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Anomaly of a gauge theory under rescaling of the fields
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We determine the anomaly associated with an arbitrary scaling of the fields in a quantum gauge theory
without making use of the Fujikawa method. We show that this anomaly is dependent on the spin term
present in the action and at one loop can be directly extracted from the spin contribution to the one loop
effective action. Our results can be readily applied to any gauge theory, supersymmetric or not, and agree
with a previous determination for supersymmetric gauge theories based on the Fujikawa method.
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Quantum gauge field theories have an anomaly asso-
ciated with the scale transformation given by

o :@F’“’”Fﬁw (1)

29

where F{, is an Abelian gauge tensor, f(g) is the beta
function of the coupling constant g, and @y, is the trace of
the symmetric energy-momentum tensor ..

The scale anomaly [1-6] (and references therein) mea-
sures the behavior of the gauge theory under the scale
transformation which includes the scaling of space-time
and also specific transformations for each field. It might be
useful to determine also the anomalous contribution to the
theory given by only the arbitrary scaling of the fields. Such
a scaling was used earlier for supersymmetric gauge
theories in [7] to connect the holomorphic and the canoni-
cal coupling constants. It turned out that such an endeavour
was by no means trivial. Here we will use a simple tractable
method that makes no reference to the Fujikawa method
employed usually. We will show that although our deriva-
tion refers to QCD, our results may be directly applied to
any gauge theory, supersymmetric or not, for which the one
loop contribution (or higher orders) to the effective action
is known.

Consider for illustration QCD based on the group SU(N)
and with N, Dirac fermions in the fundamental represen-
tation of the gauge group. The partition function corre-
sponding to it is
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Z= / dALdY™ AP ;. deede! exp {—i / d“xﬁ} (2)

Here i, j are flavors indices and all the others are color
indices corresponding to the representation for each field.
As usual ¢ and ¢ denote the ghosts.

We make the following change of variables of integration
in the partition function:

Al(x) = AY (x') = Af(x) — alAg(x) + xP0,A,(x)],

Y(x) - ¥ () =¥x) —a B‘I’(x) + x”@,,‘l’(x)} .

¥ ¥(x)=¥(x) - a[—‘i’(x) +xp8p‘i‘(x)} .3

One can recognize in the transformation in Eq. (3) the
standard scale transformation of the fields. A similar
transformation may be associated with the ghosts or not.

Equation (3) introduces a Jacobian in the partition
function in Eq. (2):

o [6AG(x)
J(A5) = det (Mg’(x’)]
J_l (qjib) = det ;:I_I;J/]:bé;c/))} s
JH(P,,) = det ?’;—‘73} : (4)

Here we took into account the anticommuting nature of the
fermion fields.

Next we need to consider how the action transforms. For
that we write:
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/ & xL(AL(x). Wiy (x). ¥, (1))
N / d*x L((Af (), Wi (), ¥ ()
— / d*x L((Af (&), Wi ('), W), (x))

n / LA (). Wiy (7). B ()
— L((A(), Py (), B ()] (5)

Then the change in the action given by the big square
bracket in Eq. (5) corresponds to the contribution from the
Jacobians in Eq. (4). One can easily determine the quantity
in the square brackets as the integral in space time of

a[Ty = 0L, (6)

where @), is the trace of the symmetric energy tensor and 7%,
is the trace of the canonical energy-momentum tensor
according to

oL

0] + 7. ™)

Here ®; denote any generical field present in the action,
gauge, or fermion ones. Then a change due to only scaling
of the fields is given by

alri-of) = o0, [5G 0@)| @

The expression on the right-hand side of Eq. (8) looks
complicated and unhelpful. However in [8] a more ame-
nable version for a general gauge theory was introduced in
the form

Ti_ g — _g) . (9)
where
oL
wpv — —p ——9 pav, 10
X oF, (10)

Here L, is the gauge invariant kinetic term for the gauge
fields.

Next we will determine the exact contribution of the
tensor in Eq. (10). We will work in the background gauge
field method where the gauge field becomes A;; — By + Aj
where By is a background gauge field and Aj becomes the
fluctuating field. The gauge kinetic part of the Lagrangian
in the background gauge field is [9]

1 b Ac
_4_92[BZD+DMAII:/! _DI/A; +fubLA£Av}2’ (11)
where By, is the gauge tensor for the background gauge
field. Since we do not scale the background gauge field we

need to consider the tensor y#** pertaining only to the
fluctuating field. Then it may be written as

, oL oL
)(il/’ - —2 aFaZP [Aaﬂ + Btlﬂ] + ZW [Baﬂ]. (12)
Here we consider the tensor for the full Lagrangian and
extracted the contribution from the background gauge field.
Equation (12) can be written further as

1 1 oL
Lip = 2 FiplA® + B] = Fj, B +2 oo (B

oL,
aBw

1
= S F4,A% 42
92 Hp

B

2

1 1
= g—szA“” + ; [D,AS — D,Aq] A%

1 oL
abc Ab Ac pAa m a
+ g2f AJAJAYN + 283“’4’ [B]. (13)
In the background gauge field formalism the contribution

from the gauge and fermion terms at one loop to the
effective action are stemming from [9]

1 i . i
£ = =3 A= (DY) =2 B
[detfiy*D, 2 = [det[-D? + BL, 1|7 (14)

where in the last line we considered the integral of the
fermion quadratic term. One notices immediately that on
the right-hand side of Eq. (13) the first term must be
dropped as being linear in the fluctuating field and the third
term must also be dropped because it is trilinear so it will
bring contribution only at two loops. We are interested only
in the one loop result as the full contribution might contain
terms at any loop order (as opposed to the supersymmetric
QCD where we expect that the full contribution is only at
one loop). With regard to the contribution of the gauge
fluctuating fields we are left only with the second term and
the last term in the last line of Eq. (13). The second term
may be written as

1
7 [D,A% — D,A%|A%
1
= 10+ S B O, — B ALIA
1 1
= 7 [0,A4 — 9,A4]A% + 7 [feP°BLAS — faPBbAd]Av.

(15)
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We introduce the result in the last line of Eq. (15) into
Eq. (9) to obtain

([T = 0ula = [5%/)]

= L0

uip

0,Aq]A%

- aﬂ? [f4>¢BLAS — fe BEASIA.  (16)

The subscript A refers to the fluctuating gauge fields
contribution. The expression in the second line is a total
derivative which does not contain the background gauge
field so in the quantum approach will lead to zero. The
second term on the last line is zero by antisymmetry. The
first term on the last line may be calculated to lead to

()2
- [&’(a(xﬂg—lz

a(x) [Ty = O], =

[FabeBEASA®].  (17)

Next we need to compute the contribution of the last term in
the background gauge field method at one loop. Before
doing that we need to calculate the similar contribution
from the fermion fields using Eq. (13) and the second line
in (14):

oLy (.
OBa+r (B =

g In[det[~D? + BY°S , 1*]: B
1
E (_82) lBuMSW)th

(18)

Tr[(-0?)

A (~0R)1A ] = = TH(07)75(x ~ )A

Note that contribution of the fermions is written schemati-
cally in terms of operators and we consider terms that might
contribute only at one loop. Moreover the estimate is made
for one single flavor of fermions. Then

a(xX)[T} = Oul; = —a(x) [0 2l

= [0°a(x)](=0%)" 1B"”Sﬂpz‘b, (19)

again written in terms of operators.

We observe that in both Egs. (17) and (19) appear spin
contribution which at one loop may be associated only with
the spin term in Eq. (14). There is no need to compute
explicitly any of the integrals. In the background gauge
field method one knows that the contribution of the spin
operators comes from:

1A, (077 A,

Tr[(-5?) (20)

where

Ay = Bﬁ,,jf’”tb, (21)

where [J7° is the spin operator particular for each spin
representation. Contribution of these spin terms to the scale
anomaly [with the parameter a(x) of the effective
Lagrangian in the background gauge field method] can
be calculated as follows [9]:

J)(=0%);16(y — x) A (x)]

=y [ [t / / /(er) /(;1;1;4
1

. [iz explip(x = )], (k) expliky] s explig(y - x)JA, (1) exp[im@
p q

d*q

- T/<§jr>/<

X

2r)*

xplip(x — y)]A, (k) expliky]

L —
L explily - m]A,(r) exp[irx]}

q
d*q 1 1

1
2
{1
P’
1
2

- U én];/

4

Cay (g + 02

(k)Fb ( k) @ tbjpajaﬂ]

4C(r)C{) gl]
5|

472 (22)

rlz-

Here we worked in dimensional regularization scheme and C(j) is the result of summation over the spin structure operators
[C(j) = 2 for the gauge fields and C(j) = 1 for the Dirac fields]:

Tr[ Jre jaﬂ} =

(797 = ¢’ g7*)C()).

(23)
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Moreover 5°C(r) = Tr[t“t’] where t are the generators of
the adjoint representation for the gauge fields [C(r) = N]
and of the fundamental representation for the fermion fields
[C(r) = 1. The contribution to the effective action must be
multiplied by the power of the quadratic operators in the
partition function as in Eq. (14). Finally the relevant result
for the spin contribution in the effective action is

8N 2Ny
— uv
a(x) [647: i ]BWB , (24)

where here the role of a(x) is played by In(k).
Then one can infer straightforwardly the corresponding
terms coming from Eqs. (17) and (19):

a(x)[Ty — 6] = 8”a(x)B“MFaMﬂ2[ 8N 2Nf:|

64?6477
8N 2Nf]

25
64n> 6472 (25)

= — ( )Baﬂ/’sz[

where the contribution of gauge fields and fermions can be
distinguished easily. Here the factor of 2 in front of the
square bracket and the absence of the minus sign come
from the fact that the expansion of the operators is done
only in the first order.

We go back to Eq. (3) to find the exact scaling that
corresponds to the result in Eq. (25). One has

Al (XAY (') = Af(x)AY (x) — a2 — 0,x"]Afi(x)Af(x)
= Af(x)AJ (x) + 2aA;(x)A7(x)
V(X)W (x) = P(x)¥(x) + aP(x)P(x). (26)

Here we took into account the Fujikawa approach where
the fields appear in pairs and the result is correct up to a
total derivative. Consequently the emergent scaling is —1
for the gauge fields and —% for the fermion fields. For the
same scaling for fermions as for the gauge fields we need to
multiply the fermion term in Eq. (25) by 2. Moreover since
the integration variables are in terms of prime fields we
need to multiply the full result by (—1) which would
correspond to a natural scaling of the fields by a. Then the
result of scaling by a of each field in the Lagrangian is

aup pa
aB" By, | ——

4 Hp

8N 4Nf _ lBaﬂl’Ba 4N 2Nf
647> 6472 872  8n2

(27)

In [7] the authors computed the contribution to the
supersymmetric QCD Lagrangian coming from the scaling
of the gauge fields by g, and from the scaling of the
matter fields by Z; where Z; is the renormalization
constant associated with the matter fields. Assuming
InZ; =Ing. = a the contribution reads

——a|— +

1 [ N Ny
47 42 T an?

]W“ W, (28)

where Wy, is the supersymmetric gauge tensor that
includes gauge fields and gluinos.

Let us write the result that would correspond to the
supersymmetric Lagrangian in our approach. Because we
deal with spin structures the scalar fields should not bring
any contributions. Then in the result of Eq. (27) the gluons
and fermions would have exactly the same terms and we
need to add only the gluino contribution. Since the gluinos
are in the adjoint representations a factor of 2N should be
added (which includes the absence of the factor % and the
group constant N). Moreover because the gluinos are
Majorana fermions a factor of 1 must be considered.
Finally one obtains

4_1 aWaP\a [4_N_2_N_2Nf]

H18x? 8z  8x?
1 N Ny
=——a|——% Wi, wer, 29
4“[ 47z2+47r} (29)

a result which coincides exactly to that in Eq. (28).

One can apply the method introduced here to QCD in the
background gauge field method to obtain a trivial results or
to QCD in the regular renormalization method. However
the latter requires and deserves a detailed treatment in a
separate work due to the more complicated relation
between the renormalization constants.

In order to show the relevance of our works we will
consider QED. The renormalized QED Lagrangian is

L= 2,%iy0,%; +Ziey WfrA,Y,
! f
1
~ 1 ZF"F,,. (30)

where eozzzy 2= eZ, and the bare index corresponds to
the bare charge and the rest of the quantities are renor-
malized. Moreover for QED Z; = Z,. The sum is consid-
ered over fermion flavors f which are all assumed with the
same charge.

The beta function at two loops is

N N
Led+—Led (31)

Ple) =153 T s

whereas the renormalization constant Z, at one loop has the
expression

e’ 1
Zi=2=1——5—+---, 32
1 2 82 ¢ + (32)
where d = 4 — 2¢ in dimensional renormalization scheme.
We make the change of variables in the partition function
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¥ =2, ¥, = 7', and A, = Z;"°A], (an ini-
tial scaling of the fields eyA, = A, is implicitly assumed).
Then the effective action at one loop will be

171 N

1 e(z) 6—#21n(k)—Nfln[Zz] F"F,,. (33)

4?

Here we applied the result in Eq. (27) and took into
account the fact that the sign is opposite. Then in order to
establish the correct structure of the effective action one
should have
1 Ny 1 1
———5Ink) = N,In|Z,| — = —. 34
e% 671'2 ( ) f [ 2] 4”2 62 ( )

We apply dlin% to Eq. (34) and use Eq. (32) to obtain

e? ple)

- — N,—-N,— = , 35
6m2 13072 e (35)

which evidently leads to the QED beta function at two
loops as in Eq. (31).

Our calculations showed undoubtedly that for any gauge
theory supersymmetric or not the anomaly associated with
an arbitrary scaling of the fields can be readily associated
and extracted at least at one loop from the spin dependent
contribution of the fields to the one loop effective action.
The method employed here and the results may have
important application in deciphering the properties of
any gauge theory.
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