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The RQCD Collaboration proposed a projection method to remove the excited-state contamination in
lattice QCD calculations of nuclear form factors. The effectiveness of this method in removing the two-
particle nucleon-pion-state contamination is examined using chiral perturbation theory. It is shown that the
projection method has practically no impact in the calculation of the axial and induced pseudoscalar form
factors. In the pseudoscalar form factor the projection method strongly enhances the nucleon-pion-state
contamination. The generalized Goldberger-Treiman relation is satisfied even though large nucleon-pion-
state contaminations are present in individual form factors. Therefore, the projection method is not a

solution to the excited-state problem in nucleon form factor calculations.
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I. INTRODUCTION

Lattice QCD results can have a valuable impact on
particle physics areas beyond QCD. For example,
Ref. [1], one of a series of white papers from the
USQCD Collaboration, discusses the opportunities for
lattice QCD in neutrino-oscillation physics. Lattice QCD
is in principle able to provide various observables, among
others the vector and axial vector form factors of the
nucleon. Lattice calculations of these form factors have a
long history and are straightforward to carry out. However,
in order to be phenomenologically relevant the lattice results
need to have small and reliable statistical and systematic
errors such that the total error is at the percent level.
Currently this is still challenging to achieve.

Even though the lattice techniques for the calculation of
nucleon form factors are well established, recent calcula-
tions of the axial form factors display an unexpected and
puzzling behavior: The partially conserved axial vector
current (PCAC) relation implies the so-called generalized
Goldberger-Treiman (gGT) relation between the axial and
pseudoscalar form factors, but the lattice results for the
form factors strongly violate this relation [2-5]. As pointed
out by the RQCD Collaboration [6], this so-called PCAC
puzzle is surprising since the PCAC relation is fulfilled
rather well on the level of the correlation functions. This
strongly suggests a large excited-state contamination as the
source for violating the gGT relation.
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As a remedy RQCD proposed a simple projection
method to remove the large excited-state contamination
from the correlation functions [6]. Numerical tests of this
method show that the gGT relation is indeed satisfied if
the projection method is applied. Still, the results are not
fully conclusive. A large excited-state contamination in the
induced pseudoscalar form factor is essentially unaffected
by the projection, and the theoretically expected pion pole
dominance for this form factor is as badly violated as before
applying the projection method.

The excited-state contamination due to two-particle
nucleon-pion (Nz-)states has recently been studied in
Refs. [7-9] within chiral perturbation theory (ChPT). It
has been shown that the observed violation of the gGT
relation can be explained by a large Nz contamination in
the induced pseudoscalar form factor. The Nz contamina-
tion in the axial and pseudoscalar form factors have a much
smaller influence, in particular for small momentum trans-
fer. These findings are apparently in contradiction to the
results in [6]: How can the projection method solve the
PCAC puzzle if it has essentially no impact on the Nz
contamination in the induced pseudoscalar form factor?

In this paper we extend the ChPT results in Refs. [7,8] to
the projected axial vector current and pseudoscalar density.
The results provide an analytical understanding for the
effectiveness of the projection method in removing the Nz-
state contamination and explain the apparent contradiction
mentioned before.

The main results of this paper are easily summarized.
The projection method removes only part of the Nz
contamination in the pseudoscalar form factor. The remain-
ing part is larger than the original one because the
subtraction upsets a delicate cancellation in the Nz con-
tamination. As a consequence the pseudoscalar form factor
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obtained with the projection method is largely overesti-
mated by the remaining Nz contamination. This overesti-
mation compensates the underestimation of the induced
pseudoscalar form factor and the gGT relation is indeed
satisfied. Obviously this is not the desired solution to the
PCAC puzzle: Applying the projection method we are left
with two form factors instead of one afflicted with a large
excited-state contamination. Comparing the ChPT results
with the lattice data of [6] strongly supports this conclusion.

This paper relies heavily on the results in Refs. [7,8], and
the reader is assumed to be familiar with these references.
The general ideas behind ChPT calculations of the Nz-state
contamination in nucleon observables have recently been
reviewed in [10,11] and are not repeated here.

II. NUCLEON AXIJAL FORM FACTORS

A. Basic definitions

We are interested in the matrix elements of the local
isovector axial vector current Af(x) and pseudoscalar
density P(x) between single-nucleon (SN) states |N(p, s))
of definite momenta and spin,

(N(p'.s")|AL(0)IN(p.s))

=) (11sGa(Q°) = irs - Gr(0%) ) G u(p.5),
(2.1)

m N )P O)IN (p. )
= m,Go(Q)i(p'.s )75 5 u(p.s). (22)

The right-hand side shows the form factor decomposition of
the matrix elements. m, denotes the mass of the up and down
quarks which we assume to be degenerate. u(p,s) is an
isodoublet Dirac spinor with momentum p and spin s, and in
Euclidean space-time the four-momentum transfer Q,, is
given by

-/ -

Q,=(iEvy —iEy;.4).  §=p'"—p. (23)

In Euclidean (lattice) QCD the form factors are computed for
spacelike momentum transfers Q? >0, with Q*> = (p' — p)* —
(Eyjy—Ey 5)* and the nucleon energy E}, » = p* + Mj,.
The two matrix elements are decomposed into three form
factors: the axial form factor G, (Q?), the induced pseu-
doscalar form factor GP(Qz), and the pseudoscalar form

factor Gp(Q?). These three form factors are not indepen-
dent. Taking the PCAC relation

0,A5(x) = 2m,P*(x)

i (2.4)

between SN states leads to the gGT relation

0

2MNGA(Q?) — WGP
N

(Q%) =2m,Gp(Q?)  (25)

for the three form factors.'

Considering (2.5) in the limit of vanishing momentum
transfer and pion mass one can conclude that both Gp(Q?)
and Gp(Q?) are dominated by a pion pole for small Q2. For
0? close to —M? one can derive the expressions”

- 4M?
G(0?) = QZT];,VI,Z,GA(QZ)’ (2.6)
My M2
2qu£pd(Q2) = QQ%M%GA(QZ)’ (2.7)

for the form factors, which are called the PPD model
results.

The standard procedure to compute the form factors
in lattice QCD is based on evaluating various two- and
three-point (pt) functions. The nucleon two-pt function is
given by

(1) = / PxeTT (N7 ON,(0.0)).  (2.8)

N, N denote interpolating fields of the nucleon. We assume
them to be given by the standard three-quark operators
[13,14] (either pointlike or smeared) that have been mapped
to ChPT [15-17]. The projector I' = (1 + y4)(1 + iysy3)/4
acts on spinor space and projects onto the positive-parity
sector.

The nucleon three-pt functions are typically computed
with the nucleon at the sink being at rest, p’ = 0, and the
third isospin component is chosen as a = 3. Thus, the
nucleon three-pt functions we consider are given by

dPye' DTy, (N (X, 1) A3 (7.7)N4(0,0)),  (2.9)

Csp(q.0.1)

= / dx / d*ye' DT 5, (N o (X,1)P3 (7, )N(0,0)).  (2.10)

The Euclidean times ¢ and ¢ denote the source-sink
separation and the operator insertion time, respectively.
With the two-pt and three-pt functions the generalized
ratios (u =1, ...,4,P)

'Reference [6] refers to it as the PCACk relation.
See Appendix B of Ref. [12] for a quick derivation.
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Csxa(G.1.7) \/Cz(cf,t—t’)C L(0.1) Cy(0.7)
Cy(0.1) | Co(0.1=1) Ca(g.1) Co(q.1)

(2.11)

R,(q.0.1) =

are defined. As a shorthand notation 4 = P refers to the
ratio with the pseudoscalar three-pt function (2.10). The
ratios are defined in such a way that, in the asymptotic limit
t,f',t—1¢ — oo, they converge to constant asymptotic
values,

R,(G.t.7) = TL,(G). (2.12)
The form factors are obtained from these constant values.
For example, the pseudoscalar form factor Gp(Q?) is
directly proportional to ITp(g),

1 Gp(0?).

p(g) =

(2.13)

The proportionality factor is a simple kinematical factor
that is easily computed and removed from ITp(g). The axial
form factors G,(Q?) and Gp(Q?) can be computed
analogously, although in general one has to solve a linear
system to extract the two form factors from two indepen-
dent asymptotic values Hﬂ((_j).3

Although this method works in principle, in practice one
only has access to the ratios R,(q.,7') at time separations
t, ¢’ that are far from being asymptotically large. In that case
the correlation functions and the ratios not only contain the
SN ground-state contribution, but also contributions of
excited states. This excited-state contamination enters the
calculation of the form factors: Instead of the true form
factors we obtain effective form factors including an
excited-state contamination. These effective form factors
are expected to be of the form®

GS(02. 1.1) = Gx(Q)[1 + AGx(Q%.1.1)],

X =A,P,P. (2.14)
The excited-state contribution AGx(Q2,t,7) vanishes
for t,¢,t —t — 0.

The effective form factors depend on both the source-
sink separation r and the operator insertion time #. As an
estimator for the form factor we can introduce the plateau

estimate G‘;(lat(Qz, 1) that, for a given source-sink separation
t, fixes ¢ to the value that minimizes the deviation from the
true form factor. Alternatively one can define the midpoint
estimate G4(Q?, 1) = G (Q?, 1,7 = t/2). Both are func-
tions of the momentum transfer and 7. In practice the

*The expressions for I1,(g) in terms of the axial form factors
are glven in Egs. (2.16) and (2.17) of Ref. [8], for example.
*For brevity we introduce the notation Gy = Gp.

difference between the two estimators is small, at least for
small momentum transfers.

Instead of the standard current and density the projection
method proposed in [6] uses

AL (x) Lty

= Aj(x) =5~ AU (x), (2.15)

1 pﬂpu

Pa’L(x) 2m, p
q

— Po(x) -

0,A%(x),  (2.16)

with p, = (p;, + p,)/2 being the mean of the initial and
final nucleon momenta. By construction the projected
current and density satisfy the PCAC relation (2.4) and
the contraction of p, with the SN matrix element in
Eq. (2.1) vanishes [6]. Therefore, the ratios R,}(Zj, t,1),
formed with the three-pt functions of the projected current
and density, have the same constant asymptotic values as
the original ratios in Eq. (2.12). However, the effective form
factors G;fﬁ (Q2.t,7') obtained from R;} (4, 1, ') at finite 7,
differ because the excited-state contaminations are in
general different,

AGy (0%, 1,1) # AGx(Q%,1,1). (2.17)

Therefore, the plateau and midpoint estimators also differ
depending on which currents or densities are used.

As a quantitative measure for violations of the gGT
relation one can introduce the dimensionless ratio [2,6]

0* G§'(Q%1)
4M3 GR(Q2.1)

my G§'(Q, 1)
My GSH(Q%. 1)’

for both the plateau and midpoint estimator, and, analo-
gously, raca. (02, 1). In the limit £ — co these ratios assume
the constant value 1. This is nothing but the gGT relation
(2.5). For finite ¢ the excited-state contamination in the form
factor estimators result in deviations from 1. One typically
finds values smaller than 1, and the deviation increases the

smaller the momentum transfer is [2,6].

rpeac(Q%1) = (2.18)

III. NUCLEON-PION EXCITED STATES

A. Preliminaries

In lattice simulations with pion masses as small as in
nature one can expect two-particle Nz-states to cause the
dominant excited-state contamination,

AGx(Q?,1,1) ~ AGY™(Q%, 1, 1), (3.1)
provided the time separations ¢, ¢ are sufficiently large.
This expectation rests on the naive observation that the
energy gaps between the Nz-states and the SN ground state
are smaller than those from resonance states and other
(heavier) multihadron states. For this to happen not only
does the pion mass need to be small, but sufficiently large
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spatial volumes are also necessary such that the discrete
spatial momenta imply sufficiently small energies for the
lowest-lying Nz-states. Volumes with M L ~ 4, typically
used in lattice simulations, fulfill this criterion [10].

Provided we are in the regime where Eq. (3.1) holds we
can use ChPT to get an estimate for the Nz-state contami-
nation AG{™ for all three form factors. For the axial form
factors the calculation to leading order (LO) is given in [7],
the analogous result for the pseudoscalar form factor can be
found in [8]. With these results it is straightforward to
derive the corresponding results for the projected current
and density, i.e., the contaminations AGQ{.

B. Nz-state contribution to nucleon three-pt functions

Performing the standard spectral decomposition in
C;,(q.t.7) defined in Egs. (2.9) and (2.10), the three-pt
function is found to be a sum of various contributions,

C3,(q,1,7) = C (G, 0.0) + CYn(g, t,7) + ... (3.2)
The first two terms on the right-hand side refer to the SN
and the Nz contributions. The ellipsis refers to omitted
contributions which we assume to be small in the follow-
ing. Provided the SN contribution is nonzero we may write
Eq. (3.2) as

Cs,u(g.1.1) = Cg\fﬂ((‘j, t.0)1+2Z,(q.1.7)).

(3.3)

Thus, Z, denotes the ratio Cgvl’j(ﬁ t t’)/Cé‘fﬂ(?]', t,t'). With
our kinematical setup p' =0 the generic form for

Z,(g.t.1) is found as [7]

Z,(@1.1) = a,(@)e SO0 1, (e sHT

(3.4)
k

The sum runs over all pion momenta k that are compatible

with the boundary conditions imposed for the spatial

volume. The nucleon momentum 7 is fixed to ¥ = —g — k
by momentum conservation. To LO in ChPT the energy gaps

AE(G, k) between the SN ground state and the Nz-states are
obtained by ignoring the (small) nucleon-pion interaction
energies, i.e.,

-

AE(G.K)=E_: +E

N.g+k — Ey

(39

- o~ -

The coefficients a,(g). a,(q). b,(q. k). b,(q. k). c,(g.k) in
Eq. (3.4) are ratios of matrix elements involving the nucleon

interpolating fields and either the axial vector current or
pseudoscalar density. To obtain ChPT estimates for these
coefficients both C%(Z], t,t) and Cé\’l’j(?] t,t') as well as the
ratio needs to be computed in ChPT. To LO
this involves 12 one-loop and three tree diagrams for
Cy7(g,1.1'). For the axial vector three-pt function this
has been done in [7], and the explicit results for the
coefficients are given in Sec. IV of that reference.

In order to compute Zp(q,t,¢'), the Nz contribution in
the pseudoscalar three-pt function, one may calculate the
same diagrams with the axial vector current replaced by the
pseudoscalar density. Alternatively, the result can be
obtained by making use of the PCAC relation which relates
the pseudoscalar coefficients to the axial vector ones. This
route has been followed in Ref. [8].

With the ChPT results for Z”(Ej, t,¢') at hand it is
straightforward to compute the analogous Nz contributions
associated with the projected current and density,
Zj(é’ t,t). Tt is defined with Egs. (2.15) and (2.16) in
the three-pt functions on the left-hand side in Eq. (3.3).
Z7(g.1.7) has the same form as Z,,(g, 7, ') in Eq. (3.4) but

with coefficients carrying a superscript: a; (§). bir (4. k),
etc. Ay (x) is a linear combination of all four A%(x), thus
the same holds for the Nz contributions,

Zr(q.1.1)=2,(q.1.1) - AZ,(G.t.7), (3.6)

B PPy i (=
AZ,(G.1.1) = Z# "(§)Z,(G. 1) (3.7)

14

The newly introduced rf,(g) denotes the ratio of SN
contributions in the three-pt function,

_ GG 1)

S MAS AL (3.8)
Cy,(q.1.1)

ru(q)

and to LO it is readily obtained with the results in Eqgs. (4.2)
and (4.3) of Ref. [7]. Note that the time dependence cancels
in the ratio on the right-hand side, so r,‘j is a function of the
momentum ¢ only.

The calculations in [7] are performed in the covariant
formulation of baryon ChPT [18,19]. The results for the
coefficients are rational functions involving the energies
and masses of the nucleon and pion, and the expressions are
fairly cumbersome in full covariant form. However, they
simplify significantly if we perform the nonrelativistic
(NR) expansion of the nucleon energy,

7

EN,Z]’ :MN +—+ ey

TR (3.9)

and keep the first two terms only. For practical uses this
approximation is expected to be sufficient. For example, the
NR expansion for the coefficients a,(q) with spatial index
uw=k=1, 2, 3, reads
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e Eng o
ar(q) = ap(q) + M'qak (4). (3.10)
N

and the results for a{*(q),a{™(g) are given in [7],
Eqgs. (4.14) and (4.16). Analogous expressions hold for
the other coefficients.

The NR expansion is slightly different for the coeffi-
cients with 4 = 4. The reason is that the SN contribution in
the three-pt function has a different nonrelativistic limit for
1 =k and u = 4. For the latter one finds [7]

N 7t ) —
C3~ﬂ:4(q’t’t ) - |:gA2E3[ AMN M?V
q

(3.11)

Thus, the leading term is O(g3/My) suppressed. On the
other hand, the expansion of the SN contribution C}, and
the Nz contributions ch " both start with O(1). The
coefficients in Z, are defined by the ratio C7/CY ,, thus,
for u = 4, the inverse power 1/My in the SN contribution
shifts the NR expansion of the ratio such that powers linear
in the nucleon mass appear. Thus, in contrast to Eq. (3.10) it
is more appropriate to define [7]

- M - CoIT (
a4(q) =ENaZ°(q)+a4 (q)- (3.12)
79

In the following we label the Nz contribution with
Zf,", Z,f’°° if the leading NR results are used for the
coefficients entering it. It turns out that this leading
contribution suffices to qualitatively understand the impact
of the projection method, so it is useful to quote these
results explicitly.

To obtain the NR limit results AZ it is sufficient to
expand r%(g) and p,p,/p* and consistently drop higher
order terms. For the ratio r},(g) we use the results in

Egs. (4.2) and (4.3) in [7] and obtain (k,[,=1, 2, 3)

Oo(1) u=v=4 and p=kv=I,
r(q) = O(qi/My) for p=kuv=4, (3.13)
O(My/aqy) p=4v==k.

Recalling the definition p, = (p), + p,)/2 we also find

S O(1) u=v=4,
p%]z% =q Olgx/My)  for pu=kv=4, (3.14)
O(qrqi/ M%) u=kv=1
Putting all this together in Eq. (3.7) yields
AZp(q,1.1) =0, (3.15)

M]qu:; + 0 (L) :| e_MNO_t/)g_EN.zYt,_

AZP (g, 1,1) = Z$(g. 1, 1). (3.16)
Thus, to LO in the NR expansion the Nz contamination in
the three-pt function with a spatial component of the axial
vector is the same for both the projected and the original
axial vector current. For the 4 = 4 component, on the other
hand, the projection removes completely the LO Nz
contamination, Zi’“’ = 0. These results will be slightly
modified if we take into account the next order in the NR
expansion. Still, we can expect the projection method to
remove the dominant part of the Nz-state contamination in
the A{ correlation function, and being essentially ineffec-
tive for the spatial components A{. Qualitatively this
pattern has been observed in Ref. [6].

The Nz contamination Zp has been worked out in
Ref. [8]. To LO in the NR expansion one finds’

3
Z(G.0.0) = Z®(G.1.0) + > oZP(G.1.0).  (3.17)
k=1

The a; are a shorthand notation for simple ratios of the
spatial momenta components ¢g; and the pion mass, see
Eq. (3.30) in [8] and Eq. (A6) in the Appendix. Z;"x’
denotes the Nz contamination of the time derivative of the
three-pt function C37%(g, 1, ') with respect to the operator
insertion time 7. The explicit form of this contribution can
also be found in [8], Sec. III C. See also Egs. (A8)—(A13) in
the Appendix.

The computation of Z (g, t, ') is analogous to the one of
Zr(g.t,) and given in the Appendix. Here we simply
quote the LO result if the NR expansion is performed,

AZE(G.1,7) = Z;°(G,1,7), (3.18)

3
Zp<(G.1.0) =Y aZP(G.1.1). (3.19)
k=1

In the pseudoscalar case the projection method removes
only the Zﬁ{°° part in the Nz contamination Z§ given in
Eq. (3.17). The consequences of this partial subtraction are
discussed in the next section.

IV. COMPARISON WITH RQCD LATTICE DATA

A. Preliminaries

To LO ChPT the coefficients in Z,, Z,f depend on five
parameters only, and these are known or easily obtained.
Three of these parameters are the extent L of the spatial
volume and the nucleon and pion masses. We set M, =
150 MeV and M, L = 3.5, the measured values for

>See Eq. (3.15) in [8].
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ensemble VIII analyzed in [6].6 The nucleon mass is fixed
by the measured value M,/M, = 0.160 [20]. Errors for
these values are at the 1% level and will be ignored since
they are too small to play a role in the following.

In addition, two LO low-energy constants (LECs) need
to be specified, the chiral limit values of the pseudoscalar
decay constant and axial charge. To LO it is consistent to
use the phenomenologically known values and we set
=93 MeV and g, = 1.27.7 Note that we do not need
values for the LECs associated with the nucleon interpolat-
ing fields. To LO these drop out in the ratios R, R,}.

We also need to specify an upper bound on the pion
momentum in the Nz-state to truncate the sum in Eq. (3.4).

We follow our earlier studies [7,8,21-23] and choose |k, | <
kmax With ko /A, = 0.45, where the chiral scale A, is
equal to 4z f,. Nz-states with pions satisfying this bound
are called low-momentum Nrz-states. For these we expect
the LO ChPT results to work reasonably well. States with
larger pion momenta are called high-momentum Nz-states.
These too contribute to the excited-state contamination.
However, choosing all Euclidean time separations suffi-
ciently large the contribution of the high-momentum Nz-
states is small, and dropping it leads to a truncation error
that can be ignored. The results in Refs. [21,22] suggest that
separations of about 1 fm or larger between the operator
and either source or sink are necessary. This corresponds to
source-sink separations of 2 fm or larger in the three-pt
functions. In some cases, however, significantly smaller
source-sink separations are accessible, for instance in the
Aj§ correlation function as well as those that enter the
calculation of the induced pseudoscalar form factor Gp [7].

The lattice data of [6] we compare to in the following
were generated for a source-sink separation ¢ = 1.07 fm.”
At such small ¢+ we would not be surprised if the high-
momentum Nz-states were not sufficiently suppressed for
the truncation error to be negligible. However, we will see
that the LO ChPT results work rather well, much better than
naively anticipated for such a small source-sink separation.

B. The axial vector three-pt functions

Figure 1 shows the data for R,(Q?, t,1') (red data points)
and Ry (Q%1t,1') (blue data points) as a function of the
shifted operator insertion time ¢ —¢/2 for fixed r=
1.07 fm and momentum transfer 0% = 0.073 GeV2.’ The
solid lines of the same color show the corresponding ChPT

%See Table 1 in that reference for details of the ensemble.

"For g4 we could also use the measured value g, ~ 1.18 for
ensemble VIII [20], but the difference is irrelevant for the results
of this paper.

81 thank the RQCD Collaboration, in particular T. Wurm, for
sending me the data. Data for two smaller sink separations 7 =~
0.85 fm and ¢ ~ 0.64 fm are also available but seem too small for
the ChPT analysis in this paper.

’In Ref. [6] the data are displayed in figure 6, left panel.

Ry(q,t,') and R (g, t,1)

i
3
0.4+ 3
[
0.2 \
e & ® 8 o e = .\\.\- > e ¢ &
0.0 \\{
[}
—02} (]
[
04 02 0.0 0.2 0.4
t' —t/2 [fm]
FIG. 1. The correlation function ratios R4(q,t,7) (red) and

Rj-(c'j, t,7) (blue) for r=1.07 fm and a momentum transfer
0? = 0.073 GeV2. The red and blue solid lines are the corre-
sponding LO ChPT results. The black line shows the associated
constant I1,(Q?) the ratios converge to in the infinite # limit. The
yellow band indicates the ground-state contribution obtained by
fits to the data [6].

result. Apparently, LO ChPT describes the data very well.
Recall that the ChPT results are not fits to the data, all input
parameters are fixed as discussed in Sec. IVA.

The R, data do not exhibit a plateau and show, as a
function of 7, an almost linear dependence with a large
negative slope. As explained in [7], the origin of this
behaviour is twofold: First, the ground-state SN matrix
element is O(M, /M), while the Nz-state matrix element
is O(1). Thus, the Nz-state contamination is O(My/M,)
enhanced compared to the SN matrix element. Secondly,
one finds a relative sign between the coefficients ay (g) and
ay(q) entering Z. This implies [7]

() (o)

(4.1)

ZMNqu"

Z5 (Gt =-— 1
/2

and it is essentially the sinh (E, ;(#' —5)) behavior in this
equation we observe in Fig. 1. The prefactor in Eq. (4.1) is
large because of the factor M /M. The large excited-state
contamination in R, is one of the reasons why R, data are
usually excluded from the calculation of the axial form
factors.

According to Eq. (3.16) the projection method removes
the dominant Nz-state contamination Z°. The remaining
contributions are O(M,/My) suppressed and therefore
smaller. In addition, there is no relative sign between the
coefficients af°(qg) and a*(q), k = 1, 2, 3, Therefore, the
R} shows the familiar cosh behavior. However, note that
the Nz contamination is still rather large, even though the
mild curvature in the R} data may suggest otherwise: The
midpoint estimate R} (g, ¢, = t/2) is a factor ~2.9 larger
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rppp(Q?,t) and rEpp (Q2, 1)
1.4 : ‘

10F - = = = = - e e e — o - - -]

0.9+ ]

07f é é ]
0.6F 8 b

0.5F S ]

04 1 1 1 1 1
0.00 0.05 0.10 0.15 0.20 0.25 0.30
Q2 [GeV?]

FIG. 2. RQCD data for rppp (red data points) and rppp, (blue
data points) for t = 1.07 fm and the smallest four Q2 accessible
with M, = 150 MeV and M,L = 3.5. The open symbols (same
color code) correspond to the ChPT results.

than the SN result, shown by the solid black line in Fig. 1.
This decreases to a factor ~1.8 if the source-sink separation
is increased by a factor 2 to # ~ 2.1 fm. The reason for this
slow convergence is the smallness of the SN result. Large
source-sink separations are necessary to exponentially
suppress the O(1) Nz contamination compared to the small
SN contribution of O(M,/My).

As discussed before we expect a small impact of the
projection method on the ratios Ry, k = 1, 2, 3. Instead of
considering these ratios we look directly at the impact on
the effective axial form factors G and G&T, which are
extracted from axial vector ratios with spatial compo-
nents only.

The ratio

0 + M3 Gp(0.1)
Ay GR(Q1)

is introduced as an estimator for the validity of the PPD
hypothesis. If the lattice estimates for the two form factors
satisfy Eq. (2.6) this ratio assumes the constant value 1.
Figure 2 shows the data for rppp (red data points) and
rppp (blue data points) for the smallest four-momentum
transfer accessible on ensemble VIII [6]. Within the
statistical errors there is no difference between the data
for the projected and the standard axial vector currents. The
open circles show the corresponding ChPT results (same
color code) when the midpoint estimates for the axial and
induced pseudoscalar form factors are used. Here too the
symbols overlap and no significant difference is found.
rppp 18 substantially smaller than 1, and the discrepancy
increases the smaller Q? is. Thus, the PPD hypothesis
seems strongly violated. As explained in Ref. [8], the
dominant source is the Nz contamination in the induced
pseudoscalar form factor. It results in a substantial

repp(Q%. 1)

(4.2)

Rp(q,t,t") and R5(q,t,t)

40+
30 E M } {
20
10} L. — = —Ta
O 1 1 1 1

-0.4 -0.2 0.0 0.2 0.4

¢ — ¢/2 [fm]
FIG. 3. The correlation function ratios Rp(q,1,¢) (red) and

R#(g,t,1') (blue) for ¢t = 1.07 fm and Q* = 0.073 GeV2. The
red and blue solid lines are the corresponding LO ChPT results,
the black line shows the associated constant IT,(Q?) the ratios
converge to in the infinite ¢ limit. The yellow bands indicate the
ground-state contributions obtained by fits to the data [6].

underestimation of Gp that increases for small momentum
transfer.

Note that the PPD result (2.6) holds exactly in ChPT but
does not need to hold in QCD. The small discrepancy
between the lattice data and the ChPT results in Fig. 2 may
be an indication for this. Still, it is remarkable how well the
data is described by LO ChPT.

C. The pseudoscalar three-pt function

Figure 3 shows the data for Rp(q, ,7') (red data points)
and R% (. t. ') (blue data points) as a function of 7/ — /2."
The solid lines of the same color show the corresponding
ChPT results.'' The yellow bands indicate the ground-state
contributions extracted in [6] by fits to the data. The black
line shows the ChPT result for infinite source-sink sepa-
ration, i.e., the ChPT result for the SN contribution.

The LO ChPT results describe the data rather well. Near
the midpoint # = ¢/2 the ChPT results are within the yellow
bands. Besides this we observe two striking features in
Fig. 3: (a) the Nz contamination in Rp is tiny, the red and
black lines are very close, and (b), the data and the ChPT
results for R5 and R differ vastly, roughly by a factor 3.
Thus, the Nz contamination in Rp is huge.

Both features can be understood with the results pre-
sented in the last section. According to Eq. (3.17) Z¥ is the
sum of two contributions, the spatial one > 3_, a;Z® and
Z2°°. While the spatial one is larger then zero, we find
Z;® < 0. The origin for the latter is visible in Fig. 1: It

"In Ref. [6] the data are displayed in Fig. 6, right panel.
For the P* result the quark mass m 4 and the renomalization
factors Z4, Zp are needed and taken from Ref. [20], Tables I-III.
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Zp(lf, t, t') and Zﬁ(qtt,t’) TPCAc(QZ,t) and TécAC(Qz,t)
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FIG. 4. ChPT results for the Nz contaminations Zp(q,1,1')
(red) and Z3(g,t,7) (blue) for t = 1.07 fm, ¥ =¢/2 and the
lowest four Q2 accessible with M, = 150 MeV and M,L = 3.5.
For the smallest momentum transfer Zp is accidentally close to
zero (see the main text).

stems from the time derivative dy of Csy4,(g,t.1'), and
Z), < 0 is nothing but the negative slope of R,(g,t,7) as a
function of 7.

Due to the opposite signs the two contributions in Zp
largely compensate. This compensation is not perfect, for
small momentum transfers we find Zp < 0, while it turns
positive for larger Q?, see Fig. 1 in Ref. [8]. This implies a
particular value for Q? where Zp vanishes. For ¢ = 2 fm and
physical pion mass this value is approximately 0.065 GeV?
[8], and it does not change much for the setup considered
here. Accidentally, this value is close to the momentum
transfer Q% = 0.073 GeV? underlying the data shown in
Fig. 3, thus explaining why the Nz contamination is so small
in this figure. This coincidence is accidental, it stems from
the particular setup with M, = 150 MeV and M,L = 3.5,
which implies Q> = 0.073 GeV? for the smallest nonvan-
ishing momentum ¢ with |g| = 2z/L.

As discussed in the previous section, the projection
method subtracts Z;* from the Nz contamination, leaving
the large positive spatial contribution in Z,l,"x’. The partial
removal by the projection method results in a large positive
Nz contamination for the projected pseudoscalar density
correlation function.

Figure 4 shows the Nz contaminations Zp(g,t,¢) and
Z#(g.t, 1) at the midpoint ¢ = ¢/2 for the lowest four-
momentum transfers accessible. The accidental Zp = 0 for
the lowest Q? changes to nonvanishing positive values for
the larger momentum transfers. Also the difference AZp
increases for increasing Q7.

D. The generalized Goldberger-Treiman relation

Figure 5 shows the data for rpcac(Q?, t) (red data points)
and rpcac(0?, 1) (blue data points) as a function of Q? for

Q? [GeV?)

FIG. 5. Data for the ratios rpcac(Q?. ) (red) and rpcac (02, 1)
(blue) for r=1.07fm and the lowest for momentum
transfers Q? accessible with M, = 150 MeV and M,L = 3.5.
The corresponding LO ChPT are shown by the open circles
(same color code).

t = 1.07 fm. The open circles (same color code) are the
corresponding LO ChPT results when the midpoint esti-
mates for all three form factors are used. Once again we
find very good agreement between the lattice data and the
ChPT results.

The lattice data for rpcac(Q?.1) display the original
PCAC puzzle. The ratio is smaller than 1 and the discrep-
ancy increases the smaller the momentum transfer is. It was
shown in Ref. [7] that the Nz-state contamination in Gp is
the dominant source for this discrepancy. The induced
pseudoscalar form factor is substantially underestimated
due to the Nz contamination. Consequently, the first
term on the right-hand side of Eq. (2.18) turns out to be
too small.

In contrast, rpcac(Q2, 1) is close to 1. With the findings
of the last subsection the reason for this apparent improve-
ment is easily identified. While the axial form factors Gz,
Gy are essentially unchanged compared to G,, Gp, the
pseudoscalar form factor Gy receives a large Nz contami-
nation leading to a significant overestimation of the
pseudoscalar form factor. This compensates for the under-
estimation of Gp and results in ric (02, 1) ~ 1.

V. CONCLUDING REMARKS

We can conclude that the projection method does not
provide the desired solution for the excited-state contami-
nation in nucleon axial form factors. Even though the
generalized Goldberger-Treiman relation is satisfied after
the projection has been performed, the situation for the
individual form factors is worse. Instead of eliminating the
large excited-state contamination in the induced pseudo-
scalar form factor the projection method introduces an
additional large one in the pseudoscalar form factor. These
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two essentially compensate for each other in the measure
rpcacs and rpcac & 1 falsely indicates the removal of all
excited-state contaminations.

Notwithstanding the negative outcome for the projection
method, the results of this paper strongly support the
findings and conclusions of Refs. [7,8]. ChPT is a useful
tool to provide theoretical understanding for the Nz
excited-state contamination in nucleon form factor calcu-
lations. The comparison between the LO ChPT results and
lattice data works remarkably well, even at rather small
Euclidean time separations. This suggests that two-particle
Nr-states are responsible for the dominant excited-state
contamination in lattice estimates for the form factors.
Other excited states seem to have a small if not negligible
impact.12

According to Ref. [7] the large excited-state contami-
nation in Gp stems from a particular low-momentum Nz-
state, where the axial vector current at ¢ either directly
creates a pion that propagates to the sink or destroys a pion
that was created at the source. The same state is responsible
for the large Nz contamination in the ratio R4. This has
recently been exploited in [24] to remove the excited-state
contamination in Gp using R, data as input in the analysis
of Gp data. Although this may turn out to be a viable
method for Gp it is not expected to work for G ,. For this
form factor the ChPT prediction for the Nz contamination
is very different. Instead of stemming from one Nz-state
with a small pion momentum the Nz contamination is the
cumulative contribution of many states that is not related to
R, data.

In a recent paper [25] the RQCD Collaboration devised a
new analysis strategy based on the theoretical insights
obtained from the ChPT results. The method has been
applied to the axial and pseudoscalar form factor calcu-
lations with encouraging results. The dominant Nz-state
contamination can be removed from the correlation func-
tions and the SN ground-state matrix elements can be
extracted reliably. The lattice result for the induced pseu-
doscalar coupling gj at the muon capture point is found to
be in good agreement with the experimentally measured
value. This warrants analogous ChPT calculations for other
nucleon observables, for instance the nucleon electromag-
netic form factors.
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APPENDIX: THE Nz CONTAMINATION Z;

In this appendix we derive the result for the Nz
contamination Z3 of the projected pseudoscalar density.
The main task is to express the expressions in terms of the
known results for the standard axial vector current.

The extra term in the projected pseudoscalar density
(2.16) involves the partial derivatives 0,A¢(x) of the axial
vector current. Computing the three-pt function (2.10) with
P+ and comparing it with (3.6) we find

N N. P4
pﬂpy C3.§,,Af (q, t, l")

AZp(G.1 1) =) =
J7R7

. Al
P’ 2MNC{%\{AZ(EL t,t) (A1)

Two comments are appropriate here. First, we have used the
result >, ncg{gﬂ a:(q.1,7') = 0, a direct consequence of
> ﬁpcg\ff‘g(c'j, t,1') = 0 [6]. Secondly, the denominator in
Eq. (A1) stems from the replacement [§]

2mClpa(g.1.1) = 2MyCY o (G. 1. 7). (A2)

The three-pt function of d,A7 in the numerator of Eq. (A1)
is related to the three-pt function of the axial vector itself.
Performing a partial integration we find
0y C3p2(q,1,1),
—iq;Cs (g, 1,1'),

H= 4,
p=k=1,273
(A3)

C39,4:(q.1.1) = {

Using this result in Eq. (A1) the Nz contribution AZp can
be expressed in terms of the Nz contributions Z,. The result
simplifies if we take into account the NR expansion (3.14)
for p,p,/P* up to O(1/M3), leading to

-

3 2 3
_ 2 : 1 4q 2 :
AZP = Z4 - 2 aka ‘I’m <Z4 - - aka> . (A4)
The a; are the shorthand notation for the combination

N - /
_iC3,Ag (g, t.1) dr
Chae(G.1.1)2M y

a(q) = (AS)

but performing the NR expansion we obtain the simple
results [8]

2 2
Elr,(} —4q3

2
q
ak:—M—kz, k:1,2, s :T (A6)
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The primed contributions Z, stem from the three-pt
function with the time derivative 0,

0y Ci% (G, 1.1)
2MyCY (G 1.1)

Z,(q.1.1') = (A7)

These have the same form as the original Z,(q,t,7'), but
with primed coefficients:

(3)e-AEG-D)Y

—AE(0, k)(t—t’)

Z(q.1.7) =q (ﬁ)e‘AE(Oﬁ)(f—l/) +a

+Zb’
+Zb/ * —AE(G.k)f
+Zc

The primed coefficients involve additional factors stem-
ming from the time derivative 0, of the exponentials in

CSA“(qvt t)

—AE(0.8)(1=1) ,~AE(G.R)! (A8)

a,(q) :21‘]/;2 (@), (A9)
E -
a,(q) = —=La,(q). Al0
(9) My () (A10)
- E -+ E E -
b(3.k) = 2 N9 (G.5).  (All)
N
2o E i—(Eyio—Eng)+(Eng—My). _ -
bl/( 5 ):_ 2MN y(q,k),
(A12)
E.- _.—FE -
- 7 N,k N.k - 7
c,(q. k) = _?ch(qvk)' (A13)

Note that the primed coefficients are 1/My suppressed
relative to their unprimed counterparts. Thus, Z,, contrib-
utes at one order higher in the NR expansion than Z,.
Therefore, to LO in the NR expansion Eq. (A4) reduces to
the results (3.18) and (3.19) presented in Sec. III B.

[1] A.S. Kronfeld, D.G. Richards, W. Detmold, R. Gupta,
H.-W. Lin, K.-F. Liu, A.S. Meyer, R. Sufian, and S.
Syritsyn, Eur. Phys. J. A 55, 196 (2019).

[2] R. Gupta, Y.-C. Jang, H.-W. Lin, B. Yoon, and T.
Bhattacharya, Phys. Rev. D 96, 114503 (2017).

[3] N. Tsukamoto et al., EPJ] Web Conf. 175, 06007 (2018).

[4] Y.-C. Jang et al., EPJ] Web Conf. 175, 06033 (2018).

[5] K.-I. Ishikawa, Y. Kuramashi, S. Sasaki, N. Tsukamoto, A.
Ukawa, and T. Yamazaki, Phys. Rev. D 98, 074510 (2018).

[6] G. S. Bali, S. Collins, M. Gruber, A. Schifer, P. Wein, and T.
Wurm, Phys. Lett. B 789, 666 (2019).

[7] O. Bir, Phys. Rev. D 99, 054506 (2019).

[8] O. Bir, Phys. Rev. D 100, 054507 (2019).

[91 O. Bir, Proc. Sci. LATTICE2019
[arXiv:1907.03284v1].

[10] O. Bir, Int. J. Mod. Phys. A 32, 1730011 (2017).

[11] O. Bir, EPJ Web Conf. 175, 01007 (2018).

[12] S. Sasaki and T. Yamazaki, Phys. Rev. D 78, 014510
(2008).

(2019) 078

[13] B. Ioffe, Nucl. Phys. B188, 317 (1981).

[14] D. Espriu, P. Pascual, and R. Tarrach, Nucl. Phys. B214, 285
(1983).

[15] P. Wein, P.C. Bruns, T. R. Hemmert, and A. Schifer, Eur.
Phys. J. A 47, 149 (2011).

[16] O. Bir, Phys. Rev. D 92, 074504 (2015).

[17] O. Bér and M. Golterman, Phys. Rev. D 89, 034505 (2014).

[18] J. Gasser, M. Sainio, and A. Svarc, Nucl. Phys. B307, 779
(1988).

[19] T. Becher and H. Leutwyler, Eur. Phys. J. C 9, 643 (1999).

[20] G.S. Bali, S. Collins, B. GlédBle, M. Gockeler, J. Najjar,
R.H. Rodl, A. Schifer, R. W. Schiel, W. Soldner, and A.
Sternbeck, Phys. Rev. D 91, 054501 (2015).

[21] O. Bir, Phys. Rev. D 94, 054505 (2016).

[22] O. Bir, Phys. Rev. D 95, 034506 (2017).

[23] O. Bir, Phys. Rev. D 97, 094507 (2018).

[24] Y.-C. Jang, R. Gupta, B. Yoon, and T. Bhattacharya,
arXiv:1905.06470 [Phys. Rev. Lett. (to be published)].

[25] G.S. Bali et al., arXiv:1911.13150.

034515-10


https://doi.org/10.1140/epja/i2019-12916-x
https://doi.org/10.1103/PhysRevD.96.114503
https://doi.org/10.1051/epjconf/201817506007
https://doi.org/10.1051/epjconf/201817506033
https://doi.org/10.1103/PhysRevD.98.074510
https://doi.org/10.1016/j.physletb.2018.12.053
https://doi.org/10.1103/PhysRevD.99.054506
https://doi.org/10.1103/PhysRevD.100.054507
https://arXiv.org/abs/1907.03284v1
https://doi.org/10.1142/S0217751X17300113
https://doi.org/10.1051/epjconf/201817501007
https://doi.org/10.1103/PhysRevD.78.014510
https://doi.org/10.1103/PhysRevD.78.014510
https://doi.org/10.1016/0550-3213(81)90259-5
https://doi.org/10.1016/0550-3213(83)90663-6
https://doi.org/10.1016/0550-3213(83)90663-6
https://doi.org/10.1140/epja/i2011-11149-5
https://doi.org/10.1140/epja/i2011-11149-5
https://doi.org/10.1103/PhysRevD.92.074504
https://doi.org/10.1103/PhysRevD.89.034505
https://doi.org/10.1016/0550-3213(88)90108-3
https://doi.org/10.1016/0550-3213(88)90108-3
https://doi.org/10.1007/PL00021673
https://doi.org/10.1103/PhysRevD.91.054501
https://doi.org/10.1103/PhysRevD.94.054505
https://doi.org/10.1103/PhysRevD.95.034506
https://doi.org/10.1103/PhysRevD.97.094507
https://arXiv.org/abs/1905.06470
https://arXiv.org/abs/1911.13150

