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Gravitational deflection of relativistic massive particles by wormholes
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In this paper, the gravitational deflection of relativistic massive particles up to the second post-
Minkowskian order by static and spherically symmetric wormholes is investigated in the weak-field limit.
These wormholes include the Janis-Newman-Winicour wormhole, a class of zero Ricci scalar scalar-tensor
wormholes, and a class of charged Einstein-Maxwell-dilaton wormholes. With the Jacobi metric approach,
the Gauss-Bonnet theorem is employed to study the gravitational deflection. In this scheme, the deflection
angle as a topological effect is considered. Moreover, we analyze the influence of the spacetime parameters

on the results.
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I. INTRODUCTION

Gravitational lensing is one of the most powerful tools in
astrophysics and cosmology. As early as 1921, the gravi-
tational deflection of light due to the Sun was employed to
act as the first test of general relativity [1,2]. Applications
of gravitational lensing nowadays include measuring the
mass of galaxies and clusters [3-5], distinguishing between
wormholes and black holes [6-8], detecting dark matter
and dark energy [9-13], and so on.

To our knowledge, there are several analytical methods
devoted to studying gravitational lensing of light, contain-
ing the common geodesics approach [14]. Recently,
Gibbons and Werner [15] proposed an elegant geometrical
method to study the weak gravitational deflection of light in
a static and spherically symmetric spacetime. Namely, they
applied the Gauss-Bonnet (GB) theorem to the correspond-
ing optical geometry and obtained a beautiful expression to
calculate the deflection angle. The significance of this
method lies in the fact that it indicates the deflection angle
can be regarded as a topological effect. This method was
later extended to a stationary and axisymmetric spacetime
by Werner [16], in which the optical geometry is defined by
the relevant Finsler-Randers metric and thus the author
applied Nazim’s method to construct an osculating
Riemannian manifold where one could conveniently use
the GB theorem. The geometrical method in Refs. [15,16]
was applied not only to black hole lensing [17-23], but
also to the gravitational lensing caused by other objects
such as wormholes [22—31], cosmic strings [32-37], global
monopoles [38], or mass distributions of two-power-law
densities [39], in different gravitational theories. On the
other hand, Ishihara et al. [40—44] adopted the GB theorem
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to study the finite-distance corrections for gravitational
deflection of light, where the source and observer were no
longer assumed to be infinitely far from the lens.

Compared to the case of light, the gravitational deflec-
tions of massive particles also have extensive applications,
such as analyzing the properties of massive neutrinos and
cosmic rays [45-47], and attract more and more attention of
the relativity community [48-57]. It is expected that the
new geometrical method in Refs. [15,16] can be applied to
investigate massive particle lensing. Actually, several
works on gravitational deflection of relativistic massive
particles via the GB theorem have recently been proposed
in the weak field limit. Crisnejo and Gallo [58] utilized
the GB theorem to study the gravitational deflections
of both light in a plasma medium in a static and
spherically symmetric spacetime and massive particles in
Schwarzschild spacetime. This technique was later adopted
to study the Reissner-Nordstrom deflection of charged
massive particles [59]. By viewing the propagating par-
ticles as the de Broglie wave packets [60], Jusufi [61]
calculated the deflection angles of massive particles by
Kerr black hole and Teo wormhole, respectively, based on
the corresponding isotropic type metrics, the refractive
index of the corresponding optical media, and the GB
theorem. Jusufi’s idea in Ref. [61] was further extended to
distinguish naked singularities and Kerr-like wormholes
[62] and to study the gravitational deflection of charged
particles in Kerr-Newman spacetime [63].

In this work, the Jacobi metric method proposed by
Gibbons [64] to utilize the GB theorem will be used to
derive the gravitational deflection angles of relativistic
neutral massive particles induced, respectively, by three
types of static and spherically symmetric wormholes: the
Janis-Newman-Winicour (JNW) wormbhole, a class of zero
Ricci scalar scalar-tensor wormholes, and a class of
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charged Einstein-Maxwell-dilaton wormholes. The gravi-
tational deflection angles up to the second post-
Minkowskian order are obtained on the basis of the
perturbation method and iterative technique. Our discus-
sions are constrained in the weak-field, small-angle, and
thin-lens approximation.

This paper is organized as follows. In Sec. II, we shall set
up the general framework for our calculations, including
the static and spherically symmetric Jacobi metric, the GB
theorem applied to the Jacobi geometry, and the asymp-
totically Euclidean case. In Sec. III, we derive the gravi-
tational deflection angle of relativistic massive particles in
three types of static and spherically symmetric wormhole
spacetimes. Finally, we summarize our results in Sec. IV.
Throughout this paper, we use the natural units where G =
¢ = 1 and the metric signature (—, +, +, +). For conven-
ience, g;; is used to denote Jacobi metric if no confusion is
caused, and this is followed for the quantities with Jacobi
metric, while the quantities associated with the background
spacetime metric are added a bar above.

II. STATIC AND SPHERICALLY SYMMETRIC
JACOBI METRIC AND THE GAUSS-BONNET
THEOREM

A. Static and spherically symmetric Jacobi metric

According to the principle of least action of Maupertuis,
Gibbons et al. [64—67] established the Jacobi metric frame-
work for curved spacetime. The motion of free massive
particles in background spacetime can be described as a
spatial geodesic in the corresponding Jacobi geometry
defined by the Jacobi metric, which is similar to the case
where the motion of the photon can be described as a spatial
geodesic in the corresponding optical geometry. Even for
charged particles [68], the Jacobi metric approach also
works. For this reason, one can use the Jacobi geometry
as a background space to study the deflection of particles.

For a static metric

ds? = g,dt* + §;;dx'dx/, (1)
the corresponding Jacobi metric reads [64]
9ij = (Ez + mzf_]tt)g?jpt, (2)

where £ and m are the particle energy and mass, respec-
tively, and g?}’t is the corresponding optical metric of the
static metric given by [15]

opt gij
9ij ——— - (3)
Y it

Notice that the Jacobi metric in Eq. (2) is actually the same
with a special optical metric related with massive particles
in Ref. [58].

The general form for a static and spherically symmetric
metric is written as

ds* = —A(r)df* + B(r)dr* + C(r)dQ?, (4)
where dQ? = d6? + sin> Odgp? is the line element of

the unit two-sphere. By Eq. (2), its corresponding Jacobi
metric is

B C
ds* = (E? — m?A) [Z dr? + Kdﬂz] . (5)

Due to spherical symmetry, we study only the motion of
massive particles in the equatorial plane 6 = z/2 without
loss of generality. Thus, the Jacobi metric becomes

B
ds> = (E*> — m*A) (Z dr* + %d(/ﬂ). (6)

Then, one can obtain the conserved angular momentum J
by axial symmetry

C/d
J = (E? —m?A) 1 (d—i}> = constant, (7)

together with Eq. (7) and Eq. (6), which yields

(B~ m2a Y %)2 . —A(m2 +J—(j> (8)

This is consistent with the standard result

dr\? J?
24B(SL) =2 —A(m? 4+
man(g) =-a(mag) O

where 7 is used to denote the proper time along the
geodesic, and then

dt do

E=mA—, J=mC—, 10
" dr " dr (10)
with

mA

Introducing the inverse radial coordinate u = 1/r, the orbit
equation can be obtained from Eqgs. (7) and (8) as follows:

(j:)z B C:? [<Z>2 ‘A<hlz+é)], (12)

where h = J/m is the angular momentum per unit mass
and € = E/m is the energy per unit mass. The energy and
angular momentum for an asymptotic observer at infinity
are [58]
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m J_ muvb
1—22 NS

where » is the particle velocity and b is the impact
parameter defined by

(13)

< = b, (14)

Via Eq. (13), Jacobi metric (6) becomes

d52:m2< !

B C
1 —vz_A> {Zdrz—l-gd(pz], (15)

and the trajectory Eq. (12) comes to
du\? Cu*[ 1 1-0* 1
— = —-A — 1. (16
(d(p) AB L)zbz <1)2b2 * C>] (16)

B. The Gauss-Bonnet theorem and lens geometry

Let D be a compact oriented surface with a Riemannian
metric g;;, Gaussian curvature K, and Euler characteristic
(D). Its boundary 9D :R D I — D is a piecewise smooth
curve with geodesic curvature k,. The GB theorem states
that [15]

/A de+ng kgdl+zal. _omy(D).  (17)

where dS is the area element of the surface, dI is the line
element along the boundary, and «; is the exterior angle
defined for the ith vertex in the positive sense, as shown
in Fig. 1.

Next, the GB theorem will be employed to the Riemann-
Jacobi geometry defined by Eq. (15). Consider a Jacobi
region D with boundary 0D =y, |J Cg. Here Cy is a curve
defined by r(¢) = R = constant, which intersects the
particle trajectory y, at two points, the source S, and the
observer O, respectively. y, is a spatial geodesic leading to
k,(y,) =0, and one has y(D) = 1 because the region D
does not contain the gravitational lens L. This paper mainly
focuses on the deflection angle for the source and the
observer at infinite distance from the lens. Notice that oy +
ag — m as R — oo, and then applying the GB theorem to
region D leads to

im [ (k95| dp = —lim//KdS (18)
R—o [ gd(p Cr »=nr R—o0 D ’

with the deflection angle a (which can be described by
impact parameter ») shown in Fig. 2.

The Gaussian curvature with respect to Jacobi metric g;;
can be calculated by [16]

FIG. 1. A region D with boundary D = |J,0D;. a; is the
exterior angle at the ith vertex in the positive sense.

(0]

FIG. 2. The region D belongs to the two-dimensional Jacobi
space with boundary D = y,| JCg. The particle trajectory y, is a
spatial geodesic and Cy is a curve defined by r(p)=
R = constant. S, O, and L denote the particle source, the
observer, and the gravitational lens, respectively. a is the
deflection angle and b is the impact parameter. Note that §
and O are both assumed to be at infinite distance from L in our
lensing setup (i.e., R = ).

1 0 (/detg 0 (+/detg
K = — ) ——(—=1% 1], (1
Vdetg {&,;( Grr ) 5r< v)]- (19)

grr
where det g denotes the determinant of Jacobi metric and
I, is the Christoffel symbol. From Jacobi metric in

Eg (15), one has
- A(R)) iég] 1/2. (20)

1
i
Cr 1-v

Furthermore, one can choose the velocity along the curve
Cr as Ck = (0,dg(R)/ds), which satisfies unit speed
condition g,-jC}}Cfe = 1. This condition yields

ds
do

(Ve Cr) =T, (R)(CR). (Ve Cr)? =0, (21)

and now, the geodesic curvature of Cy can be expressed as
follows:
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2 ro\2 d(p :
kg(CR) = |VCRCR‘ = grr(r(pgo) a (22)
Cr
Together with Egs. (20) and (22), one can obtain
ds B(R)
k,— = | (T7,(R))>. 23
(8|, =\ mmr e
C. Asymptotically Euclidean space
At this point, a special case can be considered,
) ds

which means that the two-dimensional Jacobi geometry
in Eq. (15) is asymptotically Euclidean. Then, Eq. (18)

leads to
a = —lim // KdSs. (25)
R—o0 D

This expression is the same to the result obtained by applying
the GB theorem to the optical metric [15,16,58,61]. From
Eq. (25), the deflection angle of massive particles can be
obtained by integrating the intrinsic curvature of space, and
the integral region is an infinite Jacobi domain outside the
particle ray relative to the lens. Therefore, the deflection
angle can be regarded as a global topological effect [16,61].

In this paper, we mainly focus on the weak deflection
limit and the deflection angle up to second order in lens
parameter ¢ is calculated. For this purpose, the iterative
method is reasonable to carry out, and we first consider the
first-order approximation. Notice that the Gaussian curva-
ture contains at least the first-order term, and thus it is
sufficient to use only the zero-order particle trajectory
r = b/sin(¢), 0 <@ <z As a result, Eq. (25) can be
expressed as

a; z—/” /Oo K+\/det gdrdep. (26)
0 Jb/sing

Moreover, the second-order deflection angle can be
expressed as

n+a 0o
ar —/ ] / K+/detgdrdp, (27)
0 b/ singp+ri(p)e

where the first-order trajectory r = b/sin(¢) + r;(p)e,
0<p<rm+a.

In short, we can use Eq. (27) to calculate the second-
order deflection angle in asymptotically Euclidean space.
However, Eq. (18) is required if the Jacobi metric is not
asymptotically Euclidean. Therefore, before calculating the

deflection angle, one should first check whether the
Eq. (24) is satisfied for a specific spacetime.

III. DEFLECTION ANGLE OF MASSIVE
PARTICLES BY WORMHOLES

A wormhole is a speculative structure connecting far-
separated spacetime points, predicted by a special solution
of the Finstein field equations in general relativity and
modified theories of gravity. Though there is no direct
experimental evidence that wormholes exist, the worm-
holes may be created in the early Universe, and the original
wormholes may have survived to these days [69—71]. Since
wormholes can explain typical phenomena usually attrib-
uted to black holes, the objects generally considered to be
black holes in the center of galaxies may be wormholes
created in the early Universe [71]. For this reason, some
authors have proposed different methods to probe worm-
holes [72-74]. In addition, how to distinguish black
hole, wormhole, and naked singularity was studied in
Refs. [6-8,62]. In these studies, the gravitational lensing
as a basic tool was considered. In the following, we will
consider the gravitational deflection of relativistic massive
particles by three types of wormholes, and this may be
helpful to the studies on the wormholes.

A. The JNW wormbhole

The famous JNW wormhole, a class of static and
spherically symmetric exact solutions for the Einstein
minimally coupled scalar theory, is given by [75,76]

A(r) = B(r)™ = (1 - %)y,
C(r) = r2<1 —%)H, (28)

with y = M spm/M ;. Here M ppy is the ADM mass related
to the asymptotic scalar charge g by Mipy = M3 — kq?/2,
where k > 0 is the matter-scalar field coupling constant.
This solution corresponds to the naked singularity fory < 1
with real scalar charge, to the Schwarzschild black hole for
y = 1 with zero scalar charge, and to the wormhole for
y > 1 with complex scalar charge [75]. Recently, Formiga
and Almeida have shown that this wormhole (y > 1) cannot
be traversed by humans, but it can be traversed by particles
and objects that last long enough [77].

Substituting (28) into (15), one can find the JINW-Jacobi
metric induced in the equatorial plane as follows:

1 2M N\
2 _ 2 (1=
@ =i (-5

dr2 rzd(pz
|:(1 — %)21’ + (1 _ 21‘/11)2y—1:| ’ (29)

r r
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with determinant

1= (1= o) (1 = 2y

(1= 2)*(1 = 2!

(30)

The Gaussian curvature up to second order in M; can be
obtained by Eq. (19) as follows:

K 1=0* [(1+0)yM,; ]_3(1+1)2)7/
 mPR? v2r v?
203 + )2 | M3 3
+T ) +O(M) (31)

Next, we will check if the JNW-Jacobi geometry is
asymptotically Euclidean. Considering Eq. (23), by some
algebra, one has

YR T -
(ko). = \ e T
:; [R— (1+y)M,
(1-29R
YM,

RN —%y]’ 2
which leads to

Jim <kq3—(ﬂ> =1, (33)

and this means that JNW-Jacobi metric Eq. (29) is
asymptotically Euclidean and Eq. (27) is efficient to
calculate the deflection angle for JNW spacetime.

By Eq. (26), the first-order deflection angle can be
obtained as follows:

—/” /°° K+\/detgdrdg
/sin(p

YyM
// +U }/ Jdrdqo
b/ sing

I+ )yMJ
== T 34
bv? (34)

On the other hand, the first-order trajectory of massive
particles obtained by perturbation method is discussed in
the Appendix. Then, based on the second-order Gaussian
curvature in Eq. (31), the first-order particle ray in Eq. (A5),
and the deflection angle a; in Eq. (34), the second-order
deflection angle can be obtained according to Eq. (27),

a =

20+ )My (3 1\’ M]
bv? v 4y? b?
+ O(M3). (35)

Now, two limiting cases for Eq. (35) can be considered.
First, for v = 1, the second-order deflection angle for light
can be recovered,

_4yM; (=14 16y1)aM3

) 1 +0O(M3),  (36)

which is in agreement with the result in Refs. [78,79]. Here,
one should notice that only the first-order term is consistent
with the results by Jusufi [24] using the GB theorem, and
this difference comes from the fact that the straight line
approximation r(¢) = b/ sin ¢ was used in Ref. [24], where
the first-order perturbation term of gravity was ignored. In the
latest work [62], Jusufi et al. used the geodesics approach to
obtain the consistent result with Eq. (35).

Second, for y =1 and M; = My, the Schwarzschild
spacetime can be recovered, and the second-order deflec-
tion angle becomes

2(1+ )My 3(4+ v?)aM>
bv? 4b*v?

ag = +O0(M3), (37)

where Mg is the mass of the Schwarzschild black hole.
Equation (35) shows that the deflection angle increases as y
increases. Therefore, it is obvious that dyom > as > Agine
for M; = Mg and the same v and b, where ayom, and agpe
are the second-order deflection angles for the wormhole
and naked singularity, respectively. This difference may be
used to distinguish the black hole from wormhole or naked
singularity. For the study on the discrimination between
black hole, wormhole and naked singularity by the gravi-
tational lensing, we refer the reader to Refs. [6-8,62].
Moreover, for massive particles in Schwarzschild space-
time, there are two different results, one obtained by
Accioly and Ragusa [48] and the other by Bhadra et al.
[50]. Our expression (37), with other work by He and Lin
[53] using the post-Minkowskian iterative method and by
Crisnejo and Gallo [58] using GB theorem, is in agreement
with the result by Accioly and Ragusa [48].

B. A class of R =0 scalar-tensor wormholes

In this subsection, we consider a class of wormholes with
R = 0 in the context of the scalar-tensor theory of gravity,
where R is the Ricci scalar. Shaikh and Kar [80] first
obtained these solutions and subsequently studied the
deflection angle of light [81]. For Shaikh-Kar wormhole,
one has [80,81]
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M2 r ro M2
Alr) = (412 :
(oM B M\
B(I")—(l—T—W7> 5
C(r) =r?, (38)

where /M? = (1 — p?)/u? with M being the ADM mass,
and p and 7 are two constants. These solutions correspond
to the naked singularities when n < —1 and to the travers-
able wormholes when n > —1 [80,81]. Now, Shaikh-Kar-
Jacobi metric induced in the equatorial plane can be
obtained by Eq. (15) as follows:

(39)

1 B(r)dr* 2 dg?
dsz:mz[l_v _A(r)]v)rﬂfﬂ,

? A(r)

One can obtain the corresponding Gaussian curvature by
Eq. (19) and the result to second order is

X 1—2? o 1 M
= —_——— v —m—| —=
m?v?r? (1 +n)p?] rv?
6 2+v>  6(1—1?)

=2 -
+{ TR T TR

3(4—30?) ] M>

+ I } + O(M?3). (40)

’,.2 1]2

Similar to the last subsection, one can easily verify that
Eq. (24) holds here, which implies Shaikh-Kar-Jacobi
geometry is asymptotically Euclidean, and thus the deflec-
tion angle of massive particles can be obtained by Eq. (27).
In addition, the first-order particle trajectory is given in
Appendix. Finally, after calculating the first-order deflec-
tion angle a; by Eq. (26), considering the Gauss curvature
(40) and particle ray (A9), the deflection angle up to second
order can be obtained as follows:

1 2M
=1 2__ - | ==
o= [+ ]

2+ 07 9
2 (L4’
3 aM?
O(M?). 41
e ’I)zﬂJ 277 O 1)

+{5+v2+

This result shows that the naked singularities (7 < —1) add
a positive term to the deflection angle and the deflection
angle is always positive, whereas the wormhole solutions
(n > —1) add a negative term to the deflection angle, at
each order.

For the photon » = 1, expression (41) reduces to

[ ! 1 ] aM

o=|1-————| —
2u*(1+n)] b

1 3 1 3aM?
+1+— +

2 (1+n) 2t (14n)?] b° ()

(42)

which is consistent with the results in Ref. [81]. In the limit
N — 00, M = Mgy, and y> - —1——, the result for the
1-q° /Mgy
Reissner-Nordstrom black hole can be recovered,

2(1 + UZ)MRN 3(4 + Uz)ﬂM%N

RN = bv? 4p*p?
2+ v*)ng’
T 4b22 + O(M]%N’ ‘14)» (43)

where Mgy and q are the mass and electrical charge of the
Reissner-Nordstrom black hole, respectively. This expres-
sion is in agreement with the results in Refs. [55,56]. One
can also obtain the result in Eq. (37) for Schwarzschild
spacetime as 7 — oo, M = M, and pu?> — 1.

C. A class of charged Einstein-Maxwell-dilaton
wormbholes

In this subsection, we consider a class of charged worm-
holes which arise as solutions in the Einstein-Maxwell-
dilaton theory obtained by Goulart [82] as follows:

2

A(r)

T2 +2PQ’
242P
B0) = s rarg
r?+ 32 +2PQ
C(r) = r* +2PQ, (44)

where P is the magnetic charge, Q is the electric charge, and
2 is the dilaton charge. There are two interesting facts about
Goulart wormhole. First, it is shown that the massless
solution seems physically acceptable. Second, it is also
shown that a wormhole satisfying the null energy condition
in the classical theory can be constructed. Furthermore, it is
meaningful to study the traversability of this wormhole [82].
For Goulart wormhole, the leading-order term of deflec-
tion angle for light was obtained by Jusufi [25] with the
Gibbons-Werner method and by Lukmanova et al. [83]
with the parametric post-Newtonian method as follows:

_ 3zPQ 7¥?

—W—m-‘rO(PZ,QZ,Z“). (45)

Obviously, the electric charge Q and the magnetic charge P
contribute to the deflection angle, whereas the dilaton
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charge X decreases it [25]. In order to see the effect of the
dilaton in more details on deflection angle of massive
particles, it is expected to obtain the result of orders PQ, X2,
P>Q?, PQY?. Thus, the term of X? cannot be ignored for
particle trajectory and this is dealt with in Appendix.
Substitution Eq. (44) into Eq. (15), one can deduce the
Goulart-Jacobi metric in the equatorial plane as follows:

1 r?
ds> — m2(r2 4 2P0)> _
S m (r + Q) (1_02 r2+2PQ>

) + %d(pz} , (46)

8 dr?
r2(r2 +324+2P0

with the Gaussian curvature

K=—75 2

1 —2? 22_2(2+112)PQ
m-r-'v v

8(1+v?)POX?  8(3+ v*)P2Q?
- 22 + 2ot
+O(P3, 0%, 2%). (47)

For Goulart-Jacobi geometry, one can easily check that
Eq. (24) also holds, and thus the deflection angle can be
derived by Eq. (27). We calculate the leading order of
deflection angle of massive particles a; by Eq. (26) and
then consider the Gaussian curvature (47) and particle ray
(A14). Finally, the deflection angle can be obtained by
Eq. (27) as follows:

22+ )PQ ¥ 3z(4 +0?)PQS?

2077 Al 166*2?

32(8 + 2407 + 30*) P02

= 121;40) C oo @)
v

From Eq. (48) one can observe that the terms containing X2
are all negative no matter they contain P and Q or not,
while the terms without X2 are always positive.

Considering the deflection angle for light, Eq. (48)
leads to

_ 3zPQ ﬂ_Zz 157zPQ%?
202 4D 16b*
1057P2 Q>
e +0(P?, 0%, %Y, (49)

and the leading-order terms are consistent with Eq. (45).

IV. CONCLUSION

In this work, we study the gravitational deflection of
relativistic neutral massive particles in static and spherically
symmetric wormhole spacetimes. First, we derive the
static and spherically symmetric Jacobi metric and the
corresponding orbit equation in the equatorial plane. Second,

following Gibbons and Werner [15], we use the GB theorem
to the Jacobi geometry and obtain the expression to calculate
the deflection angle from Gaussian curvature. In particular,
we focus on the asymptotically Euclidean Jacobi space and
show that the deflection angle can be viewed as a topological
effect. Finally, we study in detail the gravitational deflection
in three types of wormholes: JNW wormbhole, a class of
R = 0 scalar-tensor wormholes, and a class of charged
Einstein-Maxwell-dilaton wormholes.

The deflection angles up to the second post-
Minkowskian order are obtained in Egs. (35), (41), and
(48), where the perturbation method is applied to obtain the
first-order particle trajectory and then iterative technique is
available to obtain these results. According to Eq. (27),
first-order deflection angle is necessary to calculate the
second-order deflection angle in the iterative procedure.
Thus, to calculate a higher-order angle, one first needs to
obtain low-order results, which makes the calculation
cumbersome. How to avoid this iteration is an interesting
question and we will leave this as our future work. In
addition, the influence of the spacetime parameters for
different gravitational theories on the results are analyzed.
In Refs. [24,25,62], the authors show that the method using
the GB theorem is consistent with standard geodesics
method in the first-order terms. Compared with the results
in these previous literatures, our work shows that the
equivalence between the geometric method and other meth-
ods also holds in the second-order terms. Furthermore, it
would be interesting to see if this geometric method can
calculate the exact deflection angle.

In summary, this work contributes to the applications of
Jacobi metric approach. In the future work, we hope that the
same method can be employed to investigate the stationary
spacetime and the finite-distance corrections, as well as the
deflection of the charged particles.
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APPENDIX: THE PARTICLE TRAJECTORIES
IN WORMHOLE SPACETIMES

Here, we mainly focus on gravitational deflection in the
weak limit, and then the particle trajectory Eq. (16) can be
solved with perturbation method. Specifically, it is assumed
that the solution can be expressed in powers of & [58,84],

u(g) = Zlsing + (e + () +] (A]
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Furthermore, the condition that u(¢) = TZJ) takes a maxi-

mum value at ¢ = /2 could be used.

1. The JNW wormbhole

Substituting (28) into (16), the orbit differential equation
of massive particle in JNW equatorial plane is given by

N a0 | oy
% —(— J”) vz—bz_(_ J”)

y 1 —2? n u?
v?b? (1 =2Mu)'7 )|’

By letting e = M; and substituting (A1) into (A2), consider
the first-order term, and one can obtain a ordinary differ-
ential equation for u,(¢) as follows:

(A2)

0 =1i,(¢p) + tanpu, ()
— 202 + yv? + v3sinp) tan
& v ¢)tang _
bv?

0. (A3)

where a dot denotes the derivative with respect to ¢. With
the mentioned condition and solving the above equation,
one can obtain

b (1+ %)y 5

2. A class of R =0 scalar-tensor wormholes

Substituting (38) into (16), the orbit differential equation
of massive particle in Shaikh-Kar spacetime is given by

du\? E(u)
<%> =1 {—1 + 0> — u?b*?

N (1 +n)?
—u?)Mu = ’
(1 + 0Dy /)
with E(u) = 1-2Mu — UM% 1 etting ¢ = M and sub-

stituting (A1) into (A6), on’fy keeping the first-order term,
we can obtain the following differential equation:

(A6)

0 =it (¢p) + tanpu, (¢)
1 tan ¢

-1 2COS2 T~ 5| 7
=+ + v q0+(1+’7)ﬂ2 b2

It is easy to get the solution of this equation as

1
=— |1+ v%cos’p————|. (A8
e R e
Thus, the trajectory of massive particles is
b 1
r(p) = ——— |1 + v2cos® ——}
@)= Sng [ YT
M
O(M?). A9
szsinz(p+ (M%) (A9)

3. A class of charged Einstein-Maxwell-dilaton
wormholes

For Goulart wormhole, substituting (44) into (16), the
corresponding particle trajectory equation can be obtained,

(&)~ -e)eoem

2u?(=1 = 20% + b*u*v*)PQ
b2
4t (2 4+ vH)P2Q%  2u*(1 +v*)PQX?
b2 b2
4146P2Q222
b2v?

8M6P3 Q3
b*v*

(A10)
Now, u = u(¢@) can be expanded to

u(p) = % [sing + uy (@) PQ + () 2]

+ O(P?, 0%, 3. (A1)

By substituting this equation into Eq. (A10), one can obtain
the following equations:

0 = ity (¢) + tan gu, ()
N (=1 —20* + v*sin’p) sin @ tan ¢

b*v?
0 = ity (¢p) + tan iy () — w. (A12)
Solving the above equations, one can come to
() = 3 (2 4+ %) (7~ 20)
—v?sin (2¢) + 4(1 4 v?) tan @),
uz((p):_[ﬂ—2¢+sin(2¢)]cosq). (A13)

8h>

This leads to the following relation:

044001-8
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b [r—2¢p+sin(2¢)]cos pX?
8bsin’ ¢

cospPQ
4bv?sin® ¢

(24 2?)(x —2¢) — v?sin (2¢) + 4(1 + v?) tang] + O(P?, 0, ).

(A14)

[1] F. W. Dyson, A. S. Eddington, and C. Davidson, Phil. Trans.
R. Soc. A 220, 291 (1920).
[2] C.M. Will, Classical Quantum Gravity 32, 124001 (2015).
[3] H. Hoekstra, M. Bartelmann, H. Dahle, H. Israel, M.
Limousin, and M. Meneghetti, Space Sci. Rev. 177, 75
(2013).
[4] M. M. Brouwer et al., Mon. Not. R. Astron. Soc. 481, 5189
(2018).
[5] F. Bellagamba et al., Mon. Not. R. Astron. Soc. 484, 1598
(2019).
[6] N. Tsukamoto, T. Harada, and K. Yajima, Phys. Rev. D 86,
104062 (2012).
[7]1 N. Tsukamoto and T. Harada, Phys. Rev. D 87, 024024
(2013).
[8] N. Tsukamoto and Y. Gong, Phys. Rev. D 97, 084051
(2018).
[9] R. A. Vanderveld, M. J. Mortonson, W. Hu, and T. Eifler,
Phys. Rev. D 85, 103518 (2012).
[10] H.J. He and Z. Zhang, J. Cosmol. Astropart. Phys. 08
(2017) 036.
[11] S. Cao, G. Covone, and Z. H. Zhu, Astrophys. J. 755, 31
(2012).
[12] D. Huterer and D. L. Shafer, Rep. Prog. Phys. 81, 016901
(2018).
[13] S.Jung and C. S. Shin, Phys. Rev. Lett. 122, 041103 (2019).
[14] S. Weinberg, Gravitation and Cosmology: Principles and
Applications of the General Theory of Relativity (Wiley,
New York, 1972).
[15] G.W. Gibbons and M.C. Werner, Classical Quantum
Gravity 25, 235009 (2008).
[16] M. C. Werner, Gen. Relativ. Gravit. 44, 3047 (2012).
[17] K. Jusufi, Int. J. Geom. Methods Mod. Phys. 14, 1750137
(2017).
[18] K. Jusufi, A. ngijn, J. Saavedra, Y. Vasquez, and P. A.
Gonzalez, Phys. Rev. D 97, 124024 (2018).
[19] 1. Sakalli and A. Ovgiin, Europhys. Lett. 118, 60006 (2017).
[20] A. ngiin, 1. Sakalli, and J. Saavedra, J. Cosmol. Astropart.
Phys. 10 (2018) 041.
[21] H. Arakida, Gen. Relativ. Gravit. 50, 48 (2018).
[22] A. Ovgiin, K. Jusufi, and 1. Sakall;, Ann. Phys. (Amster-
dam) 399, 193 (2018).
[23] K. Jusufi, N. Sarkar, F. Rahaman, A. Banerjee, and S.
Hansraj, Eur. Phys. J. C 78, 349 (2018).
[24] K. Jusufi, Int. J. Geom. Methods Mod. Phys. 14, 1750179
(2017).
[25] K. Jusufi, A. ngun, and A. Banerjee, Phys. Rev. D 96,
084036 (2017).
[26] K. Jusufi and A. C)vgun, Phys. Rev. D 97, 024042 (2018).
[27] K. Jusufi, Phys. Rev. D 98, 044016 (2018).

[28] A.Ovgiin, K. Jusufi, and 1. Sakalli, Phys. Rev. D 99, 024042
(2019).

[29] A. ngﬁn, Phys. Rev. D 98, 044033 (2018).

[30] P. Goulart, Classical Quantum Gravity 35, 025012 (2018).

[31] W.Javed, R. Babar, and A. Ovgiin, Phys. Rev. D 99, 084012
(2019).

[32] K. Jusufi, Eur. Phys. J. C 76, 332 (2016).

[33] K. Jusufi, I. Sakalli, and A. ngiin, Phys. Rev. D 96, 024040
(2017).

[34] K. Jusufi and A. ngﬁn, Phys. Rev. D 97, 064030 (2018).

[35] K. Jusufi, F. Rahaman, and A. Banerjee, Ann. Phys.
(Amsterdam) 389, 219 (2018).

[36] K. Jusufi and A. Ovgiin, Int. J. Geom. Methods Mod. Phys.
16, 1950116 (2019).

[37] A. Ovgiin, Phys. Rev. D 99, 104075 (2019).

[38] K. Jusufi, M. C. Werner, A. Banerjee, and A. ngiin, Phys.
Rev. D 95, 104012 (2017).

[39] K. de Leon and I. Vega, Phys. Rev. D 99, 124007 (2019).

[40] A. Ishihara, Y. Suzuki, T. Ono, T. Kitamura, and H. Asada,
Phys. Rev. D 94, 084015 (2016).

[41] A. Ishihara, Y. Suzuki, T. Ono, and H. Asada, Phys. Rev. D
95, 044017 (2017).

[42] T. Ono, A. Ishihara, and H. Asada, Phys. Rev. D 96, 104037
(2017).

[43] T. Ono, A. Ishihara, and H. Asada, Phys. Rev. D 98, 044047
(2018).

[44] T. Ono, A. Ishihara, and H. Asada, Phys. Rev. D 99, 124030
(2019).

[45] B.R. Patla, R.J. Nemiroff, D. H. H. Hoffmann, and K.
Zioutas, Astrophys. J. 780, 158 (2014).

[46] J. Liu and M. S. Madhavacheril, Phys. Rev. D 99, 083508
(2019).

[47] G. A. Marques, J. Liu, J.M.Z. Matilla, Z. Haiman, A.
Bernui, and C.P. Novaes, J. Cosmol. Astropart. Phys. 06
(2019) 019.

[48] A. Accioly and S. Ragusa, Classical Quantum Gravity 19,
5429 (2002).

[49] A. Accioly and R. Paszko, Phys. Rev. D 69, 107501 (2004).

[50] A. Bhadra, K. Sarkar, and K. K. Nandi, Phys. Rev. D 75,
123004 (2007).

[51] O. Yu. Tsupko, Phys. Rev. D 89, 084075 (2014).

[52] X. Liu, N. Yang, and J. Jia, Classical Quantum Gravity 33,
175014 (2016).

[53] G. He and W. Lin, Classical Quantum Gravity 33, 095007
(2016).

[54] G. He and W. Lin, Classical Quantum Gravity 34, 029401
(2017).

[55] G. He and W. Lin, Classical Quantum Gravity 34, 105006
(2017).

044001-9


https://doi.org/10.1098/rsta.1920.0009
https://doi.org/10.1098/rsta.1920.0009
https://doi.org/10.1088/0264-9381/32/12/124001
https://doi.org/10.1007/s11214-013-9978-5
https://doi.org/10.1007/s11214-013-9978-5
https://doi.org/10.1093/mnras/sty2589
https://doi.org/10.1093/mnras/sty2589
https://doi.org/10.1093/mnras/stz090
https://doi.org/10.1093/mnras/stz090
https://doi.org/10.1103/PhysRevD.86.104062
https://doi.org/10.1103/PhysRevD.86.104062
https://doi.org/10.1103/PhysRevD.87.024024
https://doi.org/10.1103/PhysRevD.87.024024
https://doi.org/10.1103/PhysRevD.97.084051
https://doi.org/10.1103/PhysRevD.97.084051
https://doi.org/10.1103/PhysRevD.85.103518
https://doi.org/10.1088/1475-7516/2017/08/036
https://doi.org/10.1088/1475-7516/2017/08/036
https://doi.org/10.1088/0004-637X/755/1/31
https://doi.org/10.1088/0004-637X/755/1/31
https://doi.org/10.1088/1361-6633/aa997e
https://doi.org/10.1088/1361-6633/aa997e
https://doi.org/10.1103/PhysRevLett.122.041103
https://doi.org/10.1088/0264-9381/25/23/235009
https://doi.org/10.1088/0264-9381/25/23/235009
https://doi.org/10.1007/s10714-012-1458-9
https://doi.org/10.1142/S0219887817501377
https://doi.org/10.1142/S0219887817501377
https://doi.org/10.1103/PhysRevD.97.124024
https://doi.org/10.1209/0295-5075/118/60006
https://doi.org/10.1088/1475-7516/2018/10/041
https://doi.org/10.1088/1475-7516/2018/10/041
https://doi.org/10.1007/s10714-018-2368-2
https://doi.org/10.1016/j.aop.2018.10.012
https://doi.org/10.1016/j.aop.2018.10.012
https://doi.org/10.1140/epjc/s10052-018-5823-z
https://doi.org/10.1142/S0219887817501791
https://doi.org/10.1142/S0219887817501791
https://doi.org/10.1103/PhysRevD.96.084036
https://doi.org/10.1103/PhysRevD.96.084036
https://doi.org/10.1103/PhysRevD.97.024042
https://doi.org/10.1103/PhysRevD.98.044016
https://doi.org/10.1103/PhysRevD.99.024042
https://doi.org/10.1103/PhysRevD.99.024042
https://doi.org/10.1103/PhysRevD.98.044033
https://doi.org/10.1088/1361-6382/aa9dfc
https://doi.org/10.1103/PhysRevD.99.084012
https://doi.org/10.1103/PhysRevD.99.084012
https://doi.org/10.1140/epjc/s10052-016-4185-7
https://doi.org/10.1103/PhysRevD.96.024040
https://doi.org/10.1103/PhysRevD.96.024040
https://doi.org/10.1103/PhysRevD.97.064030
https://doi.org/10.1016/j.aop.2017.12.013
https://doi.org/10.1016/j.aop.2017.12.013
https://doi.org/10.1142/S0219887819501160
https://doi.org/10.1142/S0219887819501160
https://doi.org/10.1103/PhysRevD.99.104075
https://doi.org/10.1103/PhysRevD.95.104012
https://doi.org/10.1103/PhysRevD.95.104012
https://doi.org/10.1103/PhysRevD.99.124007
https://doi.org/10.1103/PhysRevD.94.084015
https://doi.org/10.1103/PhysRevD.95.044017
https://doi.org/10.1103/PhysRevD.95.044017
https://doi.org/10.1103/PhysRevD.96.104037
https://doi.org/10.1103/PhysRevD.96.104037
https://doi.org/10.1103/PhysRevD.98.044047
https://doi.org/10.1103/PhysRevD.98.044047
https://doi.org/10.1103/PhysRevD.99.124030
https://doi.org/10.1103/PhysRevD.99.124030
https://doi.org/10.1088/0004-637X/780/2/158
https://doi.org/10.1103/PhysRevD.99.083508
https://doi.org/10.1103/PhysRevD.99.083508
https://doi.org/10.1088/1475-7516/2019/06/019
https://doi.org/10.1088/1475-7516/2019/06/019
https://doi.org/10.1088/0264-9381/19/21/308
https://doi.org/10.1088/0264-9381/19/21/308
https://doi.org/10.1103/PhysRevD.69.107501
https://doi.org/10.1103/PhysRevD.75.123004
https://doi.org/10.1103/PhysRevD.75.123004
https://doi.org/10.1103/PhysRevD.89.084075
https://doi.org/10.1088/0264-9381/33/17/175014
https://doi.org/10.1088/0264-9381/33/17/175014
https://doi.org/10.1088/0264-9381/33/9/095007
https://doi.org/10.1088/0264-9381/33/9/095007
https://doi.org/10.1088/1361-6382/aa5203
https://doi.org/10.1088/1361-6382/aa5203
https://doi.org/10.1088/1361-6382/aa691d
https://doi.org/10.1088/1361-6382/aa691d

ZONGHAI LI, GUANSHENG HE, and TAO ZHOU

PHYS. REV. D 101, 044001 (2020)

[56] X. Pang and J. Jia, Classical Quantum Gravity 36, 065012
(2019).

[57] Z. Li, X. Zhou, W. Li, and G. He, Commun. Theor. Phys.
71, 1219 (2019).

[58] G. Crisnejo and E. Gallo, Phys. Rev. D 97, 124016 (2018).

[59] G. Crisnejo, E. Gallo, and J.R. Villanueva, Phys. Rev. D
100, 044006 (2019).

[60] J.C. Evans, P.M. Alsing, S. Giorgetti, and K. K. Nandi,
Am. J. Phys. 69, 1103 (2001).

[61] K. Jusufi, Phys. Rev. D 98, 064017 (2018).

[62] K. Jusufi, A. Banerjee, G. Gyulchev, and M. Amir, Eur.
Phys. J. C 79, 28 (2019).

[63] K. Jusufi, arXiv:1906.12186.

[64] G.W. Gibbons, Classical Quantum Gravity 33, 025004
(2016).

[65] S. Chanda, G. W. Gibbons, and P. Guha, J. Math. Phys.
(N.Y.) 58, 032503 (2017).

[66] S. Chanda, G. W. Gibbons, and P. Guha, Int. J. Geom.
Methods Mod. Phys. 14, 1730002 (2017).

[67] S. Chanda, G. W. Gibbons, P. Guha, P. Maraner, and M. C.
Werner, J. Math. Phys. (N.Y.) 60, 122501 (2019).

[68] P. Das, R. Sk, and S. Ghosh, Eur. Phys. J. C 77, 735 (2017).

[69] H. Kodama, M. Sasaki, K. Sato, and K. Maeda, Prog. Theor.
Phys. 66, 2052 (1981).

[70] D. Garfinkle and A. Strominger, Phys. Lett. B 256, 146
(1991).

[71] Z. Li and C. Bambi, Phys. Rev. D 90, 024071 (2014).

[72] T. Ohgami and N. Sakai, Phys. Rev. D 94, 064071 (2016).

[73] C. Sabsn, Sci. Rep. 7, 716 (2017).

[74] D.-C. Dai and D. Stojkovic, Phys. Rev. D 100, 083513
(2019).

[75] K. K. Nandi, Y. Z. Zhang, and A. V. Zakharov, Phys. Rev. D
74, 024020 (2006).

[76] T.K. Dey and S. Sen, Mod. Phys. Lett. A 23, 953
(2008).

[77] J.B. Formiga and T.S. Almeida, Int. J. Mod. Phys. D 23,
1450086 (2014).

[78] K.S. Virbhadra and C. R. Keeton, Phys. Rev. D 77, 124014
(2008).

[79] G.N. Gyulchev and S.S. Yazadjiev, Phys. Rev. D 78,
083004 (2008).

[80] R. Shaikh and S. Kar, Phys. Rev. D 94, 024011 (2016).

[81] R. Shaikh and S. Kar, Phys. Rev. D 96, 044037 (2017).

[82] P. Goulart, arXiv:1611.03164.

[83] R.F. Lukmanova, G.Y. Tuleganova, R.N. Izmailov, and
K. K. Nandi, Phys. Rev. D 97, 124027 (2018).

[84] H. Arakida and M. Kasai, Phys. Rev. D 85, 023006
(2012).

044001-10


https://doi.org/10.1088/1361-6382/ab0512
https://doi.org/10.1088/1361-6382/ab0512
https://doi.org/10.1088/0253-6102/71/10/1219
https://doi.org/10.1088/0253-6102/71/10/1219
https://doi.org/10.1103/PhysRevD.97.124016
https://doi.org/10.1103/PhysRevD.100.044006
https://doi.org/10.1103/PhysRevD.100.044006
https://doi.org/10.1119/1.1389281
https://doi.org/10.1103/PhysRevD.98.064017
https://doi.org/10.1140/epjc/s10052-019-6557-2
https://doi.org/10.1140/epjc/s10052-019-6557-2
https://arXiv.org/abs/1906.12186
https://doi.org/10.1088/0264-9381/33/2/025004
https://doi.org/10.1088/0264-9381/33/2/025004
https://doi.org/10.1063/1.4978333
https://doi.org/10.1063/1.4978333
https://doi.org/10.1142/S0219887817300021
https://doi.org/10.1142/S0219887817300021
https://doi.org/10.1063/1.5098869
https://doi.org/10.1140/epjc/s10052-017-5295-6
https://doi.org/10.1143/PTP.66.2052
https://doi.org/10.1143/PTP.66.2052
https://doi.org/10.1016/0370-2693(91)90665-D
https://doi.org/10.1016/0370-2693(91)90665-D
https://doi.org/10.1103/PhysRevD.90.024071
https://doi.org/10.1103/PhysRevD.94.064071
https://doi.org/10.1038/s41598-017-00882-6
https://doi.org/10.1103/PhysRevD.100.083513
https://doi.org/10.1103/PhysRevD.100.083513
https://doi.org/10.1103/PhysRevD.74.024020
https://doi.org/10.1103/PhysRevD.74.024020
https://doi.org/10.1142/S0217732308025498
https://doi.org/10.1142/S0217732308025498
https://doi.org/10.1142/S0218271814500862
https://doi.org/10.1142/S0218271814500862
https://doi.org/10.1103/PhysRevD.77.124014
https://doi.org/10.1103/PhysRevD.77.124014
https://doi.org/10.1103/PhysRevD.78.083004
https://doi.org/10.1103/PhysRevD.78.083004
https://doi.org/10.1103/PhysRevD.94.024011
https://doi.org/10.1103/PhysRevD.96.044037
https://arXiv.org/abs/1611.03164
https://doi.org/10.1103/PhysRevD.97.124027
https://doi.org/10.1103/PhysRevD.85.023006
https://doi.org/10.1103/PhysRevD.85.023006

