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We examine the quantum loop effects on the single-field inflationary models in a spatially flat
Friedmann-Robertson-Walker cosmological space-time with a general self-interacting scalar field potential,
which is modeled in terms of the Hubble flow parameters in the effective field theory approach. In
particular, we focus on the scenarios in both slow-roll (SR) to ultra-slow-roll (USR) and SR-USR-SR
inflation, in which it is shown that density perturbations originating from quantum vacuum fluctuations can
be enhanced at small scales and then potentially collapse into primordial black holes. Here, our estimates
indicate significant one-loop corrections around the peak of the density power spectrum in both scenarios.
The induced large quantum loop effects should be confirmed by a more formal quantum field theory and, if

so, should be treated in a self-consistent manner that will be discussed.
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I. INTRODUCTION

Primordial black holes (PBHs) have recently received
renewed attention since the discovery of the gravitational
waves emitted by the merging of two 30 M, black holes,
speculated to be PBHs resulting in LIGO coalescences [1].
In addition, the focus has been on the possibility that if
PBHs are abundant enough they could comprise a consid-
erable fraction of the dark matter and thus leave imprints
throughout the history of the Universe [2—4] (see Ref. [5]
for a review).

Large-scale structures of the Universe are seeded by
quantum vacuum fluctuations during the very early evo-
lution of the Universe and then stretched to cosmological
scales by the rapidly exponential expansion of the inflation.
During such a stage of primordial acceleration, the curva-
ture perturbation originating from quantum vacuum fluc-
tuations may be enhanced at small scales with respect to the
large-scale perturbations, which are ultimately responsible
for the cosmic microwave background anisotropies. At
cosmological horizon reentry, the small-scale fluctuations
in the overdense region might collapse into a PBH if they
are large enough to overcome the pressure gradients.
Nevertheless, such an enhancement on small-scale fluctua-
tions can occur either within single field of models of
inflation or through some spectator field. The models of
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extensive studies include critical Higgs inflation [6], double
inflation [7], radiative plateau inflation [8], and some string
realizations [9-11], to cite a few. Generally speaking, for
having sufficiently large fluctuations, the inflationary
dynamics has to deviate from slow-roll (SR) [12,13].
Ultra-slow-roll (USR) inflation has been proposed as a
transient phase of single-field inflation to generate large
small-scale perturbations [14—17]. The idea of USR is to
consider a very flat potential of the inflaton field when its
equation of motion, given by the Klein-Gordon equation, in
a Friedmann-Robertson-Walker (FRW) cosmological space
time, is dominated by the cosmological friction term rather
than the slope of the potential in the SR inflation case.
Although the slope of the potential is very small, we still
have potential domination in the Friedmann equations, so
inflation continues. If so, the time derivative of the inflaton
field becomes exponentially small in time, thus enhancing
the produced curvature perturbations, which are inversely
proportional to the inflaton velocity. However, in this
scenario for very small inflaton velocity, small quantum
kicks due to quantum loop effects might become compa-
rable to its mean value. A natural framework to involve
quantum kicks is through the stochastic inflation [18].
Several works [19-22] have been devoted to the study of
this quantum noise effects and have found a significant
boost of PBH production, whereas the work in Ref. [23] has
claimed that quantum diffusion effects in the USR inflation
are insignificant by keeping the formalism in its regime of
validity.

© 2020 American Physical Society
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To see the quantum loop effects on the curvature
perturbations, perhaps giving some implications to the
above controversy, in this article, we will perform the loop
quantum field theory calculations by mainly following the
work of Ref. [24] and consider the loop effects from the
quantum fluctuations of the inflaton field itself. In particu-
lar, the quantum field fluctuations of (p?) not only have the
usual ultraviolet divergence in its one-loop momentum
integral that can be removed by a proper procedure of
regularization/renormalization by defining its renormalized
counterpart, but also in the case of minimally coupled
massless inflaton fluctuations in de Sitter space-time, they
suffer from the infrared divergence [25]. In Ref. [24], its
infrared enhancement that gives sizable effects to modify
the slow roll parameters was studied. Here, we will extend
the study to the USR inflation.

Our paper is organized as follows. In next section, we
introduce single-field inflationary models in a metric of the
perturbed spatially flat FRW cosmological space-time in
the Arnowitt-Deser-Misner (ADM) form and then model
the general self-interacting scalar field potential V(¢) in
terms of the Hubble flow parameters in the effective field
theory approach. We then separate the classical homo-
geneous background field (®j) from the quantum field
fluctuations (¢). In a spatially flat gauge, the background
field in the FRW metric with the one-loop corrections is
derived, whereas the scale factor follows the modified
Friedmann equations also including the one-loop contri-
butions. The equation of motion for mode functions of the
quantum field fluctuations is derived, and the solution of
the Hankel function of order v is found. Later, the Bunch-
Davies vacuum state is chosen to compute the one-loop
effects of (gp?) that will backreact the dynamics of the
background field. In Sec. IIl, we introduce the power
spectrum of primordial perturbations described by the
density perturbations in a spatially flat gauge. We obtain
the one-loop expressions of the density perturbations as
well as the energy density and pressure of the inflaton field
and consider their loop corrections given by the potentially
dominated (¢?) term due to its infrared enhancement as the
order of the Hankel function v — 3/2 during the infla-
tionary epoch. In Sec. IV, we first adopt the SR step model
proposed in Ref. [13] to numerically study the SR to USR
inflation and then modify the model to consider the SR-
USR-SR inflation. We show that both scenarios can
produce large density perturbations. We then study the
effects from the one-loop contributions. Concluding
remarks and discussions are in Sec. V.

II. EFFECTIVE FIELD THEORY AND HUBBLE
FLOW PARAMETERS

The single-field inflationary model that we would like to
explore is described by a general self-interacting scalar
field theory in a curved space-time. The corresponding

Einstein-Hilbert action with a minimally coupled scalar
field is given by

S=8,+S
1w [aml-lnaoev)
(1)

where Mp? = 872Gy has been set to My = 1, which will
be recovered for clarity. The generic potential V(¢) will be
parametrized later in terms of the Hubble flow parameters
in an effective field theory approach by following the work
of Ref. [24] and generalizing it to the USR inflation
relevant to PBHs production. The metric for convenience
is chosen in the ADM form in the 3 4 1 decomposition as

ds> = Guydxtdx®
= —N2di* + h;;(dx" + N'dr)(dx) + Nidr). (2)

N is the lapse function, and N is the shift vector, which
are not dynamical but are Lagrangian multipliers. The
action (1) while substituting the metric (2) and dropping out
the boundary terms then becomes

S = % / dtd®xv/hIN (R®) =2V — h'i 9,00 )
+ N-UE,ET — B + ( — N'0:p)?)), G)

where the extrinsic curvature can be obtained as K;; =
E,-j/NWithEij:(izij—ViNj—VjNi)/2. The scalar E is the
trace of £ = E}, while raising or lowering the spatial indices
is via the metric ;;. The overdot means the time derivative of
the cosmic time 7, and V, is the covariant derivative also with
respect to the metric A;;. R®) is the three-dimensional Ricci
scalar giving the intrinsic curvature. The equation of motion
for A" and N are the Hamiltonian and momentum con-
straints given, respectively, by

RO =2V =05 (ByBY — B) = < (b = N0,

NZ
1 . . 1 . .
Vil - a8 - G0 -Nopas -0 @

through which we can solve for V' and \V; by choosing a
particular gauge and plug their solutions back to the action.
Moreover, we consider that the inflaton field is obtained
from the homogeneous expectation value of the quantum
scalar field

@y (1) = (#(X. 1)) (5)
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in a spatially flat FRW cosmological space-time with
N =1, N;=0, and h;; = a*(1)8;;, where a is a scale
factor. The expectation value is given by the nonequilibrium
quantum state that later will be specified to be the
Bunch-Davies state often studied in the literature. As such,
the above momentum constraint is automatically
satisfied. Nevertheless, the Hamiltonian constraint gives

the Friedmann equation

Po
Hy =" 6
0 3 M1231 ( )

with the Hubble parameter H, = a/a. The corresponding
energy density and pressure for the spatially homogeneous
part of the inflaton field are expressed as

Po, = %(‘i)o)2 + V(@y),
Po, = %(q.)o)2 - V(@). (7)

Apart from the dynamics of the scalar factor a, in the
spatially flat FRW cosmology, the classical equation of
motion for @, can be derived from the action as

dy + 3H, D + V'(D,) = 0. (8)

Here, we consider the perturbations about the above back-
ground fields of ®, and Hy = a/a. It is found more
convenient to work in the spatially flat gauge by writing

N =1+ 6N and

DX, 1) = Do(1) + (X, 1), ©)

with

{o(x,1)) =0, (10)

where SN, N;, and ¢ are perturbed fields.

According to Ref. [26], in order to expand the action (3)
to quadratic and cubic order in the perturbed field ¢, we
only need to plug in the solution for the first-order
perturbation in A/ and N; and do the expansion since
the higher-order terms in A/ and \; will be multiplying the
Hamiltonian constraint or the variation of the Lagrangian
with respect to A and N, respectively, to zeroth order,
which all vanish. We then expand out the Lagrangian
density S (3) up to the linear order in A" and AV, as well as
the cubic order in ¢ with necessary integration by parts as
[26-28]

S = / d*xd® (1) L[ (1), 9(F. 1), 6N N]. (1)

with

1. . .
£:§q>3—v(q>o)—¢[®0+3Hq>o+v'(cb0)]—5NV(<1>0)
1., 0;9dip 1
4= = TEGL (@) P - V! (D)5N @
2 2a 2

. 1 1
— DN p— 3 V" (@) — 3 V" (D) p* SN

1 , 1
—=*6N — N'0;p — = 0,00, N
2 2a
-+ higher-order terms. (12)

The first-order solutions are found as [27,28]

1 [,
SN = 04,
HoM%, ( 2 "')

Ni=0dyx. &y

@ d( H,
© 2H;M} dt

—-—fp>, (13)

@,

where the Planck mass My, is put back to the expressions
and is the largest energy scale in the framework of semi-
classical gravity. Notice that SN and N/ are all suppressed
not only by 1/M3, but also due to the smallness of @,
during both SR and USR inflations, and they are

SN « /€7, N; « /€1 (14)
with the small value of €¢; = % to be defined together
PI"70

with other Hubble flow parameters later. Henceforth, SN
and NV, can be ignored as compared with loop effects from
quantum field fluctuations of the scalar field of the order of
H,/(Mp,,/€;) during the USR inflation to be seen later.

To explore the effects of the quantum fluctuations of the
scalar field, the tadpole method (see Ref. [29] and refer-
ences therein) is implemented to derive the equation of
motion with the one-loop corrections for the homogeneous
expectation value of the inflaton field from the action (12)
by requiring the condition (¢(X, 1)) =0,

.. . 1 -
Dy + 3HD) + V(@) + §V’”(‘1>o)<(ﬂ2(x, 1)) =0, (15)

where H obtained from the Hamiltonian constraint with
N =1, N, =0, and h;; = a®5;; again becomes

1 /1., 0,00,
H2: Py i i
3M3, <2¢ * 2a?
1 <1 -
o (lai e
3M3, \2

1 /1., 0pdep 1
Z i —V"®D)p? 4 - - -
+3M%1<2(p + 242 +2 (@g)g” +

— H2 + SH?, (16)

Vi)
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with the one-loop corrections to the Hubble parameter 5H?
given by

1 1
SH? = <— @+
3M3,

8i¢ai¢ 1 1 2
3 oy +2V (Do) > (17)

Their quantum corrections will be estimated later after the
proper renormalization to remove the UV divergence
is done.

Next, all the evolution of the Hubble parameter H, and
the field @, can be described by the Hubble flow
parameters defined as

0
€1 :—71nH0, €nt1 :ﬁlné’n, (18)

ON
where N =Ina = f Hdt is the number of e-folds. Here,
we will adopt the effective field theory approach by directly
modeling the effective potential V(¢) with the Hubble flow

parameters [13]. The ¢, of relevance in this work involves
€, up to €4, with their respective expression obtained as

®j
61 = .
2M3H}
V(D
62:—6<1—€1+(-0)),
1 €3 2V"(dy)
€3 :€—2 (56162—46‘%—3624— 12¢, —%—H—%O ,
1
€4=—€3+—— (6616% +Te1€e,63 — 186%62 — 36563
€263
2V (D) D
+ 18€1€, — €363 +8€%—24e%—$). (19)
0

Given the Hubble flow parameters for undergoing the USR
inflation to be shown in the figures later, we can choose
les] ~O(1) and |eye5| < 1, but |e,e5| > €, for extremely
small €, say, €, ~ 107, to be seen later. Additionally, all
other ¢’s can be ignored. Then, the general effective
potential V(®,) and @, can be approximately recon-
structed as

(i)():

V(@) = —3\/§MP1H(2)\/6_1(1 n 662)

2e; M, H,,

HZ 2
VN(®0) ~ ——0 (626'3 + 6—2 + 3€2> .

2 2
H? 3 1
V”/((I)()) ~ —m <§ €r€3 + 56%63) . (20)

We retain the terms up to the order e,¢5 in the expressions
of V/(®y) and V" (®,) and the leading-order terms of

V/(®,). V'(®y) is small as compared with @y H,, as long as
1 +% <1, whereas €, - —6 is an extreme case. The
approximate form of V"/(®,) surely results in the one-
loop corrections in Eq. (15) of order O(H3/(Mpe,)).
However, 6H*/H} in Eq. (17) is of order O(H3}/M3))
instead to be also ignored as compared with the loop
corrections given by V"' (®,) for extremely small €. It is
anticipated that the effective field theory approach relies on
the separation between the energy scale of inflation
determined by the Hubble parameter and the cutoff scale
of the Planck scale. The expected dimensionless ratio of the
effective field theory approximation is the ratio Hy/Mpy,
which has to be small for safely ignoring the quantum
gravity effects. Phenomenologically, the smallest H,/Mp,
gives a consistent constraint on the amplitudes of tensor
and scalar perturbations inferred from the Planck data [30],
thus leading to strong observational support to the validity
of an effective field theory for inflation well below the
Planck scale. Now, we find it more convenient to work in
conformal time with the metric background as

ds* = di* — a*(1)dx* = C?(n)[dn? — d¥x?],

where 7 is the conformal time and the scale factor in a

quasi-de Sitter space-time is C(7) =a(t()) = —m:

—+L(1+¢,) during the inflation for small ¢,. The con-
Hon

formally rescaled field is defined as

o) =25, o)

C(n) being the scale factor in conformal time. The spatial
Fourier transform of the free-field Heisenberg operator
x(X,n) obeys the equation, which can be read off from the
quadratic terms in ¢ in the Lagrangian density (12) as

A0+ 24 V(@) + 2V(@0)3N /41C°0)

cwl
-Gzt =o. (22)

Here, the prime means the derivative with respect to the
conformal time #. Using the Hubble flow parameters to
express V" (@), V'(®y), and SN in Eq. (20), the mode
equation becomes

2 1

13 () + {kz L e 4])(,;(11) =0, (23)

where the index v can be approximated by
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9 3 1 1
1/2:1—1- <§€2 +Ze§)(1 + 2¢) +5 66 + 3¢,

+ ey + 66 (1 + %) (24)

while retaining all terms in €, and the linear terms in €3. The
terms of €; dependence give very small contributions in the
USR inflationary epoch that can certainly be ignored, but,
in our work, we will explore the SR-USR and SR-USR-SR
inflation and find that the evolution of quantum corrections
is sensitive to v. However, during SR, the parameters we
choose are €; > |¢,| where €, |e,| < 1. Thus, to accom-
modate the epoch of SR inflation in the models below, we
also include the linear €, terms in the expression of v above.
However, it can be checked that keeping the linear terms in
€, in the approximate forms of V”(®,) and V" (®,) in
Eq. (20) will not have a sizable change in the numerical
studies we perform later. The scale-invariant case v :%
corresponds to massless inflaton fluctuations in the de

Sitter background. We then introduce the quantity

A==--v (25)

that measures the departure from scale invariance. The free
Heisenberg field operators y7(1) can be written in terms of
annihilation and creation operators as

7)) = agS, (ko) + Sy (26)

where the mode functions S, (k, 77) are solutions of Eq. (23).
The vacuum state from which to build up the Fock space by
acting the creation operator on it is the the Bunch-Davies
vacuum defined as

az|0)gp = 0. (27)

Then, these mode functions are given by

1 i
Sy (ko) = /= D (k). (28)
For large momenta |kn| > 1, the mode functions behave
the same as free-field modes in the Minkowski space-
time, 1.€.,

1 .
S,(k,n) = \/—2—](@_’]{"

In fact, in the theory of quantum fields in curved space,
there is no unique choice of a vacuum state. In this article,
we focus on the standard choice often adopted in the
literature, which allows us to include the quantum correc-
tions into the standard results in the literature. A study of
quantum loop corrections with different initial states is an

for |kn| > 1. (29)

important aspect that deserves further study. The index v in
the mode functions (28) depends on the expectation value
of the scalar field, via the Hubble flow parameters; hence, it
slowly varies in time. Therefore, it is consistent to treat this
time dependence of v as an adiabatic approximation. This is
well known and standard in the SR or USR expansion.

Considering the Bunch-Davies vacuum state, the quan-
tum correction {@?) is given by

o[k S, (k)
<(p2(X, t)> _/(271_)3 C2(11)

H? [Adk 1 2
5 |G (| k)

H2 AVdZ 1 2
- / o) (30)

"~ 8z

With the large k behavior of the Hankel function in
Eq. (29), the quantum correction (?) has UV divergence,
which will be discussed in Appendix, and thus can be dealt
with by the proper regularization/renormalization pro-
cedure in Ref. [24]. Note that in the case of v = 3/2 the
integrand in Eq. (30) becomes

:%[1 +2 (31

Ll
It is known that the integral of (p?) has an additional
infrared logarithmic divergence [25]. As long as the index v
is slightly different from 3/2, this slight departure from
scale invariance introduces a natural infrared regularization.
To see this, we split the integral as in Ref. [24] as

Ap dz 1 Hp dz 1 2
[ Emtep = [ o @)
Z 0 Z

0
A d
+/ =210 ()
n"

P

2

. (32)

where p, serves as the cutoff for the integral in the infrared
regime to give the dominant contribution, whereas the
second integral can be absorbed by the counterterm by
defining the renormalized (@?); in the renormalization
scheme we choose. In the limit of A — 0 forv = 3/2 — A,
we can obtain the leading-order contributions from the pole
[24], by using the small argument limit of the Hankel
functions. This yields

JlooP = () |5+ 2 -4+ 0w G

where y is the Euler-Mascheroni constant. While the UV
divergences are regularization/renormalization scheme
dependent, the pole in A arises from the infrared behavior
and is independent of the regularization/renormalization
scheme. Later, the Hubble flow parameters will be
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parametrized based upon the work in Ref. [13], which in
some regime of interest here gives A small, so as to have
large enhancement from (g?), in the power spectrum of
primordial perturbations during inflation. With the same
renormalization prescription to (¢?)z, we can define the
renormalized time derivatives and gradient terms with their
leading-order results in the limit of the small A obtained as

H4 Ade
22 _70 o2
(@ >R_8”A .2

4

1622
+0(A%)],

(GE)), sﬂ/””dz |1 (o)

zg—ﬂoz[ﬂf,(l +A(2Inp, —5+2y+1n4)
+0(a%)). (34)

d 2

2 @)

O 2A(14A(Inp, —Ind—4+2y+21n4)

They do not have infrared divergences for v = 3/2 due to
the two additional powers of the loop momentum in the
integral.

The backreaction effects from the one-loop contribution
in Eq. (15) after the proper renormalization [24] can be
written in terms of the renormalized (@?) as

. : H2 3 (@?)
b, +3HD |1 ——92 (= 2 R
+ V(@) =0, (35)

allowing us to define the effective €(j_jp) t0 be

HZ 3 > <(P2>R
6MP1 1 (5626‘3 + €2€3> H% (36)

with one-loop contributions given by V" (®,) that will be
taken into account while computing the power spectrum of
primordial perturbations that also include the one-loop
effects of the same order of magnitude.

€1(1-loop) = €1 [1

III. POWER SPECTRUM OF PRIMORDIAL
PERTURBATIONS

The power spectrum of primordial perturbations is
described by the density perturbations with this gauge-
invariant quantity

5P
Go=—"T— (37)
Py + Poli<ar

evaluated in a spatially flat gauge [31]. The density
fluctuations dp originated from the field fluctuations ¢

can be derived with the energy density in the Friedmann
equation (16) subtracting its classical counterpart (7),
which is given by

. 1., 1(0;90; G
5p:q>o¢+V'(<Do)<o+*¢2+’( - 240 O)¢2
AR 2!
V/// @
—+ M(f + higher orders in ¢. (38)

3!

In addition, summing up the energy density and the
pressure, p + p, gives
2 %) 1
Py + Py =5+ (¢7) + ) (0:00:). (39)
Apparently, the first term ®3 in Eq. (39) comes from the
background inflaton field. The other terms, however, are
the contributions from the quantum corrections.

Later, all the derivatives of V(®,) as a function of ®; can
be expressed in terms of the Hubble flow parameters via
Eq. (19). Finally, the power spectrum can be computed
from the variable { as

3
8 =X 1,00 = (@) (40)
In the USR inflation with a very flat inflaton potential such
that &, > V'(®,)/3H,, ignoring the quantum corrections
can approximate the energy density fluctuations and the
sum of the energy density and the pressure as op =~ fbogb and
Pyt Py R (iD(z), respectively. Then, the power spectrum (40)
becomes

(#°)
A%,USR(k) = -zk- (41)
@5
Also, in the limit of v = 3/2, the mode functions are given
by the Hankel function with order v = 3/2 as

Hy

i
= V2o

Substituting the solutions of the mode function into
Eq. (41) and using Eq. (20) to replace <i>0 by the Hubble
flow parameter €, it is straightforward to achieve the
standard result of the power spectrum in the USR approxi-
mation, given by

S,—3/2(k. 1) i — kln|)e=nl. (42)

Hg

S5 43
8> M3 e (43)

2 _
A7 usr =

Since the order of the Hankel function v can be slightly
deviated from v = 3/2, here we provide a more involved
expression that takes the deviation into account. To do so,

we approximate 8p ~ ®yp + V'(®y)e in Eq. (38), and also
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Pyt Py = dD(% as above. The Hankel function of order v in
Eq. (28) is applied to compute the power spectrum (40)
instead, which is explicitly given by

2

82 e ==t L = (i)
LSRR M e, d(—kn)

+3(142) [ 2 2l chnp o (|
#9(142) hnplat (an)f (44)

where @, and the derivatives of V(®) have been replaced
by the Hubble flow parameters via Eq. (20). In the next
section, the values of the Hubble flow parameters will be
chosen as exemplified in a toy model in Ref. [13]. We can
then use the above expression (44) with a best chosen value
of the horizon crossing time, |kn| < 1, to compare with the
power spectrum obtained by numerically solving the
Mukhanov-Sasaki (MS) equation for the curvature mode
functions also with the boundary conditions defined by the
Bunch-Davies vacuum at |kn| < 1.

In this article, we will also explore the one-loop effects
from quantum fluctuations of the inflaton field itself to the
power spectrum Ag during the USR inflation. Nevertheless,
the one-loop contributions can be obtained by Wick
contraction to simply factorize ¢° as

@ = 30", (45)

where (@?) is computed from the free-field equations in
(22) with the result in (30) [29]. Then, the Fourier transform
of dp in terms of the Fourier transform of ¢ can be given by
|

1
oo = o+ (V@) + 3V @) 07) o

[ dk . ki (k=ky)
+5 > (2 E P, Prey—k + T%lfﬂk—k,
V(@)

—|—2'

Pi, Pr—k } (46)

In particular, using Wick contraction again, the contribution
of the V"(®,) term to the power spectrum gives

&Pk, [ &k,
(27) W<(pk1§0k—k1(pk2(ﬂ—k—k2>

Bk,
=2 27 (@, Pk, Prmt, P—tt,)

~2(0?) (Prp_i)-
(47)

The momentum integral is found to be dominated in the

regime of small |/% | in the case of small A as in Eq. (32), and

thus it can be further approximated by involving (@?) with

large infrared effects encoded in the renormalized (g?)p

shown in (33). However, due to the lack of infrared enhance-

ment from the time derivative and gradient terms as seen in

Eq. (34), they will be ignored as compared with (¢?).
With the definition of

(592) = 5. (60100,
@) =5 {0-s00). (43)

involving the one-loop quantum corrections to (5p?), given
by (46) leads to

(020 =087+ (V@) + 5 ) ) G0 (V@) (VI@V@0) V(@) ) (7)) ()

2 dt

where the renormalized (¢?)z
enhanced (¢’

(49)

is included only. Thus, the one-loop power spectrum with the effects from the infrared
)& can be obtained from Egs. (49) and (39) with py + p, ~ @% and also together with the one-loop modified ¢,

in Eq. (36) due to the backreaction to the equation of motion for the inflaton field @, giving

Hg

A 2172 Hy 3 1.2, ) @)k {'(—kn)
87°Mpe[1 —W(zﬁes +§€2€3)Tg]

11— loop

+ <3 <1 +€62> +8AZ ~(3exes +3e3) <§§2>R> [(—kq) d(_dkn)

d(—kn)

(k)2 (- km]]z

|<—kn>3/2H£”<—kn>|2]

€2 H2 3 1 €2 27 (p?
AR Y A

(50)
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Assuming that v =3/2— A and 0 < A < 1 during the
whole course of the inflation, the renormalized (¢?) (33)
in the small A approximation can be applied. Also, notice
that the quantum corrections are of order H3/(M3,€,). With
the fine-tuning of the Hubble flow parameters, H3/(M%€,)
can be of order H3/(M3e;) ~ 107, which is consistent
with the Planck observations during the early stage of
inflation, and then blows up to H3/(M3e;) ~ 1072 in the
late-time inflation, which is large enough to sufficiently
seed PBHs as well as make the quantum corrections
potentially significant.

IV. NUMERICAL EXAMPLES

To perform the numerical study, we adopt the SR step
model proposed in Ref. [13]. In that reference, the choice of
the Hubble flow parameters is chosen in an effective theory
approach given by

N—-N
lnel(N)—C1—|—C2N—C3[1—|—tanh< d S>:| (51)

The parameters C; and C, are determined to be consistent
with the scalar tilt (n, % 0.968) and the tensor-to-scalar
ratio (r < 0.10) in the early stage of inflation (N < 7).
Then, In ¢(N) undergoes a transition at N = N from SR to
USR with its change, namely, d1ne; ~ —2C5 within the
width of d e-folds. The inflation ends, say, at N = 60.
In Fig. 1, the set of the parameters in the step model in
Eq. (51) is given by Ref. [13] as (Cy,C,,C3, Ny, d) =
(=5.07,0.0914, 8.7, 40, 10), which allows us to compute the
power spectrum. As expected, the power spectrum starts
from 10~ during the small N and increases to 1072 in the
large N. Also, the more involved approximate expression
of the power spectrum AéyUSR in Eq. (44) evaluated at
the proper value, say, |k7| = 0.15 < 1, can provide a better
approximation to the power spectrum Ang obtained
from the exact numerical solutions of the MS equation
at |kn| < 1 in Ref. [13] than the standard power spectrum
AéUSR in Eq. (43). Similar comparisons are also made
with the set of the parameters (Ci,C,,Cs, N, d) =
(—=5.07,0.0914,8.7,40, 4) with a more rapid transition that
certainly violates the SR approximation. Both approximate
expressions AéUSR in Eq. (43) and AéDUSR in Eq. (44) show
relatively large discrepancies with A%,Ms for such a narrow
width d, as shown in Fig. 2.

Next, we will include the one-loop effects to the power
spectrum Aél_loop in Eq. (50). Here, we choose the
parameters so that during the whole course of inflation
the order of the Hankel function v =3/2— A almost
remains v ~ 3/2, namely, 0 < A < 1. The large enhance-
ment will be seen to boost the power spectrum. To do so,
we choose (C, C,, C3, Ny, d) = (—4.6,0.0914,8.7,40,7),
where C; is slightly changed, but the choice of the value

0 10 20 30 40 50 60

1073}

10—5 L

2
A° AUSR

1077 ¢

10_9'.5::5;-
06F

04t 7 .

0.2t - N

0.0 o=

-0.2}

—04F}

-6p
0 10 20 30 40 50

N

2

2
A zpplA© 7-1

FIG. 1. The parameter set in the step model in Eq. (51) is
chosen by following Ref. [13] as (C;,C,, C3,N,, d) =
(=5.07,0.0914,8.7,40, 10). The evolution of the Hubble flow
parameters €; and €, is shown in the upper panel. In the bottom
panel, the power spectrum A%’U_USR is plotted according to
Eq. (44) when |kn| = 0.2. The deviation of the approximate result
AE.D,USR from the power spectrum A%,MS obtained by numerically
solving the MS equation in Ref. [13] is plotted as the red dotted
line, whereas the deviation from A%.Ms for the standard expression
AéUSR (43) is also shown with the blue dashed line for a
comparison.

still satisfies the Planck constraints. Also, the width d is
picked for the sake of clear illustration to be d = 7 in the
case of relatively wide width. In Fig. 3, the evolution of the
Hubble parameters with the above choice of the parameters
is plotted. €; is small in the small N and drops to an
extremely small value at the transition N = N, = 40,
entering the USR inflation. As a result, €,, as it measures
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FIG. 2. Same as in Fig. 1, but with the parameter set,
(Cy,C,,C3, Ny, d) = (=5.07,0.0914,8.7,40, 4).

the change of the ¢; in Eq. (18), goes to a negative value
with a large absolute value of order |e,| ~ O(1) to have the

@ term dominated although it is not an extreme case with

0.015 10
0010 o 00
¥ 0.005 w00 W \
05
0.000 0.2
0.4 @ 8-;
SN
W -0.8 N
-1.2 Y01 \/
0 10 20 30 40 50 60 0 10 20 30 40 50 60

FIG. 3.

N

N

Evolution of the Hubble parameters (¢, €5, €3, €3¢,) for
the set of (Cy,C,, C3, N, d) = (—=4.6,0.0914,8.7,40, 7).
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1.0f |

<

N
0.5} /,’ \\ |
Of—---g----=-""" ‘ e
10 20 30 40 50 60

N

FIG. 4. With the same parameters in Fig. 3, we show that the
evolution of the order of the Hankel function v in Eq. (24) (black
solid line) and the value A (red dashed line) defined as v =
3/2 — A as a function of N.

€, —» —6 for a very flat potential. When €, goes from
positive to negative values, in particular, crossing zero, €3
then becomes large, and |e,e3]| > €. Notice that, with this
choice of the parameters during the USR regime, the
arguments in Ref. [23], stating that e; ~2¢; with both
being small, seem not to hold. Whether or not the
conclusions drawn in Ref. [23] are still true deserves
further study. In Fig. 4, we show the order of the
Hankel function v and the value A as a function of N,
lying within 0 < A < 1, expected to induce the significant
enhancement from the one-loop contributions. Also,
although the values of e¢; have dramatic changes in some
N, €,€3 changes smoothly as N increases, consistent with the
adiabatic approximation since the dependence of ¢5 in the
quantities we compute here always appears in a way of e,¢5.
Finally, using the result in Eq. (50) and the power spectrum
in Eq. (44) (which is plotted in Fig. 5), the correction to the
power spectrum from the one-loop contributions is shown in
Fig. 6, in which all quantum corrections are given by Eq. (33)

FIG. 5. Evolution of the power spectrum A; ysg (44) as a
function of N for the parameter set in Fig. 3.
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FIG. 6. Corrections due to the one-loop effects as a function
of N to the full one-loop result Aél_lmp (50) deviated from
Arusr (44).

in their small A limit. It is anticipated that, although A is
small for the whole course of inflation, the infrared enhance-
ment is significant when A approaches to zero at N ~ 60 and
also H3/(M3e,) grows from ~10~ to ~1072. In fact, the
evolution of the order of the Hankel function v in Eq. (24) is
mainly determined by e, and can be approximated by
v~ (9/4 + 3e,/2 + €3/4)V/2. In particular, during the tran-
sition from SR to USR inflation, €, is driven to an extremely
small value by a negative value of €, of which the absolute
value is relatively large. Then, staying in the phase of USR
requires €; to maintain that small number with very little
change, thus driving €, from the negative value toward zero
that ends USR inflation and then enters the second SR
inflation, giving v = 3/2. So, when the power spectrum
reaches a high value, the order of the Hankel function is
driven to v =3/2, and at the same time, the infrared
divergence of the one-loop effects given by the minimally
coupled massless scalar field in the de Sitter space-time also
makes significant corrections to the power spectrum.

Finally, we come to study the case in which the Universe
undergoes SR-USR-SR inflation. To model this scenario,
we modify the above parametrization of the Hubble flow
variables by adding three more parameters, Ns, d, and C,,
specifying the starting N when the transition from USR
back to SR occurs, the width of this transition, and the
amount of the change in Ine¢, respectively. The formula
reads

N-—-N
Ine; = C + CoN — Cy [1 +tanh< ¥ Sﬂ
N — N5 4
C,|tan™! SR —. 52
+ 4[an ( i >+2} (52)

For a clear illustration, we fine tune the parameters for
such a transition that happens at N = 60 with a very narrow
width d, which does not intervene with the rise to the
maximum value of the power spectrum at N, = 40. This set

0.015 1.0
0.010 05 \\
¥ 0.005 ¢ 00 j \
0.000 R
2 J 0.5 /J
(s
o 0 € 0.0
-2 ¢ 05
-4

0 10 20 30 40 50 60 "0 10 20 30 40 50 60
N N

FIG. 7. Evolution of the Hubble parameters (¢, €;, €3, €,€3) as
a function of N for the set of (C,,C,,C5,N,.d;Cy,d,N5)=
(—4.6,0.0914,8.7,40,7,0.00192,7 x 1077,55) in Eq. (52).

of parameters is given by C, =-4.6, C, = 0.0194,
C3;=87,d=17 N, =40, C, =0.00192, d =7 x 1077,
and N; = 55. All parameters relevant to the SR to USR
transition remain the same as in Fig. 3. By adding another
transition from USR to SR, it is seen that the evolution of ¢;
changes from an extremely small value back to the order of
102 after the transition point N = 55. Then, all other
Hubble flow variables end up with small values in the
second SR regime, and the corresponding power spectrum
settles to the small value 10~ again, as shown in Fig. 9.
However, during the period of the transition back to SR, e,
goes from a negative to a positive value and thus crosses
zero seen in Fig. 7. When ¢, is in the regime of ¢, — 0~
seen in Fig. 7, giving v~3/2 — A with A — 0" where
the adiabatic approximations still hold, as in Fig. 6, the
quantum loop effects to (@*) are enhanced due to the
infrared divergence in its momentum integral in Eq. (33).
One of the main conclusions in this work based upon
the consistent adiabatic approximations is that we find the
significant one-loop corrections around the peak of the
density power spectrum in both scenarios.

Nevertheless, during the USR to SR transition, ¢, can
become positive with v = 3/2 — A, where A is negative
seen in Fig. 8, although the adiabatic approximations seem

3
2

AN 1
1
0
0 10 20 30 40 50 60

N
FIG. 8. Evolution of the order of the Hankel function v in

Eq. (24) as a function of N for the parameter set in Fig. 7.

025013-10



QUANTUM LOOP EFFECTS TO THE POWER SPECTRUM OF ...

PHYS. REV. D 101, 025013 (2020)

0 10 20 30 40 50 60
N

FIG. 9. Evolution of the power spectrum A:,ysg (44) as a
function of N for the parameter set in Fig. 7.

to break down, the one-loop effects of (gp*) encounter
a different type of infrared divergence in Eq. (30). We
find that

47 [ dz 0, 2
TR s L C]

Hp _
z/ dzz 1728 .
5

1
NS + .., (53)
where special care needs to be taken to resume all important
infrared effects for having a reliable power spectrum
especially around its peak value. We will tackle this
infrared issue beyond the adiabatic approximations in
future work. Here, we give an intuitive way of regularizing
the divergences by introducing physical cutoffs for z [32].
Note that the USR to SR transition occurs in the period of
e-folds from N, to N,, which is controlled by d in the
above parameters. The one-loop effects of (¢?) can be
roughly estimated by considering the momentum modes,
which are within subhorizon modes at e-folds N, and leave
out of the horizon at e-folds N,. Thus, we have

472 ) /52
— ~ dzz 17284
I7E <f/’ >R A
_ b o
= 2|A|(52 577+ ...
5
21n<—2> +0(A))
I
= (Ny = Ny) +0(|A]). (54)

In the limit of A — 0, the last equality of the above
equation recovers the linear growth in time since N « r. As
such, in this estimation, the removal of the infrared
divergence would make the one-loop effects of (¢?)

ineffective, thus depending on the detailed model between
USR to SR transition. However, even for a finite A < 0, the
one-loop effects of (¢?) still suffer from infrared diver-
gence as found in the second line of Eq. (53) as the lower
limit of the momentum integral 6 — 0. According to
Ref. [33], the negative value of A may arise from the
scalar field potential with a negative mass term. It will lead
to the so-called spinodal instabilities, driving the growth of
large quantum fluctuations, which needs to be incorporated
by the nonperturbative method in a self-consistent manner.
Our estimate here just indicates significant one-loop
corrections to the USR to SR transition that should be
confirmed by a formal quantum field theoretical method.

V. CONCLUSIONS

In this work, we examine the quantum loop effects on the
single-field inflationary models in a spatially flat FRW
cosmological space-time in which the general self-interact-
ing scalar field potential V(¢) is modeled in terms of the
Hubble flow parameters in the effective field theory
approach. We start from the metric of the perturbed
spatially flat FRW cosmological space-time in the ADM
form and then separate the classical homogeneous back-
ground field (@) from the quantum field fluctuations (¢).
In a spatially flat gauge, the equation of motion for the
background field in the FRW metric and the modified
Friedmann equation of the scale factor with one-loop
corrections are derived. We also derive the equation of
motion for mode functions of the quantum field in which
the solutions are given by the Hankel function with the
order v. The index v depends on the potential function of
the scalar field and can be approximately expressed by the
Hubble flow parameters as v ~2+ (3e, +5€3)(1+2€;) +
%€2€3+3€1+€1€2+661(1+%) up to the order ee; in
the parameter regime where ¢; is extremely small, €, is
negative with |e,| ~ O(1), and |ese3] < 1 but |ee3] > €
during the USR inflationary epoch. To incorporate the SR
epoch in the models we propose with ¢, > |e,| where ¢,
les| < 1, the linear €, terms are also included. Later, the
one-loop contribution of (@?) is computed for a choice of
the Bunch-Davies vacuum state. More importantly, the
renormalized (@?) after subtracting the UV-divergence
encounters the infrared divergence in the case of minimally
coupled massless inflaton fluctuations in de Sitter space-
time as v — 3/2 and thus is infrared enhanced for small A
where v :%— A. In addition, we introduce the power
spectrum of primordial perturbations described by the
density perturbations in a spatially flat gauge. The one-
loop expressions of the density perturbations as well as the
energy density and pressure of the inflaton field are
obtained when the infrared enhanced (¢?)y is considered.
Notice that the backreaction effect of (¢?)» to the dynamics
of the background inflation field also needs to be taken into
account to compute the power spectrum via the one-loop
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modified €. Here, we first adopt the SR step model proposed
in Ref. [13] to numerically study the SR to USR inflation. We
find a huge amplification on the power spectrum of order
1072 during the USR regime, which is large enough to
potentially produce PBHs, by keeping €, (¢; ~ 107°) to be
extremely small. Then, the index v in the USR regime can be
approximated by v~ (9/4 + 3¢,/2 + €3/4)"/2. However,
staying with the small € leads to the small €, that ends USR
inflation and later enters the second SR inflation, driving
v — 3/2, where the accompanying quantum loop effects also
become significant as well. We then modify the model to
consider the SR-USR-SR inflation and the peak of the power
spectrum occurs in the transition of USR back to SR as ¢,
goes from negative to positive values, which then drives ¢
back to a relatively large value (¢; ~ 1072) with the power
spectrum of order 10~ in the SR regime. Again, when
v — 3/2, large quantum loop effects can be seen near
the peak of the power spectrum as compared with the
tree-level results. Thus, to model a successful model that
undergoes either SR-USR or SR-USR-SR inflation seems
inevitably to induce large quantum loop effects. Here, our
estimates just indicate significant one-loop corrections that
should be confirmed by a formal quantum field theoretical
method and, if so, further be treated in a self-consistent
manner by following the works of Refs. [31,33] in our
future study.

H} [ dz
.oy _ 1o 2
@) 8”/0 ZZ

2 Hg
16x2

d ari(1)

dfz[ziHy (2)]

Vg2 H} [ dz H} 3InA
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APPENDIX: THE ONE-LOOP UV DIVERGENCE

In this Appendix, we summarize the UV divergence in
the one-loop contributions to the relevant quantities to the
density perturbations. The quantum correction (¢?) deter-
mined by the momentum integral in Eq. (30) has both
quadratic and logarithmic divergences. We introduce the
UV cutoff momentum scale A ,(17) determined by the fixed
physical cutoff divided by the scale of inflation in a
comoving frame according to Ref. [32], i.e., A,,(;y) =

%(,7) ~ —An for small ¢;. For a general v, the ultraviolet

divergence of {¢?) in Eq. (30) is found to be
H2
(@*) = S—ﬂ‘; [A2 4+ InAp(v? — 1/4) + finite parts].  (Al)

Similarly, the time derivatives and the gradient terms of
quantum corrections also suffer from the ultraviolet diver-
gences given, respectively, by

InA
5 P (14 =512/2+9/16) + finite parts

l

(A2)

Here, we consider the case of the general v, and the discussions of the UV divergence above generalize those results in
Ref. [24], in which the case v ~3/2 is considered. The above integrals have the ultraviolet divergences, which can be
absorbed by the renormalization counterterms within a given renormalization scheme in the effective field theory by
following Ref. [24].
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