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Quantum null energy condition, entanglement wedge nesting,
and quantum focusing
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We study the consequences of entanglement wedge nesting for conformal field theories (CFTs) with
holographic duals. The CFT is formulated on an arbitrary curved background, and we include the effects of
curvature-squared couplings in the bulk. In this setup we find necessary and sufficient conditions for
entanglement wedge nesting to imply the quantum null energy condition in d < 5, extending its earlier
holographic proofs. We also show that the quantum focusing conjecture yields the quantum null energy
condition as its nongravitational limit under these same conditions.
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I. INTRODUCTION AND SUMMARY

The quantum focusing conjecture (QFC) is a new
principle of semiclassical quantum gravity proposed in
[1]. Its formulation is motivated by classical focusing,
which states that the expansion € of a null congruence of
geodesics is nonincreasing. Classical focusing is at the
heart of several important results of classical gravity [2-5],
and likewise quantum focusing can be used to prove
quantum generalizations of many of these results [6-9].

One of the most important and surprising consequences of
the QFC is the quantum null energy condition (QNEC),
which was discovered as a particular nongravitational limit
of the QFC [1]. Subsequently the QNEC was proven for free
fields [10] and for holographic conformal field theories
(CFTs) on flat backgrounds [11] (and recently extended in
[12] in a similar way as we do here). The formulation of the
QNEC which naturally comes out of the proofs we provide
here is as follows.

Consider a codimension-two Cauchy-splitting surface %,
which we will refer to as the entangling surface. The Von
Neumann entropy S[Z] of the interior (or exterior) or X is a
functional of X, and in particular is a functional of the
embedding functions X'(y) that define X. Choose a one-

“cakers @berkeley.edu
Tven_chandrasekaran @berkeley.edu
*sleichen @berkeley.edu

Sarlevine@ berkeley.edu

I arvinshm@berkeley.edu

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP’.

2470-0010,/2020,/101(2)/025011(21)

025011-1

parameter family of deformed surfaces X(1), with
2(0) = X, such that (i) X(4) is given by flowing along
null geodesics generated by the null vector field k' normal
to X for affine time 4, and (ii) (1) is either “shrinking” or
“growing” as a function of 4, in the sense that the domain of
dependence of the interior of X is either shrinking or
growing. Then for any point on the entangling surface we
can define the combination

Ti(0)K (V)K (y) = %% <5%5‘;S(6;)> (1.1)

Here \/h(y) is the induced metric determinant on X.
Writing this down in a general curved background requires
a renormalization scheme both for the energy-momentum
tensor 7';; and the renormalized entropy S.,. Assuming that
this quantity is scheme-independent (and hence well
defined), the QNEC states that it is positive. Our main
task is to determine the necessary and sufficient conditions
we need to impose on X and the background spacetime at
the point y in order that the QNEC hold.

In addition to a proof through the QFC, the holographic
proof method of [11] is easily adaptable to answering this
question in full generality. The backbone of that proof is
entanglement wedge nesting (EWN), which is a conse-
quence of subregion duality in AdS/CFT [9]. A given
region on the boundary of AdS is associated with a
particular region of the bulk, called the entanglement
wedge, which is defined as the bulk region spacelike-
related to the extremal surface [13—16] used to compute the
CFT entropy on the side toward the boundary region. This
bulk region is dual to the given boundary region, in the
sense that there is a correspondence between the algebras of
operators in the bulk region and the operators in the
boundary region which are good semiclassical gravity
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operators (i.e., they act within the subspace of semiclassical
states) [17-19]. EWN is the statement that nested boundary
regions must be dual to nested bulk regions, and clearly
follows from the consistency of subregion duality.

While the QNEC can be derived from both the QFC and
EWN, there has been no clear connection between these
derivations." As it stands, there are apparently two QNEC:s,
the QNEC-from-QFC and the QNEC-from-EWN. We will
show in full generality that these two QNECs are in fact the
same, at least in d < 5 dimensions.

Here is a summary of our results:

(i) The holographic proof of the QNEC from EWN is

extended to CFTs on arbitrary curved backgrounds.
In d =5 we find necessary that the necessary and
sufficient conditions for the ordinary QNEC to hold
at a point are that?

e(k) = 6{(11;) = Da9<k) = Daazlz‘) = Rka = O (12)

at that point. For d <5 only a subset of these
conditions are necessary. This is the subject of
Sec. IIC.
(ii) We also show holographically that under the weaker
set of conditions
o) = DOy + Reg = Dyoy) =0 (1.3)
the Conformal QNEC holds. The Conformal QNEC
was introduced in [11] as a conformally transformed
version of the QNEC. This is the strongest inequality
that we can get out of EWN. This is the subject of
Sec. IE

(iii) By taking the nongravitational limit of the QFC we
are able to derive the QNEC again under the same
set of conditions as we did for EWN. This is the
subject of § III B.

(iv) We argue in Sec. IIIC that the statement of the
QNEC is scheme-independent whenever the con-
ditions that allow us to prove it hold. This shows that
the two proofs of the QNEC are actually proving the
same, unambiguous field—theoretic bound.

We conclude in Sec. IV with a discussion and suggest

future directions. A number of technical Appendices are
included as part of our analysis.

A. Relation to other work

While this work was in preparation, [12] appeared
which has overlap with our discussion of EWN and the

n [9] it was shown that the QFC in the bulk implies EWN,
which in turn implies the QNEC. This is not the same as the
connection we are referencing here. The QFC which would imply
the boundary QNEC in the sense that we mean is a boundary
Q132C, obtai&ed by coupling the boundary theory to gravity.

Here %b) and 6 are the shear and expansion in the k'
direction, respectively, and D,, is a surface covariant derivative.

Our notation is further explained in Appendix A.

scheme-independence of the QNEC. The results of [12]
relied on a number of assumptions about the background:
the null curvature condition and a positive energy con-
dition. From this they derive certain sufficient conditions
for the QNEC to hold. We do not assume anything about
our backgrounds a priori, and include all relevant higher
curvature corrections. This gives our results greater gen-
erality, as we are able to find both necessary and sufficient
conditions for the QNEC to hold.

II. ENTANGLEMENT WEDGE NESTING
A. Subregion duality

The statement of AdS/CFT includes a correspondence
between operators in the semiclassical bulk gravitational
theory and CFT operators on the boundary. Moreover, it has
been shown [19,20] that such a correspondence exists
between the operator algebras of subregions in the CFT and
certain associated subregions in the bulk as follows:
Consider a spatial subregion A in the boundary geometry.
The extremal surface anchored to 0A, which is used to
compute the entropy of A [13,14], bounds the so-called
entanglement wedge of A, £(A), in the bulk. More precisely
E(A) is the codimension-zero bulk region spacelike-related
to the extremal surface on the same side of the extremal
surface as A. Subregion duality is the statement that the
operator algebras of D(A) and £(A) are dual, where D(A)
denotes the domain of dependence of A.

1. Entanglement wedge nesting

The results of this section follow from EWN, which we
now describe. Consider two boundary regions A; and A,
such that D(A,) C D(A,). Then consistency of subregion
duality implies that £(A;) C £(A,) as well, and this is the
statement of EWN. In particular, EWN implies that the
extremal surfaces associated to A; and A, cannot be
timelike-related.

We will mainly be applying EWN to the case of a one-
parameter family of boundary regions, A(4), where
D(A(A;)) € D(A(4,)) whenever A; < 4,. Then the union
of the one-parameter family of extremal surfaces associated
to A(A) forms a codimension-one surface in the bulk that is
nowhere timelike. We denote this codimension-one surface
by M. See Fig. 1 for a picture of the setup.

Since M is nowhere timelike, every one of its tangent
vectors must have non-negative norm. In particular, con-
sider the embedding functions X* of the extremal surfaces
in some coordinate system. Then the vectors 6X* = 9,X* is
tangent to M, and represents a vector that points from one
extremal surface to another. Hence we have (6X)? > 0 from
EWN, and this is the inequality that we will discuss for
most of the remainder of this section.

Before moving on, we will note that (6X)? > 0 is not
necessarily the strongest inequality we get from EWN. At
each point on M, the vectors which are tangent to the
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FIG. 1. Here we show the holographic setup which illustrates
entanglement wedge nesting. A spatial region A; on the boundary
is deformed into the spatial region A, by the null vector 6X'. The
extremal surfaces of A; and A, are connected by a codimension-
one bulk surface M (shaded blue) that is nowhere timelike by
EWN. Then the vectors §X# and s*, which lie in M, have non-
negative norm.

extremal surface passing through that point are known to be
spacelike. Therefore if 5X* contains any components which
are tangent to the extremal surface, they will serve to make
the inequality (6X)? > 0 weaker. We define the vector s* at
any point of M to be the part of 6X* orthogonal to the
extremal surface passing through that point. Then
(6X)? > s> > 0. We will discuss the s> > 0 inequality in
Sec. IIE after handling the (6X)? > 0 case.

B. Near-boundary EWN

In this section we explain how to calculate the vector 5X*
and s# near the boundary explicitly in terms of CFT data.
Then the EWN inequalities (6X)?> > 0 and s> > 0 can be
given a CFT meaning. The strategy is to use a Fefferman-
Graham expansion of both the metric and extremal surface,
leading to equations for 5X* and s* as power series in the
bulk coordinate z (including possible log terms). In the
following sections we will analyze the inequalities that are
derived in this section.

1. Bulk metric

We work with a bulk theory in AdS,,; that consists
of Einstein gravity plus curvature-squared corrections.
For d <5 this is the complete set of higher curvature
corrections that have an impact on our analysis. The
Lagrangian is’

*For simplicity we will not include matter fields explicitly in
the bulk, but their presence should not alter any of our
conclusions.

1 (d(d-1
<( )+R+£2,11R2

T 167Gy \ L7

+ 2R, + fZ/IGBL:GB> . (2.1)

where Lgp = R32,,, —4R2, +R? is the Gauss—Bonnet
Lagrangian, 72 is the cutoff scale, and L? is the scale
of the cosmological constant. The bulk metric has the
following near boundary expansion in Fefferman-Graham

gauge [21]:

L2 _ o
ds* = =z (dz* + g;j(x. 2)dx'dx/), (2.2)
gl.j(x, 7) = gl(;)) (x) + Zzgf-f) (x) + Z4g§j)(x) 4o
+ 2910g 29\ (x) + 279\ (x) + 0(z%). (2.3)

Note that the length scale L is different from L, but the
relationship between them will not be important for us.
Demanding that the above metric solve bulk gravitational

(n)

equations of motion gives expressions for all of the g;.” for

ij
n < d, including gl(j’log) (x), in terms of gg)) (x). This means,

in particular, that these terms are all state-independent. One

finds that gl(-;-i'log) (x) vanishes unless d is even. We provide

explicit expressions for some of these terms in Appendix C.

The only state-dependent term we have displayed,
gl(.;i) (x), contains information about the expectation value
of the energy-momentum tensor 7'; of the field theory. In

odd dimensions we have the simple formula [22]4

(d=odd) _ 167Gy
9ij = ’7de_1 < ij>v

(2.4)

with

f2
L?

(2.5)

n=1=2(d(d+ 1) +di, + (d —2)(d — 3)Agp)

In even dimensions the formula is more complicated. For
d = 4 we discuss the form of the metric in Appendix E.

2. Extremal surface

EWN is a statement about the causal relation between
entanglement wedges. To study this, we need to calculate
the position of the extremal surface. We parametrize our
extremal surface by the coordinate (y“, z), and the position

“Even though [22] worked with a flat boundary theory, one can
check that this formula remains unchanged when the boundary is
curved.
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of the surface is determined by the embedding functions
X*(y“,z). The intrinsic metric of the extremal surface is
denoted by ﬁaﬂ, where @ = (a, z). For convenience we will
impose the gauge conditions X* = z and h,, = 0.

The functions X(y%,z) are determined by extremizing
the generalized entropy [15,16] of the entanglement
wedge. This generalized entropy consists of geometric
terms integrated over the surface as well as bulk entropy
terms. We defer a discussion of the bulk entropy terms to
Sec. IVA and write only the geometric terms, which are
determined by the bulk action:

1 . 1
S =76 / Vh [1 L2 PR A Ayt <RWN"”—§IC”IC”)

+2,16Bf2?] . (2.6)

We discuss this entropy functional in more detail in
Appendix C2. The Euler-Lagrange equations for S,
are the equations of motion for X¥. Like the bulk metric,
the extremal surface equations can be solved at small-z with
a Fefferman—Graham-like expansion:

X' (y,2) =X, (v) +22X{5) (v) +2*X{y (v) +++

+210g2X{ 0y (V) +2X[,y (v) +o(29).  (2.7)

As with the metric, the coefficient functions X z ) forn < d,

n
including the log term, can be solved for in terms of X!

(0)
and gg.)), and again the log term vanishes unless d is even.

The state-dependent term X Z d contains information about
variations of the CFT entropy, as we explain below.

3. The z-expansion of EWN

By taking the derivative of (2.7) with respect to 4, we
find the z-expansion of 5X’. We will discuss how to take
those derivatives momentarily. But given the z-expansion
of X', we can combine this with the z-expansion of g,; in
(2.3) to get the z-expansion of (6X)?:

2

- 0 l :
—5(6X)? =g} X1 6X]y +22(2g

12 (0) SXi 5Xj

ij (0) (2)
+g2exi, X+ X 8,00 5X1 ) 5XIy )+ -
9ij 0% (0)9% (0) T (2)9mYij 0% (0)9%(0)
(2.8)

EWN implies that (6X)? > 0, and we will spend the next
few sections examining this inequality using the expansion
(2.8). From the general arguments given above, we can get
a stronger inequality by considering the vector s* and its
norm rather than §X¥. The construction of s# is more
involved, but we would similarly construct an equation for
s? at small z. We defer further discussion of s* to Sec. ITE.

Now we return to the question of calculating 5X'. Since
all of the X l(ﬁ) for n < d are known explicitly from solving

the equation of motion, the A-derivatives of those terms can
be taken and the results expressed in terms of the boundary
conditions for the extremal surface. The variation of the
state-dependent term, OX é ) is also determined by the

boundary conditions in principle, but in a horribly nonlocal
way. However, we will now show that XE J) (and hence

oX ’( d)) can be reexpressed in terms of variations of the CFT
entropy.

4. Variations of the entropy

The CFT entropy Scrr is equal to the generalized entropy
Sgen Of the entanglement wedge in the bulk. To be precise,
we need to introduce a cutoff at z = e and use holographic
renormalization to properly define the entropy. Then we
can use the calculus of variations to determine variations of
the entropy with respect to the boundary conditions at
z = €. There will be terms which diverge as € — 0, as well
as a finite term, which is the only one we are interested in at
the moment. In odd dimensions, the finite term is given by a
simple integral over the entangling surface in the CFT:

8Scrtlfnie = ndL*! / dd_zy\/ﬁgijxéd)5xj - (29)

This finite part of Scgr is the renormalized entropy, S;.,, in
holographic renormalization. Eventually we will want to
assure ourselves that our results are scheme-independent.
This question was studied in [23], and we will discuss it
further in Sec. III C. For now, the important take-away from
(2.9) is

1 6Sen ndL4!
\/Eéxi(y) B 4Gy

The case of even d is more complicated, and we will cover
the d = 4 case in Appendix E.

Xi

(diodd)* (2.10)

C. State-independent inequalities

The basic EWN inequality is (5X)? > 0. The challenge is
to write this in terms of boundary quantities. In this section
we will look at the state-independent terms in the expansion
of (2.8). The boundary conditions at z = 0 are given by the
CFT entangling surface and background geometry, which
we denote by X’ and g, ; without a (0) subscript. The
variation vector of the entangling surface is the null vector
ki = 6X!. We can use the formulas of Appendix D to
express the other X én> for n < d in terms of X’ and gij- This

allows us to express the state-independent parts of (6X)? >
0 in terms of CFT data. In this subsection we will look at
the leading and subleading state-independent parts. These
will be sufficient to fully cover the cases d < 5.
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1. Leading inequality

From (2.8), we see that the first term is actually k;k' = 0.
The next term is the one we call the leading term, which is

—2(s¥ i 2)yirj m i1j
L2(8X)2|,0 = 2k;0X 1, + i3 k'K + X7 0,0,k (2.11)

From (C10), we easily see that this is equivalent to

/e 1 1
L72(8X)?|,0 = (d—2)29<2"> +d—26%k)’ (2.12)
where ag;) and 0y, are the shear and expansion of the null

congruence generated by k', and are given by the trace and
trace-free parts of k; K, with K' , the extrinsic curvature of
the entangling surface. This leading inequality is always
non-negative, as required by EWN. Since we are in the
small-z limit, the subleading inequality is only relevant
when this leading inequality is saturated. So in our analysis
below we will focus on the 6;) = 02’2 = 0 case, which can
always be achieved by choosing the entangling surface
appropriately. Note that in d = 3 this is the only state-
independent term in (5X)2, and furthermore we always

have aflkb) =0ind=3.

2. Subleading inequality

The subleading term in (6X)? is order z?> in d > 5, and
order 72 log z in d = 4. These two cases are similar, but it
will be easiest to focus first on d > 5 and then explain what
changes in d = 4. The terms we are looking for are

—2(S% _ i () risyi i j
L 2(5X)2|Z2—2k,-5X(4)+29ij k6Xf2>+g,<j5X(2)5Xf2)

+ g4y KK+ X7 0,9,k K +2X75 0,9,k X1,

m (2)pirj 1 m yn i1j
+X<2)8mglj k kj+§X(2)X(2>amangljk k].

(2.13)

This inequality is significantly more complicated than the
previous one. The details of its evaluation are left to

Appendix D. The result, assuming 6;) = ag;) =0, is

- 1
L7(6X)*| = Hd=27 (DaBiy + 2Rea)?

1

1
—— (D0 R.,)?
d—2)2(d—4)( a (k)+ ka)

1 (k)
+ 2d=2)d-4) D40y, )?

taza

(Ckabc Czbc - 2C,

kcaciz)' (214)
where « is proportional to Agg#?/L? and is defined in

Appendix D. Aside from the Gauss—Bonnet term we have a

sum of squares, which is good because EWN requires this
to be positive when ;) and o) vanish. Since x < 1, it
cannot possibly interfere with positivity unless the other
terms were zero. This would require D,0;) = Daag? =
R;, = 01n addition to our other conditions. But, following
the arguments of [24], this cannot happen unless the
components Cy,;. of the Weyl tensor also vanish at the
point in question. Thus EWN is always satisfied. Also
note, the last two terms in middle line of (2.14) are each
conformally invariant when 0;) = ngb) = 0, which we have
assumed. This will become important later.

Finally, though we have assumed d >5 to arrive
at this result, we can use it to derive the expression
for L72(6X)?|210g, in d=4. The rule, explained in
Appendix E, is to multiply the right-hand side (RHS) by
4 — d and then set d = 4. This has the effect of killing the
conformally noninvariant term, leaving us with

e 1 1 k
L 2(5X)2|z210gz,d=4 - _Z (Dae(k) + Rka)2 - Z (Daggyc))Q'

(2.15)

The Gauss—Bonnet term also disappears because of a special
Weyl tensor identity in d = 4 [23]. The overall minus sign is
required since log z < 0 in the small z limit. In addition, we
no longer require that Ry, and D 0y, vanish individually to
saturate the inequality: only their sum has to vanish. This still
requires that C;,;,. = 0, though.

D. The quantum null energy condition

The previous section dealt with the two leading state-
independent inequalities that EWN implies. Here we deal
with the leading state-dependent inequality, which turns out
to be the QNEC.

At all orders lower than z72, (6X)? is purely geometric.
At order z972, however, the CFT energy-momentum tensor
enters via the Fefferman—Graham expansion of the metric,
and variations of the entropy enter through X’( 4 In odd

dimensions the analysis is simple and we will present it
here, while in general even dimensions it is quite compli-
cated. Since our state-independent analysis is incomplete
for d > 5 anyway, we will be content with analyzing only
d = 4 for the even case. The d = 4 calculation is presented
in Appendix E. Though is it more involved that the odd-
dimensional case, the final result is the same.
Consider first the case where d is odd. Then we have

- X _ @iy i m it
L 2(5X)2|z(1_2 = gij k'k) + 2k15X(d) +X(d)amgl]k k/

= g\ kil +26(k;oX[,). (2.16)

From (2.4) and (2.10), we find that

025011-5
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- 162G k58,
L72(8X)? e = — N (Ty) = 6 —==22) |
(O = ot () =5 2 )|

(2.17)

The non-negativity of the term in brackets is equivalent to
the QNEC. The case where d is even is more complicated,
and we will go over the d = 4 case in Appendix E.

E. The conformal QNEC

As mentioned in Sec. I A, we can get a stronger
inequality from EWN by considering the norm of the
vector s#, which is the part of §X* orthogonal to the
extremal surface. Our gauge choice X = z means that
s* # 6X*, and so we get a nontrivial improvement by
considering s> > 0 instead of (6X)? > 0.

We can actually use the results already derived above to
compute s> with the following trick. We would have had
SX* = s# if the surfaces of constant z were already
orthogonal to the extremal surfaces. But we can change
our definition of the constant-z surfaces with a coordinate
transformation in the bulk to make this the case, apply the
above results to (6X)? in the new coordinate system, and
then transform back to the original coordinates. The
coordinate transformation we are interested in performing
is a PBH transformation [25], since it leaves the metric in
Fefferman—Graham form, and so induces a Weyl trans-
formation on the boundary.

So from the field theory point of view, we will just be
calculating the consequences of EWN in a different
conformal frame, which is fine because we are working
with a CFT. With that in mind it is easy to guess the
outcome: the best conformal frame to pick is one in which
all of the nonconformally invariant parts of the state-
independent terms in (6X)? are set to zero, and when
we transform the state-dependent term in the new frame
back to the original frame we get the so-called conformal
QNEC first defined in [11]. This is indeed what happens, as
we will now see.

1. Orthogonality conditions

First, we will examine in detail the conditions necessary
for 6X* = s#, and their consequences on the inequalities
derived above. We must check that
for both a = z and a = a. As above, we will expand these
conditions in z. When a = z, at lowest order in z we find
the condition

0= kl-Xéz), (2.19)
which is equivalent to 6y = 0. When a = a, the lowest-
order in z inequality is automatically satisfied because
k' is defined to be orthogonal to the entangling surface on

the boundary. But at next-to-lowest order we find the
condition

_ i i (2) i m i
0 = kiaaX<2) + eai(sx(z) + glj eakj —|— X(z)amg[jeakl
(2.20)

1
= T3d=2) [(Dy = 2wa)0(k) + 2Ry,).

(2.21)
Combined with the ;) = 0 condition, this tells us that
D 0y = —2Ry, is required. When these conditions are
satisfied, the state-dependent terms of (6X)? analyzed
above become’

5 1

1
L72(5X)* = 2

d—2° " [(d—2)2(d—4) (Ria)?

*waﬁaiﬁwﬁﬁfF“~~ (222)

Next we will demonstrate that 64) =0 and D,0) =
—2R;, can be achieved by a Weyl transformation, and

then use that fact to write down the s> > 0 inequality that
we are after.

2. Achieving 6X* =s* with a Weyl transformation

Our goal now is to begin with a generic situation in
which 6X# # s# and use a Weyl transformation to set

O0X* — s*. This means finding a new conformal frame with
9ij = €*Wg,; such that Oy =0 and D,y = —2R,,
which would then imply that 6X* = s* (we omit the bar
on 6X* to avoid cluttering the notation, but logically it

would be 8X").

Computing the transformation properties of the geo-
metric quantities involved is a standard exercise, but there is
one extra twist involved here compared to the usual
prescription. Ordinarily a vector such as k' would be
invariant under the Weyl transformation. However, for
our setup is it is important that k' generate an affine-
parametrized null geodesic. Even though the null geodesic
itself is invariant under Weyl transformation, k* will no
longer be the correct generator. Instead, we have to use
k' = e=2?ki. Another way of saying this is that k; = k; is
invariant under the Weyl transformation. With this in mind,
we have

e2¢kka = Rka - (d - 2) [Daak¢ - Waak¢

— kiK1, 0" — 0,0 p), (2.23)

SWe have not included some terms at order z2 which are
(%)

proportional to o,

inequalities.

because they never play a role in the EWN
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X0 = 04 + (d — 2)0b. (2.24)

e2¢baé(k) = Da9<k) + (d - 2)Da8k¢ - 29(k)8aqb
—2(d = 2)0 0, (2.25)
Gi = Oy (2.26)

ﬁc&a]g = Dcagz) - 2[62’2}8@45 + agkb)@c.(,b - gc(aagzvdd)},

(2.27)

W, =w, — 0yp. (2.28)

So we may arrange 9<k) =0 at a given point on the
entangling surface by choosing di¢p = —0)/(d —2) at

that point. Having chosen that, and assuming ag;) = Oatthe
same point, one can check that

ezlﬁ(baé(k) + 2Rka)

= Dae(k) - 2Wae(k) + 2Rku - (d - 2)Da8k¢ (229)

So we can choose D,0y¢ to make the combination
Daé(k> + 2Ry, vanish. Then in the new frame we have
SXH = sH.

3. The s? > inequality

Based on the discussion above, we were able to find a
conformal frame that allows us to compute the s>. For the
state-independent parts we have

1 1 .
[252 = 52 — (Ry,)?
S Ea2w T {(d—Z)z(d—4)( ta)
1 A Al |42
- (D 2.30
+2(d—2)(d—4)( WOyl )7 |27+ (2.30)

Here we also have a new bulk coordinate ? = ze? asso-
ciated with the bulk PBH transformation. All we have to do
now is transform back into the original frame to find s2.
Since 9(k> = ﬁaé(k) + 2R, = 0, we actually have that

N

Rka = Dué(k) - Wué(k) - ]Aekw (231)

which transforms homogeneously under Weyl transforma-

tions when 65112) = 0. Thus, up to an overall scaling factor,

we have

Lo, 1
d—2°W0 7 [(d=2)2(d—4)

(Da0<b]z))2:|12+”"

L—2S2 —

(DB )= wWab ) — Ria)?

+—2(d—2)(d—4) (2.32)

where we have dropped terms of order z? which vanish
when o-El]Z) = 0. As predicted, these terms are the confor-
mally invariant contributions to (6X)?.

In order to access the state-dependent part of s> we need the
terms in (2.32) to vanish. Note that in d = 3 this always
happens. In that case there is no z> term, and 6[(1]2) = 0 always.
Though our expression is singular in d = 4, comparing to
(2.22) shows that actually the term in brackets above is
essentially the same as the z> log z term in 5X. We already
noted that this term was conformally invariant, so this is
expected. The difference now is that we no longer need 6 ) =
0 in order to get to the QNEC in d =4. In d =5 the
geometric conditions for the state-independent parts of s to
vanish are identical to those for d = 4, whereas in the (6X)?
analysis we found that extra conditions were necessary. These
were relics of the choice of conformal frame. Finally, for
d > 5 there will be additional state-independent terms that we
have not analyzed, but the results we have will still hold.

4. Conformal QNEC

Now we analyze the state-dependent part of s> at order
7972, When all of the state-independent parts vanish, the
state-dependent part is given by the conformal transforma-
tion of the QNEC. This is easily computed as follows:

162G Y k' 58
L7252 = % [2ﬂ<T,~j)k’k/ —~ 5(— )
ndL \/Zst (J’)

d, (K 8

2"O\Vhsx'(y))
Of course, one would like to replace 7; ; with 7';; and S‘ren
with S,.,. When d is odd this is straightforward, as these
quantities are conformally invariant. However, when d is

even there are anomalies that will contribute, leading to
extra geometric terms in the conformal QNEC [11,26].

(2.33)

III. CONNECTION TO QUANTUM FOCUSING

A. The quantum focusing conjecture

We start by reviewing the statement of the QFC [1,24]
before moving on to its connection to EWN and the QNEC.
Consider a codimension-two Cauchy-splitting (i.e., entan-
gling) surface ¥ and a null vector field k' normal to X.
Denote by N the null surface generated by k. The
generalized entropy, S,,, associated to X is given by

Sgen = <Sgrav> + Sren (31)
where S,,, is a state-independent local integral on X and S,
is the renormalized von Neumann entropy of the interior (or
exterior of X. The terms in Sy, are determined by the low-
energy effective action of the theory in a well-known way
[27]. Even though (Sgy,y) and S, individually depend on
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the renormalization scheme, that dependence cancels out
between them so that Sy, is scheme-independent.

The generalized entropy is a functional of the entangling
surface X, and the QFC is a statement about what happens
when we vary the shape of £ be deforming it within the
surface V. Specifically, consider a one-parameter family
%(4) of cuts of N generated by deforming the original
surface using the vector field k'. Here A is the affine
parameter along the geodesic generated by k' and
%(0) =ZX. To be more precise, let y* denote a set of
intrinsic coordinates for X, let 4, be the induced metric on
%, and let X'(y,4) be the embedding functions for =(2).
With this notation, k' = 9,X'. The change in the general-
ized entropy is given by

das oS
gen — [ gé2 gen_ gy
di |;— ~/E y5X’(Y) ’ (y)
1
d2y\/hO|Z, 3.2
=G, Lavielsy (32)

This defines the quantum expansion ®[Z, y] in terms of the
functional derivative of the generalized entropy:

Ki(y) 08 gen
Vh 6X'(y)

Note that we have suppressed the dependence of ©
on k' in the notation, but the dependence is very simple:
if K'(y) = f(y)K'(y), then ®[Z, y] — f(y)O[Z., y].

The QFC is simple to state in terms of ®. It says that O is
nonincreasing along the flow generated by k':

d®
0>—= [ a2
>0 = [

Before moving on, let us make two remarks about the QFC.

First, the functional derivative 8O, y]/6X(y') will
contain local terms (i.e., terms proportional to 5-functions
or derivatives of §-functions with support at y = y’) as well
as nonlocal terms that have support even when y # y'. Soy,
being a local integral, will only contribute to the local terms
of §0O[Z,y]/6X'(y"). The renormalized entropy S, will
contribute both local and nonlocal terms. The nonlocal terms
can be shown to be nonpositive using strong subadditivity of
the entropy [1], while the local terms coming from S, are in
general extremely difficult to compute.

Second, and more importantly for us here, the QFC as
written in (3.4) does not quite make sense. We have to
remember that S, is really an operator, and its expectation
value (S, is really the thing that contributes to ©. In
order to be well-defined in the low-energy effective theory
of gravity, this expectation value must be smeared over a
scale large compared to the cutoff scale of the theory. Thus
when we write an inequality like (3.4), we are implicitly
smearing in y against some profile. The profile we use is
arbitrary as long as it is slowly-varying on the cutoff scale.

O[X. )] = 4Gy (3.3)

[’y]k(y)

5X'(y') 34

This extra smearing step is necessary to avoid certain
violations of (3.4), as we will see below [24].

B. QNEC from QFC

In this section we will explicitly evaluate the QFC
inequality, (3.4), and derive the QNEC in curved space
from it as a nongravitational limit. We consider theories
with a gravitational action of the form

1 .
Igrav:m/\/g(R+l’ﬁ2ﬂlR2+f2/12Rinl]+f2/1GB£GB)
(3.5)

where Lgp = R jmn — 4R} + R* is the Gauss-Bonnet
Lagrangian. Here 7 is the cutoff length scale of the effective
field theory, and the dimensionless couplings 4;, 4,, and
Agp are assumed to be renormalized.

The generalized entropy functional for these theories can
be computed using standard replica methods [27] and takes
the form

AlE 1
Sy = —+ — 2R + 1 N”——KKI
gen 4GN+4GN/I[ R 2( AR )

+ Z/IGBr} + S (3.6)

Here A[X] is the area of the entangling surface, N' is the
projector onto the normal space of X, K' is the trace of the
extrinsic curvature of X, and r is the intrinsic Ricci scalar
of X.

We can easily compute ® by taking a functional
derivative of (3.6), taking care to integrate by parts so that
the result is proportional to k’(y) and not derivatives of
ki(y). One finds

© =0y + 224 (O«
+ KiK"”’K’;h

R+ ViR) + (D, — wa)* 0

(3.7)

+9(k)Rklkl + ka —2V1Rkk + Q(k)Rkl _Q(I)Rkk +2KkabRab)
k' 88 en
N d

Now we must compute the A-derivative of ®@. When we do

this, the leading term comes from the derivative of 6;),

which by Raychaudhuri’s equation contains the terms 9%

1
iy <rab KX, —Ere(k)ﬂ 4Gy, (3.8)

and a( oL Since we are ultimately interested in deriving the
QNEC as the nongravitational limit of the QFC, we need to

set Oy = O'g];) = 0 so that the nongravitational limit is not
dominated by those terms. So for the rest of this section we
will set 6,y = a[(ﬁ,) = 0 at the point of evaluation (but not

globally). Then we find
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doe d
E = _Rkk + ZXIfZ(V%R - RRkk) + }42{2 |:2Da(WaRkk) + V%R - DaDaRkk — m (Dae(k))z - 2Rkab9(k) — 2(Da6bc)2
d(d—-3)(d-4) (d—4)(d-3)
_ OV, V Ry — 2Riuip R — 0,y ViR | = 20gpe? | DL 2NE ) 4T INE ) b R
ViR kakb ) Vi kk] GB [(d—l)(d—Z)z Kk (d-27 kR
2d—4 2d—4 d [k 8S.,
- —(d — ) Cria Rk — (d— 2 )Rabcakbk + 4Ckalbckakb:| +4Gy 7 <ﬁ 5X ) (3.9)

This expression is quite complicated, but it simplifies dramatically if we make use of the equation of motion coming from
(3.5) plus the action of the matter sector. Then we have Ry, = 8xGT;, — Hy; where [28]

Hy = 221 (RRy = ViR) + (2R jRY = ViR + 2V, V Ry = 2Ryyyi R, + D DRy — 2D (W Ry

—2(Dp0y + RpuijP™)RY + 0y Vi Ry)
d(d—-3)(d—-4)

[d=T)(d—2p Ru*

i

(d—4)(d-3) d—4
-2 )

RiRyy — ZERijCkikj + CpijmCi ™ (3.10)

For the Gauss-Bonnet term we have used the standard decomposition of the Riemann tensor in terms of the Weyl and Ricci
tensors. Using similar methods to those in Appendix D, we have also exchanged k'k/oR;; in the R%j equation of motion for

surface quantities and ambient curvatures.

After using the equation of motion we have the relatively simple formula

dA d-2

+ 26882 (Crape Ci™ = 2C1p,"Cr™) + 4Gy — <7}—l 5X7 ) — 8GN (T i)

The Gauss-Bonnet term agrees with the expression derived
in [23]. However unlike [23] we have not made any
perturbative assumptions about the background curvature.

At first glance it seems like (3.11) does not have definite
sign, even in the nongravitational limit, due to the geometric
terms proportional to 4, and Agg. The difficulty posed by the
Gauss-Bonnet term, in particular, was first pointed out in
[12]. However, this is where we have to remember the
smearing prescription mentioned in Sec. III A. We must
|

d® I3

(*) d
— ——fz(Daﬁ(k))z - glxﬂz(DaGbc )2 - ﬂzl/ﬂz <m

di d-2
d
dA

+ 2A688% (Crape Cr* = 2C1pa" Crt™) + 4Gy — <

Since the size of £ is determined by the validity of the
effective field theory, by construction the terms propor-
tional to £ in (3.12) dominate over the others. Thus in order
to take the nongravitational limit, we must eliminate these
smeared terms.

Clearly we need to be able to choose a surface such that

(k

D0 = Daabc> = 0. Then smearing H%k) and o-%k) would

k_i 5Sren
Jh oX

e d
— ==kt <— (Dabyy)* + 4RLD, 01 + 2Ry RY + 2(Dyoy! )2>

d [k 8S,,

o (3.11)

|
integrate (3.11) over a region of size larger than £ before
testing its nonpositivity. The crucial point, used in [24], is
that we must also remember to integrate the terms €%k> and
G%k) that we dropped earlier over the same region. When we
integrate H(Zk) over aregion of size  centered at a point where
(1) = 0, theresultis £72(D,0))* + o(£?), where & 2 10is
a parameter associated with the smearing profile. A similar

result holds for agz). Thus we arrive at

k
(Dub))* + 4R} D0 ) + 2Ry R} + 2(Da6§7c)>2>

) — 872G (Ti) + o(£?) (3.12)

only produce terms of order #* (terms of that order would
also show up from smearing the operators proportional to
A, and Agg). As explained in [24], this is only possible
given certain conditions on the background spacetime at the
point of evaluation. We must have

1 1

Ckabc = m habch - m hachb' (3 13)
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This can be seen by using the Codazzi equation for X.
Imposing this condition, which allows us to set

D0 = Daag? = 0, we then have.

d®

— =27 </12 Lold=3d—4)

(d-2)?

d [ ki 8.,
i (05

dA
This is the quantity which must be negative according to the
QFC. In deriving it, we had to assume that ;) = ok =
D0 = Daoy) =0.

We make two observations about (3.14). First, if we
assume that Ry, = 0 as an additional assumption and take
¢ — 0, then we arrive at the QNEC as long as Gy > o(£?).
This is the case when £ scales with the Planck length and
d < 5. These conditions are similar to the ones we found
previously from EWN, and below in Sec. IIID we will
discuss that in more detail.

The second observation has to do with the lingering
possibility of a violation of the QFC due to the terms
involving the couplings. In order to have a violation, one
would need the linear combination

dA lGB) RkaZ

) —8ﬂGN<Tkk>+0(£3). (314)

(d=3)(d-4)

A 2
A P

AGa (3.15)

to be negative. Then if one could find a situation where the
first line of (3.14) dominated over the second, there would
be a violation. It would be interesting to interpret this as a
bound on the above linear combination of couplings
coming from the QFC, but it is difficult to find a situation
where the first line of (3.14) dominates. The only way for
Ry, to be large compared to the cutoff scale is if T}, is
nonzero, in which case we would have R, ~ GyT,. Then
in order for the first line of (3.14) to dominate we would
need

GNE* T T > Ty (3.16)

As an example, for a scalar field @ this condition would say

Gy (0,D)* > 1. (3.17)
This is not achievable within effective field theory, as it
would require the field to have super-Planckian gradients.
We leave a detailed and complete discussion of this issue to
future work.

C. Scheme-independence of the QNEC

We take a brief interlude to discuss the issue of the
scheme-dependence of the QNEC, which will be important
in the following section. It was shown in [23], under some

slightly stronger assumptions than the ones we have been
using, that the QNEC is scheme-independent under the
same conditions where we expect it to hold true. Here we
will present our own proof of this fact, which actually
follows from the manipulations we performed above
involving the QFC.

In this section we will take the point of view of field
theory on curved spacetime without dynamical gravity.
Then each of the terms in /,,, defined above in (3.5), are
completely arbitrary, nondynamical terms we can add to the
Lagrangian at will.® Dialing the values of those various
couplings corresponds to a choice of scheme, as even
though those couplings are nondynamical they will still
contribute to the definitions of quantities like the renor-
malized energy-momentum tensor and the renormalized
entropy (as defined through the replica trick). The QNEC is
scheme-independent if it is insensitive to the values of these
couplings.

To show the scheme-independence of the QNEC, we will
begin with the statement that S, is scheme-independent.
We remarked on this above, when our context was a theory
with dynamical gravity. But the scheme-independence of
Sgen does not require use of the equations of motion, so it is
valid even in a nongravitational theory on a fixed back-
ground. In fact, only once in the above discussion did we
make use of the gravitational equations of motion, and that
was in deriving (3.11). Following the same steps up to that
point, but without imposing the gravitational equations of
motion, we find instead

doe d
— = —ﬂzfz <m (Dae(k))z + 4R£Db€(k)
+ 2Rka£ + 2<Da6bc‘)2>

+ 24688 (Crane Ci* = 2C1pa" Cr ™)

d (k' §S 167Gy 61 gray
+4GN—< “’;’)— ey N Ty

(3.18)

Since the theory is not gravitational, we would not claim
that this quantity has a sign. However, it is still scheme-
independent.

To proceed, we will impose all of the additional con-
ditions that are necessary to prove the QNEC. That is, we
impose D0y =R} =D ,0,.=0, as well as 0 ;) = aal; =0,
which in turn requires Cy,;. = 0. Under these conditions,
we learn that the combination

®We should really be working at the level of the quantum
effective action, or generating functional, for correlation func-
tions of T'; [12]. The geometrical part has the same form as the
classical action /g,, and so does not alter this discussion.
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4r ol grav

i ki ™ ki
di \/E 5Xl " \/g 59!]

is scheme-independent. The second term here is one
of the contributions to the renormalized 2z (T};) in the
nongravitational setup, the other contribution being
kikj%%“;“. But 7,4 18 already scheme-independent in
the sense we are discussing, in that it is independent of the
parameters appearing in /y,,. So adding that to the terms

we have above, we learn that

i k' 081en
i\ 6X'

is scheme-independent. This is what we wanted to show.

(3.19)

> - 2”<Tkk> (320)

D. QFC vs EWN

As we have discussed above, by taking the nongravita-

tional limit of (3.14) under the assumptions D0, = RZ =

D,op. =04y = a(a];) =0 we find the QNEC as a conse-

quence of the QFC (at least for d < 5). And under the same
set of geometric assumptions, we found the QNEC as a
consequence of EWN in (2.17). The discussion of the
previous section demonstrates that these assumptions also
guarantee that the QNEC is scheme-independent. So even
though these two QNEC inequalities were derived in
different ways, we know that at the end of the day they
are the same QNEC. It is natural to ask if there is a further
relationship between EWN and the QFC, beyond the fact
that they give the same QNEC. We will begin to investigate
that question in this section.

The natural thing to ask about is the state-independent
terms in the QFC and in (6X)?. We begin by writing down
all of the terms of (6X)? in odd dimensions that we have
computed:

(d=2)L2(5%1)
1 1
:me%k)+0%k)+22M(Dae(k)+2Rka)2
1 1 (®)

(DO +Ria)?+2 D o))
+z (d—2)(d—4)( a (k)+ ka) +z 2(d—4)( aabc)

K
+ 22— (Crape Cr " =2C1 s Ci2p ) + -+

di_lgﬂ(d—Z)GN ki8S
+z 7[@@—5( )] (3.21)

ndL4! 270vVh OX

The first line looks like —é’, which would be the leading
term in d®/dA, except it is missing an Ry;. Of course, we
eventually got rid of the R;; in the QFC by using the
equations of motion. Suppose we set 6;) = 0 and 65112 =0
to eliminate those terms, as we did with the QFC. Then we
can write (6X)? suggestively as

(d—2)L-2(5%1)?
( d 4(d-3)
— 2L (—%(D,6,)? + 4RD,6 + L)
Z 2< ( a k) + k*™~a + (d—2)
k

R, ,R¢
(d — 2) ka' i
=+ 2<Da6§7 ))2> - 2221GB(CkabchabC - 2CkCcaCkbba)

o ~ )
+ e + SHGN<Tkk> — 4GN5 (ﬁ%) s (322)
where
~ 2(d —2)z%2
Gy =Gy ( de)_l , (3.23)
~ 1
A = , 3.24
~ K
= — 2
AGB 2((1— 4) (3 5)

Written this way, it almost seems like (d — 2)L™2(6X")? ~
—d®/dJ in some kind of model gravitational theory. One
discrepancy is in the coefficient of the R;,R*® term, unless
d = 4.1tis also intriguing that the effective coefficients G,
12, and EGB are close to, but not exactly the same as, the
effective braneworld induced gravity coefficients found in
[29]. This is clearly something that deserves further study.

IV. DISCUSSION

We have displayed a strong similarity between the
state-independent inequalities in the QFC and the state-
independent inequalities from EWN. We now discuss
several possible future directions and open questions that
follow naturally from these results.

A. Bulk entropy contributions

We ignored the bulk entropy Sy, in this work, but we
know that it produces a contribution to CFT entropy [30]
and plays a role in the position of the extremal surface
[15,16]. The bulk entropy contributions to the entropy are
subleading in N2 and do not interfere with the gravitational
terms in the entropy. We could include the bulk entropy as a
source term in the equations determining X, which could
lead to extra contributions to the X, coefficients.
However, it does not seem possible for the bulk entropy
to have an effect on the state-independent parts of the
extremal surface, namely on X () for n < d, which means
the bulk entropy would not affect the conditions we derived
for when the QNEC should hold.

Another logical possibility is that the bulk entropy term
could affect the statement of the QNEC itself, meaning that
the schematic form 7', — S" would be altered. This would
be problematic, especially given that the QFC always
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produces a QNEC of that same form. It was argued in [9]
that this does not happen, and that argument holds here
as well.

B. Smearing of EWN

We were careful to include a smearing prescription for
defining the QFC, and it was an important ingredient in the
analysis of Sec. III B. But what about smearing of EWN?
Of course, the answer is that we should smear EWN
appropriately, but as we will see now it would not make a
difference to our analysis,

The issue is that the bulk theory is a low-energy effective
theory of gravity with a cutoff scale ¢, and the quantities
that we use to probe EWN, like (6X)?, are operators in that
theory. As such, these operators need to be smeared over a
region of proper size £ on the extremal surface. Of course,
due to the warp factor, such a region has coordinate size
z¢/L. We can ask what effect such a smearing would have
on the inequality (6X)>.

When we performed our QNEC derivation, we assumed
that H(k) =0 at the point of evaluation, so that the H%k)
term in (6X)?|,, would not contribute. However, after
smearing this term would contribute a term of the form
£2(D,81))?*/L* to (5X)?|... But we already had such a term
at this order, so all this does is shift the coefficient.
Furthermore, the coefficient is shifted only by an amount
of order #2/L2. If the cutoff # is of order the Planck scale,
then this is suppressed in powers of N2. In other words, this
effect is negligible for the analysis. A similar statement

applies for ngb)' So in summary, EWN should be smeared,
but the analysis we performed was insensitive to it.

C. Future work

There are a number of topics that merit investigation in
future work. We will touch on a few of them to finish our
discussion.

1. Relevant deformations

Perhaps the first natural extension of our work is to
include relevant deformations in the EWN calculation.
There are a few reasons why this is interesting. First, one
would like to test the continued correspondence between
the QFC and EWN when it comes to the QNEC. The QFC
arguments do not care whether relevant deformations are
turned on, so one would expect that the same is true in
EWN. This is indeed the case when the boundary theory is
formulated on flat space [11], and one would expect similar
results to hold when the boundary is curved.

Another reason to add in relevant deformations is to test
the status of the conformal QNEC when the theory is not a
CFT. To be more precise, the (6X)? and s calculations we
performed differed by a Weyl transformation on the
boundary, and since our boundary theory was a CFT this

was a natural thing to do. When the boundary theory is not
a CFT, what is the relationship between (6X)? and s>? One
possibility, perhaps the most likely one, is that they simply
reduce to the same inequality, and the conformal QNEC no
longer holds. It would be good to know the answer.

Finally, and more speculatively, having a relevant defor-
mation turned on when the background is curved allows for
interesting state-independent inequalities from EWN. We
saw that for a CFT the state-independent terms in both
(6X)? and s> were trivially positive. Perhaps when a
relevant deformation is turned on then more nontrivial
things might happen, such as the possibility of a c-theorem
hiding inside of EWN. We are encouraged by the similarity
of inequalities used in recent proofs of the c-theorems to
inequalities obtained from EWN [31].

2. Higher dimensions

Another pressing issue is extending our results to d = 6
and beyond. This is an algebraically daunting task using the
methods we have used for d < 5. Considering the ultimate
simplicity of our final expressions, especially compared to
the intermediate steps in the calculations, it is likely that
there are better ways of formulating and performing the
analyses we performed here. It is hard to imagine perform-
ing the full d = 6 analysis without such a simplification.

3. Further connections between EWN and QFC

Despite the issues outlined in Sec. III D, we are still
intrigued by the similarities between EWN and the QFC. It
is extremely natural to couple the boundary theory in AdS/
CFT to gravity using a braneworld setup [29,32-34]. Upon
doing this, one can formulate the QFC on the braneworld.
However, at the same time near-boundary EWN becomes
lost, or at least changes form: extremal surfaces anchored to
a brane will in general not be orthogonal to the brane, and in
that case a null deformation on the brane will induce a
timelike deformation of the extremal surface in the vicinity
of the brane. Of course, one has to be careful to take into
account the uncertainty in the position of the brane, which
complicates things. We hope that such an analysis could
serve to unify the QFC with EWN, or at least illustrate their
relationship with each other.

4. Conformal QNEC from QFC

While we emphasized the apparent similarity between
the EWN-derived inequality (6X)? > 0 and the QFC, the
stronger EWN inequality s> > 0 is nowhere to be found in
the QFC discussion. It would be interesting to see if there
was some direct QFC-like way to derive the conformal
QNEC (rather than first deriving the ordinary QNEC and
then performing a Weyl transformation). In particular, the
conformal QNEC applies even in cases where 6 is
nonzero, while in those cases the QFC is dominated by
classical effects. Perhaps there is a useful change of
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variables that one can do in the semiclassical gravity when
the matter sector is a CFT which makes the conformal
QNEC manifest from the QFC point of view. This is worth
exploring.
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APPENDIX A: NOTATION AND DEFINITIONS

1. Basic notation
a. Notation for basic bulk and boundary quantities

(i) Bulk indices are y,v, ....
(i) Boundary indices are i, j, .... Then u = (z,1).
(iii) We assume a Fefferman—Graham form for the
metric: ds*> = 5—22 (dz® + gdx'dx’).
(iv) The expansion for g;;(x,z) at fixed x is

_ 0 2 4 d.
Gy =gy +22g5 + 20+ + 20logzgl "
+20g )+ (A1)
_ (n) (d.log)
The coefficients g;;° for n <d and g;; are
determined in terms of g,(JO.), while ggjf-l) is state-

dependent and contains the energy-momentum ten-

sor of the CFT. If d is even, then gff’log) =0. To
avoid clutter we will often write gg-)) simply as g;;.
Unless otherwise indicated, i, j indices are raised

and lowered by gl(-;)) .
(v) We use R, R, R, to denote bulk curvature
tensors, and R, R;;, Rjj,, to denote boundary

curvature tensors.

ijs

b. Notation for extremal surface and entangling
surface quantities

(i) Extremal surface indices are a, f3, ....
(i) Boundary indices are a, b, .... Then a = (z, a).
(iii) The extremal surface is parametrized by functions

X*(z,y%). We choose a gauge such that X* = z, and
expand the remaining coordinates as
Vi _ yi
X' = X(o)
dyi e
+z¢X (@ T -

+ 22Xy + Xy + o+ 2 log 2X {0

(A2)
The coefficients X’('n) for n <d and X’( dlog) ATE

. . i (0) - i 1
determined in terms of X ) and gij’» while X (@) 18

state-dependent and is related to the renormalized
entropy of the CFT region.

(iv) The extremal surface induced metric will be denoted
i_zaﬁ and gauge-fixed so that &, = 0.

(v) The entangling surface induced metric will be
denoted £,

(vi) Note that we will often want to expand bulk
quantities in z at fixed y instead of fixed x. For
instance, the bulk metric at fixed y is

9 (v.2) = ;;(X(2.5).2)
=3ij(X(0)(») + 22X (y) ++++.2)
0 2 m 0
=g + 229 + X1 0ugl) )+ (A3)
Similar remarks apply for things like Christoffel
symbols. The prescription is to always compute the
given quantity as a function of x first, the plug in

X(y, z) and expand in a Taylor series.

2. Intrinsic and extrinsic geometry

Now will introduce several geometric quantities, and
their notations, which we will need. First, we define a basis
of surface tangent vectors by

e, = 9,X". (A4)
We will also make use of the convention that ambient
tensors which are not inherently defined on the surface but
are written with surface indices (a, b, etc.) are defined by
contracting with e!,. For instance:

2 i 2
9 =elg?. (AS5)

We can form the surface projector by contracting the
surface indices on two copies of el:
Pl = hobelel = elel, (A6)
We introduces a surface covariant derivative D, that acts as
the covariant derivative on both surface and ambient
indices. So it is compatible with both metrics:
Dahbc =0= Dagij' (A7)
Note also that when acting on objects with only ambient
indices, we have the relationship
D Vi = eV, Vi, (A8)
where V; is the ambient covariant derivative compatible
The extrinsic curvature is computed by taking the D,
derivative of a surface basis vector:
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Ki, =-D,el =—0,e, +y e, —T,. (A9)
Note the overall sign we have chosen. Here y¢, is the
Christoffel symbol of the metric %,;, and the lower indices
on the I' symbol were contracted with two basis tangent
vectors to turn them into surface indices. Note that K’ is
symmetric in its lower indices. It is an exercise to check that
it is normal to the surface in its upper index:

e Ki, =0. (A10)

The trace of the extrinsic curvature is denoted by K':

K= h“bK;b. (A11)
Below we will introduce the null basis of normal vectors k'
and /'. Then we can define expansion Oy (0(;)) and shear

JEZ]Z) (0'22) as the trace and traceless parts of kl-K;b (Z[K;b),
respectively.

There are a couple of important formulas involving the
extrinsic curvature. First is the Codazzi equation, which can
be computed from the commutator of covariant derivatives:

DcKizb - Dbezc = (Dch - DCDb)efz

= Riabc - rdabceii' (AIZ)
Here R',,. is the ambient curvature (appropriately con-
tracted with surface basis vectors), while r¢,,. is the
surface curvature. We can take traces of this equation to
get others. Another useful thing to do is contract this
equation with ‘351 and differentiate by parts, which yields the
Gauss—Codazzi equation:

chiKZh - Kbdinzc = Rdabc — Tdabe- (Al?’)

Various traces of this equation are also useful.

3. Null normals k£ and [/

A primary object in our analysis is the bull vector k',
which is orthogonal to the entangling surface and gives the
direction of the surface deformation. It will be convenient
to also introduce the null normal I, which is defined so that
l;k' = +1. This choice of sign is different from the one
that is usually made in these sorts of analysis, but it is
necessary to avoid a proliferation of minus signs. With this
convention, the projector onto the normal space of the
surface is

N =g — Pi =Kl + k1" =2k1).  (Al14)

As we did with the tangent vectors el, we will introduce
a shorthand notation to denote contraction with k' or I': any
tensor with k or / index means it has been contracted with k'

or I. As such we will avoid using the letters k and [ as
dummy indices. For instance.
Another quantity associated with k' and /' is the normal
connection w*, defined through
wy = ;D k. (A16)
With this definition, the tangent derivative of k' can be
shown to be
D,k = w,k' + K*, ", (A17)
which is a formula that is used repeatedly in our analysis.
At certain intermediate stages of our calculations it will
be convenient to define extensions of k' and I’ off of the
entangling surface, so here we will define such an exten-
sion. Surface deformations in both the QNEC and QFC
follow geodesics generated by k', so it makes sense to
define k' to satisfy the geodesic equation:
Viki = 0. (A18)
However, we will not define I' by parallel transport along
ki. It is conceptually cleaner to maintain the orthogonality
of [ to the surface even as the surface is deformed along the
geodesics generated by k'. This means that [ satisfies the
equation
Vil = —wiei,. (A19)
These equations are enough to specify /' and &’ on the null
surface formed by the geodesics generated by k'. To extend
k' and [’ off of this surface, we specify that they are both
parallel-transported along [’. In other words, the null
surface generated by k' forms the initial condition surface
for the vector fields k' and /' which satisfy the differential
equations
Vlki - 0, Vlli - 0 (AZO)
This suffices to specify k' an I’ completely in a neighbor-
hood of the original entangling surface. Now that we have
done that, we record the commutator of the two fields for
future use:

[k, l]l = Vkli - V,ki = —ché.. (A21)

APPENDIX B: SURFACE VARIATIONS

Most of the technical parts of our analysis have to do
with variations of surface quantities under the deformation
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X' — X' + 6X' of the surface embedding coordinates. Here
5X' should be interpreted a vector field defined on the
surface. In principle it can include both normal and
tangential components, but since tangential components
do not actually correspond to physical deformations of the
surface we will assume that §X' is normal. The operator &
denotes the change in a quantity under the variation. In the
case where §X' = 9,X’, which is the case we are primarily
interested in, & can be identified with 9,. With this in mind,
we will always impose the geodesic equation on k'
whenever convenient. In terms of the notation we are
introducing here, this is
Ski = -T'i,. (B1)
To make contact with the main text, we will use the
notation k' = §X*, and assume that k' is null since that is
ultimately the case we care about. Some of the formulas we
discuss below will not depend on the fact that k' is null, but
we will not make an attempt to distinguish them.

1. Ambient quantities

For ambient quantities, like curvature tensors, the varia-
tion & can be interpreted straightforwardly as k'9; with no
other qualification. Thus we can freely use, for instance, the
ambient covariant derivative V to simplify the calculations
of these quantities. Note that ¢ itself is not the covariant
derivative. As defined, d is a coordinate dependent operator.
This may be less-than-optimal from a geometric point of
view, but it has the most conceptually straightforward
interpretation in terms of the calculus of variations. In
all of the variational formulas below, then, we will see
explicit Christoffel symbols appear. Of course, ultimately
these noncovariant terms must cancel out of physical
quantities. That they do serves as a nice check on our
algebra.

2. Tangent vectors

The most fundamental formula is that of the variation of
the tangent vectors ¢!, = 9,X'. Directly from the definition,
we have
Sel, = 0,k = D k' =T, = w,k' + KK e —T0, . (B2)
This formula, together with the discussion of how ambient

quantities transform, can be used together to compute the
variations of many other quantities.

3. Intrinsic geometry and normal vectors

The intrinsic metric variation is easily computed from the
above formula as

Shay, = 2KE,. (B3)

From here we can find the variation of the tangent projector,
for instance:

5P = Shbel el 4 219, k)
= —2K%elel 4 2hel{ Dy k) — 2k T

— 2wael ki) — 2hbeliT) . (B4)
Notice that the second line features a derivative of k' = 5X'.
In a context where we are taking functional derivatives,
such as when computing equations of motion, this term
would require integration by parts. We can write the last
line covariantly as
V, Pl = 2waelk). (BS)
Earlier we saw that [’ satisfied the equation VI’ =
—w?e!, as a result of keeping I' orthogonal to the surface
even as the surface is deformed. In the language of this
section, this is seen by the following manipulation:
eiﬁli = —l,@ak" =W, — Fik (B6)
Again, note the derivative of k'. It is easy to confirm that
represents the only nonzero component of V,I'.
The normal connection w, = I'D k; makes frequent
appearances in our calculations, and we will need to know
its variation. We can calculate that as follows:

8w, = 8I'D k; + 1'0,,6k; — 16T elk,,
— 1T,k k,, — I'T" el5k,
= ViI'D ki + Ry

= _WCKac + Rklak' (B7)

4. Extrinsic curvatures

The simplest extrinsic curvature variation is that of the
trace of the extrinsic curvature

K' = —K"T', = D,Dk = RY, .P"I

+ (2D*(K*,;) — D4(K*))e® — 2K¢PK!,  (BS)

Note that the combination 6K’ + K*Ti k™ is covariant, so

it makes sense to write

ViK' = =D,Dk' = R, ;P™ + (2D*(K},) = D4(K*))e
~2K{K, (B9)

This formula is noteworthy because of the first term, which

features derivatives of k' = 6X'. This is important because
when K' occurs inside of an integral and we want to
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compute the functional derivative then we have to first
integrate by parts to move those derivatives off of k’. This
issue arises when computing © as in the QFC, for instance.

We can contract the previous formulas with /' and k' to
produce other useful formulas. For instance, contracting
with k' leads to

5Kk = —Kkab KK, — Ry, (B10)
which is nothing but the Raychaudhuri equation.

The variation of the full extrinsic curvature K/, is quite
complicated, but we will not needed. However, its con-
traction with k' will be useful and so we record it here:

i J
koK, = =K, Uk k" —

kiDanki - Rkakb' (Bll)

APPENDIX C: z-EXPANSIONS
1. Bulk metric

We are focusing on bulk theories with gravitational
Lagrangians

1 [(d(d-1)
= . I R?
162Gy ( o TRECAR

+2,R2, + fzﬂGBﬁGB> : (C1)
where Lgg = R, —4R2%, + R* is the Gauss-Bonnet
Lagrangian, ¢ is the cutoff length scale of the bulk effective
field theory, and the couplings 1, 4,, and Agg are defined to
be dimensionless. We have decided to include Lgg as part
of our basis of interactions rather than wa,m because of
certain nice properties that the Gauss-Bonnet term has, but
this is not important.

We recall that the Fefferman—Graham form of the metric
is defined by

1
ds? = (dz* + gy ), ()
where ;;(x, z) is expanded as a series in z:
9ij = gg-)) + Zzgl(j?) 1 gl(;*) 4o+ 2og Zg,(d log)
+ z"’gl(.;i) NI 3)

In principle, one would evaluate the equation of motion
from the above Lagrangian using the Fefferman—Graham
metric form as an ansatz to compute these coefficients. The
results of this calculation are largely in the literature, and

we quote them here. To save notational clutter, in this
section we will set g;; = gg.)).

The first nontrivial term in the metric expansion is
independent of the higher-derivative couplings, and in fact

is completely determined by symmetry [25]:

N S S S
& d=2\"" 2(d-1)"")

The next term is also largely determined by symmetry,
except for a pair of coefficients [25]. We are only interested
in the kk-component of gfl), and where one of the
coefficients drops out. The result is

(C4)

@ _ 1 !
e = d 4 |:KCla]ka S(d— 1) viR
o 1 y
kKkoR,, ——— RUR,...
Hd—2) K KRy = g =5y R R
d—4 ‘
— R R.+——————RR;|. (C5
M e R P ST ""} (©5)

where Cjj,,, is the Weyl tensor and

£? £?
=i (10(z))

(4.log)

In d =4 we will need an expression for g, = as well.

One can check that this is obtainable from g,(:,t) by first

multiplying by 4 — d and then setting d — 4. We record the
answer for future reference:

(Co)

o 1
g,(:,tl - — | KChijm Ci ™ +52 VQR - gk’k oR;
. 1

2. Extremal surface coordinates

The extremal surface position is determined by extrem-
izing the generalized entropy functional [15,16]:

S =36 / Vh [sz ORAMt? <RWJ\/'””——IC K )

+2/10sz?] + Spulk- (C8)

Here we are using X' to denote the extrinsic curvature and 7
the intrinsic Ricci scalar of the surface.

The equation of motion comes from varying S, and is
(ignoring the Sy term for simplicity)

1
0=K* {1 +24 PR+ 1 0* <R,,y/\/ﬂv —EIC,,IC/’) +2/1GBKZF}
+242VERA L (NPPVER,, + 2PV R
—2R)KP 4+ 2KFPR gy 4 D (D KH + KPR 15, P

Uopy
+2KHDBIC K ) — At TP, (C9)
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This equation is very complicated, but since we are
working in d <5 dimensions we only need to solve
perturbatively in z for X’@ and XE4).7 Furthermore, X’@
is fully determined by symmetry to be [35]

1 a i 1 i
D9,X{y = —5——>- K’

X 2(d-2)

O ) (C10)

where K denotes the extrinsic curvature of the X ’@ surface,

but we are leaving off the (0) in our notation to save space.
The computation of X/ ) is  straightforward but
tedious. We will only need to know k; X (where indices

are being raised and lowered with gi]- ), and the answer
turns out to be

4(d-4)X"

im (2) a
(1 =2X() (P g5 —4(X (2))) + K97,

2)yrm
+ 4g/<can )

. 1
+k/ (vngﬁz 2ng£n21> P +X? )kan/P

2 : .
+2X P K, K  + kD, DXy

+8k0f) Crarp —2(d— 4)r§mX{2)Xg;).

(C11)
Here x depends on Agg as in (C6). Notice that the last term
in this expression is the only source of noncovariantness.
One can confirm that this noncovariant piece is required
from the definition of X E 4y—despite its index, X 2 4 does not
transform like a vector under boundary diffeomorphisms.

We also note that the terms in X’(‘4) with covariant
2

derivatives of g;;” can be simplified using the extended

ki and [’ fields described Sec. A 3 and the Bianchi identity:

4 1
(Vs - Engﬁfz)w
1

=———V,R V R C12
dd—1) t-— d - (Cl12)
Finally, we record here the formula for X* which is

(4,log)
obtained from X’(‘4) by multiplying by 4 — d and sending

d— 4
— im (2)
—4X{, 10 = 2X() (P g5 = 4(X(2))?) + K93,
+4gIXy +2X VKL, KR + ;D DX,

+ k/ <vngjm _v/gmn> pmt+ X? )kaﬂjP

+ 81('(7( )Ckalb (C13)

Tt goes without saying that these formulas are only valid for
d > 2 and d > 4, respectively.

We will not bother unpacking all of the definitions, but the
main things to notice is that the noncovariant part
disappears.

APPENDIX D: DETAILS OF THE EWN
CALCULATIONS

In this section we provide some insight into the algebra
necessary to complete the calculations of the main text,
primarily regarding the calculation of the subleading part of
(6X)? in Sec. I C. The task is to simplify (2.13),

26X 2|2 = 2Ki6X1,) + 291 ki6X,)

+ g KK + X7 0,9,k K

+2X73, 0,9,k 6X ;) + X730, 9 ki

i J

+ %Xg’;)xgg)aman gijk'k. (D1)
After some algebra, we can write this as
2(6X)?|2 _gl(ck) +25(X (4, Cov)) +29§13)ka€2)
+ VXX —ﬁ(X@))VkRkk. (D2)
Here we have defined
Xlgcom) =Xy + zrl X X(y): (D3)

which transforms like a vector (unlike X ’( 4)). From here, the

algebra leading to (2.14) is mostly straightforward, though
tedious. The two main tasks which require further explan-
ation are the simplification of one of the terms in g,(:,t) and

one of the terms in 5X’(‘4 cov)’ We will explain those now.

1. g,i‘,? simplification

We recall the formula for gf:,t) from (C5):

1 - 1
g](;]t) = chiijkl']m + V%R

d-4 8(d—1)
. 1 y
kikioR;; — ———— RUR;
Ad—2)" "~ T g =gy ek
d—4 ‘ 1
— R, ;R +—+———-RR,;|. (D4
+2(61—2)2 k’k+(d—1)(d—2)2 w|- (D4)

The main difficulty is with the term k’k/oR;;. We will
rewrite this term by making use of the geometric quantities
introduced in the other appendices, and in particular we
make use of the extended k and [ field from Sec. A 3. We
first separate it into two terms:
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kiijRij - kiij”V,vSRij + kiij”vrvsR,-j. (DS)
Now we compute each of these terms individually:

kiij’SV,VSRij == 2k’kflSVszRl] + 2ka[kR2n - 2VkV1Rkk + 2W6klk]DCRU + 2kalkRZ1
= kalekk + 2WCDCRkk - 4-WCWCRkk - 4WCK?kRka + 2ka1kRzl
= ZVkVIRkk + 2WCDCRkk - 4WCWCR](]( + 2kal](RZl' (D6)
In the last line we assumed that 6(;) = 0 and 6 ;) = 0, which is the only case we will need to worry about. The other term is
slightly messier, becoming
kiij’SV,VsRij = kikjeschvsRij = Dc(klijCRU) — Dc(kik/esc)VSRij
= Dc(kika"Rij) = 2w DRy + 4w wRyy + W K{“R 4
—2K{“D Ry, + ZKE”KéaRik + 2K,i”K’C’kRab + K’V Ry
= DCDCRkk - 2DC(WCRkk) - ZDC.(KcakRka) - ZWCDCRkk + 4WCWCRkk + 6WCKZaRak
—2K$*D Ry, + 2KSKL Ry + 2K KPR, + K*V Ry,
= DchRkk - 2DC(WCRkk) - 2DL.(Kcak)Rka - 2WchRkk ‘l‘ 4WCWCRkk + KXVSRkk' (D7)

In the last line we again assumed that ;) = 0 and 6;) = 0. Putting the two terms together leads to some cancellations:

k'kBR;; = 2V V Ry + 2R Ry + DD Ry = 2D (W Ryge) = 2(D o) + Ricac )R + K*V Ry (D8)

2. 6X’(‘ , simplification

4.cov
The most difficult term in (C11), which also gives the most interesting results, is

A 1 1
kD.DXi ——— (D w0
ia ( a wa) (k)+2(d_2)

K, K?PK.. D9
(2) 2(d _ 2) ab 1 ( )

The interesting part here is the first term, so we will take the rest of this section to discuss its variation. The underlying
formula is (B7),

5wa = _WCKac + Rklak' (DIO)

From this we can compute the following related variations, assuming that ;) = 0 and o) = 0:

8(Dw,) = D*Ryja + w000y — 3D (K P wy,) (D11)
S(W'D,0y)) = =3K{Pw,Dy0) + Ry DOy + wD, O (D12)
8(DD 0 1y) = DD, — 0,001,004y — 2P/ Ry j1 D0 1. (D13)

Here é(k) = 50y, is given by the Raychaudhuri equation. We can combine these equations to get

8((Dy =wa)*01)) = 8(DDobsy) = 28(W'Dosy) = 8((Daw*)01)) + S(waw )
= =D*D,Ryy + 2w*D Ry + (D ,w*) Ry = w W Ry
d

- m (Dag(k)>2 - 2Rkab9(k) - 2(D0')2 (D14)
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APPENDIX E: THE d=4 CASE

As mentioned in the main text, many of our calculations
are more complicated in even dimensions, though most of
the end results are the same. The only nontrivial even
dimension we study is d = 4, so in this section we record
the formulas and special derivations necessary for under-
standing the d = 4 case. Some of these have been men-
tioned elsewhere already, but we repeat them here so that
they are all in the same place.

1. Log terms

In d = 4 we get log terms in the extremal surface, the
metric, and the EWN inequality. By looking at the structure
of the extremal surface equation, it is easy to see that the log
term in the extremal surface is related to X’( 5 in d # 4 by

first multiplying by 4 —d and then setting d — 4. The
result was recorded in (C13), and we repeat it here:

— im (2) a
_4Xl(c4,log) - ZXI(CZ)(P] 9jm — 4(X(2))2) + K’;bg(z")

+4g X

n +2X KL, KK 4 kD, DX

2

j 2 1 2 mn n jm
+ K (vngﬁng - Enggnr)t> pmt+ X(Q)kanjpj
+ 8;<ag,f) Cralp- (E1)

There is a similar story for g,i‘,t’log)

earlier in (C7):

, which was recorded

. o 1
g = - |:KCI<iijkljm + ﬂV%R — g KKER;;

1. 1
— 7 RYRyij + 5 RRyy |-

4 12 (E2)

From these two equations, it is easy to see that the log term
in (6X)? has precisely the same form as the subleading
EWN inequality (2.14)in d > 5, except we first multiply by
4 — d and then set d — 4. This results in

o 1 1 k
L7 (6K 10gams = =3 (Dublp) + Ria)? = 5 (Do) ).

(E3)

Note that the Gauss-Bonnet term drops out completely due
to special identities of the Weyl tensor valid in d = 4 [23].
The overall minus sign is important because log z should be
regarded as negative.

2. QNEC in Einstein gravity

For simplicity we will only discuss the case of Einstein
gravity for the QNEC in d =4, so that the entropy
functional is just given by the extremal surface area divided
by 4Gy. At order z%, the norm of §X* is formally the same
as the expression in other dimensions:

L72(6%)]. = gfjg + ng,f)VkXéz) + kaﬁz)vkxfz)

1 )
= 5 X0y ViR + 28(K Xy ). (E4)

(4)cov

Now, though, X ’(‘4) and g,(:,t) are state-dependent and must be

related to the entropy and energy-momentum, respectively.

We begin with the entropy. From the calculus of
variations, we know that the variation of the extremal
surface area is given by

3

5A_—1imL—3/JE L
=0 € \/l + gnm azXn azxrn
A few words about this formula are required. The X* factors
appearing here must be expanded in €, but the terms without
any (n) in their notation do not refer to (0), unlike elsewhere
in this paper. The reason is that we have to do holographic
renormalization carefully at this stage, and that means the
boundary conditions are setat z = €. So when we expand out
X* we will find its coefficients determined by the usual
formulas in terms of X éo)' We need to then solve for X EO) in

term of X' = X/(z = €) re-express the result in terms of X’
alone. Since we are not in a high dimension this task is
relatively easy. An intermediate result is

ki 6A

L3VhX | o

b2 —4(XE,) — (X)) X{

()~ X{

(4.log)
(E6)

The notation on the first term refers to the order € part of
X’@ that is generated when X’@ is written in terms of

X'(z = €). The result of that calculation is

—axt, |, = 2XPKIPK K, + kD' DX

myi 1
) (2>+K I Xk

@
+ gg; Ki ki + Pk"'R.’likaE';)k,-

” 2 1 9\ pi
i (Vi = 3 al? ) P

.m 2
= —4X, o = 2X5 (PGl — 4(X())?)

—4go)Xp + K" XL k.

@) (E7)

We have dropped terms of higher order in ¢. Thus we can
write

Ko SA )

_ k k pjm (2 k 2

(log) ) jm (2)

(2) ym
- zgka(Z) - 4X]((4)cov'

(E8)

We will want to take one more variation of this formula so

that we can extract 6X’((4)COV. We can get some help by

demanding that the z? log z part of EWN be saturated, which
states
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gl 4 osxk = 0.

3 o )
o) _2956’6g

2)ym
~28(gimX (1)

log — (Eg)

Then we have

K oA im (2)
5<L3\/7,5xi . —8(X ()P 9;) +88(X () (X2))?)
—45X*

(4)cov*

(E10)

Assuming that 6;) = o(;) = 0, we can simplify this to

Ko8A '\ 3 oy 1 @
S——=—| ) =2g%® __ R, pim ——v R
1
- Eg,(j)Rkk — 46XYy - (E11)

We can combine this with the holographic renormalization
formula [36]

3
9 = 4GyL Ty + (922) 4 93 gig - 491((159
1 . 1 3 o
= 4nGyL 7Ty + g RiRyx e RuR =79 gl (E12)
to get
1./ K &A
L2(8X7)?|» =42GyL 3Ty — =6 . (EI3
08 = 4nn L Tu 3o ] ). (e13)

After dividing by 4Gy, we recognize the QNEC.
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