contribution for the FC due to the curvature of the dS
spacetime in the cosmic string background with no com-
pactification while the second one is the contribution induced
by the compactification along the z-axis. Obviously, the
second term should vanish in the limit L — oo.

By choosing g(u) = 1 and

f(u)

the first term in the Eq. (3.6) gives

. 4 .
ign 1 —2ima
- 0
2m3a’ < nt n )
x A dppY |73 (pr) + J3,(pr)]
J

X /O dk K1/2—ima<i}/’/l)Kl/Z—ima(_iyn)' (39)

= Kl/2—ima(iyn)Kl/Z—ima(_iyn)? (38)

()& =

Using the integral representation (A3) as well as the
relation (A10), the integral over k and p can be done
directly which gives

s _ iq 0 .
<l//l//> m (7]8—’7 +1- 21ma>

X/ood cosh[(l.—2ima)y]
0 sinh®y

o du
—1/(2u)-
X e
A M5/2

2/ (4un*sinh?y)

)
LAy ——>—5 | 3.10
x j(q o 4myzsmh2y) (3.10)
with the notation
T(q.ag.w) =D [z (W) + Ip,(w)].  (3.11)

J

Defining a new variable x = r?/(4un? sinh? y) the integral
over y can be evaluated directly and we obtain

3
iqn 0
S — 1-2
<m%m<w+ m@

X /oo dx x/2ex0r'/r=1)
0

gy =

X Kl/2—ima(x’72/r2)j(q’ aO’x)’ (312)

Now, considering the formula (A4) and defining a new
variable z = xn*/r?, we have

q O 32 (1=
=1 dz 73/2e2(1=r"/m%)
\/izzs/zoﬁ/o

X Im[K1/2—ima(Z)]j(q’ aop, Zrz/ﬂz)’

()

(3.13)

Following the procedure used in the Ref. [53] for the
summation over j in (3.11), we obtain

(=1)k cos(2kzag) cos(kx/q)e" «0s(2k/a)

h(q, ag, 2x) sinh x

—w cosh2x
9

cosh(2¢x) — cos(gr) (3.14)

where p is an integer number defined by the relation 2p <
g <2p+2and

h(q9 ap, Zx)
= Z cos[gn(1/2 + yag)] sinh[2gx(1/2 — yay)].
x=t-
(3.15)
In the case of g < 2 the summation term in (3.14) is absent.

Also for the special case of ¢ = 2p, one should add the
term

045019-4



INDUCED FERMIONIC VACUUM POLARIZATION IN A DE ...

PHYS. REV. D 101, 045019 (2020)

-w

—(=1)22¢ (3.16)

sin(gzag)

to the Eq. (3.14).

The first term in the right-hand side of the Eq. (3.14)
provides the FC due only to the dS spacetime. The second
and the third ones are the contributions due to the non-
trivial topology of the cosmic string spacetime and the
magnetic flux. Because here we are mostly interested in the
contribution to the FC induced by the presence of the string,
we shall discard the pure dS contribution, (y) 44, accord-
ing to the expression below,

(), = (3.17)

()& = () s

It is important to note that the presence of cosmic string
does not change the local geometry of dS spacetime for
points away from the string. Consequently, the renormal-
ization is needed only for the pure dS contribution.
Therefore, the result is finite for » # 0 and is given by

23/2 p
) = e | 2 (1) cos(2hma) coslka/ )
T (04 —1

» / % o212 /)5
0

—5—2/ dx
T Jo

x/ dz73/2 e 12 2 /n?)ck ]]Im[[(l/z lma(Z)]
0

(3.18)

h(q, ag,2x) sinh x

cosh(2gx) — cos(gn)

where we have defined

sy = sin(kzn/q) and ¢, = coshux. (3.19)
Using the formula (A5) we can evaluate the integral over z
and also with the help of (A6) the final expression for the
FC induced by the magnetic flux and the planar angle

deficit reads
23 /2 r

) 2 3{2

k=1
+Q/ dx
T Jo

In the above expression we have introduced the notation

kcos(2kray) cos(km/q)Go(uo )

h(q, ag, 2x) sinh x (110,)
u
cosh(2¢x) — cos(gr) 0

(3.20)

(3.21)

Gi(ury) = Im[F(uy,)],

where

VaT(3 —ima)l'(2 + ima)
27/2 M?—ima F(Cl, b’ C; dl,y)’
sy

Filuy) =

(3.22)

with F(a, b; c;d,,) being the hypergeometric function

3_
Fla.bieidy,) = F (z—% s 5) (3.23)
and
12L2 2 2.2 Z2L2 2 2.2
M[’k = a2 rzsk —1 and I/l[’x = a2 rzc - 1.
2 n 2n n
(3.24)

In the Eq. (3.20), we have (3.21) and (3.24) with [ = 0. One
can notice that the string contribution in FC is an even
function of the parameter ay,.

Now, let us consider some particular cases of the
expression (3.20). For example, for a massless fermionic
field, it is easy to see that the string part of the FC vanishes.
This result is more evident looking at the expression (3.18).

Now, let us study the short and large distances from the
string. For the region near the string, r/n < 1, it is more
convenient to consider the expression (3.18). In this regime
the dominant contribution to this expression comes from
large values of z and we can use the expansion of the
Macdonald function for large arguments [49]. The leading
term is given by

(), = <;1r>Z{i(_l)kcos(2k7m0)zcos(kﬂ/q)

Sk
o0
+2/ dx
7 Jo

It is important to have in mind that the ratio r/n means the
proper distance from the cosmic string in units of the dS
curvature ratio a. In the above expression there is a
divergence with the second power of the proper distance
matching exactly the behavior obtained in [44].

For large distances from the string, r/n > 1, the main
contribution to the integral over z in (3.18) comes from the
lower limit of integration and we can use the asymptotic
expression of the Macdonald function for small arguments.
Considering the leading term, the string part of the FC

behaves as
ima) n ima
,
k=1

y g/oo i cy42ma sinh xh(q, ag, 2x) . (3.26)
7)o cosh(2¢gx) — cos(gn)

cx2h(q, ag, 2x) tanhx}

cosh(2¢x) — cos(gr) (3:25)

<1/7W>s ~ 7'[5/20(3 221ma—l

1 <ﬂ>41m {r(z + ima)l(1/2 -

4-+2ima
Sk
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ma

Fermionic condensate induced by the magnetic flux and planar angle deficit as function of 72 /5> (left plot) for ma = 2 and the

mass of the field (right plot) for r>;> = 2. For both plots we adopted ¢ = 1.5.

The string part of the FC is exhibited as a function of the
ratio r*/n* in the left plot of Fig. 1, for different values of
the parameter a,.' In the right plot we show the same but
now as a function of ma, where we note that the FC
vanishes in the limit of very massive fields. The results
shown in this figure match the expected result for the case
ay = 0, in the absence of the magnetic field [see Fig. 1 in
[44]1]. As one can see, the behavior of the string part of FC
|

4
_ an
<l//l//>c = 471'3&3 (8'7 +

where we have used the relation

(+iu)*+ p* = {

JE-#,
+iv/u? —pz, if u> p,

as a function of the proper distance and the mass changes
dramatically depending on the value of a;. With the
parameters chosen for the figure, the threshold value is
around ag =~ 0.22.

Now, for the contribution of the FC induced by the
compactification using the second term of the Abel-Plana
summation formula we obtain

1 —2ima 0 0
; ) A dpp> |3 (pr)+ 73, (pr)] / AuK )2 ima (m/ u? — pz)
j 4
. / . 1
S |:Kl/2—ima <em’7 u? — p2> - K1/2—ima (e_m’? u? — pz)}xzil m P

(3.27)

if u < p, (3 28)

to show that the integral over u in the interval [0, p] vanishes while in the interval [p, co] does not. Equations (A8) and (A9)
help to write the part of the FC induced by the compactification as follows

ignt & - 1 = 2ima\ [
e = =y S cos(2alp) (8, + 172 [ app 10 (o) + 93, (o)
= 7

o
X dAA

A W K, /2—ima<’7’1) [1 1/2—ima (’7/1) +1, /2+ima (77/1)]»

where 1= \/u?> — p> and we have used the expansion
(" —1)7! =37 e~ For the further transformation of
the above expression we apply the identity bellow,

'All the figures presented in this paper are obtained numeri-
cally using Mathematica.

(3.29)

e—IL\/ 2 +p? B 2
VA2 VE

Substituting the above integral representation into the
Eq. (3.29), we are able to evaluate the integration over p
and A. Therefore, for the part induced by the compactifi-
cation we obtain

® s e PHR-PLIA0)(330)
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(). = 20 %ZCOS 2”lﬁ/ dz 7312 1= /=L (20)]

x Im[Kl/z_ima(Z)]J(q,ao,zrz/nz), (3.31)
where the function J(q,aq,zr*/n*) is given by the
Eq. (3.14). As a result, the final expression for the FC
induced by the compactification is given by

X {Z/(—l)k cos(2krag) cos(krm/q)G(u; ;)

=0
+%Am dx gl(”l.x)}7
(3.32)

with the notation (3.21) and (3.24). It is easy to see that the
compactification part as well as the string part of FC is zero
for the massless fermion.

The compactification part of the FC can be decom-
posed as

h(q, ay, 2x) sinh x
cosh(2¢x) — cos(qr)

> (g.a9) .

+ (Fy)< (3.33)

(y). = (Fy)c

The first term on the right-hand side of the above decom-
position is the k = 0 term of (3.32) with the coefficient 1/2.
This is a pure topological term dependent only on the
compactification and the curvature of the dS spacetime and
independent of the radial coordinate and the magnetic flux.
This contribution is given by

23/2 ©

WZCOS(WB)QI(W@. (3.34)
=1

(pw)!
The second term on the right-hand side of (3.33) is given by

52 B
Z cos(2zlf)
I=1

(g.a0)

<l/_”//>¢‘ = 2P0

X{Z}M%M%M®WMW®%WQ

=1

+g/°o dx gl(ul.x)}7
7 Jo

(3.35)

which is the contribution to the FC induced by the
compactification and the magnetic flux.

We now evaluate some asymptotic expressions of the
previous equation. Considering r/n < 1, near the string,
the leading order reads

h(q, ag, 2x) sinh x
cosh(2¢gx) — cos(gr)

(24 ima)l'(3/2 -

)@ qcoslqm(1/2 + \aol)] (1/2 —q(1/2 -

lagl)) (\/% )q(1—2a0>—1
n

X Zcos(Zﬂl/)’ Im{21+1mar(2

ima + q(1 = 2|ag|)) } (3.36)

_ ima)(lL/(\/En)3—ima+q(l—2|ao‘>)

The FC is finite on the string for |ao| = (1 — 1/g)/2, vanishes for |ay| < (1 — 1/¢)/2 and diverges for |ao| > (1 —1/q)/2.
Note that in the absence of axial magnetic flux, the FC vanishes on the string’s core.
For large values of L/n, we use (A7), and to the leading order we find

u 25/2 r(1/2 —
<l/_/lI/>(cq. 2 Nm( > ZCOS 277.'lﬂ Im{ ( /

P (=1)kcos(2knay) cos(kn/q) q
X 2 rzsﬁ 2+ima + ;
k=1 (5 + 7)

As can be seen the FC, considering the length of the
compact dimension much larger than the curvature of the
dS spacetime, presents a fourth power decay.

Figure 2 shows the behavior of the FC induced by the
compactification as a function of L /7 (left plot) and f (right
plot).2 As one expects, in the limit L — oo, the compacti-
fication contribution of FC vanishes.

*In the summation over /, due to the rapid convergence of the
series in our numerical calculation, we consider only the
dominant contributions given by small /.

ima)l'(2 + ima) <n> Zima

2ima+l/2

L

h(q, ap, ZX) sinh x 12 1"2C)2C —2—ima
d b) . 3.37
xcosh(qu) —cos(gm)\ 2 + 12 (3.37)

IV. ENERGY-MOMENTUM TENSOR

Another important physical quantity which characterizes
the quantum vacuum is the VEV of the energy-momentum
tensor. Considering a charged fermionic field this VEV can
be evaluated considering the summation formula

(07,10 = £ S ()7, Dol ()
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FIG. 2. FC induced by the magnetic flux, the planar angle deficit and the compactification. In the left plot the behavior of the FC is
shown as a function of L/#x considering three different values of ¢, ay = 0.25, r/n = 0.75 and = 0.25. In the right plot we have the
same quantity, but as a function of ﬁ considering three different values of a, for ¢ = 1.5, r/n = 0.5 and L/n = 0.75. In both

graphs ma = 2.

where we consider the negative energy eigenspinors given
by the Eq. (2.6) and D,y = 0,y — ieA,y —yT,. In the
above expression, the brackets in the index expression
mean the symmetrization over the enclosed indexes.

The geometry that we have considered allows us to
decompose the VEV of the energy-momentum tensor in the
following way

(OIT4[0) = (OIT4|0)%5 + (O[T4[0),.  (4.2)
where the first term is the contribution induced by the
cosmic string and the curvature of the de Sitter spacetime,
while the second one is the contribution induced by the
compactification.

A. Energy density

Let us start with the evaluation of the vacuum energy
density, (0|79|0). Using the expression for the eigenfunc-
tions given by the Eq. (2.6), and taking into account that
Iy = 0 [44], after long but straightforward calculations, we
obtain

o) =~ S0y ZZ |7 avols}, (pr)-+ 53,0

X[4}/ +Sn]Kl/Z—ima(IVW)KI/Z—ima(_W’/I)? (43)
where we have defined the operator

o 2 4ima(1/2 — ima

S,,:8§+Ea,7+ ( 22 ) (4.4)

The expression for the energy density can be decomposed as
indicated by (4.2). The Abel-Plana summation formula (3.6)
allows us to solve the summation over the quantum number /
in the expression (4.3). For the first term inside the square
brackets we take

f(u) = Ky ppmima(iyn) K jp—ima(=iyn), — (4.5)
and for the second one we take
() = 7Ky jocima(iyn) K joeima(=iyn), — (4.6)

considering g(u) =1 for both terms. The contribution
induced by the cosmic string and the curvature of the dS
spacetime, taking the first term on the right-hand side of
(3.6), is given by

<0|TO|0 ds _

pr a4Z/ dpp|73, (pr) + I3, (pr)]
x {Sn[) dkK )2 ima(iyn) K1 j2—ima(—irn)

+ 4A dk}/zKl/Z—ima(iyn)Kl/Z—inm(_i}/’/I)}'
(4.7)

Thanks to the representation (A3) the integration over the
variable k can be performed following a similar procedure
adopted in the Appendix A of the Ref. [44]. As a result we
have

0 ds __ 61(’7/’”)5 & 3/2 —x
(OIT510)5" = =557 573 A dxx*?eJ(q. ag, x)
X FueuKl/Z—ima(u>|u:x;72/r2’ (48)
where we have defined the operator
2 ima(l/2 —1i
B, =l + (32— 2u)0, —2 4 mall/2=ima) )
u

From the properties of the Macdonald functions, one can
see that
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1
= _Eeu[Kl/Z—ima(u) + [K—1/2+iH1(l(u)]'

(4.10)

ﬁueuKl/Z—inl(z(u)

Taking into account the previous results we find

at 2
(0|79)0y4s = I / dzz2eX 11T [ReK | 5 i (2))]

232,52

x J(q. a9, 2r* /n*), (4.11)

where J(q.aqy,zr*/5?) is given by (3.14). Following
a similar procedure as in (3.17) to extract the dS part for
the FC and using (A5) and (A6), we find the final expression
for the VEV of the energy density induced by the cosmic
string in dS space

(0[7510). =

X [3117 - 412] {Kl/Z—imrx(eiﬂrl}')

- Kl/Z—ima

<0|T°|0>

\/‘{Z kcos(2kmay) cos(kr/q) M (ug k)

1

q [~ sinh(x)h(g, ag, 2x)
7l . (412
- ﬂ/o xCOsh(2qx) —cos(gr) o(to.x) (4.12)
with the notation
Ml(ul’y) - Re[}—l(ul,y)]» (4.13)

where we have defined ; and u; , in (3.21)—(3.24). We note
that the energy density induced by the cosmic string is an
even function of @, and depends on the ratio r/#.

Now, we focus on the compactification contribution to
the VEV of the energy density. From the second term in the
Abel Plana summation formula (3.6) and considering again
(3.28), we get

p

(e—in:nﬂ)} Z (eLqueri;(ﬁ _ 1)—1

y==*1

D
s> [Tl (or) + o) [ ksl
J

(4.14)

In the above integral we considered 1 = \/u® — p?, as before. By using again the Eqs. (A8) and (A9) besides the expansion

ln we obtain

(" =)= e

(0[79/0), = ”’”

Zcos ZHZﬂZ/ dpplJj (pr) + J5,(pr)] / \/m

X [/15(’7, a) - 4/13]K1/2—ima(’7/1)[11/2—ima('7/1) + 1—1/2+ima('7/1)]€_1L VER,

(4.15)

One can use the identity (3.30) which allows to solve the integration over p as well as the integration over 4 knowing

2.2 22
Be 45 = —/18“‘2 ehs

. Doing so and considering similar transformations that we have done in the evaluation of the

contribution induced by the compactification for the FC, we find

(0[7310), =

4 5/2 4ZCOS 2ﬂ1ﬂ>/ dSS € 4‘2 Z‘ZJ(‘LaO? /(ZS ))F e K1/2 ima(u) |u /252> (416)

where the operator F, was defined in the Eq. (4.9). The next step, we consider (4.10) and (3.14) to obtain the final
expression for the energy density induced by the compactification which is given by

p

(0|13|0),. = 7 4§:cos(2nlﬂ [Z/( 1) cos(2kray) cos(kn/q) M

=0
sinh(x)h(q, ag, 2x)

(ul,k)

* cosh(2¢gx) — cos(gx)

Ml(ul,x):| . (4.17)

where the prime on the summation means that the kK = 0 term has the coefficient 1/2.
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B. Radial stress

Now, let us consider the VEV of the radial part of the stress-energy tensor. Taking into account I', in the Eq. (4.1) as well
as considering the modes (2.6), we have

oo = 2 3 [“apr S (07, (pr) =3, )3, )

X Re[K1/2—ima(ZV”)KI/Z—ima(_lyrl)]’ (418)

where the prime in the Bessel functions means derivative with respect to the argument. Using the recurrent relation (A11)
for the Bessel functions we obtain

(o[T1|0) = 2 4L Z/ dpp*Z[ (pr) +J5 (pr) - ﬂlp+€ J5,(pr) 5, (PT)

X Re[Kl/Z—ima(lyr])Kl/Z—ima(_ly”)]' (419)

We shall use the Abel-Plana summation formula to solve the summation over / which allows us to decompose the radial
stress as (4.2). We can use the (3.6) with g(u) = 1 and f(u) being the real part of (3.8). From the first term of the right-hand
side of the Abel-Plana formula (3.6), the contribution coming from the curvature of the dS spacetime and the cosmic string
can be written as

5
an o0 o . .
(0[T}]0)45 =37 > A dpp? A dkRe[K 1 /3 ima (iYN) K1 j2—ima(—iv1)]
7

e ‘p L5 (pr)ds,(pr)]. (4.20)

x {J,%, (pr)+J5,(pr) -

Combining the relations (A3), (A12), and (A13) where x = r?/ (414712 sinh? y), the final expression for the radial stress
induced by the string and the dS curvature is given by

4
qa -2/
(0[T1|0)$® = m/ dzz32e? V" ITIRE[K | 13— ima (2))T (. . 272 /1), (4.21)

From this expression we can note that
(0IT1]0)¢® = (0[T5|0)¢". (4.22)

Now, for the radial stress induced by the compactification, considering the second term on the right-hand side of the
Abel-Plana summation formula (3.6) we have

(5]

(070}, Z (251} [ [ﬂ (pr) + 2, (pr) - ﬁ‘p“w (P (p7)

(’7’1) [11/2—im(1(’7/1) + I—l/2+ima(’7/1)]}€_lL e ’ (423)

X A \/Tipz Re{K /> imq

where we have used the expansion (e —1)7! = "%, ¢~/ besides the Egs. (A8) and (A9). Considering the integral
representation (3.30), the integral over A4 can be evaluated directly and the result is

—12L /(4s2)+17/ (25%)

<0|T1|0 5/2 42005 2”1:8 Z/ ds §2 Re[Kl/Z—ima(nz/zsz)]

20 + ¢

X A dppier’s {le (pr) + Jéz(pr) - Jg, (pr)ds, (pr)|. (4.24)
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To solve the integral over p we make similar considerations
done for the contribution induced by the curvature of the dS
spacetime and the cosmic string which results in

4
qa
(0|T}0), = =31, S/ZZCOS 271P)

x/ dzz3/2ez(1"2/'72"2L2/(2”2))Re[Kuz_ima(Z)]
0

x J(q.ag.zr? /). (4.25)

As in the case of the string contribution, we note that

(0[T1[0), = (0|T5]0)... (4.26)

C. Azimuthal stress

Our next step is the evaluation of the azimuthal stress. In
order to proceed we take into account that [44]

1 1—g¢
Dy === + ——ry®.

o 5 (4.27)

Using the negative energy eingenfunction in the mode sum
(4.1), one finds

(0[730)

4Lr2§:21+a (

X Re[Kl/Z—ima(lyn)Kl/Z—ima(_lW’I)} ’

2&) /O “dppJ3, (pr)
(4.28)

where we have used the relation (A14).
Again, using the Abel-Plana summation formula, con-
sidering g(u) = 1 and f(u) as the real part of (3.8), we are
|

(0[73]0), =

able to decompose this component of the energy-momentum
tensor into two contributions. For the contribution induced
by the curvature of the dS spacetime and the cosmic string,
and considering similar transformations previously done,
we have

(0[73]0)$"

2
q . © 3
=257 4 +a dzz’*e*Re[K | 2 ima
g 20+ |7 e RelK s )
€;p -
X (—jx - x)e xlﬂl(x)lx:er/nz.

Following the representations (A15) and (A13), one obtains

(4.29)

(0[73]0)$"

q o .
:21/2”5/20[4[) dzz3?e 1= ITIRe[K | o jma(2)]
X (20, =2 I +1/2) g, (27 /0?) + I, (zr /)]

J
(4.30)

knowing ¢(j + a) = ¢;$; + 1/2. Writing the parameter a
as indicated by (2.9) and comparing the above equation with
the Eq. (4.21), we note that following relation holds

(073]0)5® = 0,[r{0IT}|0)"]. (4.31)
Using the corresponding radial stress, and extracting the
divergent part, we find the azimuthal one in the follow-
ing form

1 r
W [Z(—l)k COS(Zkﬂ'[lo) COS(kﬂ'/q)M(()d)) <I/l0,k, gsk)
k=1

q [« sinh(x)h(q, ag, 2x) @) r
= d M o=Cx ), 4.32
+7z£ xcosh(qu) —cos(gm)” ° "o, nc (432)
where we define the notation
i I'3—ima)'(2 + ima 1212
ngb)(ul’y, v) = 25—\//_2Re{ ( uﬁ) lm(a ) {”1} <2772 +2(2ima — 5)v* — 1) (a,b;cid,y)
Ly
2
+§(3 —ima)(4 — ima)v*F(a+1,b+ 1;¢ + l;dlyy)] } (4.33)

taking [ =0

Considering the second term in the Abel-Plana summation formula and doing similar transformations, for the
contribution of the azimuthal stress induced by the compactification we find
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(0|T3|0),. = 25/2 : Zcos 27f3) / dzz3/2e‘z<lzL2/(2”z>+’2/”2>Re[Kl/z_l-m(,(Z)]
X (20 = 2 /1 + 1/2) ) [, (2r /i) + 1, (/). (4.34)
J
Again, it is easy to show that
(07310). = 0,[r(0|T}{[0),]. (4.35)

which leads to the final expression for the azimuthal stress induced by the compactification as

(0|T3]0), = 5/2 42005(2711,6 [Z( 1) cos(2kray) cos(kn/q) M <‘/) (“1,10%%)

k=0

g [~ . sinh(x)h(q,a¢.2x) |, @) -

wh ) 4.36
+7TA xcosh(2qx) — cos(gr) M 77C (436)

Taking into account (4.32) and (4.36), it is possible to write an expression for the total azimuthal stress. This expression
reads

(0[72]0) = 5/2 4ZCOS 271p) {Z( 1) cos(2kray) cos(krn/q) M <u1k,rsk)
n
qg [ sinh(x)h(q. ag, 2x) (¢) r
+ 4 [ g MP (e ). (4.37)
0 n

b3 cosh(2gx) — cos(gn)

where the contribution induced by the cosmic string is the / = 0 term of the above equation with the coefficient 1/2.

D. Axial stress

For the axial stress, considering the equation (4.1) after inserting the expression for the eigenfunctions, one finds

<0|T§|0> 4 2L Z Z/ dpp Jﬂ (pl") +J2 (pr)}k Re[Kl/Z zmrx(lyn)Kl/Z 1ma( 17”7)] (438)

To solve the summation over [ we consider the Abel-Plana summation formula (3.6) with the functions g(u) = k* and f(u)
given by the real part of (3.8). For the contribution induced by the cosmic string and the de Sitter spacetime, using the first
term of (3.6) and the representation (A3), after similar transformations done previously one finds

(0[73]0)¢ = 23‘52‘ — / dzz e IPIREK, o ina(D)T (4. a9, 27 1P). (4.39)

where we can note that
(0]73]0)$5 = (0|T5[0)". (4.40)

The axial stress induced by the compactification is obtained from the second term in (3.6). By using this formula
and taking into account similar transformations done previously for the contributions induced by the compactification we
obtain

(0[T3]0), q—z s(2x1p) Z/ dpplJ3 (pr) +J (pr)]/ du uPe L

X Re{K1/2—ima(7M>[II/Z—ima(’/l’I) + I—l/2+ima(’7/1)]}7 (441)
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where again we have considered (3.28). Knowing u?e~'L# = [7293 ¢~!Lu

solve the integrals over p and u which gives

and using the representation (3.30) we are able to

~(PL2/24P—)/(257)

PL?
(0I73/0) = 5/2Zcos 27rlﬂ)/ ds(l— ) =

XRG[Kl/z—ima('l /25*)|T (q. ag. r*/25%). (4.42)

By making the change of variables z = 5?/2s? and also using the representation (3.14) we note that the following relation
holds

(0[T310), = O, [L(0|T}/0).]. (4.43)

Taking into the consideration the expression for the radial stress induced by the compactification, the axial stress is given by

(O[73/0). = /2 4Zcos 271p) [Z( 1) cos(2krag) cos(kz/q) M “(Wk,;sk)

=0

g [ sinh(x)h(q, ag, 2x) (2) "

‘[ )\ 4.44
+7TA xCOSh(qu) —COS(C]]Z) M[ Upy 1’]C ( )

with the notation

VvV (T3 —ima)[(2 + ima) , PL?
MEZ)(ulV, v) = ﬁRe &ma uj, | (2ima—5) 57 +2v* —1|F(a,b;c;d,,)
Ly n
1 12 2
+§(3 —ima)(4 — ima)z—nzF(a +Lb+1;c+ 1;dl,y)] } (4.45)

V. PROPERTIES OF THE VEV OF THE
ENERGY-MOMENTUM TENSOR

In this section, we plan to analyze some properties of the VEVs of the energy-momentum tensor. As we have shown, the
VEVs of the energy-momentum tensor can be decomposed into a contribution induced by the curvature of the de Sitter
spacetime and the cosmic string, and another one induced by the compactification. The first contribution, after removing the
pure dS part, can be written in a compact form as (no summation over )

0|7%]0) 21/2 . (2k k M
< ‘ | 5/2 4 Z COS ﬂa0> COS( ”/Q) 0(”0k)

g [ , sinh(x)h(q.a,2x)
+7IA xcosh(qu)—cgs(q,,) o(uox) | (5.1)

for u = t, r, z where the functions Mo(uo,y) were defined in (4.13), and also (3.21)—(3.24). This contribution of the energy-
momentum tensor is an even function of a,. Considering a massless fermionic field, the above expression is simplified to

1 P cos(2knay) cos(kn/q)
OO = gz | S o 3231~
k=1 0.k
q [ , sinh(x)h(q,aq,2x) =3
a [, F(2,3/2:3;1 - 32
+7[[; xCOSh(Zq)C) —COS(q]T) Up ( / qu) ( )

Now, let us consider some asymptotic behavior of the expression (5.1). Near the string, r/5# < 1, we proceed in a similar
way as was done in the string part of the FC. First, we write (5.1) as

045019-13



BRAGANCA, BEZERRA DE MELLO, and MOHAMMADI PHYS. REV. D 101, 045019 (2020)

By
(0]T%|0); = ey

q [ . sinh(x)h(q, ag,2x) /00 372 —2(2r2C e
N dzz??e22r /" =1) |Re[K | p_; : 53
+7TA xcosh(qu)—cos(qﬂ) A 777 %e e[ 1/2 ima(2)] (5.3)

21/2 p 0 R
[ E (=1)* cos(2kmay) cos(kr:/q)/ dzz3/? =2 s/m=1)
k=1 0

For the region near the string, the main contribution to the integral over z comes from the regions near the upper limit of the
integration, and we can use the expression for the Macdonald function considering large arguments. To the leading order we
obtain

1 I 2k k 0 T4sinh(x)h(q, ag, 2
<0|TZ|0>S~2<") [Z(_l)kcos( ﬂa0)4cos( ﬂ/q)+q/ gy G sin (x)h(g, agy, 2x) ’ (5.4)
2z° \ar) | 83 7 Jo cosh(2gx) — cos(gn)

where we note a divergence with a fourth power of the proper distance.
On the other hand, for regions where r/5 > 1, we have

I'(1/2 = ima)l'(2 4 ima)
MO(MO,}’) ~ Re|: 22ima+5/2(u07y + l)2+ima ’ (55)
and to the leading order, Eq. (5.1) reads
212 /N4 (T(1/2 = ima)T(2 + ima) () 2me [ & , cos(2kmag) cos(kr/q)
<0|TII:|O>S ~ m (;) Re{ 22ima+5/2 <;> |:kzl:<_1) S2+2ima
N g/oo " sinh(x)h(g, ag, 2x) e=-ima| | (5.6)
7 Jo cosh(2¢gx) — cos(gx)

In the Fig. 3 we show the behavior of the string part of the energy density as function of 72 /5> (left plot) and of ma (right
plot). As in the case of the string part of FC, the behavior of the string part of the energy density is highly affected by the
value of the azimuthal magnetic flux. The turning point is around ay ~ 0.23 for the chosen parameters in the figure.

In a similar way, the contribution due to the compactification, can be written as (no summation over )

2?2 & I
(0|T%|0),. = S Z cos(2zlp) [Z (=1)kcos(2kzmag) cos(kn/q) M (u; )
=1

k=0

q [* . sinh(x)h(q, ag, 2x) .
+”A ‘ COSh<2qx)_COS(q7[)Ml( I,x):|v (5.7)

for u = 1, r. The previous expression is an even function of the parameters /5 and a,. Considering r/5 < 1, the leading term
of the above expression reads

]0 L - LI T
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i ol mmmmm02 e 02
X 04
< L e N 05 e B 4
S 00
S
A
S
~
—-05¢L
-10L
0 25 30

FIG.3. Energy density and azimuthal stress induced by the magnetic flux and planar angle deficit as a function of 7% /5> (left plots) for
ma = 2 and the mass of the field (right plots) considering r/# = 2. In both plots g = 1.5.
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i) 1009 (1/2 4 10T (1/2 = g(1/2 = fag)) (o0
oI7t10). = o ()

I'(2+ ima)l'(3/2 — ima + q(1 —2|ay])) }

X ZZ:; COS(Zﬂ'lﬂ)Re{22+imal"(2 _ ima)(lL/(\/ir])3_im"+q(l_2‘“f)|)) (58)

This expression is divergent if |ao| > (1 — 1/¢)/2 and is finite if |ao| < (1 —1/¢)/2 in the limit » = 0. For ay = 0 the
above expression vanishes on the string’s core.
The Eq. (5.7) can be decomposed as

(0[T%]0), = (0|T%[0)"” + (0| T]0)L+. (5.9)

The first term is the kK = 0 contribution with the coefficient 1/2 in (5.7). This is a pure topological term, independent of the
radial coordinate, the azimuthal magnetic flux and the conical defect. This contribution is induced only by the
compactification which is given by

21/2 o »
OITAI0) = 555> cos(2alp)Mi(uo). (5.10)
=1

The second contribution on the right-hand side of (5.7) which depends on the planar angle deficit, magnetic flux and
compactification, is given by

) 23/2 =X 5 14
(0|T4(0)\9 ) = Wz cos(271p) [Z(—nkcos(zkmo) cos(km/q) M, (i)
=1

=1
q [ . sinh(x)h(q, ay,2x)
- zzA dx cosh(2¢x) — cos(gr) Milur)] - (5.11)

For L/n> 1 and fixed r/#n, to the leading order, we have

/ - -1 1 ima
(0[T%|0)4) ~ 23/2 (i>4 Zcos(anﬁ)Re{F(l/z ima)T'(2 + ima) <2)2
1=1

Nﬂ5/2 al 2ima+l/2 L

5 [Zp:(—l)kcos(Zkﬂao)cos(kﬂ/q)+ q /oo 1y Sinh(x) (g, ag, 2x) (12 +2r2c§>‘2""”“]}‘ (5.12)
0

£ E+ 2’??)“”"“ n cosh(2gx) —cos(qgm)\2 = L2
= L

In Fig. 4 we show the behavior of the energy density induced by the compactification as a function of L /# (left plot) and
J (right plot). We note that, this contribution of the energy density goes to zero for large values of L, as expected.
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107 <1 >,

00F

FIG. 4. Energy density induced by the compactification as a function of L/ (left plot) for f = r/n = ay = 0.25, considering different
values of ¢ and as a function of f (right plot) for L/ = 0.75, r/y = 0.25 and ¢ = 1.5, for three different values of .
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Now, let us evaluate some special cases of the azimuthal stress given by the Eq. (4.37). For a massless fermion field the
azimuthal stress reads

(0|T3]0) = 52 4Zcos 27lp) [Z (=1)kcos(2kzay) cos(kn/q) B, <M1.k,;sk>

=0
q [ h(q, ag, 2x) sinh x r
1% 4 Biu..le. ), 5.13
+7TA xcosh(2qx) —cos(gm) ! Hix ”c (5.13)

with the notation

(55 = 1002 - 1) 4
B (uy, v) = %F(l 3/2;3;1 —u}) + WF(& 5/2:4:1 —up}). (5.14)
Y Y

In the absence of the magnetic flux in the azimuthal direction, ay = 0, we have

(0|T3]0) = 5/2 4Zcos 271p) [Z( l)kcos(kﬂ/q)M§¢) (ulvk,%sk>

k=0
M / sinh(x) sinh(gx) ) r
+ P 0 dx cosh(2gx) — cos(gn) M7t )] G5

The axial stress induced by the compactification is given by the Eq. (4.44). Considering a massless fermion field, this
expression reads

p

(0[73]0) = — 4Zcos 271p) [Z’ ¥ cos(2knay) cos(kn/q)B (><uz.k,;sk>
=0
q [ . sinh(x)h(q.ay.2x) r
P . 1
+7TA dxcosh(qu) —cos(gr) Bl oo G | (5.16)

with the notation

@ (202 —LL 1) 212L2/;7
B (upy0) = 2L F(2,3/2;3, 1 = uj2) = = F(3,5/2:4,1 — u2). (5.17)
Ly l)

Again, it is easy to see that the axial stress induced by the compactification can be decomposed as
(017310}, = (OIT3[0)” + (0|73[0) . (5.18)
The first contribution of the above decomposition is the axial stress induced only by the compactification, being a pure

topological term independent of the radial coordinate and the magnetic flux in the azimuthal direction. This part is the k = 0
term in (4.44) which is given by

_ 2
(0|73]0)" — 4Zcos 271B) M (WO%SO). (5.19)

The second term on the right-hand side of (5.18), the compactification contribution to the axial stress dependent on the
planar angle deficit and the magnetic flux, has the form

(0[73]0), = 5/2 4Z:cos 271p) [Z( 1)* cos(2kray) cos(kn/q) M U(”m%%)

=1
g [ , sinh(x)h(q,a9.2x) | () ,
wh ¢ )] 5.20
+ T[/O xcosh(qu) — cos(gr) M7 gy p c (5.20)

where we note that the axial stress induced by the compactification is an even function of the parameters § and aj.
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Two important relations obeyed by the fermionic energy-
momentum tensor are the conservation condition and the
trace relation. The latter can be obtained by using the
general expression for the energy-momentum tensor,
Eq. (4.1), combined with the equation of motion. We
can start with the trace relation. Because the contribution to
the energy-momentum tensor associated with the cosmic
string and compactification present no anomalies, the trace
relations read
OIT4[0), = mlpw),.  (O[TLI0), = m{py)..  (521)
where we observe that for a massless field the VEV of the
energy-momentum tensor is traceless. As to the conserva-
tion condition, V,(0|T|0) = 0, in the configuration that
we are studying here, this equation is reduced only to one
differential equation

9,[r(0|T}10)] = (0[73/0)- (5.22)
Note that we have already proved this equation during the
evaluation of the energy-momentum tensor in the previous
sections.

VI. CONCLUSION

In the present paper, we have studied the influence of the
combined effects of the spacetime background and the
topology on the FC and the VEV of the energy-momentum
tensor associated with a massive spinor field. As the
background geometry we have considered the dS space-
time, maximally symmetric curved space, conformally flat
with constant positive curvature, which plays an important
role in the quantum field theory and most importantly in
cosmology. We have investigated the effect of the presence
of the cosmic string in the aforementioned spacetime and a
magnetic flux as well as the compactification of the spatial
dimension along the string inducing topological effects in a
fermionic system, considering that the fermion field obeys
a quasiperiodic condition (2.4).

The FC has been evaluated by using the direct summa-
tion over the fermionic modes, prepared in the Bunch-
Davies vacuum state, given by (2.6). The momentum along
the string direction becomes discrete due the compactifi-
cation along this direction and in order to evaluate the
summation over this quantum number, we have employed
the Abel-Plana summation formula (3.6). Consequently,
both the FC and the VEV of the energy-momentum tensor
are decomposed into a contribution induced by a cosmic
string in the dS space with no compactification, and another
one induced by the compactification.

The string part of the FC is given by (3.20), where this
contribution is an even function of the magnetic flux along
the azimuthal direction and depends on the ratio between
the radial and conformal time coordinates, r/#, which is the

proper distance from the string measured in units of the dS
curvature scale a. Some particular cases of the FC con-
tribution induced by the cosmic string in dS spacetime have
been considered. For points near the string the FC is given
by (3.25) where the leading term presents a divergence with
the second power of the proper distance and for large
distances from the string the leading term of the FC is given
by (3.26). In Fig. 1 we show the influence of the magnetic
flux in the azimuthal direction on the FC as function of
r?/n* and ma. The FC induced by the compactification is
given by (3.32) being an even function of the magnetic flux
in the azimuthal and axial directions. This induced con-
tribution of the FC can be decomposed into two parts as
shown in (3.33). The first part, given by (3.34) is a pure
topological term induced only by the compactification and
independent of the parameters ¢, a, and the radial coor-
dinate. The second part, Eq. (3.35), is the contribution of
the FC induced by the compactification, the planar angle
deficit and the magnetic fluxes. For regions near the string,
the leading term of the FC induced by the compactification
is given by (3.36), which is finite on the string if
lag] = (1 —1/q)/2, vanishes for |ag| < (1 =1/g)/2 and
diverges if |ag| > (1 —1/g)/2. We have also studied the
limit of large values of the compactification, L/5 > 1,
where the leading term is given by Eq. (3.37). Figure 2
shows the behavior of the FC induced by the compacti-
fication as a function of L /5 and the axial magnetic flux.
We have shown that both induced parts of the FC vanish for
a massless fermion field.

Another important quantity that characterizes the fer-
mionic vacuum is the VEV of the energy-momentum
tensor. The steps of the evaluation of each component of
this tensor has been presented in Sec. IV while in Sec. V we
have presented combined expressions for both cosmic
string in dS spacetime without compactification and topo-
logical contribution of the energy-momentum tensor. The
VEV of the energy-momentum tensor in dS space in the
presence of a cosmic string is given in a compact form (5.1)
which includes the energy density, the radial and the axial
stresses. This contribution is an even function of the
azimuthal magnetic flux. Some special cases of this
expression have been evaluated. For a massless fermionic
field we have the expression (5.2). Considering r/n < 1,
there is a divergence with a fourth power of the proper
distance, (5.4). On the other hand, for large distances from
the string, this contribution goes to zero as one can see in
the Eq. (5.6). In Fig. 3 we have plotted the effect of the
parameter a on the energy-density as a function of r? /5>
and ma. For the contribution induced by the compactifi-
cation, the energy density and the radial stress are written in
the compact form (5.7). They are even functions of the
magnetic fluxes in azimuthal and axial directions. For
regions near the string, this part of the energy-momentum
tensor is given by (5.8) being divergent on the string
if |ag| > (1 =1/q)/2 and finite if |ag| < (1—1/q)/2.
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We have also decomposed this part of the energy-momentum
tensor into two parts: the first one is purely topological,
(5.10), independent of the planar angle deficit, the azimuthal
magnetic flux and the radial coordinate, while the second
one, (5.11), is dependent on the compactification and other
parameters that characterize the system under consideration.
In the regime where L /5 > 1, the latter has been given by
(5.12). In Fig. 4 we have plotted the behavior of the energy
density as a function of L /5 and j.

The azimuthal and axial stresses induced by the compac-
tification have been evaluated in the Secs. IV C and IV D,
respectively. An expression for the total azimuthal stress and
the axial stress induced by the compactification has been
written in compact forms given by (4.37) and (4.44),
respectively. Some particular cases of these components of
the energy-momentum tensor are presented in the Sec. V.
Moreover, for a massless spinor field in the absence of the
azimuthal flux, ay = 0, the azimuthal stress is given by
(5.13) and (5.15), respectively. The axial stress induced by
the compactification considering a massless fermionic field
is given by (5.16). This induced part of the axial stress has
been decomposed into two parts: a pure topological part,
(5.19), independent of the parameters ¢, a, and the radial
coordinate, and a part dependent on these parameters, (5.20),
where the latter is an even function of both magnetic fluxes.

We have also verified that the components of the energy-
momentum tensor obey the trace relation (5.21) and the
energy-momentum conservation in the covariant form.
In particular, for a massless fermion field the energy-
momentum tensor is traceless.
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APPENDIX: RELEVANT RELATIONS
FOR BESSEL, HANKEL, AND
MACDONALD FUNCTIONS

In this paper we use the following relations [49,54-56]

2 2i

HY (x) = Zeim2K (ix)
T
2 4eﬂma .
s i M) = = K i) P
2 467”"’[(1 .
HE s = = K i)
KD(X) = K—l/(x) (Al)
|K1/2—ima(ix)|2 - |Kl/2+ima(ix)|2
. 1 -2ima . )
=1 (ax +T> K1/2—im(l(lx)K1/2—ima(_lx) (AZ)

K, (ix)K,(—ix)
= /wduu‘l/mdy cosh(2vy) exp[—2ux?sinh?y — 1/(2u)]

0 0
(A3)

(ud, 4+ 20)e K, (u?) = 2u?e” [K,(u?) — K,_, (u?)]  (A4)
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u _ei"” n’lﬂ(l/Jr/,tJr1)(12—1)"/2
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0
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