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Relativistic kinetic gases as direct sources of gravity
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We propose a new model for the description of a gravitating multiparticle system, viewed as a kinetic
gas. The properties of the (colliding or noncolliding) particles are encoded into a so-called one-particle
distribution function, which is a density on the space of allowed particle positions and velocities, i.e., on the
tangent bundle of the spacetime manifold. We argue that an appropriate theory of gravity, describing the
gravitational field generated by a kinetic gas, must also be modeled on the tangent bundle. The most natural
mathematical framework for this task is Finsler spacetime geometry. Following this line of argumentation,
we construct a coupling between the kinetic gas and a recently proposed Finsler geometric extension of
general relativity. Additionally, we explicitly show how the general covariance of the action of the kinetic
gas on the tangent bundle leads to a novel formulation of its energy-momentum conservation in terms of its

energy-momentum distribution tensor.
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I. INTRODUCTION

An ensemble of a large number of P individual interact-
ing and gravitating point particles can be described on
several levels of accuracy and detail:

(i) The most precise description is to derive the trajec-
tories for each individual particle from their mutual
interactions directly, which in general is a too
complex task to be accomplished in a reasonable
amount of time and with a reasonable amount of
computational effort.

(i1) Instead of deriving the behavior of all individual
particles, one can consider them as a kinetic gas and
describe their properties collectively, in terms of a
so-called one-particle distribution function (1PDF).
The 1PDF still contains the information about the
velocity distribution of the different particles, but
further information about each individual particle is
averaged out.

(iii) Averaging the 1PDF over the velocities of the
multiple particle system leads to its description as
a fluid.

The gravitational field generated by the particles is
usually obtained on the level of least accuracy in the above
list. The energy-momentum tensor of a fluid is derived as
second moment of the 1PDF with respect to the velocities
of the particles, which then sources the Einstein equations.
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The dynamics of the fluid itself are given by the Euler
equations, which follow from the fact that the energy-
momentum tensor must be covariantly constant.

Since the description of the P particle system as a kinetic
gas is more accurate and finer than its fluid description, the
conjecture of this article is that the same is true for the
description of the gravitational field generated by the P
particle system. One feature which for example would be
taken into account in this way is the velocity distribution
over the different gas particles. In the fluid description the
velocity distribution is averaged out.

Technically the 1PDF is a function on the tangent bundle
of spacetime, or in other words on the position and velocity
space of the particles. It describes the number of particles in
the gas and their trajectories. When averaged over the
particle velocities, one can extract information about the
pressure, density and energy-momentum of the resulting
fluid description, see [1,2] and [[3], Sec. IL.3], or [4]. A
geometric description of the kinetic gas and its dynamics on
the tangent bundle has been investigated in [5] and was
applied to the formation of accretion discs in [6]. Moreover,
first post Newtonian corrections to the behavior of a
gravitating gas in a fixed gravitational behavior have been
studied [7,8]. What is missing in these approaches is the
dynamical backreaction of the kinetic gas on the gravita-
tional field, accordingly a dynamical equation which
determines the gravitational field generated by the kinetic
gas directly.

The aim of this article is to present how a kinetic gas, in
terms of the 1PDF, can be directly coupled to gravity, and
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how the 1PDF is the source term of a gravitational field
equation directly on the tangent bundle.

In order to couple the 1PDF to gravity without averag-
ing, it is necessary to construct the dynamics of the
gravitational field on the same space on which the 1PDF
lives. Since gravity is encoded into the geometry of
spacetime, this implies that we need a description of the
geometry of spacetime on the tangent bundle. A natural
mathematical framework for this task is Finsler geometry
[9-11].

The idea of using Finsler geometry as generalized
geometry of spacetime has been considered in the literature
for long [10,12-17]. Simultaneously, multiple attempts of
finding Finsler generalizations of the Einstein equations
have been made [15,17-21]. Besides mathematical diffi-
culties in the precise consistent formulation of indefinite
Lorentzian Finsler geometry, one most important open
question, in all of the attempts of using Finsler geometry as
a physically viable extension of the geometry of spacetime,
is how to couple the geometry to physical matter fields
correctly. One particular obstacle is that a Finslerian
geometry does not only depend on the points of spacetime,
but also on its directions.

By studying the kinetic gas in the language of Finsler
geometry, we turn this obstacle into an advantage.
Extending the previous studies [22,23], which considered
the dynamics of a kinetic gas in Finsler geometric language
in the context of cosmology, we formulate an action of the
kinetic gas on the tangent bundle. Its general covariance,
i.e., invariance under coordinate changes of the base
manifold, yields a new formulation of energy-momentum
conservation of a kinetic gas in terms of a quantity directly
formulated on the tangent bundle—the energy-momentum
distribution tensor—and it enables us to couple the gas to
gravity in a simple way. The Finslerian extension of
Einstein gravity which was proposed in [20], and further
developed to mathematical rigor and consistency recently
[17], provides the canonical gravitational field equation on
the tangent bundle, which naturally can be sourced by the
1PDF. By constructing the coupling of a kinetic gas to the
Finslerian geometry of spacetime explicitly, we demon-
strate how physically viable matter leads to a Finslerian
spacetime geometry dynamically and solve the problem of
how to couple physical matter to a Finsler geometric theory
of gravity.

The future application of the gravitational field equation
is expected to highly improve the understanding of systems
that are described by gravitating fluids, such as the universe
as a whole in cosmology, ordinary and neutron stars, as
well as accretion disks of black holes, by replacing the
averaged gravitating fluid by the more accurate and finer
notion of a kinetic gas.

We present our results as follows. In Sec. Il we
recapitulate the main mathematical notions of Finsler
spacetime geometry, which are necessary to describe the

kinetic gas in terms of Finsler geometry in Sec. III. The
definition of the 1PDF is provided in Sec. IIT A. Then we
use the 1PDF to construct an action of the kinetic gas on the
tangent bundle in Sec. III B, before we find the energy-
momentum distribution tensor of the kinetic gas from the
general covariance of the action in Sec. III C. Finally, in
Sec. IV we derive the Finsler gravitational field equations
coupled to the kinetic gas before we conclude in Sec. V.

II. THE GEOMETRIC SETUP

The stage on which we couple the kinetic gas to gravity
is the tangent bundle 7M of a spacetime manifold M,
which we assume to be of dimension 4 here. However,
the whole construction presented in this article can
straightforwardly be generalized to any spacetime dimen-
sion. Any local coordinate chart (U, x*) on M induces a
local coordinate chart (TU, (x% %)) on TM, where an
element x € TU is a vector x in some tangent space
T.M,x € U, which in local coordinates can be expressed
as X = x“0,|,. This procedure associates the manifold
induced coordinates (x%,x%) to x. If there is no risk of
confusion, we will sometimes omit the indices in the
coordinate representation. The canonical coordinate basis
of the tangent and cotangent spaces of TM is denoted by

(0, = %,6‘“ =9 resp. (dx“, dx?).

D5

A. Finsler spacetimes

To describe the kinetic gas and its coupling to gravity
geometrically on the tangent bundle, we employ Finsler
spacetime geometry and the Finsler spacetime geometric
description of the gravitational dynamics [13,17,20,24].

The Finslerian geometry of spacetime is derived from the
geometric clock of observers, resp. free point particle action
for massive particles on trajectories y: R - M,z — y(7),

with tangent vectors denoted by y = %E)d =y%0, and
tangent bundle representation (y,7):

Sly] = /dTF(M), (1)

where F is a 1-homogeneous function on 7M with respect
to its second argument. Later, when we consider the
relativistic kinetic gas in Sec. III, we assume that the
trajectories y(7) of the particles which constitute the gas
extremize this length functional, i.e., they are the geodesics
of (1).

To make the mathematical setup precise, we recall the
definition of Finsler spacetimes with which we work here.
Details about this definition can be found in [17], which
was distilled from existing definitions in the literature
[12,14,25].

Definition 1. Let .4 be a conic subbundle of TM such
that TM\ A is of measure zero. A Finsler spacetime is a pair
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(M, L), where L: A — R is a smooth function, called the
Finsler-Lagrange function, which satisfies:
(i) L is positively homogeneous of degree two with
respect to x: L(x,ax) = a’L(x, x),a € R*;
(ii) on A the vertical Hessian

1 9L
L -~ = 2
Jab =3 e %

of L (called L-metric) is nondegenerate in every
coordinate chart;

(iii) there exists a connected component 7 of the pre-
image L~!((0,00)) C TM on which g& exists, is
smooth and has Lorentzian signature (+, —, —, —)1

(iv) the Euler-Lagrange equations

d -
0L~ 0,L=0. (3)

have a unique local solution for every initial con-

dition (x,x) € 7 U N, where N is the kernel of L.

At points of N\ A4, i.e., where the L-metric degen-

erates or does not even exist, the solution must be

constructed by continuous extension. This means

that the geodesic equation coefficients admit a C'
extension at those points.

The 1-homogeneous function F, which defines the point

particle action (1), is derived from the Finsler Lagrange

function as F = +/|L|. For clarity, we list the different sets
which appear in the definition and comment on their
meaning:

(i) A: the subbundle where L is smooth and ¢" is
nondegenerate, with fiber A, = AN T M, called
the set of admissible vectors,

(ii)) N: the subbundle where L is zero, with fiber
N,=NnTM,

(iii)) Ay = A\N: the subbundle where L can be used for
normalization, with fiber A, = Ay N T M,

(iv) 7: a maximally connected conic subbundle where
L >0, the L-metric exists and has Lorentzian
signature (+,—, —, —), with fiber 7, =7 N T M.

The connected component 7 is interpreted as the set of
future directed timelike directions on spacetime. An
important subset of the timelike directions is formed by
the future pointing unit timelike vectors

O = {(x.x) € T|L(x. %) = 1}, (4)

which is called the observer space [26-30]. This set is itself
a fibered manifold over M, with fibers O, = O N T M.

"It is possible to equivalently formulate this property with
opposite sign of L and metric g* of signature (—, +, +, +). We
fixed the signature and sign of L here to simplify the discussion.

Finsler spacetimes are a straightforward generalization
of pseudo-Riemannian spacetimes equipped with a metric
gap Of Lorentzian signature. The latter constitute a subclass
of Finsler spacetimes (M, L) with L = g, (x)x?x", defined
by the components of a pseudo-Riemannian metric.

B. Geometry of Finsler spacetimes

Finsler geometry is a longstanding straightforward
generalization of Riemannian geometry [10,11]. Finsler
spacetime geometry is, up to the precise definition of
Finsler spacetimes, an equally straightforward generaliza-
tion of pseudo-Riemannian geometry. Here we recall the
geometric notions we need to describe the kinetic gas
consistently in the language of Finsler geometry and to
couple it as source term to the Finsler gravitational field
equation.

Starting from the Finsler Lagrange function L, we can
define canonical tensor fields on Ay C TM. The Hilbert
form” w, the Finsler metric tensor g" and the Cartan tensor
C, using the notation X, = gL, (x, )x”, are,

. L «x
o= 0,Fdx* = ——%_dx?, gk = gk dx" ® dx’,
LI /L] b
1.
C==0.95dx" ® dx’ @ dx°. (5)

2

The geodesic equations of (1) in arc length parametriza-
tion are given by the Euler-Lagrange equations (3) and take
the form

44 2G%(x, %) = 0. (6)

They are defined in terms of the so-called spray coefficients
G“, which in turn determine the Cartan nonlinear con-
nection coefficients G%,,

1 . .
G* = ZgL“b(icmamﬁbL - 31,L), Gab = 8bG“. (7)

The connection coefficients give rise to a splitting of the
tangent and cotangent spaces to .4, into so-called horizontal
and vertical parts. Locally, they are spanned by the basis
vector fields

T(xx)A = Span{éa = aa - Ghaéb; 8{1}3:01
T( A = span{dx®; 6% = dx* + G*,di"};_. (8)

With help of this adapted basis, on .4, we can introduce the
following vector field, which is dual to the Hilbert form,

2Mathematically precise, the restriction of w to the observer
space O defines a contact structure on O.
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)'Ctl
r=——=9

VILT

The restriction of r to the observer space O is called the
Reeb vector field r|, associated to @. By Cartan’s magic
formula, which relates the interior product, the exterior
derivative and the Lie derivative &y = iyd + diy, and by
the explicit expansion of dw in the adapted basis the
following important relation is satisfied

iiw=ow)=1. 9)

Lw =i dw+ di,w =i do = 0. (10)

The curvature tensor R of the Cartan nonlinear con-
nection and the Finsler Ricci scalar R are defined as

1 .
ER == ER”dexb A dx© ® 30,

Rabcéa = (5bGac - 6L'Gab)éa = [517750]7
1

RO :ZRaabxb' (11)

Last but not least, the canonical volume form on the set
Ay of a Finsler spacetime is given by

det det g*
Vol = 19 g gt 199 0
L L

Ao ANdP AN A LA AR (12)

Denote by C = x* 3a the Liouville vector field. It gives rise
to a 7-form X, see also [17],

1
Z:iCVol():?a)/\dw/\dw/\dw

| detg"|. .
= ic(d*x A d*x) (13)
1 |det
_ 5' engL e, dx® A A A dib A diE A di,
(14)
and a 6-form Q
) 1
Q:1r2:§da)/\dw/\dw, (15)
which obey
dQ=0, ZS=wAQ (16)

These differential forms will play the role of canonical
volume forms on different subsets of the observer space O.

In the literature on Finsler geometry several canonical
linear covariant derivatives on TM are considered, which
all reduce to the Levi-Civita connection in the case of
Pseudo-Riemannian geometry, i.e., Finsler geometry with a

Finsler Lagrangian that is quadratic in the dependence on x,
i.e., L = g, (x)x?x". We employ the so called Chern-Rund
linear covariant derivative, which can be defined by its
action in the adapted basis as

véaﬁb =TI*40.,
Vaﬁb — 0,

Vgaéb - Fcabéc,
V.0, =0, (17)

with T, = 5 g"“U(8,95, + 8595, — 8,9%,)- 1t satisfies the
important identities, see [[10], p. 104],

v(ga).Cb = O, V5aL =0 and V5angC = 0, (18)
which we prove for completeness in Appendix A.
Furthermore there exists the so-called dynamical covariant
derivative, which is uniquely defined in terms of the
canonical Cartan nonlinear connection alone, independ-
ently of the choice of linear connection; we denoted the
dynamical covariant derivative by V without any index.
Operationally, it can be understood as

V6y = ¥9V; 8, = G5, V), = V5 9, = G4,

(19)

Last but not least, we recall the components of the
Landsberg tensor, in terms of the connection coefficients
of the Chern-Rund connection or equivalently with help of
the dynamical covariant derivative of the Cartan tensor,

Py = 5cGab -1 = gLadVCdbc- (20)

The trace P, = P*,;, will be part of the geometry side of the
gravitational field equation (56).

With the help of the geometric setup just introduced, we
can now describe a relativistic kinetic gas.

III. THE KINETIC GAS IN THE LANGUAGE
OF FINSLER GEOMETRY

Instead of describing a relativistic gas, i.e., a collection of
relativistic particles, particle by particle, the kinetic gas
theory employs a 1PDF to describe the gas particles
collectively. This approach to the description of the gas
is more accurate than its approximation as a fluid. Classical
reference to the topic are the article by Israel [1] and the
lectures by Ehlers [2]. A modern review can be found in the
monograph [3] or in the articles [4,5].

In terms of the 1PDF, kinetic gases are naturally
described on the tangent bundle of a manifold, which is
the same stage on which Finsler geometry naturally lives.
In this section, we introduce the 1PDF and use the
geometry of Finsler spacetimes to deduce the action of a
kinetic gas on the observer space O over M. Moreover, we
study the conservation laws which follow from the invari-
ance of the action under arbitrary 1-parameter groups of
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FIG. 1.

spacetime induced coordinate changes on 7M. The arising
Noether currents point out the novel notion of an energy-
momentum distribution tensor of the gas on the tangent
bundle, via a Gotay-Marsden type procedure [31,32]. We
will relate this new notion of energy-momentum to the
usual definition of the energy-momentum tensor of a
kinetic gas on the spacetime manifold M.

The analysis of the properties of the tangent bundle
action of a kinetic gas prepares its coupling to Finsler
gravity in the next section.

A. General description

A kinetic gas is a collection of P particles which
propagate through spacetime on piecewise normalized
geodesics y(z). In the language of a Finsler spacetime,
this means that the tangent vectors of the trajectories of
particles are elements of the observer space, d =y(7) €
Oy(r) € T () and that the tangents of the lifted trajectories
c(r) = (y(r),7(r)) are given by the Reeb vector field
¢ =r|,. The latter statement is equivalent to saying that
the particle trajectories extremize the point particle action
integral

Slyl=m

/72 c*w:m/hyia,C*(dxa)
VIL(7.7)|

S yldr= / dzF(y,7)=mt. (21)
v VIL(r:7)]
It is defined by a Finsler function F, which in turn is
derived from a Finsler spacetime Lagrange function L, see
Definition 1. The number t = 7, — 7; denotes the proper
time passing along a particle trajectory between y(7;)
and y(z,).

Instead of describing the motion of all particles indi-
vidually, the kinetic gas theory employs the 1PDEF,

¢: O->R,; (x,X) > ¢(x, %), (22)

which expresses the number N[o| of particle trajectories
passing through an oriented, 6-dimensional hypersurface
o C O through the integral

Construction of hypersurfaces by the flow of the Reeb vector field, and the corresponding swept out volume.

= / PQ. (23)

It vanishes for hypersurfaces for which the tangent vectors
¢ are tangent to o, i.e., ¢ € T.o. The integral is non-
vanishing for hypersurfaces that are transversal to the
particle trajectories, i.e., for which ¢ ¢ T.c. The canonical
volume form Q on ¢ was defined in (13). Since in all
practical physical situations, there will always be gas
particles with a finite maximal velocity, we assume in
what follows that for all xeM ¢ (x) = ¢(x,x) has
compact support on the set of future pointing unit timelike
directions O,.

An important feature of this integral is that its result is
independent of the geometric field L on TM 3 It only
depends on the trajectories of the particles and the hyper-
surface chosen. Therefore, its variation with respect to the
Finsler Lagrangian vanishes and we find the equation

sulol = [ 5.00) = [+ 9.2 0. @4)

It defines a relation between the 1PDF ¢ and the Finsler
Lagrangian L, which is the important feature that couples
the gas to the geometry of spacetime.

For a collisionless gas, the Liouville equation holds

r(¢) = ).Ca5a¢ =0, (25)

*Note that the integrand in (23) is 0-homogeneous with respect
to its x dependence, i.e., it depends only on the future pointing
directions on M. In [17] we have shown that such integrals over
compact domains on the unit tangent bundle U = {(x,x) €
TM||L(x,x)| = 1} are identical to integrals over compact do-
mains on the so called projectivized tangent bundle. In particular,
this holds for compact domains in O C U. While U and O are
defined in terms of L, the projectivized tangent bundle is not.
Hence, being able to map the integration domain ¢ of the number
counting integral to a subset ¢ of the projectivized tangent
bundle (that is independent of L) allows us to commute the
variation with respect to L with integration. Here we do not
discuss these mathematical details, which will be reviewed in
detail an upcoming article on the mathematical foundations of
field theory on Finsler spacetimes.
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which can be seen by the following argument, see for
example [4,22]. Choose a hypersurface o, C O as above.
We obtain a family of hypersurfaces o, by following the
flow of the Reeb vector field r from each point in o for one
and the same parameter 0 < s < ¢. This family of hyper-
surfaces spans a volume V = Use(O.t)Gs’ see Fig. 1 for a
sketch. The difference between the number of particles on
oo and o, is given by

Nio,] = Nioo] = / H(p)E. (26)

14

For a collisionless gas N|[o,] — N[oy] = 0 and hence the
Liouville equation (25) follows. The proof of (26) involves
Stokes’ theorem and the properties (16) of the forms € and
2, details can be found in [4,22].

With help of the 1PDF and the number counting integral,
we can now construct the action of a kinetic gas on TM.

B. The action of a kinetic gas

Let us consider a kinetic gas which consists of P
individual particles of equal mass m. Hence the action
of a gas in a volume V generated by the flow of the Reeb
vector field from an initial hypersurface o, which is
pierced by all P particle trajectories, to a final hypersurface
o,, with flow parameter 0 < s < ¢,V = |J,.,.,0, C U, see
Fig. 1, is given by

72
Sgas = mPt = mP/ dtF(y,7)

1

T t
= P/ cfw = m/ Pds. (27)
7 0

To express the action in terms of the 1PDF, we will
express the particle number P in (27) by the number
counting integral P = N|[o,] to obtain

Sgas:m/)l (LyqﬁQ)ds:m[/d)Q/\a). (28)

Applying the relation (16), which relates the different
volume forms, we conclude that the tangent bundle action
of a kinetic gas is

Spus = /V b3 (29)

This action depends on the particle trajectories (y(7),
7(7)), which determine the 1PDF ¢(x,x) from the
number integral (23), and on the geometry defining
Finsler Lagrange function L. It thus is defined by the
Lagrangian 7-form

Ax, %, L(x, %), 00 L(x, %)) = mgX. (30)

Variation of the action with respect to the particle trajecto-
ries yields the Finsler geodesic equation for each of the
particles, while variation with respect to the Finsler
Lagrange function yields the source term for the gravita-
tional dynamics.

We like to remark that the volume V over which the
action integral is taken is usually assumed to be composed
out of compact domains D C M and V, C O, for each
x € D, where V, is chosen such that it contains the support
of ¢, ie, V=,epV, With such choice of V, it is
possible to split the action integral

S =m [ gz =m [ (/V @(ic)zx)d‘*x
= [ ( / ¢x<x>zx)d4x, (1)

where X, is the volume measure on O, obtained from

T, = i ip g ip 2 = %€ . (d*%). The extension of th
v = 1919, 19,19,4 = —2 - 1cld ' X). X ion o e

integration from V, to O, is always possible by the
assumption of compact support of ¢,.

Before we investigate the gravitational dynamics sourced
by the kinetic gas in Sec. IV, we now deduce the energy-
momentum of the gas on the tangent bundle from manifold
induced coordinate invariance of the action S.

C. General covariance and
energy-momentum conservation

All geometric objects in Finsler geometry have a dis-
tinguished behavior under coordinate changes of the base
manifold. That means even though the objects introduced
in Sec. IIB are objects on the tangent bundle, their
components in the adapted basis transform under coordi-
nate changes of TM induced by coordinate changes of M
just as if they were objects on M.

More precisely, consider a local coordinate change x* +—
%“(x) on M. Such a coordinate change naturally induces a
local coordinate change on TM by (x%,x%) > (¥*,%%) =
(x4 (x)%(x)xh) The basis change of the adapted hori-
zontal and vertical bases are

5a = 5‘axb5,,,
53¢ = 0, %6x". (32)

Sa = 5ax"5h s

dx® = 0,%%dx?,

Since all Finsler geometric objects are naturally expressed
in the adapted basis, their components transform under
manifold induced coordinate changes precisely the same
way. All tensor fields on TM with this property, are called
d-, or distinguished, tensor fields, see [10,33] for details on
d-tensors.

Since the Lagrangian 7-form of the kinetic gas 1 = m¢ZX
is constructed out of a scalar and Finsler geometric objects,
it 1s a d-7-form, and hence invariant under manifold
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induced coordinate changes. Studying infinitesimal mani-
fold induced coordinate changes gives rise to conserved
currents and an energy-momentum tensor of the gas on TM,
which we will call energy-momentum distribution tensor ©.
It will turn out that this new tangent-bundle notion of
energy-momentum distribution tensor of a kinetic gas is
related to the usual definition of its energy-momentum
tensor on the base manifold by averaging.

Infinitesimal manifold induced coordinate changes,
labeled with a small expansion parameter ¢, are generated
by a vector field & = &%(x)0,

X4(x) = x* 4 e&. (33)

The corresponding manifold induced coordinate change on
TM is given by the additional change

X(x, &) = X 4 ex0, & (34)

Hence the total infinitesimal coordinate change on TM is
induced by the complete lift &€ = £4(x)0, + x20,£90, of
the vector field £ In the adapted basis &€ = &96, +
Vf“('?a holds.

The Lagrangian 7-form depends on the coordinates on
TM and on the field variable L. Hence its variation can be
written as

.. d
0:A(x, X, L,00L) = d—/l(x + €dx,x + edx, L
€
+eSL, DL +€ddSL)| .y, (35)
where x® = &4, 53¢ = iP0,E* and SL = —¢°(L).

Evaluating the above derivative carefully, as it is done in
Appendix B, yields the expression

5:4 = m(Rec (P + 5, ($Z)SL). (36)

Using Cartan’s magic formula 8¢ = izcd + dic in the first
terms in (36) reveals the equality

Séc (¢Z) = igcd(qﬁZ) + digc (%) = digc (¢Z), (37)

where the term i.cd(¢Z) vanishes since X is a form of
maximal rank on O and thus d(¢X) = 0.
The second term in (36) gives

SL($Z)SL = (5, (pQ) A 0 + ¢pQ A S w)5L
= ($Q A 8,0)5L

_ iq’)(SLZ (38)

1 1.
=~ PE(LE = 5 $OLVEE. (39)

In the first line we used £ =Q A w and in the second
line that &; (¢Q) = 0, see (24). To reach the third line, the
derivation of QA 6 w = iqﬁZ as it is displayed in
Appendix C was applied. Finally, for the variation with
respect to the manifold induced coordinates, we have
that L = —£C(L) = V&9, L, since 8,L = 0. Inserting
d,L = 2gL, (x, ¥)i* = 2%,, the total change of the
Lagrange 7-form of the kinetic gas is given by

54 =m <—¢ xf VEIS + dige (¢z)> . (40)
and so the variation of the action is

OcSas = [ 9 2VETem [ ez ()

From equation (38) we see that the integrand of the volume
integral in (41) is the Euler-Lagrange part of the variation of
the action with respect to the Finsler Lagrange function L,
which will define the source term of the gravitational
dynamics in the next section. The boundary term, where
OV = (U,epOVy) U (Ureap V), compare (31), can thus
be interpreted as Noether current* J¢ = i.c(¢X) associated
to invariance of the action (29) under the 1-parameter group
of &€ [32].

To identify the energy-momentum tensor of the kinetic
gas on the tangent bundle, we use the product rule in the
first term of the variation of the action and obtain

hx, ., Px "N L,
5§sgasz—m/vv<z§ >2+m/vv5b< XLX >§ T

+m L (), (42)

where V,;, and V are the Chern-Rund and the dynamical
covariant derivative introduced in (17) and (19).

The first term is again a boundary term, which can be
combined with the last term setting f := ‘/’x%

Px "\ L, . .
5§Sgas = m/ V§b< I é > +m (lfC(Q&Z) - lfl’z)'
1% av
(43)
Using the methods from [31,32], we find that the middle

term singles out the desired energy-momentum distribution
tensor, which is defined as

4Actually, the current J¢ is only a partial Noether current since
the contribution of the gravitational Lagrangian, giving dynamics
to the Finsler Lagrangian L, needs to be added.
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pxx,,
L

O (x, %) =m (44)

Having identified the canonical energy-momentum dis-
tribution tensor of a kinetic gas on the tangent bundle let us
make four important observations:

(i) The average of ®“,(x, ) over all observer directions
O, at a point x € M gives the components 79 (x)
of the energy-momentum tensor density of the gas
on M

a : _ ¢5€a5€b _ 7Ta
A}@ b(x,x)ZX—[%m I Y, =T%(x). (45)

The last equality makes sense by the assumption
that ¢, = ¢(x,-) is compactly supported. In case
the Finsler geometry is pseudo-Riemannian, i.e.,
gk, (x,%) = gup(x), the lower index velocity X, can
be written as g, (x)x¢, the metric components can be
pulled out of the integral and 79, (x) can be written
as T(x)gpe (x)/det(g, (x)) where T4 (x) is iden-
tical to the energy-momentum tensor of a kinetic gas
in the literature, obtained as second moment of the
IPDF with respect to the four-velocities [2,4]. In the
general Finsler setting, generically, there exists no
metric tensor on the spacetime manifold M, so it is
not possible to raise or lower an index on 7%, (x) and
thus one needs to work with the canonically defined
(1,1)-tensor density field.

(i) Rewriting (43) as an iterated integral over a compact
domain D C M, and a compact domain V, C O,
which contains supp(¢,), see (31), yields

O—/ </ V5b®ba(x,ic)§“2x>d4x
D \Jv,
+m / iz ($T) — i2)
(UxeDan)U(UxEODVX)

_ / < / V5b®ba(x,5c)§‘12x>d4x
D O,

(igc () —ifX).

(46)

+m /
(UxEDaOX)U(UXEODOX)

The extension of the integration from V/, to all of O,
in the second line is viable due to the compact
support of ¢,. Since O, has no boundary and the
invariance 6¢S,,; = 0 holds in particular for com-
pactly supported vector fields £ whose support is
contained in D, ie., &|;p =0, we find that the
boundary term vanishes and hence at each point
x € M, the averaged conservation law

/ V0,5, = 0. (47)
O,

(iii) For collisionless gas a nonaveraged conservation
law holds

ik,
L

ik,
L

X,
V5,0, = opp = fr(fﬁ) =0,

(48)

Vi, =

since V% =0, V; L =0, Vs gk =0, by con-
struction of the Chern-Rund covariant derivative, see
(17) and Appendix A, and the fact that the IPDF of a
collisonless gas satisfies the Liouville equation
r(¢) =0, see (25). Thus the Liouville equation
can be interpreted as covariant energy-momentum
distribution tensor conservation equation.

(iv) Using the averaged conservation law (47) in (43),
using [ = %, we find for arbitrary & only the
horizontal part of £ contributes to the integral,

/ (e ($2) — O, (x, )&, Z)
(Urep90:)U(U eanOx)

S RGN C R R R
U.\’EDDO.\’
9)

The above equality, proven in Appendix D, relates
the energy-momentum distribution tensor to the
previously identified quasi Noether current. This
demonstrates that indeed ©¢(x, X)&° represents the
corrected Noether current, see [31], due to general
covariance of the Lagrangian, that is, it provides the
correct energy-momentum of the system [31,32].
In summary our findings clearly demonstrate that the
description of kinetic gases on the base manifold is just a
velocity averaged description. The finer, more precise
nonaveraged description of the kinetic gas can be formu-
lated on the tangent bundle.
In the next section we couple the tangent bundle
description of the kinetic gas directly to the gravity.

IV. COUPLING THE KINETIC GAS TO GRAVITY

The idea that Finsler geometry is a good candidate to
generalize general relativity has been around for a long time
[15,17-21]. One highly debated question is how to couple
matter fields consistently to a Finsler geometric theory of
gravity, which naturally lives on the tangent bundle of
spacetime instead of on spacetime itself. Usually, this
feature is seen as a complication to construct a consistent
complete theory.

After our discussion of the kinetic gas in the language of
Finsler geometry, we will turn this complication into an
advantage. The best motivated Finsler gravity action was
formulated on the projectivized tangent bundle. In particu-
lar, taking care of all mathematical details, which are
discussed in the recent article [17], it was shown that it
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can be equivalently understood as a theory on the unit
tangent bundle, which contains the observer space O.
Therefore, Finsler gravity offers a direct coupling of gravity
to the Finslerian description of a gravitating relativistic
kinetic gas.

For this purpose, we propose the following action:

1 1
S:W‘Sgrav"i_sgas:z 2/R02+/¢Z 50)

where « is the Finslerian gravitational coupling constant.

To obtain the gravitational field equations we perform
variation of the action with respect to L. For the gravita-
tional part we found in [17,20]

1 ..
5LSgrav = [/{EgLabaaab(LR@ —3Ry

oL

_gLab(v Pb — P Pb +a (VPb)):| I Zv (51)

where P, = P?,, are the components of the trace of the
Landsberg tensor, which was defined in (20).

Variation of the our newly constructed kinetic gas action
yields

51 g = /V 5L($Q A @) = /V 5,(49Q) A w
+ / P9 A 5,0 (52)
\%

The first term is nothing but the variation of the number
counting integral and thus vanishes, see (24),

/ 5. (pQ) A w=0. (53)
14
In Appendix C we derive that
16L
QA w==-—2Z, 54
AN OL®w = W3 (54)

and thus obtain from (52)
16L
73 gas:/(p__Z (55)

Eventually, the Finsler gravity equations sourced by a
kinetic gas on the observer space O are

1 .. .
igLabﬁaab(RoL) —3Ry— g~*(V5, Py — PPy +0,(VPy))
= 2. (56)

This equation determines the geometry of spacetime, i.e.,
the gravitational field, directly from the 1PDF of a kinetic
gas. It takes into account the influence of the in general
nontrivial velocity distribution over the different gas

particles. The first two terms appearing can be understood
analogue to the appearance of the Ricci tensor and Ricci
scalar in the Einstein tensor, in the sense that these terms
arise from the traces of the geodesic deviation operator of
the spacetime geometry. The term involving the trace of the
Landsberg tensor, which measures the change of the Cartan
tensor along Finsler geodesics, is purely Finslerian. The
precise physical meaning of these terms is an ongoing
investigation.

In contrast to the Einstein equations, our new equation is
not a tensorial equation for a metric on spacetime, but a
scalar equation for a Finsler Lagrangian on the tangent
bundle of spacetime, as it must be when one considers a
scalar function on the tangent bundle as fundamental
gravitational field variable. A natural question appearing
is, how and if this equation is related to the Einstein
equations. For the vacuum equation we demonstrated in
[17,20] that they are equivalent to the Einstein vacuum
equations if a Finsler Lagrangian of the type L(x,X) =
Gap(x)X%" is considered.

To discuss this question for the matter coupled equation
we employ the relation between the fluid energy-momentum
tensor and the 1PDF (45). We apply the same integration
operator to both sides of our field equation (56),

).CC)'Cd 1 Lbé)é R
Z7d (2 La R—3—
[’)X L <2,g aYb L

— g~ (Vs Py — P Py + 8a(VPb))> z,
23 2
— [ T = S, (57)

This equation is a tensorial equation of the type ¢, =
—’;—j T%,(x) on the spacetime manifold. An open question,
which we are currently investigating, is, if, how and under
which conditions the tensor field &¢,, resulting from
velocity averaging, is related to the Einstein tensor.

We like to stress that the above equation already looks
close to the Einstein-Vlasov system, which is one way how
the gravitational field of a kinetic-gas is determined in the
literature [34]. Denote with g,;, = g,,(x) the components
of a pseudo-Riemannian spacetime metric and with r,;, and
r the components of the Ricci tensor and Ricci scalar of its
Levi-Civita connection. Then the Einstein-Vlasov equation
can be written as’

Lo, = 82G_1

X.X']
r“b—§5 b = ?

4 detg Jo, gij(x)x'%/

Pz (58)

5Often, the Einstein-Vlasov system is considered on the
cotangent bundle of spacetime, i.e., using momenta instead of
velocities. As long as a Legendre transform between the
Lagrangian and Hamiltonian formulation of the underlying point
particle mechanics is available both pictures are equivalent.
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where here X, as defined below equation (31), is nothing
but /det g times the canonical volume form on O, induced
by the pullback of the spacetime metric.

Comparing the Einstein-Vlasov system and our new
approach to the determination of the gravitational field
of a P-particle system, we conjecture the following
interpretation: The Einstein equations determine only the
velocity averaged gravitational field of the P-particle
system. Our Finslerian description of the gravitational field
of kinetic gases determines the gravitational field dis-
tribution, without averaging over the velocity distribution
of the particles, in the same way as the 1PDF describes the
system more accurately than its velocity averaged fluid
approximation.

V. CONCLUSION

We used the language of Finsler geometry to describe a
multiple particle system as a kinetic gas in terms of a IPDF
on the tangent bundle, which we directly coupled to a
Finslerian extension of Einstein’s theory of gravity. In
contrast to the usual general relativistic coupling between
the multi particle system and gravity, via its fluid energy-
momentum tensor as source of the Einstein equations, our
new coupling procedure takes the velocity distribution of
the gas particles and its influence on the gravitational field
into account. In contrast, on the right-hand side of the
Einstein equations, the information of the velocity distri-
bution is averaged out.

Using the language of Finsler spacetime geometry, we
obtained the main results of this article: our finding of the
energy-momentum distribution tensor (44) and its conser-
vation laws for a kinetic gas with and without collisions as
displayed in (47) and (48), and the Finsler generalizations
of the FEinstein equations sourced by the 1PDF of the
kinetic gas in (56).

With the construction of an action based formulation of
the dynamics of a kinetic gas and its coupling to gravity, we
complete the Finsler geometric description of kinetic gases
and are now able to derive the full mutual kinetic gas-
gravity interaction on the tangent bundle. Moreover, by
adding this physical matter coupling to Finsler gravity, a
most subtle point in the construction of Finslerian theories
of gravity—the matter coupling—is solved.

Our work offers a plethora of possible applications.
One may apply our extended description of gravity and
kinetic gases to any physical system which is convention-
ally described by classical fluid dynamics. An obvious
system to target with this description is of course cos-
mology, where a better model of fluids and gravity may
provide potential new explanations for the observed accel-
erating phases, known as dark energy and inflation, via a
modification of the effective Friedmann equations. Another
possible application is to the dynamics of galaxies and the
large scale structure of the Universe, where conventionally

dark matter must be assumed in order to explain observa-
tions. Further, compact objects such as neutron stars may
provide a potential testbed for our theory, since the
description of their constituting matter is crucial for their
understanding.

The next step toward these applications is to identify
physically well motivated 1PDFs, which may be for
example given by a tangent bundle version of the relativ-
istic Maxwell-Juettner distribution [35], which is usually
formulated on the cotangent bundle. Other fascinating
possibilities are to find 1PDF realisations of quantum
distribution functions such as Bose-Einstein or Fermi-
Dirac distributions and couple them directly to gravity.

A further interesting line of investigation is to study the
relation of our description of the relativistic kinetic gas to
the framework of kinetic field theory, which was recently
applied to cosmology [36].

We leave such investigations for future research, keeping
the discussion presented in this article at the foundational
level, having constructed the gravitational field equations
for a gravitating kinetic gas.
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APPENDIX A: PROPERTIES OF THE
CHERN-RUND COVARIANT DERIVATIVE

For completeness, we give a proof of the basic properties
of the Chern-Rund covariant derivative (18).

The covariant constancy of the L-metric can easily be
seen from the definition of the connection coefficients

Tap = 5391895, + ObGhg — 5495,)
Vﬁagéc = 5agic - Fpabgic - Fpacglgp =0. (Al)

The covariant constancy of x* requires some more lines.

Vs &0 = 8,57 + TP 1ok = (9 — G40, ) 3P + TP i
=-Gl, +T",.x=0. (A2)

The last equality above can be seen from
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1
5 ngq (5ach‘q + 6(‘956]

1
= Engq(aaggq + 809351 -

= 100,D,L + 30,

b e _
I°,.x =

1 :
= Zngq(aaaqL + %0, 9%,

— b
me

where we used the definition of the J, operator, several
times Euler’s Theorem for homogeneous functions, the
total symmetry in all indices of c")a ggp and the definition of
G“ and G%, see (7).

Finally the covariant constancy of L itself is a simple
consequence of the above equalities

V(;HL — V5ﬂ (gll;chbjCc) - O <A4)

APPENDIX B: VARIATION OF THE
KINETIC GAS ACTION UNDER
MANIFOLD INDUCED
COORDINATE CHANGES

When we studied the variation of the action of the kinetic
gas under manifold induced coordinate changes we claimed
Eq. (36)

0:h = m(8ec (¢T) + 5.(Z)E(L)). (B1)

which we will prove now.
We start from the definition of the variation

.. d ..
8:A(x, X, L,00L) = d—/l(x—l—eéx,)'c—i—eéjc,L 4+ eS5L,00L
3

+ €D DSL)| ., (B2)

where 6x¢ = &4, 6% = 70, and 6L = —EC(L).

First, we notice that the Lagrangian 7-form in consid-
eration, (30), can be split into a coordinate volume form and
a Lagrange scalar density £

A= L(x, %, L, OO L)ic(d*x A d*%). (B3)

The change of the coordinate volume form can be
calculated by means of the identities

d(x® 4 e6x) = dx + €0,0xdx" = dx® + €0,&%dx”,

(B4)

= di® + €(0,5x9dx® + 9,6xdx?)
= di® + €(x°8,0,.E%dx" + D,E9diD).

d(x* 4 e6x®)
(B5)

~9,0,L)

~9,0,L)

- 5(]956)5‘:0

1 .
81]9[50)“%6 - 5 ngqu cjccapglz;a

- ngquéugfip
- ngqaa(Gpgép) + Gba
(A3)

For the wedge product of these one forms we thus get to
first order in €

ic(d*(x + edx) A d*(x + edx))

4 (8b(x“ + e6x?) | Dp(x* + e6x?)

T\ 0, ek | 0y + e8i)
59 + €0y | 0 L

- e(a@mga\ m+a%xagﬂ)MXAd”

= (14 €(0,8° + 9y(¥°0.8")))ic(d*x A d5). (B6)

>i@ (d4x VAN d4x)

Second, direct Taylor expansion to first order in € yields
the change of the scalar density £ under the coordinate
change to be

L(x + ebx, % + €%, L + e5L, )L + ed I SL)
= L(x. %, L.OIL)
+ €e(E°(L) - 5L55C(L>)|£:c<x.x,L,é)é)L)-

We did not perform the expansion of the derivatives with
respect to € of the terms involving the change of L
explicitly but combined them into the term &; £, since this
variation can be done most simply after we recombine the
terms and get

(B7)

S:h = (L(D& + 0, (3°8.E")) + E°(L))ic (d*x A d*%)
— 8, LEC(L)ic(d*x A d*%)

= Recd — EE(L)S5,4 = dized — EC(L)5, A, (B8)

Inserting A = m¢@X proves the desired variation for-
mula (36). The variation §;4 = méd; (¢X), which comes
from the change of L, is discussed during the derivation of
the gravitational field equation coupled to the gas in Sec. [V
and Appendix C.

APPENDIX C: PROOF OF THE VARIATION
OF THE KINETIC GAS ACTION WITH
RESPECT TO L

During the variation of the action of the kinetic gas with
respect to L, (39) and (52), we evaluated
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16L

PN S0 =5 L. (C1)

To prove this equation, we first observe that on O

: : - (16L
) =0 Fdx* = O Fdx® = R
L@ Laa d.x (9,1 L d.x 80 (2\/2

Furthermore, for functions f on 7M, which are 2-homogeneous
with respect to i and at least C', the following holds:

)dx”. (C2)

QA D fdx* =i,Z A O, fdx*
=i(Z A D, fdx*) + = A O, fi,dx*
=0, fL = hfs, (C3)

where we used the product rule for the interior product, the
relation £ A dx* = 0 satisfied by the 7-form X and Euler’s

theorem for homogeneous functions. Inserting f = %% and
h =1 we find
: 16L
QA O fdx* =Q A 6La):§f2. (C4)

APPENDIX D: INTEGRATION OF THE
VERTICAL INTERIOR PRODUCT

When we found that the energy-momentum distribution
tensor is related to the Noether current in Eq. (49), we used
that

(V¢ (9x)) =0 (DI1)

[UxeD aox ) U ( UxEHD Ox)

to equate

/ (12 ($T) - O, (x. )21, %)
(Uxel)aox)U(Uxef)DOx‘)

_ / (@05, (¢7) ~ €, (x. )27, T) = 0. (D2)

since in the first term iz ($X) = &g, (%) + V&, (42).
The best way to see this is to rewrite the integral as a
volume integral and use the splitting into an iterated

integral over a domain D C M and the observer space
fiber O,

/ Ve, (42)
( UxeD BOX )U( Uxef)D OX)

- /Vdivaan(qﬁi) = /V div(VEad,)s
-/, (/ diVWf“é»zx) dx

The vector field Vf"éa is purely vertical and hence the
inner integral becomes an integral over the boundary of O,,
which is empty. Hence the whole integral vanishes

(D3)

/ div(Ved, )z, = / iguy, Ze = 0. (D4)
O, 00 “
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