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We investigate models of stationary, self-gravitating, perfect-fluid tori (disks) rotating around black
holes, focusing on geometric properties of spacetime. The models are constructed within the general-
relativistic hydrodynamics, assuming differential (Keplerian) rotation of the fluid. We discuss a parametric
bifurcation occurring in the solution space, different possible configurations of ergoregions (including
toroidal ergoregions associated with the tori), and nonmonotonicity of the circumferential radius, as well as
the impact of the torus gravity on the location of the innermost stable circular orbit.
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I. INTRODUCTION

The motivation for studying stationary self-gravitating
gaseous tori (disks) around black holes is twofold. On one
hand, there is the observational context. Compact tori can
form around black holes in a number of astrophysical
scenarios, including the gravitational collapse of a super-
massive star [1,2] or the merger of binary systems consisting
of a black hole and a neutron star or two neutron stars [3].
The latter are particularly interesting due to the recent
detection of gravitational waves attributed to a binary
neutron star merger [4]. The tori formed in these events
exist for a limited time, which however can be much larger
than the dynamical timescale characteristic for such systems.
On the other hand, there is a clear theoretical context.

Solutions of the Einstein equations representing self-
gravitating tori around black holes provide realistic exam-
ples of nonvacuum black-hole spacetimes, which can
exhibit interesting properties.
The general-relativistic formalism describing stationary

perfect-fluid tori around black holes was developed initially
by Bardeen already in the early 1970s [5], but the first
numerical models were constructed in a series of works by
Nishida and Eriguchi [6,7] around the 1990s. The numeri-
cal scheme used in [6,7] is known as the Komatsu-
Eriguchi-Hachisu (KEH) self-consistent field method, as
it is based on earlier works dealing with the structure of
general-relativistic rotating stars [8,9]. In the KEH method,
the main set of Einstein equations is solved using suitable
Green functions. The black hole is introduced assuming
suitable boundary conditions. The conditions adopted in
[6,7] correspond to a Killing horizon, and they were also
derived by Bardeen in [5].
A highly accurate multidomain pseudospectral numeri-

cal scheme was developed by Ansorg and Petroff in

2005 [10]. It was used later to discuss the possibility that
the Komar mass associated with the black hole attains
negative values [11]. In these works the implementation of
the black-hole boundary conditions also followed [5].
A novel approach, adjusted to the puncture formalism

of [12], was presented by Shibata in [13]. The black-hole
horizon was constructed as a marginally outer trapped
surface (MOTS), which in the chosen gauge happened
to be a minimal surface. Our numerical setup follows the
formalism of [13]. It was developed further in three papers
coauthored by two of us [14–16], where we were mostly
focused on the implementation of the Keplerian rotation in
self-gravitating configurations. First stationary solutions
representing magnetized self-gravitating perfect-fluid tori
around black holes were constructed in [17].
Other notable works dealing with stationary, self-

gravitating perfect-fluid tori around black holes
include [18,19].
In this paper, we focus on a collection of interesting

features characteristic for sufficiently massive axially
symmetric perfect-fluid tori rotating around black holes.
Since the theory of self-gravitating, general-relativistic
perfect-fluid tori around black holes is almost intractable
analytically, all these features are demonstrated with
specific numerical solutions. We assume the Keplerian
rotation law introduced in [14,15] and, for simplicity, the
polytropic equation of state.
We start by discussing a bifurcation in the solution space.

We fix black-hole parameters, the polytropic exponent, and
inner and outer coordinate equatorial radii of the torus, as
well as its maximal rest-mass density, and find two solutions
differing in the asymptotic mass. There is a branch of
solutions corresponding to relatively light tori and another
one with the mass of the tori exceeding many times the mass
of the central black hole. An application of Seguin’s linear
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stability condition [20] suggests that solutions belonging to
the massive branch are dynamically unstable.
The next effect has already been discovered by

Labranche, Petroff, and Ansorg for rigidly rotating strange
matter tori (with an equation of state based on the MIT
bag model) and without the central object [21]. It turns out
that, for sufficiently massive tori, the relation between the
coordinate radius and the circumferential radius at the
equatorial plane is not monotonic. There is a local
maximum of the circumferential radius, which occurs
inside the torus. Thus, the largest circle (in the sense of
its circumference) that can be embedded within the torus
is not the outermost one but one located inside the torus.
This also suggests that the proper volume of the torus could
be much bigger than an estimate based on the values of the
torus inner and outer radii. This expectation is confirmed
with numerical examples. Because of the axially symmetric
context we refer to the above effect as the breaking of the
Pappus-Guldinus rule.
Subsequently, we discuss the ergospheres (or rather

ergoregions) in the case with massive tori. It was known
at least since the analysis of [22,23] that a massive, rotating
disk can have its own ergoregion. In [11] Petroff and Ansorg
showed numerical examples of rigidly rotating perfect-fluid
tori around black holes exhibiting two disconnected ergo-
regions: one with the spherical topology, connected with the
black hole, and a toroidal one, associated with the torus.
There is also a parametric transition to the case with a single
ergoregion of spherical topology, encompassing both the
black hole and the torus. In this paper we give examples of
similar behavior for more realistic, Keplerian rotation law
and polytropic equations of state.
The next effect is of physical interest for moderately

heavy toroids. We investigate the location of the innermost
stable circular orbit (ISCO) of a test particle in the obtained
spacetimes. It turns out to be quite sensitive to the self-
gravity of the torus—the discrepancy between the true
location of the ISCO and the corresponding location in the
Kerr spacetime can be non-negligible, even for relatively
light toroids. A sufficiently massive torus can create an
additional region, outside the ISCO, in which the circular
geodesics are unstable. For even heavier tori, there can
occur regions in which no circular geodesic orbits can exist.
Investigating the geodesic motion around distorted black
holes is a natural and active field of research, and focusing
on the location of the ISCO is motivated by the astro-
physical context. An example of a quite general, recent
analysis in this direction is given in [24].
The order of this paper is as follows. The next section

contains a description of the model. We recall the relevant
formulas from [13–15]. The parametric bifurcation is
discussed in Sec. III. In Sec. IV we give examples of
nonmonotonicity of the circumferential radius and discuss
the breaking of the Pappus-Guldinus rule. In Sec. V we
apply Seguin’s linear stability condition to solutions

belonging to both bifurcation branches introduced in
Sec. III. Examples of ergoregions occurring for solutions
with sufficiently massive tori are given in Sec. VI. In
Sec. VII we analyze equatorial, circular geodesics in the
obtained spacetimes, focusing on the location of the ISCO.
Finally, concluding remarks are given in Sec. VIII.

II. STATIONARY TOROIDS AROUND
BLACK HOLES

The formulation used in this paper is based on a scheme
developed in [13] and used (with some modifications) also
in [14–16]. In this section we only give a brief description
of the key elements of the formalism.
Except for few places, we use standard gravitational

system of units with c ¼ G ¼ 1, where c is the speed of
light and G is the gravitational constant. The signature of
the metric is assumed to be ð−;þ;þ;þÞ. In what follows
Greek indices are used to label spacetime dimensions
μ ¼ 0, 1, 2, 3. Spatial dimensions are labeled with Latin
indices i ¼ 1, 2, 3.

A. Euler-Bernoulli equation

We will work in spherical coordinates ðt; r; θ;φÞ. We
assume a stationary, axially symmetric metric of the form

g ¼ gttdt2 þ 2gtφdtdφþ grrdr2 þ gθθdθ2 þ gφφdφ2; ð1Þ

where functions gtt, gtφ, grr, gθθ, and gφφ depend only on r
and θ. When necessary, we will also specialize to the
following quasi-isotropic form

g ¼ −α2dt2 þ ψ4e2qðdr2 þ r2dθ2Þ
þ ψ4r2sin2θðβdtþ dφÞ2: ð2Þ

Both forms of the metric admit two independent
Killing vectors, azimuthal (rotational) and asymptotically
timelike, with contravariant components ημ ¼ ð0; 0; 0; 1Þ
and ξμ ¼ ð1; 0; 0; 0Þ, respectively.
We assume the energy-momentum tensor of the perfect

fluid

Tμν ¼ ρhuμuν þ pgμν; ð3Þ

where ρ is the rest-mass density, h is the specific enthalpy,
p is the thermal pressure, uμ denotes the four-velocity of
the fluid, and gμν is the metric tensor. The four-velocity uμ

is normalized: uμuμ ¼ −1.
In the following, we only consider the simplest sta-

tionary rotation with the four-velocity in the form uμ ¼
ðut; 0; 0; uφÞ ¼ utð1; 0; 0;ΩÞ. The component ut can be
expressed in terms of the angular velocity Ω ¼ uφ=ut as
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ðutÞ2 ¼ −
1

gtt þ 2gtφΩþ gφφΩ2
: ð4Þ

Because of the assumptions of stationarity and axial
symmetry, ut, uφ, ρ, p, and h can only depend on r and θ.
For a barotropic fluid, the conservation equations

∇μðρuμÞ ¼ 0; ∇μTμν ¼ 0 ð5Þ

can be integrated, provided that the angular momentum per
unit inertial mass, j ¼ utuφ, is a function of the angular
velocity Ω only. In this case, one gets (in the region where
ρ > 0)

ln

�
h
ut

�
þ
Z

jðΩÞdΩ ¼ C; ð6Þ

where C denotes an integration constant. We will refer to
Eq. (6) as the Euler-Bernoulli equation.
The solutions of this paper are computed assuming the

Keplerian rotation law

jðΩÞ ¼ a2Ω4=3 þ w4=3ð1 − 3aΩÞð1 − aΩÞ1=3
Ω1=3½1 − a2Ω2 − 3w4=3Ω2=3ð1 − aΩÞ4=3�

¼ −
1

2

d
dΩ

lnf1 − ½a2Ω2 þ 3w4=3Ω2=3ð1 − aΩÞ4=3�g:
ð7Þ

The derivation of this formula and the discussion of its
physical relevance was given in [14,15]. This rotation law
was also used in [16,17]. Here w is a free constant, and a is
a spin parameter of the black hole defined in Sec. II B. The
circular geodesic motion in the equatorial plane of the Kerr
spacetime with the mass m and spin a is characterized by
Eq. (7) with w2 ¼ m. However, in general, w2 ≠ m. The
value of w is obtained by demanding that the inner and
outer equatorial coordinate radii of the disks are given by r1
and r2, respectively. Note that in the Newtonian limit,
Eq. (7) yields Ω ¼ w=ðr sin θÞ3=2.
Given the relation jðΩÞ and the metric, one can compute

the angular velocity Ω by solving the equation

jðΩÞ½α2 − ψ4r2sin2θðΩþ βÞ2� ¼ ψ4r2sin2θðΩþ βÞ; ð8Þ

which is a direct consequence of the definition j ¼ utuφ. In
the following, we assume a convention with Ω > 0. We say
that the torus is corotating, if a > 0, and counterrotating,
for a < 0.
Assuming the above choices, one can write the Euler-

Bernoulli equation (6) as

h
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
α2 − ψ4r2sin2θðΩþ βÞ2

q
× f1 − ½a2Ω2 þ 3w4=3Ω2=3ð1 − aΩÞ4=3�g−1=2 ¼ C0;

ð9Þ

where C0 is a constant.
We assume a polytropic equation of state p ¼ KρΓ,

where K and Γ are constant. The specific enthalpy is then
given by

h ¼ 1þ KΓ
Γ − 1

ρΓ−1: ð10Þ

B. Einstein equations

Although for self-gravitating tori the spacetime metric is
not given by the Kerr solution, the Kerr metric plays an
important role in the following construction. For complete-
ness, we write the Kerr metric in the quasi-isotropic
coordinates of the form (2) [13,25]. Define

rK ¼ r

�
1þm

r
þm2 − a2

4r2

�
; ð11Þ

ΔK ¼ r2K − 2rK þ a2; ð12Þ

ΣK ¼ r2K þ a2cos2θ; ð13Þ

where m and am denote the asymptotic mass and angular
momentum of the Kerr spacetime, respectively. The Kerr
metric can be expressed as

g ¼ −α2Kdt2 þ ψ4
Ke

2qKðdr2 þ r2dθ2Þ
þ ψ4

Kr
2sin2θðβKdtþ dφÞ2; ð14Þ

where

ψK ¼ 1ffiffiffi
r

p
�
r2K þ a2 þ 2ma2

rKsin2θ
ΣK

�
1=4

; ð15Þ

βK ¼ −
2marK

ðr2K þ a2ÞΣK þ 2ma2rKsin2θ
; ð16Þ

αK ¼
�

ΣKΔK

ðr2K þ a2ÞΣK þ 2ma2rKsin2θ

�
1=2

; ð17Þ

eqK ¼ ΣKffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr2K þ a2ÞΣK þ 2ma2rKsin2θ

p : ð18Þ

In the following, we adopt the puncture formalism, as
described by [13]. Let m and a be parameters, correspond-
ing to some Kerr spacetime. We define rs ¼ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 − a2

p
, so

that, for the Kerr metric with the asymptotic massm and the
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asymptotic angular momentum am, the event horizon
would be a sphere r ¼ rs. Returning to the general, self-
gravitating case, we replace the functions ψ and α (the
lapse) by ϕ and B defined by the following relations:

ψ ¼
�
1þ rs

r

�
eϕ; αψ ¼

�
1 −

rs
r

�
e−ϕB: ð19Þ

The shift vector is split in two parts, β ¼ βK þ βT, as
follows. We write the only nonvanishing components of the
extrinsic curvature of the slices of constant time t as

Krφ ¼ Kφr ¼
HEsin2θ
ψ2r2

þ 1

2α
ψ4r2sin2θ∂rβT; ð20Þ

Kθφ ¼ Kφθ ¼
HF sin θ
ψ2r

þ 1

2α
ψ4r2sin2θ∂θβT; ð21Þ

where HE and HF are given, respectively, by

HE ¼ ma½ðr2K − a2ÞΣK þ 2r2Kðr2K þ a2Þ�
Σ2
K

; ð22Þ

HF ¼ −
2ma3rK

ffiffiffiffiffiffiffi
ΔK

p
cos θsin2θ

Σ2
K

: ð23Þ

Equations (20) and (21) can serve as an implicit definition
of βT. It can be checked that for the Kerr spacetime βT ¼ 0.
In a sense, βK is associated with the black hole, while βT
corresponds to the torus.
The Einstein equations can be written as the following

system of equations for the functions q, ϕ, B and βT:

�
∂rr þ

1

r
∂r þ

1

r2
∂θθ

�
q ¼ Sq; ð24aÞ

�
∂rr þ

2r
r2 − r2s

∂r þ
1

r2
∂θθ þ

cot θ
r2

∂θ

�
ϕ ¼ Sϕ; ð24bÞ

�
∂rrþ

3r2þr2s
rðr2−r2s Þ

∂rþ
1

r2
∂θθþ

2cotθ
r2

∂θ

�
B¼SB; ð24cÞ

�
∂rr þ

4r2 − 8rsrþ 2r2s
rðr2 − r2s Þ

∂r þ
1

r2
∂θθ þ

3 cot θ
r2

∂θ

�
βT ¼ SβT ;

ð24dÞ

where

Sq ¼ −8πe2q
�
ψ4p −

ρhu2φ
r2sin2θ

�
þ 3A2

ψ8

þ 2

�
r − rs

rðrþ rsÞ
∂r þ

cot θ
r2

∂θ

�
b

þ
�

8rs
r2 − r2s

þ 4∂rðb − ϕÞ
�
∂rϕþ 4

r2
∂θϕ∂θðb − ϕÞ;

ð25aÞ

Sϕ ¼ −2πe2qψ4

�
ρH − pþ ρhu2φ

ψ4r2sin2θ

�
−
A2

ψ8
− ∂rϕ∂rb

−
1

r2
∂θϕ∂θb −

1

2

�
r − rs

rðrþ rsÞ
∂rbþ cot θ

r2
∂θb

�
;

ð25bÞ

SB ¼ 16πBe2qψ4p; ð25cÞ

SβT ¼
16παe2qjφ
r2sin2θ

− 8∂rϕ∂rβT þ ∂rb∂rβT

− 8
∂θϕ∂θβT

r2
þ ∂θb∂θβT

r2
: ð25dÞ

The equation for βK reads

∂rβK ¼ 2HEBe−8ϕ
ðr − rsÞr2
ðrþ rsÞ7

: ð26Þ

In the above formulas B ¼ eb and

A2 ¼ ðψ2KrφÞ2
r2sin2θ

þ ðψ2KθφÞ2
r4sin2θ

: ð27Þ

In addition

ρH ¼ α2ρhðutÞ2 − p; ð28Þ

jφ ¼ αρhutuφ: ð29Þ

The boundary conditions at r ¼ rs read

∂rq ¼ ∂rϕ ¼ ∂rB ¼ ∂rβT ¼ 0: ð30Þ

Equation (24d) admits a more stringent boundary con-
dition. Following [13] we set βT ¼ O½ðr − rsÞ4�, which is
equivalent to βT ¼ ∂rβT ¼ ∂rrβT ¼ ∂rrrβT ¼ 0 at r ¼ rs.
It can be easily shown that the above conditions

guarantee that the two-surface r ¼ rs embedded in a
hypersurface of constant time Σt is a minimal surface. In
the assumed quasi-isotropic gauge (2) it is also a MOTS or
the so-called apparent horizon [17].
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C. Masses and angular momenta

It is both customary and natural to characterize black-
hole–torus systems by the masses and angular momenta of
their constituents. In this context, the most natural mass
measure is the Arnowitt-Deser-Misner (ADM) asymptotic
mass. For practical reasons, it is not computed in terms of
an asymptotic surface integral. Instead, we compute the
ADM mass as

MADM ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 − a2

p
þM1; ð31Þ

where

M1 ¼ −2
Z

∞

rs

dr
Z

π=2

0

dθðr2 − r2s Þ sin θSϕ ð32Þ

and m is the black-hole mass parameter introduced in
Sec. II B.
The mass of the black hole is given by Christodoulou’s

formula [26]

MBH ¼ Mirr

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ J2H

4M4
irr

s
: ð33Þ

Here JH is the angular momentum of the black hole,

JH ¼ 1

4

Z
π=2

0

dθ

�
r4sin3θψ6∂rβ

α

�
r¼rs

; ð34Þ

and Mirr denotes the so-called irreducible mass, defined as

Mirr ¼
ffiffiffiffiffiffiffiffi
AH

16π

r
; ð35Þ

where AH is the area of the horizon,

AH ¼ 4π

Z
π=2

0

dθðψ4eqr2 sin θÞr¼rs
: ð36Þ

The angular momentum of the torus is defined as

J1 ¼
Z ffiffiffiffiffiffi

−g
p

Tt
φd3x

¼ 4π

Z
∞

rs

dr
Z

π=2

0

dθr2 sin θαψ6e2qρhutuφ: ð37Þ

The above definition corresponds to the Killing vector
ημ ¼ ð0; 0; 0; 1Þ and the conservation law ην∇μTμ

ν ¼
∇μðTμ

νη
νÞ ¼ 0 [5]. The total angular momentum can be

expressed as

J ¼ JH þ J1: ð38Þ

It should be stressed that the value assigned to JH
depends on the assumed boundary conditions at r ¼ rs.
In our case (and in [13]) the condition ∂rβT ¼ 0 at r ¼ rs
implies JH ¼ am. Note that a natural definition of the
black-hole spin would be

â ¼ JH
MBH

¼ am
MBH

: ð39Þ

In general â ≠ a.
The discussion of other mass measures (and the relations

between them) can be found in [13,17].

D. Parametrization of solutions

The whole black-hole torus system is described by
Eqs. (7), (8), (9), (10), (24), and (26). There are a few
ways of parametrizing the solutions of these equations.
Here we follow the choice of [14,15,17]. We specify the
black-hole parameters m and a, the inner and outer
equatorial coordinate radii of the torus r1 and r2, the
polytropic exponent Γ, and the maximal rest-mass density
within the torus ρmax. This means, in particular, that the
constants w in Eq. (7), K in Eq. (10) and C0 in Eq. (9) are
computed together with the solution.

E. Numerical method

The numerical method used in this paper has been
described in detail and tested in [15]. The only change
with respect to the version described in [15] is a replace-
ment of linear algebra routines. The previous version of
the code used LAPACK [27], which is now replaced by the
PARDISO library [28].
In the remaining sections we discuss properties of the

obtained numerical solutions.

III. BIFURCATIONS

The first surprising fact concerning the regime of
massive tori is the parametric bifurcation occurring in
the space of solutions.
It is convenient to parametrize the solutions by speci-

fying the mass and spin parameters of the black hole m
and a, the inner and outer equatorial coordinate radii of
the torus r1 and r2, the polytropic exponent Γ, and the
maximum density within the torus ρmax. One would expect
to control the total asymptotic mass of the systemMADM by
changing the value of ρmax. It turns out that the dependence
of ρmax on MADM is not monotonic. For light tori, ρmax
grows with MADM; it attains a maximum for a sufficiently
large MADM and then decreases with MADM growing
further. The latter is of course highly counterintuitive.
We illustrate this behavior in Figs. 1–4 for a sample of
solutions. The parameters of these solutions are reported in
the captions of the figures. Each point in the graphs shown
in Figs. 1–4 corresponds to a numerical solution. Solutions
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with the same parameters m, a, Γ, r1, and r2 are denoted
with the same shape of points.
The first obvious consequence is that for fixed param-

eters m, a, r1, r2, and Γ, there is a limit on the maximal
allowed density ρmax, for which stationary solutions can
be found.
This behavior can be partially explained by the fact

that r1 and r2 are coordinate radii, devoid of a clear
geometrical meaning. In axial symmetry, the most natural
geometric measure of the distance from the symmetry axis
is probably the so-called circumferential radius—a circle
with a circumference L has a circumferential radius
rc ¼ L=ð2πÞ. The circumferential radius of a circle of
constant t, r and θ in a spacetime with the metric (1) or (2)
is rc ¼ ffiffiffiffiffiffiffigφφ

p ¼ ψ2r sin θ. Also note that rc can be
expressed covariantly in terms of the Killing vector ημ

as rc ¼
ffiffiffiffiffiffiffiffiffi
ημη

μ
p

.
One can check, for the data depicted in Figs. 1–4, that

the circumferential radius corresponding to r2 grows with
increasing MADM (cf. Sec. IV). More importantly, the
proper volume of the torus can also grow with MADM.
In other words, it is possible to obtain a sequence of tori
with a decreasing rest-mass density and increasing mass,
simply because their size is also growing. This is a purely
relativistic effect, absent in the Newtonian model of self-
gravitating Keplerian disks [29]. Sample graphs illustrating
the dependence of the torus proper volume on the total
ADM mass of the system and the outer equatorial circum-
ferential radius of the disk are shown in Figs. 10 and 11,
respectively. The proper volume of the torus is computed as

V ¼ 2π

Z
dr

Z
dθr2 sin θψ6e2q; ð40Þ

where the integrals are taken over the torus region. The
graphs plotted in Figs. 10 and 11 correspond to the data
from Figs. 3 and 4 for the polytropic exponent Γ ¼ 4=3.
Solutions with the largest ρmax were marked with triangles.
The rapid growth of the torus volume coincides approx-
imately with the decrease of the maximum density ρmax.
Note that the proper volume of the torus can grow by
more than 2 orders of magnitude in a series of models with
fixed coordinate inner and outer radii. Further details of
Figs. 10 and 11 will be discussed in Sec. IV.
It should be emphasized that the observed bifurcation

cannot be fully explained by the lack of the geometric

FIG. 2. The same as in Fig. 1. Geometric parameters of the
solutions are r1 ¼ 75, r2 ¼ 100, a ¼ 0, and m ¼ 1. Solid dots
correspond to the polytropic equation of state with Γ ¼ 4=3;
empty circles depict solutions with Γ ¼ 5=3.

FIG. 3. The same as in Fig. 1. Geometric parameters of the
solutions are r1 ≈ 15.8, r2 ≈ 31.6, a ¼ 0, and m ¼ 1. Solid dots
correspond to the polytropic equation of state with Γ ¼ 4=3;
empty circles depict solutions with Γ ¼ 5=3.

FIG. 1. The maximal density ρmax versus the ADM mass
MADM. Geometric parameters of the solutions are r1 ¼ 50,
r2 ¼ 100, a ¼ 0, and m ¼ 1. Solid dots correspond to the
polytropic equation of state with Γ ¼ 4=3; empty circles depict
solutions with Γ ¼ 5=3.
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character of the radii r1 and r2. In Fig. 5 we plot the
maximal density ρmax versus the asymptotic mass MADM
for a collection of solutions with m ¼ 1, a ¼ 0, Γ ¼ 4=3
and fixed circumferential inner and outer radii of the torus:
rc;1 ≈ 100 and rc;2 ≈ 200. Note that the maximal density
ρmax is not monotonic with respect to MADM, and the
bifurcation is still present. The dependence of the torus
proper volume V on the mass MADM for the data from
Fig. 5 is shown in Fig. 12. Not surprisingly, V increases
with MADM, despite fixed rc;1 and rc;2. It can be checked
that for these data MBH also grows with MADM, from the
value MBH ≈ 1.003 to 3.153.

IV. BREAKING OF THE
PAPPUS-GULDINUS RULE

“And I also met a certain number of professors there.
[…] and the other explained to me that inside the globe
there was another globe much bigger than the outer one.”
Jaroslav Hašek, The Good Soldier Švejk and His Fortunes
in the World War, Chap. 4, Švejk thrown out of the lunatic
asylum.
It is common in mathematical relativity to define the

geometric size of an axially symmetric body in terms of
the largest circumference of a circle that can be embedded
within this body. Equivalently, one can search for the
maximum of ημημ in the region occupied by the body [30].
The result can be quite surprising, as the circle with the
largest circumference does not have to be the outermost
one. This is for instance the case of initial data investigated
in [31]. However, spotting such a behavior in more realistic
examples is always surprising. In the context of self-
gravitating stationary fluid disks, such a situation was
observed by Labranche, Petroff, and Ansorg in [21].
Figure 8 in [21] shows the graph of the circumferential
radius versus the proper (geodesic) radial distance at the
equatorial plane of self-gravitating, rigidly rotating perfect-
fluid tori with a strange-matter equation of state [32] and
no black hole in the center. The dependence of rc on the
radial proper distance is not monotonic, and there is a
clear local maximum of the circumferential radius. This
figure is reproduced in [33], p. 148, with added vertical
lines marking the locations of the inner and outer edges of
the tori. Clearly, the local maxima of the circumferential

FIG. 5. The same as in Fig. 1. Geometric parameters of the
solutions are rc;1 ≈ 100, rc;2 ≈ 200, a ¼ 0, m ¼ 1, and Γ ¼ 4=3.
Note that instead of fixing coordinate radii r1 and r2, we fix their
circumferential values rc;1 and rc;2.

FIG. 6. The circumferential radius rc versus the coordinate
radius r forMADM ≈ 2.00 (solid line) andMADM ≈ 12.77 (dashed
line). Other parameters of the solutions are r1 ≈ 23.7, r2 ≈ 31.6,
a ¼ 0, m ¼ 1, and Γ ¼ 4=3. The area between r1 and r2 is
marked in gray.

FIG. 4. The same as in Fig. 1. Geometric parameters of the
solutions are r1 ≈ 23.7, r2 ≈ 31.6, a ¼ 0, and m ¼ 1. Solid dots
correspond to the polytropic equation of state with Γ ¼ 4=3;
empty circles depict solutions with Γ ¼ 5=3.
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radius occur within the tori, meaning that the circles with
the largest circumferences are not the outermost ones.
In Figs. 6–9 we show a similar behavior for our

solutions. Since in our case a black hole is present, we
simply plot the relation between the circumferential radius
rc and the coordinate radius r at the equatorial plane. For
clarity, the region between r1 and r2 is marked in gray.
The above behavior suggests that the volume of massive

disks could be much larger than one could expect basing on
the values of the outer circumferential radius of the torus.
Because of the axially symmetric context, we will refer
to this effect as breaking of the Pappus-Guldinus rule

(theorem). In Euclidean geometry there are two famous
theorems on solids of revolution attributed to Pappus of
Alexandria and Paul Guldin [34,35]. The first yields the
area of the surface of a solid of revolution. The second,
which is of our interest here, states that the volume of a
solid of revolution, obtained by rotating a plane figure F
with a surface A about an external axis, can be expressed as

VE ¼ Ad; ð41Þ

where d is the distance traveled by the geometric center
of F. For instance, in Euclidean geometry the volume of a
proper torus (obtained by rotating a circle about an external
axis) can be expressed as

VE ¼ 2π
r1 þ r2

2
π

�
r2 − r1

2

�
2

¼ π2

4
ðr1 þ r2Þðr2 − r1Þ2;

ð42Þ

where r1 and r2 denote the torus inner and outer radius,
respectively.
In the examples shown in Figs. 10 and 11 we compute

the Euclidean volume VE given by Eq. (42), assuming in
place of r1 and r2 the inner and outer circumferential radii
rc;1 and rc;2 of the obtained toroidal fluid configuration,
and then compare the result with the true proper volume V
given by Eq. (40). Figures 10 and 11 show both volumes V
and VE plotted against the mass MADM and the outer
circumferential radius rc;2, respectively. The logic behind
this comparison is as follows. Firstly, we observe that the
meridional cross sections of massive tori are approximately
circular. Secondly, we imagine that for some reason an
observer gathers information about the size of the torus in

FIG. 7. The same as in Fig. 6. Geometric parameters of the
solutions are r1 ≈ 23.7, r2 ≈ 31.6, a ¼ 0, m ¼ 1, and Γ ¼ 5=3.
Again, the area between r1 and r2 is marked in gray.

FIG. 8. The same as in Fig. 6. Geometric parameters of the
solutions are r1 ≈ 15.8, r2 ≈ 31.6, a ¼ 0, m ¼ 1, and Γ ¼ 4=3.
Again, the area between r1 and r2 is marked in gray.

FIG. 9. The same as in Fig. 6. Geometric parameters of the
solutions are r1 ≈ 15.8, r2 ≈ 31.6, a ¼ 0, m ¼ 1, and Γ ¼ 5=3.
Again, the area between r1 and r2 is marked in gray.

DYBA, KULCZYCKI, and MACH PHYS. REV. D 101, 044036 (2020)

044036-8



terms of its “external” geometric characteristics—for
instance the inner and outer circumferential radii. In this
case expression (42) can serve as a natural scale of the
volume associated with the system. The results shown in
Figs. 10 and 11 mean that the massive tori are in fact much
larger (in the sense of the proper volume) than they appear

from the outside. The proper volume V is smaller than VE
given by Eq. (42) only for light tori, which are also
geometrically thin.
Perhaps the most clear illustration of the above effect is

given in Fig. 12, where we plot the proper volume V for a
collection of tori with fixed circumferential radii rc;1 and
rc;2 and a growing mass MADM. A fixed value of VE

computed according to Eq. (42) is denoted with a hori-
zontal line.
Strictly speaking, the term “breaking of the Pappus-

Guldinus rule” should apply to a deviation from Eq. (41)
rather than Eq. (42). In other words, one could compute the
exact proper area of the meridional cross section of a
toroidal body, define the geometric center of this cross
section (this is of course ambiguous), and compare the
proper volume V of the whole body with VE given by
Eq. (42). On the other hand, for our tori, the proper area of
the meridional cross section is not a measurable quantity,
whereas circumferential radii rc;1 and rc;2 could, in prin-
ciple, be measured. A comparison of V with VE given by
Eq. (42) serves as a poor-man approach to the breaking of
the Pappus-Guldinus theorem.
The fact that the volume of bodies in general relativity

can be much larger than it is suggested by their external size
measures is a well-known result in spherical symmetry
[31,36]. As far as we know, in spherical symmetry this
effect is present for bodies contained within the apparent
horizon. In contrast to that, the tori discussed in this paper
are located outside the horizon.
In Figs. 10 and 11, in addition to triangles marking the

solutions characterized by the largest value of ρmax, we
have also drawn small squares denoting the least massive

FIG. 11. The same data as in Fig. 10. The volumes V and VE are
plotted against the outer equatorial circumferential radius of the
torus rc;2. Both volumes grow asymptotically as r3c;1.

FIG. 12. The proper volume of the torus V and the Euclidean
volume VE versus the asymptotic mass MADM for solutions with
rc;1 ≈ 100, rc;2 ≈ 200, a ¼ 0, m ¼ 1, and Γ ¼ 4=3. The Euclid-
ean volume VE is computed according to Eq. (42) (see the
discussion in text).

FIG. 10. The proper volume of the torus V and the Euclidean
volume VE versus the asymptotic mass MADM for two classes of
solutions with r1 ≈ 15.8 and r1 ≈ 23.7. Other parameters of the
solutions are r2 ≈ 31.6, a ¼ 0, m ¼ 1, and Γ ¼ 4=3. The Euclid-
ean volume VE is computed according to Eq. (42) (see the
discussion in text). Squares represent solutions with the lowest
mass for which a nonmonotonic behavior of rc with respect to r
has been observed. Triangles denote solutions with maximal
values of ρmax.
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solutions for which the relation between the circumferential
radius rc and the coordinate radius r at the equatorial plane
ceases to be monotonic. There seems to be no direct
correlation between maximizing ρmax and nonmonotonicity
of rc with respect to r.

V. LINEAR STABILITY: SEGUIN’S CONDITION

A natural question in the context of bifurcations
described in Sec. III concerns the dynamical stability of
solutions belonging to different branches on the bifurca-
tion diagram. In many cases characterized by similar
bifurcation diagrams the two bifurcation branches are
distinguished by some kind of their stability properties. In
our case, one could suspect a dynamical instability of
solutions belonging to the massive branch, although this
does not have to be a rule. In [37] a similar bifurcation
pattern was observed in the model of general-relativistic,
spherically symmetric accretion of the self-gravitating
perfect fluid on a spinless black hole. Results of [38]
suggests that solutions belonging to both bifurcation
branches in this problem—the low-mass branch and the
massive one—are similarly stable.
A detailed study of the nonlinear dynamical stability of

our solutions is clearly beyond the scope of this paper.
Instead, we apply a criterion derived by Seguin in [20].
It results from a linear stability analysis of differentially
rotating stationary fluid configurations against axially
symmetric perturbations of the four-velocity and thermo-
dynamic variables (the metric is assumed to remain
unperturbed). Seguin’s condition is a necessary condition
for the linear stability; it follows from the standard Fourier
analysis and is understood as a requirement of the absence
of exponentially growing modes. In the notation of our
paper Seguin’s condition can be expressed as

γ ·∇L ≥ 0; ð43Þ

where

γ ¼ ð1þΩjÞ2f2ðΩþ βÞ½∇ lnðψ2r sin θÞ −∇ ln α�
þ ð1þ v2Þ∇βg

¼ 1

ð1 −ΩLÞ2
�
v2

L2
∇L −∇Ω

�

and L denotes the specific angular momentum defined as

L ¼ −
ημuμ
ξνuν

¼ −
uφ
ut

¼ j
1þΩj

:

Here

v2 ¼ r2ðβ þΩÞ2ψ4sin2θ
α2

;

and ∇ is the so-called “flat” gradient operator. This is a
standard notation in the relativistic theory of rotating fluids,
dating back at least to [5]. For any function X, the quantity
∇X ·∇L is computed as

∇X ·∇L ¼ ∂rX∂rLþ 1

r2
∂θX∂θL:

In the computation of the left-hand side of (43) one has
X ¼ lnðψ2r sin θÞ, ln α, β, or X ¼ L and X ¼ Ω.
For technical simplicity, we only evaluate condition (43)

in the bulk of the torus, excluding some small surface layer.
This is because the computation of Ω is practically reduced
to the torus region, and the evaluation of (43) requires a
computation of spatial derivatives of Ω.
The results provided by Seguin’s condition essentially

agree with saying that the solutions belonging to the
massive branches depicted on bifurcation diagrams shown
in Figs. 1–5 appear to be unstable. To avoid potential issues
connected with the differentiability of Ω at the surface of
the torus, we calculated the left-hand side of Eq. (43) within
the tori, excluding two grid points (in the radial direction)
adjacent to the surface of the torus. The results are collected
in Table I. For each series of solutions with a fixed
polytropic exponent Γ shown in Figs. 1–5 we give the
limiting asymptotic massMSeg

ADM such that condition (43) is
satisfied for solutions with MADM ≤ MSeg

ADM, and it breaks
for solutions with MADM > MSeg

ADM. For comparison, we
also give the asymptotic mass of the system Mbif

ADM
corresponding to the maximum value of ρmax for a given
series of solutions (Mbif

ADM divides the solutions into the
low-mass branch and the massive branch). In all cases
solutions with sufficiently light tori satisfy Seguin’s con-
dition, while sufficiently massive solutions appear to be
linearly unstable.

VI. ERGOREGIONS

An ergoregion (or traditionally an ergosphere) is defined
as a region outside the black-hole horizon, where the

TABLE I. The limiting massesMSeg
ADM andMbif

ADM for sequences
of solutions depicted in Figs. 1–5. Each sequence is identified by
the corresponding figure number and the polytropic exponent Γ.

Fig. no. Γ Mbif
ADM MSeg

ADM

1 4=3 27.87 27.87
1 5=3 29.27 30.73
2 4=3 27.87 35.57
2 5=3 29.27 39.22
3 4=3 9.53 7.47
3 5=3 10.01 8.23
4 4=3 10.01 10.51
4 5=3 10.51 11.58
5 4=3 51.01 34.84
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Killing vector ξμ, which is asymptotically timelike (i.e.,
ξμξ

μ < 0), becomes spacelike (ξμξμ > 0). For the Killing
vector ξμ ¼ ð1; 0; 0; 0Þ and metrics (1) or (2) this actually
means that

gμνξμξν ¼ gtt ¼ −α2 þ ψ4r2sin2θβ2 > 0: ð44Þ

A surface defined by the condition ξμξ
μ ¼ 0 is usually

called an ergosurface.
If the disk (torus) is relatively light, the only ergoregion

in the black-hole–torus system is connected with the central
black hole, and it deviates very slightly from the ergoregion
of the Kerr black hole. This can change for massive tori.
In [11] Ansorg and Petroff gave numerical examples of
constant energy density tori, rigidly rotating around spin-
ning black holes, with ergoregions of different topologies.
A massive torus can create its own toroidal ergoregion, in
addition to the one connected with the central black hole.
This toroidal ergoregion grows with the increasing mass
of the torus, and it can encompass the entire torus. If the
torus is sufficiently massive and compact, the two

ergoregions—that of the torus and of the black hole—
can merge. We recover this behavior in our models of
differentially rotating, polytropic tori. To the best of our
knowledge, very few authors have investigated this or
similar effects so far. In [39] Chruściel, Greuel, Meinel, and
Szybka analyzed the regularity of the ergosurface in the
vacuum region (the analysis is based on the Ernst equation).
In particular, motivated by Ansorg and Petroff results, they
discuss the coalescence of two ergosurfaces. A toroidal
ergoregion around a black hole was also observed for
configurations of self-gravitating scalar fields in [40].
Parameters of our solutions, illustrating different pos-

sible configurations of ergoregions, are collected in
Table II. All these solutions have been obtained assuming
the polytropic equation of state with the exponent Γ ¼ 4=3
and the Keplerian rotation law (7). We set the black-hole
parameters m ¼ 1 and a ¼ 0.96.
Solution E1 is depicted in Fig. 13. It corresponds to a

standard case with a single Kerr-like ergoregion connected
with the rotating black hole. Here the total asymptotic mass
is already large: MADM ¼ 8.00. The mass of the black hole
reads MBH ¼ 1.03. Increasing the total ADM mass to
MADM ¼ 12.00, we obtained a configuration (labeled as
E2 in Table II) with two disconnected ergoregions—one

TABLE II. Solutions with different ergoregion configurations.
Subsequent columns contain (from the left to the right): solution
number, the total asymptotic mass MADM, the black-hole mass
MBH, the inner radius of the torus r1, the outer radius of the torus
r2, the radius of the ergoregion corresponding to the black hole
rergBH, the inner radius of the ergoregion connected with the torus
rergT1, the outer radius of the ergoregion connected with the torus
rergT2, and the maximal rest-mass density within the torus ρmax.
All radii r1, r2, rergBH, rergT1, and rergT2 are defined as coordinate
radii at the equatorial plane. The solutions were obtained
assuming m ¼ 1, a ¼ 0.96, and Γ ¼ 4=3.

No. MADM MBH r1 r2 rergBH rergT1 rergT2 ρmax

E1 8.00 1.03 6.7 20.8 0.62 � � � � � � 8.7 × 10−4

E2 12.00 1.06 6.7 20.8 0.49 7.70 14.8 7.0 × 10−4

E3 20.00 1.17 6.7 20.8 0.35 4.28 21.6 4.3 × 10−4

E4 4.00 1.03 2.0 3.1 � � � � � � 4.4 5.4 × 10−2

FIG. 13. Solution E1 from Table II. The ergoregion is marked
in gray. Black color marks the region inside the horizon. Broken
density isolines correspond to ρ ¼ 8 × 10i, i ¼ −10;−9;…;−4.

FIG. 14. Solution E2 from Table II. The ergoregions are marked
in gray. Black color marks the region inside the horizon. Broken
density isolines correspond to ρ ¼ 6 × 10i, i ¼ −10;−9;…;−4.

FIG. 15. Solution E3 from Table II. The ergoregions are marked
in gray. Black color marks the region inside the horizon. Broken
density isolines correspond to ρ ¼ 4 × 10i, i ¼ −10;−9;…;−4.

SELF-GRAVITATING PERFECT-FLUID TORI AROUND BLACK … PHYS. REV. D 101, 044036 (2020)

044036-11



surrounding the black hole and a toroidal one, corres-
ponding to the torus. Both these ergoregrions are shown
in Fig. 14.
Increasing the ADM mass even further, to MADM ¼

20.00, we obtained solution E3 with the toroidal compo-
nent of the ergoregion encompassing the matter torus; this
solution is shown in Fig. 15.
Similarly to the solution discussed by Ansorg and Petroff

in [11], it is also possible to obtain a stationary configu-
ration with a single ergoregion encompassing both the
black hole and the torus and the ergosurface of spherical
topology. We obtain such a solution assuming an extremely
compact configuration—the inner and outer coordinate
radii of the torus read r1 ¼ 2.0 and r2 ¼ 3.1, respectively.
This solution, denoted as E4 in Table II, is shown in Fig. 16.
All tori E1–E4 are dense. Translating the maximal

densities of the tori reported in Table II into physical units
(say SI units) is simple, but it requires breaking of the
scaling symmetry inherent to the equations describing the
stationary black-hole–torus system. This can be done, for
instance, by specifying the mass of the central black hole
or the black-hole mass parameter m. Sample values of
the maximal densities of the tori expressed in kg=m3 for
m ¼ ð1; 10; 50; 106; 109ÞM⊙ are collected in Table III. For
stellar mass black holes we get the maximal densities
comparable to those occurring in the centers of neutron
stars. For supermassive black holes this density is compa-
rable to the density of the air.
It is possible to obtain massive tori with small densities,

provided that their volumes are sufficiently large. Examples

of such solutions were discussed in Sec. III. These solutions
can also exhibit disconnected ergoregions, similar to the
ones shown in Figs. 14 and 15.
We should also note that all solutions E1–E4 discussed

in this section are sufficiently massive, and none of them
satisfies Seguin’s linear stability condition (43).

VII. CIRCULAR GEODESICS

In this section we study circular geodesics in the
equatorial planes of the obtained spacetimes. In particular,
we focus on the location of the ISCO, which can be thought
of as another quantity characterizing black-hole space-
times. It is usually discussed for the case of the Kerr metric,
but it can be also computed for a general axially symmetric
metric of the form (1). The relevant formulas can be found
for example in [41]. We repeat a few of them here, mainly
for completeness. We treat the structure of circular, equa-
torial geodesics as a probe of the obtained spacetimes, in
particular in the context of those geodesic orbits which are
contained within the torus (disk).
Consider a circular geodesic at the equatorial plane

(θ ¼ π=2) in the spacetime endowed with the metric (1).
The corresponding angular velocity Ω ¼ uφ=ut can be
easily found from the geodesic equation. One gets

Ω ¼
−∂rgtφ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð∂rgtφÞ2 − ∂rgtt∂rgφφ

q
∂rgφφ

; ð45Þ

where the plus and minus signs correspond to prograde and
retrograde orbits, respectively.
In order to recall the basics of the stability analysis of

circular geodesics, we consider a more general case of a
geodesic motion with a potentially nonzero radial compo-
nent ur. The existence of two Killing vectors ξμ and ημ

implies the existence of two constants of motion: e ¼
−ξμuμ ¼ −ut and l ¼ ημuμ ¼ uφ (we adopt the sign con-
vention after [42]). It is a trivial exercise to show that the
geodesic equation uμ∇μuν ¼ 0 ensures that uμ∇μe ¼ 0 and
uμ∇μl ¼ 0. The normalization of the four-velocity yields

grrðurÞ2 ¼ −1þ e2

g2

�
gφφ þ 2gtφ

l
e
þ gtt

�
l
e

�
2
�

≡ −UðrÞ; ð46Þ

TABLE III. Maximal densities within the torus for solutions reported in Table II. The columns report rest-mass densities in kg=m3,
assuming the black-hole mass parameter m ¼ ð1; 10; 50; 106; 109ÞM⊙. Here M⊙ ¼ 1.988 × 1030 kg.

No. ρmaxðm ¼ 1M⊙Þ ρmaxðm ¼ 10M⊙Þ ρmaxðm ¼ 50M⊙Þ ρmaxðm ¼ 106M⊙Þ ρmaxðm ¼ 109M⊙Þ
E1 5.4 × 1017 5.4 × 1015 2.2 × 1014 5.4 × 105 5.4 × 10−1

E2 4.4 × 1017 4.4 × 1015 1.7 × 1014 4.4 × 105 4.4 × 10−1

E3 2.6 × 1017 2.6 × 1015 1.1 × 1014 2.6 × 105 2.6 × 10−1

E4 3.4 × 1019 3.4 × 1017 1.3 × 1016 3.4 × 107 3.4 × 101

FIG. 16. Solution E4 from Table II. The ergoregion is marked
in gray. Black color marks the region inside the horizon. Broken
density isolines correspond to ρ ¼ 5 × 10i, i ¼ −8;−7;…;−2.
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where g2 ¼ g2tφ − gttgφφ. For a circular orbit ur ¼ 0, and
hence UðrÞ ¼ 0. The derivative dUðrÞ=dr computed at a
zero of UðrÞ reads

dUðrÞ
dr

¼ 1

g2

�
dg2
dr

− e2
�
∂rgφφ þ 2∂rgtφ

l
e

þ ∂rgtt

�
l
e

�
2
��

: ð47Þ

The conditions UðrÞ ¼ 0 and dUðrÞ=dr ¼ 0 yield the
parameters of circular geodesic orbits. For circular orbits,
the constants of motion e2 and l=e can be expressed in
terms of Ω as

l
e
¼ −

gtφ þ gφφΩ
gtt þ gtφΩ

ð48Þ

and

e2 ¼ ðgtt þ gtφΩÞ2
−gtt − 2gtφΩ − gφφΩ2

: ð49Þ

Equations (48) and (49) follow directly from the normali-
zation condition uμuμ ¼ −1 and the definitions of e and l.
Inserting these expressions in Eq. (46) yields UðrÞ ¼ 0.
Analogously, inserting them in Eq. (47) yields a condition
for Ω equivalent to Eq. (45).
In order for a circular orbit to be stable against radial

perturbations, it is necessary that d2UðrÞ=dr2 > 0. The
second derivative d2UðrÞ=dr2 computed for a circular
geodesic, i.e., for UðrÞ ¼ 0, dUðrÞ=dr ¼ 0, reads

d2UðrÞ
dr2

¼ 1

g2

�
d2g2
dr2

− e2
�
∂rrgφφ þ 2∂rrgtφ

l
e

þ ∂rrgtt

�
l
e

�
2
��

; ð50Þ

and of course, in order to check the stability of a given
geodesic with a prescribed radius r, one has to insert in
this formula expressions (48) and (49) and substitute
Eq. (45) for Ω. The condition for the ISCO is obtained
as d2UðrÞ=dr2 ¼ 0, and its location in the Kerr spacetime
is a standard textbook result.
It is, however, illustrative to observe the behavior of the

potential UðrÞ for different orbits. We plot a couple of
examples in Fig. 17 and also Figs. 23–25. The graphs in
these plots are parametrized by the location of the circular
geodesic orbit. Technically, we start by fixing the radius r0
of an orbit and compute the corresponding angular velocity
Ω from Eq. (45). Then, for r ¼ r0 and the computed value
of Ω, we get the constants e2 and l=e from Eqs. (48)

and (49). These constant values are then assumed in
expression (46) for the potential UðrÞ. This means, of
course, that Uðr0Þ ¼ 0 and dUðr0Þ=dr ¼ 0.
Figure 17 depicts the potentials UðrÞ computed analyti-

cally for four prograde circular orbits with coordinate radii
r0 ¼ 2.5, 2.7713, 3.1, and 3.4 at the equatorial plane in the
Kerr spacetime with m ¼ 1 and a ¼ 0.6. We use quasi-
isotropic coordinates. The ISCO is located at r ≈ 2.7713.
As expected, the orbits with r ⪆ 2.7713 are stable in the
sense discussed above.
Figures 18–20 depict the quantity

XðrÞ ¼ g2
d2UðrÞ
dr2

; ð51Þ

computed for circular geodesics, as described below
Eq. (50). In Figs. 18 and 19 we draw XðrÞ for prograde
orbits in the Kerr spacetime with m ¼ 1 and a ¼ 0.6,

FIG. 17. The potential UðrÞ for four circular prograde geo-
desics in the Kerr spacetime (in quasi-isotropic coordinates) with
m ¼ 1 and a ¼ 0.6. The ISCO is located at r0 ≈ 2.7713. The
graphs correspond to four circular geodesics with radii r0 ¼ 2.5,
2.7713, 3.1, 3.4.

FIG. 18. The function XðrÞ for the Kerr solution and five
additional solutions (I1–I5) with m ¼ 1, a ¼ 0.6, Γ ¼ 4=3, r1 ¼
2.9, r2 ¼ 18.1, and different asymptotic masses MADM ¼ 1.05,
1.1, 1.2, 1.3, 1.4.
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i.e., for the case illustrated already in Fig. 17, but also
for a collection of solutions with relatively light tori,
characterized by the following parameters: m ¼ 1 and
a¼0.6, Γ¼4=3, r1¼2.9, r2 ¼ 18.1, and MADM ¼ 1.05,
1.1, 1.2, 1.3, 1.4. As expected, for the Kerr solution we
have XðrÞ ¼ 0 (ISCO) for r ≈ 2.7713. Figure 19 illustrates
the deviation of location of the ISCO from the value

characteristic for the Kerr spacetime. Similar data obtained
for a larger set of solutions are collected in Table IV.
Note that although the coordinate radius of the ISCO

rISCO can both grow or decrease with the increasing mass of
the torus, the circumferential radius of the ISCO rc;ISCO
grows with the mass of the torus for all sets of solutions
given in Table IV.
If the torus is sufficiently massive, XðrÞ can have more

zeros. There is a zero corresponding to the ISCO (close
to the black hole), but there can also be a region with
XðrÞ < 0 (unstable geodesics) in the vicinity of the torus.
This behavior is illustrated in Fig. 20. For even more
massive tori, one can observe a region (inside the torus),
in which the expression ð∂rgtφÞ2 − ∂rgtt∂rgφφ in Eq. (45)
becomes negative, and consequently no circular geodesics
exist. A hand-waving explanation of this fact would be to
say that in this region the gravity of the torus is larger than
that of the black hole, and the net gravitational force cannot
act as a centripetal one for the circular geodesic motion. In
this case the matter in the torus can still rotate due to the
existence of the pressure gradient. Another illustration of
this effect can be given by computing the square of the
linear velocity for the circular geodesic motion

TABLE IV. Locations of the ISCO for a collection of numerical solutions. From left to right the columns report: solution number, the
polytropic exponent Γ, the black-hole spin parameter a, the mass of the black hole MBH, the inner coordinate radius of the torus r1, the
inner circumferential radius of the torus rc;1, the outer coordinate radius of the torus r2, the outer circumferential radius of the torus rc;2,
the coordinate radius of the ISCO rISCO, and the circumferential radius of the ISCO rc;ISCO. The last column reports whether a given
solution satisfies Seguin’s stability condition (43). All solutions were obtained assuming m ¼ 1. For solutions I1–I8, the spatial grid
resolution around the ISCO is Δr ≈ 0.015; for solutions I9–I12 it is Δr ≈ 0.0063; and in the case of solutions I13–I20 it is Δr ≈ 0.022.
For reference, the circumferential radius of the ISCO in the Kerr spacetime withm ¼ 1, a ¼ 0.6 is rc;ISCO ≈ 3.90; form ¼ 1, a ¼ 0.96 it
is rc;ISCO ≈ 2.31; and for m ¼ 1, a ¼ 0.1 it is rc;ISCO ≈ 5.67.

No. Γ a MBH MADM r1 rc;1 r2 rc;2 rISCO rc;ISCO Cond. (43)

I1 4=3 0.60 1.003 1.050 2.90 4.05 18.10 19.18 2.80 3.95 Yes
I2 4=3 0.60 1.005 1.100 2.90 4.07 18.10 19.23 2.81 3.98 Yes
I3 4=3 0.60 1.011 1.200 2.90 4.12 18.10 19.35 2.86 4.07 No
I4 4=3 0.60 1.017 1.300 2.90 4.16 18.10 19.46 2.92 4.18 No
I5 4=3 0.60 1.023 1.400 2.90 4.21 18.10 19.58 3.00 4.31 No
I6 4=3 0.60 1.029 1.500 2.90 4.26 18.10 19.69 3.09 4.46 No

I7 4=3 0.60 1.011 1.200 3.01 4.22 18.10 19.35 2.86 4.07 Yes
I8 4=3 0.60 1.010 1.200 3.51 4.72 18.10 19.35 2.84 4.05 Yes

I9 4=3 0.96 1.001 1.300 6.70 7.97 20.80 22.18 0.82 2.32 Yes
I10 4=3 0.96 1.001 1.500 6.70 8.10 20.80 22.42 0.81 2.32 Yes
I11 4=3 0.96 1.003 2.000 6.70 8.43 20.80 23.02 0.81 2.34 Yes
I12 4=3 0.96 1.005 3.000 6.70 9.14 20.80 24.25 0.80 2.39 Yes

I13 4=3 0.10 1.004 1.050 4.81 5.89 20.80 21.87 4.65 5.73 Yes
I14 4=3 0.10 1.009 1.100 4.81 5.91 20.80 21.93 4.70 5.81 Yes
I15 4=3 0.10 1.018 1.200 4.81 5.97 20.80 22.04 4.81 5.97 Yes
I16 4=3 0.10 1.027 1.300 4.81 6.03 20.80 22.16 4.96 6.19 No

I17 5=3 0.10 1.004 1.050 4.81 5.88 20.80 21.87 4.65 5.73 Yes
I18 5=3 0.10 1.008 1.100 4.81 5.91 20.80 21.93 4.70 5.80 Yes
I19 5=3 0.10 1.016 1.200 4.81 5.96 20.80 22.05 4.76 5.91 Yes
I20 5=3 0.10 1.024 1.300 4.81 6.01 20.80 22.17 4.87 6.08 No

FIG. 19. The same as in Fig. 18. The function XðrÞ is plotted in
the neighborhood of the ISCO.
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v2 ¼ ðgtφ þ gφφΩÞ2
g2

; ð52Þ

where Ω is given by Eq. (45). This velocity drops to zero at
the boundary of the region, where the circular geodesics
cease to exist. A graph of v2 corresponding to solutions
depicted in Fig. 20 is shown in Fig. 21.
Let us also remark that a necessary condition for a

geodesic to be timelike is that v2 < 1. We have, in fact, the
standard relation

ðαutÞ2 ¼ 1

1 − v2
; ð53Þ

where α denotes the lapse function (α2 ¼ g2=gφφ). An
elementary calculation shows that, for v2 ¼ 1, one has

gtt þ 2gtφΩþ gφφΩ2 ¼ 0; ð54Þ

and the corresponding geodesic is null. Such circular
photon orbits can also be created inside extremely massive
disks (tori). An example of two circular photon orbits
occurring inside the torus is depicted in Fig. 22.
In Figs. 23–25 we show sample graphs of the potential

UðrÞ for a collection of circular geodesics close to three
zeros of XðrÞ for a solution with m ¼ 1, a ¼ 0.96,
r1 ¼ 6.7, r2 ¼ 20.8,MADM ¼ 1.5, and Γ ¼ 4=3. The zeros
of XðrÞ are located at r ¼ 0.81, 8.29, 9.37. These graphs
can be compared with Fig. 17.

FIG. 21. The square of linear velocity v2 associated with
circular geodesics for four solutions with m ¼ 1, a ¼ 0.96,
Γ ¼ 4=3, r1 ¼ 6.7, r2 ¼ 20.8, and different asymptotic masses
MADM ¼ 1.3, 1.5, 2,3.

FIG. 22. The square of linear velocity v2 associated with
circular geodesics for two solutions with the following param-
eters: m ¼ 1, a ¼ 0, Γ ¼ 4=3, r1 ¼ 50, r2 ¼ 100, and different
asymptotic masses MADM ≈ 28 and MADM ≈ 50. The limit v2 ¼
1 corresponds to circular photon orbits. The region between r1
and r2 is marked in gray.

FIG. 23. The potential UðrÞ for four circular prograde geo-
desics in the spacetime corresponding to a solution with m ¼ 1,
a ¼ 0.96, and MADM ¼ 1.5. The ISCO is located at r0 ≈ 0.81.
The graphs correspond to four circular geodesics with radii
r0 ¼ 0.66, 0.81, 0.96, 1.06.

FIG. 20. The function XðrÞ for 4 solutions with m ¼ 1,
a ¼ 0.96, Γ ¼ 4=3, r1 ¼ 6.7, r2 ¼ 20.8 and different asymptotic
masses MADM ¼ 1.3, 1.5, 2,3. There is an additional region with
XðrÞ < 0 (unstable geodesic orbits) forMADM ¼ 1.5 and 2.0. For
MADM ¼ 3, there is a region within the torus, in which no circular
geodesic orbits exist [it is depicted as a gap in the graph of XðrÞ].
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For completeness the last column of Table IV reports
whether a given solution satisfies Seguin’s necessary linear
stability condition (43).
Finally, let us note that the terminology used in this paper

is true to the literal meaning of the term ISCO—we refer to
the innermost stable circular geodesic orbit as the ISCO,
even if there are unstable circular geodesic orbits outside it.
One could also define another notion of an innermost stable
circular geodesic orbit such that all circular geodesic orbits
with larger coordinate radii are stable. In the presence of a
sufficiently massive disk (torus) the latter does not have to
coincide with the ISCO.

VIII. CONCLUDING REMARKS

In this paper we investigated several effects of strong
gravitational fields in systems consisting of a black hole
and a heavy, differentially rotating, perfect-fluid torus.
Some of these effects are new—for example the parametric
bifurcation described in Sec. III or the relativistic effects
connected with the volume measures described in Secs. III
and IV. Others, like the existence of ergoregions associated

with massive tori or nonmonotonicity of the circumferential
radius at the equatorial plane, have already been reported
for rigidly rotating fluids [11,21].
At least some of the effects discussed in this paper

seem to be related to each other. For instance, the effect to
whichwe refer as thebreakingof thePappus-Guldinus rule is
probably connectedwith thenonmonotonicity of the circum-
ferential radius, described in Sec. IV. On the other hand,
spotting exact correlations between these effects is difficult.
All above-mentioned effects require sufficiently massive

tori. In contrast to that, the location of the ISCO, inves-
tigated in Sec. VII, can be affected by a presence of a
moderately massive disk (torus). This fact can, in principle,
have astrophysical implications.
A natural question, discussed in this paper to a very small

extent, is that of the dynamical (nonlinear) stability of
presented solutions. The answer to this question can be
important both for relatively light and for massive disks
(tori). In the former case, it could be astrophysically
relevant; in the latter, it could help clarify the physical
status of the strong-field effects discussed in this paper.
In this paper we limited ourselves to the application of
Seguin’s linear stability condition [20]. It is a necessary
condition for the dynamical linear stability against axially
symmetric perturbations. The results support a suggestion
that solutions belonging to the massive bifurcation
branches are dynamically unstable.
An analysis similar to the one presented in this article can

be also repeated for magnetized tori constructed in [17]. We
would expect a lot of similarities, but some effects could
turn out to be quantitatively different. One of the possible
reasons of a slightly different behavior could be due to the
fact that strongly magnetized Keplerian self-gravitating tori
tend to be much denser in their inner parts, i.e., closer to the
black hole.
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FIG. 25. The same as in Fig. 23. The circular orbit with
d2UðrÞ=dr2 ¼ 0 is located at r0 ≈ 9.37. The graphs correspond
to four circular geodesics with radii r0 ¼ 9.22, 9.37, 9.52, 9.62.

FIG. 24. The same as in Fig. 23. The circular orbit with
d2UðrÞ=dr2 ¼ 0 is located at r0 ≈ 8.29. The graphs correspond
to four circular geodesics with radii r0 ¼ 8.04, 8.14, 8.29, 8.44.
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