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Primordial non-Gaussianities of scalar and tensor perturbations in general
bounce cosmology: Evading the no-go theorem
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It has been pointed out that matter bounce cosmology driven by a k-essence field cannot satisfy
simultaneously the observational bounds on the tensor-to-scalar ratio and non-Gaussianity of the curvature
perturbation. In this paper, we show that this is not the case in more general scalar-tensor theories. To do so,
we evaluate the power spectra and the bispectra of scalar and tensor perturbations on a general contracting
background in the Horndeski theory. We then discuss how one can discriminate contracting models from
inflation based on non-Gaussian signatures of tensor perturbations.
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I. INTRODUCTION

Although it is definite that inflation [1-3] is the most
successful early universe model, it is inevitably plagued by
the initial singularity problem [4]. Motivated by this,
alternative scenarios which do not suffer from this problem
have also been explored (see, e.g., [5] for a review).
Nonsingular cosmology has its own difficulty regarding
gradient instabilities when constructed within second-order
scalar-tensor theories [6—-10], but its resolution has been
proposed in the context of higher-order scalar-tensor
theories [8,9,11-15]. It is also important to discuss the
validity of nonsingular alternatives from the viewpoint of
cosmological observations.

For example, a matter-dominated contracting (or bounce)
universe can be mimicked by a canonical scalar field and this
model can generate a scale-invariant curvature perturbations
[16—18]. However, this model yields a too large tensor-to-
scalar ratio and thus is excluded [18] (see, however,
Refs. [19,20]). One may use a k-essence field to reduce
the tensor-to-scalar ratio by taking a small sound speed, but
then this in turn enhances the production of non-Gaussianity,
making the model inconsistent with observations [21]. At
this stage, it is not evident whether or not this “no-go
theorem” holds in more general scalar-tensor theories.

The purpose of the present paper is clarifying to what
extent the previous no-go theorem (which was formulated
in the context of a k-essence field minimally coupled to
gravity as an extension of Ref. [18]) holds in more general
setups. To do so, we consider a general power-law
contracting universe in the Horndeski theory [22], the
most general second-order scalar-tensor theory, and
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evaluate the power spectra and the bispectra of scalar
and tensor perturbations generated during the contracting
phase. Throughout the paper we assume that the statistical
nature of these primordial perturbations does not change
during the subsequent bouncing and expanding phases. (In
some cases in matter bounce cosmology, this has been
justified. See, e.g., Ref. [23].) In calculating tensor non-
Gaussianity we explore peculiar signatures of a contracting
phase as compared to inflation, and show that the two
scenarios can potentially be distinguishable due to the non-
Gaussian amplitudes and shapes.

This paper is organized as follows. In the next section,
we introduce our setup of the general contracting cosmo-
logical background. In Sec. III, we evaluate the power
spectra for curvature and tensor perturbations, and derive
the conditions under which they are scale-invariant. In
Sec. 1V, we calculate primordial non-Gaussianities of
curvature and tensor perturbations, and investigate whether
a small tensor-to scalar ratio and small scalar non-
Gaussianity are compatible or not in the Horndeski theory.
We also discuss how one can distinguish bounce cosmol-
ogy with inflation based on tensor non-Gaussianity. The
conclusion of this paper is drawn in Sec. V.

II. SETUP

We begin with a spatially flat Friedmann-Lemaitre-
Robertson-Walker (FLRW) metric

ds? = —di + a®(1)8;;dx'dx, (1)

where the scale factor describes a contracting phase,
—t\n _ n/(1-n)
a:(—ﬁ :(J% O<n<1), (2)
—Ip —Mp
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with dy = dt/a. Here, we denoted the time at the end of the
contracting phase as #,(<0) and 7, (<0), and we normal-
ized the scale factor so that a(r,) = 1 = a(n;,). The two
time coordinates are related with

(=0, (3)

where ¢ and 5 coordinates run from —oo to #, and 7,
respectively. In this paper, we do not assume # to take any
particular value, so that our setup includes models other
than the familiar matter bounce scenario [24]. Note,
however, that it will turn out that models with different
n are related to each other via conformal transformation
(see Sec. III C).

We work with the Horndeski action which is given by

S = /d“x\/—_gll, (4)
with
L= Gy(¢.X) — G3(¢p. X)U¢ + Gu4(¢. X)R
+ G4X[(|:|¢)2 - (vﬂ¢vl/¢)2]
+ Gyl X)G, 999 - ZX (g
- 3D¢(v[lvl/¢) + 2(vﬂvu¢)3]’ (5)

where X == —¢*V ¢V, ¢/2 and 0G/0X is denoted by Gy.
This action gives the most general second-order scalar-
tensor theory, and hence a vast class of contracting scenarios
reside within this theory. Therefore, the Horndeski theory is
adequate for studying generic properties of cosmological
perturbations from contracting models. Note, however, that
nonsingular cosmological solutions suffer from gradient
instabilities if the entire history of the universe were
described by the Horndeski theory [6—10]. We circumvent
this issue by assuming that beyond-Horndeski operators
come into play at some moment, but at least the contracting
phase we are focusing on is assumed to be described by the
Horndeski theory.

The Friedmann and evolution equations are written,
respectively, in the form

where £; = £;(H.¢.$) and P; = P;(H,H. ¢. . ) come
from the variation of the action involving G;, whose explicit
expressions are given in Appendix A. Here a dot stands for
differentiation with respect to ¢ and H := a/a. In this paper,
we do not consider any concrete background models, but
just assume that each term in the background equations
scales as

gi’ 7Di ~ (_t)th’ (7)

where « is a constant to be specified below. The impact
of spatial curvature and anisotropies is discussed in
Appendix B.

III. SCALE-INVARIANT POWER SPECTRA

The perturbed metric in the unitary gauge, ¢ (¢, x) = 0,
is written as

ds? = —=N?d* + g;;(dx’ + N'dr)(dx/ + N’dr),  (8)

where
N=1+on, N;=0y, gij:aze%(eh)ijv )
h 1 o 1 kpl

(eh);; = 5ij+h,:,»+§h,~khj +€hikh,hj+-~. (10)

As has been done in Ref. [25], one expands the action to
second order in perturbations and removes the auxiliary
variables on and y. The resultant quadratic actions for the
curvature perturbation ¢ and the tensor perturbations 4;; in
the Horndeski theory are written, respectively, as

sP = /dtd3xa {g % ——(a g)] (11)

1 . F
S(Tz) — §/ drd3xa? {gThijz _—g(akhij)z}’ (12)

where
Gr= 2[G4 —2XGyux _X(Hfi’Gsx - G5¢)]’ (13)
Fr=2[Gy — X(¢Gsx + Gsy)l, (14)
b
Gs = Gr (gT ; 3) (15)
an
with
0 H 0E
Y= XE)_X+58_H (17)
1 0

(The explicit expressions for ® and X are given in
Appendix C.) As inferred from Egs. (7), (17), and (18),
it is natural to assume that ¥ ~ (—£)?* and @ ~ (—1)2*!,
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In addition, it can be seen that G, Fp ~ &E4/H?, Es/H?,
P,/H?, Ps/H?*. These imply

Gr. Fr.Gs. Fs ~ (—1)2atl)

& (_”)2(a+1)/(1—n). (19)

Under these assumptions the propagation speed of the
curvature peﬂurbatlon c? = F¢/Gs, and that of the tensor
perturbations, ¢? = F;/Gr, are constant. Note that only
a = —1 is possible if ¢ is minimally coupled to gravity.

Let us move to derive a relation between a and n by
imposing that the primordial curvature and tensor pertur-
bations have scale-invariant power spectra.

A. Curvature perturbation

We expand and quantize the curvature perturbation as

L(t.x) = / (;“ﬂ’;ZU,k)ef“, (20)

3
:/ (;leS[Cku)ak+c*_k<t>&ik]e“"‘% (21)

where the commutation relations between the creation and
annihilation operators are standard ones,

[ak,ak,} (27)38(k — K'), (22)

others = 0. (23)

The mode function uy () of the canonically normalized
perturbation, u, = v2a(F 3Gs)'/*¢, obeys

1 1
4 2k2 N 2 —_— = O, 24
Uk + |:Cs 172 (l/s 4>:| Uk ( )

where a prime denotes differentiation with respect to # and

—1-3n-2a
== 2
b= (25)
The positive frequency solution is then given by
1 v (1)
(k= —=————~ ~——+/—cnH, (—cskn), 26
N BaFG) 2 Vet (—cskn),  (26)

where H, ﬁl) is the Hankel function of the first kind. Here we

chose the initial condition as

1 )
lim Uy = ?e_’csk". (27)

n——0co

The power spectrum of the curvature perturbation is
defined by

Q00EK) = ol + k) Zp(h),  (28)
and therefore
Pr o k372, (29)
The spectral index is thus given by
ng—1=3=2|y. (30)

Let us focus on the exactly scale-invariant spectrum, which
corresponds to

= a=-2, (31)

3
ys:—iéa:l—3n. (32)

On superhorizon scales, ¢ k|| < 1, we have & o ||,
Therefore, the perturbations freeze out on superhorizon
scales in the former case (as in the inflationary universe),
while they grow as ¢, o« || in the latter case (as in
the contracting universe). In this paper, we consider
the growing superhorizon perturbations having a scale-
invariant spectrum, which is a characteristic feature of
contracting models. Note that the Planck results [26]
require a slightly red tilted spectrum, n, ~ 0.96. This can
be obtained by slightly detuning the relation (32) between n
and a, though for simplicity in this paper we only consider
the exactly scale-invariant case.

Taking @ = 1 — 3n, the scale-invariant power spectrum
can now be derived as

1 ! 1\2 H?
—, 87 n) Fge,
where the time-dependent quantities are evaluated at the
end of the contracting phase.

11
T 82 Fye,

. (33)

1=t

B. Tensor perturbations

The tensor perturbations can be expanded and quan-
tized as

d3k 7 ik-x
hlj(t X) = Whu([,k)e (34)
3
= Z/ d k &E()e’kxe,(»;)(k)
+hS () ‘f&"ei?*( K)Jex,(35)

where the creation and annihilation operators satisfy the
canonical commutation relations
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@) 4" = rposk k), (36)
others = 0. (37)

The two helicity modes are labeled by s = 4, and the
(s)

ij
tions, 5,-je§.;)(k) =0= k"egj) (k), and it is normalized as
el (K)eyj " (k) = 5,0,

The mode function 711(5> () of the canonically normalized
perturbations, U](:) = a(FTQT)l/‘*h]((S)/Z obeys

1 1
e [‘:?"2 o (”% - Z)] =0 (3

basis e satisfies the transverse and traceless condi-

where v, = v,. The positive frequency solution is then
given by

. 2
K VT

= W SV —Ct'le(/})(—Ctkﬂ), (39)

where one can see that

: (s) —ic,k
lim v’ = —=e™"“"1. 40
m Yk T (40)
The behavior of the tensor perturbations is essentially the
same as that of {y. Fora=1-3n (v, = v, = =3/2), hy

grows on superhorizon scales as iy o ||~ and the tensor
power spectrum is scale invariant.
Let us define P;; (k) by

<]:lij(k)ilkl(k/)> = (27)°6(k + K')P;j (k). (41)

Then,
Piaa(k) = > 1 ()T 4y (k). (42)
with
(k) = > el (K)ep (k). (43)

and the tensor power spectrum is defined as P, =
(k*/27%)P;; ;. For a = 1 — 3n, we have the scale-invariant

power spectrum
2 (1 1)2 H?
T n) Fre,

where time-dependent quantities are evaluated at t = ¢,,.

211
_”2~7:Tct’72

P

. (44)

t=t,,

The tensor-to-scalar ratio is given by

P geTse) (45)
PC f’r Cy =t
which is constrained as [26]
r < 0.064, (95% CL, PlanckTT, TE, EE
+ lowE + lensing + BK14). (46)

For example, in the case of matter contracting models
within the k-essence theory, we have n =2/3, a = —1,
¢, = 1,and Fy = (3/2)F; = const. Therefore, the tensor-
to-scalar ratio is

r = 24c,, (47)

which can satisfy the upper bound on r only for
¢y < 1. However, as argued in Ref. [21], small ¢, implies
large scalar non-Gaussianity, and hence bounce models
within the k-essence theory are ruled out. In the next
section, we revisit this issue and study whether or not
upper bounds on the tensor-to-scalar ratio and non-
Gaussianity can be satisfied at the same time in a wider
class of theories.

C. Conformal frames

At this stage it is instructive to perform a conformal
transformation and clarify the relation among models with
different n.

Let us consider a conformally related metric
ds? = Q(1)(—d? + a25;;dx'dxl), Qo (—1)*H. (48)
In this tilde frame, the time coordinate and the scale factor
are given respectively by

a=-2= -ixIn(-f), axell (49)

at 2= T (=1)*2,  a(=7)rtet/@2) (50)
By inspecting the quadratic action for scalar and tensor
perturbations we see that in the tilde frame all the four
coefficients reduce to constants.

We find that the case of v, = v, = 3/2 (@ = —2) can be
regarded as de Sitter inflation (see, e.g., Ref. [27]).

In the case of vy = v, = =3/2 (¢ = 1 — 3n), we have

a o« (=1)*3, (51)

which describes a matter-dominated contracting universe.
Therefore, the dynamics of cosmological perturbations in
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our contracting models (with general n) is equivalent to that
in the more familiar matter-dominated contracting model.

However, it should be emphasized that the magnitudes of

the coefficients in the perturbation action are still arbitrary
even in the tilde frame.

IV. PRIMORDIAL NON-GAUSSIANITIES

A. Scalar perturbations

The three-point correlation function can be computed by
using the in-in formalism as

(€ (k1) (ko) E (k5))
=i [ dr (k)20 k) Bt ) Hi ()] (52)
where
Hpy = —/d%ﬁf), (53)
with ES) being the cubic Lagrangian of the curvature

perturbation. It can be written in the form [28-30]
|

¢(k) = ¢(k)

3 = @3G ﬁ@ + AL+ AL (8;?2
H2 402 f+ AsCOLOw + NsDPL(Oy)?
%% [02(9,0)2 — £0,0,(0:£0,0)
4 %_2 [02¢0,C0 — £0,0,(0:iL0)]
+ F(OEs, 54)

where y = G‘Zé’ and A; are dimensionless coefficients. The
complete form of the cubic Lagrangian is summarized in
Appendix C. Based on the scaling argument similar to that
in the previous section, it can be seen that the coefficients
A, are constant.

The last term in Eq. (54) can be eliminated by means of a
field redefinition

= ¢—-F(Q). (55)

In Fourier space, this redefinition is equivalent to

(k- K)(k - (k- k')

n 2r)3 2

where

=00, - @ on ot 67
HGrGg
B = = .
oF, const (58)

Here we approximated the time derivative of the curvature
perturbation on superhorizon scales as

3(1

™ —T_H)HC (59)

and ignored subleading contributions denoted by the
ellipsis (- - ).

1[/9(1- n)
Aoriginal = g |:( n

1
e (AﬁZk? — (As + Ae) S KIRZ — A KR +
17273 i —

_3(1—n)/(d3k’ [B+é(k’-(ll;2—k’)_

eV )]C(k’)é(k k)4, (56)

The bispectrum B is defined by

(5(k1)5(k2)5(k3)> =

where we write

(27)%6(k; + k, + k3)B;,  (60)

2

_ g
B = (2”)4 W#“mml, (61)

and evaluate the amplitude A, In our setup, A, reads

-Atotal = Aon'ginal + Aredcﬁne’ (62)

where Agigina and Ajegefine are the contributions respec-

tively from the interaction Hamiltonian and from the field
redefinition (56):

— Ayt )Zk3 o =D _kik;

i#]

(As + A@Zk?kj)] : (63)

i#] i#]
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Aredefine = 2(1 ; ") [(A -~ 4B)Zk§ Zk, i~ k2k2k2 <Zk7k2 + ) Kk - Zstk“)} . (64)

One can check that the result of the calculation of the
primordial bispectra involving the procedure of the field
redefinition is identical to that involving boundary terms in
the cubic action with the linear equation of motion Eg = 0
being imposed. (See Refs. [31-33].) The explicit form of
the boundary terms is given in Appendix C.

Based on the above result we also evaluate the non-
linearity parameter defined as

E Atotal
S

at the squeezed limit (k; < k, = k3), the equilateral
limit (k; = k, = k3), and the folded limit (k; = 2k,
ky = k3 = k). At these limits, the parameter is given
respectively by

fNL(kl’k%kf%) - (65)

5 [9(1 = n) l-n
local __ ~ A — A 3(A — 4B 66
NL 12 |: n 1 2 + ( ) n ’ ( )
4 5 9(1 As A
equil _ - 5 26
A LIV
9
+ (E - 123) "}, (67)
5901 8 16
f{\?idedzﬁ{ A2_§A5+5A6—12B p
(68)

(Here we denoted the nonlinearity parameter at the
squeezed limit as fioal.)

In the case of the matter contracting models within the k-
essence theory, these are written as

local __ 2
N =5 | —6c

57 A 15 9
22 6
2% 2 *4@}’ (69)

.5 A 15 87
equil -~ |-6 2 o 70
NS | T2 32c§]’ (70)

folded __ 2
f NL — —6¢

—+= 71
2| w2 e ()

571 A 15 24}

where A := X?>G,xx + (2/3)X3Goxxx. These results repro-
duce those in [21,34]. In order for these nonlinearity
parameters to be <O(1), one requires ¢ = O(1). In the
context of k-essence, this leads to r > (O(10), which is

ruled out. Instead one may take c% < 1 to have r < 0.064,

i#] i#]

but then the nonlinearity parameters are too large to be
consistent with observations:

floca] equil  rfolded 1 (%)2 > 0(105) (72)
*»JNL °J NL C% - r )
indicating that any matter bounce models in the k-essence
theory are excluded. (Observational constraints are given
by flocl — 0.8 £5.0 and £ = —4 + 43 [35].)
Although small r is incompatible with small scalar non-
Gaussianity in the k-essence theory, this is not always the
case in the Horndeski theory. Thanks to a sufficient number
of independent functions, one can make r small while
retaining A, B, and A, less than O(1). We will discuss this
point in more detail in the next subsection.

B. Example

Let us consider a concrete Lagrangian characterized by

M3, M5
Gy =—2 e /g, (Y), Gy =—2 g3(Y).
)2 )2
M2
Gy = TPI Gs =0, (73)

where Y = Xe2/#. We seek for a solution of the matter-
dominated contracting universe, H = 2/3¢t, with a time-
dependent scalar field,

¢ = uln(—Ms). (74)

It then follows that Y = ¥ := M?u?/2 = const. This indeed
solves the background equations provided that the func-
tions ¢,(Y) and g3(Y) satisfy

92(Y) =0, (75)

(76)

& (Y) + 27 ¢4 () :g,

where a prime in this subsection denotes differentiation

with respect to Y.
Let us further impose that

Y (Y) =

g

—1, (77)

(216, + 58, — 14), (78)

b~)|»—

YY) +2Y (V)] =

where 0; and &, are some small positive numbers,
0 ~ 6, < 1. We then have
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3 3
fsﬁgélM%)l, gsﬁgﬁlezgl, (79)

and a small tensor-to-scalar ratio can be obtained, r =
165225, < 1, while ¢2 = §,/8, =
be achieved in the k-essence theory.

A would-be dangerous contribution to fy; comes
from A;:

O(1), which cannot

4
Al - _ [8 + YZ( /"

"
355, —12g0 +27g")] + O(1).  (80)

This can be made safe if one requires
Vg (Y) -

where 53(<68,) is another small number. All the other terms
give at most O(1) contributions.

To sum up, by introducing the functions g, (Y) and g3(Y)
satisfying the conditions (75), (76), (77), (78), and (81), one
has r <1 and fy <1 simultaneously. Clearly, this is
indeed possible. One can thus circumvent the no-go
theorem presented in [21] by appropriately choosing the
functions in the Lagrangian which is more general than the
k-essence theory. Here, one should note that in the present
case (0(0.01) fine-tuning is required for the parameters.
However, our aim is to give a proof of concept. It would
therefore be interesting to explore more natural models
without fine-tuning based on some symmetry argument.

1295(Y) +2Y g/ (Y)] = 6, -8, (81)

C. Tensor perturbations

The three-point correlation function including inter-
actions among different polarization modes of tensor
perturbations can be computed from

/\

(& ( hﬁ”hﬁ(h»
—i dt’ (1,

—0o0

K1 )E2 (1. K0)E (1. K3), Hin (1)),
(82)

where &' (k) :=h,; (k)e;(s) (k). The interaction Hamiltonian,
H,,, is given by

Hy = — / dBxLl, (83)
where [36]
; oo F 1
;CE;) — a3 |:E hijhjkhki -+ 4—6; <hikhjl - Ehijhkl) hij,k]:| B
(84)

with y == —(1/2)0G/OH which scales as u ~ ()%, as

seen from Eq. (19). The first term, h3, is the new

contribution due to Gsy # 0, while the second one, which
is of the form h?0? h, is identical to the corresponding term
in general relativity except for the overall normalization.
We attach the label “new” (respectively, “GR”) to the
quantities associated with the former (respectively, latter)
interaction.

Similarly to the case of the curvature perturbation, the
bispectrum is defined by

(& (k)& (ky)E (k3)) = (27)%6(k; + ky + k3)

X (B +Bigay)s (85)
where
P2
B = o) s A (86)
Bs% — (2,,)473_%,45”233 (87)
(GR) k? k% k% (GR) >

and we evaluate the amplitudes A‘r‘lézw” and A‘I‘l;iv" In our
setup we obtain

S18283 31— I’ZH,M
(new) 16 n gT

F(Slkl,szkz’%ka)zk?’ (88)

=t i

§18528 1
Alr) = ~Tag Mo (s1ki + s2ky + s3k3)?
X F<S1k1,32k2a53k3)2k?’ (89)
with
1 1
F(X,)”Z) = 64 2 2 2(x—|—y+Z)

(x—y+Z)(X+y—Z)(x—y—Z)- (90)

Figures 1 and 2 show that both .AJr++ and ATJS have

W

peaks at the squeezed limit. Note that .AT'SZS‘ has a specific

scale-dependence c7k?n7. This has been obtained in the
context of matter bounce cosmology driven by a scalar field
minimally coupled to gravity [37]. However, this factor
makes the detection more challenging [38].

Now let us compare the above results with the prediction
from generalized G-inflation [25]. The amplitudes of non-
Gaussianities of tensor perturbations in (quasi-de Sitter)
inflation are given by [36]

e _ HrRIGR
(new) 4gT K3

F(slkl»s2k27s3k3)v (91)

A
:*(Slkl +S2k2+S3k3)2F

2 (S]kl,SZkz,S3k3), (92)

A
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Artt

(new)(‘| x.y)Ixly

FIG. 1. A;:‘;(l ko/ky, ks /ky)(ki/ky)(k,/k3) as a function of
x=ky/k, and y = k3/k;. We take n = 2/3 and Hu/Gr|, = 1.
The plot is normalized to 1 for the equilateral configuration,

x=1=y.

+++

GR(1X.Y)Ixly

T 05

1.0 y
FIG. 2. A***(l ko/ky, ks /ky)(ki/ky)(ky/k3) as a function of
X = k2/kl and y= k3/k1 We take ctnb(kl + k2 =+ k3)2/

128 = 107°. The plot is normalized to 1 for the equilateral
configuration, x = 1 = y.

where

(93)

A=-— [1—F2k

k1k2k3]
i#]

Let us first look at their shapes. As shown in [36], .A*Jr+ of

(new)
inflation models has a peak at the equilateral limit. This is

in contrast with the case of contracting models. On the
other hand, A+++ has a peak at the squeezed limit both in
inflation and contractlng models. Therefore, the detection

of the equilateral-type tensor non-Gaussianities would rule
out our contracting models.

Next, let us compare the amplitudes. Squeezed tensor
non-Gaussianity from inflation has the fixed amplitude, as
Eq. (92) is independent of the functions in the Horndeski
action. This is not the case for squeezed non-Gaussianity
from contracting models, as is clear from Egs. (88) and
(89), whichever is dominant.

Finally, notice that the non-Gaussian amplitudes (88)
and (89) agree with those obtained in a kind of nonattractor
inflation models, where tensor perturbations grow on
superhorizon scales during inflation due to nonattractor
dynamics of the nonminimally coupled inflaton [39]. This
is because both our contracting models and the nonattractor
phase of inflation are conformally equivalent to the matter-
dominated contracting scenario.

V. SUMMARY

In this paper, we have studied the primordial power
spectra and the bispectra of scalar and tensor perturbations
generated during a general contracting phase in the
Horndeski theory. It can be shown that under certain
conditions the power spectra of scalar and tensor perturba-
tions are scale invariant. We have found that the previous
no-go theorem [21] prohibiting the simultaneous realiza-
tion of small tensor-to-scalar ratio and small scalar non-
Gaussianity in matter bounce cosmology driven by a
k-essence field no longer holds in more general setups.
A concrete example with small r and small fy;, has been
presented.

Then, we have found that the non-Gaussianities of tensor
perturbations from the contracting universes have two
specific features which are in contrast with the predic-
tions from generalized G-inflation. First, our contracting
models predict only squeezed-type non-Gaussianities,
while inflation can in principle generate both squeezed-
and equilateral-type ones. Second, the squeezed-type non-
Gaussian amplitude from inflation is model-independently
fixed, while that from the contracting scenario is model-
dependent. We thus conclude that our general bounce
model can be distinguished from generalized G-inflation
by combining the information of the non-Gaussian ampli-
tudes and shapes. It would be interesting to investigate the
possibility to detect the non-Gaussian signatures predicted
from the general bounce model through the B-mode
polarization, as argued in Refs. [38,40].
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APPENDIX A: BACKGROUND EQUATIONS

For a flat FLRW universe the gravitational field equa-
tions read [25]

5 5
E=) & =0, P:=) P;=0, (Al)
i=2 i=2
where
& =2XGox — Gy, (A2)
53 - 6X¢HG3X - ZXng,y (A3)
Ey = —6H*G4 + 24H*X(G4x + XGyxx)
~ 12HX(Gyyx — 6HPG oy, (Ad)
Es = 2H3Xp(5G sy + 2XGsyy)
— 6H?X(3Gs;, + 2XGsyx). (A5)
and
P, = G,, (A6)
P3 = =2X(G3y + $Gsy). (A7)
P, =2(3H* 4+ 2H)Gy — 12H*X G,y — 4HXG 4y
— 8HXGy — 8SHXXGuyx + 2(h + 2HP)Goy
+ 4XGpy + 4X( — 2HP) Gayy, (A8)

Ps = —2X(2H3} + 2HH  +3H2()Gsy — 4H> X2 GG syy
+4HX (X — HX)Gsyx + 2[2(HX) + 3H?X)Gs4
+ 4HXPGsgy- (A9)

The scalar-field equation follows from the above two
equations.

APPENDIX B: EFFECTS OF SPATIAL
CURVATURE AND ANISOTROPIES
ON A GENERAL CONTRACTING
BACKGROUND

In the simple, standard case of a scalar field minimally
coupled to gravity, spatial curvature and anisotropies in the
Friedmann and evolution equations evolve in proportion to
a~? and a~®, respectively. As a result, it has been known that
a contracting universe is plagued with the instability
associated with large anisotropies [41]. Some resolutions

of the problem have been proposed so far. See, e.g.,
Refs. [42-46]. However, the impact of spatial curvature
and anisotropies has not been clear yet in more general cases
where the scalar field is nonminimally coupled to gravity.
Hence, we investigate the evolution of spatial curvature and
anisotropies in a general contracting background in the
Horndeski theory.

First, we investigate the impact of spatial curvature
(denoted hereafter as ). To do so, we consider open
(I < 0) and closed (I > 0) universes in the Horndeski
theory. In the presence of spatial curvature, the background
equations reduce to [47,48]

E4+E =0, P+Pc=0, (B1)
where
K K
EK:—3QT?, P}CZFT?. (BZ)

It can be seen from the scaling argument that &y /&,
P/ P « (—=t)*1=7) which implies that the relative magni-
tudes of the curvature terms decrease with time so that the
effect of the spatial curvature on the background equations
can be neglected in our setups.

Next, let us consider the effect of anisotropies on the
contracting background by investigating an anisotropic
Kasner universe whose metric is written as

ds? = —d? + az[ez(ﬁ++\/§/f,)dx2

+ 2B =V3h)gy? 4 e~ +dz?). (B3)
The differences between the expansion rates in different
directions, f., obey [47,49]

@G~ 2w -0 =0, (B)

(@l pply =0 (BS)
Since we have O(Gr) 2 O(uH ), the nonlinear terms can be
ignored as long as initially small anisotropies are consid-
ered, Bi < H. Then, these equations can be integrated to
give fi o (aGy)™" o (—1)~@+2a+3n)  We thus see that
Bi/H o (=1)~(+2¢830)  which decreases with time if
1 +2a+3n <0 and increases if 1 4+ 2a+ 3n > 0. The
case of « = =2 (v, = v, = 2/3) corresponds to the former,
while @« = 1 — 3n (v, = v, = —2/3) to the latter. This result
implies the contracting background we are considering
requires some mechanism to evade the unwanted growth
of anisotropies. In the present paper, we simply assume that
the contracting universe enjoys a bounce before the
anisotropies spoil its background evolution.
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APPENDIX C: CUBIC ACTION FOR SCALAR PERTURBATIONS IN THE HORNDESKI THEORY

Substituting the perturbed metric (9) into the Horndeski action, expanding it to cubic order in perturbations and using the
background equations, we obtain the cubic action for scalar perturbations [28—30]:

1
sy = / drd’xa’ [ ( 9¢¢? += 2% > (60% + 0:50x) + (395)2326 +538(%) - (5i8/)()2)>
- gTa_’Z ((9:0)* +200%¢) + %g(ag)z + 3262 +206n(9¢ — Py — 9,0x)

¢

. 2 ) O*C 26n
+ﬂ<2C3—?5ZZCZ+; S

(007 = 00 + 40t ZE -2 2c0r - 00,0030 )
(3008 = 2 onitry + —on () - @r000) ) + 2o (& - T4
a2 X 2a4 X i /)( = 3a2
Sn? 1 .
+ (T =Gy) ?625 -3 (T 42Xy + H:)5n3] ) (C1)

From the first-order constraint equations we have

2

( 3QSW‘% ) (C3)

1

X = gT

where 0%y = . Substituting these solutions into the cubic action, we obtain

90 | Ny 0?
(’? + T 1 AOCOW + AL O

A - .
s = / dzd3xa3gs{§‘ B+ M8 + Mg

A1 A
T P00 ~ C00,(0,£0,0)] + 55— [PC0,0w — £0,0,(0, cajvf)]}

+ / did3xF({)Es. (C4)

where

al9r (9 39\ L 50 (10 11T (G
A,_H[®< SEr 1>+3®2<3g 1>+2 (gs gT>+ (395 z)

2 g* H GE
“JoG (2-XZy) -3 o gJ , (Cs5)
H
hy=3= 125 3= gr 4 fs+ fo). (co)
H 2
A3:g—s+%<l+gr+gs f@)_gs—g@( +29r — fo) (€7)
A= [E9E + 6u Ir + (30 - Gp) =L Gi (C8)
4 3%@* X g’
1 HT
A5“5%‘5£(3+9T—fr+f®) gz (3+29r = fo), (C9)
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3 I'H 1
_*%—&7(3+QT—J€F+JC®) g§< +9r— 2f;4)’ (C10)

674G, 4G, ©

2
®fs) 6Hg (1—29T fﬂ+2f®+2®]g:2>] (C11)

2 g3 Hl—*g3
— |- L{1-3g;+3 3
7 [QSQZ G0 ( gr +3fe—Jfr+ HG 0,07
Gr OF ' 1 OF
Ag=H|—-= —4 2fe —2 2 H—(1-= Cl12
Gr9s .; I'Gs s _
F()=-—"= — =2+ 2u =5 | (0:;0;w — 0720,0,(0,0;
©) OF, ¢ - ®Qr+ 7 (0,80 i0,(0:C0y))
1 (/TG
t o (o4 B 007 - 200,00, ey
Es = —2[8t(a3gsé) — aF ). (C14)
Here we defined
@ = —pXGay + 2HG, — SHXGyx — 8HX?Gyxx + ¢Gay + 2X PGy
— H2p(5XGsy + 2X2Gsyy) + 2HX(3Gs,, + 2XGsyx). (C15)
2 = XGay + 2X2Goxy + 12HPX Gy + 6HPX*Gaxx — 2X Gy — 2X>Gayx — 6H?G,
+ 6[H>(TXGax + 16X2Gaxx + 4X>Gaxxx) — HP(Gay + 5SXGagx + 2X*Gagxx)]
+ 2H3¢(15XG5X + 13X%Gsyx + 2X°Gsxxy) — 6H>X(6Gsy, + 9XGsyx + 2X*Gsyxx). (Cl16)
[:= 2G, — 8XGyx — 8X2Guxx — 2HP(5XGsy + 2X>Gsxx) + 2X(3Gsy + 2XGsyx ) (C17)
E = 120X Gy + 6¢X*Gaxx — 12HG, + 6[2H(TX Gy + 16X>2Gyxx + 4X> Gaxxx) — H(Gay
+ 5XGuyx + 2X2Gagxx)) + 90H?PXGsy + T8H2PX>Gsxx + 12H?PX Gsxxx
— 12HX(6Gs,, + 9XGsyx + 2X*Gsyxx). (C18)
and
gT gS fs @ F /,t
— s P — s = — N = . C19
gr = HQT gs = Hgs fs HF fo HO fr HT fﬂ Hy ( )
Note that we can write the Egs. (C17), (C18) as
00 0x
r=—, ==__ C20
OH OH (C20)
It is therefore natural to assume that these quantities scale as
I~ (_t)2+2a’ =~ (_t)1+2a. (CZI)
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In Eq. (C4), we neglected some boundary terms having the form of a total time derivative. They are given by

d 2
5y = [ andx dt{ 3ngS¢c Lo I (2u+—) (& = L0,0)?)

292

Clgs
20

C) 600>

where

X
Ay =— / GaxV2X'dX' = 2v/2X Gy,

X
B5 — —/ GSX/ Vv 2X/dX/

2 2
+a(g—Bs)C( KOs (6

9 3
(A3 —2HGy — 2uH?){

+r§) (@007 - e (©22)
(C23)
(C24)
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