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We derive the one-loop perturbative formula of the redshift-space matter power spectrum after density
field reconstruction in the Zeldovich approximation. We find that the reconstruction reduces the amplitudes
of nonlinear one-loop perturbative terms significantly by partially erasing the nonlinear mode coupling
between density and velocity fields. In comparison with N-body simulations, we find that both the
monopole and quadrupole spectra of reconstructed matter density fields agree with the one-loop
perturbation theory up to higher wave number than those before reconstruction. We also evaluate the
impact on cosmic growth rate assuming the survey volume and the number density like the Baryon
Oscillation Spectroscopic Survey and find that the total error, including statistical and systematic ones due
to one-loop approximation, decreases by half.
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I. INTRODUCTION

Large-scale structure in the Universe is a powerful
cosmological probe to understand the properties of dark
matter and dark energy [1]. Baryonic acoustic oscillations
(BAO) imprinted on the large-scale structure play a role as a
standard ruler [2–12] to determine the expansion history
of the Universe from various galaxy surveys [13–24].
The overall shape of the matter power spectrum is useful
to infer the neutrino mass [25,26]. The anisotropy in the
redshift-space clustering due to the bulk motion of galaxies
provides a key probe to test general relativity [27–33]. One
can expect precision cosmological analysis from galaxy
clustering in upcoming galaxy surveys such as the Prime
Focus Spectrograph [34], the Dark Energy Spectroscopic
Instrument [35], the Hobby-Eberly Telescope Dark Energy
Experiment [36], Euclid [37], and the Wide Field Infrared
Survey Telescope [38].
Nonlinearity in the gravitational evolution of large-

scale structure makes precise cosmological analysis com-
plicated. The BAO feature is degraded with structure
formation mainly due to the bulk motions of matter [39].
The perturbation theory has been derived to describe the

nonlinear effects on the power spectra [40–49]; however, the
availability is limited to the weakly nonlinear regime even
including the higher-order nonlinear terms [50–55]. Evolved
density fields no longer follow Gaussian statistics, and
thereby their clustering information is not fully described
with two-point statistics but leaks to higher-order statistics.
Eisenstein et al. [56] applies a density field reconstruction

technique to aim for recovering the original BAO signature
by undoing the bulk motion in the Zeldovich approximation
[57]. The method has been extensively studied analytically
and tested using numerical simulations [58–62] and applied
to the current BAO analysis [18–24,63]. It is also shown
that the density field reconstruction recovers the initial
density field out to smaller scales using more optimal ways
of density field reconstruction beyond the standard
reconstruction method [61,64–70].
Although the reconstruction succeeds in the BAO

analysis, it is relatively unclear how the reconstructed
power spectrum can be described in a perturbative manner.
In this paper, we derive the exact one-loop order perturba-
tive formula of the redshift-space matter power spectra after
reconstruction. In our previous work, we derive the one-
loop perturbative formula of real-space matter power
spectra and find that the amplitudes of the one-loop terms
decrease significantly and then the perturbation theory can*chiaki.hikage@ipmu.jp
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be applied to higher wave number k. The result is consistent
with the previous work showing that the reconstructed field
better recovers the initial density field [61]. In this paper,
we extend our previous work to redshift-space matter
density fields. Recently Chen et al. [71] presented the
perturbative formula of halo power spectra in redshift
space. Our analysis is limited to the matter power spectra
in redshift space, but include the nonlinearities from the
Lagrangian to Eulerian mapping in our perturbative for-
mula. From the comparison with large-scale suite of
N-body simulations, we study to what extent the monopole
and quadrupole spectra of the redshift-space matter fields
can be described in one-loop order. We also demonstrate
the impact on the cosmic growth rate assuming the
survey volume and the number density like the Baryon
Oscillation Spectroscopic Survey (BOSS) [23] when mod-
eling the redshift-space power spectra with the one-loop
perturbation.
The paper is organized as follows: Sec. II describes the

one-loop perturbation theory of the redshift-space matter
power spectra and explicitly show the one-loop results in
the Appendix. In Sec. III, we study how the one-loop
perturbation better describes the redshift-space matter
power spectra in comparison with N-body simulations.
Section IV is devoted to summary and conclusions.

II. ONE-LOOP STANDARD PERTURBATION
THEORY OF REDSHIFT-SPACE MATTER

POWER SPECTRA

In this section, we derive the perturbative formula based
on the standard perturbation theory (SPT) to describe the
nonlinearity in the redshift-space matter power spectrum at
one-loop order.
The comoving redshift space-position x is related to the

Lagrangian position q as

x ¼ qþΨzðqÞ; ð1Þ

where Ψz is the comoving displacement in redshift space
given by

Ψz ¼ Ψþ ẑ · _Ψ
H

ẑ; ð2Þ

where H is the time-dependent Hubble parameter and ẑ is
the unit vector of the line-of-sight direction. In the Einstein-
de-Sitter (EdS) model, the nth order perturbative displace-
ment ΨðnÞ is proportional to nth power of the linear growth
factor D, and thereby the time derivative of the displace-
ment becomes

_ΨðnÞ ¼ nHfΨðnÞ; ð3Þ

where f ¼ d lnD=d ln a is the linear growth rate. In a
ΛCDM cosmology, the EdS approximation is valid to less

than a percent level at the one-loop order of power spectra
on the scales of our interest [72–75]. The nth order
displacement in redshift space then becomes

ΨzðnÞ ¼ RðnÞΨðnÞ; ð4Þ

where

RðnÞ
ij ¼ δij þ nfẑiẑj; ð5Þ

and δij is Kronecker delta. The perturbative kernels in
redshift space is given by

LzðnÞ ¼ RðnÞLðnÞ: ð6Þ

The shift field szðxÞ in redshift space is computed from
the negative ZA [57] of the smoothed density field as

szðxÞ ¼
Z

dk
ð2πÞ3 s̃

z
ke

ik·x; ð7Þ

s̃zk ¼ −iWðkÞLð1ÞðkÞδ̃zk; ð8Þ

where WðkÞ is the smoothing kernel and we adopt a
Gaussian kernel WðkÞ ¼ expð−k2R2

s=2Þ with the smooth-
ing scale of Rs. We found that the perturbation works best
around Rs ¼ 10h−1 Mpc in real space [76], and thereby we
fix Rs to be 10h−1 Mpc in this paper. The perturbative
series of the shift field is given by

s̃zðnÞk ¼ −iWðkÞLð1ÞðkÞδ̃zðnÞk ; ð9Þ

where δzðnÞk is the nth order perturbation of the redshift-
space density fluctuation. This can be rewritten as

s̃zðnÞk ¼ iDn

n!

Z
dk1 · · · dkn

ð2πÞ3n−3 δD

�Xn
j¼1

kj − k

�

× SzðnÞðk1;…;knÞδ̃Lk1
· · · δ̃Lkn

; ð10Þ

where the kernel of the shift field SzðnÞ is written with the
redshift-space Eulerian kernel Fz

n as

SzðnÞðk1;…;knÞ ¼ −n!WðkÞLð1ÞðkÞFz
nðk1;…;knÞ: ð11Þ

The redshift-space kernel is given in the previous literature
[50,77,78],

Fz
1 ¼ 1þ fμ2; ð12Þ

Fz
2ðk1;k2Þ¼F2ðk1;k2Þþfμ2G2ðk1;k2Þ

þ1

2
fkμ

�
k1z
k21

þk2z
k22

�
þ1

2
ðfkμÞ2k1zk2z

k21k
2
2

; ð13Þ
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Fz
3ðk1;k2;k3Þ
¼ F3ðk1;k2;k3Þ þ fμ2G3ðk1;k2;k3Þ

þ fkμ
k1z
k21

F2ðk2;k3Þ þ fkμ
k2z þ k3z
jk2 þ k3j2

G2ðk2;k3Þ

þ ðfkμÞ2 k1zðk2z þ k3zÞ
k21jk2 þ k3j2

G2ðk2;k3Þ

þ 1

2
ðfkμÞ2 k1zk2z

k21k
2
2

þ 1

6
ðfkμÞ3 k1zk2zk3z

k21k
2
2k

2
3

; ð14Þ

where μ ¼ k · ẑ=k and Gn is the nth kernel of peculiar
velocity field.
The displaced density field is written as

δ̃zðdÞk ¼
Z

dqe−ik·qðe−ik·½ΨzðqÞþszðxÞ� − 1Þ; ð15Þ

where the shift field of the evolved mass particles is
evaluated at the Eulerian positions x. The difference of
the shift field between the Eulerian and Lagrangian
positions is perturbatively expanded in terms of Ψ as

szðxÞ ¼
Z

dk
ð2πÞ3 s̃

z
ke

ik·ðqþΨzðqÞÞ; ð16Þ

¼
X∞
n¼0

Z
dk
ð2πÞ3 s̃

z
ke

ik·q

�
1

n!
ðik ·ΨzðqÞÞn

�
;

¼ szðqÞþðΨzðqÞ ·∇ÞszðqÞþ1

2
ðΨzðqÞ ·∇Þ2szðqÞ · · · :

ð17Þ

The shifted density field of a spatially uniform grid or
random is given by

δ̃zðsÞk ¼
Z

dqe−ik·qðe−ik·szðqÞ − 1Þ; ð18Þ

where the shift field of the (unevolved) uniform grid is
evaluated at the Lagrangian position. The reconstructed
density field in redshift space is given as

δ̃zðrecÞk ≡ δ̃zðdÞk − δ̃zðsÞk

¼
Z

dqe−ik·qe−ik·s
zðqÞðe−ik·½ΨzðqÞþszðxÞ−szðqÞ� − 1Þ:

ð19Þ

The redshift-space formula is the same as that in real
space but replacing the real-space kernels LðnÞ and Fn with
the redshift-space ones LzðnÞ and Fz

n.
At linear order, the reconstructed density field in redshift

space is not changed by reconstruction

δzðrecÞð1Þk ¼ δzð1Þk : ð20Þ

Higher-order terms of δðrecÞ are given by

δ̃zðrec;nÞk ¼ DnðzÞ
Z

dk1 · · · dkn

ð2πÞ3n−3 δD

�Xn
j¼1

kj − k

�

× FzðrecÞ
n ðk1;…;knÞδ̃Lk1

· · · δ̃Lkn
; ð21Þ

where FzðrecÞ
n is the Eulerian kernel for the reconstructed

matter density field in redshift space. We have already
derived the explicit form of the reconstructed Eulerian
kernel in real space in the previous paper [76]. The first-
order Eulerian kernel does not change after reconstruction,

FzðrecÞ
1 ¼ Fz

1: ð22Þ

The second-order Eulerian kernel for the reconstructed

field FzðrecÞ
2 can be derived by replacing the real-space

kernel to the redshift-space one in the equation of (32) or
(A10) in Hikage et al. [76] as

FzðrecÞ
2 ðk1;k2Þ ¼ Fz

2ðk1;k2Þ

þ 1

2
½ðk · Szð1Þðk1ÞÞðk2 ·Lzð1Þðk2ÞÞ

þ ðk · Szð1Þðk2ÞÞðk1 ·Lzð1Þðk1ÞÞ�: ð23Þ

Note that ki ·Lð1ÞðkiÞ terms in the real space becomes
unity and thereby they are not written explicitly in the real-
space formula. In redshift space, however, ki ·Lð1ÞðkiÞ
becomes 1þ fμ2i where μi ¼ ki · ẑ and thus the

FzðrecÞ
2 ðk1;k2Þ depends on the line-of-sight direction of

the two wave numbers k1 and k2. This makes the one-loop
perturbative formula complicated as shown in Appendix.
The third-order kernel is also derived by replacing the

real-space kernel with the redshift space one in the equation
of (33) or (A29) in [76] as

FzðrecÞ
3 ðk1;k2;k3Þ

¼ Fz
3ðk1;k2;k3Þ þ

1

6
½2ðk · Szð1Þðk1ÞÞFz

2ðk2;k3Þ
þ ðk · Szð1Þðk1ÞÞðk · Szð1Þðk2ÞÞðk3 ·Lzð1Þðk3ÞÞ
þ ðk · Szð2Þðk1;k2ÞÞðk3 ·Lzð1Þðk3ÞÞ
þ ð2 perms:Þ�: ð24Þ

The third-order kernel also depends on the line-of-sight
direction of three wave numbers μi with i ¼ 1, 2, and 3.
The reconstructed power spectrum at one-loop order is

written by
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PzðrecÞ;1−loopðkÞ ¼D2ðzÞPzðrecÞ
11 ðkÞþD4ðzÞðPzðrecÞ

22 þPzðrecÞ
13 Þ;
ð25Þ

where PzðrecÞ
nm ¼ hδ̃ðnÞk δðmÞ

k i. The leading-order term is
unchanged after reconstruction,

PzðrecÞ
11 ðk; μÞ ¼ ð1þ fμ2Þ2PLðkÞ: ð26Þ

The one-loop terms of the redshift-space power spectrum
can be written with the reconstructed Eulerian kernels as

PzðrecÞ
22 ðk; μÞ ¼ 2

Z
dp

ð2πÞ3 PLðjk − pjÞPLðpÞ

× ½FzðrecÞ
2 ðk − p;pÞ�2 ð27Þ

and

PzðrecÞ
13 ðk; μÞ ¼ 6FzðrecÞ

1 ðkÞPLðkÞ

×
Z

dp
ð2πÞ3 PLðpÞFzðrecÞ

3 ðk;p;−pÞ: ð28Þ

The exact formula of the one-loop terms is summarized in
Appendix. The multipole components of the redshift-space
power spectrum is generally obtained by the Legendre
polynomial expansion as

PlðkÞ ¼
1

2

Z
1

−1
dμPðk; μÞLlðμÞ; ð29Þ

where LlðμÞ is the Legendre polynomials, for example,
L0ðμÞ ¼ 1 and L2ðμÞ ¼ ð3μ2 − 1Þ=2.
Figure 1 shows the k dependence of the one-loop terms

P13 and P22 in the monopole (l ¼ 0) and quadrupole
(l ¼ 2) spectra before and after reconstruction. We find
that the amplitudes of both one-loop terms significantly
decrease after reconstruction in monopole and quadrupole
spectra out to large k. This result is similar to the results
in real space [cf. Fig. 1 of [76]], but indicates that mode
couplings between density and velocity fields due to
nonlinear gravity are partially removed by reconstruction.
In-phase baryonic acoustic oscillations of P13, but with
negative amplitude, cause the degradation of the BAO
signature. The oscillation of P13 also significantly reduces
after reconstruction and thereby the original BAO signature
is substantially recovered. The result is consistent with that
the BAO feature in redshift-space spectra is actually
recovered by the reconstruction [63].

III. RESULTS

We compute the redshift-space matter power spectra
using N-body simulations to see how well the one-loop
perturbative formula describes the reconstructed spectra.
Dark-matter N-body simulations are performed using a

publicly available code Gadget-2 [79]. The mass
particles are initially distributed based on 2LPT code
[80,81] with Gaussian initial conditions at the input
redshift of 31. The initial linear power spectrum is
computed by CAMB [82]. Each simulation is performed
in a cubic box with the side length of 4h−1 Gpc with 40963

particles. We assign the N-body particles to 20483

grid cells to calculate the density contrast and then
perform the Fourier transform [83] to measure the power
spectrum. In our analysis, we use eight realizations with
two output redshifts of z ¼ 0 and z ¼ 1.02. We will show
the average power spectrum with 1σ error estimated
from these realizations. The cosmology in the
simulations is based on a flat ΛCDM model with the
best-fit values of Planck TT,TE,EE+lowP in 2015, i.e.,
Ωb ¼ 0.0492, Ωm ¼ 0.3156, h ¼ 0.6727, ns ¼ 0.9645,
and σ8 ¼ 0.831 [84].
We evaluate the agreement between the simulated

power spectra and the perturbative formula with the
following χ2 value:

FIG. 1. Comparison of the one-loop terms P22ðkÞ and P13ðkÞ in
monopole (upper) and quadrupole (lower) spectra of redshift-
space matter density fields before (thin) and after (thick)
reconstruction. The amplitudes of the both one-loop terms
significantly decrease by reconstruction out to large k.
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FIG. 2. Monopoles and quadrupoles of simulated redshift-space matter power spectrum (filled circles) before (left) and after (right)
reconstruction at z ¼ 1.02 (upper) and z ¼ 0 (lower). For comparison, we plot the one-loop SPT (solid lines) with two counterterms
proportional to PðlinÞ

l ðkÞk2 fitted to the simulated spectra up to k ¼ 0.2h=Mpc for z ¼ 1.02 and k ¼ 0.12h=Mpc for z ¼ 0. For
references, the linear spectra are plotted with lines. All of the power spectra are normalized with the no-wiggle multipole spectra in
redshift space. The plotted error bars are Gaussian error assuming a BOSS-like survey with the survey volume V ¼ 6ðh−1 GpcÞ3 and the
number density n ¼ 2 × 10−4ðh−1 MpcÞ−3. Difference ratios between simulated spectra and one-loop spectra are also shown under each
panel. The figure shows that their agreement becomes better after reconstruction and the perturbation works at higher k.
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χ2 ¼
Xkmin≤ki≤kmax

i

X0;2
ll0

½Ptheory
l ðkiÞ − Psim

l ðkiÞ�

×Cov−1ll0 ðkiÞ½Ptheory
l0 ðkiÞ − Psim

l0 ðkiÞ�; ð30Þ

where Covll0 ðkiÞ represents the covariance of multipole
power spectra at a given ki. Here, we focus on the
monopole and quadrupole components of redshift-space
matter power spectra. For simplicity, we adopt the ana-
lytical formula of the Gaussian covariance given by the
Appendix C of Taruya et al. [52] with typos corrected and
neglect the off-diagonal components of the covariance
between different bins of k. This approximation would
be valid when the cosmic variance and/or shot-noise
terms are dominant compared to the non-Gaussian
terms. The Gaussian covariance depends on the survey
volume V and the number density n. In this paper, we
assume BOSS-like survey with V ¼ 6ðh−1 GpcÞ3 and
n ¼ 2 × 10−4ðh−1 MpcÞ−3. The chi-squared value depends
on the range of k. Here we fix the minimum value kmin ¼
0.01hMpc−1 and see how χ2 changes as the maximum
value kmax increases. For the theoretical power spectrum
PtheoryðkÞ, we adopt the one-loop perturbative formula
with the lowest-order counter term proportional to k2Pl
in each l,

Ptheory
l ðkÞ ¼ Pz;1−loop

l ðkÞ þ αlk2PL
lðkÞ: ð31Þ

The counterterms renormalize the contributions from
UV (small-scale) power [85,86] ncluding the lowest-order
contributions of nonlinear redshift-space distortions, i.e.,
fingers-of-God effect. The proportional factor αl (l ¼ 0
and 2) is obtained by fitting them to the simulated power
spectra. Note that we adopt one counterterm per each
multipole for both prerecon and postrecon spectrum, while
[71] adopts three counterterms per each multipole propor-

tional to the power spectra for hδ̃zðdÞk δ̃�zðdÞk i, hδ̃zðdÞk δ̃�zðsÞk i,
hδ̃zðsÞk δ̃�zðsÞk i for the reconstructed spectrum.
Figure 2 shows the comparison of the monopole and

quadrupole of simulated power spectrum with the one-loop
perturbative formulae before (left) and after reconstruction
(right) at the output redshift of 1.02 (upper) and 0 (lower).
We adopt the best-fit values (the minimum χ2) of counter-
terms with kmax of 0.2h=Mpc for z ¼ 1 and 0.12h=Mpc for
z ¼ 0 where the minimum χ2 value is less than unity.
In these plots, the power spectra are normalized with
redshift-space no-wiggle spectrum including linear Kaiser
effect [87], i.e., Pnw;zðk;μÞ¼ð1þfμ2Þ2PnwðkÞ where f ≡
d lnDðzÞ=d lna is the growth rate at a given z and PnwðkÞ
is the no-wiggle spectrum given by Eisenstein and Hu [88].
We find that the one-loop perturbative formula can be
better fitted to the postrecon spectrum up to higher k.
More quantitatively saying, kmax where χ2min becomes unity
is 0.17h=Mpc for z ¼ 1 and 0.11h=Mpc for z ¼ 0 before

reconstruction, which are extended to be 0.23h=Mpc for
z ¼ 1 and 0.13h=Mpc for z ¼ 0 after reconstruction.
We also see the impact on the measurement of the

growth rate f by computing the likelihood function L ∝
expð−χ2=2Þ where χ2 is computed from Eq. (30). In
addition to the counterterms α0 and α2, the growth rate
f is treated as free parameters. Figure 3 shows the expected
constraints on f from the monopole and quadrupole spectra
with different kmax. Here we again assume the error
expected from the same BOSS-like survey volume and
number density. The statistical error decreases at higher
kmax; however, the systematic error increases because the
one-loop approximation becomes worse at higher k. We
find that kmax where the statistical error is comparable to the

FIG. 3. Comparison of the 1σ statistical error and the systematic
bias on the growth rate f expected from the monopole and
quadrupole matter power spectra as a function of kmax before and
after reconstruction. We again assume a BOSS-like survey
volume and number density, i.e., V ¼ 6ðh−1 GpcÞ3 and
n ¼ 2 × 10−4ðh−1 MpcÞ−3, to compute the error of the multipole
power spectra, but the output redshift is z ¼ 1.02 (upper) and
z ¼ 0 (lower), respectively. The one-loop perturbation theory is
used to fit the simulated matter power spectra and thereby the
systematic error becomes significant at higher kmax. The figure
shows that the reconstructed spectra better reproduce the input
value of f and then the systematic error exceeds the statistical
error at higher kmax by reconstruction.
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systematic one is 0.22h=Mpc for z ¼ 1 and 0.12h=Mpc for
z ¼ 0 before reconstruction. The corresponding wave
numbers are extended to be 0.30h=Mpc for z ¼ 1 and
0.21h=Mpc for z ¼ 0 after reconstruction. The errors at
the kmax where the statistical error is comparable to the
systematic one decreases from 0.0171 to 0.0128
(40% decrement) for z ¼ 1 and from 0.0405 to 0.0197
(51% decrement) for z ¼ 0 by reconstruction.

IV. SUMMARY AND CONCLUSIONS

We derived the one-loop perturbative formulae of the
redshift-space matter power spectra after density-field
reconstruction using the Zeldovich approximation. We
found that the amplitudes of the one-loop nonlinear terms
P13ðkÞ and P22ðkÞ decrease significantly in both monopole
and quadrupole spectra. Our result indicates that the mode
couplings among density and velocity fields associated
with nonlinear gravity are partly eliminated by the
reconstruction. From the comparison of N-body simula-
tions, we showed that the one-loop perturbative formulae
better describe the monopole and quadrupole of matter
power spectra after reconstruction and agree with the
simulated spectra at higher k. We also estimated the impact
on the measurement of the growth rate when using the one-
loop perturbation theory as a theoretical modeling of the
redshift-space matter power spectra assuming the survey
volume and number density of a BOSS-like galaxy survey.
We found that the systematics due to the one-loop approxi-
mation is reduced by reconstruction and thereby the total
error of the growth rate measurement including the stat-
istical and systematic errors decreases by half.
In this paper, we focused on the redshift-space matter

power spectra. We plan to extend our analysis to the power
spectra of biased tracers but leave this work in the near
future. In this analysis, we neglected the non-Gaussianity in
the covariance of matter power spectra. Since the leading-
order non-Gaussianity also comes from the one-loop terms
[89,90], the non-Gaussianity should be smaller after
reconstruction and thereby the information content of the
power spectrum is expected to increase by reconstruction.
We plan to show more detailed analysis of the covariance of
reconstructed power spectra in the near future.
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APPENDIX: DERIVATION OF THE ONE-LOOP
MATTER POWER SPECTRUM

IN REDSHIFT SPACE

The one-loop terms of the redshift-space matter power
spectra P13ðkÞ and P22ðkÞ are derived from Eqs. (27) and
(28) after a lengthy but straightforward calculation. Their
equations are summarized below after the integration over
the azimuthal angle of p as follows:

PzðrecÞ
22 ðkÞ¼

X
n;m

μ2nfm
k3

4π2

Z
∞

0

drPLðkrÞ

×
Z

1

−1
dxPLðkð1þr2−2rxÞ1=2Þ Anmðr;xÞ

ð1þr2−2rxÞ2
ðA1Þ

and

PzðrecÞ
13 ðkÞ ¼ ð1þ fμ2ÞPLðkÞ

X
n;m

μ2nfm
k3

4π2

Z
∞

0

drP0ðkrÞ

×
Z

1

−1
dxBnmðr; xÞ; ðA2Þ

whereAnm andBnm are the coefficients of μ2nfm terms in the
one-loop terms. The reconstructed spectra depend on the
smoothing kernel in Eq. (8), which are used to derive
the shift field from the smoothed density field, and thereby
the following equations of the coefficients of the one-loop
terms includeWðjpjÞ andWðjk − pjÞ, which are denoted as
Wp and W⋆, respectively. These equations agree with the
SPT calculation [50] at the limit of prereconstruction, i.e.,
Wp → 0 and W⋆ → 0. The nonvanishing components of
Anm and Bnm are summarized below.

A00 ¼
ðrð7rxðW⋆ −WpÞ þ 2ð7Wp − 5Þx2 − 7W⋆ þ 3Þ − 7ðWp − 1ÞxÞ2

98
; ðA3Þ

A01 ¼ −
1

14ðr2 − 2rxþ 1Þ ½ðx
2 − 1Þð2rðr − xÞ þ 1ÞðrðWpxðr − 2xÞ − rW⋆xþW⋆Þ þWpxÞ

× ðrð7rxðWp −W⋆Þ þ 2ð5–7WpÞx2 þ 7W⋆ − 3Þ þ 7ðWp − 1ÞxÞ�; ðA4Þ
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A11 ¼
1

98ðr2 − 2rxþ 1Þ ½ðrð7rxðW⋆ −WpÞ þ 2ð7Wp − 5Þx2 − 7W⋆ þ 3Þ − 7ðWp − 1ÞxÞ

× ð−14r4xð3x2 − 1ÞðWp −W⋆Þ þ 2r3ð−21x4ðW⋆ − 3WpÞ − x2ð7Wp þ 28W⋆ þ 20Þ þ 7W⋆ þ 6Þ
þ r2xðx2ð−91Wp þ 63W⋆ þ 80Þ − 84Wpx4 þ 7Wp þ 21W⋆ þ 4Þ
þ rðx2ð28Wp − 21W⋆ − 96Þ þ 84Wpx4 − 7W⋆ þ 12Þ − 7xð3Wpx2 þWp − 4ÞÞ�; ðA5Þ

A02 ¼
3ðx2 − 1Þ2

112ðr2 − 2rxþ 1Þ2 ½ð2r
2ðr2 − 2rxþ 1Þð−rðWpxðr − 2xÞ − rW⋆xþW⋆Þ −WpxÞ

× ðrð7rxðW⋆ −WpÞ þ 2ð7Wp − 5Þx2 − 7W⋆ þ 3Þ − 7ðWp − 1ÞxÞ
þ 7ð2rðr − xÞ þ 1Þ2ðrðWpxðr − 2xÞ − rW⋆xþW⋆Þ þWpxÞ2Þ�; ðA6Þ

A12 ¼ −
1

56ðr2 − 2rxþ 1Þ2 ½ðx
2 − 1Þð126r8x2ð5x2 − 1ÞðWp −W⋆Þ2

þ 2r7xðWp −W⋆Þð30x4ð−63Wp þ 21W⋆ þ 5Þ þ 9x2ð14Wp þ 84W⋆ þ 13Þ − 126W⋆ − 1Þ
þ 2r6ð30x6ð133W2

p − 2Wpð49W⋆ þ 10Þ þW⋆ð7W⋆ þ 10ÞÞ
þ 3x4ð497W2

p −Wpð1624W⋆ þ 295Þ þ 89W⋆ð7W⋆ þ 3ÞÞ
þ x2ð112WpW⋆ −Wpð119Wp þ 111Þ þ 574W2⋆ þ 230W⋆ þ 48Þ−63W2⋆ −W⋆ − 6Þ þ 4r5xð−105W2

p

× ð16x6 þ 27x4 þ x2Þ þWpð60ð7W⋆ þ 5Þx6 þ 42ð84W⋆ þ 29Þx4 þ ð1498W⋆ þ 501Þx2 − 56W⋆ þ 11Þ
−W⋆ð35W⋆ð9x4 þ 29x2 þ 2Þ þ 642x4 þ 655x2 þ 68Þ − 96x2 − 9Þ
þ r4ðx4ð5691W2

p − 14Wpð881W⋆ þ 430Þ þ 15W⋆ð91W⋆ þ 270Þ þ 384Þ
þ x2ð−63W2

p − 14Wpð99W⋆ þ 56Þ þW⋆ð1981W⋆ þ 1784Þ þ 480Þ
þ 1680W2

px8 þ 168Wpx6ð74Wp − 25W⋆ − 27Þ þ 2ðW⋆ð7W⋆ þ 23Þ − 5ÞÞ
þ 2r3xð−28W2

px2ð60x4 þ 158x2 þ 21Þ þWpð42ð45W⋆ þ 73Þx4 þ ð2485W⋆ þ 1577Þx2 þ 49W⋆ þ 47Þ
− 217W2⋆ − ðW⋆ð315W⋆ þ 1493Þ þ 360Þx2 − 257W⋆ − 88Þ
þ r2ðx2ð84W2

p − 2Wpð469W⋆ þ 351Þ þ 3W⋆ð35W⋆ þ 348Þ þ 488Þ
þ 2520W2

px6 þ 2Wpx4ð1512Wp − 735W⋆ − 1945Þ þ 35W2⋆ þ 48W⋆ þ 16Þ
þ 2rxðWpðx2ð−252Wp þ 105W⋆ þ 592Þ − 420Wpx4 þ 35W⋆ þ 24Þ − 70ðW⋆ þ 1ÞÞ
þ 35Wpx2ð3Wpx2 þWp − 4Þ þ 14Þ�; ðA7Þ

A22 ¼
1

784ðr2 − 2rxþ 1Þ2 ½294r
8x2ð35x4 − 30x2 þ 3ÞðWp −W⋆Þ2

þ 14r7xðWp −W⋆Þð70x6ð−63Wp þ 21W⋆ þ 5Þ þ x4ð2940Wp þ 1050W⋆ þ 299Þ
þ 18x2ð7Wp − 91W⋆ − 18Þ þ 126W⋆ þ 11Þ þ 2r6ð490x8ð133W2

p − 2Wpð49W⋆ þ 10Þ þW⋆ð7W⋆ þ 10ÞÞ
þ x4ð−23520W2

p þ 14Wpð3906W⋆ þ 673Þ − 147W⋆ð45W⋆ þ 19Þ þ 2832Þ
þ x2ð343W2

p þ 133Wpð28W⋆ þ 13Þ − 7W⋆ð1463W⋆ þ 593Þ − 1884Þ
− 7x6ðð8540Wp − 2297ÞW⋆ þ 5Wpð259Wp þ 509Þ − 4375W2⋆Þ þ 441W2⋆ þ 77W⋆ þ 228Þ
þ 4r5xð−7x6ð5215W2

p − 2Wpð4130W⋆ þ 1823Þ þW⋆ð735W⋆ þ 1874ÞÞ
þ x4ð27146W2

p þ 7Wpð151–294W⋆Þ − 49W⋆ð344W⋆ þ 239Þ − 5664Þ
þ x2ð3871W2

p − 28Wpð763W⋆ þ 233Þ þ 7W⋆ð1197W⋆ þ 850Þ þ 1878Þ
− 980Wpx8ð28Wp − 7W⋆ − 5Þ − 98WpW⋆ − 259Wp þ 1862W2⋆ þ 1239W⋆ þ 258Þ
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þ r4ðx6ð8281W2
p − 14Wpð14679W⋆ þ 8494Þ þ 49W⋆ð455W⋆ þ 1942Þ þ 22656Þ

þ 2x4ð−36701W2
p þ 14Wpð2989W⋆ þ 1318Þ þ 35W⋆ð490W⋆ þ 293Þ þ 13248Þ

− 7x2ð217W2
p − 2Wpð1841W⋆ þ 894Þ þW⋆ð2891W⋆ þ 2914Þ þ 2084Þ

þ 27440W2
px10 þ 56Wpx8ð3640Wp − 1225W⋆ − 1699Þ − 14W⋆ð77W⋆ þ 85Þ þ 716Þ

þ 2r3xð−392W2
pð70x6 þ 189x4 − 67x2 − 24Þx2

þ 7Wpð2ð2205W⋆ þ 5273Þx6 þ ð6223W⋆ þ 3347Þx4 − 4ð847W⋆ þ 488Þx2 − 189W⋆ − 181Þ
− 3ð245W⋆ð7W⋆ þ 53Þ þ 8816Þx4 − 14W⋆ð301W⋆ þ 13Þx2
þ 7W⋆ð329W⋆ þ 551Þ þ 592x2 þ 2336Þ
þ r2ð−14W⋆ðx2ð7Wpð245x4 þ 190x2 − 99Þ − 2124x2 þ 12Þ þ 96Þ
þ 2x2ð7Wpð2940Wpx6 þ ð3836Wp − 7381Þx4 − 98ð20Wp þ 3Þx2 − 112Wp þ 619Þ
þ 8ð2881x2 − 680ÞÞ þ 49W2⋆ð35x4 þ 18x2 − 5Þ þ 64Þ
þ 14rxð−980W2

px6 þWpx4ð−728Wp þ 245W⋆ þ 2432Þ þ 2x2ðWpð182Wp þ 63W⋆ þ 8Þ − 2ð77W⋆ þ 317ÞÞ
− 35WpW⋆ − 96Wp − 28W⋆ þ 260Þ
þ 49ðx2ðWpð35Wpx4 þ 2ð9Wp − 44Þx2 − 5Wp − 8Þ þ 52Þ − 4Þ�; ðA8Þ

A03 ¼ −
5r2ðx2 − 1Þ3ð2rðr − xÞ þ 1ÞðrðWpxðr − 2xÞ − rW⋆xþW⋆Þ þWpxÞ2

16ðr2 − 2rxþ 1Þ2 ; ðA9Þ

A13 ¼
1

112ðr2 − 2rxþ 1Þ2 ½3ðx
2 − 1Þ2ðrðWpxðr − 2xÞ − rW⋆xþW⋆Þ þWpxÞ

× ð70r6xð7x2 − 1ÞðWp −W⋆Þ þ 2r5ð245x4ðW⋆ − 3WpÞ þ x2ð−105Wp þ 420W⋆ þ 76Þ − 35W⋆ þ 8Þ
þ r4xðx2ð1715Wp − 1015W⋆ − 304Þ þ 980Wpx4 − 7Wp − 413W⋆ − 200Þ
þ r3ðx2ð−644Wp þ 693W⋆ þ 488Þ − 1540Wpx4 þ 63W⋆ þ 58Þ
þ 7r2xðWpð123x2 þ 11Þ − 26W⋆ − 36Þ þ 14rð−14Wpx2 þW⋆ þ 3Þ þ 14WpxÞ�; ðA10Þ

A23 ¼
1

112ðr2 − 2rxþ 1Þ2 ½ðx
2 − 1Þð−210r8x2ð21x4 − 14x2 þ 1ÞðWp −W⋆Þ2

þ 2r7xðWp −W⋆Þð−2205x6ðW⋆ − 5WpÞ − 10x4ð441Wp þ 588W⋆ þ 116Þ
þ 3x2ð−245Wp þ 1365W⋆ þ 72Þ − 210W⋆ þ 48Þ
þ r6ð−5x6ð2989W2

p − 2Wpð5929W⋆ þ 928Þ þW⋆ð2989W⋆ þ 928ÞÞ
þ 2x4ð7245W2

p þWpð1240–10710W⋆Þ − 48W⋆ð105W⋆ þ 59ÞÞ
þ 3x2ð21W2

p − 14Wpð103W⋆ þ 24Þ þW⋆ð2681W⋆ þ 416Þ − 128Þ
þ 17640Wpx8ðW⋆ − 2WpÞ þ 6ð16–35W⋆ÞW⋆ þ 48Þ
þ 2r5xð2x2ð−1512W2

p þ 21Wpð271W⋆ þ 17Þ þW⋆ð546W⋆ þ 995Þ þ 384Þ
þ 8820W2

px8 þ x4ð−21735WpW⋆ − 4Wpð1645Wp þ 2468Þ þ 9730W2⋆ þ 7688W⋆Þ
þ 40Wpx6ð784Wp − 637W⋆ − 116Þ þ 3ðWpð91W⋆ þ 54Þ − 6W⋆ð91W⋆ þ 29Þ þ 24ÞÞ
þ r4ð−42140W2

px8 þ x4ð4ð2429Wp–4894ÞW⋆ þ 16ðWpð966Wp þ 841Þ − 96Þ − 12145W2⋆Þ
þ 2Wpx6ð−19390Wp þ 28385W⋆ þ 13056Þ þ 14W⋆x2ð−589Wp þ 65W⋆ − 10Þ
þ 8ðWpð98Wp–221Þ − 240Þx2 þ 3W⋆ð161W⋆ þ 76Þ þ 40Þ
þ 2r3xðx2ð−2513W2

p þ 14Wpð61W⋆–98Þ þ 10W⋆ð182W⋆ þ 597Þ þ 1440Þ þ 20055W2
px6
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þWpx4ð4018Wp–15365W⋆ − 14208Þ þ 511WpW⋆ þ 180Wp − 196W2⋆ − 314W⋆ þ 352Þ
þ r2ð−x2ð−539W2

p þ 8Wpð105W⋆ þ 46Þ þ 12W⋆ð35W⋆ þ 291Þ þ 1952Þ
− 19005W2

px6 þ 2Wpx4ð413Wp þ 4060W⋆ þ 7520Þ þ 4W⋆ð7W⋆ þ 33Þ − 64Þ
þ 4rxðWpð−x2ð112Wp þ 210W⋆ þ 971Þ þ 1120Wpx4 þ 14W⋆ þ 33Þ þ 98W⋆ þ 140Þ
þ 28Wpx2ð−15Wpx2 þWp þ 14Þ − 56Þ�; ðA11Þ

A33 ¼
1

112ðr2 − 2rxþ 1Þ2 ½14r
8x2ð21x2ð11x4 − 15x2 þ 5Þ − 5ÞðWp −W⋆Þ2

þ 2r7xðWp −W⋆Þð1617x8ðW⋆ − 5WpÞ þ 21x6ð399Wp þ 175W⋆ þ 52Þ − 5x4ð147Wp þ 1323W⋆ þ 176Þ
þ x2ð−455Wp þ 2065W⋆ − 12Þ − 70W⋆ þ 24Þ
þ r6ð−21x8ð119W2

p þ 2Wpð945W⋆ þ 208Þ −W⋆ð553W⋆ þ 208ÞÞ
þ x6ð−23275W2

p þWpð47726W⋆ þ 2248Þ þW⋆ð2303W⋆ þ 3456ÞÞ
þ x4ð6055W2

p þWpð3664 − 2030W⋆Þ − 21W⋆ð695W⋆ þ 256Þ þ 704Þ
þ x2ð119W2

p − 6Wpð413W⋆ þ 52Þ þW⋆ð4109W⋆ þ 192Þ − 528Þ
− 12936Wpx10ðW⋆ − 2WpÞ − 70W2⋆ þ 48W⋆ þ 48Þ
þ 2r5xðx6ð20776W2

p þWpð8379W⋆ þ 8248Þ − 2W⋆ð4067W⋆ þ 4034ÞÞ
þ x4ð2660W2

p −Wpð24745W⋆ þ 7297Þ þW⋆ð3094W⋆ þ 2165Þ − 1408Þ
− 6468W2

px10 þ x2ð4025WpW⋆ − 2Wpð742Wp þ 333Þ þ 3654W2⋆ þ 2678W⋆ þ 616Þ
− 84Wpx8ð259Wp − 238W⋆ − 52Þ þ 189WpW⋆ þ 51Wp − 854W2⋆ − 135W⋆ þ 120Þ
þ r4ðx6ð−39130W2

p þ 2Wpð7329W⋆ − 724Þ þW⋆ð11123W⋆ þ 23148Þ þ 2816Þ
þ x4ð3612W2

p þ 6Wpð3591W⋆ þ 2308Þ −W⋆ð6307W⋆ þ 12354Þ þ 2816Þ
− x2ð−434W2

p þ 2Wpð1785W⋆ þ 88Þ þW⋆ð1715W⋆ þ 1888Þ þ 2312Þ
þ 33516W2

px10 þ 2Wpx8ð8624Wp − 24157W⋆ − 13952Þ þ 259W2⋆ þ 54W⋆ þ 40Þ
þ 2r3xðx4ð7455W2

p −Wpð7749W⋆ þ 7178Þ −W⋆ð1862W⋆ þ 8065Þ − 3168Þ
þ x2ð−917W2

p −Wpð2149W⋆ þ 2276Þ þ 14W⋆ð78W⋆ þ 331Þ þ 480Þ
− 17395W2

px8 þWpx6ð4585Wp þ 14357W⋆ þ 17264Þ þ 245WpW⋆ þ 30Wp þ 98W2⋆ þ 71W⋆ þ 448Þ
þ r2ðx4ð−2597W2

p þ 8Wpð609W⋆ þ 1382Þ þ 490W2⋆ þ 5478W⋆ þ 5344Þ
þ x2ð231W2

p þWpð420W⋆ þ 416Þ − 12ðW⋆ð21W⋆ þ 233Þ þ 160ÞÞ
þ 18081W2

px8 −Wpx6ð9443Wp þ 8428W⋆ þ 20880Þ þ 2ð3–7W⋆ÞW⋆ − 64Þ
þ 2rxð2x2ð56W2

p − 14ð9Wp þ 13ÞW⋆ − 769Wp − 500Þ
− 2352W2

px6 þWpx4ð1344Wp þ 490W⋆ þ 3103Þ − 14WpW⋆ þ 3Wp þ 140W⋆ þ 328Þ
þ 14x2ðWpð35Wpx4 − 2ð9Wp þ 26Þx2 −Wp þ 20Þ þ 20Þ − 56�; ðA12Þ

A04 ¼
35r4ðx2 − 1Þ4ðrðWpxðr − 2xÞ − rW⋆xþW⋆Þ þWpxÞ2

256ðr2 − 2rxþ 1Þ2 ; ðA13Þ

A14 ¼ −
1

64ðr2 − 2rxþ 1Þ2 ½5r
2ðx2 − 1Þ3ðrðWpxðr − 2xÞ − rW⋆xþW⋆Þ þWpxÞð7r4xð9x2 − 1ÞðWp −W⋆Þ

þ r3ð−42Wpð3x4 þ x2Þ þ 7W⋆ð17x2 − 1Þ þ 4Þ
þ r2xð5Wpð35x2 þ 1Þ − 68W⋆ − 8Þ þ 4rð−20Wpx2 þ 3W⋆ þ 1Þ þ 12WpxÞ�; ðA14Þ
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A24 ¼
1

128ðr2 − 2rxþ 1Þ2 ½3ðx
2 − 1Þ2ð35r8x2ð33x4 − 18x2 þ 1ÞðWp −W⋆Þ2

þ 10r7xðWp −W⋆Þð21x4ð4Wp þ 19W⋆Þ þ 14x2ð3Wp − 13W⋆ þ 2Þ − 462Wpx6 þ 7W⋆ − 4Þ
þ r6ð5ð924W2

px8 þ 7x4ð4ð7Wp þ 4ÞW⋆ − 8Wpð9Wp þ 4Þ þ 153W2⋆Þ
þ 42Wpx6ð31Wp − 65W⋆Þ þ 2W⋆x2ð115Wp − 187W⋆ þ 44Þ
þW⋆ð7W⋆ − 8ÞÞ − 10Wpð5Wp þ 8Þx2 þ 8Þ
þ 2r5xð10x2ð65W2

p þWpð68 − 155W⋆Þ − 22W⋆ð8W⋆ þ 3ÞÞ
− 5670W2

px6 þ 35Wpx4ð−28Wp þ 225W⋆ þ 16Þ − 85WpW⋆ − 16Wp þ 400W2⋆ − 84W⋆ − 16Þ
þ r4ðx2ð−197W2

p þ 32Wpð47W⋆ − 16Þ þ 8W⋆ð146W⋆ þ 137Þ þ 32Þ
þ 11235W2

px6 − 10Wpx4ð103Wp þ 904W⋆ þ 208Þ þ 8ð−15W2⋆ þW⋆ þ 2ÞÞ
þ 8r3xð−710W2

px4 þWpx2ð86Wp þ 334W⋆ þ 179Þ − 28WpW⋆ þ 7Wp − 22W2⋆ − 48W⋆ − 4Þ
þ 8r2ð189W2

px4 −Wpx2ð13Wp þ 46W⋆ þ 54Þ þW2⋆ þ 6W⋆ þ 1Þ
þ 16rWpxð−12Wpx2 þW⋆ þ 3Þ þ 8W2

px2Þ�; ðA15Þ

A34 ¼ −
1

64ðr2 − 2rxþ 1Þ2 ½ðx
2 − 1Þð7r8x2ð429x6 − 495x4 þ 135x2 − 5ÞðWp −W⋆Þ2

þ 2r7xðWp −W⋆Þð231x6ð18Wp þ 25W⋆Þ þ 315x4ð2Wp − 19W⋆ þ 2Þ − 35x2ð10Wp − 39W⋆ þ 12Þ
− 6006Wpx8 − 35W⋆ þ 30Þ þ r6ð35x4ð74W2

p þ 6Wpð29W⋆ þ 8Þ þ 9ð4 − 51W⋆ÞW⋆Þ
þ 5x2ð22W2

p þWpð96 − 366W⋆Þ þ 3W⋆ð187W⋆ − 96Þ þ 24Þ þ 12012W2
px10

þ 21x6ð6ð177Wp þ 20ÞW⋆ − 30Wpð31Wp þ 8Þ þ 851W2⋆Þ þ 462Wpx8ð31Wp − 87W⋆Þ
− 35W2⋆ þ 60W⋆ − 24Þ þ 2r5xð7x4ð850W2

p þ 5Wpð84 − 535W⋆Þ
− 2W⋆ð508W⋆ þ 255ÞÞ − 17094W2

px8

þ 5x2ð3ð55Wp þ 52ÞW⋆ − 2Wpð89Wp þ 180Þ þ 1056W2⋆ − 48Þ
þ 21Wpx6ð186Wp þ 1295W⋆ þ 120Þ þ 145WpW⋆ − 12Wp − 600W2⋆ þ 342W⋆Þ
þ r4ð5x4ð−363W2

p þ 4928WpW⋆ þ 4W⋆ð307W⋆ þ 387Þ þ 96Þ þ 40299W2
px8

− 7Wpx6ð3095Wp þ 5464W⋆ þ 1680Þ − 24W⋆x2ð73Wp þ 146W⋆ þ 103Þ
þ ð7Wpð43Wp þ 240Þ þ 528Þx2
þ 12W⋆ð15W⋆ − 7Þ − 32Þ þ 4r3xð−2x2ð63W2

p þWpð972W⋆ þ 309Þ þ 2W⋆ð85W⋆ þ 252Þ þ 108Þ
− 6286W2

px6 þ 5Wpx4ð716Wp þ 738W⋆ þ 543Þ þ 78WpW⋆ − 57Wp þ 132W2⋆ þ 264W⋆ − 40Þ
þ 4r2ðx2ð33W2

p þ 276WpðW⋆ þ 1Þ þ 6W⋆ð5W⋆ þ 42Þ þ 142Þ
þ 2185W2

px6 − 2Wpx4ð537Wp þ 370W⋆ þ 618Þ − 6W⋆ðW⋆ þ 6Þ þ 2Þ
þ 16rxðWpð3x2ð12Wp þ 5W⋆ þ 23Þ − 100Wpx4 − 3ðW⋆ þ 3ÞÞ − 2ð3W⋆ þ 5ÞÞ
þ 24Wpx2ðWpð5x2 − 1Þ − 4Þ þ 16Þ�; ðA16Þ
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A44 ¼
1

256ðr2 − 2xrþ 1Þ2 ½ðWp −W⋆Þ2x2ð6435x8 − 12012x6 þ 6930x4 − 1260x2 þ 35Þ

× r8 þ 2ðWp −W⋆Þxð−12870Wpx10 þ 429ð40Wp þ 31W⋆Þx8 − 924ð3Wp þ 25W⋆ − 2Þx6
− 630ð4Wp − 19W⋆ þ 4Þx4 þ 70ð7Wp − 26W⋆ þ 12Þx2 þ 5ð7W⋆ − 8ÞÞr7
þ ð25740W2

px12 þ 858Wpð23Wp − 109W⋆Þx10
þ 33ð1363W2⋆ þ 8ð421Wp þ 28ÞW⋆ − 448Wpð5Wp þ 1ÞÞx8
þ 84ð405W2

p þ ð168 − 87W⋆ÞWp −W⋆ð851W⋆ þ 4ÞÞx6
− 70ð26W2

p þ 260W⋆Wp þ 3ð40 − 153W⋆ÞW⋆ − 8Þx4
− 10ð374W2⋆ − 251WpW⋆ − 296W⋆ þWpð17Wp þ 112Þ þ 48Þx2 þ 35W2⋆ − 80W⋆ þ 48Þr6
þ 2xð−40326W2

px10 þ 33Wpð984Wp þ 2115W⋆ þ 224Þx8
þ 12ð1365W2

p þ ð476 − 7805W⋆ÞWp − 2W⋆ð832W⋆ þ 483ÞÞx6
− 14ð940W2

p þ ð960 − 1975W⋆ÞWp − 4W⋆ð508W⋆ þ 171Þ þ 80Þx4
þ 10ð105W2

p þ ð90W⋆ þ 296ÞWp þ 12ð7 − 88W⋆ÞW⋆ þ 64Þx2
þ 800W2⋆ þ 64Wp − 205WpW⋆ − 744W⋆ þ 96Þr5
þ ð105699W2

px10 − 12Wpð10241Wp þ 9176W⋆ þ 3248Þx8 þ 14ð1415W2
p þ 96ð107W⋆ þ 16ÞWp

þ 8W⋆ð176W⋆ þ 255Þ þ 160Þx6 þ 20ð337W2
p þ 8ð74 − 277W⋆ÞWp − 4W⋆ð307W⋆ þ 337Þ þ 88Þx4

þ ð−397W2
p þ 1664ðW⋆ − 2ÞWp þ 48ðW⋆ð146W⋆ þ 69Þ − 44ÞÞx2 − 16ðW⋆ − 1Þð15W⋆ þ 2ÞÞr4

þ 16xð−4638W2
px8 þ 7Wpð806Wp þ 434W⋆ þ 369Þx6

− ð322W2⋆ þ 4ð905Wp þ 272ÞW⋆ þ 5Wpð290Wp þ 427Þ þ 300Þx4
þ ð−2W2

p þ ð942W⋆ þ 81ÞWp þ 4W⋆ð85W⋆ þ 242Þ þ 88Þx2
− 66W2⋆ þ 31Wp − 24WpW⋆ − 120W⋆ þ 52Þr3
þ 16ð1841W2

px8 −Wpð2115Wp þ 714W⋆ þ 1378Þx6
þ ð507W2

p þ 4ð185W⋆ þ 289ÞWp þ 5W⋆ð7W⋆ þ 66Þ þ 243Þx4
− ð3Wpð3Wp þ 38Þ þ 118Þx2 − 6W⋆ð23Wp þ 5W⋆ þ 42Þx2 þ 3W⋆ðW⋆ þ 6Þ − 5Þr2
þ 32xð−196W2

px6 þ 5Wpð40Wp þ 7W⋆ þ 37Þx4 − 2ð10W⋆ þ 3Wpð6Wp þ 5W⋆ þ 23Þ þ 22Þx2
þ 9Wp þ 3WpW⋆ þ 12W⋆ þ 20Þrþ 16ð35W2

px6 − 10Wpð3Wp þ 4Þx4 þ 3ðWpðWp þ 8Þ þ 4Þx2 − 4Þ� ðA17Þ

and

B00 ¼
1

7ðr2 − 2rxþ 1Þ ½2rx
3ð7Wpð−2r2 þW − 2Þ þ 4r2W⋆Þ þ x2ð7ðr2 þ 1ÞWpð2r2 −W þ 2Þ − 2r2ð7r2 þ 11ÞW⋆Þ

þ 2rð17r2 þ 7ÞW⋆x − 20r2W⋆�; ðA18Þ

B01 ¼
1

7ðr2 − 2rxþ 1Þ2ðr2 þ 2rxþ 1Þ ½ðx
2 − 1Þð4r2ðr2 þ 1Þx4ðWpð11r2 − 7W þ 7Þ − 11r2W⋆Þ

þ r2ðr2 þ 1Þð23r2 þ 17ÞW⋆ þ 8r3x5ðWpð−11r2 þ 7W − 7Þ þ 2r2W⋆Þ
þ x2ð7ðr2 þ 1Þ3W2

p − ð14r6 þ 23r4 þ 28r2 þ 7Þðr2 þ 1ÞWp þ r2ð14r6 þ 21r4 − 38r2 þ 11ÞW⋆Þ
þ 2rx3ððr4 þ 55r2 þ 12Þr2W⋆ þWpð14r6 þ 23r4 − 7ðr2 þ 1Þ2Wp þ 28r2 þ 7ÞÞ
− rð37r6 þ 63r4 þ 45r2 þ 7ÞW⋆xÞ�; ðA19Þ
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B11 ¼
3

7ðr2 − 2rxþ 1Þ2ðr2 þ 2rxþ 1Þ ½4r
2ðr2 þ 1Þx6ðWpð−11r2 þ 7W − 7Þ þ 11r2W⋆Þ

þ x2ððr2 þ 1Þð19r4 þ 14r2 þ 7ÞW − 4r2ð13r4 þ 14r2 þ 7ÞW⋆Þ
þ 3r2ðr4 − 1ÞW⋆ þ 8r3x7ðWpð11r2 − 7W þ 7Þ − 2r2W⋆Þ
− 2rx5ððr4 þ 63r2 þ 12Þr2W⋆ þWpð14r6 þ 11r4 − 7ðr2 þ 1Þ2W þ 7ÞÞ
þ x4ððr2 þ 1ÞWpð14r6 þ 11r4 − 7ðr2 þ 1Þ2W þ 7Þ − r2ð14r6 þ 9r4 − 82r2 þ 11ÞW⋆Þ
þ rx3ðð47r6 þ 53r4 þ 21r2 þ 7ÞW⋆ − 2ð19r4 þ 14r2 þ 7ÞWÞ
þ rð−3r6 þ 19r4 þ 17r2 þ 7ÞW⋆x�; ðA20Þ

B02 ¼
3

56ðr2 − 2rxþ 1Þ2ðr2 þ 2rxþ 1Þ ½ðx
2 − 1Þ2ð−2r2ðr2 þ 1Þð13r2 þ 7ÞW⋆ þ 4r2x4ð8r4W⋆ − ðr2 þ 1ÞWpð8r2 − 7WÞÞ

− 2rx3ðWpð2r2ð7r4 þ 2r2 þ 7Þ− 7ðr2 þ 1Þ2WpÞ þ 2ð3r2 þ 25Þr4W⋆Þ
þ 8r3Wpx5ð8r2 − 7WÞ þ x2ð2ð−7r4 þ 4r2 þ 27Þr4W⋆
þWpð2r2ð7r6 þ 9r4 þ 9r2 þ 7Þ− 7ðr2 þ 1Þ3WpÞÞ þ 4r3ð10r4 þ 11r2 þ 7ÞW⋆xÞ�; ðA21Þ

B12 ¼
1

28ðr2 − 2rxþ 1Þ2ðr2 þ 2rxþ 1Þ ½ðx
2 − 1Þð6r2ðr2 þ 1Þðr2 þ 11ÞW⋆

þ 60r2x6ððr2 þ 1ÞWpð8r2 − 7WpÞ − 8r4W⋆Þ þ 120r3Wpx7ð7Wp − 8r2Þ þ 2rx5ð30r6ð7Wp þ 3W⋆Þ
þ 3r4ð314W⋆ − 5Wpð7Wp þ 44ÞÞ − 2r2Wpð91Wp þ 167Þ − 105W2

pÞ
þ 2rx3ð−7ðr2 þ 1Þ2W2

p − 2ð201r4 − 42r2 þ 5Þr2W⋆ þ 2ð63r6 þ 290r4 þ 223r2 þ 56ÞWpÞ
þ x2ð7ðr2 þ 1Þ3W2

p − 2ð63r6 þ 290r4 þ 223r2 þ 56Þðr2 þ 1ÞWp

þ 2r2ð63r6 þ 587r4 þ 469r2 þ 233ÞW⋆Þ þ x4ð2r4ð105r2ðr2 − 4Þ − 869ÞW⋆
− ðr2 þ 1ÞWpð210r6 − 15r4ð7Wp þ 44Þ − 2r2ð91Wp þ 167Þ − 105WpÞÞ
− 4rð33r6 þ 163r4 þ 128r2 þ 28ÞW⋆xÞ�; ðA22Þ

B22 ¼
1

56

�
1

r4 þ r2ð2 − 4x2Þ þ 1
× ð2Wpx2ð7r6ð35x4 þ 10x2 − 21Þ − 2r4ð280x6 þ 405x4 − 866x2 þ 265Þ

þ r2ð−747x4 þ 934x2 − 355Þ þ 56ð4x2 − 1ÞÞ

−
1

ðr2 − 2rxþ 1Þ2 ð2rW⋆ðrx − 1Þð7r4xð35x4 þ 10x2 − 21Þ þ r3ð−280x6 − 1055x4 þ 618x2 þ 45Þ

þ r2xð1055x4 þ 426x2 − 473Þ þ rð−901x4 þ 142x2 þ 87Þ þ 56xð4x2 − 1ÞÞÞ þ 7W2
pð−35x4 þ 6x2 þ 5Þx2

�
;

ðA23Þ

B13 ¼ −
3

8ðr2 − 2rxþ 1Þ ½ðx
2 − 1Þ2ð−14r3W⋆xþ 2rWpx3ð10r2 −WÞ þ 4r2W⋆

þ x2ð10r4ðW⋆ −WÞ þ r2ðW − 10ÞW þW2
pÞÞ�; ðA24Þ

B23 ¼ −
1

4ðr2 − 2rxþ 1Þ ½−3ð5x
4 − 6x2 þ 1ÞðW2

px2ðr2 − 2rxþ 1Þ − 4r2W⋆ðrx − 1ÞÞ

þ 10r2xð7x4 − 10x2 þ 3ÞðrðWpxðr − 2xÞ − rW⋆xþW⋆Þ þWpxÞ
− 12xð1 − x2ÞðrðWpxðr − 2xÞ − rW⋆xþW⋆Þ þWpxÞ�; ðA25Þ
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B33 ¼ −
1

8ðr2 − 2rxþ 1Þ ½ð35x
4 − 30x2 þ 3ÞðW2

px2ðr2 − 2rxþ 1Þ − 4r2W⋆ðrx − 1ÞÞ

− 2r2xð63x4 − 70x2 þ 15ÞðrðWpxðr − 2xÞ − rW⋆xþW⋆Þ þWpxÞ
þ 8xð3 − 5x2ÞðrðWpxðr − 2xÞ − rW⋆xþW⋆Þ þWpxÞ�: ðA26Þ
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