
 

Null geodesics of the Kerr exterior

Samuel E. Gralla 1,* and Alexandru Lupsasca 2,3,†

1Department of Physics, University of Arizona, Tucson, Arizona 85721, USA
2Center for the Fundamental Laws of Nature, Harvard University, Cambridge, Massachusetts 02138, USA

3Society of Fellows, Harvard University, Cambridge, Massachusetts 02138, USA

(Received 2 November 2019; accepted 15 December 2019; published 14 February 2020)

The null geodesic equation in the Kerr spacetime can be expressed as a set of integral equations
involving certain potentials. We classify the roots of these potentials and express the integrals in manifestly
real Legendre elliptic form. We then solve the equations using Jacobi elliptic functions, providing the
complete set of null geodesics of the Kerr exterior as explicit parametrized curves.
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I. INTRODUCTION

Null geodesics form perhaps the most important struc-
ture possessed by a Lorentzian spacetime. The study of the
null geodesic equation in the Kerr geometry began in 1968
with the seminal work of Carter [1], who used the
separability of its Hamilton-Jacobi formulation to reduce
it to quadratures. Bardeen [2] initiated the detailed study of
its solution space, which has now been mapped out in
impressive detail [3–5]. Many of the relevant integrals
have previously been expressed in elliptic form (notably in
Refs. [6–8]), and parametrized solutions using the
Weierstrass elliptic function were given in Ref. [5].
In this paper, we revisit the problem of the classification

and solution of Kerr null geodesics with the goals of
completeness and convenience. Our results are complete in
that every finite-measure case is considered, and we give
both “integral solutions” (analytic expressions for the
fundamental integrals) as well as explicit parametrized
trajectories.1 Moreover, our results are convenient in that
(1) all expressions are manifestly real, with no “canceling”
internal imaginary parts; (2) all trajectories are fully
explicit, with no need to solve auxiliary equations or glue
together different solutions at turning points; (3) the para-
metrized solutions display the initial conditions explicitly;
and (4) the use of special functions is limited to the elliptic
integrals and Jacobi elliptic functions first defined two
centuries ago. While previous approaches achieve one or
more of these goals, we are unaware of any previous work
that simultaneously attains them all.
Our own interest in this problem was kindled by the need

to understand astronomical observations [9], but we hope
that the results presented herein will find a wider range of

applications. Ideally, the Kerr afficionado will learn some-
thing about the general structure of the null geodesics,
while the busy physicist or astronomer can obtain quick
answers to definite questions about the propagation of light
around a rotating black hole.
This paper is organized as follows. In Sec. II, we

introduce the basic formulas and explain our general
approach. In Sec. III, we classify and solve for the different
types of polar motion, before doing the same for the radial
motion in Sec. IV and Appendix B. We then compare to
previous work in Sec. V. Finally, in Sec. VI, we summarize
our results and explain how to use them in practice.

II. GENERAL APPROACH

Wework with Boyer-Lindquist coordinates ðt; r; θ;ϕÞ on
the spacetime of a Kerr black hole with massM and angular
momentum J ¼ Ma, and define

Σðr; θÞ ¼ r2 þ a2cos2θ; ΔðrÞ ¼ r2 − 2Mrþ a2: ð1Þ

The roots of ΔðrÞ correspond to the outer/inner horizons

r� ¼ M �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 − a2

p
: ð2Þ

We assume 0 < a < M throughout the paper. Taking the
nonrotating limit a → 0 is generally straightforward,
whereas the extremal limit a → M presents some subtleties
that we defer to future work.
Let pμ denote the four-momentum of a photon, with

pt > 0 providing the time orientation. The trajectory
possesses three conserved quantities,

E ¼ −pt; L ¼ pϕ; ð3Þ

Q ¼ p2
θ − cos2θða2p2

t − p2
ϕcsc

2θÞ; ð4Þ
*sgralla@email.arizona.edu
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1We do limit our discussion to the Kerr exterior, however.
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corresponding to the energy at infinity,2 angular momentum
about the spin axis, and Carter integral, respectively. Only
the sign of the energy has physical meaning, so it is
convenient to work with energy-rescaled quantities

λ ¼ L
E
; η ¼ Q

E2
: ð5Þ

The four-momentum pμ can then be reconstructed as

Σ
E
pr ¼ �r

ffiffiffiffiffiffiffiffiffiffi
RðrÞ

p
; ð6aÞ

Σ
E
pθ ¼ �θ

ffiffiffiffiffiffiffiffiffiffi
ΘðθÞ

p
; ð6bÞ

Σ
E
pϕ ¼ a

Δ
ðr2 þ a2 − aλÞ þ λ

sin2θ
− a; ð6cÞ

Σ
E
pt ¼ r2 þ a2

Δ
ðr2 þ a2 − aλÞ þ aðλ − asin2θÞ; ð6dÞ

where we introduced “potentials”

RðrÞ ¼ ðr2 þ a2 − aλÞ2 − ΔðrÞ½ηþ ðλ − aÞ2�; ð7Þ

ΘðθÞ ¼ ηþ a2cos2θ − λ2cot2θ: ð8Þ

The symbols �r and �θ indicate the sign of pr and pθ,
respectively. Turning points in the r and θ motions occur at
zeros of the radial and angular potentials RðrÞ and ΘðθÞ,
respectively.
There are two closely related ways to proceed with the

solution of these equations. The first is to introduce a new
parameter, the “Mino time” τ [10], defined by3

dxμ

dτ
¼ Σ

E
pμ: ð9Þ

This method converts Eqs. (6) into four decoupled ordinary
differential equations for xμðτÞ. Alternatively, one may also
convert the equations into integral form,

Ir ¼ Gθ; ð10Þ

ϕo − ϕs ¼ Iϕ þ λGϕ; ð11Þ

to − ts ¼ It þ a2Gt; ð12Þ

where xμs and xμo are “source” and “observer” points, ϕ can
take any real value (with bðϕo − ϕsÞ=ð2πÞc the number of
azimuthal windings of the trajectory), and we define

Ir ¼ ⨏ ro

rs

dr

�r

ffiffiffiffiffiffiffiffiffiffi
RðrÞp ; ð13aÞ

Iϕ ¼ ⨏ ro

rs

að2Mr − aλÞ
�rΔðrÞ

ffiffiffiffiffiffiffiffiffiffi
RðrÞp dr; ð13bÞ

It ¼ ⨏ ro

rs

r2ΔðrÞ þ 2Mrðr2 þ a2 − aλÞ
�rΔðrÞ

ffiffiffiffiffiffiffiffiffiffi
RðrÞp dr; ð13cÞ

Gθ ¼ ⨏ θo

θs

dθ

�θ

ffiffiffiffiffiffiffiffiffiffi
ΘðθÞp ; ð13dÞ

Gϕ ¼ ⨏ θo

θs

csc2θ

�θ

ffiffiffiffiffiffiffiffiffiffi
ΘðθÞp dθ; ð13eÞ

Gt ¼ ⨏ θo

θs

cos2θ

�θ

ffiffiffiffiffiffiffiffiffiffi
ΘðθÞp dθ: ð13fÞ

Here, the slash notation ⨏ indicates that these integrals
are to be understood as path integrals along the trajectory
connecting xμs and x

μ
o, such that the signs �r and �θ switch

at radial and angular turning points, respectively. In
particular, all the integrals Ii and Gi are monotonically
increasing along the trajectory.
These two approaches are related by the fact that Ir and

Gθ are both equal to the elapsed Mino time,4

τ ¼ Ir ¼ Gθ; ð14Þ

where we set τ ¼ 0 at the source point xμs . The Mino time
approach is more convenient for analyzing individual
trajectories, while the integral approach is more useful
for determining general properties.
The elapsed affine time (satisfying dxμ=dσ ¼ pμ) is

σo − σs ¼ Iσ þ a2Gt; ð15Þ

where

Iσ ¼ ⨏ ro

rs

r2

�r

ffiffiffiffiffiffiffiffiffiffi
RðrÞp dr: ð16Þ

Our main results are as follows. First, we systematically
classify the roots of the radial and angular potentials, and
thereby determine the allowed ranges of the r and θ motion
as a function of the conserved quantities (λ; η). Then, for

2We exclude the measure-zero set of geodesics with E ¼ 0
exactly.

3The geodesic xμðτÞ is future/past-directed according to
whether E is positive/negative. Sending τ → −τ reverses the
future/past direction of the parametrized curve xμðτÞ.

4τ is also related to the fractional number of orbits
executed [11].
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each of the cases that may arise, and for each integral Ii or
Gi, we find an antiderivative that is real and smooth over
the relevant range of r or θ. All of our antiderivatives are
reduced to manifestly real Legendre elliptic form. That is,
they are expressed in terms of the (incomplete) elliptic
integrals FðφjkÞ, EðφjkÞ, and Πðn;φjkÞ of the first,
second, and third kind, respectively, which are real and
smooth provided maxðk; nÞ < 1.5 When φ ¼ π=2, the
integrals become “complete” and are denoted by KðkÞ ¼
Fðπ=2jkÞ, or else by Πðn; kÞ and EðkÞ with the first
argument φ omitted.
Our notation for antiderivatives will be a calligraphic

version of the original symbol, and we will choose the plus
sign in the integrand. For example, the antiderivative I r
associated with Ir in Eq. (13a) will satisfy

dIr

dr
¼ 1ffiffiffiffiffiffiffiffiffiffi

RðrÞp : ð17Þ

These antiderivatives are useful for both the Mino-time
approach and the integral approach. For the Mino-time
approach, we invert the integrals to provide full para-
metrized trajectories xμðτÞ in terms of the initial data (initial
position xμs as well as the initial signs �r and �θ).

6 For the
integral approach, we provide formulas that give each of the
path integrals (13) as a function of the initial position, initial
sign of momentum, final position, and number of turning
points.

III. ANGULAR POTENTIAL AND INTEGRALS

We assume that 0 < θ < π to avoid the singularities of
the spherical coordinate system. In terms of u ¼ cos2 θ, the
angular potential (8) is given by

ð1 − uÞΘðuÞ ¼ ηþ ða2 − η − λ2Þu − a2u2: ð18Þ

The right-hand side is a quadratic polynomial, whose roots
u� are given by

u� ¼ △θ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
△2

θ þ
η

a2

r
; △θ ¼

1

2

�
1 −

ηþ λ2

a2

�
: ð19Þ

The four roots of ΘðθÞ are thus arccosð� ffiffiffiffiffiffi
u�

p Þ, or

θ1 ¼ arccosð ffiffiffiffiffiffi
uþ

p Þ; ð20Þ

θ2 ¼ arccosð ffiffiffiffiffiffi
u−

p Þ; ð21Þ

θ3 ¼ arccosð− ffiffiffiffiffiffi
u−

p Þ; ð22Þ

θ4 ¼ arccosð− ffiffiffiffiffiffi
uþ

p Þ: ð23Þ

Roots coincide when (and only when) uþ ¼ 0, u− ¼ 0, or
uþ ¼ u−. These conditions define curves through the (λ; η)-
plane that divide it up into several regions. In each such
region, the “character” of the potential—that is, the number
of real roots and the sign of the potential on either side of
them—cannot change. As such, we may determine the
character by evaluating a single point in each region.
Performing this exercise reveals the following structure

(Fig. 1). Motion is allowed in the region where 0 < uþ and
u− < 1, and these conditions imply a lower bound

η ≥
�
0 jλj ≥ a;

−ðjλj − aÞ2 jλj ≤ a:
ð24Þ

Within this allowed region, the line η ¼ 0 of double roots
delineates regions with two characters of null geodesic:
(A) Ordinary geodesics (η > 0). These admit two real

roots θ1 < π=2 < θ4, with the potential positive in
between them. The photon librates between θ1 and
θ4, crossing the equatorial plane each time.

(B) Vortical geodesics (η < 0). These admit four real
roots θ1 < θ2 < π=2 < θ3 < θ4, with the potential
positive in ðθ1; θ2Þ and ðθ3; θ4). There are two
distinct motions: one that librates between turning
points ðθ1; θ2Þ in the northern hemisphere, and one
that librates between turning points ðθ3; θ4Þ in the
southern hemisphere.

The measure-zero case η ¼ 0 contains equatorial orbits
with no turning points (a limit of type A motion), as well
as orbits with at most one nonequatorial turning point θ1;4

FIG. 1. Regions corresponding to the two types A and B of
allowed polar motion. Vortical (type B) geodesics only exist
around spinning black holes (a > 0).

5Our conventions are listed in Appendix A of Ref. [8]; these
also match the built-in implementation in Mathematica 12.

6The full initial derivative can then be reconstructed from
Eqs. (6), showing how this initial value problem is equivalent to
the original second-order initial value problem for the geodesic
equation.
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(a limit of type B motion, in which θ2;3 → π=2, where the
angular potential develops a double root).
For the analysis below, it will be helpful to have noted

that the following differential equations are satisfied:�
dθo
dτ

�
2

¼ ΘðθoðτÞÞ; ð25Þ

dGϕ

dτ
¼ csc2½θoðτÞ�; ð26Þ

dGt

dτ
¼ cos2½θoðτÞ�: ð27Þ

A. Ordinary motion

We begin with ordinary geodesics (type A with η > 0),
which oscillate between turning points θ− < θþ given by

θ� ¼ arccosð∓ ffiffiffiffiffiffi
uþ

p Þ; ð28Þ

so that θ− ¼ θ1 ∈ ð0; π=2Þ and θþ ¼ θ4 ∈ ðπ=2; πÞ. This
motion is symmetric about the equator and θþ ¼ π − θ−.
The angular integrals Gθ, Gϕ, and Gt were reduced to

manifestly real elliptic form in Ref. [8]. Since uþ=u− < 0,
the antiderivatives

Gθ ¼ −
1ffiffiffiffiffiffiffiffiffiffiffiffiffi

−u−a2
p F

�
arcsin

�
cos θffiffiffiffiffiffi
uþ

p
����� uþu−

�
; ð29Þ

Gϕ ¼ −
1ffiffiffiffiffiffiffiffiffiffiffiffiffi

−u−a2
p Π

�
uþ; arcsin

�
cos θffiffiffiffiffiffi
uþ

p
����� uþu−

�
; ð30Þ

Gt ¼
2uþffiffiffiffiffiffiffiffiffiffiffiffiffi
−u−a2

p E0
�
arcsin

�
cos θffiffiffiffiffiffi
uþ

p
����� uþu−

�
; ð31Þ

are real and smooth. Here, we defined

E0ðφjkÞ ≔ ∂kEðφjkÞ ¼
EðφjkÞ − FðφjkÞ

2k
: ð32Þ

We denote the values over one half-libration with a hat,

Ĝθ ¼
Z

θþ

θ−

dθffiffiffiffiffiffiffiffiffiffi
ΘðθÞp ¼ 2ffiffiffiffiffiffiffiffiffiffiffiffiffi

−u−a2
p K

�
uþ
u−

�
; ð33Þ

Ĝϕ ¼
Z

θþ

θ−

csc2θffiffiffiffiffiffiffiffiffiffi
ΘðθÞp dθ ¼ 2ffiffiffiffiffiffiffiffiffiffiffiffiffi

−u−a2
p Π

�
uþ

���� uþu−
�
; ð34Þ

Ĝt ¼
Z

θþ

θ−

cos2θffiffiffiffiffiffiffiffiffiffi
ΘðθÞp dθ ¼ −

4uþffiffiffiffiffiffiffiffiffiffiffiffiffi
−u−a2

p E0
�
uþ
u−

�
: ð35Þ

Note that since Gθ ¼ τ is the Mino time, the polar motion
θoðτÞ has a Mino-time period of 2Ĝθ.

1. Inversion for θoðτÞ
Now consider the path integral Gθ ¼ τ beginning from

θ ¼ θs. Before the first turning point is reached, we have

τ ¼ Gθ ¼ νθðGo
θ − Gs

θÞ; νθ ¼ signðpθ
sÞ; ð36Þ

where Gi
θ indicates the antiderivative Gθ evaluated at the

source (i ¼ s) or observer (i ¼ o). This equation can be
inverted for θo using the Jacobi elliptic sine function,

snðFðarcsinφjkÞÞ ¼ φ; ð37Þ

which is odd in its first argument, snð−φjkÞ ¼ −snðφjkÞ.
Combining Eqs. (29), (36), and (37) therefore gives

cos θoffiffiffiffiffiffi
uþ

p ¼ −νθsn
� ffiffiffiffiffiffiffiffiffiffiffiffiffi

−u−a2
q

ðτ þ νθGs
θÞ
���� uþu−

�
: ð38Þ

Although Eq. (38) was derived under the assumption that a
turning point has not yet been reached, it in fact continues
properly through turning points to provide the full para-
metrized trajectory θoðτÞ, as follows. Noting that snðφjkÞ
oscillates smoothly between −1 and þ1 with half-period
2KðkÞ, we see that Eq. (38) defines a trajectory θoðτÞ that
oscillates between θ− and θþ with half-period Ĝθ. Thus, it
has the correct quantitative behavior at turning points, and
we need only check that it satisfies the squared differential
equation (25), which is easily verified using the elliptic
identities [12]

cn2ðφjkÞ þ sn2ðφjkÞ ¼ 1; ð39Þ

dn2ðφjkÞ þ ksn2ðφjkÞ ¼ 1: ð40Þ

This completes the proof that Eq. (38) is the unique
solution for θoðτÞ with initial conditions θoð0Þ ¼ θs and
sign½θ0oð0Þ� ¼ νθ.

2. Path integrals as functions of Mino time

We have Gθ ¼ τ by definition, and the other path
integrals may be expressed in terms of Mino time τ as
follows. Before a turning point is reached, we have

Gϕ ¼ νθðGo
ϕ − Gs

ϕÞ; ð41Þ

Gt ¼ νθðGo
t − Gs

t Þ: ð42Þ

To manipulate these equations, we will invoke a second
inversion formula,

amðφjkÞ ¼ arcsinðsnðφjkÞÞ; jφj ≤ KðkÞ: ð43Þ

where the Jacobi amplitude amðφjkÞ is defined as the
inverse of the elliptic integral of the first kind FðφjkÞ,
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FðamðφjkÞjkÞ ¼ φ: ð44Þ

Applying the formula (43) to Eq. (38) yields

arcsin

�
cos θoffiffiffiffiffiffi

uþ
p

�
¼ −νθΨτ; ð45Þ

where the (monotonically increasing in τ) amplitude is

Ψτ ¼ am

� ffiffiffiffiffiffiffiffiffiffiffiffiffi
−u−a2

q
ðτ þ νθGs

θÞ
���� uþu−

�
; ð46Þ

and the restriction jφj ≤ KðkÞ is satisfied on account of our
assumption that a turning point has not yet been reached.
Plugging Eq. (45) into Eqs. (41) and (42) as needed, and
noting that bothΠðn;−φjkÞ ¼ −Πðn;φjkÞ and E0ð−φjkÞ ¼
−E0ðφjkÞ are odd in φ, we then find

Gϕ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffi
−u−a2

p Π
�
uþ;Ψτ

���� uþu−
�
− νθGs

ϕ; ð47Þ

Gt ¼ −
2uþffiffiffiffiffiffiffiffiffiffiffiffiffi
−u−a2

p E0
�
Ψτ

���� uþu−
�
− νθGs

t : ð48Þ

Although Eqs. (47) and (48) were derived under the
assumption that a turning point does not occur, they in
fact extend properly through turning points to give the
complete path integrals Gϕ and Gt, as follows. Since
amðφjkÞ, Πðn;φjkÞ and E0ðφjkÞ are real and smooth
functions of φ provided maxðk; nÞ < 1 (satisfied here for
k ¼ uþ=u− and n ¼ uþ), it follows that the candidate
formulas for Gϕ and Gt are real and smooth. Thus, we
need only check the differential equations (26) and (27),
which is straightforward using the identity (40). This
completes the proof that Eqs. (47) and (48) give the full
path integrals (13e) and (13f).
Notice that Eq. (38) may also be put in a similar form

using snðφjkÞ ¼ sinðamðφjkÞÞ,

cos θoðτÞ ¼ −νθ
ffiffiffiffiffiffi
uþ

p
sinΨτ: ð49Þ

3. Path integrals in terms of turning points

Finally, it is useful for some purposes to express the path
integrals Gi as functions of θs, θo, νθ, and the number of
turning pointsm encountered along the trajectory. A general
treatment is given in Appendix A below. For type A motion,
the antiderivatives Gi are odd under interchange ofþ and −,

Gþ
i ¼ −G−

i ; ð50Þ

where the � denotes evaluation of Gi at θ ¼ θ�. This
property originates from the equatorial reflection symmetry
ΘðθÞ ¼ Θðπ − θÞ of the angular potential. The general result
(A10) therefore reduces to

Gi ¼ mĜi þ νθ½ð−1ÞmGo
i − Gs

i �; ð51Þ

for i ∈ fθ;ϕ; tg, in agreement with Eqs. (80) in Ref. [8].
It is instructive to examine the relationship between this

formula and the above expressions parametrized by Mino
time. When i ¼ θ, Eq. (51) is the Mino time itself,

τ ¼ mĜθ þ νθ½ð−1ÞmGo
θ − Gs

θ�: ð52Þ

By using the quasiperiodicity properties

amðφþ 2KðkÞjkÞ ¼ amðφjkÞ þ π; k < 1; ð53aÞ

Fðφþ πjkÞ ¼ FðφjkÞ þ 2KðkÞ; ð53bÞ

Πðn;φþ πjkÞ ¼ Πðn;φjkÞ þ 2Πðn; kÞ; ð53cÞ

Eðφþ πjkÞ ¼ EðφjkÞ þ 2EðkÞ; ð53dÞ

one can plug Eq. (52) into Eqs. (47)–(49) to recover
Eq. (51) for i ∈ fϕ; tg, and verify that θoðτÞ ¼ θo, as
required for consistency.

B. Vortical motion

We next turn to vortical geodesics (type B with η < 0),
which oscillate within a single hemisphere determined by

h ¼ signðcos θÞ: ð54Þ

The motion lies within a cone θ− < θþ in the northern
hemisphere (h ¼ þ1), or θþ < θ− in the southern hemi-
sphere (h ¼ −1), with the turning points given by

θ� ¼ arccosðh ffiffiffiffiffiffi
u∓

p Þ; ð55Þ

so that θ−;þ ¼ θ1;2 for h ¼ 1 and θþ;− ¼ θ3;4 for h ¼ −1.
The angular integrals Gθ, Gϕ, and Gt were reduced to

manifestly real elliptic form in Ref. [8]. Since uþ=u− > 0,
the antiderivatives

Gθ ¼ −
hffiffiffiffiffiffiffiffiffiffi
u−a2

p F

�
ϒj1 − uþ

u−

�
; ð56Þ

Gϕ ¼ −
h

ð1 − u−Þ
ffiffiffiffiffiffiffiffiffiffi
u−a2

p Π
�
uþ − u−
1 − u−

;ϒj1 − uþ
u−

�
; ð57Þ

Gt ¼ −h
ffiffiffiffiffiffi
u−
a2

r
E

�
ϒj1 − uþ

u−

�
; ð58Þ

are real and smooth, with

ϒ ¼ arcsin

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos2θ − u−
uþ − u−

s
: ð59Þ
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Their values over one half-libration are

Ĝθ ¼ h
Z

θþ

θ−

dθffiffiffiffiffiffiffiffiffiffi
ΘðθÞp ¼ 1ffiffiffiffiffiffiffiffiffiffi

u−a2
p K

�
1 −

uþ
u−

�
; ð60Þ

Ĝϕ ¼ h
Z

θþ

θ−

csc2θffiffiffiffiffiffiffiffiffiffi
ΘðθÞp dθ

¼ 1

ð1 − u−Þ
ffiffiffiffiffiffiffiffiffiffi
u−a2

p Π
�
uþ − u−
1 − u−

; 1 −
uþ
u−

�
; ð61Þ

Ĝt ¼ h
Z

θþ

θ−

cos2θffiffiffiffiffiffiffiffiffiffi
ΘðθÞp dθ ¼

ffiffiffiffiffiffi
u−
a2

r
E

�
1 −

uþ
u−

�
; ð62Þ

and Ĝθ once again denotes the Mino-time half-period of the
polar motion θoðτÞ.

1. Inversion for θoðτÞ
Now consider the path integral Gθ ¼ τ beginning from

θ ¼ θs. Before the first turning point is reached, we once
again have Eq. (36), which can yet again be inverted using
Eq. (37) to obtainffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos2θo−u−
uþ−u−

s
¼−hνθsn

� ffiffiffiffiffiffiffiffiffiffi
u−a2

q
ðτþνθGs

θÞj1−
uþ
u−

�
: ð63Þ

Solving for cos θo and using the identity (40) yields

cos θoffiffiffiffiffiffi
u−

p ¼ hdn

� ffiffiffiffiffiffiffiffiffiffi
u−a2

q
ðτ þ νθGs

θÞj1 −
uþ
u−

�
; ð64Þ

where in taking the square root, we chose the branch
h ¼ �1 to obtain the motion in the correct hemisphere via
Eq. (54). Although Eq. (64) was derived under the
assumption that a turning point has not yet been reached,
it in fact continues properly past turning points to provide
the full parametrized trajectory θoðτÞ, as before. Noting that
when k < 0, dnðφjkÞ oscillates smoothly between þ1 and
þ ffiffiffiffiffiffiffiffiffiffiffi

1 − k
p

with period 2KðkÞ, we see that Eq. (64) defines a
trajectory θoðτÞ that oscillates between θ− and θþ with half-
period Ĝθ. Thus, it has the correct quantitative behavior at
turning points, and we need only check that it satisfies the
squared differential equation (25) is satisfied, which is
easily verified using the elliptic identities (39) and (40).
This completes the proof that Eq. (64) is the unique
solution for θoðτÞ with initial conditions θoð0Þ ¼ θs and
sign½θ0oð0Þ� ¼ νθ.

2. Path integrals as functions of Mino time

We have Gθ ¼ τ by definition, and the other path
integrals may be expressed in terms of Mino time τ by
the same method as in the ordinary case above. Before a
turning point is reached, we once again have Eqs. (41) and
(42). Applying the formula (43) to Eq. (63) yields

arcsin

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos2θo − u−
uþ − u−

s
¼ −hνθϒτ; ð65Þ

where the (monotonically increasing in τ) amplitude is

ϒτ ¼ am

� ffiffiffiffiffiffiffiffiffiffi
u−a2

q
ðτ þ νθGs

θÞj1 −
uþ
u−

�
; ð66Þ

and the restriction jφj ≤ KðkÞ is satisfied on account of
our assumption that a turning point has not yet been
reached. Plugging Eq. (65) into Eqs. (41) and (42) as
needed, and recalling that both Πðn;−φjkÞ ¼ −Πðn;φjkÞ
and E0ð−φjkÞ ¼ −E0ðφjkÞ are odd in φ, we then find

Gϕ ¼ 1

ð1 − u−Þ
ffiffiffiffiffiffiffiffiffiffi
u−a2

p Π
�
uþ − u−
1 − u−

;ϒτj1 −
uþ
u−

�
− νθGs

ϕ;

ð67Þ

Gt ¼
ffiffiffiffiffiffi
u−
a2

r
E

�
ϒτj1 −

uþ
u−

�
− νθGs

t : ð68Þ

Although Eqs. (67) and (68) were derived under the
assumption that a turning point does not occur, they in
fact extend properly through turning points to give the
complete path integrals Gϕ and Gt, as follows. Since
amðφjkÞ, Πðn;φjkÞ and EðφjkÞ are real and smooth
functions of φ provided maxðk; nÞ < 1 [satisfied here for
k ¼ 1 − uþ=u− and n ¼ ðuþ − u−Þ=ð1 − u−Þ], it follows
that the candidate formulas for Gϕ and Gt are real
and smooth. Thus, we need only check the differential
equations (26) and (27), which is straightforward using the
identity (40). This completes the proof that Eqs. (67) and
(68) give the full path integrals (13e) and (13f).
Notice that Eq. (64) may also be put in a similar form

using snðφjkÞ ¼ sinðamðφjkÞÞ together with Eq. (40),

cos θoðτÞ ¼ h
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
uþ þ u−cos2ϒτ

q
: ð69Þ

3. Path integrals in terms of turning points

Finally, it is useful for some purposes to express the
path integrals Gi as functions of θs, θo, νθ, and the number
of turning points m encountered along the trajectory. A
general treatment is given in Appendix A below. Therein, it
was assumed that x− < xþ, so we must take x� ¼ θ� when
h ¼ þ1 and x� ¼ θ∓ ¼ when h ¼ −1; that is, x� ¼ θ�h.
Similarly, we have H� ¼ G� when h ¼ þ1 and H� ¼ G∓
when h ¼ −1; that is, H� ¼ G�h. Our choice of antider-
ivatives (56), (57), and (58) have the property that Gþ

i
vanish for both h ¼ �1. Taking these facts into account,
Eq. (A9) reduces to
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Gi ¼
�
mĜi þ νθðGo

i − Gs
i Þ m even;

ðm − hνθÞĜi − νθðGo
i þ Gs

i Þ m odd;

¼
�
m − hνθ

1 − ð−1Þm
2

�
Ĝi þ νθ½ð−1ÞmGo

i − Gs
i �; ð70Þ

for i ∈ fθ;ϕ; tg, in agreement with Eqs. (81) of Ref. [8]
(choosing the upper sign therein).

C. Unified inversion formula

In the ordinary case η > 0, we gave antiderivatives (29),
(30), and (31) involving elliptic integrals with parameter
uþ=u−, whereas in the vortical case η < 0, we gave
antiderivatives (56), (57), and (58) involving elliptic inte-
grals with parameter 1 − uþ=u−.
Since uþ > 0 and signðu−Þ ¼ −signðηÞ, these choices

ensure that the parameter of any elliptic integral is always
negative, so that the antiderivatives are real and smooth
over the relevant domain. On the other hand, the parameters
exceed unity outside their domain, in which case the elliptic
integrals becomes complex and suffer branch cut disconti-
nuities. Thus, while an antiderivative in one case is also an
antiderivative for the other, it is not C1 and cannot (in
general) be used to compute definite integrals.
However, the manipulations carried out to check that the

inversion formulas (38) and (64) satisfy the squared differ-
ential equation (25) did not depend on any assumptions
about the sign of η. That is, each of the inversion formulas
obeys the correct differential equation in both cases. If these
formulas also obey the correct initial conditions θoð0Þ ¼ θs
and signðθ0oð0ÞÞ ¼ νθ in both cases, then we conclude that
they in fact remain valid in both cases. Checking explicitly,
we find that the initial value is correct, while the initial sign
of derivative is incorrect. However, this is easily adjusted
by a simple sign flip, giving a unified inversion formula,

cos θoðτÞ ¼ −signðηÞνθ ffiffiffiffiffiffi
uþ

p
sinΨτ; ð71Þ

where Eq. (49) for Ψτ is extended to the vortical case by

Ψτ ¼ am

� ffiffiffiffiffiffiffiffiffiffiffiffiffi
−u−a2

q
½τ þ signðηÞνθGs

θ�
���� uþu−

�
; ð72Þ

using Eq. (29) for Gs
θ. Regardless of the sign of η, Eq. (71)

satisfies the differential equation (25) with initial conditions
θoð0Þ ¼ θs and sign½θ0oð0Þ� ¼ νθ, and hence is a correct
formula for the full parametrized trajectory θoðτÞ. This
equivalence was first derived globally in Ref. [8] using
elliptic identities.
The expressions for θoðτÞ correctly extend outside their

domain because they only involve snðφjkÞ, which is a
meromorphic complex function. On the other hand, this
equivalence breaks down for Gϕ and Gt, as they involve
elliptic integrals with branch cuts in the complex plane.

IV. RADIAL POTENTIAL

We now turn to the analysis of the radial potential RðrÞ,
which may be expressed as

RðrÞ ¼ ðr2 þ a2 − aλÞ2 − ζΔðrÞ; ð73Þ

with

ζ ¼ ηþ ðλ − aÞ2 ≥ 0: ð74Þ

The restriction ζ ≥ 0 follows from the constraints (24) on
the range of η. The trajectories ζ ¼ 0 saturating the bound
(74) are the principal null congruences [4], with conserved
quantities

ðλ; ηÞ ¼ ðasin2θ0;−a2cos4θ0Þ: ð75Þ

Since principal null geodesics have u� ¼ cos2 θ0, they stay
at fixed θ ¼ θ0, where both the angular potential (8) and its
derivative vanish, Θðθ0Þ ¼ Θ0ðθ0Þ ¼ 0. In this case, the
roots of the radial potential (73) are simply

r ¼ �ia cos θ0: ð76Þ

For the remainder of this section, we assume that ζ ≠ 0, in
which case the bound (74) becomes strict,

ζ > 0: ð77Þ

We now find and classify the roots of the quartic radial
potential (73). We use Ferrari’s method to express the four
roots in a convenient form, and then study the special cases
in which one or more roots coincide. These cases define the
boundaries between regions of the (λ; η) parameter space in
which the roots display different qualitative behaviors.

A. Calculation of roots

We now solve for the roots of the radial potential (73) in
the allowed range (24). The analysis of a quartic poly-
nomial usually begins by performing a simple scaling and
translation to bring it into depressed form,

r4 þAr2 þ Brþ C ¼ 0; ð78Þ

which our potential (73) already takes, with coefficients

A ¼ a2 − η − λ2; ð79Þ

B ¼ 2M½ηþ ðλ − aÞ2� > 0; ð80Þ

C ¼ −a2η: ð81Þ

Here, the positivity of B follows from Eq. (77). Ferrari’s
method gives the general solution of the quartic (78) as

NULL GEODESICS OF THE KERR EXTERIOR PHYS. REV. D 101, 044032 (2020)

044032-7



r ¼
�1

ffiffiffiffiffiffiffi
2ξ0

p �2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−ð2Aþ 2ξ0 �1

ffiffi
2

p
Bffiffiffi
ξ0

p Þ
r

2
; ð82Þ

where the four choices of sign�1;2 yield the four roots, and
where ξ0 is any root of the “resolvent cubic”

RðξÞ ¼ ξ3 þAξ2 þ
�
A2

4
− C

�
ξ −

B2

8
: ð83Þ

To obtain such a root, we first let ξ ¼ t −A=3 to bring the
resolvent cubic into the depressed form

RðtÞ ¼ t3 þ PtþQ; ð84Þ

with coefficients

P ¼ −
A2

12
− C; ð85Þ

Q ¼ −
A
3

��
A
6

�
2

− C
�
−
B2

8
: ð86Þ

Cardano’s method then gives

ξ0 ¼ ωþ þ ω− −
A
3
; ð87Þ

ξ1 ¼ e2πi=3ωþ þ e−2πi=3ω− −
A
3
; ð88Þ

ξ2 ¼ e−2πi=3ωþ þ e2πi=3ω− −
A
3
; ð89Þ

as the roots of the original cubic (83), with

ω� ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−
Q
2
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
P
3

�
3

þ
�
Q
2

�
2

s
3

vuut ð90Þ

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−
Q
2
�

ffiffiffiffiffiffiffiffiffiffiffiffi
−
△3

108

r
3

s
: ð91Þ

In the last step, we introduced the discriminant △3 of the
depressed cubic,

△3 ¼ −22P3 − 33Q2: ð92Þ

In Eq. (90),
ffiffiffi
x3

p
denotes either the real cube root of x, if x is

real, or else, the principal value of the cube root function
(that is, the cubic root with maximal real part).
We have chosen this method for solving the cubic

because it guarantees that ξ0 is always real and positive,

ξ0 > 0: ð93Þ

To see this, consider separately the cases where△3 < 0 and
△3 > 0. If△3 < 0, then ω� are real, implying that ξ0 is real
and ξ1 ¼ ξ̄2 are complex conjugates. If △3 > 0, then
ωþ ¼ ω̄− are complex conjugates, implying that all three
roots ξ0, ξ1 and ξ2 are real. In that case, ξ0 is the largest root,
since by the definition of

ffiffiffi
3

p
x, ωþ has a larger real part

than either of the other two cube roots of ω3þ (and likewise
for ω−); that is, we have Re½ω�� > Re½e2πi=3ω�� and
Re½ω�� > Re½e−2πi=3ω��. Thus, in all cases, ξ0 is the largest
real root. Finally, since the original polynomial (83) ranges
from Rð0Þ ¼ −B2=8 < 0 to Rðþ∞Þ ¼ þ∞ over the pos-
itive real axis, it always admits at least one positive real
root. This proves that ξ0 is always real and positive (and the
largest such root).
We now use this root ξ0 in Ferrari’s formula (82) for the

solution of the quartic. Defining

z ¼
ffiffiffiffiffi
ξ0
2

r
> 0; ð94Þ

the four roots are obtained in the particularly simple form

r1 ¼ −z −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−
A
2
− z2 þ B

4z

r
; ð95aÞ

r2 ¼ −zþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−
A
2
− z2 þ B

4z

r
; ð95bÞ

r3 ¼ z −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−
A
2
− z2 −

B
4z

r
; ð95cÞ

r4 ¼ zþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−
A
2
− z2 −

B
4z

r
: ð95dÞ

These names are natural because of the ordering of the
roots, discussed in Sec. IV B below. Notice that

r1 þ r2 þ r3 þ r4 ¼ 0: ð96Þ

This vanishing of the roots’ sum is a general property of
depressed quartics (generalized by Vieta’s formulas).
In the special case of extreme Kerr (a ¼ M), the roots

can also be expressed in the simpler form [13]

r ¼ �1△r �2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð△r ∓1 MÞ2 þMðλ − 2MÞ

q
; ð97Þ

△r ¼
1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ηþ ðλ −MÞ2

q
¼

ffiffiffiffiffiffiffi
B
8M

r
; ð98Þ

where the two independent sign choices�1 and�2 give the
four roots, but without a clear ordering.
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B. Classification of roots

We now determine the character (real or complex) and
ordering of the roots fr1; r2; r3; r4g as a function of the
conserved quantities λ and η. The boundaries between
regions of different behaviors correspond to conserved
quantities (λ; η) such that one or more roots coincide, so we
begin by classifying these critical cases.
The maximally degenerate case of all four roots coincid-

ing occurs when the quartic is just proportional to r4, i.e.,
when

ř ¼ 0; λ̌ ¼ a; η̌ ¼ 0: ð99Þ

This is the equatorial principal null geodesic, with ζ ¼ 0
and θ0 ¼ π=2 [see Eq. (76)].
Triple roots occur when R00ðr̂Þ ¼ R0ðr̂Þ ¼ Rðr̂Þ ¼ 0,

which straightforwardly implies

r̂ ¼ M

�
1 −

�
1 −

a2

M2

�
1=3

�
∈ ð0; r−Þ; ð100Þ

λ̂ ¼ a −
r̂2ð2r̂ − 3MÞ

Ma
; ð101Þ

η̂ ¼ 6r̂2 − λ̂2 þ a2; ð102Þ

with ζ̂ ¼ 4r̂3=M > 0 satisfying Eq. (77).
Double roots occur when Rðr̃Þ ¼ R0ðr̃Þ ¼ 0, i.e., when

0 ¼ ðr̃2 þ a2 − aλ̃Þ2 − ζΔðr̃Þ; ð103Þ

0 ¼ 4r̃ðr̃2 þ a2 − aλ̃Þ − 2ζðr̃ −MÞ: ð104Þ

If r̃ ¼ M, then these equations are satisfied if and only if
a ¼ M and λ ¼ 2M, corresponding to the superradiant
bound of an extreme black hole. This is a very interesting
regime that we exclude for present purposes, where we
consider 0 < a < M. Hence, we must have r̃ ≠ M, in
which case Eq. (104) can be solved to find

ζ ¼ 2r̃
r̃ −M

ðr̃2 þ a2 − aλ̃Þ: ð105Þ

Next, plugging back into the first condition (103) yields

ðr̃2 þ a2 − aλÞ
�
r̃2 þ a2 − aλ̃ −

2r̃Δðr̃Þ
r̃ −M

�
¼ 0: ð106Þ

Since ζ ≠ 0 by assumption, the first term is not allowed to
vanish. Therefore, we are left with

λ̃ ¼ aþ r̃
a

�
r̃ −

2Δðr̃Þ
r̃ −M

�
: ð107Þ

Back-substituting into Eq. (104) then gives

η̃ ¼ r̃3

a2ðr̃ −MÞ2 ½4Ma2 − r̃ðr̃ − 3MÞ2� ð108Þ

¼ r̃3

a2

�
4MΔðr̃Þ
ðr̃ −MÞ2 − r̃

�
; ð109Þ

with ζ̃ ¼ 4r̃2ðr̃ −MÞ−2Δðr̃Þ > 0 satisfying Eq. (77). The
formulas (107) and (108) describe a curve in the (λ; η)-
space parametrized by the radius r̃. We now determine the
portion of this curve within the allowed region (24). Its
edges occur at η̃ ∈ f0;−ðλ̃� aÞ2g depending on λ̃:

η̃ ¼ 0∶ 4Ma2 − r̃ðr̃ − 3MÞ2 ¼ 0; ð110Þ

η̃ ¼ −ðλ̃þ aÞ2∶ Ma2 þ r̃2ð2r̃ − 3MÞ ¼ 0; ð111Þ

η̃ ¼ −ðλ̃ − aÞ2∶ r̃ ¼ r�: ð112Þ

Note r̃ ¼ 0 is also valid for η̃ ¼ 0 and η̃ ¼ −ðλ̃ − aÞ2. The
roots of the above cubic polynomials are all real and can
thus be written using the trigonometric formulas

r̃ ¼ 2M þ 2M cos
�
2πk
3

þ 2

3
arccos

�
a
M

��
; ð113Þ

r̃ ¼ M
2
þM cos

�
2πk
3

þ 2

3
arcsin

�
a
M

��
; ð114Þ

for k ∈ f0; 1; 2g. Equations (113) and (114) are the
solutions to the cubic equations in Eqs. (110) and (111),
respectively.
Equations (113) and (114) together with r̃ ¼ 0 and

r̃ ¼ r� are the complete list of radii where a curve of
double roots may intersect the edge of the allowed region
(24). Examining each case, we find that Eq. (24) is satisfied
only in the ranges

r̃ ∈ ½r̃2; r̃3� ðoutside horizon; defines CþÞ; ð115Þ
r̃ ∈ ½r̃u; r̃1� ðinside horizon; defines C−Þ; ð116Þ

where we introduced special notation for the four relevant
roots from Eqs. (113) and (114),

r̃u ¼
M
2
þM cos

�
2π

3
þ 2

3
arcsin

�
a
M

��
ð117Þ

r̃1 ¼ 2M þ 2M cos

�
2π

3
þ 2

3
arccos

�
a
M

��
; ð118Þ

r̃2 ¼ 2M þ 2M cos

�
4π

3
þ 2

3
arccos

�
a
M

��
; ð119Þ

r̃3 ¼ 2M þ 2M cos

�
2

3
arccos

�
a
M

��
: ð120Þ
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These real roots have the ordering

r̃u < 0 < r̂ < r̃1 < r− < rþ < r̃2 < r̃3: ð121Þ

The ranges (115) and (116) define two disjoint curves C� in
(λ; η)-space via λ ¼ λ̃ðr̃Þ and η ¼ η̃ðr̃Þ [see Fig. 2]. Note
that the range (115) of Cþ is equivalent to η̃ ≥ 0, so the
orbits bound at double roots r̃ outside the horizon all cross
the equatorial plane, with the boundary values r̃2 and r̃3
corresponding to prograde and retrograde circular equato-
rial (η̃ ¼ 0) orbits, respectively.
Instead of using r̃ as a parameter, we can instead express

the curves as η̃ðλ̃Þ using Eq. (108) and the inversion of the
cubic equation (107). Using the trigonometric cubic for-
mula, we write the roots as

r̃ðkÞðλ̃Þ ¼ M þ 2M△λ̃ cos

�
2πk
3

þ 1

3
arccos

�
1 − a2

M2

Δ3
λ

��
;

△λ̃ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

aðaþ λ̃Þ
3M2

s
; ð122Þ

with k ∈ f0; 1; 2g. The relevant inversions are then

Cþ∶ r̃ðλ̃Þ ¼ r̃ð0Þðλ̃Þ; ð123Þ

C−∶ r̃ðλ̃Þ ¼
�
r̃ð1Þðλ̃Þ r̃ ∈ ½r̃u; r̂�;
r̃ð2Þðλ̃Þ r̃ ∈ ½r̂; r̃1�;

ð124Þ

where r̂ denotes the triple root of the radial potential,
given in Eq. (100) above. Plugging these expressions into
Eq. (108) for η̃ gives each segment of the curve as a

function η̃ðλ̃Þ. The curve C− has an inflection point at r̃ ¼ 0
and a kink at r̃ ¼ r̂ [see right panel in Fig. 2].
The critical curves C� divide the allowed region of

parameter space into four subregions as depicted in Fig. 2.
Since complex roots appear in conjugate pairs, and all roots
must vary smoothly in the (λ; η)-plane, each subregion
corresponds to a definite number of real roots (either zero,
two, or four). Furthermore, the expressions (95) for the
roots fr1; r2; r3; r4g are smooth functions in each subre-
gion, so any real roots retain their ordering throughout a
subregion. Moreover, real roots may move through the
inner and outer event horizons only via a double root at the
horizon,7 meaning that real roots also retain their ordering
relative to the horizons within each subregion. Thus, to
determine the character of the roots throughout any sub-
region, it suffices to evaluate the formulas (95) at a single
point therein. Doing so results in the general classification:

(I) four real roots, two outside horizon: r1 < r2 < r− <
rþ < r3 < r4,

(II) four real roots, all inside horizon: r1 < r2 < r3 <
r4 < r− < rþ,

(III) two real roots, both inside horizon: r1<r2<r−<rþ
and r3 ¼ r̄4,

(IV) no real roots: r1 ¼ r̄2 and r3 ¼ r̄4.
Notice that there are never any real roots between the
inner and outer horizons r− and rþ. On the critical curve
Cþ, we have r3 ¼ r4 > rþ, while on the portion of C−
in the upper-half plane (η > 0), we have r3 ¼ r4 < r−, with

FIG. 2. Regions of conserved quantity space corresponding to different qualitative behaviors of the roots of the radial potential. Here
we show the case of spin a=M ¼ 99% and setM ¼ 1. The triple root r̂ is shown with a red dot and the quadruple root řwith a purple dot.
In the low-spin limit a → 0, regions II and IV disappear, while in the high-spin limit a → M the rightmost portion of C− merges with Cþ,
so that region II is adjacent to region I.

7The radial potential is nonnegative at bothhorizons andpositive
at infinity: Rðr�Þ ¼ ðr2� þ a2 − aλÞ2 ≥ 0 and Rð�∞Þ¼þ∞.
As such, there must always be an even number of real roots in
each of the ranges r < r−, r− < r < rþ, and r > rþ.
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r̂ ¼ r2 ¼ r3 ¼ r4 < r− at the triple-root ðλ̂; η̂Þ. On the
portion of C− in the lower-half plane (η < 0), we have
r1 ¼ r2 < r−, with all four roots coinciding at the inter-
section of C− with the horizontal axis η ¼ 0.
The allowed range(s) of r for each of the four cases can

be determined by checking where the radial potential is
positive for a single choice of conserved quantities in each
region. Noting that the potential is always positive at
r → �∞, the ranges are r < r1, r2 < r < r3, and r > r4
for cases I and II; r < r1 and r > r2 for case III; and any
value of r for case IV. Restricting to motion outside the
horizon, the relevant ranges are thus:

Ia. rþ < r < r3 (white hole to black hole),
Ib. r4 < r < ∞ (scattering),
II, III, IV. rþ < r < ∞ (fly in or out).

In case Ia, the ray emerges from the white hole, reaches a
turning point at r ¼ r3, and falls into the black hole. In case
Ib, the ray enters from infinity, reaches a turning point at
r ¼ r4, and returns to infinity. In cases II, III, and IV, the ray
either starts from the white hole horizon and ends at
infinity, or starts from infinity and ends at the black hole
horizon. Figure 3 illustrates these regions.

C. Radial integrals and inversion

The above classification of the radial motions enables
the radial integrals Ir, Iϕ, It, and Iσ to be expressed in
manifestly real elliptic form using standard transforma-
tions. The needed transformations group themselves into
yet another logically distinct set of cases, according to the
turning point(s) of the maximally extended trajectory:8

(1) case Ia: r2 < r < r3,
(2) cases Ib and II: r4 < r < ∞,
(3) case III: r2 < r < ∞,
(4) case IV: −z < r < ∞.

For each case (1)–(4), we proceed as with the polar motion
above: first, we find smooth real antiderivatives for each
integral; next, we invert Ir ¼ τ to find roðτÞ; and finally, we
find expressions for Iϕ and It, both as functions of τ and
expressed in terms of the number of turning points. Since
the method is essentially the same as in the polar case (but
lengthier), we defer treatment to Appendix B. The results
are summarized in Sec. VI below.

V. COMPARISON TO PREVIOUS WORK

We now compare our results to previous work. For the
polar motion, the formulas for the roots, classification of
motion types, reduction to elliptic integrals, and inversion
for θoðτÞ have all appeared before in the literature.
We provide a unified presentation, introduce a method of

derivation that generalizes to the radial case, and also give
for the first time the Mino-time parametrization of the path
integrals GϕðτÞ and GtðτÞ. For the radial motion, the roots
had not been explicitly solved for, the complete list of
motion types had not been associated with regions of
conserved quantity space (Fig. 2), only a subset of the
integral reductions and inversions had been performed, and
formulas for IϕðτÞ and ItðτÞ had not previously appeared.
We now make a more detailed comparison to a subset of

earlier work. Rauch and Blandford [6] used the standard
substitutions [15] (the same ones we use) to reduce Ir to
Legendre elliptic form in all possible cases. Dexter and
Agol [7] reduced Ir and Gθ to Carlson symmetric form and
found the inversion formulas rðτÞ and θðτÞ in a subset of
cases. Esteban and Vásquez [16] expressed a subset of the

FIG. 3. The outer critical curve Cþ is the boundary between rays with two roots outside the horizon (region I) and with no roots outside
the horizon (regions II, III, IV). As the spin is increased from a ¼ 0 on the left to a ¼ M on the right, the region of vortical geodesics
(lower protrusion) grows in size, while the right side of Cþ tucks in and develops a vertical segment. (This segment maps to the
“NHEKline” on the image of an observer [2,14].) We have set M ¼ 1 in these plots.

8In Case IV, the trajectory has no turning point (−∞<r<∞),
but the Legendre form of the antiderivative we give is smooth only
over the range−z < r < ∞, which covers the exterior since z > 0.
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path integrals explicitly in terms of the number of turning
points, and Kapec and Lupsasca [8] obtained correspond-
ing (and simplified) expressions for all of the angular path
integrals. We go beyond these works by delineating the
regions of conserved quantity space where each case of
radial motion applies, by finding explicit ordered expres-
sions for the radial roots, by finding inversion formulas
valid in all cases, and by computing all geodesic integrals
Gθ, Gϕ, Gt, Ir, Iϕ, It, and Iσ in all cases.
Analytic solutions for xμðτÞ were given previously by

Hackmann [5] using theWeierstrass elliptic function. These
expressions are slightly less explicit than ours, since they
require the computation of an integral to relate to given
initial data, need manual gluing at some turning points, and
also feature a reference root to be found in each case. (Our
explicit solution for the roots simplifies the latter task.) The
solutions of Ref. [5] also appear to be less general, since the
reference root is assumed to be real, and it is not clear
whether the results extend to case IV, where all roots are
complex. However, Hackmann’s approach goes beyond our
work in treating timelike geodesics as well.
Finally, we note that an approach similar to ours was

followed in Refs. [17,18] to analyze bound timelike geo-
desics in Mino time.

VI. RECIPE FOR TRAJECTORIES

We now explain how to use the results of this paper
to construct a parametrized trajectory for a given set of
initial conditions, excluding certain measure-zero cases.
Beginning with the initial position xμs and momentum
pμ
s , one first determines λ and η via Eqs. (3)–(5). Next,

one determines the type of polar motion (type A or B)
according to whether η is positive or negative, respectively.
One then evaluates the roots fr1; r2; r3; r4g [Eqs. (95)] to
determine the radial case I, II, III, or IV. (One way to do so
is the following: If r2 is not real, the motion is case IV; if r2
is real, then the motion is case III, II, or I if r4 is complex,
real but inside the horizon, or real and outside the horizon,
respectively.) Next, one determines the substitution class
(1), (2), (3), or (4) according to the following: If case I,
choose (1) or (2) according to whether the initial radius is
less than r3 or greater than r4; if case II, III, or IV, choose
(2), (3), or (4), respectively.
Having determined the appropriate type of polar motion

(A or B) and radial motion (1)–(4), the trajectories are given
in a unified notation in the relevant subsections of the paper.
As an example, wewill consider polar typeA and radial type
(2) (rays that enter and leave via the celestial sphere). The
solution is given in the notationxμoðτÞ, where νθ and νr are the
initial signs of the polar momentum pθ

s and radial momen-
tum pr

s, respectively. The polar motion θoðτÞ is given in
Eq. (38). The radial motion roðτÞ is given in Eq. (B46). The
azimuthal motionϕoðτÞ is given by Eqs. (11) and (B2) using
Eqs. (B30) and (47). The temporal motion toðτÞ is given by
Eqs. (12) and (B3) using Eqs. (B30) and (48).
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APPENDIX A: UNPACKING PATH INTEGRALS

Consider a “trajectory” xðTÞ defined between Ts and To
that periodically oscillates in some range x ∈ ½x−; xþ�.
Given a function hðxÞ that is real and smooth in this range
(and integrable as the edges are approached), we may
define a path integral

H ¼
Z

To

Ts

hðxðTÞÞ
���� dxdT

����dT: ðA1Þ

Over any segment between adjacent turning points, the
integrand is simply�hðxÞdx, with� the sign of dx=dT. We
thus abbreviate the integral using the slash notation

H ¼ ⨏ xo

xs
� hðxÞdx; ðA2Þ

where xðTsÞ ¼ xs and xðToÞ ¼ xo, while the � is always
the sign of dx=dT (and hence switches at turning points).
This makes it manifest that the integral depends only on the
initial value xs, the initial sign ν ¼ signðx0ðTsÞÞ, the final
value xo, and the number of turning points p encountered
along the way,

H ¼ Hðxs; ν; xo; pÞ: ðA3Þ
We now find explicit expressions for H in terms of these
parameters, as well as any choice of (real and smooth)
antiderivative HðxÞ such that

dH
dx

¼ hðxÞ: ðA4Þ

We will use the notation

Hi ¼ Hðx ¼ xiÞ; i ∈ fs; o;þ;−g: ðA5Þ
The path integral has the quasiperiodicity property

Hðpþ 2Þ ¼ HðpÞ þ 2Ĥ; ðA6Þ

where the other arguments in Eq. (A3) are fixed, while

Ĥ ¼
Z

xþ

x−

HðxÞdx ¼ Hþ −H−; ðA7Þ

denotes the path integral over a half-libration. Thus, it
suffices to consider four cases: ν ¼ � and m ∈ f0; 1g.
These are depicted in Fig. 4. Going through each of these
configurations in turn, we find
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ν ¼ þ1; p ¼ 0∶ H ¼ Ho −Hs; ðA8aÞ

ν ¼ −1; p ¼ 0∶ H ¼ Hs −Ho; ðA8bÞ

ν ¼ þ1; p ¼ 1∶ H ¼ −Hs −Ho þ 2Hþ; ðA8cÞ

ν ¼ −1; p ¼ 1∶ H ¼ Hs þHo − 2H−: ðA8dÞ

Pairing these expressions by their value of p, and then
promoting them to arbitrary integer p using Eq. (A6), we
finally obtain

H ¼
�
pĤ þ νðHo −HsÞ p even;

pĤ þ νðHþ þH− −Ho −HsÞ p odd;
ðA9Þ

which correctly reproduces Eqs. (A8) when p ∈ f0; 1g.
Finally, the even and odd cases can be combined into

H ¼ pĤ þ ν

�
ð−1ÞpHo −Hs þ

1 − ð−1Þp
2

ðHþ þH−Þ
�
:

ðA10Þ

APPENDIX B: RADIAL INTEGRALS
AND INVERSION

In this Appendix, we analyze the radial integrals and
trajectories following the approach established in the polar
case in Sec. III. It is convenient to rewrite the radial
integrals as

Ir ¼ I0; ðB1Þ

Iϕ ¼ 2Ma
rþ − r−

��
rþ −

aλ
2M

�
Iþ −

�
r− −

aλ
2M

�
I−

�
; ðB2Þ

It ¼
ð2MÞ2
rþ − r−

�
rþ

�
rþ −

aλ
2M

�
Iþ − r−

�
r− −

aλ
2M

�
I−

�
þ ð2MÞ2I0 þ ð2MÞI1 þ I2; ðB3Þ

where we introduced

I� ¼ ⨏ ro

rs

dr

�rðr − r�Þ
ffiffiffiffiffiffiffiffiffiffi
RðrÞp ; Il ¼ ⨏ ro

rs

rldr

�r

ffiffiffiffiffiffiffiffiffiffi
RðrÞp ;

ðB4Þ

for l ∈ f0; 1; 2g. Note that Ir ¼ I0 and Iσ ¼ I2. The radial
trajectory satisfies the squared differential equation�

dro
dτ

�
2

¼ RðroðτÞÞ; ðB5Þ

while the radial integrals (B4) satisfy

dIl
dτ

¼ ½roðτÞ�l;
dI�
dτ

¼ 1

roðτÞ − r�
: ðB6Þ

Below we will go through each case (1)–(4) [Sec. IV C],
following the basic approach established in our treatment of
the angular integrals in Sec. III above. Each case requires a
different substitution of variables to obtain real and smooth
antiderivatives for the integrals.9 Many of the relevant

FIG. 4. Illustration of the four cases considered in Eqs. (A8).

9Near critical values of the roots, the integrals may be approxi-
mated using themethod ofmatched asymptotic expansions [11,14].
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substitutions are summarized in Secs. 3.145–3.151 of
Ref. [19], and full details are presented in Secs. 250–
267 of Ref. [15]. The antiderivatives can be used to
calculate the path integrals as functions of rs, ro, νr, and
the number of turning points w encountered along the
trajectory via

Ii ¼ ð−1ÞwIo
i − Is

i ; ðB7Þ

where I j
i indicates the antiderivative I i evaluated at the

source (j ¼ s) or observer (j ¼ o). Here, we assumed that
the trajectory encounters either no turning points (w ¼ 0) or
a single turning point (w ¼ 1), which is appropriate for our
restriction to motion in the black hole exterior.

1. Preliminaries

For the analysis that follows, it is most convenient to
think of the radial potential as a quartic in terms of its roots,

RðrÞ ¼ ðr − r1Þðr − r2Þðr − r3Þðr − r4Þ: ðB8Þ

Throughout this section, we use the notation

rij ¼ ri − rj; ðB9Þ

with i; j ∈ f1; 2; 3; 4;þ;−g to represent the four roots of
the radial potential, as well as the inner and outer horizons.
In addition, if r3 ¼ r̄4 are complex conjugates, then it is
useful to set

r3 ¼ b1 − ia1; r4 ¼ b1 þ ia1;

a1 ¼
ffiffiffiffiffiffiffiffiffiffi
−
r243
4

r
> 0; b1 ¼

r3 þ r4
2

¼ z > 0; ðB10Þ

where the last equality follows from the explicit expres-
sions (95) for the radial roots, and the following inequality
from Eq. (94). Moreover, if r1 ¼ r̄2 are also complex
conjugates, then we likewise set

r1 ¼ b2 − ia2; r2 ¼ b2 þ ia2;

a2 ¼
ffiffiffiffiffiffiffiffiffiffi
−
r221
4

r
> 0; b2 ¼

r1 þ r2
2

¼ −z < 0: ðB11Þ

Note that the condition r1 þ r2 þ r3 þ r4 ¼ 0 is automati-
cally enforced, as expected from Eq. (96), and also that

b1 > 0 > b2 ¼ −b1; a1 > a2 > 0: ðB12Þ

Lastly, we define once and for all the elliptic parameter

k ¼ r32r41
r31r42

: ðB13Þ

Note that if all the roots are real, then their ordering ensures
that r32r41 − r31r42 ¼ −r43r21 < 0, and hence that

k ∈ ð0; 1Þ: ðB14Þ

On the other hand, if two of the roots are complex, then
k ∈ C is a pure complex phase, as can be seen by plugging
in Eqs. (B10) into the definition (B13). When all the roots
are complex, then k > 1, as can be seen by plugging in
Eqs. (B10) and (B11) into the definition (B13). In these
cases, another parameter is needed instead.

2. Case (1)

In case (1), all four roots are real and the range of radial
motion is r1 < r2 ≤ r ≤ r3 < r4. (In the maximally
extended spacetime, the photon alternates between succes-
sive universes.) An appropriate substitution for the evalu-
ation of the integrals (B4) is then (see Eq. (4) in Sec. 3.147
of Ref. [19] and Sec. 254 of Ref. [15])

x1ðrÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r − r2
r − r1

r31
r32

r
∈ ð0; 1�: ðB15Þ

The parameter (B13) is less than unity, k ∈ ð0; 1Þ, and the
antiderivatives

I0 ¼ Fð1ÞðrÞ; ðB16Þ

I1 ¼ r1Fð1ÞðrÞ þ r21Π
ð1Þ
1 ðrÞ; ðB17Þ

I2 ¼
ffiffiffiffiffiffiffiffiffiffi
RðrÞp

r − r1
−
r1r4 þ r2r3

2
Fð1ÞðrÞ − Eð1ÞðrÞ; ðB18Þ

I� ¼ −Πð1Þ
� ðrÞ − Fð1ÞðrÞ

r�1

; ðB19Þ

are real and smooth, with10

Fð1ÞðrÞ ¼ 2ffiffiffiffiffiffiffiffiffiffiffiffi
r31r42

p Fðarcsin x1ðrÞjkÞ ≥ 0; ðB20Þ

Eð1ÞðrÞ ¼ ffiffiffiffiffiffiffiffiffiffiffiffi
r31r42

p
Eðarcsin x1ðrÞjkÞ ≥ 0; ðB21Þ

Πð1Þ
1 ðrÞ ¼ 2ffiffiffiffiffiffiffiffiffiffiffiffi

r31r42
p Π

�
r32
r31

; arcsin x1ðrÞjk
�

≥ 0; ðB22Þ

Πð1Þ
� ðrÞ ¼ 2ffiffiffiffiffiffiffiffiffiffiffiffi

r31r42
p r21

r�1r�2

Π
�
r�1r32
r�2r31

; arcsin x1ðrÞjk
�
:

ðB23Þ

10Fð1Þ ≥ 0, Eð1Þ ≥ 0, and Πð1Þ
1 ≥ 0 because FðφjkÞ ≥ 0,

EðφjkÞ ≥ 0 and Πðn;φjkÞ ≥ 0 whenever φ ∈ ½0; π
2
�, k ∈ ½0; 1�,

and n ∈ ½0; 1�. On the other hand, Πð1Þ
� can be negative.
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In general, the expression for I2 contains an additional
contribution from the antiderivative

r1 þ r2 þ r3 þ r4
2

ðr1Fð1ÞðrÞ þ r21Π
ð1Þ
1 ðrÞÞ ¼ 0; ðB24Þ

which in this case vanishes by Eq. (96).

a. Inversion for roðτÞ
Before a turning point is reached, the path integral Ir ¼ τ

beginning from r ¼ rs is given by

τ ¼ Ir ¼ νrðIo
r − Is

rÞ; νr ¼ signðpr
sÞ: ðB25Þ

As in the angular analysis of Sec. III, we may use the Jacobi
elliptic sine function to invert this equation. Recalling that
Ir ¼ I0 ¼ Fð1ÞðrÞ, Eqs. (37), (B20), and (B25) can be
combined to give

x1ðroÞ ¼ νrsnðX1ðτÞjkÞ; X1ðτÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
r31r42

p
2

ðτ þ νrI s
rÞ:

ðB26Þ

Solving for ro using Eq. (B15), we then find

rð1Þo ðτÞ ¼ r2r31 − r1r32sn2ðX1ðτÞjkÞ
r31 − r32sn2ðX1ðτÞjkÞ

; ðB27Þ

where we write rð1Þo to emphasize that this formula for roðτÞ
was derived in case (1), even though it will extend to the
other cases with little modification. Although Eq. (B27)
was derived under the assumption that a turning point has
not yet been reached, it in fact continues properly through
turning points to provide the full parametrized trajectory
roðτÞ, as follows. Noting that sn2ðφjkÞ oscillates smoothly
between 0 andþ1with period 2KðkÞ, we see that Eq. (B27)
defines a trajectory roðτÞ that oscillates between r2 and r3
with period 2KðkÞ. Thus, it has the correct quantitative
behavior at turning points, and we need only check that it
satisfies the squared differential equation (B5), which is
easily verified using the elliptic identities (39) and (40).
This completes the proof that Eq. (B27) is the unique
solution for roðτÞ with initial conditions roð0Þ ¼ rs and
sign½r0oð0Þ� ¼ νr, which is manifestly real in case (1).

b. Path integrals as a function of Mino time

We have Ir ¼ I0 ¼ τ by definition, and the other path
integrals may be expressed in terms of Mino time τ using a
slight extension of the method used in Sec. III for the
angular case. Before the first turning point is reached,
we have

Ii ¼ νrðIo
i − I s

i Þ; ðB28Þ

where the antiderivatives I i depend on r primarily through
the combination arcsin x1ðrÞ. Applying the formula (43) to
Eq. (B26) extends arcsin x1ðrÞ to the (monotonically
increasing in τ) amplitude

arcsin x1ðrÞ ¼ amðX1ðτÞjkÞ; ðB29Þ

where X1ðτÞ is as defined in Eq. (B26), and the restriction
jφj ≤ KðkÞ is satisfied on account of our assumption that a
turning point has not yet been reached. Plugging the
extension (B29) into Eq. (B28) as needed, we then find

I1 ¼ νr½r1Fð1Þ
τ þ r21Π

ð1Þ
1;τ − I s

1�; ðB30aÞ

I2¼νr

� jr0oðτÞj
roðτÞ−r1

−
r1r4þr2r3

2
Fð1Þ
τ −Eð1Þ

τ −I s
2

�
; ðB30bÞ

I� ¼ νr

�
−Πð1Þ

�;τ −
Fð1Þ
τ

r�1

− Is
�

�
; ðB30cÞ

with

Fð1Þ
τ ¼ 2τffiffiffiffiffiffiffiffiffiffiffiffi

r31r42
p ; ðB31Þ

Eð1Þ
τ ¼ ffiffiffiffiffiffiffiffiffiffiffiffi

r31r42
p

EðamðX1ðτÞjkÞjkÞ; ðB32Þ

Πð1Þ
1;τ ¼

2ffiffiffiffiffiffiffiffiffiffiffiffi
r31r42

p Π
�
r32
r31

; amðX1ðτÞjkÞjk
�
; ðB33Þ

Πð1Þ
�;τ¼

2ffiffiffiffiffiffiffiffiffiffiffiffi
r31r42

p r21
r�1r�2

Π
�
r�1r32
r�2r31

;amðX1ðτÞjkÞjk
�
: ðB34Þ

Although these expressions were derived under the
assumption that a turning point does not occur, they in
fact extend properly through turning points to give the
complete path integrals Ii, as follows. Since amðφjkÞ,
FðφjkÞ, EðφjkÞ, and Πðn;φjkÞ are real and smooth func-
tions of φ provided maxðk; nÞ < 1 (which is the case here),
it follows that the candidate formulas for the Ii are real
and smooth. Thus, we need only check the differential
equations (B6), which is straightforward using Eq. (B29)
together with the quasiperiodicity properties (53). This
completes the proof that these formulas give the full path
integrals (B4).

3. Case (2)

In case (2), all four roots are real and the range of radial
motion is r1 < r2 < r3 < r4 ≤ r. An appropriate substitu-
tion for the evaluation of the integrals (B4) is then (see
Eq. (8) in §3.147 of Ref. [19] and §258 of Ref. [15])

x2ðrÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r − r4
r − r3

r31
r41

r
∈
�
0;

ffiffiffiffiffiffi
r31
r41

r �
⊂ ½0; 1Þ: ðB35Þ
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The parameter (B13) is less than unity, k ∈ ð0; 1Þ, and the
antiderivatives

I0 ¼ Fð2ÞðrÞ; ðB36Þ

I1 ¼ r3Fð2ÞðrÞ þ r43Π
ð2Þ
1 ðrÞ; ðB37Þ

I2 ¼
ffiffiffiffiffiffiffiffiffiffi
RðrÞp

r − r3
−
r1r4 þ r2r3

2
Fð2ÞðrÞ − Eð2ÞðrÞ; ðB38Þ

I� ¼ −Πð2Þ
� ðrÞ − Fð2ÞðrÞ

r�3

; ðB39Þ

are real and smooth, with11

Fð2ÞðrÞ ¼ 2ffiffiffiffiffiffiffiffiffiffiffiffi
r31r42

p Fðarcsin x2ðrÞjkÞ ≥ 0; ðB40Þ

Eð2ÞðrÞ ¼ ffiffiffiffiffiffiffiffiffiffiffiffi
r31r42

p
Eðarcsin x2ðrÞjkÞ ≥ 0; ðB41Þ

Πð2Þ
1 ðrÞ ¼ 2ffiffiffiffiffiffiffiffiffiffiffiffi

r31r42
p Π

�
r41
r31

; arcsin x2ðrÞjk
�

≥ 0; ðB42Þ

Πð2Þ
� ðrÞ ¼ 2ffiffiffiffiffiffiffiffiffiffiffiffi

r31r42
p r43

r�3r�4

Π
�
r�3r41
r�4r31

; arcsin x2ðrÞjk
�
:

ðB43Þ

In general, the expression for I2 contains an additional
contribution from the antiderivative

r1 þ r2 þ r3 þ r4
2

ðr3Fð2ÞðrÞ þ r43Π
ð2Þ
1 ðrÞÞ ¼ 0; ðB44Þ

which in this case vanishes by Eq. (96).

a. Inversion for roðτÞ
Before a turning point is reached, the path integral Ir ¼ τ

beginning from r ¼ rs is still given by Eq. (B25). As usual,
we may use the Jacobi elliptic sine function to invert
this equation. Recalling that Ir ¼ I0 ¼ Fð2ÞðrÞ, Eqs. (37),
(B25), and (B40) can be combined to give

x2ðroÞ ¼ νrsnðX2ðτÞjkÞ; X2ðτÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
r31r42

p
2

ðτ þ νrI s
rÞ:

ðB45Þ

Solving for ro using Eq. (B35), we then find

rð2Þo ðτÞ ¼ r4r31 − r3r41sn2ðX2ðτÞjkÞ
r31 − r41sn2ðX2ðτÞjkÞ

: ðB46Þ

where we write rð2Þo to emphasize that this formula for roðτÞ
was derived in case (2), even though it will extend to the
other cases with little modification. Although Eq. (B46)
was derived under the assumption that a turning point has
not yet been reached, it in fact continues properly through
the turning point r4 (if encountered) to provide the full
parametrized trajectory roðτÞ. (If νr < 0 there is no turning
point in the future of the initial data.) Noting that sn2ðφjkÞ
oscillates smoothly between 0 and þ1 with period 2KðkÞ,
we see that Eq. (B46) defines a trajectory roðτÞ that
correctly bounces when r ¼ r4, where sn2ðφjkÞ ¼ 0.
Thus, it has the correct quantitative behavior at the turning
point, and we need only check that it satisfies the squared
differential equation (B5), which is easily verified using the
elliptic identities (39) and (40). This completes the proof
that Eq. (B46) is the unique solution for roðτÞ with initial
conditions roð0Þ ¼ rs and sign½r0oð0Þ� ¼ νr, which is man-
ifestly real in case (2).

b. Path integrals as a function of Mino time

We have Ir ¼ I0 ¼ τ by definition, and the other path
integrals may be expressed in terms of Mino time τ using
the same method as usual. Before the first turning point is
reached, we once again have Eq. (B28), where the anti-
derivatives I i depend on r primarily through the combi-
nation arcsin x2ðrÞ. Applying the formula (43) to Eq. (B45)
extends arcsin x2ðrÞ to the (monotonically increasing in τ)
amplitude

arcsin x2ðrÞ ¼ amðX2ðτÞjkÞ; ðB47Þ

where X2ðτÞ is as defined in Eq. (B45), and the restriction
jφj ≤ KðkÞ is satisfied on account of our assumption that a
turning point has not yet been reached. Plugging the
extension (B47) into Eq. (B28) as needed, we then find

I1 ¼ νr½r3Fð2Þ
τ þ r43Π

ð2Þ
1;τ − I s

1�; ðB48Þ

I2¼ νr

� jr0oðτÞj
roðτÞ− r3

−
r1r4þ r2r3

2
Fð2Þ
τ −Eð2Þ

τ −I s
2

�
; ðB49Þ

I� ¼ νr

�
−Πð2Þ

�;τ −
Fð2Þ
τ

r�1

− Is
�

�
; ðB50Þ

with

Fð2Þ
τ ¼ 2τffiffiffiffiffiffiffiffiffiffiffiffi

r31r42
p ; ðB51Þ

Eð2Þ
τ ¼ ffiffiffiffiffiffiffiffiffiffiffiffi

r31r42
p

EðamðX2ðτÞjkÞjkÞ; ðB52Þ

11Fð2Þ ≥ 0, Eð2Þ ≥ 0, and Πð2Þ
1 ≥ 0 because FðφjkÞ ≥ 0,

EðφjkÞ ≥ 0 and Πðn;φjkÞ ≥ 0 whenever φ ∈ ½0; arcsin 1ffiffi
n

p �,
k ∈ ½0; 1�, and n ≥ 1. On the other hand, Πð2Þ

� can be negative.
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Πð2Þ
1;τ ¼

2ffiffiffiffiffiffiffiffiffiffiffiffi
r31r42

p Π
�
r41
r31

; amðX2ðτÞjkÞjk
�
; ðB53Þ

Πð1Þ
�;τ¼

2ffiffiffiffiffiffiffiffiffiffiffiffi
r31r42

p r43
r�3r�4

Π
�
r�3r41
r�4r31

;amðX2ðτÞjkÞjk
�
: ðB54Þ

Although these expressions were derived under the
assumption that a turning point does not occur, they in
fact extend properly through the turning point r4 (if
encountered) to give the complete path integrals Ii, as
follows. Since amðφjkÞ, FðφjkÞ, EðφjkÞ, and Πðn;φjkÞ are
real and smooth functions of φ provided maxðk; nÞ < 1
(which is the case here), it follows that the candidate
formulas for the Ii are real and smooth. Thus, we need only
check the differential equations (B6), which is straightfor-
ward using Eq. (B47) together with the quasiperiodicity
properties (53). This completes the proof that these for-
mulas give the full path integrals (B4).

4. Case (3)

In case (3), only two roots are real and the range of radial
motion is r1 < r2 < r− < rþ ≤ ri with r3 ¼ r̄4. An appro-
priate substitution for the evaluation of the integrals (B4) is
then (see Eq. (1) in Sec. 3.145 of Ref. [19] and Sec. 260 of
Ref. [15])12

x3ðrÞ ¼
Aðr − r1Þ − Bðr − r2Þ
Aðr − r1Þ þ Bðr − r2Þ

; ðB55Þ

where [recall Eq. (B10)]

A2 ¼ a21 þ ðb1 − r2Þ2 > 0; B2 ¼ a21 þ ðb1 − r1Þ2 > 0;

ðB56Þ
and we must choose the same sign for the square root in
A and B. Picking the positive branch results in

A ¼ ffiffiffiffiffiffiffiffiffiffiffiffi
r32r42

p
> 0; B ¼ ffiffiffiffiffiffiffiffiffiffiffiffi

r31r41
p

> 0: ðB57Þ

Moreover, since r3þr4¼2z>0 [Eq. (B10)] and r1 þ r2 ¼
−2z < 0 [Eq. (96)], it follows that r3 þ r4 > r1 þ r2, and
hence that B2 −A2 ¼ r21ðr3 þ r4 − r1 − r2Þ> 0. Therefore,
using the fact that r1 < r2 < r,

B > A > 0; α0 ¼
Bþ A
B − A

> 1;

x3ðrÞ ¼
1 − Bðr−r2Þ

Aðr−r1Þ
1þ Bðr−r2Þ

Aðr−r1Þ
∈
�
−

1

α0
; 1

�
⊂ ð−1; 1Þ: ðB58Þ

While in this case, the parameter (B13) is a pure phase
k ∈ C, we can replace it by a new parameter that is real,
positive, and less than unity:

k3 ¼
ðAþBÞ2 − r221

4AB

¼ 1

2

�
1þ a21 þ ðb1 − r1Þðb1 − r2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

½a21 þ ðb1 − r1Þðb1 − r2Þ�2 þ a21r
2
21

p �
∈ ð0;1Þ:

ðB59Þ

We now invoke the results in Sec. 341 of Ref. [15] (though
note that we use different conventions for the elliptic
integrals). After correcting an error in the auxiliary formula
Sec. 361.54 (their f1 is missing a factor of 1

2
), we find that

whenever

j ∈ ð0;1Þ; α2 > 1; φ ∈
�
0;π − arccos

1

α

�
; ðB60Þ

so that α2=ðα2 − 1Þ > j is automatically satisfied, then
[using H to denote the Heaviside function]

R1ðα;φjjÞ ¼
Z

FðφjjÞ

0

du
1þ αcnðujjÞ ¼

Z
φ

0

dt

ð1þ α cos tÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − jsin2t

p ðB61Þ

¼ 1

1 − α2

�
Π
�

α2

α2 − 1
;φjj

�
− αf1 þ 2H

�
φ −

π

2

�
Π
�

α2

α2 − 1

����j
��

; ðB62Þ

R2ðα;φjjÞ ¼
Z

FðφjjÞ

0

du
½1þ αcnðujjÞ�2 ¼

Z
φ

0

dt

ð1þ α cos tÞ2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − jsin2t

p ðB63Þ

¼ 1

α2−1

�
FðφjjÞ− α2

jþð1−jÞα2
�
EðφjjÞ−αsinφ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−jsin2φ

p
1þαcosφ

��
þ 1

jþð1−jÞα2
�
2j−

α2

α2−1

�
R1ðα;φjjÞ; ðB64Þ

f1 ¼
p1

2
log

����p1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − jsin2φ

p
þ sinφ

p1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − jsin2φ

p
− sinφ

���� ≥ 0; p1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

α2 − 1

jþ ð1 − jÞα2

s
> 0; ðB65Þ

12Here, the two references superficially disagree, but they are in fact related by the identity arccos x ¼ 2 arctan
ffiffiffiffiffiffiffiffi
1−x2

p
1þx , valid for x ∈ ð−1; 1�.
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where we added an integration constant Hðφ − π=2Þ to
ensure that the formulas remain valid in the domain
φ > π=2.
Finally, we also introduce the parameters

α� ¼ Br�2 þ Ar�1

Br�2 − Ar�1

¼ −
1

x3ðr�Þ
: ðB66Þ

Since the conditions (B60) are satisfied by j¼k3, α ¼ α0;�,
and φ ¼ arccos x3ðrÞ, the antiderivatives

I0 ¼ Fð3ÞðrÞ; ðB67Þ

I1 ¼
�
Br2 þ Ar1
Bþ A

�
Fð3ÞðrÞ þ Πð3Þ

1 ðrÞ; ðB68Þ

I2 ¼
�
Br2 þ Ar1
Bþ A

�
2

Fð3ÞðrÞ þ 2

�
Br2 þ Ar1
Bþ A

�
Πð3Þ

1 ðrÞ

þ
ffiffiffiffiffiffiffi
AB

p
Πð3Þ

2 ðrÞ; ðB69Þ

I� ¼ −
1

Br�2 þ Ar�1

�
ðBþ AÞFð3ÞðrÞ

þ 2r21
ffiffiffiffiffiffiffi
AB

p

Br�2 − Ar�1

R1ðα�; arccos x3ðrÞjk3Þ
�
; ðB70Þ

are real and smooth, with13

Fð3ÞðrÞ ¼ 1ffiffiffiffiffiffiffi
AB

p Fðarccos x3ðrÞjk3Þ > 0; ðB71Þ

Πð3Þ
l ðrÞ ¼

�
2r21

ffiffiffiffiffiffiffi
AB

p

B2 − A2

�l

Rlðα0; arccos x3ðrÞjk3Þ > 0:

ðB72Þ

a. Inversion for roðτÞ
Before a turning point is reached, the path integral Ir ¼ τ

beginning from r ¼ rs is still given by Eq. (B25), which in
this case can be inverted using the Jacobi elliptic cosine
function cnðφjkÞ. This function satisfies

cnðFðarccosφjkÞÞ ¼ φ; ðB73Þ

and is even in its first argument, cnð−φjkÞ ¼ cnðφjkÞ.
Recalling that Ir ¼ I0 ¼ Fð3ÞðrÞ, Eqs. (B25), (B71), and
(B73) can be combined to give

x3ðroÞ ¼ cnðX3ðτÞjk3Þ;
X3ðτÞ ¼

ffiffiffiffiffiffiffi
AB

p
ðτ þ νrI s

rÞ: ðB74Þ

Solving for ro using Eq. (B55), we then find

rð3Þo ðτÞ¼ ðBr2−Ar1ÞþðBr2þAr1ÞcnðX3ðτÞjk3Þ
ðB−AÞþðBþAÞcnðX3ðτÞjk3Þ

; ðB75Þ

where we write rð3Þo to emphasize that this formula for roðτÞ
was derived in case (3), even though it will extend to the
other cases with little modification. This trajectory never
encounters a turning point outside the horizon, and hence
Eq. (B75) is the unique solution for roðτÞ with initial
conditions roð0Þ ¼ rs and sign½r0oð0Þ� ¼ νr, which is man-
ifestly real in case (3).

b. Path integrals as a function of Mino time

We have Ir ¼ I0 ¼ τ by definition, and the other path
integrals may be expressed in terms of Mino time τ using
the same method as usual. Since there are no turning
points, we once again have Eq. (B28), where the antider-
ivatives I i depend on r primarily through the combination
arccos x3ðrÞ. We now invoke the inversion formula

amðφjkÞ ¼ arccosðcnðφjkÞÞ; 0 ≤ φ ≤ 2KðkÞ: ðB76Þ

Applying it to Eq. (B74) extends arccos x3ðrÞ to the
(monotonically increasing in τ) amplitude

arccos x3ðrÞ ¼ amðX3ðτÞjkÞ; ðB77Þ

where X3ðτÞ is as defined in Eq. (B74), and the restriction
0 ≤ φ ≤ 2KðkÞ is satisfied on the whole range of motion.
Plugging the extension (B77) into Eq. (B28) as needed, we
then find

I1 ¼ νr

��
Br2 þ Ar1
Bþ A

�
Fð3Þ
τ þ Πð3Þ

1;τ − Is
1

�
; ðB78Þ

I2 ¼ νr

��
Br2 þ Ar1
Bþ A

�
2

Fð3Þ
τ þ 2

�
Br2 þ Ar1
Bþ A

�
Πð3Þ

1;τ

þ
ffiffiffiffiffiffiffi
AB

p
Πð3Þ

2;τ − I s
2

�
; ðB79Þ

I� ¼ −
νr

Br�2 þ Ar�1

�
ðBþ AÞFð3Þ

τ

þ 2r21
ffiffiffiffiffiffiffi
AB

p

Br�2 − Ar�1

R1;τðα�; amðX3ðτÞjk3Þjk3Þ
�
− νrIs

�;

ðB80Þ

with

13Fð3Þ>0 and Πð3Þ
k >0 because FðφjjÞ ≥ 0 and Rkðα;φjjÞ ≥ 0

whenever φ ∈ ½0; π − arccos 1
α�, j ∈ ð0; 1Þ, and α > 1 (in the case

of Rk, this is manifest from the integrand). Note however that if
α < −1, then R1 ≤ 0 changes sign while R2 ≥ 0 does not.
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Fð3Þ
τ ¼ τffiffiffiffiffiffiffi

AB
p ; ðB81Þ

Πð3Þ
l;τ ¼

�
2r21

ffiffiffiffiffiffiffi
AB

p

B2 − A2

�l

Rlðα0; amðX3ðτÞjk3Þjk3Þ: ðB82Þ

Since a turning point never occurs, these formulas give the
full path integrals (B4).

5. Case (4)

In case (4), there are two pairs r1 ¼ r̄2 and r3 ¼ r̄4 of
complex conjugate roots and the range of radial motion is
unbounded. An appropriate substitution for the evaluation
of the integrals (B4) is then (see Eq. (4) in Sec. 3.145 of
Ref. [19] and §267 of Ref. [15])14

x4ðrÞ ¼
r − b2
a2

¼ rþ b1
a2

> 0; ðB83Þ

where we used the fact that b2¼−b1¼−z<0 [Eq. (B11)],
so that r > 0 > −b1 outside the horizon; since a2 > 0
[Eq. (B12)], this guarantees that x4ðrÞ is positive. In
principle, we could have equivalently defined x4ðrÞ ¼
ðr − b1Þ=a1, but then we would also have had to consider
negative values of x4ðrÞ. The present choice will prove
more convenient.
Following Refs. [15,19], we must also introduce the

quantities [recall Eqs. (B10) and (B11)]

C2 ¼ ða1 − a2Þ2 þ ðb1 − b2Þ2 > 0;

D2 ¼ ða1 þ a2Þ2 þ ðb1 − b2Þ2 > 0; ðB84Þ

which are well defined up to a choice of sign in the square
root. Picking the positive branch results in

C ¼ ffiffiffiffiffiffiffiffiffiffiffiffi
r31r42

p
> 0; D ¼ ffiffiffiffiffiffiffiffiffiffiffiffi

r32r41
p

> 0; ðB85Þ

from which it then follows that

k ¼ D2

C2
¼ 1þ 4a1a2

ða1 − a2Þ2 þ ðb1 − b2Þ2
> 1: ðB86Þ

While the parameter k > 1, we can replace it by a new
elliptic parameter that is real, positive, and less than unity:

k4 ¼
4CD

ðCþDÞ2 ¼
4

ffiffiffi
k

p

ð1þ ffiffiffi
k

p Þ2 ∈ ð0; 1Þ: ðB87Þ

The reduction of the elliptic integrals (B4) to Legendre
normal form presented in Refs. [15,19] further requires15

g0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4a22 − ðC −DÞ2
ðCþDÞ2 − 4a22

s
∈ ð0; 1Þ; ðB88Þ

with the last inequality rendered manifest by the relations
[recall from Eq. (B12) that a1 > a2 > 0]

g20 ¼
1− Z
1þ Z

; Z ¼ a21 − a22 þ ðb1 − b2Þ2
CD

∈ ð0; 1Þ;
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1− Z2

p
¼ 2a1ðb1 − b2Þ

CD
∈ ð0; 1Þ: ðB89Þ

We now invoke the results in Sec. 342 of Ref. [15] (though
note that we use different conventions for the elliptic
integrals). After correcting a typo in the auxiliary formula
Sec. 361.64 (the second square root in the denominator of
f2 should only include

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ α2

p
), we find that whenever

j ∈ ð0;1Þ; α > 0; φ ∈
�
−arctan

1

α
;
π

2
þ arctanα

�
;

ðB90Þ

so that ð1þ α2Þð1 − jþ α2Þ > 0 is automatically satisfied,
then [using H to denote the Heaviside function]

S1ðα;φjjÞ ¼
Z

FðφjjÞ

0

du
1þ αscðujjÞ ¼

Z
φ

0

dt

ð1þ α tan tÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − jsin2t

p ðB91Þ

¼ 1

1þ α2
½FðφjjÞ þ α2Πð1þ α2;φjjÞ − αf2 þ 2α2H

�
φ −

π

2

�
Πð1þ α2jjÞ�; ðB92Þ

15This definition agrees with Ref. [19] (g0 ¼ tan α) and Ref. [15] (g20 ¼ g21), except that a2 replaces a1 because our x4ðrÞ is
ðr − b2Þ=a2 instead of ðr − b1Þ=a1. Unfortunately, g0 ¼ �

ffiffiffiffiffi
g20

p
exhibits a sign ambiguity in the choice of branch for the square root.

This has led some authors such as Dexter and Agol [7] to prefer the use of Carlson’s symmetric integrals, which notably do not suffer
from this sign ambiguity [20]. However, in the present case, picking the positive branch in the formulas of Ref. [15] always yields the
correct answer.

14Here, the two references superficially disagree, but they are in fact related by the arctangent addition formula. However, the use of
this formula in Ref. [15] introduces a discontinuity in the antiderivative, so we instead use its always continuous form given in Ref. [19].
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S2ðα;φjjÞ ¼
Z

FðφjjÞ

0

du
½1þ αscðujjÞ�2 ¼

Z
φ

0

dt

ð1þ α tan tÞ2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − jsin2t

p ðB93Þ

¼ −
1

ð1þ α2Þð1 − jþ α2Þ
�
ð1 − jÞFðφjjÞ þ α2EðφjjÞ þ α2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − jsin2φ

p
ðα − tanφÞ

1þ α tanφ
− α3

�

þ
�

1

1þ α2
þ 1 − j
1 − jþ α2

�
S1ðα;φjjÞ; ðB94Þ

f2 ¼
p2

2
log

���� 1 − p2

1þ p2

1þ p2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − jsin2φ

p
1 − p2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − jsin2φ

p ���� ≥ 0; p2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ α2

1 − jþ α2

s
> 0; ðB95Þ

where we added an integration constant Hðφ − π=2Þ to
ensure that the formulas remain valid in the domain
φ > π=2.
Finally, we also introduce the parameters

g� ¼ g0x4ðr�Þ − 1

g0 þ x4ðr�Þ
: ðB96Þ

Since the conditions (B90) are satisfied by j¼k4, α ¼ g0;�,
and φ ¼ arctan x4ðrÞ þ arctan g0, the antiderivatives

I0 ¼ Fð4ÞðrÞ; ðB97Þ

I1 ¼
�
a2
g0

− b1

�
Fð4ÞðrÞ − Πð4Þ

1 ðrÞ; ðB98Þ

I2 ¼
�
a2
g0

− b1

�
2

Fð4ÞðrÞ − 2

�
a2
g0

− b1

�
Πð4Þ

1 ðrÞ þ Πð4Þ
2 ðrÞ;

ðB99Þ

I� ¼ g0
a2½1 − g0x4ðr�Þ�

�
Fð4ÞðrÞ

−
2

CþD

�
1þ g20

g0½g0 þ x4ðr�Þ�
�

× S1ðg�; arctan x4ðrÞ þ arctan g0jk4Þ
�

ðB100Þ

are real and smooth, with16

Fð4ÞðrÞ ¼ 2

CþD
Fðarctan x4ðrÞ þ arctan g0jk4Þ > 0;

ðB101Þ

Πð4Þ
l ðrÞ ¼ 2

CþD

�
a2
g0

ð1þ g20Þ
�
k

× Skðg0; arctan x4ðrÞ þ arctan g0jk4Þ: ðB102Þ

a. Inversion for roðτÞ
Before a turning point is reached, the path integral

Ir ¼ τ beginning from r ¼ rs is still given by Eq. (B25),
which in this case can be inverted using the Jacobi elliptic
tangent function scðφjkÞ ¼ snðφjkÞ=cnðφjkÞ. This function
satisfies

scðFðarctanφjkÞÞ ¼ φ ðB103Þ

and is odd in its first argument, scð−φjkÞ ¼ scðφjkÞ.
Recalling that Ir ¼ I0 ¼ Fð4ÞðrÞ, Eqs. (B25) and (B101)
can be combined to give

Fðarctan x4ðroÞ þ arctan g0jk4Þ ¼ X4ðτÞ;

X4ðτÞ ¼
CþD

2
ðνrτ þ I s

rÞ: ðB104Þ

At this stage, we need to invoke the arctangent addition
formula

arctan xþ arctan y ¼ arctan

�
xþ y
1 − xy

�
þ nπ; n ∈ Z

ðB105Þ

(with the precise value of the integer n depending on the
range of x; y ∈ R) to reexpress the last equation as

X4ðτÞ ¼ F

�
arctan

�
g0 þ x4ðroÞ
1 − g0x4ðroÞ

�
þ nπjk4

�

¼ F

�
arctan

�
g0 þ x4ðroÞ
1 − g0x4ðroÞ

�����k4
�

þ 2nKðk4Þ; ðB106Þ

16Fð4Þ>0 andΠð4Þ
2 > 0 because FðφjjÞ ≥ 0 and S2ðα;φjjÞ ≥ 0

whenever φ ∈ ½0; π
2
þ arctan α�, j ∈ ð0; 1Þ, and α > 0 (in the case

of S2, this is manifest from the integrand). On the other hand, S1
(and therefore Πð4Þ

1 > 0) can in principle be negative as r → ∞
and x4ðrÞ → π

2
.
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where the last step follows from the quasiperiodicity
property Fðφþ nπjkÞ ¼ FðφjkÞ þ 2nKðkÞ of the elliptic
integral of the first kind [see Eqs. (53)]. Thus, we have
established that

F

�
arctan

�
g0þx4ðroÞ
1−g0x4ðroÞ

�����k4
�
¼X4ðτÞ−2nKðk4Þ; ðB107Þ

for some integer n ∈ Z. Applying the formula (B103), it
then results that

g0 þ x4ðroÞ
1 − g0x4ðroÞ

¼ scðX4ðτÞ − 2nKðk4Þjk4Þ

¼ scðX4ðτÞjk4Þ; ðB108Þ

where in the last step, we used the periodicity property
scðφþ2KðkÞjkÞ¼scðφjkÞ. Solving for ro using Eq. (B83),
we then find

rð4Þo ðτÞ ¼ −a2
�
g0 − scðX4ðτÞjk4Þ
1þ g0scðX4ðτÞjk4Þ

�
− b1; ðB109Þ

where we write rð4Þo to emphasize that this formula for roðτÞ
was derived in case (4), even though it will extend to the
other cases with little modification. This trajectory never
encounters a turning point outside the horizon, and
hence Eq. (B109) is the unique solution for roðτÞ with
initial conditions roð0Þ ¼ rs and sign½r0oð0Þ� ¼ νr, which is
manifestly real in case (4).

b. Path integrals as a function of Mino time

We have Ir ¼ I0 ¼ τ by definition, and the other path
integrals may be expressed in terms of Mino time τ using
the same method as usual. Since there are no turning
points, we once again have Eq. (B28), where the antider-
ivatives I i depend on r primarily through the combination
arctan x4ðrÞ þ arctan g0. We now invoke the inversion
formula

amðFðφjkÞjkÞ ¼ φ: ðB110Þ

Applying it to Eq. (B104) extends arctan x4ðrÞ þ arctan g0
to the (monotonically increasing in τ) amplitude

arctan x4ðrÞ þ arctan g0 ¼ amðX4ðτÞjkÞ; ðB111Þ

where X4ðτÞ is as defined in Eq. (B104). Plugging the
extension (B111) into Eq. (B28) as needed, we then find

I1 ¼ νr

��
a2
g0

− b1

�
Fð4Þ
τ − Πð4Þ

1;τ − I s
1

�
; ðB112Þ

I2 ¼ νr

��
a2
g0

− b1

�
2

Fð4Þ
τ − 2

�
a2
g0

− b1

�
Πð4Þ

1;τ þ Πð4Þ
2;τ − Is

2

�
;

ðB113Þ

I� ¼ νrg0
a2½1 − g0x4ðr�Þ�

�
Fð4Þ
τ −

2

CþD

�
1þ g20

g0½g0 þ x4ðr�Þ�
�

× S1;τðg�; amðX4ðτÞjkÞjk4Þ
�
− νrIs

�; ðB114Þ

with

Fð4Þ
τ ¼ 2τ

CþD
; ðB115Þ

Πð4Þ
l;τ ¼

2

CþD

�
a2
g0

ð1þ g20Þ
�
l
Slðg0; amðX4ðτÞjk4Þjk4Þ:

ðB116Þ

Since a turning point never occurs, these formulas give the
full path integrals (B4).

6. Unified inversion formula

Although the inversion formulas rðiÞo ðτÞ derived in the
four cases (1)–(4) appear superficially different, their
expressions (B27), (B46), (B75), and (B109) are in fact
mathematically equivalent after certain sign flips in νr.
Thus, either one may be used across all four cases (with
appropriate sign flips), even though it is only manifestly
real in its own domain of definition.
To prove this, it suffices to show that for each

i ∈ f1; 2; 3; 4g, the function roðτÞ ¼ rðiÞo ðτÞ always satisfies
the squared differential equation (B5) with the correct
initial position. One can then check the initial sign of the
derivative and send νr → −νr if necessary. For instance, for
the inversion formula (B46) derived in case (2), one has

drð2Þo

dτ
¼ r31r41r43

ffiffiffiffiffiffiffiffiffiffiffiffi
r31r42

p
snðX2ðτÞjkÞcnðX2ðτÞjkÞdnðX2ðτÞjkÞ

½r31 − r41snðX2ðτÞjkÞ�2
; ðB117Þ

Rðrð2Þo ðτÞÞ ¼ r331r
2
41r

2
43r42sn

2ðX2ðτÞjkÞ½1 − sn2ðX2ðτÞjkÞ�½1 − ksn2ðX2ðτÞjkÞ�
½r31 − r41snðX2ðτÞjkÞ�4

: ðB118Þ
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These expressions manifestly satisfy Eq. (B5), in light of
the elliptic identities (39) and (40). Hence, rð2Þo ðτÞ remains
valid in all cases, up to a possible sign flip in νr.

17 We can
fix the sign ambiguity in νr by careful examination of
Eq. (B117). By construction, the initial sign of the radial

momentum in case (2) is signðpr
sÞ ¼ νr. An explicit but

tedious computation reveals this to still hold in cases (3)
and (4); on the other hand, a sign flip is required for case
(1), in which signðpr

sÞ ¼ −νr. Thus a unified inversion
formula holding in all cases is

rð2Þo ðτÞ ¼ r4r31 − r3r41sn2ðX2ðτÞjkÞ
r31 − r41sn2ðX2ðτÞjkÞ

;

X2ðτÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
r31r42

p
2

ðτ þ ανrI s
rÞ: ðB119Þ

where α ¼ −1 in case (1) and α ¼ þ1 in all other cases (2)–
(4). Here, Is

r refers to the case (2) antiderivative (B36).
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