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We analyze the early-time isotropic cosmology in the so-called energy-momentum squared gravity
(EMSG). In this theory, a TμνTμν term is added to the Einstein-Hilbert action, which has been shown to
replace the initial singularity by a regular bounce. We show that this is not the case, and the bouncing
solution obtained does not describe our Universe since it belongs to a different solution branch. The
solution branch that corresponds to our Universe, while nonsingular, is geodesically incomplete. We
analyze the conditions for having viable regular-bouncing solutions in a general class of theories that
modify gravity by adding higher order matter terms. Applying these conditions on generalizations of
EMSG that add a ðTμνTμνÞn term to the action, we show that the case of n ¼ 5=8 is the only one that can
give a viable bouncing solution, while the n > 5=8 cases suffer from the same problem as EMSG, i.e., they
give nonsingular, geodesically incomplete solutions. Furthermore, we show that the 1=2 < n < 5=8 cases
can provide a nonsingular initially de Sitter solution. Finally, the expanding, geodesically incomplete
branch of EMSG or its generalizations can be combined with its contracting counterpart using junction
conditions to provide a (weakly) singular bouncing solution. We outline the junction conditions needed for
this extension and provide the extended solution explicitly for EMSG. In this sense, EMSG replaces the
standard early-time singularity by a singular bounce instead of a regular one.
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I. INTRODUCTION

Recent cosmological observations provided us with
strong evidence for the accelerating expansion of the
Universe [1,2]. Trying to understand this acceleration in
general relativity (GR) one is led to two possibilities: exotic
matter content or a cosmological constant (Λ). Although
these possibilities can fit the observational data, they do not
provide us with a fundamental explanation of this accel-
eration. In addition to this large scale problem, GR predicts
its own doom at small scales through the occurrence of
spacetime singularities [3], which are expected to be cured
in a full theory of quantum gravity (or at least an effective
approximation of it). These issues have led to a plethora of
modified-gravity theories (see [4,5] for a review, and also
[6] for a review on the recent observational constraints). In
these theories, GR is seen as an effective field theory (of a
more general gravitational theory) that might get correc-
tions either at very large or very small scales.
Some of these modified theories have been shown to

replace the initial cosmological singularity that occurs in
GR by a regular bounce (see [7,8] for a review). Along

these efforts, energy-momentum-squared gravity (EMSG),
as dubbed by its original authors, was proposed in [9]. This
theory modifies gravity by adding a TμνTμν term to the
Einstein-Hilbert Lagrangian; it is a special case of theories
that have a Lagrangian of the form fðR; TμνTμνÞ which
were first studied in [10].
Further efforts were conducted to study generalizations of

EMSG and their implications. Various cosmological models
of higher order generalizations of EMSG, which add terms
in the form ðTμνTμνÞn, were considered in [11] particularly
for the case n > 1=2 relevant to high density scales, while
the case n < 1=2 relevant to late time cosmology was
studied in [12]. The cosmological implications for the case
n ¼ 1=2 were studied in [13], which is interesting since the
coupling in this case becomes dimensionless. Besides the
form ðTμνTμνÞn, a logarithmic generalization, dubbed as
energy-momentum log gravity (EMLG), was considered in
[14] where the term ln ðλTμνTμνÞ was used to extend the
ΛCDM model to study viable cosmologies and to address
the tension inH0 measurements. Furthermore, phenomeno-
logical investigations were done in [15] using observational
data from neutron stars to constrain the free parameter in
EMSG,while in [16] low redshift datawere used to constrain
ðTμνTμνÞn theories. In addition to these studies, linear
stability analysis was used in [17] to investigate two models
in fðR; TμνTμνÞ.
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In this study, we focus on the analysis of the early-time
cosmological behavior of EMSG and its generalizations,
particularly regarding the existence of regular bounces in
this class of theories. As a result, we show that the bounce
obtained in [9] is not viable, and that generic theories that
modify GR by adding higher order matter terms cannot
provide a viable regular bounce.
The structure of this paper is as follows. In Sec. II, we

review the EMSG theory and its field equations. In Sec. III,
we analyze the isotropic early-time cosmology of EMSG
showing that the bounce obtained in [9] is not viable. We
show that the correct solution-branch corresponding to our
Universe is also nonsingular but is not valid beyond a certain
point in time, i.e., past-geodesically incomplete. In Sec. IV,
we analyze the conditions for having a viable bounce in
theories that modify gravity by adding higher order matter
terms. We apply these conditions to ðTμνTμνÞn generaliza-
tions of EMSG. In Sec. V, we outline the junction conditions
needed for extending the geodesically incomplete solutions
of EMSG and similar theories. Finally, we conclude with
summary and discussion of the results in Sec. VI.

II. ENERGY-MOMENTUM-SQUARED GRAVITY

The EMSG action can be written as

SEMSG ¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
1

2κ
R −

Λ
κ
−
1

2
αTμνTμν

�
þ SM; ð1Þ

where κ ¼ 8πG, R is the Ricci scalar, Λ is the cosmological
constant and SM ≡ R

d4x
ffiffiffiffiffiffi−gp

Lm with Lm as the matter
Lagrangian density. Here and thereafter, we use units where
c ¼ 1 and the metric signature ð−;þ;þ;þÞ.
The extra term that makes this theory different from GR

is − 1
2
αTμνTμν, where α is a free parameter in the theory

(with dimensions of inverse energy density) which can be
constrained from observations as was done in [15], and Tμν

is the ordinary energy-momentum tensor defined as

Tμν ¼ −
2ffiffiffiffiffiffi−gp δð ffiffiffiffiffiffi−gp

LmÞ
δgμν

: ð2Þ

The factor of − 1
2
, while it can be absorbed into the

definition of α [18], is retained here for convenience. In
this case α can be matched with η

κ in the original paper [9]
where η was the free parameter in that case. While α could
be positive or negative, we will restrict ourselves to the
α > 0 case since it has been shown to give a more
interesting behavior in early-time cosmology [9].
Now that we have introduced the action of EMSG, let us

turn to the question of how this action can be defined in the
first place; that is, how does the total action already contain
the energy-momentum tensor which is defined by varying
part of the total action (i.e., SM)? The main argument in
[9,19] is that one does not have to know anything about the
gravitational theory beforehand in order to define the

energy-momentum tensor, one only needs matter physical
variables, or simply the matter Lagrangian density Lm. In
other words, there is a well-defined way to construct Tμν in
a given theory without gravity, and the TμνTμν term (which
is just a scalar function in the fields, their derivatives and
the metric) is added as a form of nonminimal coupling of
that theory to gravity.
EMSG is characterized by a density scale α−1; deviations

from GR should start appearing near that scale. Since the
theory has a characteristic density scale rather than an
energy scale, one can construct a length scale for physical
solutions that have a specific energy scale. For example, for
a charged black hole with a charge q, a characteristic length
scale would be l ∼ ðαq2Þ1=4, which is the length scale at
which the electromagnetic energy density would be com-
parable to α−1. The physical relevance of that length can be
solution dependent, but the interesting part is that if the
dynamics of the theory impose a maximum density ∼α−1,
we get a minimum length ∼l.
Let us now turn to the field equations. EMSG is

equivalent to GR coupled to an effective matter
Lagrangian; therefore the field equations are just the
Einstein equations but sourced by an effective energy-
momentum tensor, and so we have

Gμν þ Λgμν ¼ κTeff
μν ; ð3Þ

where

Teff
μν ¼ Tμν −

1

2
αTσρTσρgμν þ αΘμν; ð4Þ

and

Θμν ≡ δðTσρTσρÞ
δgμν

¼ 2TμσTσ
ν − 2Lm

�
Tμν −

1

2
Tgμν

�

− TTμν − 4Tσρ ∂2Lm

∂gμν∂gσρ : ð5Þ

The details of variation of the extra term can be found in
Appendix A.

III. COSMOLOGY IN EMSG

Let us start by taking a closer look at the early time
cosmology in EMSG, which was studied in [9,15]. We will
work with a flat Friedmann-Robertson-Walker (FRW)
metric ds2 ¼ −dt2 þ aðtÞ2δijdxidxj. We will also assume
a small positive cosmological constant as in the usual
ΛCDM model. Assuming a perfect fluid content, we have

Tμν ¼ ðρþ pÞuμuν þ pgμν; ð6Þ
where ρ is the energy density, p is the pressure and uμ

is the four-velocity of the fluid, which satisfies the con-
ditions uμuμ ¼ −1 and ∇νðuμuμÞ ¼ 0. We can arrive at the
perfect-fluid energy-momentum tensor through different
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Lagrangian densities (Lm ¼ p or Lm ¼ −ρ), which does
not pose a problem in GR [20]. However, in EMSG the
Lagrangian density appears explicitly in the field equations
and thus the choice of the Lagrangian density affects the
dynamics. While there is no consensus on which
Lagrangian to use (see [21] for a detailed discussion),
we will stick to the choice of Lm ¼ p to follow with the
EMSG literature.
For a perfect fluid with Lm ¼ p, the effective energy

momentum tensor sourcing gravity can be written as

Teff
μν ¼ ðρeff þ peffÞuμuν þ peffgμν; ð7Þ

where

ρeff ¼ ρ −
1

2
αð3p2 þ 8pρþ ρ2Þ; ð8Þ

peff ¼ p −
1

2
αð3p2 þ ρ2Þ: ð9Þ

The effective density and pressure can be defined cova-
riantly as

ρeff ≔ uμuνTeff
μν ; ð10Þ

peff ≔
1

3
ðgμν þ uμuνÞTeff

μν : ð11Þ

The Friedmann equations are the same as in GR but with
the density and pressure replaced by their effective counter-
parts, thus we have

H2 ¼ Λ
3
þ κ

3
ρeff ; ð12Þ

ä
a
¼ _H þH2 ¼ Λ

3
−
κ

6
ðρeff þ 3peffÞ: ð13Þ

The remaining equation is the fluid conservation/continuity
equation, which comes from ∇μTeff

μν ¼ 0, and of course can
be obtained from the above two equations. Again, this is
nothing more than the fluid conservation equation in GR
with the effective density and pressure, thus we have

_ρeff þ 3
_a
a
ðρeff þ peffÞ ¼ 0; ð14Þ

which can be cast into an autonomous form as

ρ0eff þ 3ðρeff þ peffÞ ¼ 0; ð15Þ
where the prime denotes derivative with respect to ln a.

A. Two-component fluids

Before we attempt to solve the equations, it is worth
noting that because the effective density and pressure are
nonlinear in the ordinary density and pressure, dealing with
a multicomponent fluid here will be drastically different
than in GR. In particular, the conservation equation (15)
will lead to one equation for both fluids. If we have a two-
component fluid, with each component having a barotropic
equation of state in the form p ¼ ωρ, then the conservation
equation (15) becomes

½1 − αð4ω1 þ 3ω1ω2 þ 4ω2 þ 1Þρ2 − αð3ω2
1 þ 8ω1 þ 1Þρ1�ρ01

þ ½1 − αð4ω1 þ 3ω1ω2 þ 4ω2 þ 1Þρ1 − αð3ω2
2 þ 8ω2 þ 1Þρ2�ρ02

þ 3ðω1 þ 1Þρ1 − 3αð3ω2
1 þ 4ω1 þ 1Þρ21 þ 3ðω2 þ 1Þρ2 − 3αð3ω2

2 þ 4ω2 þ 1Þρ22
− 6αð2ω1 þ 3ω1ω2 þ 2ω2 þ 1Þρ1ρ2 ¼ 0: ð16Þ

This is one equation for both components, but we should
have individual equations of motion for each component.
Just like for cases other than perfect fluids, each field has its
own equation of motion, and the conservation of the total
energy momentum tensor is satisfied automatically on
shell, i.e., it gives a sum of terms where each term vanishes
on its own when the respective equation of motion is
satisfied. The problem with fluids is that we do not get the
continuity or the Euler equations for each fluid component
directly through variation of the action [22]; instead, we get
those equations for the two fluids combined from the
conservation of the total energy-momentum tensor. Thus,
for a two-component fluid, we should expect to be able to
split the conservation equation into two equations: one
equation for each component. In GR, the split is straight-
forward since the conservation equation there is linear; in
our case, the splitting seems rather to be an ambiguous task.

We can break this ambiguity using the fact that the
Lagrangian is invariant under exchange of component
labels, i.e., ρ1 ↔ ρ2 and p1 ↔ p2. Given this symmetry,
we should expect that the individual-component equations
are mapped to one another under the exchange of labels.
Applying this argument on (16), the individual equations
for components 1 and 2 respectively are

½1−αð4ω1þ3ω1ω2þ4ω2þ1Þρ2−αð3ω2
1þ8ω1þ1Þρ1�ρ01

þ3ðω1þ1Þρ1−3αð3ω2
1þ4ω1þ1Þρ21

−3αð2ω1þ3ω1ω2þ2ω2þ1Þρ1ρ2¼ 0; ð17Þ

½1−αð4ω1þ3ω1ω2þ4ω2þ1Þρ1−αð3ω2
2þ8ω2þ1Þρ2�ρ02

þ3ðω2þ1Þρ2−3αð3ω2
2þ4ω2þ1Þρ22

−3αð2ω1þ3ω1ω2þ2ω2þ1Þρ1ρ2¼ 0; ð18Þ
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which are interchanged under ρ1 ↔ ρ2 and ω1 ↔ ω2.
This result can be easily generalized to the case of an
n-component fluid by noting that the Lagrangian then
would be invariant under the interchange of the labels of
each pair of components, and the fact that the interaction
terms will still be quadratic in the densities. Thus, the
equation for the ith component in that case would be

ð1 − αð3ω2
i þ 8ωi þ 1ÞρiÞρ0i þ 3ðωi þ 1Þρi

− 3αð3ω2
i þ 4ωi þ 1Þρ2i

− α
Xn
j≠i

fð4ωi þ 3ωiωj þ 4ωj þ 1Þρjρ0i

þ 3ð2ωi þ 3ωiωj þ 2ωj þ 1Þρiρjg ¼ 0: ð19Þ
Now that we have an equation of motion for each fluid

component, it is important to note that these equations are
the ones that determine how the fluid density of each
component behaves with the scale a. For example, in GR
the solutions for matter and radiation are ρm ∼ a−3 and
ρr ∼ a−4, which tells us that radiation is the dominant
component in the early Universe where a is very small. In
our case, we need to solve Eqs. (17) and (18) simulta-
neously for matter and radiation content, which can be
quite difficult analytically without resorting to some kind of
approximation. In Appendix B, we show that indeed
radiation will be dominant in the early Universe in EMSG.

B. Radiation domination

Before focusing on radiation, let us start by considering a
general one-component fluid in EMSG. In what follows,
although Λ can be ignored since we are interested only in
the early Universe, we will keep it for reasons to be clear
shortly.
For a one-component fluid with a barotropic equation of

state of the form p ¼ ωρ, the effective density and pressure
in (8) and (9) become

ρeff ¼ ρ −
1

2
ð3ω2 þ 8ωþ 1Þαρ2; ð20Þ

peff ¼ ωρ −
1

2
ð3ω2 þ 1Þαρ2: ð21Þ

At this point it is worth noting that one can find values forω
such that the effective equation of state maintains the same
form as the original equation of state, i.e., peff ¼ ωρeff . It is
easy to see from (20) and (21) that these special values for
ω satisfy the following cubic equation:

3ω2 þ 1 ¼ ωð3ω2 þ 8ωþ 1Þ: ð22Þ
This gives the solutions ω ¼ −1 and ω ¼ 1=3 (ω ¼ −1 is a
repeated root). Given this result, it would be interesting to
consider a dark energy (ω ¼ −1) fluid in EMSG, but in this
paper we will concern ourselves with a ΛCDM-like model

in EMSG with nonexotic fluids (i.e., only matter and
radiation). We note that these specific values for ω that
preserve the equation of state are nothing but a coincidence
in EMSG, and other values (if any) would appear in higher
order generalizations.
In general, peff is not always single valued in ρeff ; this is

due to the fact that (20) is not invertible over the entire
domain of ρ; however, we can put it in the form peff ¼
ωeffðρÞρeff by dividing (21) by (20) to get ωeff as

ωeffðρÞ ¼
ω − 1

2
ð3ω2 þ 1Þαρ

1 − 1
2
ð3ω2 þ 8ωþ 1Þαρ : ð23Þ

As we can see from (20), for values of ω that keep
3ω2 þ 8ωþ 1 > 0, ρeff is not a monotonically increasing
function of ρ and can be zero (or even be negative) for
ρ > 0; this feature is what makes this theory appealing,
since it opens the possibility of having a critical point
H ¼ 0 at high densities [which can be seen directly from
(12)], similar to other theories, like loop quantum gravity
[23] or braneworlds [24] that have a Friedmann equation of
the form

H2 ∼ ρ

�
1 −

ρ

ρcritical

�
; ð24Þ

where in EMSG ρcritical would be Oðα−1Þ.
If we look for a critical point H ¼ 0 in EMSG, we will

need [from (12)] to have ρeff ¼ − Λ
κ , which from (20) gives

the critical density as

ρcritical ¼
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2α Λ

κ ð3ω2 þ 8ωþ 1Þ
q

αð3ω2 þ 8ωþ 1Þ ; ð25Þ

where we have discarded the other solution as it leads to
ρ ≃ − Λ

κ þOðαΛ2

κ2
Þ. At the critical density, using the expres-

sion for ρeff and peff in (20) and (21), the acceleration
equation (13) becomes

ä
a
¼ _H ¼ ðωþ 1Þð3ωþ 1Þ

ð3ω2 þ 8ωþ 1Þ Λ −
κðωþ 1Þ2ð3ω − 1Þ
2αð3ω2 þ 8ωþ 1Þ2

×

�
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2α

Λ
κ
ð3ω2 þ 8ωþ 1Þ

r �
: ð26Þ

It is easy to check, given that we expect α−1 ⋙ Λ
κ , that

_H < 0 for ω > 1=3 as the second term in (26) dominates
and it is negative for those values of ω. Therefore, the
critical point we found corresponds to a bounce only
for ω ≤ 1=3.

1. Bounce point and its viability

Let us now turn our attention to radiation (ω ¼ 1=3),
which has an effective density and pressure as
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ρeff ¼ ρr − 2αρ2r ; ð27Þ

peff ¼
ρr
3
−
2αρ2r
3

: ð28Þ

At the critical point, from (25), the radiation density will be

ρr crit ¼
1

4α

�
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 8α

Λ
κ

r �
; ð29Þ

and as we see from (26), this gives _H ¼ 2Λ
3
. This was the

main reason of keeping Λ explicit up until this point, to
show that we can get _H > 0 at the critical point due to
Λ > 0, which was an argument in [9] for the necessity of
having a positive cosmological constant in this theory.
It is worth noting, however, that if we had not ignored the
matter fluid component, it could have led to a similar result,
i.e., _H ∼ ρm > 0 without the need for any cosmological
constant. In either case, one can conclude that the point
at which the density is as in (29) corresponds to a regular
bounce as was concluded in [9]. However, we will show
that this critical point does not correspond to a solution
that describes our Universe. To see this, let us solve the
conservation equation explicitly. From (27), (28) and (15),
we get the conservation equation for radiation as

ð1 − 4αρrÞρ0r þ 4ρr − 8αρ2r ¼ 0: ð30Þ

Notice that this ordinary differential equation (ODE) has a
regular singular point at ρr ¼ 1

4α, we will discuss the
relevance of this issue later. Since this is an autonomous
ODE with respect to ln a, it can be integrated directly to
give ln a as a function of ρr. Integrating with the condition
aðρr0Þ ¼ a0, where ρr0 is the cosmological radiation
density at the present time [25], and setting a0 ¼ 1, we get

a ¼
�
ρr0ð1 − 2αρr0Þ
ρrð1 − 2αρrÞ

�
1=4

: ð31Þ

This expression reduces to the usual a ¼ ðρr0ρr Þ1=4 for low
densities (i.e., in the limit αρr → 0). Since a has to be real,
we must have

ρr <
1

2α
: ð32Þ

Notice that having ρr0 <
1
2α is the main cause of this

constraint. The density at the critical point in (29) clearly
violates (32), and thus the critical point is unphysical and
there is no bouncing solution that corresponds to our
Universe. In a hypothetical universe where ρr0 >

1
2α, the

requirement that a has to be real would have led instead to
ρr >

1
2α, and the critical point (29) would have corre-

sponded indeed to a bouncing solution in that universe.

In other words, EMSG gives a valid regular bounce in a
universe where the density is always higher than 1

2α.

2. Radiation domination solution

Solving for ρr in (31), we get

ρrðaÞ ¼
1

4α
ð1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 8αρr0ð1 − 2αρr0Þa−4

q
Þ: ð33Þ

We pick the negative branch because it gives the asymptotic
behavior of ρr ≃ ρr0a−4 for relatively large a. Since we
want ρr to be real, we must have a maximum density
ρrmax ¼ 1

4α corresponding to a minimum scale factor. We
can then write the solution as

ρrðaÞ ¼
1

4α

�
1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

�
amin

a

�
4

s �
; ð34Þ

where

amin ≡ ð8αρr0ð1 − 2αρr0ÞÞ1=4: ð35Þ

The existence of a minimum scale factor here comes from
the constraint ρr ∈ R rather than from the dynamical
solution aðtÞ as in the case of a bounce; this will lead to
geodesic incompletion as we will see shortly. One can
easily get aðtÞ by plugging (34) in the Friedmann equa-
tion (12). An equivalent, but clearer, way is to notice that
since peff ¼ 1

3
ρeff , the conservation equation (15) becomes

ρ0eff þ 4ρeff ¼ 0; ð36Þ

we can solve this with the already known condition that
ρrðaminÞ ¼ 1

4α, which gives us ρeffðaminÞ ¼ 1
8α. With the

latter condition, we get the solution

ρeffðaÞ ¼
1

8α

�
amin

a

�
4

: ð37Þ

Plugging (37) in the Friedmann equation (12), we get

H2 ¼ Λ
3
þ κ

24α

�
amin

a

�
4

: ð38Þ

We can clearly see now that there are no H ¼ 0 critical
points for all real (physical) values of a. From now on, for
simplicity, we shall ignore the cosmological constant in the
early Universe; it has served its purpose now that we have
established that the critical point in (29) does not corre-
spond to a bounce. The Friedmann equation now becomes

H ¼ _a
a
¼ �

ffiffiffiffiffiffiffiffi
κ

24α

r �
amin

a

�
2

: ð39Þ
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We can conveniently define

Hmax ≡HðaminÞ ¼
ffiffiffiffiffiffiffiffi
κ

24α

r
: ð40Þ

Solving the positive branch of (39) with the condition
að0Þ ¼ amin, we get

aðtÞ ¼ amin

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2Hmaxt

p
; t ≥ 0: ð41Þ

This solution, which was found in [15] [albeit with a
redefinition of t to match the standard solution of GR at
which að0Þ ¼ 0], manifestly cannot be extended for
t < −1

2Hmax
, but more importantly, we cannot extend it for

t < 0 since that would lead to a < amin and then from (34)
the radiation density would become nonreal as we dis-
cussed before. This solution can be interpreted, in the spirit
of effective field theory, as EMSG breaking down as we
approach amin and one would need new physics to describe
what is happening beyond that point. In this sense, amin is
not interpreted as an absolute minimum scale of nature, but
the minimum scale at which EMSG is valid.
It is interesting to note that while _ρr diverges as t → 0, all

geometric quantities [represented by HðtÞ and its time
derivatives] remain finite. This gives us the chance to
extend the spacetime beyond t ¼ 0 by combining the
solution in (41) with its counterpart from the negative
branch of (39) using junction conditions at t ¼ 0. We will
present this in Sec. V.
We conclude this section by reflecting on the issue that

prevented this theory from achieving a cosmologically
viable bounce, after all, it had a Friedmann equation
reminiscent of theories like loop quantum gravity and
braneworlds, so why is the case here different? The reason
is that, unlike those theories which modify only the
Friedmann equation, EMSG also modifies the conserva-
tion/continuity equation. The main issue is that, due to the
nonlinearity, the equation is modified in a singular way;
particularly, the singular point is at a lower density
(ρr ¼ 1

4α) than the density at the critical point (29). This
causes our Universe to be in a solution region entirely
disconnected from the bounce point; we can see this from
the phase plot of the conservation equation (30) in Fig. 1.
We note that this problem is not unique to EMSG; it can
happen in any other theory that effectively modifies the
matter Lagrangian. We discuss the conditions for this issue
in the next section.

IV. BOUNCES IN MORE GENERAL THEORIES

Let us start with a more generalized theory than EMSG
that effectively modifies the matter Lagrangian but
keeps the geometric side as GR, so we would have a total
action like

S ¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
1

2κ
Rþ Lm eff

�
: ð42Þ

We assume FRW metric and a perfect fluid matter content
with a generic equation of state p ¼ pðρÞ. We will focus
only on a single-component fluid or a fluid with one
dominant component in the early Universe (which typically
should be the radiation). As in the case with EMSG, the
Friedmann equations take the form

H2 ¼ κ

3
ρeff ; ð43Þ

_H þH2 ¼ −
κ

6
ðρeff þ 3peffÞ: ð44Þ

It is useful to combine these equations to get _H in terms of
ρeff and peff as

_H ¼ −
κ

2
ðρeff þ peffÞ: ð45Þ

We have ignored the cosmological constant for simplicity,
but the arguments below can be easily generalized by
absorbing the cosmological constant in the definition of ρeff
and peff . The conservation equation is the same as (14),
which can be written in terms of _ρ as

_ρ ¼ −3H
�
ρeff þ peff

dρeff
dρ

�
: ð46Þ

We want to analyze the conditions at which this theory
would give a cosmologically viable regular bounce. From
(43), (45) and (46), we see that the behavior of H, _H and _ρ
is controlled by only three functions: ρeff , ρeff þ peff and

0 0.25 0.5 0.75 1
– 3

– 2

– 1

0

1

2

3

ρr (α

ρ
α

–1)

r'
(

–
1 )

I II III

FIG. 1. Phase plot for Eq. (30) in units of α−1. The dots
represent fixed points, while the arrows represent the flow
direction in phase space. Region I represents the negative branch
of (33), while region II represents the positive branch. Region III
contains the bounce point, which is disconnected from the
physical region that describes our Universe.

BARBAR, AWAD, and ALFIKY PHYS. REV. D 101, 044058 (2020)

044058-6



dρeff
dρ , which are all functions in ρ. So we can take ρ as the
basic variable that controls the phase space of this dynami-
cal system. We assume for simplicity that these functions
do not have more than one nontrivial zero; the arguments in
this section can be generalized otherwise. We also assume
that these functions are continuous and smooth as functions
of ρ; this assumption is important in order to avoid
curvature-singularity problems at finite values of ρ.

A. Bounce analysis

In order for this theory to have a bounce at some high
density ρB, the usual bounce conditions of GR, H ¼ 0 and
_H > 0, must be satisfied at that point. These conditions
then imply the following from (43) and (45):

ρeff jρ¼ρB
¼ 0; ð47Þ

ðρeff þ peffÞjρ¼ρB
< 0: ð48Þ

For cosmological viability, the low density behavior must
be the same as in GR, this implies

ρeff jρ≪ρB
≃ ρ > 0; ð49Þ

ðρeff þ peffÞjρ≪ρB
≃ ρþ p > 0: ð50Þ

To reconcile the conditions (47) and (48) with (49) and
(50), each of ρeff and ρeff þ peff must have at least one local
maximum in the interval �ρ0; ρB½, where ρ0 ≪ ρB is the
density observed at the present time. For simplicity we
assume that ρeff and ρeff þ peff each has only one maxi-
mum in that interval, so that their behavior as functions
of ρ is as follows: they start monotonically increasing, hit
a maximum, then they become monotonically decreasing.
A simple profile for these functions is shown in Fig. 2. This
behavior with (48) implies that ρeff þ peff must zero-cross
at a point ρC < ρB, or in other words

∃ ρC < ρB∶ ðρeff þ peffÞjρ¼ρC
¼ 0: ð51Þ

Let the maximum of ρeff be denoted by ρA. Thus from the
discussion above

∃ ρA < ρB∶
dρeff
dρ

����
ρ¼ρA

¼ 0: ð52Þ

Note that since ρA is a maximum, it is a zero of dρeffdρ with odd
multiplicity.
Let us now look at the structure of the phase space of our

dynamical system, which can be described from (45) and
(46) by the behavior of _H and _ρ as functions of ρ [26]. We
are interested in fixed and singular points. A fixed point of
the system is a point at which _ρ ¼ _H ¼ 0. If the system
starts at a fixed point it stays there forever (provided that the
system is at least Lipschitz continuous at the fixed point),
and if a system starts at a nonfixed point, it takes an infinite
time to reach a fixed point; the latter fact can be easily
deduced from the time reversal of the former one. We see
from (45) and (46) that the fixed points of our system are
only described by the zeros of ρeff þ peff (and thus our
system is Lipschitz continuous at fixed points from our
assumptions on ρeff þ peff ). A singular point is a point at
which either _ρ or _H diverges. _H is well behaved from our
assumption about continuity and smoothness of ρeff þ peff ,
so we only need to focus on singular points of _ρ. By using
the auxiliary equations

_ρ ¼ Hρ0; ð53Þ

ρ0 ¼ −3ðρeff þ peffÞ
dρeff
dρ

; ð54Þ

where ρ0 is the first derivative of ρ with respect to ln a, we
see that (54) captures both the fixed and the singular points
of the system; thus, it is sufficient to turn our focus into the
sub-phase-space of ðρ0; ρÞ for our analysis of these points.
Before proceeding, we need to show the following state-

ment: For an autonomous dynamical system (Lipschitz
continuous at fixed points) controlled by a variable ρðtÞ,
if ρ� is either a fixed point of the system or a singular point
with odd multiplicity, then the phase space is split at ρ� into
two regions: ρ < ρ� and ρ > ρ�. Here split means that if the
system starts in the region ρ < ρ� it cannot reach—either
backward or forward in time—a point in the region ρ > ρ�
(in a finite time) and vice versa, and a singular pointwith odd
multiplicity means that ρ0 switches signs after crossing ρ�,
which can only happen if ρ0 has a pole at ρ� with odd
multiplicity.
Showing the above statement for a fixed point is very

straightforward: if the system starts in the region ρ < ρ�, it
takes an infinite time to reach ρ� let alone cross it and vice
versa. In the case where ρ� is a singular point with odd

0 ρB
ρ

ρ e
ff

FIG. 2. An example profile for the effective density as a
function of the ordinary density ρ.
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multiplicity, it will act either as an attractive (sink) or a
repulsive (source) point in the phase space, which splits it
into two regions.
Now our goal is very simple: we want to see if there is a

solution connecting our present density ρ0 to the bounce
point at ρB. For this to happen, we need ρ0 and ρB to belong
to the same phase space region. In other words, we need the
interval ½ρ0; ρB½ to be free from fixed or singular points.
From (51), (52) and (54), we see that if ρA ≠ ρC, then we
have a fixed point at ρC < ρB and also an odd singular point
at ρA < ρB. In this case the bounce at ρB is not cosmo-
logically viable since there are no solutions that connect it
to our present Universe density ρ0. Instead, we get either a
solution connecting ρ0 to ρC if ρC < ρA as shown in Fig. 3,
which takes an infinite time to reach ρC in the past, or a
solution connecting ρ0 to ρA if ρA < ρC as shown in Fig. 4,
which, similar to the solution obtained in EMSG, would be
past-geodesically incomplete.
The only case remaining now is if ρA ¼ ρC. We see from

(51), (52) and (54) that if ρA ¼ ρC, then the would-be poles
and zeros of ρ0 cancel out and ρ0 becomes free of any
splitting points in the interval �0; ρB�. Therefore in this case,
ρB is a cosmologically viable bounce.
While our analysis was concerned with bounces, we note

for completeness that the case ρC < ρA, corresponding to
region I in Fig. 3, describes a viable nonsingular initially de
Sitter solution. In this scenario, the Universe starts and ends
with fixed points.
To summarize the results, we have shown that in theories

that modify GR through effective modification of the
matter sector, in order to achieve the usual bounce con-
ditionH ¼ 0 and _H > 0 at some high density ρB, the theory
must have at least one nontrivial zero for each of ρeff þ peff

and dρeff
dρ at densities lower than ρB. These points would

segregate our Universe from the bounce point in phase
space, unless they coincide effectively making ρ0 free of
poles and zeros in the interval �0; ρB�. Therefore, in addition
to the usual bounce conditions of GR, we must have
nontrivial zeros of ρeff þ peff and dρeff

dρ coincident in the
interval �0; ρB� to obtain a viable bounce in these models.

B. Case of (TμνTμν)n

We can now apply the result of our analysis on
generalizations of EMSG that modify the action by adding
a term ðTμνTμνÞn which were studied in [11,12]. The action
for these theories (ignoring the cosmological constant) can
be written as

S ¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
1

2κ
R −

1

2
α2n−1ðTμνTμνÞn

�
þ SM; ð55Þ

where α−1 is the characteristic density scale of this theory,
and we will concern ourselves with n > 1

2
theories, since

those are the ones that have relevant effects in the high
density regimes.
The effective energy-momentum tensor now becomes

Teff
μν ¼Tμν−

1

2
α2n−1ðTσρTσρÞngμνþnα2n−1ðTσρTσρÞn−1Θμν;

ð56Þ
where Θμν is defined as before in (5). For a perfect fluid
with a barotropic equation of state p ¼ ωρ, the effective
density and pressure become

ρeff¼ρ−α2n−1ρ2nð1þ3ω2Þn−1
��

n−
1

2

�
ð1þ3ω2Þþ4nω

�
;

ð57Þ

0 ρAρC ρB

0

ρ

ρ'
I II III

FIG. 3. A schematic example of the phase space ðρ0; ρÞ for the
case ρC < ρA. The dots represent fixed points, while the arrows
represent the flow direction in phase space. The phase space is
split into three regions. Region I corresponds to our Universe,
while the bouncing solution is confined to region III which is
disconnected from our Universe.

0 ρA ρC ρB

0

ρ

ρ '

I II III

FIG. 4. A schematic example of the phase space ðρ0; ρÞ for the
case ρA < ρC. The dots represent fixed points, while the arrows
represent the flow direction in phase space. The phase space is
split into three regions. Region I corresponds to our Universe,
while the bouncing solution is confined to region III which is
disconnected from our Universe.
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peff ¼ ρω −
1

2
α2n−1ρ2nð1þ 3ω2Þn: ð58Þ

We can easily see that ρeff satisfies our assumptions (47)
and (49) for ω ≥ 0 (which is the case we care about for the
moment at least), and it would have a profile similar to the
one in Fig. 2. From (57) and (58) we get

ρeff þ peff ¼ ρð1þ ωÞð1 − nð3ωþ 1Þα2n−1ρ2n−1
× ð3ω2 þ 1Þn−1Þ; ð59Þ

dρeff
dρ

¼ 1 − 2nα2n−1ρ2n−1ð1þ 3ω2Þn−1

×

��
n −

1

2

�
ð1þ 3ω2Þ þ 4nω

�
: ð60Þ

Note that adding a cosmological constant Λ would not
change the latter expressions. Adding Λ is equivalent to the
following transformation:

ρeff → ρeff þ
Λ
κ
;

peff → peff −
Λ
κ
; ð61Þ

and ρeff þ peff and
dρeff
dρ are clearly invariant under such a

transformation.
By comparing the two expressions in (59) and (60), in

order to get the nontrivial zero of ρeff þ peff to coincide
with the zero of dρeff

dρ , we see that the only nontrivial value
for n that satisfies that condition is (assuming ω ≥ 0)

n ¼ 3ω2 þ 3ωþ 2

6ω2 þ 8ωþ 2
: ð62Þ

This value for n leaves the conservation equation unmodi-
fied from the one we know in GR (for a single-component
fluid with this particular value of ω), namely

ρ0 þ 3ρð1þ ωÞ ¼ 0: ð63Þ

For radiation (ω ¼ 1
3
) that value is n ¼ 5

8
, and hence,

ðTμνTμνÞ5=8 is the only theory in this class that gives a
viable (radiation-dominated) bounce. By solving for the
nontrivial zero of ρeff in (57) with n ¼ 5

8
and ω ¼ 1

3
, the

density at the bounce in the n ¼ 5
8
theory will be equal to

8

3
ffiffi
3

p
α
. Further analysis of this model may be required to

ensure that it can reproduce other aspects of standard
cosmology; for example, it is important to check the
stability of this solution against inhomogenous perturba-
tions as it may lead to some instabilities similar to those
discussed in [28]. In particular, we note that while the n ¼
5=8 model avoids any singular behavior in the continuity

equation, it is very likely that the effective Euler equation
will have singular points due to the nonlinearity of peff in ρ
and p.
It is interesting to note from (62) that for EMSG (n ¼ 1),

we can have a bounce for a dust-only (ω ¼ 0) universe.
Finally, we note for completeness that the case 1=2 <

n < 5=8 is the case corresponding to region I in Fig. 3
which provides a geodesically complete nonsingular sol-
ution that can describe our Universe. In these theories the
initial singularity is replaced by a de Sitter fixed point (at
t → −∞), as a result, the Universe is going to interpolate
between two fixed points one at a high density and another
at a low or vanishing density. It would be interesting to
study such theories in future works, particularly with the
interpretation of α−1 as the Planck scale in that case.

V. JUNCTION CONDITIONS IN EMSG

As we recall, solving the conservation equation (30) and
the Friedmann equation (39) led to the following branches
of solutions for the scale factor:

aðtÞ ¼ amin

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2Hmaxt

p
; �t ≥ 0; ð64Þ

and the following (independent) branches for ρr:

ρrðaÞ ¼
1

4α

�
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

�
amin

a

�
4

s �
: ð65Þ

In Sec. III, we picked the positive branch for a to get a
solution valid for t > 0, and we picked the negative branch
for ρr to get a solution that corresponds to ρr → 0 as
a → ∞. This led to a geometrically nonsingular solution,
albeit geodesically incomplete. In this section we will join
that solution with the other branch using appropriate
junction conditions in order to get a geodesically complete
solution, albeit with a curvature singularity at t ¼ 0. Since
EMSG inherits the geometric side of GR, standard junction
conditions in GR will be utilized in this section; the reader
can be referred to [29] for a review.
Using the FRW coordinates, we can define a spacelike

hypersurface Σ at t ¼ 0. This hypersurface now splits the
spacetime into two regions with t > 0 and t < 0 respec-
tively. We can define the following useful notation for the
jump in a tensor A across Σ:

½A�≡ Að0þÞ − Að0−Þ: ð66Þ

Here, we have two solutions, one in the region where t > 0
and the other is in the region where t < 0; we would like to
join them at Σ. In order to achieve this smoothly, we need
two conditions. The first junction condition is

½gμν� ¼ 0: ð67Þ
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The continuity of the metric here is a very important
condition as otherwise the Christoffel symbols would have
Dirac deltas, and the curvature tensors then would be ill
defined. The second junction condition is

½Kμν� ¼ 0; ð68Þ

where Kμν is the extrinsic curvature. This condition is
necessary for a smooth transition across Σ; however, a finite
jump in Kμν is sufficient for geodesic extension, but it will
cause a curvature singularity at Σ. This singularity has the
physical interpretation of having a surface energy momen-
tum tensor at Σ, which is given by

Sμν ¼
1

κ
ð½Kμν� − ½K�hμνÞ; ð69Þ

where K is the trace of the extrinsic curvature and hμν is the
induced metric on Σ.
We can now start joining the two solutions in (64) at Σ,

we simply get

aðtÞ ¼ amin

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2Hmaxjtj

p
: ð70Þ

We can see that this automatically satisfies the continuity of
the metric condition (67). The Hubble rate then becomes

HðtÞ ¼ Hmax

1þ 2Hmaxjtj
sgnðtÞ: ð71Þ

We can see that the Hubble rate has a finite jump at t ¼ 0.
For the FRW metric with our choice of Σ, we only need to
focus on the spatial components of the extrinsic curvature
and the induced metric, which are given by

hij ¼ gij ¼ aðtÞ2δij; ð72Þ

Kij ¼
1

2
∂thij ¼ aðtÞ2HðtÞδij: ð73Þ

We can see that the extrinsic curvature picks a finite jump
from H, which we can calculate as follows:

½Kij� ¼ 2a2minHmaxδij; ð74Þ

½K� ¼ 6Hmax: ð75Þ

Since we have a finite jump in the extrinsic curvature, we
get a surface energy-momentum tensor contribution (69) as

Sij ¼ −
4

κ
a2minHmaxδij: ð76Þ

In GR, this surface energy-momentum tensor would be a
contribution to the ordinary energy momentum tensor;
however, in the case of EMSG, since the Einstein tensor

is sourced by the effective energy momentum tensor
instead, (76) is a contribution to the effective energy-
momentum tensor, i.e., we have a term like

Teff
ij jΣ ¼ δðtÞSij: ð77Þ

This is a surface pressure term that is added to the normally
occurring peff mentioned before. Therefore, the total
effective pressure is singular at Σ. Since the effective
pressure is singular at Σ while the effective density is
finite (which can simply be shown from the Friedmann
equation), the singularity at Σ is a sudden singularity [30].
This type of singularities is known to be weak (and hence
geodesically extendible) according to Tipler and Krolak’s
definitions [31,32] as was shown in [33]. Furthermore, the
geodesic extendibility here would be the same as in the case
considered in [34] since aðtÞ in both cases have the same
Puiseux expansion up to first order in t (for a more detailed
account on the behavior of geodesics according to the
Puiseux expansion of the scale factor, see [35]).
Finally, the solution for the density in the region where

t < 0 can be either branch in (65). So the extended solution
for all t can either be

ρrðtÞ ¼
1

4α

�
1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

�
amin

aðtÞ
�

4

s �
; ð78Þ

or

ρrðtÞ ¼
1

4α

�
1 − sgnðtÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

�
amin

aðtÞ
�

4

s �
; ð79Þ

where aðtÞ is given by (70).
It is important to note that the junction conditions in this

analysis depended only on two features of the solution;
namely, að0Þ ¼ amin and Hð0�Þ ¼ �Hmax, rather than the
full behavior of aðtÞ. These two features are also in the
ðTμνTμνÞn theories with n > 5

8
, and thus they would have

the same junction conditions as in this analysis in terms of
amin and Hmax; the expressions for the latter parameters
depend on the choice of n of course.

VI. CONCLUSION

EMSGwas first proposed as a theory that cures the initial
cosmological singularity, reminiscent of the behavior of
theories like loop quantum gravity. We have shown in this
work that the regular-bouncing solution one can obtain in
such a theory is not viable for our Universe. Instead, the
viable solution branch, while having no curvature singular-
ities, is only valid up to a certain point in the past. This branch
can be joined with its contracting counterpart using the
junction conditions outlined in Sec. V to get a fully extended
solution; however, the onlyway to achieve such an extension
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is by having a (weak) singularity at the junction. In light of
this solution, we see that EMSG can at best provide a
singular-bouncing solution, and thus the similarity to theo-
ries like loop quantum gravity is only superficial.
The singularity in the extended solution—or the geodesic

incompleteness in the nonextended one—suggests that
EMSG needs to be corrected at density scales close to α−1.
This means that EMSG should be interpreted as an effective
field theory, valid only at scales away from α−1, and one
expects new (gravitational) physics to appear at scales at (or
beyond) α−1. While these new physics do not necessarily
have to be quantum, it is more natural to assume that new
gravitational physics arise at the Planck scale, and this
motivates the interpretation of α−1 as the Planck density.
We have also seen that theories that modify GR by

effectively modifying the matter Lagrangian must satisfy
the stringent condition outlined in Sec. IV in order to have a
viable regular-bouncing solution. For the case of ðTμνTμνÞn
generalizations of EMSG, only the n ¼ 5=8 case satisfies
that condition. Aside from bounces, we have shown that
theories with 1=2 < n < 5=8 can provide a viable non-
singular initially de Sitter solution. It would be interesting
to construct arguments similar to those in Sec. IV for more
general theories that have a total Lagrangian of the form
fðR; TμνTμνÞ which would have a more complicated phase-
space structure.
While only studying the cosmological aspects of EMSG,

we have encountered singular points in the matter differ-
ential equations due to the nonlinearities introduced in the
theory; similar singular behavior can occur in any other
physical situation. These singular points can split the phase
space, similar to what happened in the cosmology of
EMSG, which can cause geodesic incompleteness.
Therefore, even for theories that satisfy the condition in
Sec. IV, which was obtained for the case of an isotropic
universe with perfect fluid content, they may not be valid
for all physical scenarios at scales close to their character-
istic density scale (α−1 in the case of EMSG and its
generalizations).
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APPENDIX A: EFFECTIVE
ENERGY-MOMENTUM TENSOR

The ordinary energy momentum tensor is defined as

Tμν ¼ −
2ffiffiffiffiffiffi−gp δð ffiffiffiffiffiffi−gp

LmÞ
δgμν

; ðA1Þ

which gives

Tμν ¼ Lmgμν − 2
∂Lm

∂gμν ; ðA2Þ

and its variation with respect to the metric is

δTσρ

δgμν
¼ −gσμgρνLm þ gσρ

∂Lm

∂gμν − 2
∂2Lm

∂gμν∂gσρ ðA3Þ

¼−gσμgρνLmþgσρ

�
1

2
Lmgμν−

1

2
Tμν

�
−2

∂2Lm

∂gμν∂gσρ ðA4Þ

¼
�
1

2
gσρgμν − gσμgρν

�
Lm −

1

2
Tμνgσρ − 2

∂2Lm

∂gμν∂gσρ : ðA5Þ

If we have a theory with the following total action,

S ¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
1

2κ
Rþ Lm þ FðTσρTσρÞ

�
; ðA6Þ

it will be equivalent to having an effective matter
Lagrangian as

Lm;eff ¼ Lm þ FðTσρTσρÞ: ðA7Þ

Thus, the effective energy momentum tensor will be

Teff
μν ≔ −

2ffiffiffiffiffiffi−gp δð ffiffiffiffiffiffi−gp
Lm;effÞ

δgμν
ðA8Þ

¼ Tμν −
2ffiffiffiffiffiffi−gp δð ffiffiffiffiffiffi−gp

FðTσρTσρÞÞ
δgμν

ðA9Þ

¼ Tμν þ FðTσρTσρÞgμν − 2FT2Θμν; ðA10Þ

where

FT2 ≡ ∂F
∂ðTσρTσρÞ ; ðA11Þ

and

Θμν ≡ δðTσρTσρÞ
δgμν

: ðA12Þ

Now what remains is to calculate Θμν as follows:

Θμν ¼ 2TμσTσ
ν þ 2Tσρ

δTσρ

δgμν
ðA13Þ

¼ 2TμσTσ
ν þ 2Tσρ

��
1

2
gσρgμν − gσμgρν

�
Lm

−
1

2
Tμνgσρ − 2

∂2Lm

∂gμν∂gσρ
�

ðA14Þ
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¼ 2TμσTσ
ν −2Lm

�
Tμν−

1

2
Tgμν

�
−TTμν−4Tσρ ∂2Lm

∂gμν∂gσρ ;
ðA15Þ

where we have used the result of (A5) in the second line.

APPENDIX B: MATTER-RADIATION
FLUID IN EMSG

In EMSG, if we consider a matter-radiation perfect fluid
in FRW spacetime, we can get the individual conservation
equation for each component by applying the results in (17)
on radiation (ω ¼ 1=3) and matter (ω ¼ 0) respectively,
thus we get�
1−4αρr−

7αρm
3

�
ρ0rþ4ρr−8αρ2r −5αρmρr ¼ 0; ðB1Þ

�
1−αρm−

7αρr
3

�
ρ0mþ3ρm−3αρ2m−5αρrρm ¼ 0: ðB2Þ

1. Matter domination

In the case of matter domination, the matter conservation
equation (B2) becomes

ð1 − αρmÞρ0m þ 3ρm − 3αρ2m ¼ 0 ðB3Þ

⇒ ð1 − αρmÞðρ0m þ 3ρmÞ ¼ 0: ðB4Þ

This gives the samebehavior asGR, namely ρmðaÞ¼ρm0a−3,
where ρm0 is the present matter density and the present scale
factor has been set to unity.
The radiation conservation equation (B1) becomes�

1 −
7αρm
3

�
ρ0r þ 4ρr − 5αρmρr ¼ 0; ðB5Þ

which gives the solution

ρrðaÞ ¼ ρr0a−4
�

1 − 7
3
αρm0

1 − 7
3
αρm0a−3

�
13=21

: ðB6Þ

In order for ρr to be real valued, we must have
a ≥ ð7

3
αρm0Þ1=3. Therefore we must have a minimum scale

in this scenario, which is a ¼ ð7
3
αρm0Þ1=3. Notice that ρr

diverges as a → ð7
3
αρm0Þ1=3, while ρm remains finite. Thus,

as we get closer to this minimum scale, the radiation part
dominates, which contradicts our assumption that we are
working in the regime of matter domination. Therefore we
can conclude that this solution, which corresponds to a
matter dominating era, can only be valid at scales much

larger than ð7
3
αρm0Þ1=3. This gives us a hint that matter

dominates away from the early Universe in this theory.

2. Radiation domination

In the case of radiation domination, the conservation
equations for radiation (B1) and matter (B2) respectively
become

ð1 − 4αρrÞρ0r þ 4ρr − 8αρ2r ¼ 0; ðB7Þ
�
1 −

7αρr
3

�
ρ0m þ 3ρm − 5αρrρm ¼ 0: ðB8Þ

These lead to solutions

ρm ¼ ρm0

�
3−7αρr
3−7αρr0

�
15=14

�
1−2αρr0
1−2αρr

�
3=4

�
ρr
ρr0

�
3=4

ðB9Þ

ρr ¼
1

4α

�
1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

�
amin

a

�
4

s �
; ðB10Þ

where amin ≡ ð8αρr0ð1 − 2αρr0ÞÞ1=4, and again we have
solved using the present values for matter ρm0 and radiation
ρr0 while setting the present scale factor a0 to unity. We
note that the use of present values as conditions in this
approximation is still justified since EMSG is expected to
coincide with GR at some point in the early Universe; after
that point the original equations (B1) and (B2) will
decouple anyway and reduce to their GR counterparts,
and hence any condition valid for solving the GR equations
after that point is also valid for EMSG, regardless of what
component dominates at that condition.
We see from (B9) that even at high radiation densities

(ρr ∼ 1
4α), we have

ρm ∼ ρm0

�
ρr
ρr0

�
3=4

; ðB11Þ

which is the same behavior of matter as in GR. Therefore
the mere requirement that EMSG coincides with GR before
the end of the standard radiation dominated era, which is
required in order for EMSG to be cosmologically viable, is
sufficient for having early-time radiation domination in
EMSG. For example, the consistency of EMSG with GR
was checked in [15] where they constrained the parameter α
from neutron star observations; their constraint translates to
our definition for α (which differs from theirs by a factor of
−1=2) as

0 ≤ α≲ 10−38 erg−1 cm3; ðB12Þ

where we only quoted the α ≥ 0 part of the constraint as it
is the one relevant in our case. They then showed that under
the upper bound of this constraint, radiation cosmology in
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EMSG is consistent with standard cosmology up to
energy-density scales as high as 10−34 erg cm−3 and time
scales as early as 10−4 s. Given that, our result in (B9)
shows that matter density values would be the same as

those in GR (corrections would be extremely small due to
the tight constraint on α). This automatically means that
radiation dominates in the early Universe in EMSG as it
does in GR.
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