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Renormalization group procedure for effective particles (RGPEP) is applied in terms of a second-order
perturbative computation to an Abelian gauge theory, as an example of application worth studying on the
way toward derivation of a dynamical connection between the spectroscopy of bound states and their
parton-model picture in the front form of Hamiltonian dynamics. In addition to the ultraviolet transverse
divergences that are handled using the RGPEP in previously known ways, the small-x divergences are
handled by introducing a mass parameter and a third polarization state for gauge bosons using a mechanism
analogous to spontaneous breaking of global gauge symmetry, in a special limit that simplifies the theory to
Soper’s front form of massive QED. The resulting orders of magnitude of scales involved in the dynamics
of effective constituents or partons in the simplified theory are identified for the fermion and boson mass
counterterms, effective masses, and self-interactions, as well as for the Coulomb-like effective interactions
in bound states of fermions. Computations in orders higher than second are mentioned but not described in

this article.
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I. INTRODUCTION

Particle theory singularities that are associated with wee
partons of the parton model of hadrons [1] or with field
quanta that carry small kinematic momenta in the front
form (FF) of Hamiltonian dynamics [2], require a renorm-
alization group procedure that is capable of simultaneous
handling of the ultraviolet and infrared divergences in
combination with the bound-state problem, which is a
complex issue [3]. One way of approaching the issue has
been proposed recently [4] in the context of Abelian gauge
theory. The idea is to use a mechanism analogous to
spontaneous breaking of global gauge symmetry [5,6]
for introducing a mass for gauge bosons and to thus
regulate the theory in the region in question. This article
pursues that idea in terms of a study of the kind and
magnitude of Hamiltonian interaction terms it leads to in
the effective theories. Our work is carried out in a special
limit that simplifies the Abelian theory to Soper’s FF
version of massive QED [7]. The theory does not include
confinement but it does provide examples of effective
interactions that bind fermions.
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It should be noted that gauge theories with Lagrangian
densities similar to Soper’s were introduced for analysis in
the instant form (IF)[2] of dynamics a long time ago [8—12].
In the FF of dynamics, Soper’s work was followed by Yan’s
[13,14]. For a review of more recent works that use massive
vector bosons as ultraviolet or infrared regulators in FF
approaches, see [15] and references therein. Soper found
that the replacement of photons in FF of QED by massive
vector bosons is quite simple if one considers in addition to
the vector field A# in gauge A™ = 0 a scalar field B in the
manner of Stueckelberg [8]. The Stueckelberg formalism
was also used in FF calculations of transition matrix
elements in the Feynman gauge [16]. Perhaps similar
attempts could be undertaken also in the non-Abelian
theories [17]. In view of that extensive record, it should
be stated up front in what way the present study differs
from the previous ones.

We start from a different Lagrangian than massive QED
and in the manner analogous to spontaneous breaking of
global gauge invariance arrive at Soper’s theory as a helpful
simplification in a special limit. Subsequently, instead of
aiming at reproducing or predicting observables directly
in terms of the degrees of freedom (d.o.f.) that appear in
canonical FF Hamiltonian in a diverging way, our goal is to
compute the equivalent effective FF Hamiltonian operators
that are written in terms of apparently more adequate d.o.f
[18,19]. Computation of such Hamiltonians is hoped to
eventually lead to a sequence of successive approximations
for relativistic description of strongly bound states because
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they do not diverge as the canonical FF Hamiltonians do,
see Sec. IV for details. Soper’s theory serves as a
preliminary illustration of the magnitude of terms one
has to deal with. Little is known at this point regarding
extension of our approach to non-Abelian theories.
However, since the mechanism of spontaneous breaking
of global gauge symmetry serves the purpose of regu-
larization and when one lifts the regularization the
symmetry may be restored, the author hopes that the
current exercise with Soper’s theory will turn out helpful
also in studying non-Abelian theories.

To compute effective FF Hamiltonians for the massive
Abelian gauge theory, we use the renormalization group
procedure for effective particles (RGPEP), here only
applied up to the second order in a series expansion in
powers of the coupling constant [20]. The RGPEP stems
from the similarity renormalization group (SRG) procedure
[21] and draws on the double-commutator differential
flow equation for Hamiltonian matrices [22]. The method
preserves boost-invariance of the FF of Hamiltonian
dynamics and its computations are carried out in terms
of the quantum fields on one light-front hyperplane in
space-time. We calculate the mass counterterms, effective
fermion and boson mass corrections, relativistic fermion-
antifermion interaction terms that correspond to the well-
known Yukawa or Coulomb potentials and additional terms
that do not have classical counterparts.

Section II introduces the classical gauge theory we
consider. The canonical FF version of the theory and its
quantization are described in Sec. III. The RGPEP is
applied in Sec. IV, where we compute the effective fermion
and boson self-interactions and relativistic potentials in
fermion-antifermion systems. Section V discusses the
connection between spectroscopy and the parton-model
picture of bound states in the context of the RGPEP.
Detailed plots of mass corrections and relativistic potentials
are given in Sec. VI. The paper is concluded by Sec. VII.
Appendixes provide details of our notation and the canoni-
cal Hamiltonian of Soper’s theory.

II. CLASSICAL THEORY

The FF Hamiltonian for the theory we consider was
recently derived [4] from the familiar local Lagrangian
density [5,6,23]

L=Ly+Ly+Lag—V,, (1)
where
L, =y(i0, — gA,)r" — mly, (2)
1 »
‘CA = _ZF/wF s (3)
‘CA¢ = [(la’l - g/A”)qb]I(lay - jAﬂ)¢’ (4)

2
Vy =20+ (1) (5

Quanta of field y will correspond to fermions and quanta of
field A to transversely polarized gauge bosons. Quanta of
the phase of scalar field ¢ will supply effects associated
with the longitudinal polarization of massive gauge bosons.
This section briefly recapitulates derivation of the corre-
sponding FF Hamiltonian and presents it in a special limit
in which it matches the Hamiltonian designed by Soper
for the FF of massive QED, a long time ago [7]. Further
literature on the use of FF quantum dynamics can be traced
through reviews [15,24-29].

A. Gauge symmetry
Field ¢ in the Lagrangian density of Eq. (4) can be
written using its modulus |¢p| = ¢/+/2 and phase ¢'6 [23],

¢ =ge'’/ V2. (6)

The density L4, is a function of ¢, &*¢ and 00
1 ) 2 2
£A¢:§(a”(/)) +§d (A" +0"0)% 9" (7)

The modulus field can be written as ¢ = v + h, where v

will be treated as a parameter of the FF theory and the field

h may vary in space-time. When one sets & =0, the

potential V), in Eq. (5) has its minimal value —u*/(22%)

for v = \/2u/ . Using this special value of v, one has
S|

__H V2u)2h? Aoy Xy
V<¢)——2—/12+§( 2u)*h +ﬁﬂh +§h. (8)

The Lagrangian density of Eq. (1) is invariant under
substitutions

w = ey, )
Al = AW O1f, (10)
» =, (11)
0=06-f. (12)

The meaning of this invariance is that the Lagrangian
density is the same function of fields with and without the
tilde. The corresponding minimal coupling that appears in
a quantum theory obtained using the RGPEP will be
discussed in Sec. IV B, see Egs. (60) and (61).

B. Massive limit

Consider the limit of ¢ - 0, v - oo and ¢'v = k kept
constant, which will be called the massive limit. In this limit,
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1 1
Lap = 3 (O"h)* + EKZ(A” + 0r0)?, (13)
o1
V¢ == _ﬁ + 5 (\/i//t)zhz. (14)

The field 4 decouples and retains an arbitrary mass /2.

C. Gauge choice f= -0
Using f = —6 one obtains

['1// = l/:}[(laﬂ - gAﬂ)yﬂ - m]l/~/7 (15)
L, = —%FWFW, (16)

1 ~ Lo~ 2-~2
Lyp = 5(8”40)2 + 59/214” ; (17)
Vy = V(p/V2). (18)

In the massive limit, £A¢ is
1 AR T o

the potential V,, reduces to u2h* plus a constant u?/(24?)
that can be ignored, while the densities £,, and £, remain
unchanged. The resulting action corresponds to a free
scalar field /& of mass \/Zu and a vector field A of mass
x minimally coupled to the fermion field y. The massive-
limit theory with field 7 removed turns out to be the same as
Soper’s [7] when one identifies his field B with our —«6 and
his mass parameter x with our k = ¢'v.

If the gauge symmetry under consideration were realized
in nature and photons indeed had a very small mass «,
which is theoretically possible [30], there would also exist a
decoupled scalar field # of unknown mass, as the FF of
the theory in the massive limit indicates, too. According
to [31], the photon mass is smaller than 1078 eV /c2.
Searches for new forms of matter are motivated by data
concerning the structure and evolution of the universe,
besides questions concerning the standard model.

III. CANONICAL FF HAMILTONIAN

In the FF of dynamics, the space-time coordinate x™ =
x% + x3 is used as the evolution parameter analogous to
time in the instant form (IF) [2]. The coordinates x~ =
x% — x* and x*+ = (x!, x?) parametrize points on the space-
time hyperplanes that are defined by fixed values of x™.
These hyperplanes are called “light fronts” or just “fronts,”
such as the front defined by the condition x* = 0.
Evolution in x* from the front at x* = 0 to other fronts
is generated by the Hamiltonian P~.

Field theory relates the Lagrangian density of Eq. (1) to
the corresponding Hamiltonian density through the energy-
momentum tensor density 7+,

oL

™=\
- 00,

Fy—gvL, (20)

where y stands for a field in a theory. The FF Hamiltonian
density is H = T%~/2 and the Hamiltonian P~ is given
by [13,32]

P~ = /szldx_H (21)

where the integral extends over the front at x* = 0. The
Lagrangian density of Eq. (1) is linear in 0~ f and the
Hamiltonian density is H = —£(9~f — 0). For construct-
ing a quantum theory, one needs to evaluate H in terms of
the fields’ independent d.o.f.

A. Equations of motion and gauge A* =0

The principle of minimal action with the Lagrangian
density of Eq. (1) implies the Euler-Lagrange (EL) equa-
tions that, when written in terms of the fields y, A, ¢ and
B = —«0, read

[(i0, = gA, )y — mly =0, (22)

OA? — 8%0,A% = gpyPw — ¢?¢* (AP —x7'0PB), (23)

Op = (AP — k' OPB)? — L}((gé)ﬁ) . (24)
d,9%9*(A* —x~'9"B) = 0. (25)

The last equation is necessarily satisfied if the first two are.
The first equation can be written in terms of the fermion
field arranged according to the formula yw =y, +w_,
where y = Ay and Ay =3y%y* =1(1£a’) are 4 x 4
projection matrices. In these terms, the fermion EL equa-
tion is equivalent to two coupled equations,

(i07 = gA )y — [(i0+ = gAF)at + mPly_ =0,  (26)
(i0" = gA")y_ = [(i0+ = gA)at + mply,. =0.  (27)

Using gauge symmetry, one can transform the fields v, A, ¢
and B to i, A, ¢ and B. The two coupled fermion equations
have the same form in terms of the fields with tilde and
without tilde. However, if the gauge transformation sets the
field A to zero, then

1 -
7= (0" — A )at +mplir. (28)
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The field y_ on a front is thus given in terms of the fields
.. and A* on the same front. Similarly, the EL Eq. (23) for
f =+ in the gauge A* = 0 constrains the field A~,

~ 2o N
A= 2 0'A 2 (i +

7 52 x~'07B). (29)

As a consequence of the constraints, the FF Hamiltonian
density is a function of fields i, , At, B and §.

B. Hamiltonian density H

We use the Lagrangian density £ of Eq. (1) written in

terms of the independent field d.o.f. ¥, At, B and @,
|

to evaluate the Hamiltonian density using Eq. (20) for
Tt~ = 2H. From now on, we omit the tilde and employ
notation ¢ = v+ h and x = ¢'v. We also introduce the
fields y» and A that are given by the constraint Egs. (28)
and (29) in the absence of interaction [33],

A7 = 2 9tAt, At =0,

= A= AL (30)

1
Vi =W v = lati0t . (1)

The Hamiltonian density reads

H= % {(% [gwytw —2kB(1 + h/v)(?*h/v]}2 +(1+ h/v)zcha—l+ [y tw — 2kB(1 + h/v)0th/v]

1 @00 +m?
2)/ iot

1 1
v+ gwihpws +5 29 V/fAf e Aﬂl/f = SAL(04) + (1 + h/v)?]Ay,

2 f

+ (14 h/v)*cA%0,B + %h[(i@l)z + (V2u)*h + %h3 + <2ﬁv) h* — (uv/2)?

1
+ 3 (14 h/v)*B[(i0+)* + K¥*(1 + h/v)*|B — (1 + h/v)BO+BO*h/v. (32)
|
It differs from Soper’s, because it involves additional fields. _ (i0+)* + m? 1 .
H , D : =Wt vy 5 A(0Y) + KA
owever, in the massive limit that ignores quantum effects, r 2i0" AES) Aj f

see Sec. IIB, in which ¢ - 0, v = o0, ¢'v =k is kept
constant [we could also consider the additional limit
uv — 0 to eliminate the constant —(uv/2)? and hence
arrive at massless 4], one obtains

11 1
H-3 a+gw W +KBa_+gW W
_ 1 L (1052 +
+Wy5r 4:‘8 it g Ay

L, rt Uit i
+ EQZV//'Af iaﬁﬁf‘l’f + EAf[(laL)z + kAL
+ (V2u)]h

B[(i0*)* + «*]B. (33)

L.
+ KA?aﬂB + z h[(laj‘)z

The second term, with the field B and fermion plus current,
can be replaced by the one that is equivalent through
integration by parts. Since Ay =0 and 9,A% =0, the
seventh term that couples field A ¢ to the gradient of field
B is equivalent to zero. The decoupled field & will be
ignored in further discussion. Thus, one obtains the
Hamiltonian density that is precisely equivalent to Soper’s
for massive QED [7]. It can be written as

B[(i0M)2 + k2B + gipr s A — g‘Z’fJﬁWfFlB

1 1 2
+292wfé4f 8+Afl//f+ [mgvfﬂf ‘//f] : (34)

If the coupling constant g were set to zero, the first three
terms would describe the free fermion field y/;, free gauge
boson field Ay with two polarizations and a free scalar
field B. The fourth and fifth terms describe the minimal
coupling of fields Ay and B with fermions, respectively.
The sixth term additionally couples transverse bosons to
fermions as a result of the constraint Eq. (28). The last
term is the FF fermion quartic interaction that results from
the constraint Eq. (29). It is a FF analog of the Coulomb
term in the IF dynamics with its Gauss law. The
Hamiltonian density of Eq. (34) is taken as a starting
point for the canonical construction of a quantum theory
a la Refs. [7,13,32].

C. Quantization
The quantum theory is introduced by replacing the fields
ws, Ay and B in Eq. (34) by the corresponding field
operators on the front at x* = 0,
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s P v, db et o (35)

l//fZ/ up(i

A’}:Z/ ol pee™ P* + holipee™] ., (36)

N

B / pll-iasev +ialye™] . (37)

where [p] = dp*0(p*)d*p*/[2p* (2x)?]. Further, u,, and
v, are spinors for fermions of mass m [33,34]. Symbols
€, denote polarization four-vectors for bosons [4,7]. Thus,
o labels fermions and gauge bosons that at rest have spin
projections j:% or 1 on the z-axis, respectively. Further
details of the notation are explained in Appendix A. The
creation and annihilation operators, denoted by b, d and a,
obey commutation or, in the case of fermions, anticom-
mutation relations of the form

[4,;. aho) = 2p™ (22)38(p* — ¢*) (Pt — ¢1)4p.  (38)

with other commutators or anticommutators equal to zero.
The Hamiltonian P~ is obtained by integrating the quantum
density H on the front x* = 0 and normal ordering.

At this point it is important to mention, on the basis of
hindsight, that the operators creating or annihilating quanta
with infinitesimal p™, i.e., p™ negligible in comparison
with mass parameters m and «, including the case of
k/m — 0, could contribute divergences to the free invariant
masses of all physical states. Therefore, in the regulated and
subsequently renormalized theory such quanta need to be
suppressed. Formally, at this point one could introduce in
Egs. (35), (36) and (37) an infinitesimal cutoff parameter
et, imposing a condition p* > ¢' instead of p* > 0.
However, it will become self-evident in the next sections
that, in the RGPEP, perturbatively calculated effective
Hamiltonians for finite-size quanta with finite plus
momenta are not sensitive at all to the cutoff parameter
et — 0. Namely, it is shown in the next sections that the
gauge boson mass k provides the required suppression
through the vertex form factors that result from solving the
RGPEP evolution Eq. (41). Regarding the divergent con-
stants and one-particle operators that result from the normal
ordering, they are dropped because constants do not count
in the quantum dynamics and one-particle operators require
counterterms anyway. In summary, the cutoff on p* and
normal ordering do not influence the content of a theory
defined using the RGPEP.

D. Quantum Hamiltonian

Our initial quantum Hamiltonian P~ is denoted by H,

HA=H,+Hgo+Hp+H,,+Hyp, +Hypn, +Hpp.
(39)

The seven operators appear in one-to-one correspondence
to the seven terms in Eq. (34). To simplify notation for the
quantum theory, the operator symbol " is omitted in further
formulas. The first three terms are separately denoted by

HfZHv,z—l-HAz—I—HBz, (40)

where the subscript originates in the word free. The
remaining four terms are denoted by H; All terms are
given in full detail in Appendix B

IV. APPLICATION OF THE RGPEP

The FF Hamiltonian of Eq. (39) leads to divergences and
as such is not acceptable. The divergences can be identified
and removed from the Hamiltonian using the RGPEP.
We apply it here in expansion in powers of the coupling
constant g up to and including terms of order ¢*. General
introduction to the RGPEP and perturbative formulas for
interactions of effective particles up to fourth order are
available in [20].

In brief, the Hamiltonian H of Eq. (39) is used as an
initial condition, H,_y = H, for solving the differential
equation

H; = [[Hf,ﬂ,],?‘(,], (41)

where prime denotes differentiation with respect to the
scale parameter ¢ = s*. The parameter s has an intuitive
interpretation of the size of effective quanta, see below. The
tilde in 7, indicates that each term in 7, is multiplied by
the square of total plus momentum carried by quanta
annihilated or, equivalently, created by that term. Such
multiplication secures that Eq. (41) preserves all kinematic
symmetries of the FF of dynamics [2]. The double
commutator used in Eq. (41) is introduced, following
Wegner [22], to satisfy the requirement that the creation
and annihilation operators for effective quanta of size s,
denoted by g¢,, are related to the initial ones, denoted by ¢,
by such a unitary transformation /,,

q: = utCIOU;(’ (42)

that the Hamiltonian H, can only cause limited changes of
the interacting quanta total invariant mass. The idea of
replacing the Wilsonian principle of integrating out high-
energy modes by the principle of integrating out large
changes of energy dates back to Ref. [21], which intro-
duced the so-called similarity renormalization group pro-
cedure (SRG). The initial application of SRG to the FF
Hamiltonian of QCD, using P~ instead of energy, is
outlined in Ref. [3]. The RGPEP provides a relativistic
extension of the latter idea. Instead of changes of P~, we
use changes of the invariant mass. Hence the motion of
field quanta is not limited in any other way than by the
speed of light. Also, instead of considering scale evolution
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of Hamiltonian matrices, the RGPEP uses operators. The
number of quanta is not limited. These features are
prerequisite for a complete formulation of a finite theory
that includes the parton picture [1] of bound states as well
as their spectroscopy.

The operator H, is defined to be a polynomial in the
creation and annihilation operators that appear in Egs. (35),
(36) and (37). Solutions for the polynomial coefficients as
functions of ¢ are found on the basis of their initial values in
H = 'H,_,. However, one has to remove divergences from
the solutions. Therefore, the RGPEP includes the alteration
of the initial condition of H = H,_, by inclusion of
additional terms that counter the divergences in solutions.
In general, the counterterms can only be found by succes-
sive approximations. Solutions described in this explora-
tory article are limited to the lowest nontrivial order of
series expansion in powers of the coupling constant.

To be more specific, solutions for the coefficients ¢, of
order g are of the form ¢, = f,cq, where f,; is a unique
form factor that vanishes exponentially fast when the
difference between a total invariant mass of quanta created
and a total invariant mass of quanta annihilated by the
associated product of creation and annihilation operators
exceeds s~'. When imagined in terms of a matrix in the
space of quantum states of specified total invariant mass
(according to Hy), the Hamiltonian , would appear band
diagonal with the band width ~s~!. Now consider the
second order. One obtains solutions of the generic form
fi2¢3, since the initial Hamiltonian is squared. In a local
theory, the intermediate states in the square of the
Hamiltonian may have arbitrarily large invariant masses.
Therefore, ¢3 diverges when one sums over all the inter-
mediate states. One has to regulate ¢, somehow to limit the
sum and obtain finite c%. So, H,—, is supplied with some
regularization, which we denote by r. It is shown below how
we do it for the Abelian gauge theory. To remove depend-
ence of H, with finite # on the regularization r, we need to
include in H,, a counterterm CT,, of order g>. Expansion to
higher orders exhibits the same pattern. In addition, the
actual expansion needs to be carried out using an effective
coupling constant g, [35] instead of the initial g. However,
the coupling constants g, and g begin to differ first in third-
order calculation. In the present article only terms order 1, g,
and g7 are considered. Therefore, there is no need to
distinguish g, from ¢ and we omit the subscript ¢ in g;.

When one includes regularization factors r and the
corresponding counterterms C7,, the initial Hamiltonian
‘Ho = H of Eq. (39) is changed to H,,

H, = Hy + Hyayr + Hypyr + Hyanyr + Hpyyp, + CT,
(43)

Thus the initial Hamiltonian H, takes the form of a
computable series in powers of the coupling constant

Hr:Hf+gHr1+92Hr2+92CTr2+0(93)' (44)

Correspondingly, the solution of Eq. (41) also has the form
of a series

H, =Hs + gHy1 + §Heo + 0(g}). (45)

To calculate the terms in this series one equates coefficients
of the same powers of g on both sides of Eq. (41) and
obtains equations

H, =0, (46)
tl - HHJ’HH] Hf] (47)

H;z = [[Hf,’}:(tz]»Hf] + [[Hf77:ltl}7Htl]' (48)

These are solved in the following sections. In the last step
of solving for the renormalized Hamiltonians H,, the
canonical operators ¢, are replaced by the effective ones,
q;, according to the formula H, = H,(qy — ¢,). To sim-
plify our notation below, the operators g, are denoted by g,
i.e., the subscript O is omitted. Thus,

H, = uthuj = Ht(q - Qt)- (49)

The perturbative expansion for H; in Eq. (45) directly
implies a similar one for H,,

Ht:Htf+gHt1+ngt2+0(g?)‘ (50)

The discussion that follows is mostly carried out in terms of
the operator H,.

A. Free Hamiltonian terms

Since the free Hamiltonian H; obeys H} =0, see
Eq. (46), it is given by the canonical Egs. (B1), (B2)
and (B3) in Appendix. B. To obtain H, , the creation and
annihilation operators ¢, for bare, pointlike quanta are
replaced in H; by the operators g, for effective particles of
size s, with the same quantum numbers. So,

H,f:Hth —l—H,Az —I—Hle, (51)

where

p + m’
tv/2 - Z/ [bjpabt/w + dfl"fdfl’"] (52)

2 12 2
Ptk
I_ItA2 = E /[p]pfajpﬁatpw (53)
o=1

12 4 2
PR
Hp = /[p}?clpctp‘ (54)
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B. First-order interaction terms
According to Eq. (47), the coefficients 4, ., of products
¢ and a of creation and annihilation operators, respectively,
under the momentum integrals in H,, satisfy the differ-
ential equations
h/

tl ca

= _(M%_Mg)zhtlca’ (55)

where M, denotes the invariant mass of particles annihilated
and M, particles created by the interaction. The initial
conditions at t = 0, denoted by ¢ ., are provided by the
first-order canonical coefficients shown in Egs. (B4) and (B5)
in Appendix B. Thus, solutions for the coefficients are

htlca :ftc.ahOICm (56)

which amount to the initial conditions multiplied by the
RGPEP vertex form factors,

frea = exp[-t(MZ = MZ)]. (57)

The RGPEP form factors suppress the invariant mass changes
that exceed 1/s exponentially fast. The suppression allows
one to intuitively associate the parameter s with the concept of
size of effective quanta. The local gauge theory corresponds
to pointlike quanta and s = 0. The larger s the stronger the
vertex suppression. Large s implies that only small changes of
the off-shell departures of virtual interacting quanta can occur.
This correlation is similar to the one found in quantum
mechanics of bound states of charged particles, whose form
factors suppress absorption or emission of light with momen-
tum that exceeds the inverse of their size. However, one
should keep in mind that the RGPEP effective quanta can be
in arbitrary relativistic motion with respect to each other and
they do not behave as bound states known in nonrelativistic
quantum mechanics, so that the interpretation of s as
quantum-mechanical size is merely based on an analogy.

The RGPEP form factor f,., appears in front of all
products of creation and annihilation operators in every
interaction term equally. Namely,

Hn//Ay/ = gz /[123]Sc‘aft+t, c.a

123
_ Tt - ot
X [ {usb,,a,,b,3 — V3¢ vod),a;,d,5

+ ﬁ1¢3”2bj1d326’t3 +H.c], (58)

Hn//By/ = _gz /[123}Sc.aft+t,aa
23
+ +
_ Ky _ Ky
X [u2—+u3bj2cj1b,3 - 03—+U2djzcj1dt3
P Py

Ky
+MIFU2btldt2Cf3+H'C' . (59)
3

Note that the canonical creation and annihilation operators
for initial, pointlike quanta are replaced by the operators for
quanta of size s, corresponding to t = s*.

The operator structure of the first-order solutions resem-
bles the canonical one, so that for momenta for which

Siti,c.a ~ 1, one has
H Hcan v Ay (60)

H

tyAy,

H (61)

ty, By, — cany, By,

The subscript “can” refers to the canonical minimal
coupling Hamiltonian terms. Fields with subscript ¢ are
built from creation and annihilation operators ¢, in the
same way as the canonical quantum fields are built from
the operators gy. The two Egs. (60) and (61) express the
RGPEP interpretation of gauge symmetry as a guiding
principle in constructing relativistic quantum theory of
particles: The effective minimal coupling Hamiltonian
interaction term appears for momentum transfers much
smaller than s~! equal to the canonical minimal coupling
term in a local gauge theory. The difference that is hard to
recognize is the one between the operators ¢, and g.

The above interpretation implies also that the regulari-
zation factors introduced in Eq. (43) can be just the RGPEP
vertex form factors f, with some extremely small value of ¢,
denoted by ¢, [4]. Precisely this regularization is the origin
of the sum 7+ ¢, as a size parameter in the vertex form
factors displayed in the solutions of Eqs. (58) and (59).
When ¢ — 0, the regularization parameter #, remains and
makes the form factor regulate the Hamiltonian. The
regularization is lifted when ¢, is sent to zero.

It is now visible that in the tree approximation the
regularization influence on the renormalized theory van-
ishes when the regularization is lifted. Namely, for a fixed
finite ¢ the infinitesimal ¢, is inconsequential. The regu-
larization factors f, ., are said to be muted as functions
of momenta by the RGPEP vertex form factors f;., with
finite ¢+ when #, — 0. In general, the condition that the
RGPEP factors mute regularization factors in a finite
effective theory at the tree level implies that the gauge
symmetry becomes manifest in the low-energy tree-level
processes that involve momentum changes much smaller
than the inverse size of the effective particles.

C. Fermion self-interactions

As a result of second-order self-interactions, the mass-
squared terms for fermions change from m? in the canoni-
cal Hamiltonian to m? + ¢?6m?(t) in H,. The corrected
mass appears in the coefficients of operators bjp{;b, po and
djpﬁdt o in H,. One calculates m?() by integrating its
derivative with respect to ¢ that is contained in Eq. (41). For
terms order g%, Eq. (41) reduces to Eq. (48). The coef-
ficients of operators bfmb po and djmd o are extracted from
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the right-hand side of Eq. (48). The only contributions
come from the second term,

H/

t26m?

[[vaﬁzl]thl]ng’ (62)

more specifically, from creation and subsequent annihila-
tion of a fermion and a boson. That set of quanta is
symbolized by fb. Our calculation yields, in notation
explained in Appendix A,

(6
t26m Z / m2

[bibs +dids),  (63)
where

(Gm3y = -2 / (K12, (M2 = m2) e, (64)

K2+ x2m? kP + (1 - x)K?
Fs»=2 2 , (65
Sm? |: 1—x x2 ( )
fro s = ¢ 2 MG =) (66)
k24 m? k24w
M3, = : 67
b —x (67)

The variables x and k- denote components of the boson
momentum in the fermion self-interaction set fb. In
evaluation of the factor Fj,., contributions of quanta
of field B turn out to amount to just adding x*> to p*?
in the sum over polarizations of field-A quanta with
momentum p. Integration over ¢ in Eq. (64) results in

sm? (1) = 6m?(0) — / K s = Por o)
X (M7, —m?) " Fy0. (68)

In the limit of ¢, going to zero that lifts the regularization,
the integral diverges. The divergence can be canceled by
adjusting the value of 6m?(0). However, the finite part
of ém?(0) can only be fixed by comparison of theory
with data.

A directly relevant observable is the Hamiltonian eigen-
value p~ = (p? + m}) /p™, in which m, stands for the
smallest mass eigenvalue for the eigenstates with fermion
quantum numbers. In the present calculation, one considers
the eigenstates approximated by a superposition of effective
single fermion and two-body effective fermion-boson
Fock states. The momentum components p* and p* are
the eigenvalues of kinematic Poincaré generators of front
translations, P* and P*. These eigenvalues drop out
entirely from the fermion eigenvalue equation and the
eigenvalue reduces to m7. For m} to match m* in Eq. (52)

for arbitrary finite values of 7, the counterterm must be

o (0) = [ (h1F? (MG, =) e (69)
This condition determines the counterterm including its
finite part. The result for sm?(¢) is

sm? (1) = / (XKIf2,, g (M2 = ) e, (70)

where for any finite value of ¢ the limit of no regularization
is obtained by letting ¢, tend to zero. As a result, the mass-
squared Hamiltonian term for effective fermions of size
s = 1'% is corrected by a term order ¢* of the form

5m
Ht25m2 = Z/ tpﬂbtpo' + dtpo'dtpd] (71)

This term is included as a part of the entire Hamiltonian H,.
The latter is used to calculate masses of bound states of
fermions. Plots that show how the function m?(¢) arises
are provided in Sec. VL.

D. Boson self-interactions

Mass corrections for the effective gauge boson quanta of
size s = t'/* are determined according to the same algo-
rithm as for the fermions. One integrates their derivatives
given in the RGPEP Eq. (41), which in order ¢* reduces to
Eq. (48). Thus, the derivatives of the corrections order g*
are obtained from

H/

12612

== [[Hf, ﬂtl]sHtl]gK% (72)

One derives the derivatives of coefficients of terms a'a
and cc in H,. The derivatives come from creation and
subsequent annihilation of a fermion and an antifermion
pair, symbolized by ff. One integrates these derivatives
from zero to t. The finite parts of counterterms in the initial
condition at t = ( are defined by demanding that the mass-
squared eigenvalues of H, for the gauge boson states are 2,
equally for bosons of type A and B. The resulting mass-
squared terms for quanta of fields A, and B, turn out to
differ from each other. Namely, we obtain

where
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350 = [BhF, 7, (M =) Fog. (76)

and
k2 + m?
2= 77
Mff x(1=x)"° (77)
2 + (1 = x)?]k2 + m?
Fso = 78
5% x(1-x) | (78)
Fso = 8k?x(1 — x). (79)

The transverse gauge boson mass is corrected by a term that
varies rapidly with ¢. The third-polarization gauge boson
mass is proportional to x*> and does not exhibit any such
rapid variation with f. Detailed discussion of how the
functions 6k (#) and 6k3(7) arise is postponed to Sec. VL.

E. Boson exchange

For the purpose of discussion of an example of effective
bound-state dynamics in Sec. VI, we consider the
Hamiltonian interaction terms of order ¢* that involve
exchanges of gauge bosons of types A and B between a
fermion and an antifermion. The RGPEP evolution of
second-order interaction terms is obtained from Eq. (48).
We focus on the coefficients ¢(121'2") of operators
bId;dz«b]/. The fermions that come out of the interaction
carry quantum numbers labeled by 1. The antifermions come
out with quantum numbers labeled by 2. The fermions and
antifermions that come in carry quantum numbers labeled by
1" and 2/, correspondingly. When it is useful, we abbreviate
notation for these coefficients or for the operators that
contain them by using the acronym or subscript ¢g,
associating ¢ with fermions and g with antifermions, a la
positronium or quarkonia. The purpose of using ¢g instead
of £ f in this section is that the subscript f is more useful here
to indicate the free part of the Hamiltonians and the RGPEP
form factors, instead of fermions.

The boson-exchange terms are contained in Eq. (48) of
the form,

;2(11? = [[Hf’HthZz]’Hf] + HHﬁHtlLHtl]qq' (80)
The initial condition includes the regulated canonical ¢g
interaction term and, potentially, a counterterm that needs
to be calculated. The initial-condition canonical term
consists of

Hgrem = G Z /[121/2/]312.1’2’7121’2'
12172

X Mo can2qq (1212') bl dydy by, (81)

where, on the basis of Eq. (B9),
Uy v layt us
(pi +p3)°
(82)

_ﬁ17+u31747+02
(pf = p3)

hOcaanq(lzl/z/) =

The first term corresponds to the FF instantaneous inter-
action that is analogous to the Coulomb term in the IF
Hamiltonian. The second term corresponds to the FF
instantaneous interaction through the annihilation channel
rather than the exchange. We discuss the gg annihilation
channel interaction along our discussion of the boson-
exchange interaction since both can contribute to the
dynamics of the gg bound states. Both interactions result
from the FF constraint Eq. (29) for A~, analogous to the IF
Gauss law. However, instead of the inverse of Laplacian
they involve only the inverse of 0*2. The factor ryy
provides regularization, according to the rules set at the end
of Sec. IV B and in Appendix B 1. Namely, the form factor
f:, with infinitesimal ¢, is inserted in both fermion currents
that appear in the interaction.

Following [20] and using notation defined in
Appendix A, integration of Eq. (80) begins with writing
H,245 in the form

Hizgg = Z /[121/2/}312.1’2'%2%(121’2’)b1d;d2/b1/.

1212
(83)
The differential equation to solve reads
z /[121/2’]512.1/2’}1;2@(121’2/)bid§d2'b1' (84)

1212

:_Z /[121’2’]512.1'2’(/\4%2—M%Q,)Z

12172
X hi2gg(1212)bdydy by + [Hy Hitl, Hol oo (85)

Writing

hizgq(121'2) = MMy ) L (1212)),(86)

t2qq

one obtains a differential equation for g, ,;(121'2'),

Z /[121/2/]312.1’2’€_I(M%Z_MT’2’>29;2qq(lzl/z/)brdzdz’bl’
12172

- [[Hf?ﬂtl]’Htl]qq- (87)

The first-order operator H,; is a sum of the two terms,
H,1 = H;ia + H, 1. The terms H, ;4 and H, s describe
the coupling of fermions to bosons of type A and B,
respectively. Their forms are identical to the ones given in
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Egs. (58) and (59), except that the operators ¢, are replaced
by g. The operator 7{,, differs from 7, by multiplication
of its terms by the square of total p™ of quanta annihilated
or, equivalently, created by a term. Since the boson creation
and annihilation operators must be contracted with each
other on the right-hand side of Eq. (87), one has

Z / [121@]3121,2,e—f<M?z—M?/z/>zg;2qq(121/2’)b{d;d2/b1,
12172/

= [[Hp Horal Horal g + [[Hy sl Mgl g (88)

The result of integrating this equation, in compliance with
the general RGPEP rules [20], reads

91243 (121'2') = go245(121'2')

H(M3,—M?
_[ (M, 12’ ft+t12xft+tx12’_ft12xftx12’}

Py + Pl abery
2 2 2
(M _Mlz/) _QIZ.X _bx.l/Zl

X [HO 1A12.xH0 1Ax12 + HOIB 12.xHO 13x.1’2’}12.l’2"
(89)

The subscript x = gbg denotes the intermediate quanta.
The momentum pi » stands for the total p™ of quanta that
participate in the interaction caused by one operator H, .
The vertex form factors are

S = e, - P5), (90)

_ o+ -
apx = plZ,x(PIZ

—th? — —
Frary =€ a2, byyy = P:1’2'(P1’2/ -P7).  (91)

Description of the resulting Hamiltonian coefficients
h;245(121'2") in Eq. (86), will be provided in the next
section after we introduce the additional terms that also
contribute to the gg bound-state dynamics.

F. Bound-state dynamics

The Hamiltonian H, determines the structure of bound
states (BS) through the eigenvalue equation
P32 + M2
H,|BS) = M |BS). (92)
B

The kinematic total bound-state momentum components
P and P} can be eliminated since the FF of Hamiltonian
dynamics and the RGPEP both explicitly preserve the
seven Poincaré symmetries that include the Lorentz boosts.
Therefore, P} and Py are arbitrary and only the eigen-
value M%¢ needs to be found. The relative motion of
constituents is described in terms of the wave functions that
do not depend on P} and Pg. Therefore, the same wave
functions appear in the bound-state spectroscopy and in the

corresponding parton picture in the infinite momentum
frame [1]. However, the wave functions depend on the
constituent size s = ¢'/4. Therefore, the parameter ¢ plays
the role of scale of constituents one uses to describe the
bound state. An external probe may couple differently to
constituents of different size, as is the case in the electro-
weak form factors, deep inelastic scattering or virtual
Compton scattering.

In the case of bound states of a fermion and an
antifermion, the wave functions appear in the expansion

|BS) = Zquq|tht +le’tqbq|qt G+ (93)
qbg

where the sum extends to infinite numbers of effective
fermion, antifermion and boson quanta. In a local gauge
theory, the integrals over constituent momenta extend to
infinity and the expansion is hardly convergent [36]. In the
effective theory with constituents of size s, approached here
using the RGPEP, the convergence is conceivable because
the ultraviolet range of interactions is limited by the vertex
form factors f. ,, see Eq. (57). The infrared divergences
due to massless gauge bosons [37,38], are tamed by the
introduction of mass k and an additional polarization state.
The mass « also appears in the form factors f,.,, which
thus tame small-x singularities in dynamical considerations
that concern partons [1].

When the coupling constant is very small, one may
attempt to solve Eq. (92) by assuming that the smallest
eigenvalue M3 corresponds to the state dominated by its
fermion-antifermion component in Eq. (93). The compo-
nent with one boson is of order ¢ and the remaining
components are of order ¢* or smaller. For example, such
approach can be adopted in QED, where g is the electron
electric charge. Expansion in powers of g allows one to
derive an effective Hamiltonian matrix that acts solely on
the wave functions y,,; in the space of fermion-antifermion
components |¢,g,). We use the second-order formula [39]

(124 H yerr249]1721)

1
= (1,2,|H;»|172}) + < - _>
! 2)%? Py, - Pl 1 — P
X (1,2, Hyy |x) (x| H o [1727). (94)

On the right-hand side, there are six kinds of terms due to
the operator H,, and similar six kinds of terms due to the
term bilinear in H, . The latter terms are the effective self-
interaction of fermions, self-interaction of antifermions,
exchange of bosons of types A and B between fermions,
and annihilation of fermion-antifermion pairs into the two
types of bosons with subsequent creation of a fermion pair.
Note that the Hamiltonian H,, whose matrix elements
appear as the first term on the right-hand side of Eq. (94),
results from a solution of differential Eq. (80) for a
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Hamiltonian operator that acts in the entire Fock space.
In contrast, the term bilinear in Hamiltonians H,; only
describes the interactions of effective particles in the
fermion-antifermion component of the bound-state eigen-
value problem for small values of Mpg. In other words,
the matrix element (1,2,|H 2 ,5/1727) corresponds to an
operator H, ) 4 that acts solely in the effective fermion-
antifermion sector of Fock space, built from quanta of
size s for description of bound-states dominated by that
component.

G. Eigenvalue problem for bound-state
wave functions

The bound-state eigenvalue problem of Eq. (93), reduced
to the dominant fermion-antifermion component reads

(pl+p2)2l//t12+92P§SZ/[1/2/]<1t2t|Hteff2qq|1;2;>1//t1’2’
]

:M%;sl//tlz- (95)

The mass corrections m?(¢) are canceled by the effective
fermion self-interactions due to the term bilinear in H,; in
Eq. (94). The invariant mass squared of two constituent
fermions, M3, = (p; + p»)?, is calculated using on-mass-
shell values of p7 and p; with fermion mass eigenvalue m.
The whole interaction left consists of the exchange and
annihilation terms. They involve sums over polarizations of
bosons of type A and B. The sums result in tensors dy ,, and
dp,, that are contracted with the fermion currents Jz and T4
The transverse boson tensor dy ,, includes the metric term
—g,, and an additional tensor that involves the boson
momentum. Using conservation of kinematic momentum
components and properties of spinors in the fermion
currents, one can reduce the additional tensor to 7,1, times
a coefficient, where the four-vector # has only minus
component different from zero, and equal two. The tensor
dg,,, 1s proportional to 7,n,. The second-order interaction
matrix in (1,2,|H,fr245/1727) thus takes the form

<12|Hteff2qf1|1,2/> = 812.1’2’hteff2ff(121/2/)’ (96)
where

Byetrn ;7(121'2") = Ly + Ly + L3 + Ly, (97)

Ly = EX,lhg, excn + Ry, boson exch]: (98)
Ly = EX  [ly+exeh + ytvoson exchl» (99)
L3 = AN g[hgwannih + Ry, boson annih |5 (100)
Ly = AN Iy annin + 1y boson annin s (101)

and the spinor factors are

EX, = —it;7"uy 0yy,v2/ (2m)?, (102)
EX, = iy upyytoy/(pf +p3)? (103
AN, = =i 7" vy 0y, uy / (2m)?, (104)
AN, =y oybyytuy/(py +p3)*. (105)

The terms with subscripts “exch” or “annih” come from the
operator H,,, and terms with subscripts “boson exch” or
“boson annih” from the term bilinear in H,; in Eq. (94).
Our results for the four terms in Eq. (97), denoted by L,
L,, L3, L, and called “lines”, are listed below. The coupling
constant square ¢ does not appear in them since it is
factored out in Eq. (95). Each of the lines consists of a
dimensionless spinor factor and a dimensionless function
of fermions’ momenta in a square bracket. The Ilatter
functions will be called relativistic potentials for two
reasons. One reason is that the functions are invariant with
respect to the seven kinematic Poincaré transformations
of FF dynamics that include boosts. The other reason is
that the corresponding Hamiltonian interaction terms do
not change the number of effective particles. Below, the
relativistic potentials in lines L; to L, are for brevity called
just potentials and denoted by V; to V,, respectively. Note
the negative signs in front of spin factors in lines L and L;.
Thus, for small relative momenta of fermions, a positive
potential V| implies attraction and positive potentials V,,
V3 and V, imply repulsion. All these potentials are
dimensionless functions of kinematical momenta of four
fermions, their mass, the mass of gauge bosons and the
scale parameter s.

There are no counterterms included in the lines listed
below, because none is needed. Matrix elements of the
interaction terms between wave packets of fermions [3] do
not depend on the regularization parameter ¢, in the limit
t, — 0. The interaction ultraviolet behavior is limited by
the RGPEP form factors with finite parameter 7. Fermions
have masses and do not produce any infrared singularities.
The infrared singularities due to the bosons are regulated by
the mass x and small-x singularities for finite effective-
particle size s are removed by the lower bound on the
boson x on the order of s?x?. In addition, the logarithmic
dependence on that bound cancels out in the sense of
principal value in the integrals with wave packets. More
details are reported in Secs. IVH and VIB.

H. Relativistic potentials

In the list of interaction terms in lines L; to L,, we use
the familiar parton-model parametrization of constituents’
momenta, commonly used in the literature that employs FF
dynamics,
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P12 = X12Pgs, (106)
Py .y = Xr P, (107)
Pty = X12Pps £ k5, (108)
Piiy = Xy Py £ K (109)

We also use the abbreviation z = xy» — x; and introduce
two four-momentum transfers for fermions,

q91 = Pr — P1> (110)

90 = p>— P2 (111)
These differ only in their minus components, evaluated
using the on-mass-shell fermion four-momenta. The rela-
tivistic potentials are expressed in terms of quantities
analogous to a denominator d = k*> — p? in the Feynman
propagator for bosons,

d, :KZ—q%, (112)

d, = > — ¢>. (113)

Four invariant-mass quantities are introduced for brevity,

a=Mj}, - (114)
a =M, - (115)
b= M3, -2, (116)

= M3, - (117)

All potentials are listed below ignoring the regularization
parameter ¢,. The RGPEP form factors with finite # mute
the presence of ¢, as negligible in comparison with 7 in the
sum ¢, + f.

In the line L, of Eq. (98), written in the form

Ll :EXng’ (118)

the relativistic potential reads

V (121 2/) hg exch T hgwboson exch — Q(Z)Tl + 9(_Z)T2’
(119)

where
T, = Tlfe—z(a—a’)2 + Tlffe—f(dfxfﬁrd%x%)/zz’ (120)
T2 — Tzfe—f(a—al)z + Tsze—f(d%x%'*'d%)‘;)/lz’ (121)

and

4m?(dyx3, + dax3)

T, = , 122
VB, B33 — (dy — dy)? (122)
4m?(dyx7 + dox3,
Ty = 2m (21);1 + ) 2 (123)
a{%xl + d2x2/ - (dz - d])
Tlff :2m2/d2 +2m2/d1 _T1f7 (124)
Tsz = 2m2/d1 + 2m2/d2 - T2f (125)

Note that a —a’ = (d; — d,)/z. For small momentum
transfers, line L; provides a Yukawa potential due to the
exchange of vector bosons of mass k between fermions,
including the familiar spin factors. However, off-shell, i.e.,
when the invariant mass of fermions before the interaction
differs from their invariant mass after the interaction, a # a’,
the potential’s behavior is quite different from the commonly
known one in the nonrelativistic Schroedinger equation.
Further discussion is provided in Secs. V and VI.

The relativistic potential in line L, of Eq. (99), written
in the form

L, =EX.,V,, (126)
is
V2(121/2/) = hy*exch + hy*boson exch
= [0(2)S) + 0(=2)S,)(dy — d») /2>, (127)
where
Sl — Slfe—t(a—a/)z + Slf e~ (d%x],er%x%)/zZ’ (128)
S2 — Szfe—f(“—“/)z + S2ffe_t(d%x%+d§x§/)/zz’ (129)
and
1- d1x1,+d2x%+2(d1—d2)
SRRt B a—ayp 130
Xy + 2x2 (d 5)
1 d].xl +d2x%, + 2(d1 - dz)
S = R B —(d =) (131)
X7+ dixy — (dy = dy)
1 &2 — d3x3 — &2 + &2
S 1/d 1/d 132
1= 4J2x1,+d2x2 77 dz)z( /dy+1/d;), (132)
1 dx3—dox3 —di+d5
Syrp=— 2 1/d,+1/d 133
2ff Py +d2x2,—(d1 )2( /dy+1/dy).  (133)

Since d| — d, = z(a — d’), the potential V, is capable in
the limit z - 0 of behaving like 1/z and producing a
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singularity. However, the singularity is integrable with
regular bound-state wave functions in the sense of principal
value, cf. [40]. For small momentum transfers, one has
a ~ a' and the potential approaches a regular function near
z = 0. The entire potential V, vanishes on shell, i.e., when
the invariant masses of fermions before and after the
interaction are the same, a = a’. Hence, V, does not
contribute to the on-shell scattering of fermions in the
Born approximation. Consequently, it does not have any
classical counterpart and differs qualitatively in this respect
from the Yukawa potential.

Our result for the annihilation channel relativistic poten-
tial in line L3 in Eq. (100), written as

Ly = AN, V3, (134)
reads
V3(121'2') = Ry, annih + Py, boson annih
_ ety b+ B) (135)

2bb’

On shell, i.e., when b — b’ = a — a’ vanishes, our result for
V5 reduces to 4m?/b, which is fully covariant. From the
line L, in Eq. (101), written as

Ly=AN_V,, (136)

we obtain the annihilation channel relativistic potential

V4(121/2/) = hy*annih + hy*boson annih

— _e_[(b_b/)z (b - b/)2

4bb' (137)

Note the negative sign, which implies attraction. Potential
V4 vanishes on shell. It does not contribute to fermion-
antifermion scattering matrix in the Born approximation.

V. SPECTROSCOPY AND THE
PARTON-MODEL PICTURE

This section provides a brief discussion that relates the
computations described in previous sections to the well-
known physics of bound states in Abelian theory and their
parton picture. The theory does not involve confinement.
For the purpose of this discussion, we first need to clarify
the relationship between the expansion in powers of g used
in the computations and the nonperturbative nature of the
bound-state problem. The clarification is needed because
the computed Hamiltonians only include terms of order 1, g
and ¢*>. As a consequence, the bound-state eigenvalue
Eq. (95) does not contain interaction terms of higher order
than second.

The RGPEP usage of formal expansion in powers of g
does not mean that the bound states are described by

perturbation theory. The actual situation is in this respect
analogous to the situation in the original nonrelativistic
Schroedinger equation in atomic physics [41]. The
Coulomb potential in that equation is just quadratic in
the electric charge. Despite such low power of charge, the
atomic bound states are successfully described using the
Coulomb potential. They are not describable using pertur-
bation theory. The critical step beyond perturbation
theory is made by solving the eigenvalue problem for
the Hamiltonian. Similarly, the second-order RGPEP leads
to Eq. (95) that is capable of describing bound-state wave
functions as nonperturbative objects.

We wish to stress at this point that the RGPEP compu-
tation can also be carried out in expansion to higher orders
than second. Results could suggest the structure of effective
FF Hamiltonians needed to properly account for some
nonperturbative effects of the theory. For examples of
computing or guessing such terms, see [3,42,43] and
references therein. It is also worth stressing that the
Hamiltonians computed using the RGPEP are obtained
without putting any restriction on the motion of field quanta
and without making any nonrelativistic approximation
concerning their motion. This is relevant to our discussion
because for self-evident reasons the connection between
spectroscopy and parton picture for bound states cannot be
rigorously formulated in a nonrelativistic theory.

Suppose that a wave function y,, is a solution not of
Eq. (95) but of the analogous eigenvalue equation that is
derived by first solving the RGPEP Eq. (41) for H, exactly,
and subsequently reducing the eigenvalue problem for H,
to the bound-state dominant effective Fock-space compo-
nent eigenvalue equation also exactly, instead of using
expansions in powers of ¢ that we used to derive Eq. (95).
The exact wave functions y, |, would describe the bound
states in terms of the effective constituents of scale s = ¢!/4.
Using the analogy with the Schroedinger equation, one
would then expect that the spectroscopy of bound states
could be developed in terms of such constituents and their
wave functions. The wave functions could be used for
calculating bound-state observables.

As an example of a bound-state observable, consider
scattering of electrons off a bound state. It is characterized
by the momentum transfer Q and possibly other parame-
ters, such as the Bjorken x in deep inelastic scattering
(DIS). The cross section in DIS will involve the bound-
state’s structure functions. The cross section in the elastic
scattering will involve the bound-state’s form factors, etc.
Once the wave functions are known, the observables can be
studied using familiar FF formulas [24-29]. However, the
Hamiltonian interaction terms one could so use apply for
the effective constituents of size s, instead of the abstract,
pointlike quanta of canonical theory.

Calculation of the bound-state observables will produce
results that depend on the scale Q and other parameters,
such as x. The dependence will result from the kinematics
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and dynamics of the constituents of size s. As in other
approaches, e.g., see [44,45], one expects that the calcu-
lation will take the simplest form when the constituent size
s will be optimized for the purpose. For example, setting
s =1/Q or s =+/x/Q makes the corresponding loga-
rithms of the products sQ or s?Q?/x vanish. In other words,
although the size of constituents does not influence the
values of observables, since it plays the role of a renorm-
alization group parameter in the full theory that is not
limited to any perturbative expansion, the choice of s does
influence the complexity of calculation.

When the Hamiltonian H, and associated effective few-
body interactions are derived using the RGPEP in a
perturbative expansion, which is the case in Eq. (95), there
will be residual dependence of calculated bound-state
observables on the size of effective quanta s. This depend-
ence should be reduced by using the running coupling
constant g, as the expansion parameter for description of
phenomena of scale s.

Connection between the bound-states’ spectroscopy
developed in terms of the wave functions such as v, ,
in Eq. (95), and the bound-states’ features, such as parton
distributions, is based on the following observations. When
the coupling constant g is very small, the dominant
interaction term in Eq. (95) is the Yukawa potential that
for an extremely small boson mass is practically equivalent

to the Coulomb potential. Namely, when one denotes by k

the relative momentum of fermions 1 and 2 and by K the
relative momentum of fermions 1’ and 2’, using the relative
three-momentum variables defined in Appendix A, then the
dominant interaction term in Eq. (96), through Eq. (119),
takes the form

4m?

R (1212)) = —e lO@-R"7 0
(k—k)>+«?

(138)

The boson mass can be extremely small. For the values of ¢
that correspond to the size s much smaller than the Bohr
radius of the system, the RGPEP form factor in front can be
ignored and we obtain a picture that closely resembles the
nonrelativistic Schroedinger equation for positronium.
In such a system, the concept of spectroscopy is well
understood.

The associated parton picture is obtained on the basis of
observation that the relative momentum variables in the FF
of Hamiltonian dynamics are invariant with respect to

-

boosts. The bound-state wave function y,, = y,(k) as a
function of variables x and k*, see Appendix A,

x=(14+Kk/E)/2, (139)

E = \/m>+ i, (140)

is the same in the bound-state rest frame as in the infinite
momentum frame (IMF). Therefore, the wave function
w12 = ¢,(x, k*) provides the probability distribution £ (x)
of constituents as partons in the IMF,

f(x)N/dzkl(j),z(x, k). (141)

In the integrals over relative motion of constituents or
partons, one has to also keep track of minimal relativity
factors indicated in Eq. (A11) in Appendix A. The main
point is, however, that the size s of the constituents plays
the role of scale parameter. Our computations in the
previous sections need to be improved by including
variation of the coupling constant g, with #, cf. [35].
Moreover, according to Eq. (42), the operators for quanta

corresponding to different scales are related by a unitary

operator W, , = L{,]U,TZ,

q, =W, tzthWj-] ty: (142)
The parton distributions obtained from the wave functions
such as ¢,(x, k) will vary with ¢ due to the effects of
fermions emitting bosons, bosons splitting into fermion
pairs and the corresponding reverse processes. These
effects are hidden in the transformation W, ,, which is
computable order by order using the RGPEP [46,47].
The transformation W, , relates the field quanta of size
s that most efficiently describe the binding mechanism, to
the field quanta of size s, that the external probe is most
sensitive to.

The bound-state eigenvalue problem of Eq. (92) for the
Hamiltonian H,, will also lead to the intrinsic Fock-space
components of the eigenstates written in terms of constitu-
ents or partons of size s. These intrinsic components are not
described just by the RGPEP evolution operator W, ,,, but
by the nonperturbative solutions to the eigenvalue problem.
In handling these components using perturbation theory,
one needs to be careful in order to avoid double counting.

In summary, the RGPEP opens a way for seeking a
connection between the spectroscopy of bound states with
their parton-distribution picture. Most succinctly, one could
say that the present formulation of Abelian gauge theory,
with the gauge boson mass introduced as a regulator of
infrared and small-x divergences, provides a partial hint on
seeking a “satisfactory method of truncating the theory”
and identifying the binding mechanism of constituent
quarks and partons [18,19].

VI. PLOTS OF MASSES AND POTENTIALS

This section provides plots that illustrate the Hamiltonian
mass correction and potential interaction terms that are
computed in Secs. IV C, IV D and IV H. Plots of correc-
tions to masses squared may appear superfluous to some

034005-14



COMPUTATION OF EFFECTIVE FRONT FORM HAMILTONIANS ...

PHYS. REV. D 101, 034005 (2020)

extent because the self-interactions of effective quanta
cancel them precisely. However, the plots show the orders
of magnitude of the terms that cancel out. Their magnitude
raises questions about formal applicability of perturbation
theory for realistic values of the coupling constant, which
we shall comment on. Regarding the interactions between
fermions, plots that illustrate the effective one-boson-
exchange interaction and the interaction in the annihilation
channel, show in what way and how much the quantum off-
shell dynamics of effective quanta differ from the non-
relativistic Schroedinger equation with the Coulomb or
Yukawa potential.

A. Mass corrections

As a result of quantitative control on ultraviolet and
infrared singularities through the RGPEP and gauge-boson
mass parameter k, one can plot the behavior of mass
corrections in the Hamiltonian H,. Note that x is a priori
arbitrary and can be made extremely small simultaneously
with lifting the regularization. The latter is done by making
the regularization parameter ¢, negligible in comparison with
the finite RGPEP parameter . After carrying out integration
over transverse momentum in the mass-correction formulas
given in Egs. (70), (75) and (76), we obtain

s % Tee(t) ay 2., .2
Fm (t)—4\[2;\/1;€_|___t;—a(2m + k) (1), (143)
7860 = S 1 o (), (144
PR3 (1) = 2o ). (145)

where a, = ¢*/(4r) and the scale-dependent integrals are

Lep(t) = Al P ek N N erern P VR

X

(146)

Leg(t) = /O LT[0, 2(1 4 1AM, (147)

Lp(t) = A ax® + (1 = xPerfel /21 + 1)5M2)
(1438)

2 —
Lig(t) = A 1 dx[l - %}r[a 21+ 1,)5M],

(149)

L) = A L dxax(1 = X)I00,2(1 + )ML]. (150)

Symbols erfc and I" denote the complementary error and
incomplete gamma functions. They are referred to by the
subscripts FE, FG, AE, AG and BG of the integrals, in
correspondence to fermion erfc, fermion gamma, boson A
erfc, boson A gamma and boson B gamma. The degrees of
off-shell departure of invariant masses squared are

MG, =i /x +m? /(1 = x) —m?, (151)
5M§f:m2/x+m2/(1 —x) — K% (152)

In the limit # — 0, Egs. (143)—(145) provide the values of the
mass-squared counterterms introduced in the initial, canoni-
cal Hamiltonian that is regulated using ¢, — 0.

For moderate values of 7, the integrands of five integrals
that contribute to the effective mass-squared corrections are
plotted in Figs. 1 and 2. The purpose of these figures is
to show the origin of characteristic behavior of the mass-
squared corrections as functions of the size of effective
particles. For simplicity of the presentation and later
discussion of what happens when the boson mass
decreases, we set in these figures the boson mass x equal
to the fermion mass m. The corresponding values of mass-
squared corrections, all in ratio to m?, are listed in Table I.
We observe that the corrections are small for the size s on
the order of or greater than the Compton wavelength of
fermions. The corrections grow quickly when s decreases
below the Compton wave length.

The fermion and transverse-boson (type A) mass-
squared terms exhibit the dominant behavior s~2. In
contrast, the mass squared of longitudinal bosons
(type B) is proportional to the physical value x> and does
not share with other quanta the rapid increase with s72.
The fermion mass exhibits additional logarithmic increase
with s72 due to the singular x~! behavior of the integral
Irp for x — 0, which is limited by the function erfc. The
latter limits x from below by a number order s’x2, so the
smaller s the smaller allowed values of x and the factor
1/x extends the support of fermion integrand toward
x = 0. In contrast, the boson mass integrands all behave
symmetrically with respect to x = 1/2. The difference
between the fermion and boson integrands originates in
the first-order Hamiltonian interaction term that causes a
fermion to emit a boson, which includes the factor ~1/ \/)_c
that is squared in m?. The boson mass-squared correction
comes from the interaction that produces a fermion-
antifermion pair, in which no such x-dependent, fast
growing factor arises. In Fig. 2 the integrands are shown
for values of s hundred and thousand times smaller than
the fermion Compton wavelength, approaching magni-
tudes comparable with the proton radius if the fermions
have masses like electrons. The last two columns in
Table I show how large the associated mass corrections
become. The correction for fermions grows much faster
with s~! than the correction for bosons A does. The mass
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FIG. 1. Five integrands of the integrals in Eqgs. (146) to (150)

that contribute to the fermion and boson effective masses, as
indicated by their subscripts, for four values of the effective
particle size s. The sequence shows how the integrands vary when
the size s is decreased. The coupling constant a, = 1/137 and the
gauge boson mass is set equal to the fermion mass, k = m. The
corresponding values of the mass corrections are given in Table I.
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FIG. 2. The five integrands of the integrals in Egs. (146) to
(150) as indicated by their subscripts for two much smaller values
of the effective particle size s, necessarily in logarithmic scale, for
all other parameters without change.

correction for bosons B is much smaller than for bosons A
and exhibits also much smaller rate of increase with s7!.

The large values of mass corrections for a, = 1/137 may
raise readers’ eyebrows. Indeed, such large values suggest
that the perturbative expansion is under suspicion of
inapplicability. However, the Hamiltonian H, leads to
the self-interactions of effective particles that cancel the
large mass-squared corrections. One may hope that such
precise cancellation among large terms survives in the
nonperturbative solutions of the eigenvalue equations
similar to Eq. (95). Indeed, once the large terms order
s7%log sk and s~2 are canceled by the effective particle
self-interaction and the remaining small parts are adjusted
using eigenvalue equations for a single physical fermion
and a single physical boson, the bound-state equation for
the fermion-antifermion system is left with mass terms >
and «2 for all values of 7. However, the warning that these
results provide is that one needs a precise conceptual and
quantitative control on the renormalized FF Hamiltonians,
in order to describe binding of partonlike systems in gauge
theories as well as one describes binding energies of
constituents in spectroscopy of atomic systems.

In order to exhibit the actual magnitude of terms whose
cancellation would have to be preserved, if one insisted on
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TABLE L

Values of mass corrections for equal boson and fermion masses, k = m, and six values of the size s of effective fermion and

boson field quanta in units of the fermion Compton wavelength, according to Eqs. (143)—(145) for a, = 1/137. The entries correspond
to the integrands shown in Figs. 1 and 2. These corrections cancel out with the effective particle self-interactions.

sm 1 0.5 0.25 0.1 0.01 0.001

g*om? [ m? 3.1910713 3.03107* 1.881072 3.67107! 1.04 107 1.71 10*
GoK% /m? 27310713 1.69 10~ 5.171073 4.671072 4.85 4.8510%
Goxy/m? 5.64107'4 3.38107° 6.21 10~ 1.961073 5.521073 9.091073

solving bound-state problems in canonical theory with
some cutoff regularization that is meant to be lifted at the
end of calculation, one can consider the gauge boson mass
k = 107'% eV. This is the currently accepted experimental
upper bound on the photon mass [31]. In the computation,
one can set k = 10™>m, imagining that m could be the
electron mass. On the basis of Figs. 1 and 2, one can foresee
the result. It is illustrated in Fig. 3 in terms of the plots
of three integrands as functions of x. Only three integrands
are displayed because the remaining two are too small for
showing them on the same figure. Instead, Table II provides
the resulting mass-squared corrections themselves, in ratio
to the physical fermion mass.

The fermion mass correction is much larger than the
boson mass corrections. One can see that it is logarithmi-
cally sensitive to the lower bound on x, which is effectively
set by the RGPEP form factor to be around v/2s%«? divided
by a number on the order of 100 or 1000. However, the
dominant increase of the fermion mass correction is due to
the factor s~2 that multiplies the logarithm. The factor 572 is
due to the integration over large transverse momenta of a
boson with respect to a fermion in the intermediate state in
fermion self-interaction.

Boson masses behave differently. They do not exhibit
the logarithmic behavior in s that fermions do because the
intermediate states of the boson self-interaction only
consist of fermion-antifermion pairs. The pair mass is
10% times larger than the boson mass and the boson mass
correction varies mostly due to the spinor factors that after
integration over transverse momenta render continuous and
relatively slowly varying functions of x.

The intriguing feature of the boson mass corrections is
that the types A and B are quite different, the latter being
very small in comparison to the former. This result can be
confronted with the expectation that in the limit of x — 0
the third-polarization boson decouples from fermions
because the coupling is proportional to « [7,13].
However, the actual coupling is of the form x/x.
Therefore, the small-x behavior of the theory for x order
s%k? or smaller includes contributions from the bosons of
type B. Only after the cancellation of small-x singularities
for finite s, the limit x — 0 can be considered in quantum
theory.

Concerning the magnitude of second-order mass cor-
rections, we wish to state that in the case of constituent

dynamics described by H, their values critically depend on
the size of effective particles, see Tables I and II. When
the size of effective fermions increases toward and above
their Compton wavelengths, the magnitude of corrections
rapidly decreases. For example, the entries in Table II for
sm = 2 would be from top to bottom 3.95 1072, 1.40 107>
and an incredibly small 7.01 10728, For sm = 4, we obtain,
correspondingly, 9.63 1073, 1.05107 and a number too
small to quote. In Table I, increasing sm to 2 results in mass
corrections of order 10~13!. If the RGPEP tendency for
mass stabilization when s crosses the fermion Compton
wavelength survives in advanced computations, the models
of bound states based on a few-body Schroedinger picture
with potentials and practically fixed effective constituent
masses could be adopted as a leading approximation. In the
next section, we describe behavior of the second-order
relativistic potentials in a fermion-antifermion system.

B. Plots of relativistic potentials

The relativistic potentials for effective fermions of size s
are illustrated in this section by their action on wave
functions of simple states. Consider a fermion-antifermion
state described in terms of the parton-model variables. Let
the fermions have equal momenta, so that they share their
total momentum equally and their relative momentum is
zero. To establish notation used for plotting potentials, this
state of fermions is represented by

|1/2/> _ b’r d’f

[vd]10), (153)
where the individual momenta of fermions are p; = py =
p’ and their total momentum is Py, = 2p’. We use labels
with primes as in Eq. (95), reserving the labels without
primes for the states that result from action by the
Hamiltonian. Thus, the plus and perpendicular components
of fermions momenta are p'* = P}, /2 and p'* = P, /2.
In the FF dynamics, we can consider arbitrary values of
the fermions total momentum components Pﬁz, and P#Z,,
while the individual fermions’ kinematic momentum com-
ponents are always of the form given in Egs. (107) and
(109), in which x' = x;y = xy = 1/2 and kK'* = 0. The
wave function y, 1/ in Eq. (95) that would correspond to
the state |1'2') would enforce with arbitrary accuracy that
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FIG. 3. Three integrands of the integrals in Egs. (146) to (148) for
the boson mass much smaller than the fermion mass, k = 10~2 m for
four values of the effective particle size s. The figure illustrates
behavior of the fermion integrand like 1/x, where x is the fraction of
fermion momentum carried by the boson. Integrands in Egs. (149) to
(150) are relatively so small that they cannot be shown on the figure.
The coupling constanta, = 1/137. The corresponding values of the
mass corrections for fermions and bosons are given in Table 1.

TABLEII.  Values of mass corrections for the boson mass much
smaller than the fermion mass, x = 10~°m, in agreement with
current experimental upper bound on the photon mass. Results
for four values of the size s of effective fermion and boson field
quanta are shown in units of the fermion Compton wavelength,
according to Egs. (143)-(145) for a = 1/137. The entries
correspond to integrands shown in Fig. 3. These corrections
cancel out with the effective particle self-interactions.

sm 1 107! 103 1076

g*om*/m*  1.62107"  1.71107"  1.85107  2.0510""
ok /m* 139107 4931077 485107  4.8510%F
g*okp/m? 3171070 179107 892107 196107

(x',kK't) = (1/2,0). We illustrate the relativistic potentials
by results of their action on such wave functions.

We extract the relativistic potentials from the matrix
elements (1,2,|H g ,45/1727) in Eq. (95) one by one in the
order of lines L; to Ly in Eq. (97). We remind the reader
that the coupling constant is factored out. The potentials
are functions of kinematic components of momenta of the
two fermions that enter and two fermions that leave the
interaction. Together, these are 12 arguments. But the total
momentum of fermions is conserved and the potentials do
not depend on it, no matter how large it is. So, they are
functions of only 6 variables x, k-, x' and k’*. In action on
the wave functions y,» that we introduced above, the
primed variables have fixed values x' = 1/2 and k'+ = 0.
In addition, as a consequence of rotational symmetry
around the z-axis and k’* being zero, the result of an
action of a potential depends only on the variables x and
k*+2. We denote

Q = |kt (154)

This way we obtain four functions V| (x, Q) to V,(x, Q)

from the potentials V;(121'2") to V4(121'2’) in Egs. (119),

(127), (135) and (137), so that for i = 1, 2, 3 and 4 we have

Vi(x, Q) = Vi(12p'p’). (155)

These functions are plotted in comparison with two

reference functions defined below. The reference functions

correspond to the intuitive potentials that apply in non-
relativistic quantum mechanics.

The first reference function is defined using the momen-
tum representation of the attractive Yukawa potential in
nonrelativistic quantum mechanics, which reads

2

iy —g
Vyolk k) = —o2——. 156
y(k, k) A7y e (156)

Since the relative momentum in the state |1'2’) that we use
1S zero, one sets k' to zero. The argument of the Yukawa
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00

FIG. 4. Relativistic gauge-boson exchange potential V;(121'2)
of Eq. (119). The upper plot illustrates V;(121'2") in terms of the
potential function V(x, Q) of Eq. (155). For graphical reasons,
the boson mass « is set to one seventh of the fermion mass m and
the RGPEP running size parameter s to the inverse of 1.5m. The
variable x corresponds to the parton-model x of the fermion labeled
by 1. The variable Q is the magnitude of transverse momentum of
that fermion with respect to the antifermion labeled by 2. The
middle panel shows the Yukawa potential function Vy(x, Q) of
Eq. (159), hardly discernible from V(x, Q). The bottom figure
presents the ratio R (x,Q) = V(x,Q)/Vy(x, Q) of Eq. (162).
The ratio exhibits the exponential suppression of effective inter-
actions when the invariant mass changes by more than the inverse
of the RGPEP scale parameter s. More details are in the text.

nonrelativistic potential reduces to K. We identify the

nonrelativistic & with its FF counterpart using formulas of
Appendix A,

, Q- 1/2)2m]2.

S
k"= M7, /4 —m (1 =)

(157)

In the nonrelativistic limit the denominator 4x(1 — x) turns
into 1. Therefore, the Yukawa potential function we could
use as a reference would be

-
0 + [(x = 1/2)2m]* + x*°

(158)

However, in lines L; to Ly we have factored out spinor
matrix elements and the square of the coupling constant
with proper signs. Our Yukawa reference function is
therefore defined to be

4m?

Vy(x.0) = 0%+ [(x=1/2)2m]> +x*°

(159)

For small x/m, the maximal value of this function equals
4m?/x? and the minimal one is zero.

Our second reference function is designed for the
annihilation channel potentials. We strip the RGPEP form
factor from the potential V; in Eq. (135) and obtain

1 1
2m?| =+ —
m <b+b’>

with b = M?, —«? and b’ = 4m> — k*. Our annihilation
reference function is hence defined to be

(160)

x(1=x) n 1
Q% +m? —*x(1 —x)

51 -

(161)

Va(x, Q) =2m’ [

4m? -k

Its maximal value is one and it tends to 1/2 for large values
of Q or extreme values of x, when x < m.

In all figures that illustrate the relativistic potentials, we
use the same boson mass k = m/7 and the same size of
effective particles s = (1.5m)~!. These choices are made
for purely graphical reasons, to satisfy the condition that the
characteristic features of the interactions are well visible.
When the mass k decreases, the Yukawa potential at
small momentum transfers becomes increasingly spiky
and approximates the Coulomb potential near x = 1/2
and Q = 0 increasingly well. For the parameters chosen in
the figures, the Yukawa-like potentials reach the value
4m?/k* = 196, see Eq. (159). When the size s increases,
the potentials lose strength off shell, which means they
are exponentially limited to a smaller range of x and Q.
When s decreases, the range increases according to the
rule [Q% + m?(2x — 1)?]/[x(1 = x)] < s72

Figure 4 contains three panels that show, counting from
the top to bottom, the boson exchange potential function
Vi(x,Q) of Eq. (119), the Yukawa potential function
Vy(x, Q) of Eq. (159) and their ratio
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Ri(x. Q) = Vi(x,Q)/Vy(x. Q). (162)
These figures demonstrate the role of the RGPEP form
factors in effective interactions. The form factors
exponentially suppress the interactions that change the
effective fermions invariant mass by more than the inverse
of an effective fermion size s. While the relativistic
potential function V(x, Q) appears almost indistinguish-
able from the Yukawa potential function Vy(x, Q), their
ratio displays a huge difference from one, due to the
RGPEP form factors. In the figures, fermions 1’ and 2’
have the invariant mass squared equal to M'? = 4m?.
Fermions 1 and 2 have the invariant mass squared equal to
M? = (Q* + m?)/[x(1 — x)]. Generally, the RGPEP form
factors exponentially suppress the interactions off-shell
extent according to the rule (M?— M'?) <s72. When
the variable x’ introduced below Eq. (153) deviates from
0.5, the Yukawa peak of Fig. 4 shifts and centers on x = x’
instead of 0.5. If the transverse momentum &’ significantly
differs from zero, the potential function behaves in a
somewhat more complicated way due to its additional
dependence on x’, Q' and the angle between k* and k' in
the transverse plane, but it follows the rule that (Q? + m?)/
[x(1 = x)] does not differ from (Q"? + m?)/[x'(1 — x')] by
much more than 1/s2.

Figure 5 shows the relativistic FF potential of Eq. (127)
in terms of the function V,(x,Q) in Eq. (155), in
comparison with the potential function V;(x, Q), shown

200

w| [l Vi(z,Q)

100

50

1.0

FIG. 5. Relativistic potential V,(121'2") of Eq. (127). It is
drawn in terms of the potential function V,(x, Q) of Eq. (155), in
orange. For comparison, the Yukawa-like potential function
Vi(x, Q) of Eq. (155), see Fig. 4, is shown in blue. The functions
are displayed with the same sign to show their relative magni-
tudes well. The view of potentials is arranged to be from the
opposite point to that in Fig. 4 in order to show the relative
magnitude of the two functions at small momentum transfers,
which is the region where the bound-state formation mechanism
is most active. In that region, the potential function V,(x, Q) is
much smaller in size than the Yukawa-like function V(x, Q).
The Yukawa peak reaches 4 x 49, as explained below Eq. (159).
The potential function V,(x, Q) vanishes at that point.

in Fig. 4 for the same parameters x and s. It is visible
that the relativistic FF potential V,(121'2") has support
only off shell. In the region of binding, it is very small
in comparison to the one-boson-exchange potential
V1(121'2'). In the language of SRG [21], it has significant
matrix elements only outside the band of a band-diagonal
matrix of the effective Hamiltonian, whose width in terms
of the invariant mass is 1/s. Far away from the diagonal,
the function V,(x,Q) briefly exceeds the function

T

0.0

FIG. 6. Relativistic annihilation-channel potential V3(121'2)
of Eq. (135), shown in terms of the potential function V3 (x, Q) of
Eq. (155). One sees the effect of the RGPEP form factors. The
middle panel shows the annihilation-channel potential function
Va(x, Q) of Eq. (161). The ratio R3(x, Q) = V3(x,Q)/V,(x, Q)
is shown in the bottom panel, see the text.
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V1(x, Q), where the latter is already 2 orders of magnitude
smaller than in the band. This partial dominance of
V,(x, Q) over Vi (x, Q) is the origin of the hufflike pattern
visible in Fig. 5.

The potential V, does not contribute to the on-shell
scattering matrix in the Born approximation and does not
have a classical counterpart, contrary to the potential V,
that corresponds to the Yukawa potential. This is a welcome
feature because the potential V, multiplies the noncovariant
spin structure EX, of Eq. (103), see Eq. (126). The factor
EX_ preserves spins of fermions and introduces the factor

V/x(1 = x)x'(1 — ') that further suppresses the interaction
for extreme values of x or x". The alien feature of V,(x, Q)
near x = 1/2 originates from the factor 1/(x —x’) that
produces a discontinuous variation of the potential as a
function of x for x’ # 1/2. The discontinuity is suppressed
by additional powers of x — 1/2 for x’ = 1/2. Forx’ # 1/2,
it is integrable with regular wave functions of x and x’ in
the sense of principal value.

Figure 6 shows three panels that, counting from top to
bottom, illustrate the boson annihilation channel potential
function V3(121'2") of Eq. (135). The top panel shows
the function V3 (x, Q) of Eq. (155). The middle panel shows
the potential function V4(x, Q) of Eq. (161). The ratio
R3(x, Q) = V3(x,0)/V4(x,Q) is shown in the bottom
panel. Comparing the panels top with middle, one sees
again the role of the RGPEP form factors. In the SRG
language, they squeeze the potential to the band of effective
theory. The bottom-panel ratio function R3(x, Q) is char-
acterized by a little more flat shape than the top panel
potential function V3(x, Q). This effect shows that the
RGPEP form factor introduces a relativistic annihilation-
channel potential that is close to the function V4(x, Q)
times the RGPEP form factor.

Finally, Fig. 7 illustrates the relativistic FF annihilation-
channel potential V,(121'2") of Eq. (137) in terms of the
potential function V4(x, Q) in Eq. (155), shown simulta-
neously with the potential function V3 (x, Q) of Eq. (155).

FIG. 7. Relativistic annihilation-channel potential functions
—10V4(x, Q) and V;3(x, Q). See the text for details.

The comparison shows the smallness of V4 (x, Q). Its sign
is changed and its value is multiplied by 10 in order to
obtain an informative picture. The relativistic potential
V4(121'2") appears in the line L, in Eq. (136) multiplied by
the frame-dependent spin factor AN, of Eq. (105). It does
not contribute to the on-shell scattering matrix in the Born
approximation and does not have any familiar counterpart
in quantum mechanics. However, it does participate in
the off-shell bound-state dynamics, in addition to the
potential V5. Its significance in that dynamics is not known
at this point. The actual magnitude of the boson mass «
much smaller than the fermion mass m, does not influence
the potentials V5 and V, in any significant way.

VII. CONCLUSION

The RGPEP allows one to calculate second-order effec-
tive masses and interactions in the fermion-antifermion
systems in Abelian gauge theory. The canonical
Hamiltonian leads to difficulties with unambiguous han-
dling of small x and large k- singularities because the
singular terms involve the ratio k*?/x and the ultraviolet
divergences are mixed with the small x divergences. As a
result, the ultraviolet counterterms involve unknown func-
tions of x and small-x counterterms contain functions
of k' [3]. However, once the mass parameter for gauge
bosons is introduced according to the principles of local
gauge symmetry and spontaneous violation of the global
gauge symmetry, a mass gap is introduced and one achieves
unambiguous control on the divergences. The ultraviolet,
small-x and infrared singularities are separated from
each other in a way specific to the FF Hamiltonian dynamics
and the RGPEP evolution of Hamiltonian operators.
Namely, the longitudinal small-x region is controlled by
the parameter sk while the transverse ultraviolet region is
controlled by s, where s is the RGPEP a priori arbitrary scale
parameter. The origin of the separation lies in the expression

(sx)% + (sk*)?

s2OM? = (163)
for the contribution of bosons to the arguments of exponen-
tially falling-off RGPEP form factors in the effective inter-
actions. It is visible that one cannot make s25M? small for
small x by making sk small because eventually sk begins to
count and s6 M always diverges for fixed s when x — 0.
Using expansion in the coupling constant g, one can
employ the RGPEP to study what happens when the boson
mass k is varied and what comes out in terms of the
effective theory when « is made very small. The result of
second-order calculations described in this article is that the
fermion mass counterterms can reach enormous values.
Their contribution is canceled precisely in the second-order
mass eigenvalue equation for physical fermions or bosons,
but the canceled terms are much greater than the eigen-
values, if the size of effective quanta is very small.
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However, when that size is increased toward the fermions
Compton wavelength and above, the mass corrections
become very small.

It is also found that the effective boson masses vary
differently with the size s for the commonly known trans-
verse bosons and for the less known longitudinal ones. The
mass corrections for the latter stay small or very small in
comparison to the mass corrections for the former.

The RGPEP also allows one to calculate interaction
terms that drive the fermion-antifermion bound state
dynamics. One obtains Yukawa potentials that tend to
the Coulomb potential when the boson mass tends to zero
and the size of effective quanta increases to and above the
fermion Compton wavelength. However, the size increase
is associated with development of increasingly important
form factors that suppress interactions with large changes
of the invariant mass of fermions.

The fact that the FF Hamiltonian dynamics is invariant
with respect to the Lorentz boosts along one axis, besides six
other Poincaré transformations, allows one to relate the
RGPEP results for the Coulomb- or Yukawa-like systems to
their parton model picture. The results described in this
article suggest that when we imagine partons as constituents,
their size cannot be ignored. If one ignores their size, the
powerlike behavior of perturbative interactions is extended
to the phase-space region where the eigenvalue condition for
bound states imposes decisive departures of the wave
functions from their perturbative estimates that use canonical
interactions. The effective interactions become exponentially
suppressed when the fermions invariant mass changes by
more than the inverse of their Compton wavelength. One
also obtains small effective interaction terms that appear in
addition to the Coulomb and Yukawa potentials and do not
have classical counterparts. The RGPEP enables us to draw
details of all these potentials.

It is not clear what happens in the higher order RGPEP
calculations. Of key interest is the fourth order. This is where
the running of an effective coupling constant shows up in the
bound-state dynamics for the first time. The computation is
certainly doable and the results would be of interest.

The final question we wish to address is whether Soper’s
theory is a valid approximation to the gauge theory with
spontaneously broken global symmetry. We obtain the
former from the latter in the massive limit in which the
classical field i/v is set to zero when v is formally set to
infinity. However, the limit is considered in a classical
Lagrangian. The effective quantum theory derived using
the RGPEP will include corrections that depend on the
momentum range 1/s, of interactions in ratio to v. The
order of limits v — oo and s, — 0 may matter. At this
point, the calculations described here are considered
reasonable regarding gauge symmetry because they are
carried out using the massive limit that results in the Soper
theory, which by itself is an example of a theory with a form
of gauge symmetry. The full theory, not using the massive
limit, can also be analyzed using the RGPEP.
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APPENDIX A: NOTATION

Translation invariance on the front implies conservation
of momentum described by the 5-function 8, ,, where ¢
denotes created and a annihilated quanta. We use the
convention

5c.a = 2(277)35(})2_ - PZ_)(Sz(Pg_ - Pé)7 (Al)
where P, and P, denote the total momenta of particles
created and annihilated, respectively. The corresponding
invariant masses are M2 = P2 and M2 = P2 with minus
components of individual particles momenta calculated
from their mass shell conditions, p~ = (m* + p+?)/p™*.
Integration over a single particle phase space,

d3p °°dp+
40 502 — m2)0(p°) — _ 2.1
[ s —miiowt) = [ 0= [T50 [
(a2)

is denoted by (27)* [[p] and if one has more particles to
integrate over their momenta p,, p,, ...p,, the integral is
abbreviated to

Juzea = [1o) [ [ 1ol

When two particles have together momentum P and carry
fractions x and 1 — x of it and some transverse relative
momentum k-,

(A3)

pi = xP* (Ad)
Pt =(1-x)P". (A5)
pi = xPt + kKt (A6)
pt=(1-x)Pt k", (A7)
one has
Juz= [ [l (AS)
1 dx A2kt
/[x ] :A 4mx(1 —x)/(zﬂ)z' (A9)

In terms of the relative three-momentum of two particles of
mass m in their rest frame, k,
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x=(1+k,/E)/2, (A10)

d 2dk
* 2% (A1)

x(l —X) Ek

&’k
Jun= [ o5 (A12)

(27)°Ey
where E, = Vm? + k k. The invariant mass of two
particles is

(pr+p2)*=(p{ +p3)(PT+13)=(Pi+py)*  (Al3)

12 2 12 2
k + mj +k + m; (Al4)

1 —x

<\/m1+k +\/m2+k> (AL5)

We use spinors u,, = B(p,m)u, and v,, = B(p,m)v,
in which the spinors at rest are related by v, = Cuj
with C = iy? and the front boost matrix is B(p,m) =
\/;_m[/\ﬂv)* + A_(m+ ptat)], where AL =1(1+a).

The spinors at rest are

o) ev{l]

where &_, = —ioyy, = 6y_,, cf- [33,34]. Free bosons of
type A have polarization vectors

€ho = (€50 =2p €5 /D" €7) (A17)

with ef = (1 4+ 6,1 —0)/2. Free bosons of type B have
polarization vectors

APPENDIX B: DETAILS OF THE INITIAL
HAMILTONIAN

The canonical Hamiltonian terms in Eq. (39) are listed
below using notation explained in Appendix A. The sub-
script 0 associated with canonical creation and annihilation
operators for the bare quanta that are considered pointlike,

orof size s, = 1% = 0 as the regularization is being lifted,
is not needed here and it is omitted. The free part of the
Hamiltonian is H = HWz + H 42 + Hp, where

2 12 2
Z pt+m
H,. = /[P} opt [b;”bpﬂ + d;"dl"’]’ (B1)

2 12 2
Ptk
Hp=Y" / P} (B2)
12 2
p— +kK
Hg = /[p] 7[?* cj,cp. (B3)

The interaction Hamiltonian H; = H — H contains terms
of orders g and ¢*>. The terms order g are

w = gZ/ 123 M2¢*M'; 26l b3 E3¢TZ}2 d;a'{dfi

123

+ iy ¢30y bidhas + Heel, (B4)
- _ Ker ¥y
H,p, = —QZ [123]6. sz—+u3bzclb3
1
Ky i
— 73 1)2dCd';+Ml vzbdc‘g—i—Hc
pi ps
(B5)

There are two terms order g°. The term due to constraint

12_ .2 + L
_ P —K p p .
€p3 = (%3 = 7’833 == 7) (A18)  ony_is
:B_;/,L’ (AIQ) V/AAy/ ) Z/[1234]SC.¢1{}1{/AA1//’ (B6)
k p* 1234
and n* =t = 0 while = = 2. where, in the universal order b'd"a’adb,
|
M1¢§ ¢34T 1¢§V¢34TT 1¢§7¢*4+.T 1¢27’¢34T
biayasby + —F————b,d,a Tay 4 2L Bttt 4 22 P byayazb
Uyaay = o 1a2a3D, pt = pf D19t = biayashy Y+ p 203D,
u1¢2y ¢3 4b d4 Jas + gy ™ ¢{§ 4bTa;a2 u1¢2y iﬁ 4b djt dla + 1%7 ¢3+4a2a3d1b4
Py =Py Py — D3 ; + s py +p;
v . syt
DY gt g, 4 I g 1%7 fiv “dT tald, + O g,
pi =3 4 — D3 3+p Py — D3
Ul¢27 ¢* Uy +a2dlb4+01¢27’ ¢* 4d’ra ayd,. (B7)
pi-py pi+pi 17
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The term due to constraint on A~ is

——

1234

/ 123430} - (BS)

where {}(W)z reads
iy uy sy Uy g iy Uy U3y vy g g iy uy U3y uy g iy uy U3yt o+
Gz = —bbbb4+—bbdb — 5 bidsbyby — —bdd3b
) (3 —pi)? ’ (P +pi)? 2 (pi i) ’ (P —pi)? ’
MlJ’ U2M37 Uy y" 7)27)31’ Uy 4 iy v, U3J’ V4 Dyt Uy 3y iy t
——bbdb4+—bdd3b4 —bddd3+—b3d1b2b4
(p3 = py) (p3 +p2f) (p3 = py) (py —pi)?
R+ B - ERE R L an + BB
3 4 3 4 3 4 3 4
Dy vy D3y tuy D1y vy U3y Ty
-5 ddidsby—-——————5—d, d 1dids. (B9)
(p3 +p3)? (p3 = py)

1. Regularization

Both Hamiltonian terms H,, 44, and H,,,
hy, and hs, and inverse of i+ or (i07)?,

his

@@

)2 contain a product of four bare Fock operators corresponding to two factors

(B10)

with n = 1 or n = 2. In agreement with their origin in constraints, the operators /,, and &5, are regulated as the operators

order g are through the RGPEP vertex form factors with the size parameter s, = 1,

below them.
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