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Within the superfield formalism, we study the renormalization group improvement of the effective
superpotential for the N =2 Chern-Simons-matter theory, explicitly obtain the improved effective
potential and discuss the minima of the effective potential and a problem of mass generation in the theory.
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I. INTRODUCTION

The effective potential is known to be one of the central
objects of quantum field theory allowing one to obtain
information about low-energy effective dynamics of a
theory, spontaneous symmetry breaking, mass generation,
and other related issues [1]. By definition, the effective
potential is an effective Lagrangian evaluated at constant
background fields, which is implied in known difficulties
within its generalization to superfield theories where the
integral of a constant trivially vanishes. For the four-
dimensional superfield theories, the concept of the super-
field effective potential has been formulated in [2],
where it was argued that for a consistent definition of
the effective potential, the background superfield should be
constant in a space-time possessing a nontrivial dependence
on Grassmannian coordinates. Further, this approach has
been successfully applied to the study of the effective
potential in three-dimensional superfield theories [3]. As a
continuation, the one-loop superfield effective potential has
been obtained in many three-dimensional theories (see e.g.,
[4] and references therein). While the interest in the one-
loop result is natural since the one-loop contribution is
finite in all three-dimensional theories except for those with
exotic dynamics, it is clear that the study of any theory
cannot be restricted by the one-loop order; therefore, it is
necessary to have some prescriptions for the higher-loop
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contributions. However, already explicit two-loop calcula-
tions in general are rather complicated. Moreover, the
models representing themselves as couplings of Chern-
Simons theory to scalar superfields display divergences in
any loop order higher than the first one, cf. [4]. A powerful
tool allowing one to obtain the effective potential up to
constant multiplier in theories involving divergences is based
on the use of renormalization group equations (RGE).

The use of RGE in order to improve the calculation of the
effective potential has been intensively used in nonsuper-
symmetric theories [5—14], and recently the method has
been extended to superspace formalism [15]. In this
paper, we apply this method to A =2 Chern-Simons-
matter theory attracting a strong interest since it represents
itself as a simplest 3D extended supersymmetric theory in
which interest has strongly increased in recent years due
to studies of three-dimensional AdS/CFT correspondence,
see e.g., [16,17] and references therein. As a result, we
obtain a generic structure of the one-loop effective potential
in our theory.

The paper is structured as follows. In the Sec. II we
discuss some general features of the effective superpoten-
tial in the three-dimensional superspace. In the Sec. III, we
describe how to use the renormalization group equation to
compute the effective superpotential of a classical super-
conformal theory. In the Sec. IV we apply the method for a
simple example, the Wess-Zumino model. In the Sec. V we
describe the classical action of the A/ = 2 Chern-Simons-
matter theory written in the N = 1 superspace. In the
Sec. VI, we calculate the complete leading log effective
superpotential of the A/ = 2 Chern-Simons-matter theory
in terms of a N =1 background superfield. We also
discuss the vacuum structure of the model, where super-
symmetry is preserved, showing that no mass is induced by
radiative corrections. In Sec. VII, we present a summary
where our results are discussed.

Published by the American Physical Society
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II. THE EFFECTIVE SUPERPOTENTIAL IN
THE D =2+1 SUPERSPACE

As itis well known, the quantum dynamics of any theory
is described in terms of the effective action. While the
complete description of the general structure of the super-
symmetric effective action in the four-dimensional case is
well discussed in [18], this description requires certain
adaptation for the three-dimensional case.

First, the classical action for superfields defined in a
three-dimensional spacetime can be cast as

S = /d3xd29£(d>,D“cD,D2¢>,...), (1)

where £ is the Lagrangian density, ® = ®(x,0) = ¢ +
0*w, — 0°F is a scalar superfield, D* = 1 D®D,, and D” is
the supercovariant derivative. Dots here and below are for
terms depending on space-time derivatives of superfields.
Throughout this paper, we use the notations and conven-
tions adopted in [19].

In the three-dimensional superspace, the -effective
action has a structure that can be presented in a form of
the derivative expansion

I'[®] = /d3Xd29V((D, D,®,D*®) + - -, (2)

where the V(®) is the effective superpotential which
depends on the superfield @ and its spinor supercovariant
derivatives but not on its space-time derivatives. In general,
the V(D,®, D*®) can be presented in the form of the
derivative expansion:

V(Daq)s qu), q)) = Vo(q)) + Vz(q))D2Q) 4+ (3)

where the V(®) is the zero-order contribution to the
effective superpotential, and V,(®)D?® is the second-order
contribution to it, with the V,(®) a function of the superfield
@ but not of its derivatives. The dots correspond to terms
with four and more supercovariant derivatives acting
over ®’s. Similarly, for a complex background superfield
case, these potentials can depend both on @ and ®.

Now, it is necessary to note that the explicit form of the
effective potential, at least its contributions of orders zero
and two in derivatives, can be predicted from symmetry and
dimension reasons. We assume that the couplings in the
theory are dimensionless, just this situation occurs in
extended supersymmetric Chern-Simons models. While
in the one-loop order the zero-order contribution to
the effective superpotential, by dimensional reasons, must
have form ¢(®®)?, where c is a constant dependent on
couplings in the theory, in higher-loop orders, after sub-
tracting divergences, results like c¢(®®)*log" (q;;?z, with

any n <L —1, can arise for any L-loop contribution.

In principle, however, the renormalization group imp-
rovement methodology allows for contributions like

c(¢<i>)2[@jl$]a, with a as some number. Similarly, for

the second-order contribution to the effective potential we
- D)2

can have c<I>D2<I>[(q;;?)]a -+ H.c. Namely the zero- and

second-order contributions will arise further in this paper.

III. THE RGE IMPROVEMENT IN
THE D =2+1 SUPERSPACE

Let us consider a superconformal field theory in a three-
dimensional spacetime

1 )
S = / dBxd?0 [5 OD2D + de‘} , (4)

where ® = ®(x,0) = (¢ + 0%y, — 0°F) is a scalar super-
field, D?=1D"D,, and D® is the supercovariant
derivative.

In order to compute the effective superpotential, we
dislocate the superfield @ by a constant classical superfield

¢ = (p) — O*(F) as
D(x,0) > O(x,0) + p(0). (5)

Then, the classical superpotential V can be written as

A
Vet = —%¢D2¢ ~7 P, (6)

where the integration of V. over the Grassmannian
variables result in the effective potential

1 2
Uetr = /dzgveff = _EFgl —AF 9} = %ﬁ”f’- (7)
In the last step, we have eliminated the auxiliary field F,
using its equation of motion to obtain the physical content
of the classical effective potential.

In what follows, we use the improved superpotental
methodology. Its key idea is as follows: we start with the
beta functions which in three-dimensional theories began to
be contributed at two loops, and solve the corresponding
renormalization group equations taking into account that
they must be satisfied by the complete effective potential
composed by all-loop contributions. The effective potential

is naturally expected to be a function of log‘%2 and

couplings. So, as a result, through analysis of renormaliza-
tion group equations characterized by these arguments,
with the initial condition presented by the lower (two-loop
in our case) contribution (one should remember that the
one-loop effective potential is not zero but does not
depends on p), we can obtain solutions for the complete
effective potential up to the desired order in our arguments.
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So, effectively this methodology is a some kind of
resummation of the whole effective potential where it is

. L 2 .
obtained as an expansion in log ”’7 and couplings rather than

expansion in loops, i.e., our results allow one to sum over
loops in any given order of this new expansion. In other
words, within this methodology we present the alternative
expansion (different from the loop one) of the complete
effective action.

Due to the nontrivial renormalization group functions,
we can obtain the effective potential by imposing that V
have to satisfy the RGE

0 0 0
ﬂa—ﬂﬂLﬂﬂa—M(ﬁ% Vet (@5, ) = 0, (8)

where p is a mass scale introduced by the regularization.
On general grounds, the effective superpotential V
can be written as

Veir = K(¢) + F (. D*¢p. - - ), )

where the superpotential /C(¢) is a function of ¢ but not
of its derivatives D?¢, while F (¢, D¢, - --) is a function
of ¢ and at least one derivative D?¢.

In order to use the RGE to compute the effective
superpotential Vg, we shall use the following ansatz for

K(¢) and F (¢, D*¢):

K@) =~ 3 #Su(L) (10)
F(g.0%) = —500%s,(1). (1)
where
[
L=1 g(ﬂ ) (12)
and
S(L)=A(A) + BA)L + CA)L*+DA)L>+---.  (13)

The coefficients of L (A(4), B(4), etc...) in the above
equation are taken to be power series of the coupling
constant A.

It is easy to see that some partial derivatives in the
RGE (8), by the use of (12), can be identified as derivatives
of L,ie., 0y =—ud, = %4)845. Thus, the RGE (8) can be
written in a convenient form as

1 0 0
§¢D2¢ {—(1 - 27¢)8—L +ﬁam + 74»] Sy(L)
4 0 0

Since each part of the above equation has to vanish
independently, our task is to look for the functions S(L)
and S, (L) that satisfy

0 0
=2 g B s =0 (9

== 20) 5 B S =0 (16

In general, the equations for S(L) can be solved order by
order in a series expansion of L and the coupling constants.
To compute the superpotentials F . and Ko, we insert the
ansatz (13) for S(L) into (15), obtaining

— (1 =2y¢)[B(A) +2C(A)L + - -]
0
+ ,B,la [A(1) + B(A)L + - -]

+argre[A(4) + BA)L + -] =0, (17)
where ar. g is the constant factor assuming the values 1 or 4,

according to Egs. (15) or (16), respectively.
The resulting expressions are organized by orders of L,
obtaining a series of equations, that can be solved order

by order in the coupling constant, i.e., the functions A(2),
B(A), etc., are expanded as a power series of 1,

A0 4+ AW L A@p2 4 .
BO + B+ B2)j2 4 ... (18)

>
—~

~
S—

I

and so on.

In the next section, we solve the equations for S(L) for
the simple case N'=1 Wess-Zumino model, using the
renormalization group functions found in [20].

IV. N =1 WESS-ZUMINO MODEL IN THE
THREE-DIMENSIONAL SPACETIME

The N =1 Wess-Zumino model in the three-
dimensional spacetime, with signature (—, +, +), is defined
by the following action:

1
S = /d3xd29{2q>1)2c1> +j‘<1>4}. (19)

The real superfield @ is expanded in a Taylor series in the
Grassmannian variable as
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D(x,0) = p(x) + 0y, (x) — °F(x), (20)
where ¢ and F are real scalar fields and y is a two
component Majorana fermion. Integrating (19) over the
Grassmannian variables, we obtain the action in terms of

the component fields:

F? ) A
= af p 2., Y 3
S / { (pD(p+ Oy wﬁ—|—2+2 2y +3!Fg0 }
(21)

The auxiliary field F' can be eliminated from the action
by the use of its equation of motion, F = — 4 ¢*, revealing
the physical content of the model

A
S:/d3 { o0 + = y/(?/’y/ﬁ+

A
2,2
Xad +72<0}

(22)

We will make use of the RGE to evaluate the effective
superpotential. To do this, let us dislocate the superfield
®(z) > ®(z) + ¢(0), where ¢(0) = (g, — 0*F) is a
constant background superfield. In terms of the background
superfield, the action (19) can be cast as

1 Agp?
S= [ &xd*6 -®( D> +— |@ q>4
[osoae(+ 5o

1 A3 1 A
+ = <D2¢ +T>¢+§¢D2¢+Z¢4}'

A
Z 3
+3!¢ 2

(23)

The Wess-Zumino model possesses nontrivial beta
function (1) and anomalous dimension y4 renormaliza-
tion group functions, see e.g., [20]; therefore, the effective
superpotential can be evaluated once Vg have to satisfy the
RGE (8). Since the theory requires renormalization, due to
logarithmic UV divergences, the effective superpotential
will exhibit a dependence on the logarithm of the classical
superfield ¢, i.e., the effective superpotential should be
dependent on L (12), which we will use to construct our
ansatz.

Let us start to compute the superpotential Iy by solving
the Eq. (16). We can use power series in 4 as the ansatz for
the coefficients of L in (13),

A, = iam, B, = i b, Cp= i A,
n=1 n=1 n=1

(24)

and so on.
It is important to note that the leading logs contribution
to Ko can be written as

Ko = _¢4 |:Z Cf,’/lanL" + io: C{,\’”AZ"HL" 4,
n=1

n=0

(25)

s0, taking into account only the leading logs, presented by
the first term of this expression, while using the power
series (24) in (13) and substituting (13) into (16), we find
the relations between the coefficients of (24) looking as
follows:

b (4rold+ 5;)
3= /173 I»
_ (dyod+26)) b _ (dyod +28))(dyor + B)
Cs = 3 3= 6 ar,
A 2

(4rod +3B;)
d7 = T Cs

_ (4red +36)(4rod + 26))(4re + 1))

ap, (26)
3147

and so on.

From a direct inspection of the above relations, we can
find that the coefficients of the leading logs series obey the
following recurrence relation:

((2n—1)B; + 470l
ni3

Cll = cl_,. (27)
Here we fix the coefficient C0 =a; =1 to obtain the
classical superpotential K(¢) = £;¢* at lowest order in A.

Using the renormalization group functions given in the
literature [20], B, = 2 4 25 and yo = 192 &—, substituting (27)
into (25) and performing the sum, we obtain

2
¢2 ll]);
K= (0) (28)
Following the same steps, the effective superpotential

Fetr can be evaluated as

4112

2
Fur = 5 D% (¢ ) (29)

Finally, the complete leading log effective superpotential
can be cast as

1 Lo (P2 (97
==y (e e (5)7) )

In order to study the properties of the vacuum, let us
write the effective potential U in terms of the component
fields. It is obtained through integrating of V. over the
Grassmannian variable like in (7). Thus, we find
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Uetr = / dzgveff
_ F%l (le ]491;”2 1 + 41/12
2 \u 9672
A 02\ e 1142
-—F £ 1 . 31
3' Ll(pcl( U ) + 14477:2 ( )

The auxiliary field F,; can be eliminated by the use of its
equation of motion,

21447 + 22) 3,
FCl - - 2 2 )
9(967% + 4112)

(32)

resulting in the physical effective potential

d2 Ueff

(12077 + 114%) (1447 + 1122) (1447224 + 17)?

(144722 + 23)?

(,02 mi
Uit = 6, ()™, (33
1555272 (967 +4uz)"’d( r ) (33)

This effective potential is well defined for all ¢, if
2> - 14141”2, which is especially interesting since it is well
defined for a real and perturbative coupling constant A.

The conditions minimizing the effective potential are

d Ueff
d(pcl

(14472 + 112 (1442 + P (gd\ i
©3732487%(967% + 41)2) 0 u
=0, (34)

Pe1=Po

5 =
d(pc‘l Per=Po

Keeping in mind the condition 4> > —1447%/11, we see
that ¢, = ¢¢ = 0 is the minimum of the effective potential.

Although the second derivative <y d{ﬂ;“ also vanishes at
cl

@o =0, we see that the function ‘ZZ“‘; changes its sign
from negative to positive one exactly at ¢, = 0, character-
izing this point as a local minimum.

Since the minimum of the effective potential is exactly
@ = 0, there is no generation of mass in the model. Just as
occurs in the purely scalar model in four dimensional
spacetime [1], the dynamical generation of a mass scale u
due to radiative corrections does not generate mass for the
bosonic superfield in the present model.

In the next sections, we deal with an extended super-
symmetric gauge theory, the N' = 2 Chern-Simons-matter
model, using the renormalization group functions found
earlier in [21].

V. THE N =2 CHERN-SIMONS-MATTER
MODEL IN A =1 SUPERSPACE

The classical action for the A/ = 2 Chern-Simons-matter
model in N = 1 superspace is given by

89579527° (9622 + 41)2)

(pg(%)‘"‘” > 0. (35)

[

/ d3xd29{ _TW, ——vaopv o+ L 0 (cbcb) } (36)

where W* = (1/2)D” DTy is the gauge superfield strength
and V* = (D* — igl'®) is the gauge supercovariant deriva-
tive. This model exhibits superconformal and gauge invar-
iances at the classical level.

Our aim in this work is to use the RGE to compute
the effective superpotential as discussed in the previous
section. To do this, let us shift the superfields ® and ® by
the classical real background superfield ¢(0) as

- 1

D =—= (0 + ¢ —iDy),

-5

[ :ﬁ((bl + ¢+ iD,), (37)

where ®; and @, are real quantum matter superfields.
In terms of the background superfield, the action (36) can
be written as

1 g g 1 3% 7
S = [ &dxd*0{-T*W, —>—"—T°T, —D“F () [0)) (o) <1> Z | ®
/ { 4 ax2 + = ) 1 ( + 4 1 + = ) + 2 2
] 2 g 4 g o g a 2 2 2 2
+ - pD*¢p + = ¢* + = D*®D,I", &, — Z DD, ", D, — (<I> + ®)I? - Fpd, T
2 16 2 2 2
7 7 7
+7g (P + @3)* + ad (@7 + @) — dD*pD,I, + <4 P+ D2¢)c1>l } (38)
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The mixing between I'* and @, superfields is eliminated
by using an R: gauge fixing, F = (DT, + agp®,/2).
The corresponding gauge fixing and Faddeev-Popov
actions are given by

1 _
SGFiFP = / & dze[ (DT, + aﬂdb) + CD*C
a _ a . -
+7 FP*CC + 1 g2¢czc} ) (39)
Notice that the mass terms of the gauge I'* and matter @,

superfields are identified as M = -"2;/’2 and My, = 3-"2‘/'2,
respectively.

VI. RENORMALIZATION GROUP
IMPROVEMENT OF THE EFFECTIVE
SUPERPOTENTIAL

In this section we apply the method described in Sec. 111
to compute the effective superpotential of the N =2
Chern-Simons-matter model. We use the renormalization
group functions found earlier in [21], where the only
nontrivial function is the anomalous dimension of the

matter superfield yg = — (Ntf)f - <N+42)'72, with N being
the number of flavors of the matter superfields. For
convenience, we will use 7 = ¢*> to count the orders of
coupling constant.

Considering the effective potential given in the Eq. (9),
and the ansatz Egs. (10) and (11), the RGE for Vg,
Egs. (15) and (16), are given by

— =25 el S0 =0 @)
0
=~ 2p0) gy ara|SiL) =0, @)

where we have used that 5(g) = f(n) = 0.
Now, let us compute the K.y superpotential first.
Inserting the ansatz (13) for S(L) into (41), we have

— (1= 2y9)[Bi(n )+20k( L+ -]
+ 4yolA(n) + By(n)L + -] = 0. (42)
We can organize the resulting expression by orders of L,

obtaining a series of equations, of which we write down the
first three:

—(1 =2y4)By(n) + 4yoAr(n) = 0; (43)
—2(1 = 2y4)Ci(n) + 4yoBi(n) = 0; (44)

and

=3(1 = 274)Di(n) + 476 C(n) = 0. (45)

The functions A(n), B(n), etc. are expanded as a series in
power of 7,

AO L AWy 4 A2 4
BO + By + B@y2 ...,

=
—
=
~—

Il

and so on.
Organizing the above equations order by order in powers
of n, we find

B = 4y3) A0, (46)
1 1

CO) = Zdrg BY =2 (4rg))’ A0, (47)
1 1

D =24y €O = 5 (4rg))'Al. (48

Writing the effective superpotential Ko as
Ko = Z C 2"+1L”, (49)

we find from Egs. (46), (47), and (48) the following
recurrence relation:

2)

4

ci = ( o )Cff_l, (50)
m1

where we identify CJ/ = A =1, ¢! = B®), ¢ = V),

CY =D and so on.
Inserting (50) into (49) and performing the sum, we
obtain the following effective superpotential:

© . __¢4 (¢2> (N+2)n _ _¢4 (4)2) (N+2)g
(51)

Following the same steps above, the F i can be cast as

1 ¢2 (N+2)% /4
Fur = —5¢Dz¢< )
u

1 2\ —(N+2)¢" /4
= LD ("b > o (52)
u

Therefore, the full effective superpotential is given by

v . __¢4 (¢2> (N+2)g _¢ 2¢ (¢2> (N+2)g /4.

(53)
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Considering ¢(0) = (¢, — 6*F ;) as the 0 expansion of
the background superfield, the effective potential U is
given by

Ueff = / dzeveff

. <N+2)g4 (ﬂgz —(N+2)g*/4
s

F21 g2 §02] —3(N+2)g*/4
|3t G e (1

2

2
n P
= L 2- v+ 2oty (22

—N+2)p?
64 > ’ (54)

where we have used the equation of motion of the auxiliary

3 2
field, F,, = —;ﬁn(pgl(%gl)_‘_‘wﬂ)” , to eliminate it from the
effective potential.

In order to study a possible spontaneous generation of
mass induced by radiative corrections, let us evaluate the
minimum of the effective potential U.. The conditions that
minimize the Ug; are given by

dU o ’12
B =T (24 (N+2)?
(p2 —%(N-&-Z)nz
x (=12 4+ 7(N + 2)1*)¢>, <7l> =0,
(55)
d* U
a > 0. (56)
dgoCl Pcr=Po

It is easy to see that the only possible solution to (55)
is to take the limit ¢, = 0, if and only if > < ﬁ,
otherwise the effective potential presents a vertical asymp-
tote at ¢, = 0. Such solution preserves the ' = 2 super-
symmetry and no mass is dynamically generated by
radiative corrections.

The second derivative, Eq. (56), is also vanishing in the
minimum, but we can see that the function dU/dg,,
changes its sign in the critical point, i.e., dU.y/dp. < 0

for ¢.; < 0 and dU.¢/de > 0 for ¢, > 0, characterizing

the critical point ¢ =0 as a local minimum, since
2 10
T < T2y

Even though in the three-dimensional spacetime the
classical minimum (F,; = 0) no longer needs be a mini-
mum of the quantum effective potential, in the present
model the supersymmetry is preserved by quantum cor-
rections, at least to the leading logs. This result is similar
to the scenario taking place in the three-dimensional
Wess-Zumino model discussed in [20], where the authors

computed the superpotential up to two-loop order.

VII. SUMMARY

In this work we explicitly demonstrated how to apply the
renormalization group equation for evaluating the effective
superpotential in terms of a A" = 1 background superfield
in a three-dimensional spacetime. This method represents
itself as a powerful technique allowing us to compute
higher-order corrections on the basis of the two-loop
renormalization group functions. As an important example,
due to nontrivial anomalous dimension of the matter
superfield, we computed the complete leading log effective
superpotential in the ' = 1 Wess-Zumino model and the
N =2 supersymmetric Chern-Simons-matter theory and

demonstrated that they have an expected form @* [%2]“

and <I>D2<D[%2]“. We discussed the vacuum properties of

the quantum effective superpotential in such model, and
showed that no mass is generated by radiative corrections,
differently from what happens for the A/ = 1 version of the
model [15,22-25]. We argued that the supersymmetry is
preserved by quantum corrections.

We expect that this method can be applied to other
superfield models involving the Chern-Simons theory as an
ingredient. These models will be studied in our next papers.
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