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Which part of the stress-energy tensor gravitates?
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We consider the possibility that, in the semiclassical Einstein equation for cosmological spacetimes,
gravity is sourced by the amount of stress-energy that is above that of the instantaneous ground state. For
this possibility to be consistent, the Bianchi identities must continue to hold. This is nontrivial, because it
means that the ground state expectation value of the stress-energy tensor must be covariantly conserved in
spite of the fact that the ground state is generally a different state at different times. We prove that this
consistency condition does hold. As a consequence, we find that the vacuum stress-energy which is above
the instantaneous ground state does not renormalize the cosmological constant, as long as the instantaneous
ground states and the instantaneous adiabatic vacua exist.
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I. INTRODUCTION

In the semiclassical Einstein equation, the cosmological
constant receives contributions from the stress-energy
of the vacuum of all matter fields [1-3]. However, the
measured value of the cosmological constant is extremely
small compared to the scale of each known contribution,
and one must also expect large contributions from new
particles that might emerge at energies higher than probed
so far. In addition, and most importantly, the required fine-
tuning is unstable in the sense that it needs to be repeatedly
re-fine-tuned as more loops are taken into account in the
calculation of the vacuum polarization. This problem of
radiative instability is an essential part of the cosmological
constant problem; see, e.g., [1,3].

A key question in this context is which part of the in
principle infinite stress-energy of a quantum field actually
gravitates and therefore contributes to the right-hand side of
the semiclassical Einstein equation.

The answer is straightforward for Minkowski space,
where the Poincaré symmetry singles out the Minkowski
vacuum state as a reference state for gravity. The
assumption then is that only the stress-energy above the
stress-energy of the Minkowski vacuum state is gravitating.
In generic curved spacetimes, however, it is not obvious
which state could play the role of such a reference state, i.e.,
a state whose stress-energy is subtracted when determining
the amount of stress-energy that actually gravitates.
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At this point, it is useful to consider that the search for
such a gravitational reference state is logically independent
from the search for another important reference state,
namely, the vacuum state in the sense of a no-particle state.

In fact, a vacuum state in the sense of an overall
no-particle state does not exist on generic spacetimes,
due to gravity’s ability to parametrically excite modes of
matter fields and given the observer dependence of the very
notion of a particle, as demonstrated, e.g., by the Unruh
effect. In the case of Friedmann-Lemaitre-Robertson-
Walker (FLRW) spacetimes, the so-called adiabatic vac-
uum is in a sense the best approximation to a vacuum state
in the sense of a no-particle state for comoving observers;
see, e.g., [4].

In the present paper, we are concerned with FLRW
spacetimes, and we will discuss also the adiabatic vacuum
and its role as the reference state with respect to which the
particle content in a field is determined. However, our focus
here will be on the search for the gravitational reference
state with respect to which it is determined how much of the
stress-energy of a quantum field contributes to the right-
hand side of the semiclassical Einstein equation.

Concretely, we consider the possibility that, at least for
FLRW spacetimes, the gravitational reference state at any
given time is the ground state |Ogg/;)) of the quantum field’s
energy density operator p ~ T, at that time. This means
that it is the stress-energy above the instantaneous ground
state expectation value that acts as the source of gravity on
the right-hand side of the semiclassical Einstein equation.
Note that our proposal does not rely on any particular
criterion for identifying the vacuum state in the sense of a
no-particle state.

© 2020 American Physical Society
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That this ansatz is consistent with diffeomorphism
invariance is nontrivial, because the stress-energy of the
ground state possesses two time dependencies: Since both
Tﬂu(t, x) and |Ogg(,)) are time dependent,’ we will need to
show below that the Bianchi identity V”Tw =0 still
yields v”<OGS(I)|T/¢D(t)|OGS(I)> =0.

Also, as is well known, at generic times ¢, the lowest-
energy state is generally not the adiabatic vacuum state. On
one hand, this means that the adiabatic vacuum state is
generally an energetically excited state. On the other hand,
this means that the energetic ground state is a state with
particles from the perspective of the adiabatic vacuum.

We are here proposing, therefore, a clear distinction
between the two basic reference states: the vacuum state,
relative to which the particle content is defined, and the
gravitational reference state, with respect to which the
gravitating part of the stress-energy is determined.

While the basic idea that only the excess stress-energy
above the energetic ground state gravitates is simple, it has
potentially far-reaching consequences. As we will show,
the contribution of the subtracted vacuum energy density to
the renormalization of the cosmological constant vanishes
exactly.

We prove our results nonperturbatively for an arbitrary
quantum field theory (QFT) on a cosmological background
while assuming only the existence of ground states and
adiabatic vacua. The definition of these states is straight-
forward for free theories, as we show in the examples of
Sec. 111, but it can become a challenging task for interacting
theories. Our results will hold for any QFT for which the
ground states and adiabatic vacua can be proven to exist.

Despite the different starting point and physical inter-
pretation, the renormalization resulting from our procedure
is consistent with other renormalization methods, such as
the Hadamard renormalization [5,6]. Our proposal does not
predict the numerical value of the cosmological constant.
But once radiative instability is prevented, the cosmological
constant problem is much lessened: Since the subtracted
vacuum energy density does not contribute to the cosmo-
logical constant, its bare value is not renormalized and can
be arbitrary, constrained only by observations. What our
proposal does is to protect this value from the renormal-
ization due to the vacuum fluctuations of matter fields,
making its value natural in the technical sense. The
existence of the cosmological constant per se is of course
not a conundrum, as it already arose with the discovery of
general relativity [7].

Our paper is organized as follows. In Sec. II, we outline
our proposal, discussing its diffeomorphism invariance and
the role of the physical (adiabatic) vacuum. We conclude

'Note that even if we consider the Heisenberg picture, in which
states do not evolve with time, the instantaneous ground states
have a parametric time dependence.

the section discussing renormalization and the interpreta-
tion of our results, including the radiative stability of the
cosmological constant. This is followed in Sec. III by
explicit calculations in three toy models: a free scalar,
fermion, and massive vector boson.

In the following, we use the Heisenberg picture of
quantum mechanics, in which operators are time dependent
and individual states are constant. We use the mostly minus
signature for the metric and set 2z =c = 1.

II. THE EFFECTIVE STRESS-ENERGY TENSOR

We begin by considering the semiclassical Einstein
equation

1 R

%Gﬂy ~ PN = < ;41/>\11’ (1)
where p, = %A is the energy density corresponding to
the cosmological constant. The metric is treated as a
classical background field, while matter fields are quan-
tized. We regard (1) as an effective field theory that arises as
the low-energy limit of a more fundamental theory of
gravity [8]. We are, therefore, neglecting higher-order
curvature terms that, in the ultraviolet, might arise on
either side of the equation.

The expectation value of the stress-energy tensor
(T.)y = (P|T,,|¥) in the state of the field, |¥), is a
divergent quantity which we assume covariantly regular-
ized. In Minkowski spacetime, we can use the unique
ground state of the Hamiltonian, |0y), as a gravitational
reference state. One postulates that it is only the stress-
energy above the stress-energy of this state that gravitates:

A

< ;w)fﬁn = <T;w>\]l - <7\W/4U>M' (2)

In Minkowski spacetime, the ground state |Oy;) of the
Hamiltonian respects the Poincaré symmetry of the back-
ground, and it also happens to play the role of the vacuum
state, in the sense that it is the no-particle state.

As discussed in the introduction, in a fully generic
curved spacetime, the notions of vacuum state and gravi-
tational reference state are both highly nontrivial. In this
paper, we therefore specialize to homogeneous and iso-
tropic (FLRW) n-dimensional spacetimes.

Assumption 1.—The background metric is that of an
n-dimensional FLRW spacetime.

First, we note that, to preserve the symmetries of
FLRW spacetimes, the expectation value <T,w> has only
two distinct nonzero components: the energy density
p= n”n”(Tﬂ,), where n# is the unit normal to the homo-
geneous hypersurfaces, and the pressure p from the relation
(T) = p — (n — 1) p. For most of this paper, we will use the
preferred foliation that exists on an FLRW spacetime such
that the homogeneous hypersurfaces are parametrized by

the time coordinate ¢ = x° and n* = 1/¢%(1,0,...,0).
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We now define an eﬂective2 expectation value of the
stress-energy tensor by subtracting the expectation value of
the stress-energy of a gravitational reference state, similar
to the case of a Minkowski spacetime in (2), in a way that
also ensures that the resulting effective energy density that
actually gravitates is positive.

In a sense, the obvious choice for this subtraction is to
subtract the stress-energy of the state with lowest energy
density. And in homogeneous spacetimes, minimizing the
energy density is, of course, equivalent to minimizing the
total energy, at any given time. We call the states under
consideration ground states,” and we define them formally
as follows.

Definition 1.—Given a QFT on an FLRW spacetime, the
(instantaneous) ground state at time ¢ is defined as the
vacuum state [Ogg ;) which respects the symmetries of the

background metric and satisfies

8y (W W T (W) s, = 0. ()

where the domain of variation §,, is the set of all vacuum
states that respect the symmetries of the FLRW background.

We assume the existence of ground states in the
following, and we discuss this assumption at the end of
Sec. IID.

Assumption 2.—An instantaneous ground state exists
uniquely at each moment of time.

The immediate concern in subtracting the stress-energy
of the ground state is, however, that generically no single
state minimizes the energy density p(7) at all times
simultaneously. The ground state at one time f, is an
energetically excited state at another time ;. One can speak
only of an instantaneous ground state |Ogs(,)) that mini-
mizes the energy at a given time ¢, while the ground states at
different times are generically different states—see the
explicit examples of ground state vacua provided in
Sec. IIL

What we are proposing, therefore, is to define for each
time ¢ its own gravitational reference state, namely, the
energetic ground state at that time 7. Using this family
{l0gs()).t € R} of instantaneous ground states, we can
define the effective expectation value of the stress-energy
tensor by subtracting the corresponding ground state value
at every time, such that

F O = Ty = T Dgsye @)

The reason for calling this quantity effective instead of
renormalized will be explained in Sec. II D.

’In the literature, the term ground state is reserved for the
eigenstate of the Hamiltonian operator with the lowest eigen-
value, which might be different from the state with the lowest
energy density that we consider here. This distinction is particu-
larly important if the quantum field is coupled to the curvature.
The fact that we minimize the energy density will turn out to be
important to preserve the Bianchi identity.

The counterintuitive fact that this quantity is covariantly
conserved is one of the main results of this paper, and it
will be proven in the next section as Theorem 1. We then
propose that the source to the semiclassical Einstein
equation for an FLRW background is the effective part
(4) of the stress-energy tensor expectation value:

1

872G G;w —PAGuw = <T;w>le{ff' (5)

A. Covariant conservation law

When we choose a time-dependent vacuum family for
the subtraction as in (4), the major concern is preserving
the consistency of the semiclassical Einstein equation
under a covariant derivative. The left-hand side in (5)
consists of covariantly conserved tensors. For any indi-
vidual state, the expectation value <T;w> of the stress-
energy tensor is also covariantly conserved by diffeo-
morphism invariance. However, this argument does not
apply to the vacuum family expectation value <TﬂU>GS(t)

because of the parametric time dependence of the state.
The reader might expect the conservation law to be
broken for this quantity.

This turns out not to be the case. We find that this is a
nontrivial property of the ground state family on an FLRW
background and summarize this result in the following
theorem.

Theorem 1.—The ground state family expectation value
of the stress-energy tensor is covariantly conserved on an
FLRW spacetime:

A

V”< ﬂIJ(t)>GS([) =0. (6)

Proof.—The line element on an n-dimensional FLRW
spacetime is given by

ds? = df? — a(1)>dx? (7)

n—1°

where d=2_, is the line element on each spatial section. For
any time-parametrized family {|y,), r € R} of states which
respect the homogeneity of the FLRW background, such as
the ground states, we can write

<w,|fﬂy(t)|w,>dx”dx” = p(tyy,)dr* + p(z; l//,)a(l‘)defl_l,
(8)

where p(f;y,) is the energy density and p(t;y,) is the
pressure at time 7 for each state |y,). Writing the compo-
nents of the covariant derivative explicitly for the ground
state expectation values, we find
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V¥ sy = (1= 1) 505 (05 00s0)) + (300510)
+ %P(I; OGs(1))-
VT (D) = O. )

Since the spatial components of the covariant derivative
vanish identically, we will focus on the time component.

There are two kinds of time dependence in p(z; OGs(r))-
First, for each fixed ground state [Ogs(,)) at time u € R, the
expectation value p(#; 0gs(,)) = (T 00(#))Gs(u) 1s @ function
of time ¢, since the operator 7 (#) evolves over time. The
second one is the choice of the parameter u that specifies
the time at which the state minimizes the energy density.
Our proposal sets these two parameters equal: u = r. The
same discussion applies to p(#; Ogsy))-

Let us distinguish between the parameters ¢ and u for a
moment and define & = ¢ —u. The quantity p(z;0gs))
depends on two of these variables independently. The first
term in (9) is understood as first setting # = ¢ and then
taking the derivative with respect to ¢. This is equivalent to
taking the partial derivative with respect to ¢ while holding
0 fixed and then setting u = t:

V"(Tuo(t»GS(z)
Ip(t; 0gs (u a
_ (W 0 (n=1)— g)) (p(t; 0cs(u))

+p<z;oos<u)>>) (10)

u=t

On the other hand, the standard conservation law gives

VH(T (1)) as) = O for every fixed state, ie., for every
fixed u. If we first evaluate the covariant derivative for fixed

u and then set u = ¢, this becomes

Op(t; 0Gs(u
0:</)( GS())

B +(n=1)

u a(r)

+ p(t; OGS(u))))

(p(t: Ogs(u))

(11)

u=t

A simple calculation for the derivatives on the 7-u space
shows that

of (t,u)
ot

B Of (t,u)

of (t,u)
0 ot *

ou

(12)

u 13

for every scalar function f. Hence, if we subtract (10) from
(11) and use (12), we get

Ip(t; Ogs(u))

V(T = o (13)

Note that we have not used any properties of the ground
states up to this point; thus, (13) holds for any time-
dependent family of states. The defining property of an
instantaneous ground state |Ogs(y) at time ¢ is that it
minimizes the energy density p(¢) at that time among all
states as in (3). This implies that [Ogs(,)) also minimizes
the instantaneous energy density p(7) among the family
{l0Gs(u))- u € R} of ground states at different times.
Therefore, the right-hand side of (13) vanishes. [

In conclusion, Theorem 1 ensures that our proposal for
the semiclassical Einstein equation in (4) and (5) is
consistent with diffeomorphism invariance, i.e., with the
Bianchi identity.

Note that the proof of Theorem 1 relies on diffeo-
morphism invariance for fixed states, since we use (11) to
convert the time derivative at step (10) into a derivative over
the state parameter at step (13). Therefore, the statement of
Theorem 1 does not have an analog in systems that do not
possess diffeomorphism invariance, such as the time-
dependent harmonic oscillator.

B. Vacua in cosmology

Naively, one might expect that the momentary ground
state is the vacuum state, i.e., the no-particle state.
However, in this case, the predicted amount of particle
creation would exceed the upper bound from astrophysical
observations (see [4], p. 73, and references therein). As a
result, the instantaneous ground state and the related
Hamiltonian diagonalization were ruled out as vacuum
identification criteria. The lowest-energy state and the
physical no-particle state must be, therefore, distinct states
for quantum field theories in generic curved backgrounds.4

The candidates for the physical vacuum states that are
generally considered to be most plausible for cosmological
backgrounds belong to the family of adiabatic vacuum
states. These vacua are obtained by solving a certain
perturbative expansion up to a finite number of derivatives
of the metric components. See, e.g., [12] for a rigorous
definition of the concept. Originally, the adiabatic vacuum
states were introduced in Ref. [13].

The basic idea is that the criterion for identifying which
state is the vacuum state at any given time ¢ should be such
that the amount of cosmological particle creation which is
predicted as a consequence of applying this criterion is
minimized.

At this point, we remark that the adiabatic vacuum
identification criterion may also be motivated in a new way
that is based on first principles, i.e., without the need to
appeal to data. To this end, we begin with the intuition
that, when the Universe either expands or shrinks, any field
state which possesses a nonzero particle content must in

*For recent discussions on the topic of vacuum states in
cosmology, see [9-11].
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some way change over time, the change being due to the
fact that the particle content of the state has to either dilute
or concentrate. This yields a criterion for identifying the
no-particle state. Namely, whatever the criterion for
singling out the vacuum state at time ¢ is, it should be
such that, when applied over a range of times, the so-
obtained vacuum states, parametrized by ¢, should change
as little as possible—as determined via Bogoliubov S
coefficients. This then implies the conventional adiabatic
vacuum identification criterion: The amount of particle
production should be minimal. In this new way, the vacuum
is identified as the state that is most immune to dilution and
concentration, so that all particle creation or annihilation
that does happen due to expansion or shrinkage is solely
due to quantum parametric excitation.

Technically, the procedure for identifying the adiabatic
vacua is to solve the Wronskian condition’ by a WKB-type
ansatz and to approach a solution of the equation of motion
iteratively around a Minkowski-like zeroth-order solution.
A finite number s of iterations gives an approximate solu-
tion failing to be exact only by terms with at least 2s + 2
derivatives of the metric. The mode functions for the adia-
batic vacua are then found by evaluating the initial con-
ditions for the equation of motion along the approximate
solutions. Hence, similarly to the ground state family, the
adiabatic vacuum states {|Osy(;)), t € R} are parametrized
by the time at which they are defined. Explicit examples of
adiabatic vacuum solutions are provided in Sec. III.

The rigorous definition of adiabatic vacua in the liter-
ature has focused mostly on free theories and might become
nontrivial for generic QFTs. While we did not need to
specify a physical vacuum state for our main proposal (5),
we will rely on this concept in the following for discussing
renormalization. Therefore, we include it here as our final
assumption.

Assumption 3.—The adiabatic vacua exist at every time
and represent the right choice for physical vacuum states.

Subtracting the physical—here taken to be the

adiabatic—vacuum family expectation value should
already give a renormalized (finite) stress-energy tensor,
corresponding to the quantum and classical sources from
observed fields:
;w(t)>ly - <f1;w(t)>Av(;)' (14)
Clearly, this is different from the effective part defined
in (4). We can say that, while the effective part measures the
gravitating stress-energy excitation, the renormalized part
measures the stress-energy in particle excitation over the
adiabatic vacuum. The difference between the two,

>The Wronskian condition is obtained from the consistency
requirement between the canonical commutation relations of the
field operators and those of the annihilation and creation
operators. More details can be found in the examples in Sec. III.

A

<TIU/>AV(t)

uv>GS(t)

FIG. 1. The total expectation value (Tﬂ,,)\p of the stress-energy
tensor is split into various parts based on its ground state value

and the (adiabatic) vacuum value. Note that <f,w)va° and
<T/w>os( , are infinite quantities.
<T’w>vac(t) = < /w>?{£f(t) - < /w>$n(t)
= < #D([»AV(z) - <T;w(t)>Gs(t)f (15)

is independent of the particle content; i.e., it is a purely
geometrical contribution. It will be discussed in more detail
in Sec. IIC. In conclusion, we can write the effective
expectation value as

A A

<Tuv>?{ff = < uv>$n + < ;u/>vac' (16)

See also the schematic representation in Fig. 1. The first

term, (TWX;‘“, should be finite and match the observed
sources of gravitation, while the second term, <f',w>va°,

measures the elevation of the vacuum energy above the
ground state. After making this split in (4), we write
the semiclassical Einstein equation (for an FLRW space-
time) as

1 T T ren
%Gﬂy ~PAGw — < W>vac = < m/>\; . (17)

The vacuum part (T,,)" is still divergent and acts as a
counterterm in this equation.

Let us further comment on our assumption that the
adiabatic vacuum family and the state of the matter fields,
|¥), are such that <f,w>{§“ is finite. In fact, the divergence in
the |¥) expectation value is the same as the divergence in its
corresponding no-particle state [4]. Therefore, we are
merely assuming that the particles described by V¥ are
excitations of the adiabatic vacuum, i.e., that the adiabatic
vacuum is the physical no-particle state.

043513-5
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C. Renormalization

A A

Both <Tlll/>GS(t) and (T,,) av(y depend only on the
metric; i.e., they are purely geometric quantities. The
former is also covariantly conserved by Theorem 1.
Since the only covariantly conserved geometric tensors
up to second order are the metric g,,, and the Einstein tensor
G,,, we can write

(Tm,)GS(t) = Agsgu + BgsGy, + higher curv. terms.
(18)

The quantity (7,,) AV
riantly conserved. Nevertheless, we prove the following
result.

Theorem 2.—For adiabatic vacua of at least second order
(at least s > 1 iteration), the adiabatic vacuum family
expectation value of the stress-energy tensor ceases to be
covariantly conserved only by terms that contain at least
four derivatives of the metric. Schematically, we write
this as

on the other hand, is not cova-

VAT W) pviy = 0+ 0(8"). (19)

Proof.—Similarly to the proof of Theorem 1, we dis-
tinguish between the time parameter ¢ on which the
operator TA"W depends and the time parameter u at which
an adiabatic vacuum state is defined, before setting
0=t—u=0. Using again diffeomorphism invariance
and the relation (12) between derivatives, we obtain

Ou=t
_ (Vﬂ<T”D([)>AV(M) ;
0
+@<T°y(t)>,w<u)|t> '

0 A
=5 (T°,(0) aviw)

. (20)
tu=t
Now, recall that the approximate solution at s-th iteration,
which is used to define the initial conditions for the
adiabatic vacua, ceases to be an exact vacuum solution
only at the order of O(9**?). Hence, the adiabatic vacuum
at u + ou differs from the one at u at the equal time r = u
only by O(0**2)6u + O(5u?). Then, we find

5 _ 25+2
V4 () iy = O0). (21)
If we consider the adiabatic vacua at iteration s > 1, the
statement of the theorem is proven. [

Using Theorem 2, we can also write

<TﬂD>AV(t) = Aavgu + BayG,, + higher curv.  (22)

for the adiabatic vacuum family, because the failure of
conservation is completely contained in the higher curva-
ture terms.

The constant coefficients Agg, Bgs, Aav, and Bay are
independent of the background geometry; i.e., they can
depend only on the parameters of the theory, such as the
field mass.

Theorem 3.—The instantaneous ground states and the
adiabatic vacua coincide at the zeroth adiabatic order,
i.e., AGS = AAV-

Proof.—We consider smoothly flattening the FLRW
background as follows: We replace the scale factor a(r)
with a(fy + e(t — tg)) for arbitrary 7y € R and shift the
value of e from 1 to 0. The coefficients Agg, Bgs, Aay and
B,y are independent of e. When € reaches 0, the spacetime
becomes flat and all curvature terms in (18) and (22)
vanish.

Note that the Minkowski vacuum serves as both the
ground state and the adiabatic vacuum on a Minkowski

spacetime. Therefore, the expectation values (7 ) and
in the flat limit ¢ — 0.

I“/>GS

(T,) Av(y coincide with Ty
Since they also converge to Agsg,, and Aavyg,,. respec-
tively, and the coefficients are unchanged by the flattening,
we conclude Agg = Apy. m

By Theorem 3, Eq. (15) becomes
(TWW‘C = (Bay — Bgs)G,, + higher curv.  (23)

Then, we may define the renormalized couplings for the
semiclassical Einstein equation (17) as

G
d en — . (24
an G 1- 87[G(BAV - Bgs) ( )

PA" = PA

In accordance with the truncation of the Einstein-Hilbert
action, we neglect the higher curvature terms in (23). After
the renormalization of the parameters, the semiclassical
Einstein equation (17) can finally be written as

1 7 ren
8 Gren G = PN 9w = Ty (25)

By neglecting higher curvature terms, we are neglecting
two features of the equation: First, higher curvature terms
would contribute to the renormalization of the parameters
of a higher curvature gravity theory, beyond the Einstein-
Hilbert action. This problem is related to the perturbative
nonrenormalizability of gravity and is beyond the scope of
this paper.

Second, the right-hand side of (25) fails to be covariantly
conserved at higher-than-second adiabatic order, i.e., at the
neglected higher curvature terms. This slight violation of
the Bianchi identity in the finite part is due entirely to the
choice of adiabatic vacua to separate the finite part of the
stress-energy tensor from the vacuum contribution. It is

043513-6
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neither a consequence of our main proposal in (5), nor does
it change the fact that, due to Theorem 1, the stress-energy
that sources gravity strictly obeys the Bianchi identity.

D. Discussion

We have argued that the stress-energy expectation of the
instantaneous ground state, (TW)GS( 0 is a good choice for
subtraction from the full stress-energy of the actual state
of the matter fields for two reasons: First, this subtraction
as in (4) maintains a positive energy density for the
difference, consistent with the weak energy condition.

Second, <T >GS(t) is covariantly conserved exactly, as

)7
we have shown in Theorem 1.

The proposed scheme has direct consequences for the
renormalization of the cosmological constant. Recall that
the counterterm in (17) is a difference of the stress-energy
tensor expectation values in the physical (adiabatic) vac-
uum and in the ground state. As we have shown in Sec. I C,
and in (24), in particular, this counterterm does not affect
the value of the parameter p, = ﬁA. This particular
combination of parameters that is linearly related to the
cosmological constant becomes protected from vacuum
fluctuations. In this sense, our proposal contributes to the
resolution of the cosmological constant problem under the
given assumptions.

We assumed that the Universe is well described by an
FLRW metric at cosmological scales and that instantaneous
ground states exist. Furthermore, we assumed the existence
of adiabatic vacua as physical vacua in discussing the
renormalization of the Einstein equation. In Sec. III, we
analyze three free QFTs, where Assumptions 2 and 3 are
shown explicitly to hold. For interacting theories, the
definition and existence of ground states and adiabatic
vacua might be more challenging. In specific theories, the
one-loop order can be worked out following the techniques
in Ref. [14].

Free theories still provide important insights on the
renormalization of the cosmological constant at different
scales, e.g., considering new degrees of freedom (d.o.f.)
that might come into play as the renormalization scale is
dialed. Just like for their low-energy companions, the
contribution of higher-energy d.o.f. to the cosmological
constant will be canceled by the ground state expect-
ation value.

Finally, note that ground states and adiabatic vacua
have different coefficients, Bgg and B,y, at second
adiabatic order. This is due to the local curvature ambi-
guities in the definition of the stress-energy expectation
value as discussed in Ref. [15]. Therefore, when we
subtract the ground state family expectation value, we
do not remove the vacuum contribution completely:
<Tﬂ,,>vac # 0. In this sense, we still allow vacuum fluctua-
tions to play a role in the renormalization of gravity in
curved backgrounds.

III. EXAMPLES

In this section, we compute the stress-energy tensor
expectation value in the instantaneous ground states and
adiabatic vacua and confirm the results of the last section
in three different models: a scalar, a Dirac spinor, and a
Proca vector field. Some, but not all, of the results
presented in this section are present in the literature
[4,16-18], and we find it convenient to rederive them
here. These toy models demonstrate explicitly how the
instantaneous ground states provide a covariantly con-
served expectation value, how the adiabatic vacua fulfill
the same property up to second adiabatic order, and how
the subtraction cancels the radiative contributions to the
cosmological constant but not those to the gravitational
constant.

Regularization is an essential step when dealing with a
divergent expectation value. To ensure that the vacuum
expectation value of the stress-energy tensor has the correct
properties—e.g., it is covariantly conserved—it is impor-
tant to use a covariant regularization method. For bosonic
theories, we use dimensional regularization; for the spin-
1/2 theory, we use Pauli-Villars regulan'zation6 and fix the
number of spacetime dimensions to 4.

The only dimensionful coupling included in our exam-
ples is the gravitational constant, which, in n spacetime
dimensions, has mass dimension [G"] = M?>~". In dimen-
sional regularization, in order to preserve the correct
dimensionality while expanding around n = 4, we intro-
duce G = Gu*™", where y is an arbitrary mass scale and
[G] = M~2. The second equation in (24) becomes

G

Gren — .
1 —82G(Bay — Bgs )u*™"

(26)

For simplicity, we specialize throughout this section to the
flat FLRW metric with line element

(27)

n—1
ds? = a(1)? (dt2 -~ Zdﬁ),

i=1

where 1 = x; is the conformal time and x; are comoving
coordinates. We denote derivatives with respect to the
conformal time ¢ by a prime.

®Note that the divergence in the spin-1/2 theory is logarithmic,
while it is quadratic in the bosonic theories; therefore, we could
not reliably use Pauli-Villars regularization for the latter [19]. On
the other hand, the generalization of gamma matrices to an
arbitrary number of dimensions is a tricky issue; therefore, we
chose not to use dimensional regularization in the fermionic
theory.
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A. Spin 0

Consider a scalar field ¢ with the action
n 1 v 1 2 2
Sy = [ d"x\/lgl 59" 0,90,¢ _E(m —ER)p” |, (28)

where m is the mass, £ is a dimensionless coupling
constant, and R is the Ricci scalar. The equation of motion
for ¢ is given by

/

'+ (n=2) %g{)’ P+ a(m>—ER)P=0. (29)

1. Decomposition

We decompose the field ¢ into its Fourier modes:

dn—lk 1
¢(tvx) :/Wﬁa(l‘)_(”—z)ﬂ

X (yi(t)e ™ ay +Z;t<t)eikx&1t)7 (30)

where @; and 21}: are annihilation and creation operators,
respectively, and y; is a complex mode function. Note that
this decomposition is not unique: One can choose a
different set of annihilation and creation operators or,
equivalently, a different set of mode functions. Each set
of operators defines a vacuum according to @,|0) =0 V k.
The mode functions satisfy the equation of motion

i+ (R +mPa®+ (&, - &a* Ry, =0,  (31)

where we defined &, = 4(”',;_21). The scalar field is minimally

coupled when £ =0 and conformally coupled when
&= én'

We perform the canonical quantization by imposing
canonical commutation relations [¢(z,x),I1(#,y)] =
i6"~(x —y), where I1=68S,/5¢' = a"2¢' is the conju-
gate momentum, as well as [@,a)] = &' (k- I). Con-
sistency between the commutation relations requires the
Wronskian condition

X = =20 (32)

Since (31) is a second-order differential equation of a
complex function, the space of solutions is four dimen-
sional for each mode k. One of them is an arbitrary global
phase. The Wronskian condition (32) constrains one more
d.o.f. Then, we are left with two physical d.o.f. for y; (for
each k).

It is possible to decouple the nonphysical d.o.f. from the
mode functions as follows: We write the mode function y;
in the polar form as y, = R, exp{—iS,}, where R (t) and
Si(t) are real functions. In these new variables, the
Wronskian condition (32) becomes R7S, = 1. This
equation is solved by any positive real function Q; with

Q; = R;? and Si(r) = ["Q;(7)d7 with an arbitrary lower

limit of integration:
expq —i | Q(7)df ;.
k(1)

Then, the equation of motion (31) becomes

() =

3Q2 1
Q2 — o2 —Ea?R+ -2k Tk 34
P = o+ (6 —&)a +4 Q% 20, (34)

Here, and for the examples to follow, w? = k> + m*a>.
The solutions Q; of (34) have two d.o.f. (for each k),
which correspond to the two physical d.o.f. in y;. We
solved the Wronskian condition, and the global phase went
into the arbitrary lower integration bound in (33). The
problem of defining the vacuum has reduced to choosing a
solution to the nonlinear differential equation (34).

2. Stress-energy tensor

The stress-energy tensor T, for the scalar field ¢ is
given by

T;w = a}l¢all¢ + §R;41/¢2 - gvﬂvl/<¢2) + fgﬂvn<¢2)

1 1
- Eg/wgaﬁaagbaﬁqﬁ —+ zg/w(mz - éR)qﬁz (35)

We promote this to an operator Tﬂy with symmetrized
operator ordering,’ e.g., ¢’ — %{(25(}5' } [20]:

R 1 d='k 1
0|Tyl0) =—= | ————
< | 00‘ > 4an—2/ (277:)}1—1 Qk

12
2 2.2 2 k =
X <k + m*a +Qk+4gz+u>, (36a)
(0/7;/0) =0, (36b)
. 1 'k 1
o7 |0y=——- [ —— —
< | lj| > 4a”_2/(277:)"_19k
2 2 2.2 Q;(z
+5,»j(1—4<§)(Qk—k —m-a +4Qi>>’
(36¢)
where

"Normal ordering, the standard operator ordering in QFT on
flat spacetimes, does not have a generally covariant analog and
cannot be implemented in our setting. Symmetrized ordering, on
the other hand, is covariant.
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a'((n—2)d'Q +2a<;)

== - -1 37
(&~ &)n=1) o (37)
and i,j € {l,....,n—1}. .
Note that if Q; depends only on the modulus k = |k| of

the mode vector k, then all nondiagonal terms of <0|T”U|O>
vanish. This is the case for the adiabatic and ground state
vacua that we will consider. The integrals are also sim-
plified by the imposition of spherical symmetry.

3. Ground state
The instantaneous ground state at time ¢ is given by the
initial values {Q (), Q) (r)} which minimize the energy
density (0|T00/|0) (1) at that time. Solving the equations
ac (01T0l0) (1) = 0 = ()Q’ 1(0[T00/0) () for (36a), we

find
2 2 2 2 d'(1)?
Q1) = \/k +ale) + 40 17606 = ) S
(38a)
Q1) = 4ln— 1)(E— &) 8 (). (38b)

We clarify here that, while these initial conditions can be
used together with (34) and (33) to define a ground state
mode function at all times, we wish to compute our
expectation values at every time ¢ on the ground state at
that time. The same holds true for the instantaneous
adiabatic vacuum.

We therefore substitute the expressions (38) at every time
t into (36) in order to find the ground state expectation
value of the stress-energy tensor at the instant of minimum
energy:

. a1 n
(Too)gs(n = _EWF [—5]

,u|“

x<m2+4(n (€, ) )n/z, (39)

A

Tiiasi = (4::)”/2 { }

(n/2)-1
X [ m? +4(n—1)%¢(¢&, cf)a—4) ’
x (m* =2&(&, = &R), (39b)

where R =nR+ (n®> —2n+2)(n— 1)“—4.
expressions and

Using these

VA(T,0) = o (Foo) + (= 3) o )
Fn-n STy,
VH(T,;) =0, (40)

A

for the metric in (27), one can check that ( #U>GS(t) is

covariantly conserved.

For the renormalization of p, and G, we expand (39)
according to the number of derivatives on the scale factor
a(t). We can write the result as

R m2 n/2 n
tdes = (52) 715

1 ¢ _
S <_§gpw an (5 én) ZG/w) (41)

up to O(9*) terms.

4. Adiabatic vacuum

In order to define the adiabatic vacua, we try to solve
(34) iteratively, such that

W(1)? = o (1)?, (42a)
WE (1)) = wy (1) + (£, — E)al(r)*R (1)
3 (w0 1wl
4<W§<r>> Twiy

The second-order adiabatic vacua at time ¢ are defined by
the initial conditions

o =wl.  (43)

Note that if we had chosen to use a higher-order adiabatic
vacuum, these equations would change only up to O(9*).
In order to find the adiabatic vacuum expectation value of
the stress-energy tensor, we substitute (43) into (36a) and
(36¢). After expanding the result around the number of
derivatives on the scale factor, we get

. 2\ n/2
o ()
1 1-6
X (— Eg’”' + % m_zGﬂy> (44)

up to O(9*) terms.

5. Result

Our results (41) and (44) confirm Theorems 1 and 2,
since they are a linear combination of the covariantly
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conserved tensors g, and G,.
Theorem 3 as

1 m2 n/2 n
-AGS — AAV - —E <E> F|:— §:| . (45)

Finally, by subtracting (44) and (41), we obtain

They also confirm

N

< ;w>vac = BAGW —+ 0(64), (46)

where B, = Bay — Bgg is given for the scalar theory by

m2 n/2 nl n
5= (5) a0

Equation (46) confirms the results of Sec. II C.

In order to complete dimensional renormalization, we
expand B, = Ba(n) around n =4. Depending on the
parameter &, this can be accomplished in two different
ways. If we fix the parameter £ to the conformal coupling
number & = £, for every dimension n, we get a finite result
at n = 4, namely,

24(n—1)

o §2>m‘2. (47)

m2

— 48
28872 (48)

4 —

W Bale—g, nma =

Alternatively, we can fix the parameter ¢ to a constant

independent of n and make a Laurent expansion around
n=4to get

i B (1 —36&2)m?
U BA'f:conSt(n) - 4877:2<4 _ l’l)
(1-36&%)m? m?
967* y +log dryu?
1 — 482
(L= 488m? 96f I O@—n).  (49)

where y is the Euler-Mascheroni constant.

B. Spin 1/2

Next, we consider a massive Dirac fermion ¥(z,x) in
four dimensions:

S‘IJ:/d“.)Cw/—gE\{J,
1,,- = 3
Lo = (B2, - (V,9)2,/r9) - mP¥. (50

Here, e®, = diag(a,a.a,a) is a tetrad, which satisfies
G = € e/ Map for a local flat metric 7,; = diag(+,
—,—,—), while e,# is its inverse. The constant gamma
matrices {y®},_o 3 satisfy {y%y’} =2y, and their
curved counterparts are defined as 7 = e, /y* [4]. We
use the Dirac representation

y°—<g _Oﬂ), yf—(_(;. G(:) (51)

The conjugate spinor is defined as ¥ = Wiy, The covar-
iant derivative of a Dirac spinor is defined as
V,¥=0Y+TI,¥, where the connection is given by

1

F = g [7 v }glzp (aﬂéﬂp + Fﬁﬁéﬂa) (52)

and Fﬁ(, is the Levi-Civita connection. The equation of
motion for ¥ is given by

1 1 .
y0<—‘1” éa ‘P) +i-y/0,¥ —m¥ =0. (53)
a 2a a

Most of the following derivations can already be found,
e.g., in Refs. [17,18].

1. Decomposition
The field operator ¥ can be decomposed into a complete
set of modes such that
d*k
(271.)3/2
e~ a4+ vy (1) e by, (54)

W(r,x) = a(r)_3/2/
S

where s = & is the spin, u} and v}, are the mode functions,

a; is the particle annihilation operator, and 13‘,? is the
antiparticle creation operator. The mode functions satisfy
the equations of motion

i'uy’ + ykul, — mau, =0, (55a)
iy°vy — ykvy — mav = 0. (55b)

The conjugate momentum IT is defined as IT= 6Sy/
8¥' = ia®¥'. We perform a canonical quantization of the
field operators by imposing the equal-time anticommuta-
tion relations {W¥,(z, x), 11, (7, y)} = i8> (x — )8, as well
as {a;, &)’} = {b}, b} = 8 (k= 1)&". The requirement
for consistency between these anticommutation relations
yields the Wronskian condition:

> (g + w20 =1 (56)

s=+

The particles and antiparticles are related to each other by
charge conjugation. The charge conjugate spinor is defined
as ¢ = CYC = —i(Py%?)7, together with CajC = b
and C@‘,‘;C = aj. This implies that u and v are related as
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uj = —iyzv';{* and v} = —iyzu‘,‘{*. (57)
Under these relations, one can show that each of (55a) and
(55b) is satisfied if and only if the other one is satisfied.

Now, we make the ansatz [21]

. ((ixi + maxk)(ps)
k — ’

. (58)
o'k s

where the 2-spinors ¢, = (1,0)” and ¢@_ = (0,1)7 are
helicity eigenstates and y(¢) is a C-valued function that
satisfies y_, = y;. With this ansatz, the equations of motion
(55) and the Wronskian condition (56) are reduced to the
two equations

a4 (K4 m?a® —imd )y, =0 (59)

and

lix), + mag P + K> = 1. (60)
We proceed analogously to the case of a scalar field. We
can write the complex mode function y in polar form as
(1) = Ri(1) exp {—i [* Q(7)d7} with two real functions
R, and Q; and with an arbitrary lower boundary on the
integral that corresponds to the global phase ambiguity. The
equation of motion (59) can be split into a real and an
imaginary part:

R} + (k* + m*a* = Q})R, =0, (61a)

2R, + (md + Q)R; = 0. (61b)

The second equation (61b) is solved by

o . 1 tma' (1) _
R (1) = —Qk(t)e p{ 2[1 G dt}, (62)

where ¢; and #; are arbitrary constants. Then, (61a) and
(60) become

//_|_Q// (ma/+g/)(ma/+3g/)
Q2 — 2 2 0 _Ma k k k
TN 402
(63)
and
2 17
c; tma'(7) _}
—exp —/ —dr
Q { n ()
(ma’ + Q))?

x(k2+(ma+9k)2+ oY >:1. (64)

Now, the time derivative of (64) is satisfied automatically
by virtue of (63). Hence, we can fix the constant ¢; at an
arbitrary time, say, t = t;, as

e = cilty) = szkm)(kz T (ma(t) + (1))

(ma' (1)) + 9201)?)‘”2
4Q(1,)? '

(65)

Finally, we have shown that we can write the complex
mode function as

Clggil()t) exp {_i / (- % / T?ak((ft)) di}

(66)

xi(t) =

where €, is a real (positive) valued function which
satisfies (63). The arbitrariness of the parameter #; is
supported by the observation that the value of y; is
independent of ;.

2. Stress-energy tensor

The stress-energy tensor T, for the Dirac spinor ¥ is
given by [4]

l .= .o G-
Tﬂl/ = 5 z‘Py(ﬂVU>‘{‘ - 5 l(V(”‘P)yy)lP (67)

We promote this to an operator ?,w with antisymmetrized
operator ordering, such as P’ — 1 [¥, ¥']. After a long but
straightforward calculation, we find

R 2 [ dk 2120,

K
(0[7;10) = 0, (68b)
A 4 d3k klk '(ma + Qk)
710y = J
(0[73;10) = — / 20y e . (68c)
where
1
K =k*>+ (ma+ Q) + e (ma' + Q)% (69)

k

3. Ground state
Now, we examine the ground state. The initial conditions
Q, (1) and Q) (r) which minimize the energy density in
(68a) at time ¢ are given by

Q(t) = \/k* + m?a(t)?, (70a)
Q) (1) = —md'(1). (70b)
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From these, we get

A 1 o
<T00>GS(t) =53 2/ dkk*awy, (71a)
n-a- Jo
. 0;; oo k*
__y _
<Tij>GS([) = 71-2(/12% dk 3a)k . (71b)

These integrals diverge quartically; therefore, we cannot
use Pauli-Villars regularization yet. Nevertheless, the
covariant conservation of the ground state expectation
values can be shown using (71) and the formula (40)
without evaluating the integrals.

4. Adiabatic vacuum

For the adiabatic vacua, we try to solve (63) iteratively:
(WY = w2, (72a)

B ma// + W][:] "

2w}
| (md Wil (ma' + 3W )
awyy?

(72b)

The second-order adiabatic vacuum at time ¢ are defined
by the initial conditions

1 1
Q) =W, Q) =w0. (1)
Writing (73) into (68a) and (68c) and then expanding the
integrands by the number of derivatives on the scale factor,

we get

A 1

Fobaviy = oz [ k(o + mim(kom).  (74a)

N 6 [ k2
<Tij>AV(t):”2_¢leA dkk2<3_a)k+mzrl(k’m)) (740)

up to O(9*) terms, where we define

B k2a'?
To(k, m) = _8(](2+—W7W’ (753)
k2
nkem) = e )
x ((k* +m?a*)(a"? —2ad") + 5m*a*a'?).
(75b)

5. Result
By subtracting (74) and (71), we get

2 e
<T00>Vac =53 dkszO (k, m) + 0(64), (763)
0

m2

<T,.j>vaczﬁé,-j A dkk*z, (k,m)+O(0%).  (76b)

These integrals diverge only logarithmically; therefore, we
can use Pauli-Villars regularization on them. Since T, has
mass scale [M?], we factor out m? and consider the rest as a
function of the mass. For an auxiliary mass scale y, we find

m?> [ m?log(m/u) 3a’?
s [ ahm) = ) = "R
(77a)
and
m? ©
ﬂzazé'jA dkk*(z,(k,m) — 7, (k. u))

m?log(m/u) a'* — 2aa"
B 2472 a? ' (770)

Therefore, in agreement with the general discussion of
Sec. IT C, we find that subtracted vacuum fluctuations do
not renormalize the cosmological constant:

<T/w>vac = BA(”)GW + 0(84)’

Ba(u) =

1 m
a7 m? log; : (78)

C. Spin 1

As our final application, we consider the Proca theory for
a massive vector boson A,(t, x) in n dimensions:

1 1
Sy = / d"xv/|g] (—ZF"”FW +Em2A/‘A”>, (79)

where m is the mass and F,, = V,A, — V A, is the field-
strength tensor. The equation of motion for A, is the Proca
equation

VAF,, +m?A, = 0. (80)

Taking the divergence of the Proca equation yields the
Lorentz condition

VHA, = 0. (81)

The adiabatic regularization method was previously applied
to a spin-1 field in the context of Stueckelberg theory
in Ref. [22].
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1. Quantization

We decompose the Proca field into its temporal and
spatial components, such that A, = (¢,A). The Proca
theory is a constrained system: There is no kinetic term
for ¢(z, x) in the action (79).

We denote the conjugate momenta to ¢ and A by IT and P,
respectively. The system has two second-class constraints:

M=0, 0-P+ma"2p=0. (82)
Applying the Dirac quantization procedure for a constrained
system, we find the commutation relations

A

[Ai(1.x), Py(1.y)] = i6;;8" (x = y). (83a)

9 n—1
a 15 ('x—y)’

)] lm—2a2 n

[p(1.2). A1,y (83b)

and all other commutators vanish.

2. Decomposition

We split the spatial vector A into its transverse and
longitudinal parts as

Aj(t,x) = B;(1,x) + 9,C(t,x) with &-B=0. (84)

The equations of motion (80) and the Lorentz condition
(81) yield

/

B+ (n-4) %E’ — ("B +m?a*B =0,  (85a)
a’ =2

§+(n=2)—-C=0.  (85b)

OC - p+mia®p=0.  (85¢)

The Proca field A,, obeying the Lorentz condition (81),
has n — 1 independent polarizations: n —2 of them are

transversal (in ]_?3) and 1 is longitudinal (in ¢ and C). Hence,
we expand the functions ¢, B. C in their Fourier modes as

-2

dn- lk n—
B(t,x) = / /228 (k,r)

X ()(k,r(f) g+ g (neay), (86a)

dn—lk ) "
¢(t,x) :/W(”k(t)e ikx 2 0_|_u () zkxa(lgl)’

(86b)
Clr.x) = /(2:;(%_]?)/2(”/((1‘) el + vi(r)e*alh).
(86¢)

Here, the label r =1, ..., n — 2 stands for the transversal
polarizations of the vector boson. The polarization
vectors £(k, r) of the transverse modes satisfy the trans-
versality condition Y "~} k;e;(k,r) =0 and the nor-

malization conditions Y77~ &;(k, r)e;(k, ') = &,, and

S e (k. ey (k. r) = 6, — 5.
Xirs Ui, and vy satisfy the equations of motion

The mode functions

a/
Zip+ (=4, + o, =0, (87a)
/ 12 _
u'k’+(n-2)%ufk+ (a)k (n— 2)%) u,=0  (87b)
and the constraint
1 a
vk:—p<u§{+(n—2)guk>. (88)

We impose the canonical commutation relations [&2, &27 | =

&' (k=K and [af,a,"] = 6,,8" (k— k') on the anni-
hilation and creation operators. The requirement for con-
sistency between these relations and the commutators (83)
yields the Wronskian conditions

ia*™" (89)

/: / —
X ir = Xiker =

and
wl* — wiul, = ik>m=2a*". (90)
Similarly as in the previous examples, we can eliminate the

Wronskian conditions by writing the complex mode
functions in the polar form:

a (4=n)/2 ‘
mmwf%igaﬂ4/9mmﬁ ©91a)
R e o
u(t)= 2®k(t)u p[ /@k(t)dt]. (91b)

The positive-valued functions €, , and ®, satisfy the
vacuum equations

—6)a? +2aa" 39, 19
Q2 — @2 — _4(” 22%kr 2%
= @k~ (n=4) 4a? 407,729,
(92a)
o2 > (n-2) na'?> —2ad" 302 10/ (92b)
p— — n — _—mm f— .
k= %k 4d? 107 20,
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3. Stress-energy tensor

The stress-energy tensor 7, for the Proca field A, is
given by

1
T, = ng,F/"’Fpty - 9°F,,F

1
+m?A,A, — 5 m?g,,APA,. (93)
Again, we promote this to an operator T w With sym-
metrized ordering. In a straightforward calculation, we find

the vacuum expectation value of this operator to be

1 dntk
0[70l0 —
< | 00| > 4 n— 2 (27[)”_1
1, 1,
x @_k<wk+T®)+;Qk,r(wk+TQ> ,
(94a)
(0[T;|0) = 0, (94b)
0/ 4/0) = /dn_lk 2k i+§ !
4a A n-2 (27[)”_1 L] G)k — Q'k,r
n=2 1
+ng 2’glkr /kr 511)(0)%_TQ)
r=1 r
1 2kik;
(6 ) %—%)}, (940)
®k
where
1 /9, a\?
To=02 +— (=2 —4)= 5
Q k,r+4 <Qk,r+ (n )a> ’ (9 a)
1/0 a\2
To =07 + ki 2-n)=—). 95b
o=ty (g re-ng). o

4. Ground state

At any given time ¢, the instantaneous ground state which
minimizes the energy density (94a) is given by the initial
conditions

Q)=o) 9,0 =(@-nT o0, 6
O =), 80 = (-2 % w0 (960

Substituting these into the vacuum expectation value of
the stress-energy tensor, we get

. m>\ "2 nln-1
Tudos = (37) T[1=5] "o 7

Since this quantity is proportional to the metric, its
covariant conservation is manifest.
5. Adiabatic vacuum
As usual, we try to solve (92) iteratively:
(W)’ =, (98a)
1,2 (n—6)a’* + 2aa"
W) = ot~ (n—4) =
[s] 1\ 2 [s] s
3 /W 1w
"3 < k[s]) g (O%)
Wi Wi
(z) = a}. (98¢)
2
SH1N2 o na'”> = 2aa
Z =w;—(n-2
(Zz;) wi — ( ) 4a2
3 Z[S] N 2 1 Z[S] "
e el I (98d)
4 Zl[:] 2 Zl[:]

The second-order adiabatic vacua at time ¢ are defined by
the initial conditions

wil (o),

= 70 (1).

Q. (1) = Wl(n), (99a)

(1) =

0. =2, ) (99b)

The expectation value of the stress-energy tensor is then,
to second adiabatic order,

R m2\ /2 n
( /w>AV(t) = (ﬂ) F{l _E}

n—1 T—n _
x( " G + G sz,w> (100)

up to O(9*) terms. To the best of our knowledge, this is the
first derivation of the adiabatic vacuum and adiabatic stress-
energy tensor expectation value for a Proca field.

6. Result
Subtracting (100) and (97), we finally arrive at

A

< Iw>vac

— BAGﬂD + 0(84),

m>\ /2 n|l7-—n
(=) -2 -2
Ba <47r> [ 2] 6

once again confirming the results of Sec. I C. For dimen-
sional renormalization, we can separate the divergent and

(101)
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finite parts of y*"B, using a Laurent expansion around
n=4:

B, = m + m’ +lo _m2
HPa = o2 (n—a) 322\ T ®uns?

5 2
—i+(9(n—4).

96,7 (102)

IV. CONCLUSION

We here considered the possibility that the source of
gravity in the semiclassical Einstein equation is the differ-
ence in the stress-energy expectation value between the
state of the Universe and the instantaneous ground state.
We proved that for homogeneous and isotropic cosmologi-
cal spacetimes, for which one can of course identify the
instantaneous ground state, the proposed stress-energy
tensor satisfies the Bianchi identity.

We discussed renormalization and the role of the
physical (no-particle, adiabatic) vacuum in our scheme.
We find that, as a consequence of the instantaneous ground
state subtraction, the vacuum energy density p, = ﬁ/\
becomes radiatively stable, i.e., protected from renormal-
ization at the UV scale. We demonstrate this explicitly in
the case of a scalar field with arbitrary coupling to the scalar
curvature, for a free spinor and a free Proca field.

Our assumptions in this study were (i) that the back-
ground metric is of the FLRW kind, (ii) the existence of
instantaneous ground states, and (iii) the existence of
adiabatic vacua. The validity of the last two assumptions
is nontrivial for generic interacting theories. This invites
further investigation of the stabilization of the cosmological
constant along the lines outlined here.

Finally, it will be very interesting to explore to what
extent our results can be developed beyond highly sym-
metrical cosmological backgrounds. It will also be in-
triguing to understand if and how existing quantum gravity
models can accommodate a first-principles derivation for
our proposal.
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