
 

Gluon polarization tensor in a magnetized medium:
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We present an analytic method to compute the one-loop magnetic correction to the gluon polarization
tensor starting from the Landau-level representation of the quark propagator in the presence of an external
magnetic field. We show that the general expression contains the vacuum contribution that can be isolated
from the zero-field limit for finite gluon momentum. The general tensor structure for the gluon polarization
also contains two spurious terms that do not satisfy the transversality properties. However, we also show
that the coefficients of these structures vanish and thus do not contribute to the polarization tensor, as
expected. In order to check the validity of the expressions we study the strong and weak field limits and
show that in the former, the well-established result is reproduced. The findings can be used to study the
conditions for gluons to equilibrate with the magnetic field produced during the early stages of a relativistic
heavy-ion collision.
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I. INTRODUCTION

The production of hot and dense strongly interacting
matter in heavy-ion reactions at high energies constitutes a
driving force for the formulation of novel approaches to
study QCD subject to extreme conditions. For semicentral
collisions, these conditions include the presence of strong,
albeit short-lived, magnetic fields. Many theoretical efforts
concentrate on describing these conditions considering that
the temperature is the largest of the energy scales [1–4].
However, it has also been realized that the imprints of these
strong fields [5,6], if any, should be searched for studying
probes produced during the very early stages of the
collision, where the system is not yet equilibrated and
the largest of the energy scales is instead the magnetic field
itself. Possible imprints include an enhanced prompt
photon production and/or the chiral magnetic effect [7–12].

The early stages of a heavy-ion reaction are also charac-
terized by the presence of a large number of lowmomentum
gluons which are thought to give rise to the saturation
phenomenon described by the Glasma [13]. When a mag-
netic field is present, gluon dynamics can also be affected.
A deeper understanding of gluon properties within a
magnetized medium is crucial for describing the evolution
of observables coming from these early stages.
The gluon dispersive properties in a magnetized medium

are encoded in the gluon polarization tensor Πμν. In a
perturbative approach, deviations from its vacuum properties
come from the coupling of the magnetic field to virtual
quarks.Thequarkpropagator can be represented in terms of a
sum over Landau levels. When the field is strong, calcu-
lations often resort to the approximation where these quarks
occupy the lowest Landau level (LLL), which simplifies
considerably the treatment [14–16]. Nevertheless, when the
field is not as intense, it is important to perform a sum over
Landau levels to capture effects that may be missing from
expressions restricted to the LLL, in particular, the emer-
gence of tensor polarization structures other than the parallel
one that makes up the full polarization tensor. These kinds of
calculations have been performed at one-loop level for the
photon polarization tensor [17] in the context of the vacuum
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birefringence in strong magnetic fields, where the authors
resort to a numerical treatment for the infinite sum over
Landau levels. However, in order to gain a deeper insight, an
analytical approach for the infinite sum over Landau levels is
desirable.
In this work, we undertake such task and present an

analytic method to perform the sum over all Landau levels
for the coefficients of the tensor structure that make up the
gluon polarization tensor in the presence of a magnetic field
of arbitrary intensity. Thevacuumcontribution is obtained in
the limit when B → 0. We show that by this procedure one
obtains the usual fermion contribution to the vacuum
polarization tensor, together with a second term that is
shown to vanish, given the properties of its coefficient under
scaling transformations. Applying the same argument to the
full, magnetic field-dependent polarization tensor, it is
possible to isolate the physical tensor structures and their
coefficients, thus getting rid of spurious terms. We then
proceed to carefully subtract the vacuum pieces to remove
ultraviolet divergences. The procedure ensures that the
remaining, magnetic field-dependent contributions are
finite. In order to test the validity of the expressions thus
obtained, we study the weak and strong magnetic field
limits. Thework is organized as follows: In Sec. II, we write
the one-loop expression for the gluon polarization tensor in
the presence of a constant external magnetic field. We chose
the tensor basis to express the polarization tensor and outline
the calculation to carry out the product of fermion propa-
gators and the corresponding sums over Landau levels. We
show that after the sum is made, there appear two spurious,
nontransverse terms. These are shown to vanish, as in the
vacuum case, from the properties of their coefficients under
scaling transformations. In Sec. III we study the strong and
in Sec. IV the weak field limits and show that the obtained
expressions coincide with well-known results. We summa-
rize and discuss our results in Sec. V and leave for the
appendixes the calculation details.

II. GLUON POLARIZATION TENSOR

We start from the one-loop contribution to the gluon
polarization tensor, which is depicted in Fig. 1 and is given
explicitly by

iΠμν
ab ¼ −

1

2

Z
d4k
ð2πÞ4 Trfigtbγ

νiSðnÞðkÞigtaγμiSðmÞðqÞg

þ C:C:; ð1Þ
where C.C. refers to the charge conjugate contribution, that
is, the contribution where the flow of charge within the loop
is in the opposite direction. The factor 1=2 accounts for the
symmetry factor, which in the presence of the external
magnetic field comes about given that the two contributing
diagrams, with the opposite flow of charge, are not
equivalent. Also g is the strong coupling. SðkÞ is the quark
propagator and ta;b are the generators of the color group in

the fundamental representation. The fermion propagator
in the presence of a magnetic field B⃗ ¼ Bẑ can be written in
terms of a sum over Landau levels as [18,19]

iSðpÞ ¼ ie−p
2⊥=jqfBj

Xþ∞

n¼0

ð−1Þn DnðqfB; pÞ
p2
k −m2

f − 2njqfBj
; ð2Þ

where mf and qf are the quark mass and electric charge,
respectively, and

DnðqfB; pÞ ¼ 2ð=pk þmfÞO−L0
n

�
2p2⊥
jqfBj

�

− 2ð=pk þmfÞOþL0
n−1

�
2p2⊥
jqfBj

�

þ 4=p⊥L1
n−1

�
2p2⊥
jqfBj

�
: ð3Þ

In Eq. (3), Lα
nðxÞ are the generalized Laguerre polynomials,

with the index n labeling the nth Landau level, and

Oð�Þ ¼ 1

2
½1� iγ1γ2signðqfBÞ�: ð4Þ

Also, we follow the convention whereby the square of the
four-momentum pμ, expressed in terms of the square of its
parallel and perpendicular (with respect to the magnetic
field direction) components, is given by

p2 ¼ p2
k − p2⊥ ¼ ðp2

0 − p2
3Þ − ðp2

1 þ p2
2Þ: ð5Þ

Computing Eqs. (1) and (2), after performing the sum over
all Landau levels, the gluon polarization tensor can be
written in terms of four tensor structures, given by

iΠμν ¼ −
i

8π2
g2

Z
d2xf0ðx1; x2Þ

X4
i¼1

fμνi ðx1; x2Þ; ð6Þ

where on the right-hand side, we have omitted a factor δab
coming from using the relation TrðtatbÞ ¼ δab=2, and
correspondingly, for notation simplicity, removed the color
indices on the left-hand side. Here ðx1; x2Þ ∈ ð0;∞Þ are
Schwinger parameters, with d2x ¼ dx1dx2 and

FIG. 1. One-loop diagram representing the gluon polarization
tensor.
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f0ðx1;x2Þ¼ exp

�
x1x2

x1þx2
p2
k−m2

fðx1þx2Þ
�
exp

�
−

tanhðjqfBjx1Þ tanhðjqfBjx2Þ
tanhðjqfBjx1Þþ tanhðjqfBjx2Þ

p2⊥
jqfBj

�
; ð7aÞ

fμν1 ðx1; x2Þ ¼ jqfBj coth ½jqfBjðx1 þ x2Þ�
��

x1x2
ðx1 þ x2Þ3

p2
k þ

m2
f

x1 þ x2

�
gμνk −

2x1x2
ðx1 þ x2Þ3

pμ
kp

ν
k

�
; ð7bÞ

fμν2 ðx1; x2Þ ¼ jqfBj
cosh ½jqfBjðx2 − x1Þ�
sinh ½jqfBjðx1 þ x2Þ�

�
x1x2

ðx1 þ x2Þ3
p2
k þ

m2
f

x1 þ x2
þ 1

ðx1 þ x2Þ2
�
gμν⊥ ; ð7cÞ

fμν3 ðx1; x2Þ ¼
jqfBj

2ðx1 þ x2Þ2sinh2½jqfBjðx1 þ x2Þ�
½x1 sinhð2jqfBjx2Þ þ x2 sinhð2jqfBjx1Þ�ðpμ

kp
ν⊥ þ pν

kp
μ
⊥Þ; ð7dÞ

fμν4 ðx1; x2Þ ¼
jqfBj2

ðx1 þ x2Þsinh2½jqfBjðx1 þ x2Þ�
��

1 −
tanhðjqfBjx1Þ tanhðjqfBjx2Þ

jqfBj½tanhðjqfBjx1Þ þ tanhðjqfBjx2Þ�
p2⊥

�
gμν

− gμν⊥ −
2 tanhðjqfBjx1Þ tanhðjqfBjx2Þ

jqfBj½tanhðjqfBjx1Þ þ tanhðjqfBjx2Þ�
pμ
⊥pν⊥

�
: ð7eÞ

For calculation details, see Appendix A.

A. Tensor basis

The gluon polarization tensor should be represented by a
symmetric tensor under the exchange of its Lorentz indices.
It can be constructed out of the external products of the
independent vectors describing the propagation of a gluon
with momentum pμ in the presence of a magnetic field
whose direction is specified by a four-vector bμ, in addition
to the metric tensor gμν. Without loss of generality, we can
choose a reference frame where the magnetic field points
along the ẑ axis. Due to the presence of this Lorentz
invariance-breaking vector, it is convenient to split the
metric itself into parallel and perpendicular (with respect to
the magnetic field direction) components, that is

gμν ¼ gμνk þ gμν⊥ ; ð8Þ
where

gμνk ¼ diagð1; 0; 0;−1Þ; ð9Þ

and

gμν⊥ ¼ diagð0;−1;−1; 0Þ: ð10Þ
We thus see that the most general symmetric tensor can be
constructed out of combinations of the four possible
independent tensors

pμpν; bμbν; pμbν þ pνbμ; gμν: ð11Þ

However, notice that in QCD, Πμν must satisfy the gener-
alized Ward-Takahashi identity namely, the transversality
condition

pμpνΠμν ¼ 0: ð12Þ

Therefore, since Eq. (12) implies a relation between the
coefficients of the tensors to express Πμν, only three trans-
verse tensors turn out to be independent. To visualize this, let
us suppose that Πμν can be written as

Πμν ¼ aAμν þ bBμν þ cCμν þ dDμν: ð13Þ
Gauge invariance, Eq. (12), implies

pμpνΠμν ¼ aðpμpνAμνÞ þ bðpμpνBμνÞ
þ cðpμpνCμνÞ þ dðpμpνDμνÞ ¼ 0: ð14Þ

Equation (14) means that only three out of the four factors
ða; b; c; dÞ are independent. Therefore, the tensor structure
that multiplies the factor chosen as not independent can be
distributed among the rest of the structures to result in only
three of them being needed to span the whole tensor Πμν. A
convenient basis to express the polarization tensor is such
that the independent tensors are chosen each to be trans-
verse, in such a way that Eq. (12) be satisfied already as

pμΠμν ¼ 0: ð15Þ

This choice has the advantage that the basis can be used to
express the polarization tensor either in QCD or in QED. In
the present work, we chose the orthonormal basis

Pμν
k ¼ gμνk −

pμ
kp

ν
k

p2
k

; ð16Þ

Pμν
⊥ ¼ gμν⊥ þ pμ

⊥pν⊥
p2⊥

; ð17Þ
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Pμν
0 ¼ gμν −

pμpν

p2
− Pμν

k − Pμν
⊥ : ð18Þ

Such choice comes from the factorization of the metric into
transverse and parallel structures induced by the presence of
the vectorbμ representing the direction of themagnetic field.
To show this, we can choose bμ ¼ ð0;bÞ ¼ ð0; 0; 0; 1Þ.
Introducing the space-vector a ¼ ð1=2Þð−y; x; 0Þ such
that b ¼ ∇ × a, we observe that by choosing the vector
potential asA ¼ Ba, and from the definition Fμν ¼ ∂μAν −
∂νAμ we get

pαpβFαμFβν ¼ B2

0
BBBB@

0 0 0 0

0 p2
2 −p1p2 0

0 −p1p2 p2
1 0

0 0 0 0

1
CCCCA: ð19Þ

Also, from Eq. (17)

p2⊥P
μν
⊥ ¼

0
BBBB@

0 0 0 0

0 −p2
2 p1p2 0

0 p1p2 −p2
1 0

0 0 0 0

1
CCCCA; ð20Þ

therefore

B2p2⊥P
μν
⊥ ¼ −pαpβFαμFβν; ð21Þ

which shows that the choice of bμ impacts directly the
factorization of the metric into transverse and parallel
structures.
On the other hand, notice that when Eqs. (16)–(18) are

chosen as the basis to span Πμν, the condition of Eq. (15)
does not reduce the number of independent tensor struc-
tures from three to two, given that the tensor structures are
already transverse.
Therefore, we can use this basis (see also Ref. [20]) to

express Eqs. (7) (see Appendix B) as

iΠμν¼−
i

8π2
g2
Z

d2xf0ðx1;x2Þ½Πkðx1;x2ÞPμν
k þΠ⊥ðx1;x2ÞPμν

⊥ þΠ0ðx1;x2ÞPμν
0 þA1ðx1;x2Þgμνk þA2ðx1;x2Þgμν⊥ �; ð22Þ

where

Πk ¼ jqfBj
�
2x1x2 coth ½jqfBjðx1 þ x2Þ�

ðx1 þ x2Þ3
p2
k −

x1 sinhð2jqfBjx2Þ þ x2 sinhð2jqfBjx1Þ
2ðx1 þ x2Þ2sinh2½jqfBjðx1 þ x2Þ�

p2⊥
�
; ð23Þ

Π⊥ ¼ jqfBj
�
x1 sinhð2jqfBjx2Þ þ x2 sinhð2jqfBjx1Þ

2ðx1 þ x2Þ2sinh2½jqfBjðx1 þ x2Þ�
p2
k −

2 sinhðjqfBjx1Þ sinhðjqfBjx2Þ
ðx1 þ x2Þsinh3½jqfBjðx1 þ x2Þ�

p2⊥
�
; ð24Þ

Π0 ¼ jqfBj
x1 sinhð2jqfBjx2Þ þ x2 sinhð2jqfBjx1Þ

2ðx1 þ x2Þ2sinh2½jqfBjðx1 þ x2Þ�
p2; ð25Þ

A1 ¼ jqfBj
�
x1 sinhð2jqfBjx2Þ þ x2 sinhð2jqfBjx1Þ

2ðx1 þ x2Þ2sinh2½jqfBjðx1 þ x2Þ�
p2⊥ þ coth ½jqfBjðx1 þ x2Þ�

ðx1 þ x2Þ3
ðm2

fðx1 þ x2Þ2 − x1x2p2
kÞ

þ jqfBj
ðx1 þ x2Þsinh2½jqfBjðx1 þ x2Þ�

×

�
1 −

tanhðjqfBjx1Þ tanhðjqfBjx2Þ
jqfBj½tanhðjqfBjx1Þ þ tanhðjqfBjx2Þ�

p2⊥
��

; ð26Þ

and

A2 ¼ jqfBj
�

cosh ½jqfBjðx2 − x1Þ�
ðx1 þ x2Þ3 sinh ½jqfBjðx1 þ x2Þ�

½x1x2p2
k þ ðx1 þ x2Þ þm2

fðx1 þ x2Þ2�

−
x1 sinhð2jqfBjx2Þ þ x2 sinhð2jqfBjx1Þ

2ðx1 þ x2Þ2sinh2½jqfBjðx1 þ x2Þ�
p2
k þ

sinhðjqfBjx1Þ sinhðjqfBjx2Þ
ðx1 þ x2Þsinh3½jqfBjðx1 þ x2Þ�

p2⊥
�
: ð27Þ

Notice that, contrary to expectations, Eq. (22) contains also
terms proportional to the tensors gμνk and gμν⊥ . In order to
show that Πμν is made out only of combinations of
transverse tensors, we need to prove that the coefficients

A1 and A2 vanish. This is shown in Appendix C. For the
time being, let us only emphasize that, had we simply
projected out Eq. (6) onto the basis given by Eqs. (23)–(25),
the spurious terms would have induced nonphysical
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contributions that, given their complexity, could obscure the
numerical evaluation of the physical coefficients [17,21,23].
This comes about since, formally, a simple projection would
give rise to the tensor coefficients

Π̃k ¼ ΠμνP
μν
k ¼ Πk þ A1; ð28aÞ

Π̃⊥ ¼ ΠμνP
μν
⊥ ¼ Π⊥ þ A2; ð28bÞ

and

Π̃0 ¼ ΠμνP
μν
0 ¼ Π0 −

p2⊥
p2

A1 þ
p2
k

p2
A2; ð28cÞ

whereΠk;Π⊥ andΠ0 are given by Eqs. (23)–(25) andA1,A2

are given byEqs. (26) and (27), showing that such projection
contains spurious terms.

B. Vacuum polarization tensor

As one can expect, the gluon polarization tensor contains
divergences which come from the vacuum contribution. In
order to proceed to isolate these contributions we notice
that two possible vacua can be defined:
(1) a vacuum where pμ ¼ 0 and B ¼ 0, corresponding

to a situation where particles and magnetic field
appear simultaneously, and

(2) a vacuum with B ¼ 0 and pμ ≠ 0, representing a
situation where the external field is turned on with
preexisting gluons with four-momentum pμ.

The first choice is ambiguous, given that the energy
scales associated with the magnetic field and the transverse
momentum appear within the combination p2⊥=jqfBj, and
thus, p2⊥ and B cannot be set to zero simultaneously.
Therefore, we chose to extract the vacuum working in the
situation described by the second case. The vacuum
contribution is thus given by

iΠμνðp; jqfBj→0Þ

¼−
i

8π2
g2
Z

d2x exp

�
x1x2
x1þx2

p2−m2
fðx1þx2Þ

�

×

�
2x1x2

ðx1þx2Þ4
p2

�
gμν−

pμpν

p2

�

þ 1

ðx1þx2Þ3
�
ðx1þx2Þm2

f−
x1x2
x1þx2

p2þ1

�
gμν

�
: ð29Þ

Notice that Eq. (29) contains a term that does not simply
vanish under contraction with pμ, namely, the term propor-
tional to gμν. In order to show that the coefficient of this
term vanishes, we follow the argument in Ref. [22]. We
introduce the scaling transformation for the Schwinger
parameters in such a way that xi → λzi, where λ is a real
parameter. Under this transformation, the coefficient of the
term proportional to gμν becomes

I ¼ λ2
Z

d2z
λ2ðz1 þ z2Þ3

�
m2ðz1 þ z2Þ −

z1z2
z1 þ z2

p2 þ 1

λ

�

× exp
�
λ

�
z1z2

z1 þ z2
p2 −m2

fðz1 þ z2Þ
��

: ð30Þ

It is easy to show that the integral I can also be written as

I ¼ −λ
∂
∂λ

Z
d2z

λðz1 þ z2Þ3
eλð

z1z2
z1þz2

p2−m2
fðz1þz2ÞÞ: ð31Þ

If we now scale back zi → xi=λ we observe that the integral
becomes λ-independent and thus its derivative with respect
to λ vanishes, namely

I ¼ −λ
∂
∂λ

Z
d2x

ðx1 þ x2Þ3
e

x1x2
x1þx2

p2−m2
fðx1þx2Þ ¼ 0: ð32Þ

Therefore, the vacuum polarization tensor becomes

iΠμνðp; jqfBj → 0Þ

¼ −
i

8π2
g2

Z
d2x exp

�
x1x2

x1 þ x2
p2 −m2

fðx1 þ x2Þ
�

×
2x1x2

ðx1 þ x2Þ4
p2

�
gμν −

pμpν

p2

�
: ð33Þ

Notice that Eq. (33) can also be written as

iΠμνðp; jqfBj → 0Þ

¼ −
i

8π2
g2

Z
d2x exp

�
x1x2

x1 þ x2
p2 −m2

fðx1 þ x2Þ
�

×
2x1x2

ðx1 þ x2Þ4
p2ðPμν

0 þ Pμν
k þ Pμν

⊥ Þ; ð34Þ

where Pμν
0 , Pμν

k and Pμν
⊥ are given by Eqs. (16)–(18).

A similar argument is valid for a nonvanishing magnetic
field. This means that the coefficients A1 and A2, in
Eqs. (26) and (27), respectively, do not contribute to
Πμν, since they vanish. The systematic evaluation of these
terms is shown in Appendix C. Thus, the full polarization
tensor with the desired physical properties is given by

iΠμν ¼−
i

8π2
g2
Z

d2xf0ðx1;x2Þ

× ½Πkðx1;x2ÞPμν
k þΠ⊥ðx1;x2ÞPμν

⊥ þΠ0ðx1;x2ÞPμν
0 �;
ð35Þ

where Πk, Π⊥ and Π0 are given by Eqs. (23)–(25),
respectively.
To cancel the vacuum piece, we subtract from Eq. (35)

the contribution from Eq. (33). Therefore, the finite,
magnetic field-dependent part of the gluon polarization
tensor is explicitly given by
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iΠμν ¼ −
ijqfBj
8π2

g2
Z

d2x
ðx1 þ x2Þ2

exp

�
x1x2

x1 þ x2
p2
k −m2

fðx1 þ x2Þ
�
exp

�
−

tanhðjqfBjx1Þ tanhðjqfBjx2Þ
tanhðjqfBjx1Þ þ tanhðjqfBjx2Þ

p2⊥
jqfBj

�

×

��
2x1x2 coth ½jqfBjðx1 þ x2Þ�

ðx1 þ x2Þ
p2
k −

x1 sinhð2jqfBjx2Þ
sinh2½jqfBjðx1 þ x2Þ�

p2⊥ − Π̃ðx1; x2Þ
�
Pμν

k

þ
�

x1 sinhð2jqfBjx2Þ
sinh2½jqfBjðx1 þ x2Þ�

p2
k −

2ðx1 þ x2Þ sinhðjqfBjx1Þ sinhðjqfBjx2Þ
sinh3½jqfBjðx1 þ x2Þ�

p2⊥ − Π̃ðx1; x2Þ
�
Pμν

⊥

þ
�

x1 sinhð2jqfBjx2Þ
sinh2½jqfBjðx1 þ x2Þ�

p2 − Π̃ðx1; x2Þ
�
Pμν

0

�
; ð36Þ

where

Π̃ðx1; x2Þ ¼
2p2

jqfBj
x1x2

ðx1 þ x2Þ2
exp

�
tanhðjqfBjx1Þ tanhðjqfBjx2Þ

tanhðjqfBjx1Þ þ tanhðjqfBjx2Þ
p2⊥
jqfBj

−
x1x2

x1 þ x2
p2⊥

�
; ð37Þ

and we have used the symmetry of the integral under the exchange x1 ↔ x2. In order to check the validity of the above
expression, we proceed to study its limits in the strong and weak magnetic field cases.

III. STRONG FIELD LIMIT

In order to study the strong field limit, let us first introduce the dimensionless variables

yi ≡m2
fxi; ρ2k;⊥ ≡ p2

k;⊥
m2

f

; B≡ jqfBj
m2

f

ð38aÞ

and the new variables s and y related to y1 and y2 by

y1 ≡ sð1 − yÞ; y2 ≡ sy; ð38bÞ

so that Eq. (35) becomes

iΠμν ¼ −
ig2m2

f

8π2

Z
1

0

dy
Z

∞

0

ds exp ½sðyð1 − yÞρ2k − 1Þ� exp
�
−
coshðBsÞ − cosh ½Bsð2y − 1Þ�

2 sinhðBsÞ
ρ2⊥
B

�

×

�
B
�
2yð1 − yÞ cothðBsÞρ2k −

ð1 − yÞ sinhð2BsyÞ
sinh2ðBsÞ ρ2⊥

�
Pμν

k

þ B
�ð1 − yÞ sinhð2BsyÞ

sinh2ðBsÞ ρ2k −
coshðBsÞ − cosh ½Bsð2y − 1Þ�

sinh3ðBsÞ ρ2⊥
�
Pμν

⊥ þ ð1 − yÞB sinhð2BsyÞ
sinh2ðBsÞ ρ2Pμν

0

�
: ð39Þ

Note that in the strong field limit

B cothðBsÞ ∼ B;

B sinh ð2BsyÞ
2 sinh2ðBsÞ ∼ 0;

coshðBsÞ − cosh ½Bsð2y − 1Þ�
2 sinhðBsÞ ∼

1

2B
ð40Þ

which hold for all s and 0 < y < 1. Therefore

iΠμν ¼ −
ig2m2

fBρ
2
k

4π2
e−ρ

2⊥=2B
Z

1

0

dyyð1 − yÞ
Z

∞

0

ds exp ½sðyð1 − yÞρ2k − 1Þ�Pμν
k : ð41Þ
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For the kinematical region such that yð1 − yÞρ2k < 1, the
integration over s can be performed, yielding

iΠμν ¼ ig2m2
fB

4π2
e−ρ

2⊥=2B
Z

1

0

dy
yð1 − yÞ

yð1 − yÞ − ρ−2k
Pμν

k

≡ ig2m2
fB

4π2
e−ρ

2⊥=2BIðρ2kÞPμν
k ð42Þ

which coincides with the result obtained in Refs. [14–16]
where the gluon polarization tensor is computed by con-
sidering only the contribution from the LLL.
Figure 2 shows the real and imaginary parts of Iðρ2kÞ

compared with the result obtained when the contribution of
A1, according to Eq. (26) is considered. From Eq. (28a) the
spurious term contributes with

iΠμν ¼ ig2m2
fB

4π2
e−ρ

2⊥=2B½Iðρ2kÞ þ I1ðρ2kÞ�Pμν
k ; ð43Þ

where

I1ðxÞ ¼
Z

1

0

dy
1

yð1 − yÞx − 1

¼ −
4ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

xðx − 4Þp arctan

� ffiffiffi
x

p
ffiffiffiffiffiffiffiffiffiffiffi
4 − x

p
�
: ð44Þ

From Fig. 2 a discontinuity at the threshold value ρ2k ¼ 4

or equivalently at p2
k ¼ 4m2

f can be identified. As the figure
indicates, the spurious contribution generates an unphysical
threshold at ρ2k ¼ 0, which cannot be identified with a
fermion-pair creation. Notice also that Eq. (36) implies the
existence of an infinite sequence of momentum thresholds

when the external gluon momentum becomes resonant with
twice the quark/antiquark magnetic mass, whose square is
defined as m2

ðBÞf ¼ m2
f þ 2njqfBj. The threshold corre-

sponds to the value of the longitudinal momentum squared
for the creation of a quark-antiquark pair, each particle
having a magnetic mass corresponding to the given
Landau level.
These thresholds can be obtained from our calculation by

concentrating on the conditions where the hyperbolic
functions become divergent. For these purposes let us
examine the term proportional to cothðBsÞ in Eq. (39)

K ¼
Z

1

0

dy
Z

∞

0

dsyð1 − yÞB cothðBsÞ

× exp ½sðyð1 − yÞρ2k − 1Þ�

× exp

�
−
coshðBsÞ − cosh ½Bsð2y − 1Þ�

2 sinhðBsÞ
ρ2⊥
B

�
: ð45Þ

Notice that if B ≫ 1

BcothðBsÞexp
�
−
coshðBsÞ− cosh ½Bsð2y−1Þ�

2sinhðBsÞ
ρ2⊥
B

�

¼B
1þe−2Bs

1−e−2Bs
exp

�
−1−e−2Bsþe−2Bsðy−1Þ þe−2Bsy

2Bð1−e−2BsÞ ρ2⊥
�

≈B
1þe−2Bs

1−e−2Bs
þOðρ2⊥Þ: ð46Þ

Using that

1

1 − e−2Bs
¼

X∞
n¼0

e−2nBs; ð47Þ

we can write

1þ e−2Bs

1 − e−2Bs
¼ 1þ 2

X∞
n¼1

e−2nBs; ð48Þ

so that, the dominant term in Eq. (45) is given by

K ¼ B
Z

1

0

dy
Z

∞

0

dsyð1 − yÞ
�
exp ½sðyð1 − yÞρ2k − 1Þ�

þ 2
X∞
n¼1

exp ½sðyð1 − yÞρ2k − 2nB − 1Þ�
�

¼ B
ρ2k

Iðρ2kÞ þ 8BJðρ2kÞ; ð49Þ

where IðxÞ is defined in Eq. (42) and

FIG. 2. Real and imaginary parts of the function Iðρ2kÞ
defined in Eq. (42). Notice the discontinuity at the threshold value
ρk ¼ 4 or equivalently at p2

k ¼ 4m2
f. The result including the

spurious contribution of I1ðρ2kÞ from Eq. (43) is also plotted for

comparison.
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JðxÞ≡ −
X∞
n¼1

arctanð
ffiffi
x

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4ð2nBþ1Þ−x

p Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x½4ð2nB þ 1Þ − x�p : ð50Þ

In this way, the resonant behavior of the thresholds is
explicit: the gluon polarization tensor has divergences
when its momentum reaches the value p2

k ¼ 4m2
ðBnÞf,

where n labels each of the Landau levels. In other words,
the creation of quark-antiquark pairs is allowed when the
gluon momentum is large enough to generate not only
the inertial mass of the pair but rather the magnetic mass,
induced by the magnetized medium. Figure 3 shows
several thresholds of the function Jðρ2kÞ in a broad range

of ρ2k for a maximum value of n, nmax ¼ 100. The same
argument is valid for all terms in Eq. (39) given that its
dominant contribution is given by a power of the series
in Eq. (47).

IV. WEAK FIELD LIMIT

Let us study the case where the field satisfies the
hierarchy of energy scales jeBj < m2

f. We call this the

weak field limit. For this purpose, we can perform a power
series of Eq. (39) around B ¼ 0 to obtain

iΠμν ¼ −
ig2m2

f

8π2

Z
1

0

dy
Z

∞

0

ds

��
2yð1 − yÞ

s
ρ2 þ 2syð1 − yÞ

3
½sy2ð1 − yÞ2ρ2⊥ρ2 þ 2ð1 − y2Þρ2⊥ þ ρ2�B2

�
Pμν

k

þ
�
2yð1 − yÞ

s
ρ2 þ 2syð1 − yÞ

3
½sy2ð1 − yÞ2ρ2⊥ρ2 þ ð1þ yÞρ2⊥ − ð1 − y2Þρ2k þ y2ρ2�B2

�
Pμν

⊥

þ
�
2yð1 − yÞ

s
ρ2 þ 2syð1 − yÞ

3
ρ2½sy2ð1 − yÞ2ρ2⊥ þ 2y2 − 1�B2

�
Pμν

0

�
exp ½sðyð1 − yÞρ2 − 1Þ�; ð51Þ

where the vacuum contribution of Eq. (34) can be identified as

iΠμνðρ2;B → 0Þ ¼ −
ig2m2

f

8π2

Z
1

0

dy
Z

∞

0

ds exp ½sðyð1 − yÞρ2 − 1Þ� 2yð1 − yÞ
s

ρ2ðPμν
k þ Pμν

⊥ þ Pμν
0 Þ: ð52Þ

Subtracting this contribution, we are left with the B-dependent part. The integrations over s and y can be performed
analytically, so that

iΠμν
WeakB ¼ −

ig2m2
fB

2

6π2
½Π̂kðρ2ÞPμν

k þ Π̂⊥ðρ2ÞPμν
⊥ þ Π̂0ðρ2ÞPμν

0 �; ð53Þ

where

Π̂k ¼
1

4 − ρ2

��
12

10þ ðρ2 − 6Þρ2
ð4 − ρ2Þ3=2ðρ2Þ5=2 ρ

2⊥ þ 2
ρ2ðρ2 þ 2Þ − 12ffiffiffiffiffiffiffiffiffiffiffiffiffi

4 − ρ2
p

ðρ2Þ5=2
ρ2⊥ þ 2

ðρ2 − 2Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð4 − ρ2Þρ2

p
ð4 − ρ2Þρ2

�
arctan

� ffiffiffiffiffi
ρ2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffi
4 − ρ2

p
�

−
ðρ2 − 10Þðρ2 − 3Þ

4 − ρ2
ρ2⊥
ρ4

þ 6ρ2⊥
ρ2

þ 1

�
; ð54Þ

Π̂⊥¼
1

4−ρ2

��
12

10þðρ2−6Þρ2
ð4−ρ2Þ3=2ðρ2Þ5=2ρ

2⊥þ3
ðρ2−2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð4−ρ2Þρ2

p
ð4−ρ2Þρ4 ρ2⊥−

ρ2ðρ2þ2Þ−12ffiffiffiffiffiffiffiffiffiffiffi
4−ρ2

p
ðρ2Þ5=2

ρ2kþ
12þðρ2−6Þρ2ffiffiffiffiffiffiffiffiffiffiffi
4−ρ2

p
ðρ2Þ3=2

�
arctan

� ffiffiffiffiffi
ρ2

p
ffiffiffiffiffiffiffiffiffiffiffi
4−ρ2

p
�

−
ðρ2−10Þðρ2−3Þ

4−ρ2
ρ2⊥
ρ4

þ3ρ2⊥
2ρ2

−
3ρ2k
ρ4

þðρ2−3Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð4−ρ2Þρ2

p
ffiffiffiffiffiffiffiffiffiffiffi
4−ρ2

p
ðρ2Þ3=2

�
; ð55Þ

FIG. 3. Real and imaginary parts of the function Jðρ2kÞ defined
in Eq. (50) for B ¼ 1.5 and added up to nmax ¼ 100. Notice the
emergence of different resonant thresholds when the quark
magnetic mass includes consecutive Landau levels.
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Π̂0 ¼
1

4 − ρ2

��
12

10þ ðρ2 − 6Þρ2
ð4 − ρ2Þ3=2ðρ2Þ5=2 ρ

2⊥ þ 2
12þ ðρ2 − 6Þρ2ffiffiffiffiffiffiffiffiffiffiffiffiffi

4 − ρ2
p

ðρ2Þ3=2
− 2

ðρ2 − 2Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð4 − ρ2Þρ2

p
ð4 − ρ2Þρ2

�
arctan

� ffiffiffiffiffi
ρ2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffi
4 − ρ2

p
�

−
ðρ2 − 10Þðρ2 − 3Þ

4 − ρ2
ρ2⊥
ρ4

þ 2
ðρ2 − 3Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð4 − ρ2Þρ2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffi
4 − ρ2

p
ðρ2Þ3=2

− 1

�
: ð56Þ

The coefficients Π̂k, Π̂⊥ and Π̂0 consist of real and
imaginary parts. The imaginary parts can be obtained from
the corresponding real parts from the Kramers-Kronig
relations. With the notation ω≡ ρ0, we have

ImΠμνðωÞ ¼ −
1

π
P
Z þ∞

−∞

ReΠμνðω0Þ
ω0 − ω

dω0; ð57Þ
where P is the principal value. Examples of these coef-
ficients as functions of ρ2k, for various values of ρ2⊥ are

(a) (b)

(c) (d)

(e) (f)

FIG. 4. Real and imaginary parts of the coefficients Π̂k; Π̂⊥ and Π̂0 from Eqs. (54)–(56) as functions of ρ2 for fixed values of ρ2k and ρ
2
k.

For comparison, these coefficients are also plotted including he spurious contributions from A1 and A2, given by Eqs. (28a)–(28c).
Notice that for the chosen kinematical range for ρ2, the threshold appears at ρ2 ¼ 4 or equivalently at p2 ¼ 4m2

f , whereas the spurious
terms contain unphysical thresholds at ρ2 ¼ 0.
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shown in Fig. 4. For comparison, these coefficients are also
plotted including he spurious contributions from A1 and A2

given by Eqs. (28a)–(28c). Notice the appearance of
unphysical thresholds at ρ2 ¼ 0 as well as large deviations
from the correct functional behavior of the coefficients of
the tensor structures.

V. RESULTS, DISCUSSION
AND CONCLUSIONS

The results of this work can be used to study
birefringence of the gluon polarization in a magnetized
medium. Recall that birefringence is the optical property
exhibited by a material whose refractive index depends
on the polarization and propagation direction of light. In
solid-state, crystals with noncubic lattice symmetry
show birefringence, with calcite being a typical and
historical example. The simplest type of birefringence
corresponds to the so-called uniaxial type, where a
single direction governs the optical anysotropy while
all the other directions orthogonal to it are optically
equivalent. Thus, rotations of the crystal with respect to
this axis leave the optical response invariant. On the
other hand, a material that is otherwise optically iso-
tropic can manifest birefringence under the presence of
external agents, such as strain and, more importantly, an
external magnetic field. This last case is often called
Faraday effect [24]. An analogous situation is studied in
the context of high-energy physics, particularly in QED
under the presence of static magnetic or electric fields,
where the index of refraction depends on the photon
polarization state.
Despite the absence of an underlying discrete symmetry

as in crystalline materials, the presence of these static fields
is often sufficient to induce optical birefringence under
certain conditions, which in this context is called vacuum
birefringence. This effect has been extensively studied
theoretically [17,25]. Moreover, recent experimental evi-
dence for this phenomenon has been provided from
astronomical observations of neutron stars, where intense
magnetic fields are present [26].
In QED, the microscopic mechanism behind the effect

are the vacuum fluctuations due to the spontaneous
emergence of virtual electron-positron pairs that act as
dipoles, in analogy with dielectric crystals. In the absence
of external fields, Lorentz invariance ensures an isotropic
optical response. However, when a static electric or
magnetic field is present, Lorentz invariance is broken
and an anisotropic optical response is triggered. In par-
ticular, when a magnetic field is responsible for the effect,
the virtual fermion pair exists in general in a combination of
Landau levels.
In this work, we show that vacuum birefringence arises

also for gluons in QCD, where the virtual fermion-anti-
fermion pairs correspond to quark-antiquark pairs that play
the same role as electron-positron pairs in QED. Just as in

QED, the QCD version of the phenomenon necessarily
implies the existence of an infinite sequence of momentum
thresholds, that correspond to the condition where the
external gluon momentum is resonant with the magnetic
mass of a pair occupying a given Landau level, which are
successively occupied by the pair of virtual quarks par-
ticipating in the process.
We have presented a method to compute the one-loop

magnetic correction to the gluon polarization tensor
starting from the Landau-level representation of the
quark propagator in the presence of an external magnetic
field. With suitable transformations, we have shown that
this representation can be converted into the expression
for the one-loop polarization tensor equivalent to the one
obtained starting from Schwinger’s proper time repre-
sentation of the quark propagators. We have shown that
the general expression contains the vacuum contribution
that can be isolated from the zero-field limit for finite
gluon momentum. This can be achieved only when the
whole sum over levels is performed. Therefore, calcu-
lations that resort to partial sums over Landau levels run
the risk to mask the vacuum contributions and distort the
result. An important observation is that, the general
tensor structure for the gluon polarization contains two
spurious terms that do not satisfy the transversality
properties. We have shown that, in analogy with the
case in vacuum, these terms have vanishing coefficients
and thus do not contribute to the polarization tensor, as
expected. Nevertheless, strictly speaking, this result
requires that the iϵ term in the quark propagators is
not taken to zero, for otherwise the integrals representing
the coefficients of the spurious terms are not oscillatory
and the areas above and below the xi axis cannot cancel.
However, as it is customary, this term is only kept
implicit in the calculation and is only brought back,
for instance, when computing the real and imaginary
parts of the final result. Thus, if the coefficients of the
spurious terms are not shown to vanish and care is not
taken when computing the coefficients upon projection
onto the chosen basis, these can give contributions that
are not correct, as we have shown. In order to check the
validity of the expressions thus found, we have shown
that the strong field limit obtained from our approach
reproduces a well-established result. The results of this
work can be used to study the conditions for gluons to
equilibrate with a magnetized medium, for example
during the early stages of a relativistic heavy-ion colli-
sion. This is work in progress and it will be reported
elsewhere.
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APPENDIX A: DERIVATION OF EQS. (7)

Let us begin from the general expression of the gluon
polarization tensor of Eq. (1):

iΠμν
ðabÞ¼−

1

2

Z
d4k
ð2πÞ4Trfigtbγ

νiSðnÞðkÞigtaγμiSðmÞðqÞgþC:C:

ðA1Þ

The trace in the above expression involves two
fermion propagator factors, each given by Eqs. (2) and
(3). This product produces nine terms, that are explicitly
given by

tμν1 ¼ −g2
X∞
n;m¼0

Z
d4k
ð2πÞ4 exp

�
−
k2⊥ þ ðk − pÞ2⊥

jqfBj
� ð−1ÞnþmL0

n

	
2k2⊥
jqfBj



L0
m

h
2ðk−pÞ2⊥
jqfBj

i
½k2k −m2

f − 2njqfBj�½ðk − pÞ2k −m2
f − 2mjqfBj�

× Trfγνð=kk þmfÞO−γμð=kk − =pk þmfÞO−g þ C:C:; ðA2Þ

tμν2 ¼ g2
X∞

n¼0;m¼1

Z
d4k
ð2πÞ4 exp

�
−
k2⊥ þ ðk − pÞ2⊥

jqfBj
� ð−1ÞnþmL0

n

	
2k2⊥
jqfBj



L0
m−1

h
2ðk−pÞ2⊥
jqfBj

i
½k2k −m2

f − 2njqfBj�½ðk − pÞ2k −m2
f − 2mjqfBj�

× Trfγνð=kk þmfÞO−γμð=kk − =pk þmfÞOþg þ C:C:; ðA3Þ

tμν3 ¼ −2g2
X∞

n¼0;m¼1

Z
d4k
ð2πÞ4 exp

�
−
k2⊥ þ ðk − pÞ2⊥

jqfBj
� ð−1ÞnþmL0

n

	
2k2⊥
jqfBj



L1
m−1

h
2ðk−pÞ2⊥
jqfBj

i
½k2k −m2

f − 2njqfBj�½ðk − pÞ2k −m2
f − 2mjqfBj�

× Trfγνð=kk þmfÞO−γμð=k⊥ − =p⊥Þg þ C:C:; ðA4Þ

tμν4 ¼ g2
X∞

n¼1;m¼0

Z
d4k
ð2πÞ4 exp

�
−
k2⊥ þ ðk − pÞ2⊥

jqfBj
� ð−1ÞnþmL0

n−1

	
2k2⊥
jqfBj



L0
m

h
2ðk−pÞ2⊥
jqfBj

i
½k2k −m2

f − 2njqfBj�½ðk − pÞ2k −m2
f − 2mjqfBj�

× Trfγνð=kk þmfÞOþγμð=kk − =pk þmfÞO−g þ C:C:; ðA5Þ

tμν5 ¼ −g2
X∞

n¼1;m¼1

Z
d4k
ð2πÞ4 exp

�
−
k2⊥ þ ðk − pÞ2⊥

jqfBj
� ð−1ÞnþmL0

n−1

	
2k2⊥
jqfBj



L0
m−1

h
2ðk−pÞ2⊥
jqfBj

i
½k2k −m2

f − 2njqfBj�½ðk − pÞ2k −m2
f − 2mjqfBj�

× Trfγνð=kk þmfÞOþγμð=kk − =pk þmfÞOþg þ C:C:; ðA6Þ

tμν6 ¼ 2g2
X∞

n¼1;m¼1

Z
d4k
ð2πÞ4 exp

�
−
k2⊥ þ ðk − pÞ2⊥

jqfBj
� ð−1ÞnþmL0

n−1

	
2k2⊥
jqfBj



L1
m−1

h
2ðk−pÞ2⊥
jqfBj

i
½k2k −m2

f − 2njqfBj�½ðk − pÞ2k −m2
f − 2mjqfBj�

× Trfγνð=kk þmfÞOþγμð=k⊥ − =p⊥Þg þ C:C:; ðA7Þ

tμν7 ¼ −2g2
X∞

n¼1;m¼0

Z
d4k
ð2πÞ4 exp

�
−
k2⊥ þ ðk − pÞ2⊥

jqfBj
� ð−1ÞnþmL1

n−1

	
2k2⊥
jqfBj



L0
m

h
2ðk−pÞ2⊥
jqfBj

i
½k2k −m2

f − 2njqfBj�½ðk − pÞ2k −m2
f − 2mjqfBj�

× Trfγν=k⊥γμð=kk − =pk þmfÞO−g þ C:C:; ðA8Þ

tμν8 ¼ 2g2
X∞

n¼1;m¼1

Z
d4k
ð2πÞ4 exp

�
−
k2⊥ þ ðk − pÞ2⊥

jqfBj
� ð−1ÞnþmL1

n−1

	
2k2⊥
jqfBj



L0
m−1

h
2ðk−pÞ2⊥
jqfBj

i
½k2k −m2

f − 2njqfBj�½ðk − pÞ2k −m2
f − 2mjqfBj�

× Trfγν=k⊥γμð=kk − =pk þmfÞOþg þ C:C:; ðA9Þ

tμν9 ¼4g2
X∞

n¼1;m¼1

Z
d4k
ð2πÞ4exp

�
−
k2⊥þðk−pÞ2⊥

jqfBj
� ð−1ÞnþmL1

n−1ð 2k2⊥
jqfBjÞL1

m−1½2ðk−pÞ
2⊥

jqfBj �
½k2k−m2

f−2njqfBj�½ðk−pÞ2k−m2
f−2mjqfBj�

Trfγν=k⊥γμð=k⊥−=p⊥ÞgþC:C:

ðA10Þ
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In order to perform the sum over Landau levels, we write the denominators introducing Schwinger parameters such that

1

y
¼

Z
∞

0

e−yxdx: ðA11Þ

We start with the expression given by Eq. (A2)

tμν1 ¼ −g2
Z

d4k
ð2πÞ4 exp

�
−
k2⊥ þ ðk − pÞ2⊥

jqfBj
�
Trfγνð=kk þmfÞO−γμð=kk − =pk þmfÞO−g

×
X∞
n;m¼0

ð−1ÞnþmL0
nð 2k2⊥

jqfBjÞL0
m

h
2ðk−pÞ2⊥
jqfBj

i
½k2k −m2

f − 2njqfBj�½ðk − pÞ2k −m2
f − 2mjqfBj�

¼ −g2
Z

d2x
Z

d4k
ð2πÞ4 exp

�
−
k2⊥ þ ðk − pÞ2⊥

jqfBj
�
Trfγνð=kk þmfÞO−γμð=kk − =pk þmfÞO−g

× eαðkkÞx1þβðkkÞx2
X∞
n;m¼0

rn1L
0
nðs1Þrm2 L0

mðs2Þ þ C:C: ðA12Þ

where

αðkkÞ ¼ k2k −m2
f; ðA13aÞ

βðkkÞ ¼ ðkk − pkÞ2 −m2
f; ðA13bÞ

ri ¼ −e−2jqfBjxi ; i ¼ 1; 2; ðA13cÞ

s1 ¼
2k2⊥
jqfBj

; ðA13dÞ

and

s2 ¼
2ðk − pÞ2⊥
jqfBj

: ðA13eÞ

By using the generating function of the Laguerre poly-
nomials, given by

X∞
n¼0

rnLb
nðsÞ ¼

1

ð1 − rÞbþ1
exp

�
−

r
1 − r

s

�
; ðA14Þ

we find

tμν1 ¼ −g2
Z

d2x

ð1þ e−2jqfBjx1Þð1þ e−2jqfBjx2Þ
Z

d4k
ð2πÞ4 exp

�
−
k2⊥ þ ðk − pÞ2⊥

jqfBj
�
eαðkkÞx1þβðkkÞx2

× exp

�
nðx1Þ

2k2⊥
jqfBj

�
exp

�
nðx2Þ

2ðk − pÞ2⊥
jqfBj

�
Trfγνð=kk þmfÞO−γμð=kk − =pk þmfÞO−g þ C:C: ðA15Þ

where we have defined

nðxÞ≡ 1

e2jqfBjx þ 1
: ðA16Þ

Now, for the trace computation, note that

½γμk;Oð�Þ� ¼ 0; ðA17aÞ

Oð�ÞγμOð�Þ ¼ Oð�Þγμk; ðA17bÞ

and therefore

4Trfγνð=kk þmfÞγμkð=kk−=pk þmfÞO−gþC:C:

¼ 4Trfγνð=kk þmfÞγμkð=kk−=pk þmfÞg
¼ 16½ðkk ·pk þm2

f−k2kÞgμνk þ2kμkk
ν
k−kμkp

ν
k−kνkp

μ
k�:
ðA18Þ

Putting all together

tμν1 ¼ −4g2
Z

I1ðx1; x2ÞJ μν
1 ðx1; x2Þ

ð1þ e−2jqfBjx1Þð1þ e−2jqfBjx2Þ d
2x; ðA19Þ

with
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I1 ¼
Z

d2k⊥
ð2πÞ2 exp

�
−
k2⊥ þ ðk − pÞ2⊥

jqfBj
�
exp

�
nðx1Þ

2k2⊥
jqfBj

�
exp

�
nðx2Þ

2ðk − pÞ2⊥
jqfBj

�
ðA20Þ

and

J μν
1 ¼

Z
d2kk
ð2πÞ2 e

αðkkÞx1eβðkkÞx2 ½ðkk · pk þm2
f − k2kÞgμνk þ 2kμkk

ν
k − kμkp

ν
k − kνkp

μ
k�: ðA21Þ

The transverse integral I1 is performed by making the shift

k⊥ ¼ q⊥ þ 1 − 2nðx2Þ
2½1 − nðx1Þ − nðx2Þ�

p⊥; ðA22Þ

which turns the integral into a simple Gaussian form. It is straightforward to prove that

I1 ¼
π

ð2πÞ2
jqfBj

tanh ðjqfBjx1Þ þ tanh ðjqfBjx2Þ
exp

�
−

tanhðjqfBjx1Þ tanhðjqfBjx2Þ
tanhðjqfBjx1Þ þ tanhðjqfBjx2Þ

p2⊥
jqfBj

�
: ðA23Þ

For the parallel integral J μν
1 , the appropriate shift is

l ¼ kk −
x2

x1 þ x2
pk; ðA24Þ

and by performing a rotation to Euclidean space, the integral becomes of a Gaussian form in the variable l2E ¼ l24 þ l23, and
thus

J μν
1 ¼ iπ

ð2πÞ2 exp
�

x1x2
x1 þ x2

p2
k −m2

fðx1 þ x2Þ
���

x1x2
ðx1 þ x2Þ3

p2
k þ

m2
f

x1 þ x2
gμνk

�
−

2x1x2
ðx1 þ x2Þ3

pμ
kp

ν
k

�
: ðA25Þ

Collecting terms

tμν1 ¼ −
ijqfBj
16π2

g2
Z

d2x
ejqfBjðx1þx2Þ

sinh ½jqfBjðx1 þ x2Þ�
exp

�
x1x2

x1 þ x2
p2
k −m2

fðx1 þ x2Þ
�

× exp

�
−

tanhðjqfBjx1Þ tanhðjqfBjx2Þ
tanhðjqfBjx1Þ þ tanhðjqfBjx2Þ

p2⊥
jqfBj

���
x1x2

ðx1 þ x2Þ3
p2
k þ

m2
f

x1 þ x2

�
gμνk −

2x1x2
ðx1 þ x2Þ3

pμ
kp

ν
k

�
: ðA26Þ

Note that the term tμν5 of Eq. (A6) has the same tensor structure as tμν1 . By means of the variable shifts m0 ¼ m − 1 and
n0 ¼ n − 1, which produce a factor e−2jqfBjðx1þx2Þ, this gives rise at the same set of transverse and parallel integrals as for the
case of tμν1 . Therefore, we can write

tμν5 ¼ −
ijqfBj
16π2

g2
Z

d2x
e−jqfBjðx1þx2Þ

sinh ½jqfBjðx1 þ x2Þ�
exp

�
x1x2

x1 þ x2
p2
k −m2

fðx1 þ x2Þ
�

× exp

�
−

tanhðjqfBjx1Þ tanhðjqfBjx2Þ
tanhðjqfBjx1Þ þ tanhðjqfBjx2Þ

p2⊥
jqfBj

���
x1x2

ðx1 þ x2Þ3
p2
k þ

m2
f

x1 þ x2

�
gμνk −

2x1x2
ðx1 þ x2Þ3

pμ
kp

ν
k

�
: ðA27Þ

Adding up these two terms, we get

tμν1 þ tμν5 ¼ −
ijqfBj
8π2

g2
Z

d2x coth ½jqfBjðx1 þ x2Þ� exp
�

x1x2
x1 þ x2

p2
k −m2

fðx1 þ x2Þ
�

× exp

�
−

tanhðjqfBjx1Þ tanhðjqfBjx2Þ
tanhðjqfBjx1Þ þ tanhðjqfBjx2Þ

p2⊥
jqfBj

���
x1x2

ðx1 þ x2Þ3
p2
k þ

m2
f

x1 þ x2

�
gμνk −

2x1x2
ðx1 þ x2Þ3

pμ
kp

ν
k

�
:

≡ −
i

8π2
g2

Z
d2xf0ðx1; x2Þfμν1 ðx1; x2Þ: ðA28Þ
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For the term tμν2 of Eq. (A3) the trace involved is computed by using Eq. (A17a) and the relation

Oð�ÞγμOð∓Þ ¼ Oð�Þγμ⊥; ðA29Þ

so that

Trfγν⊥ð=kk þmfÞγμð=kk − =pk þmfÞg þ C:C: ¼ 4ðkk · pk − k2k þm2
fÞgμν⊥ : ðA30Þ

These results imply that after introducing the Schwinger parametrization, the integration over the transverse momentum
gives the same results as those in Eq. (A23). Moreover, in order to apply Eq. (A14) it is necessary to perform the shift
m0 ¼ m − 1. That shift implies extracting a factor −e−2jqfBjx2 from the sum, thus

tμν2 ¼ −
4πjqfBj
ð2πÞ4 g2

Z
d2x

e−2jqfBjx2

ð1þ e−2jqfBjx1Þð1þ e−2jqfBjx2Þ
jqfBj

tanh ðjqfBjx1Þ þ tanh ðjqfBjx2Þ

× exp

�
−

tanhðjqfBjx1Þ tanhðjqfBjx2Þ
tanhðjqfBjx1Þ þ tanhðjqfBjx2Þ

p2⊥
jqfBj

� Z
d2kkðkk · pk − k2k þm2

fÞeαðkkÞx1eβðkkÞx2gμν⊥ : ðA31Þ

The parallel integration is carried out with the help of the momentum shift of Eq. (A24) which in Euclidean space gives

tμν2 ¼ −
4iπ2jqfBj
ð2πÞ2 g2

Z
d2x

e−2jqfBjx2

ð1þ e−2jqfBjx1Þð1þ e−2jqfBjx2Þ
jqfBj

tanh ðjqfBjx1Þ þ tanh ðjqfBjx2Þ

× exp

�
x1x2

x1 þ x2
p2
k −m2

fðx1 þ x2Þ
�
exp

�
−

tanhðjqfBjx1Þ tanhðjqfBjx2Þ
tanhðjqfBjx1Þ þ tanhðjqfBjx2Þ

p2⊥
jqfBj

�

×

�
x1x2

ðx1 þ x2Þ3
p2
k þ

m2
f

x1 þ x2
þ 1

ðx1 þ x2Þ2
�
gμν⊥ : ðA32Þ

From the fact that the term tμν4 has the same tensor structure of tμν1 , it is easy to show that both expressions are related to each
other after the exchange x1 ↔ x2, so that

tμν4 ¼ −
4iπ2jqfBj
ð2πÞ2 g2

Z
d2x

e−2jqfBjx1

ð1þ e−2jqfBjx1Þð1þ e−2jqfBjx2Þ exp
�

x1x2
x1 þ x2

p2
k −m2

fðx1 þ x2Þ
�

× exp

�
−

tanhðjqfBjx1Þ tanhðjqfBjx2Þ
tanhðjqfBjx1Þ þ tanhðjqfBjx2Þ

p2⊥
jqfBj

��
x1x2

ðx1 þ x2Þ3
p2
k þ

m2
f

x1 þ x2
þ 1

ðx1 þ x2Þ2
�
gμν⊥ ; ðA33Þ

and therefore, after manipulating the exponential, we get

tμν2 þ tμν4 ¼ −
ijqfBj
8π2

g2
Z

d2x
cosh ½jqfBjðx2 − x1Þ�
sinh ½jqfBjðx1 þ x2Þ�

exp

�
x1x2

x1 þ x2
p2
k −m2

fðx1 þ x2Þ
�

× exp

�
−

tanhðjqfBjx1Þ tanhðjqfBjx2Þ
tanhðjqfBjx1Þ þ tanhðjqfBjx2Þ

p2⊥
jqfBj

��
x1x2

ðx1 þ x2Þ3
p2
k þ

m2
f

x1 þ x2
þ 1

ðx1 þ x2Þ2
�
gμν⊥

≡ −
i

8π2
g2

Z
d2xf0ðx1; x2Þfμν2 ðx1; x2Þ: ðA34Þ

For the term tμν3 , the trace is computed with the help of Eqs. (A17a), (A17b) and (A29)

Trfγνð=kk þmfÞO−γμð=k⊥ − =p⊥Þg þ C:C: ¼ 4½kμkðkν⊥ − pν⊥Þ þ kνkðkμ⊥ − pμ
⊥Þ�: ðA35Þ

After introducing Schwinger’s parametrization and using the generating function for the Laguerre polynomials (with the
shift m0 ¼ m − 1), we obtain
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tμν3 ¼ −
8

ð2πÞ4 g
2

Z
d2x

Z
d4k

e−2jqfBjx2eαðkkÞx1eβðkkÞx2

ð1þ 2e−2jqfBjx1Þð1þ 2e−2jqfBjx1Þ2 exp
�
−
k2⊥ þ ðk − pÞ2⊥

jqfBj
�

× exp

�
nðx1Þ

2k2⊥
jqfBj

�
exp

�
nðx2Þ

2ðk − pÞ2⊥
jqfBj

�
½kμkðkν⊥ − pν⊥Þ þ kνkðkμ⊥ − pμ

⊥Þ�: ðA36Þ

The change of variable in Eq. (A22) leads to the result

tμν3 ¼ −
8

ð2πÞ4 g
2

Z
d2x

Z
d4k

e−2jqfBjx2 ½Iμν
2 ðx1; x2Þ þ Iνμ

2 ðx1; x2Þ�
ð1þ 2e−2jqfBjx1Þð1þ 2e−2jqfBjx1Þ2 exp

�
−

tanhðjqfBjx1Þ tanhðjqfBjx2Þ
tanhðjqfBjx1Þ þ tanhðjqfBjx2Þ

p2⊥
jqfBj

�
; ðA37Þ

where

Iμν
2 ¼

Z
d2kkeαðkkÞx1eβðkkÞx2

Z
d2q⊥e−ηq

2⊥kμk½qν⊥ þ ðσ − 1Þpν⊥�; ðA38Þ

with

η≡ tanhðjqfBjx1Þ þ tanhðjqfBjx2Þ
jqfBj

; ðA39aÞ

and

σ ≡ tanhðjqfBjx2Þ
tanhðjqfBjx1Þ þ tanhðjqfBjx2Þ

: ðA39bÞ

The perpendicular integration has a simple Gaussian form for which the linear term in q⊥ integrates to zero, yielding

Iμν
2 ¼ πðσ − 1Þ

η
pν⊥

Z
d2kkeαðkkÞx1eβðkkÞx2k

μ
k: ðA40Þ

The shift of variable in Eq. (A24) also implies a Gaussian integration (in Euclidean space), where the linear terms in l vanish
after integration. In this way

Iμν
2 ¼ π2ðσ−1Þ

η

x2
ðx1þx2Þ2

pμ
kp

ν⊥ exp
�

x1x2
x1þx2

p2
k−m2

fðx1þx2Þ
�
¼−

iπ2jqfBjx2
ðx1þx2Þ2

tanhðjqfBjx1Þpμ
kp

ν⊥
½tanhðjqfBjx1Þþ tanhðjqfBjx2Þ�2

: ðA41Þ

Putting together these results

tμν3 ¼ −
ijqfBjπ2
ð2πÞ4 g2

Z
d2x

x2ejqfBjx1 sinhðjqfBjx1Þ
ðx1 þ x2Þ2sinh2½jqfBjðx1 þ x2Þ�

exp

�
x1x2

x1 þ x2
p2
k −m2

fðx1 þ x2Þ
�

× exp

�
−

tanhðjqfBjx1Þ tanhðjqfBjx2Þ
tanhðjqfBjx1Þ þ tanhðjqfBjx2Þ

p2⊥
jqfBj

�
ðpμ

kp
ν⊥ þ pν

kp
μ
⊥Þ: ðA42Þ

The structure tμν6 is obtained from tμν3 after the shift n0 ¼ n − 1 which means introducing a factor −e−2jqfBjx1, thus

tμν6 ¼ −
ijqfBjπ2
ð2πÞ4 g2

Z
d2x

x2e−jqfBjx1 sinhðjqfBjx1Þ
ðx1 þ x2Þ2sinh2½jqfBjðx1 þ x2Þ�

exp

�
x1x2

x1 þ x2
p2
k −m2

fðx1 þ x2Þ
�

× exp

�
−

tanhðjqfBjx1Þ tanhðjqfBjx2Þ
tanhðjqfBjx1Þ þ tanhðjqfBjx2Þ

p2⊥
jqfBj

�
ðpμ

kp
ν⊥ þ pν

kp
μ
⊥Þ; ðA43Þ

and therefore

tμν3 þ tμν6 ¼ −
ijqfBj
8π2

g2
Z

d2x
x2 coshðjqfBjx1Þ sinhðjqfBjx1Þ
ðx1 þ x2Þ2sinh2½jqfBjðx1 þ x2Þ�

exp

�
x1x2

x1 þ x2
p2
k −m2

fðx1 þ x2Þ
�

× exp

�
−

tanhðjqfBjx1Þ tanhðjqfBjx2Þ
tanhðjqfBjx1Þ þ tanhðjqfBjx2Þ

p2⊥
jqfBj

�
ðpμ

kp
ν⊥ þ pν

kp
μ
⊥Þ: ðA44Þ
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Coming now to the terms tμν7 and tμν8 , we notice that they share a common tensor form. Starting from tμν3 , the expression for
tμν7 is obtained by replacing x1 → x2 and p → −p. Moreover, tμν8 is obtained from tμν7 by performing the shift m0 ¼ m − 1

which amounts to introducing a factor −e−2jqfBjx2. Implementing these observations, we get

tμν7 þ tμν8 ¼ −
ijqfBj
8π2

g2
Z

d2x
x1 coshðjqfBjx2Þ sinhðjqfBjx2Þ
ðx1 þ x2Þ2sinh2½jqfBjðx1 þ x2Þ�

exp

�
x1x2

x1 þ x2
p2
k −m2

fðx1 þ x2Þ
�

× exp

�
−

tanhðjqfBjx1Þ tanhðjqfBjx2Þ
tanhðjqfBjx1Þ þ tanhðjqfBjx2Þ

p2⊥
jqfBj

�
ðpμ

kp
ν⊥ þ pν

kp
μ
⊥Þ; ðA45Þ

then

tμν3 þ tμν6 þ tμν7 þ tμν8 ¼−
ijqfBj
8π2

g2
Z

d2x
2ðx1þx2Þ2sinh2½jqfBjðx1þx2Þ�

exp

�
x1x2

x1þx2
p2
k−m2

fðx1þx2Þ
�

×exp
�
−

tanhðjqfBjx1Þ tanhðjqfBjx2Þ
tanhðjqfBjx1Þþ tanhðjqfBjx2Þ

p2⊥
jqfBj

�
½x1 sinhð2jqfBjx2Þþx2 sinhð2jqfBjx1Þ�ðpμ

kp
ν⊥þpν

kp
μ
⊥Þ

≡−
i

8π2
g2
Z

d2xf0ðx1;x2Þfμν3 ðx1;x2Þ: ðA46Þ

Finally, the trace in the term tμν9 is given by

Trfγν=k⊥γμð=k⊥ − =p⊥Þg ¼ 4½ðk⊥ · p⊥ þ k2⊥Þgμν þ 2kμ⊥kν⊥ − ðpμ
⊥kν⊥ þ pν⊥k

μ
⊥Þ�: ðA47Þ

After introducing the Schwinger parametrization and performing the sum together with the shift in Eq. (A22), we get

tμν9 ¼ −
2

ð2πÞ4 g
2

Z
d2x

cosh2ðjqfBjx1Þcosh2ðjqfBjx2Þ
exp

�
−

tanhðjqfBjx1Þ tanhðjqfBjx2Þ
tanhðjqfBjx1Þ þ tanhðjqfBjx2Þ

p2⊥
jqfBj

�

×
Z

d2kkeαðkkÞx1eβðkkÞx2
Z

d2q⊥e−ηq
2⊥ ½ðq2⊥ þ σðσ − 1Þp2⊥Þgμν þ 2qμ⊥qν⊥ þ 2σðσ − 1Þpν⊥p

μ
⊥�; ðA48Þ

where we have ignored linear terms in q⊥ and the variables η and σ are defined in Eqs. (A39). In Euclidean space, by means
of the change of variable given in Eq. (A24), the parallel integral is easily performed, yielding

tμν9 ¼ −
2iπ
ð2πÞ4 g

2

Z
d2x

ðx1 þ x2Þ cosh2ðjqfBjx1Þ cosh2ðjqfBjx2Þ
exp ½ x1x2

x1 þ x2
p2
k −m2

fðx1 þ x2Þ�

× exp

�
−

tanhðjqfBjx1Þ tanhðjqfBjx2Þ
tanhðjqfBjx1Þ þ tanhðjqfBjx2Þ

p2⊥
jqfBj

�
J μν

2 ðx1; x2Þ; ðA49Þ

where

J μν
2 ¼

Z
d2q⊥e−ηq

2⊥ ½ðq2⊥ þ σðσ − 1Þp2⊥Þgμν þ 2qμ⊥qν⊥ þ 2σðσ − 1Þpν⊥p
μ
⊥�: ðA50Þ

The last integral has a simple Gaussian form and it is straightforward to compute it, yielding

J μν
2 ¼ πjqfBj2

½tanhðjqfBjx1Þ þ tanhðjqfBjx2Þ�2
��

1 −
tanhðjqfBjx1Þ tanhðjqfBjx2Þp2⊥

jqfBj½tanhðjqfBjx1Þ þ tanhðjqfBjx2Þ�
�
gμν

− gμν⊥ −
2 tanhðjqfBjx1Þ tanhðjqfBjx2Þ

jqfBj½tanhðjqfBjx1Þ þ tanhðjqfBjx2Þ�
pν⊥p

μ
⊥
�
: ðA51Þ
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Putting all of this together, we get

tμν9 ¼ −
ijqfBj2
8π2

Z
d2x

ðx1 þ x2Þsinh2½eBðx1 þ x2Þ�
��

1 −
tanhðjqfBjx1Þ tanhðjqfBjx2Þp2⊥

jqfBj½tanhðjqfBjx1Þ þ tanhðjqfBjx2Þ�
�
gμν

− gμν⊥ −
2 tanhðjqfBjx1Þ tanhðjqfBjx2Þ

jqfBj½tanhðjqfBjx1Þ þ tanhðjqfBjx2Þ�
pν⊥p

μ
⊥
�

≡ −
i

8π2
g2

Z
d2xf0ðx1; x2Þfμν4 ðx1; x2Þ: ðA52Þ

APPENDIX B: TENSOR MANIPULATION OF EQS. (7)

In order to bring to light the tensor structure of Eq. (22), the terms fμν1 ðx1; x2Þ, fμν3 ðx1; x2Þ and fμν4 ðx1; x2Þ in Eqs. (7) have
been factorized in a convenient way, so as to avoid the projection procedure which can lead to nonphysical contributions.
The tensor fμν2 ðx1; x2Þ remains unchanged and the manipulation is made by direct inspection.
For fμν1 ðx1; x2Þ:

fμν1 ðx1; x2Þ ¼ jqfBj coth ½jqfBjðx1 þ x2Þ�
��

x1x2
ðx1 þ x2Þ3

p2
k þ

m2
f

x1 þ x2

�
gμνk −

2x1x2
ðx1 þ x2Þ3

pμ
kp

ν
k

�

¼ jqfBj coth ½jqfBjðx1 þ x2Þ�
��

x1x2
ðx1 þ x2Þ3

p2
k þ

m2
f

x1 þ x2

�
gμνk þ 2x1x2

ðx1 þ x2Þ3
ðp2

kg
μν
k − p2

kg
μν
k − pμ

kp
ν
kÞ
�

¼ jqfBj
coth ½jqfBjðx1 þ x2Þ�

ðx1 þ x2Þ3
½2x1x2p2

kP
μν
k þ ðm2

fðx1 þ x2Þ2 − x1x2p2
kÞgμνk �: ðB1Þ

For fμν3 ðx1; x2Þ:

fμν3 ðx1; x2Þ ¼
jqfBj

2ðx1 þ x2Þ2sinh2½jqfBjðx1 þ x2Þ�
½x1 sinhð2jqfBjx2Þ þ x2 sinhð2jqfBjx1Þ�ðpμ

kp
ν⊥ þ pν

kp
μ
⊥Þ: ðB2Þ

Notice that

pμpν ¼ ðpμ
k − pμ

⊥Þðpν
k − pν⊥Þ ¼ pμ

kp
ν
k þ pμ

⊥pν⊥ − ðpμ
kp

ν⊥ þ pν
kp

μ
⊥Þ; ðB3Þ

therefore,

ðpμ
kp

ν⊥ þ pν
kp

μ
⊥Þ ¼ pμ

kp
ν
k þ pμ

⊥pν⊥ − pμpν ¼ pμ
kp

ν
k þ pμ

⊥pν⊥ − pμpν þ p2gμν − p2gμν

¼ p2

�
gμν −

pμpν

p2

�
þ pμ

kp
ν
k þ pμ

⊥pν⊥ − ðp2
k − p2⊥Þðgμνk þ gμν⊥ Þ

¼ p2

�
gμν −

pμpν

p2

�
− p2

kP
μν
k þ p2⊥P

μν
⊥ − p2

kg
μν
⊥ þ p2⊥g

μν
k

¼ p2

�
gμν −

pμpν

p2
− Pμν

k − Pμν
⊥
�
þ p2Pμν

k þ p2Pμν
⊥ − pkP

μν
k þ p2⊥P

μν
⊥ − p2

kg
μν
⊥ þ p2⊥g

μν
k

¼ p2Pμν
0 − p2⊥P

μν
k þ p2

kP
μν
⊥ − p2

kg
μν
⊥ þ p2⊥g

μν
k : ðB4Þ

Thus,

fμν3 ðx1; x2Þ ¼
jqfBj½x1 sinhð2jqfBjx2Þ þ x2 sinhð2jqfBjx1Þ�

2ðx1 þ x2Þ2 sinh2 ½jqfBjðx1 þ x2Þ�
ðp2Pμν

0 − p2⊥P
μν
k þ p2

kP
μν
⊥ − p2

kg
μν
⊥ þ p2⊥g

μν
k Þ: ðB5Þ

Finally, for fμν4 ðx1; x2Þ, given that
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pμ
⊥pν⊥ ¼ pμ

⊥pν⊥ þ p2⊥g
μν
⊥ − p2⊥g

μν
⊥ ¼ p2⊥P

μν
⊥ − p2⊥g

μν
⊥ ; ðB6Þ

we have

fμν4 ðx1; x2Þ ¼
jqfBj2

ðx1 þ x2Þsinh2½jqfBjðx1 þ x2Þ�
��

1 −
tanhðjqfBjx1Þ tanhðjqfBjx2Þ

jqfBj½tanhðjqfBjx1Þ þ tanhðjqfBjx2Þ�
p2⊥

�
gμν

− gμν⊥ −
2 tanhðjqfBjx1Þ tanhðjqfBjx2Þ

jqfBj½tanhðjqfBjx1Þ þ tanhðjqfBjx2Þ�
pμ
⊥pν⊥

�

¼ jqfBj2
ðx1 þ x2Þsinh2½jqfBjðx1 þ x2Þ�

��
1 −

tanhðjqfBjx1Þ tanhðjqfBjx2Þ
jqfBj½tanhðjqfBjx1Þ þ tanhðjqfBjx2Þ�

p2⊥
�
gμν

− gμν⊥ −
2 tanhðjqfBjx1Þ tanhðjqfBjx2Þ

jqfBj½tanhðjqfBjx1Þ þ tanhðjqfBjx2Þ�
Pμν

⊥ þ 2 tanhðjqfBjx1Þ tanhðjqfBjx2Þ
jqfBj½tanhðjqfBjx1Þ þ tanhðjqfBjx2Þ�

p2⊥g
μν
⊥
�
: ðB7Þ

By collecting the common terms of the structures Pμν
k ;Pμν

⊥ and Pμν
0 , we find the coefficients of Eqs. (23)–(27).

APPENDIX C: ELIMINATION OF SPURIOUS TENSORS

In order to eliminate the spurious contributions, we follow the procedure discussed in Ref. [22]. First, let us scale the x
parameters, such that xi → λzi, with ðλ; ziÞ ∈ R. Therefore, the integral that involves the coefficient A1 is

IA1
¼ λ2

Z
d2z exp

�
λ

�
z1z2

z1 þ z2
p2
k −m2

fðz1 þ z2Þ
��

exp

�
−

tanhðλjqfBjz1Þ tanhðλjqfBjz2Þ
tanhðλjqfBjz1Þ þ tanhðλjqfBjz2Þ

p2⊥
jqfBj

�

×

�
coth ½λjqfBjðz1 þ z2Þ�

λðz1 þ z2Þ3
ðm2

fðz1 þ z2Þ2 − z1z2p2
kÞ þ

z1 sinhð2jqfBjz2Þ þ z2 sinhð2λjqfBjz1Þ
2λðz1 þ z2Þ2sinh2½λjqfBjðz1 þ z2Þ�

p2⊥

þ jqfBj
λðz1 þ z2Þsinh2½λjqfBjðz1 þ z2Þ�

�
1 −

tanhðλjqfBjz1Þ tanhðλjqfBjz2Þ
jqfBj½tanhðλjqfBjz1Þ þ tanhðλjqfBjz2Þ�

p2⊥
��

; ðC1Þ

which can be written as

IA1
¼ −λ

∂
∂λ

Z
d2z

ðz1 þ z2Þ2
coth ½λjqfBjðz1 þ z2Þ� exp

�
λ

�
z1z2

z1 þ z2
p2
k −m2

fðz1 þ z2Þ
��

× exp

�
−

tanhðλjqfBjz1Þ tanhðλjqfBjz2Þ
tanhðλjqfBjz1Þ þ tanhðλjqfBjz2Þ

p2⊥
jqfBj

�
: ðC2Þ

Scaling back λz1 → xi, we obtain

IA1
¼−λ

∂
∂λ

Z
d2x

ðx1þx2Þ2
coth ½jqfBjðx1þx2Þ�exp

�
x1x2

x1þx2
p2
k−m2

fðx1þx2Þ
�
exp

�
−

tanhðjqfBjx1Þ tanhðjqfBjx2Þ
tanhðjqfBjx1Þþ tanhðjqfBjx2Þ

p2⊥
jqfBj

�
;

ðC3Þ

and thus, the derivative is applied to a function independent of λ. Therefore IA1
¼ 0.

The implementation of the same argument for IA2
is more involved, given that the function is not a trivial combination of

coefficients for p2
k and p2⊥. After the λ-scaling, the integral is

IA2
¼ λ2

Z
d2z

λðz1 þ z2Þ2
Iðλz1; λ2Þ; ðC4Þ

where
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Iðλz1; λz2Þ ¼ f0ðλz1; λz2Þ
�
cosh ½λjqfBjðz2 − z1Þ�
sinh ½λjqfBjðz1 þ z2Þ�

�
z1z2

z1 þ z2
p2
k þm2

fðz1 þ z2Þ þ
1

λ

�

−
z1 sinhð2λjqfBjz2Þ þ z2 sinhð2λjqfBjz1Þ

2sinh2½λjqfBjðz1 þ z2Þ�
p2
k þ

ðz1 þ z2Þ sinhðλjqfBjz1Þ sinhðλjqfBjz2Þ
sinh3½λjqfBjðz1 þ z2Þ�

p2⊥
�
; ðC5Þ

so that by expanding in a Taylor series around λ ¼ 0 it is possible to find that

Z
Iðλz1;λz2Þdλ¼−

1

jqfBjðz1þ z2Þλ
þ2jqfBj2ðz1þ z2Þ2ðz21−4z1z2þ z22Þþ3ðz1z2p2−m2ðz1þ z2Þ2Þ2

6jqfBjðz1þ z2Þ3
λ

þ λ2

6jqfBjðz1þ z2Þ4
½ð3p4z21z

2
2−3m2p2z1z2ðz1þ z2Þ2þm4ðz1þ z2Þ4Þðz1þ z2Þ2m2

− z1z2ðp6z21z
2
2−2jqfBj2ðz1þ z2Þ2ðp2ðz1− z2Þ2−p2⊥z1z2ÞÞ�

þ λ3

1080jqfBjðz1þ z2Þ5
½45ðp2z1z2−m2ðz1þ z2Þ2Þ4þ8jqfBj4ðz1þ z2Þ4ðz41þ4z31z2−24z21z

2
2þ4z1z32þ z42Þ

−60jqfBj2ðz1þ z2Þ2ðp2z1z2−m2ðz1þ z2Þ2Þðm2ðz1þ z2Þ2ðz21−4z1z2þ z22Þ
þ z1z2ðp2ð3z21−4z1z2þ3z22Þ−6p2⊥z1z2ÞÞ�þOðλ4Þ; ðC6Þ

where the desired scaling properties are recovered and hold for all orders in λ. This means that it is possible
to write

Z
Iðλz1; λz2Þdλ ¼ −

1

jqfBjðz1 þ z2Þλ
þ hðλz1; λz2Þ; ðC7Þ

thus

Iðλz1; λz2Þ ¼
∂
∂λ

�
−

1

jqfBjðz1 þ z2Þλ
þ hðλz1; λz2Þ

�
¼ ∂

∂λ
�
−

1

jqfBjðx1 þ x2Þ
þ hðx1; x2Þ

�
¼ 0; ðC8Þ

and therefore, IA2
¼ 0.

The above argument is valid for all values of λ. Consequently, the result can be taken as general.
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