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In this article we study the motion of charged particles in the spacetime of a charged rotating scalarized
black hole, namely the rotating dyonic black hole in Kaluza-Klein theory found by Rasheed. We derive the
equations of motion in the extremal case and present their analytical solutions in terns of elliptic and
hyperelliptic functions. Furthermore, we analyze the particle motion with the help of parametric diagrams
and effective potentials.
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I. INTRODUCTION

Recently scalarized black holes gained a lot of attention in
the literature. In general relativity black holes possess no
scalar hair, associatedwith a single real scalar field. They are
uniquely determined by their mass, angular momentum, and
charge if gravity is coupled to aMaxwell field [1]. However,
there are possibilities to bypass the no-hair theorem and
allow scalar hair on black holes [2,3]. In string theory the
scalar field corresponds to a dilaton. Coupling the dilaton to
the Lagrangian of the electromagnetic field yields charged
dilatonic black hole solutions [4–6]. In the case of Kaluza-
Klein coupling, first a new spatial dimension is added to an
existing black hole solution, then a boost is performed. The
charged dilatonic black hole solution can now be obtained
by a dimensional reduction, see [7–16].
Chodos et al. applied thismethod [9] to the Schwarzschild

spacetime and obtained the static electrically charged
Einstein-Maxwell-dilaton black hole. The corresponding
rotating charged solution was found in [12,14], where the
Kerr solution was used as a starting point for the method.
Later Rasheed [15] applied two boosts and a rotation to find
a rotating, dilatonic black hole inKaluza-Klein theorywhich
is electrically and magnetically charged.
The dilaton can also be coupled to a curvature invariant,

for example a Gauß-Bonnet term [17–21]. Lately, there is a
growing interest in more general coupling functions, since
these lead to spontaneously scalarized black holes [22–27].
A powerful approach to gain insight into the structure of

a spacetime is to study the motion of test particles. Black
holes in different theories can be explored with the analysis
of the orbits of test particles and light. When deriving the
equations of motion, the Hamilton-Jacobi formalism is a
very efficient method. For the Kerr spacetime, the

separability of the Hamilton-Jacobi equation was shown
by Carter [28]. In the four-dimensional Kerr spacetime, the
equations of motion can be solved analytically with the
help of elliptic functions. However, in higher dimensions or
when the cosmological constant is taken into account, the
equations become often more complicated and hyperellip-
tic functions are needed in order to solve the equations of
motion analytically, see e.g., [29–35].
Most scalarized black hole solutions exist in numerical

form. In this article we want to focus on an analytical
solution and therefore we study the spacetime of the
extremal rotating dyonic black hole in Kaluza-Klein theory
found by Rasheed [15]. This solution has some surprising
features, which make it interesting to study. Rasheed found
that the gyromagnetic and gyroelectric ratios can become
arbitrarily large. Furthermore he investigated the properties
of the extremal case. The angular velocity of the event
horizon can be zero while the black hole still has nonzero
ADM angular momentum. Also, in certain configurations
angular momentum can be added, while keeping the mass
and charges fixed, and the solution will remain extremal.
In Einstein-Maxwell theory this would lead to a naked
singularity.
We will investigate the motion of massless particles

and charged particles in the black hole spacetime of
Rasheed. A subclass of spacetimes with electric and
dilatonic charge only, the Kerr-Kaluza-Klein black hole,
was considered in [36]. The authors showed that the
Hamilton-Jacobi equation separates completely for mass-
less particles. Additionally they studied the motion of
uncharged particles in the equatorial plane. In [37] black
holes without Z2 symmetry are considered, which includes
the dyonic black hole found by Rasheed [15]. It was shown
that the Hamilton-Jacobi equation is fully separable for
massless particles.
The present article is structured as follows. First we will

introduce the black hole spacetime by Rasheed [15] and
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review some of its properties. It can be shown that the
Hamilton-Jacobi equation for particles moving around an
extremal Rasheed black hole separates in three cases:
massless particles, charged particles around a nonrotating
Rasheed black hole, and charged particles in the equatorial
plane of the rotating Rasheed black hole. We will analyze
the motion of charged particles in the equatorial plane in
detail. Then we will present the analytical solutions of the
equations of motion and plot some examples of the orbits.

II. THE ROTATING DYONIC BLACK HOLE
IN KALUZA-KLEIN THEORY

In 1995 Rasheed [15] presented a rotating dyonic black
hole in Kaluza-Klein theory. It can be obtained from the
Kerr solution by adding a spatial dimension and then
applying two boosts and a rotation. A dimensional reduc-
tion leads to an electrically and magnetically charged
rotating black hole with a scalar dilaton field. The metric is

ds2ð4Þ ¼ −
f2ffiffiffiffiffiffiffi
AB

p ðdtþ ω0
ϕdϕÞ2 þ

ffiffiffiffiffiffiffi
AB

p

Δ
dr2 þ

ffiffiffiffiffiffiffi
AB

p
dθ2

þ Δ
ffiffiffiffiffiffiffi
AB

p

f2
sin2θdϕ2 ð1Þ

and the electromagnetic vector potential is given by

2Aμdxμ ¼
C
B
dtþ

�
ω5

ϕ þ
C
B
ω0

ϕ

�
dϕ: ð2Þ

The dilaton field σ can be read of from the five-dimensional
metric in [15] which gives

exp

�
4ffiffiffi
3

p σ

�
¼ B

A
ð3Þ

so that

σ ¼
ffiffiffi
3

p

4
ln

�
B
A

�
: ð4Þ

The functions in the metric, the vector potential and the
dilaton field, are

A ¼ ðr − Σ=
ffiffiffi
3

p
Þ2 − 2P2Σ

Σ −M
ffiffiffi
3

p þ a2cos2θ

þ 2JPQ cos θ

ðM þ Σ=
ffiffiffi
3

p Þ2 −Q2
; ð5Þ

B ¼ ðrþ Σ=
ffiffiffi
3

p
Þ2 − 2Q2Σ

ΣþM
ffiffiffi
3

p þ a2 cos2 θ

−
2JPQ cos θ

ðM − Σ=
ffiffiffi
3

p Þ2 − P2
; ð6Þ

C ¼ 2Qðr − Σ=
ffiffiffi
3

p
Þ − 2PJ cos θðM þ Σ=

ffiffiffi
3

p Þ
ðM − Σ=

ffiffiffi
3

p Þ2 − P2
; ð7Þ

ω0
ϕ¼

2Jsin2θ
f2

�
r−MþðM2þΣ2−P2−Q2ÞðMþΣ=

ffiffiffi
3

p Þ
ðMþΣ=

ffiffiffi
3

p Þ2−Q2

�
;

ð8Þ

ω5
ϕ ¼

2PΔ
f2

cosθ

−
2QJsin2θ½rðM−Σ=

ffiffiffi
3

p ÞþMΣ=
ffiffiffi
3

p þΣ2−P2−Q2�
f2½ðMþΣ=

ffiffiffi
3

p Þ2−Q2�
ð9Þ

and

Δ ¼ r2 − 2Mrþ P2 þQ2 − Σ2 þ a2; ð10Þ

f2 ¼ r2 − 2Mrþ P2 þQ2 − Σ2 þ a2 cos2 θ: ð11Þ

The parameter a is related to J via

J2 ¼ a2
½ðM þ Σ=

ffiffiffi
3

p Þ2 −Q2�½ðM − Σ=
ffiffiffi
3

p Þ2 − P2�
M2 þ Σ2 − P2 −Q2

ð12Þ

and the charges satisfy the equation

Q2

ΣþM
ffiffiffi
3

p þ P2

Σ −M
ffiffiffi
3

p ¼ 2Σ
3
: ð13Þ

So the rotating dyonic black hole solution depends on four
parameters M, J, Q, and P, where M is the mass, J is the
angular momentum, Q and P are the electric and magnetic
charges, and Σ is the dilaton charge. These parameters are
related to the mass MK of the Kerr solution by

M2
K ¼ M2 þ Σ2 − P2 −Q2: ð14Þ

For some purposes it is useful to express the quantities in
terms of the boost parameters α and β, the Kerr mass MK ,
and the rotation parameter a by

M ¼ MKð1þ cosh2αcosh2βÞ cosh αffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ sinh2αcosh2β

p ; ð15Þ

Σ ¼
ffiffiffi
3

p
MK cosh αð1 − cosh2 β þ sinh2 α cosh2 βÞ

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ sinh2 α cosh2 β

p ; ð16Þ

Q ¼ MK sinh α
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ sinh2 α cosh2 β

q
; ð17Þ

P ¼ MK sinh β cosh βffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ sinh2 α cosh2 β

p ; ð18Þ

J ¼ aMK cosh β
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ sinh2 α cosh2 β

q
: ð19Þ
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A. Extremal solutions

The two horizons of the rotating dyonic black hole are
given by Δ ¼ 0. The horizons are present for

M2 ≥ P2 þQ2 þ a2 − Σ2: ð20Þ

This yieldsM2
K ≥ a2, which is the same condition as for the

original Kerr spacetime to have horizons. It is interesting to
the study the extremal casewith a single degenerate horizon.
InEinstein-Maxwell theory the surface of extreme solutions,
formed by the scaled global charges J

M2,
Q
M, and

P
M, is a sphere.

In Kaluza-Klein theory this surface is not smooth but made
up of two parts as shown in Fig. 1 (see also [15]).
The first surface (blue inFig. 1) emerges from the condition

for a single degenerate horizon M2 ¼ P2 þQ2 þ a2 − Σ2,
which leads toMK ¼ a2 and therefore boosting the extremal
Kerr solution will lead to the blue surface.
The second surface (green in Fig. 1) represents the

special caseM2 þ Σ2 ¼ P2 þQ2. Then a ¼ 0 andMK ¼ 0
but a

MK
≤ 1, so that the angular momentum J may be

nonzero. This can be seen by taking the extremal limit
β → ∞ of the boosted solutions, thus

J
M2

¼ 4a sinh3 α
MK cosh6 α

; ð21Þ

P
M

¼ 2

cosh3 α
; ð22Þ

Q
M

¼ 2 sinh3 α
cosh3 α

: ð23Þ

Then we have

�
P
M

�2
3 þ

�
Q
M

�2
3 ¼ 2

2
3 and J ≤ PQ: ð24Þ

So any non-rotating dyonic solution with fixedM, P, Q on
this part of the surface can be given angular momentum
J ≤ PQ and it will still remain extremal. In Einstein-
Maxwell adding angular momentum to an extremal black
hole would lead to a naked singularity.
In this article we will concentrate on the special case

P ¼ Q ¼ Mffiffiffi
2

p and J ≤ PQ ¼ M2

2
; ð25Þ

where the metric is

ds2 ¼ −
ðr −MÞ2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r4 − 4J2cos2θ
p

�
dt −

2Jsin2θ
r −M

dϕ

�
2

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r4 − 4J2cos2θ

p

ðr −MÞ2 dr2

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r4 − 4J2cos2θ

p
ðdθ2 þ sin2θdϕ2Þ; ð26Þ

and the nonzero components of the electromagnetic vector
potential are

At ¼
Mr − 2J cos θffiffiffi
2

p ðr2 − 2J cos θÞ ; ð27Þ

Aϕ ¼ Mffiffiffi
2

p cos θ −
ffiffiffi
2

p
J sin2 θ
r−M

þ
ffiffiffi
2

p
J sin2 θðMr− 2J cos θÞ

ðr−MÞðr2 − 2J cos θÞ :

ð28Þ
The metric possesses a singularity at rS ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2jJ cos θjp

,
which is hidden behind an event horizon at rH ¼ M if
J < M2

2
. As for all solutions on the green surface, there is no

ergoregion.
In the extremal case the dilaton field is

σ ¼
ffiffiffi
3

p

4
ln

�
r2 þ 2J cos θ
r2 − 2J cos θ

�
; ð29Þ

(a) (b)

FIG. 1. Surface of extremal rotating dyonic solutions in Kaluza-Klein theory.
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which means that σ ¼ 0 for J ¼ 0 and also σ ¼ 0 in the
equatorial plane θ ¼ π

2
.

B. Equations of motion for electrically
charged particles in the extremal case

Let us investigate the motion of electrically charged
particles around the extremal dyonic black hole described
by Eq. (26). As described in [38–40] we will take into
account the effects of the dilaton field. The Hamiltonian for
a charged particle with the electric charge q is

H ¼ 1

2
e−βσgμνðpμ − qAμÞðpν − qAνÞ ð30Þ

where the parameter β describes the coupling to the dilaton
field σ. The mass shell condition is in this case

gμνðpμ − qAμÞðpν − qAνÞ þ eβσm2 ¼ 0: ð31Þ
The Hamilton-Jacobi equation is

Hþ ∂S
∂λ ¼ 0 ð32Þ

with pμ ¼ ∂S
∂xμ and an affine parameter λ along the trajectory

of the test particle. To solve Eq. (32) we use the following
ansatz for the action:

S ¼ 1

2
δeβσλ − Etþ Lϕþ SθðθÞ þ SrðrÞ ð33Þ

where E is the energy and L is the angular momentum of
the test particle. The parameter δ ¼ m2 describes the
particle’s mass and is 1 for particles and 0 for light.
With this ansatz the Hamilton-Jacobi equation becomes

e2βσδþ gttð−E−qAtÞ2þ 2gtϕð−E−qAtÞðL−qAϕÞ

þ gϕϕðL−qAϕÞ2þ gθθ
�∂SθðθÞ

∂θ
�

2

þ grr
�∂SrðrÞ

∂r
�

2

¼ 0:

ð34Þ

Inserting the metric (26), the vector potential (28) and the
dilaton field (29) yields

δ

�
r2 þ 2J cos θ
r2 − 2J cos θ

�
β
ffiffi
3

p
=2 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r4 − 4J2 cos2 θ
p

þ 4J2 − r4

ðr −MÞ2
�
−
qðMr − 2J cos θÞffiffiffi
2

p ðr2 − 2J cos θÞ − E

�
2

þ 4J
r −M

�
−
qðMr − 2J cos θÞffiffiffi
2

p ðr2 − 2J cos θÞ − E

��
L − q

�
Mffiffiffi
2

p cos θ −
ffiffiffi
2

p
J sin2 θ
r −M

þ
ffiffiffi
2

p
J sin2 θðMr − 2J cos θÞ

ðr −MÞðr2 − 2J cos θÞ
��

þ 1

sin2 θ

�
L − q

�
Mffiffiffi
2

p cos θ −
ffiffiffi
2

p
J sin2 θ
r −M

þ
ffiffiffi
2

p
J sin2 θðMr − 2J cos θÞ

ðr −MÞðr2 − 2J cos θÞ
��

2

þ
�∂SθðθÞ

∂θ
�

2

þ ðr −MÞ2
�∂SrðrÞ

∂r
�

2

¼ 0: ð35Þ

Now we have to separate the above equation to get (the
derivatives of) the unknown functions SθðθÞ and SrðrÞ. This
is possible in three cases:
(1) For photons with δ ¼ 0 and q ¼ 0, Eq. (35) sim-

plifies to

ð4J2 − r4ÞE2

ðr −MÞ2 −
4JEL
r −M

þ L2

sin2θ
þ
�∂SθðθÞ

∂θ
�

2

þ ðr −MÞ2
�∂SrðrÞ

∂r
�

2

¼ 0: ð36Þ

(2) For anonrotatingblackholewithJ ¼ 0, Eq. (35) yields

δr2 −
r4

ðr −MÞ2
�
−
Mqffiffiffi
2

p
r
− E

�
2

þ 1

sin2 θ

�
L −

Mqffiffiffi
2

p cos θ

�
2

þ
�∂SθðθÞ

∂θ
�

2

þ ðr −MÞ2
�∂SrðrÞ

∂r
�

2

¼ 0: ð37Þ

(3) For charged particles in the equatorial plane θ ¼ π
2
,

Eq. (35) becomes

δr2−
ðr4−4J2ÞðqM ffiffiffi

2
p þ2ErÞ2

4r2ðr−MÞ2

−
2JðqM ffiffiffi

2
p þ2ErÞðJq ffiffiffi

2
p þLrÞ

ðr−MÞr2

þðJq ffiffiffi
2

p þLrÞ2
r2

þðr−MÞ2
�∂SrðrÞ

∂r
�

2

¼0: ð38Þ

So far we have described the particle motion in the four-
dimensional Rasheed spacetime, which represents a sca-
larized black hole. Since most scalarized black holes are
given as a numerical solution, it is interesting to have some
insight on the analytical side.
On the other hand, one has to take into account that the

four-dimensionalRasheed spacetime is a solution inKaluza-
Klein theory, which is obtained from a five-dimensional
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spacetime by dimensional reduction. One could argue that in
this framework, the Hamilton-Jacobi equation for the four-
dimensional problem, does not correctly describe the
particle motion. Instead the equation of motion in the
five-dimensional metric has to be considered *[41–44].
Here the dilatonic force yields new terms in the equations of
motion.
In the following we will prove that in the above

special cases, the particle motion is correctly described
by the Hamilton-Jacobi equation for the four-dimensional
problem.
In case 1, all new terms entering the equations of motion

vanish since δ ¼ 0 and q ¼ 0, compare [41–43]. In case 2,
the dilaton field vanishes everywhere, because J ¼ 0. In
case 3, the dilaton field vanishes in the equatorial plane
since θ ¼ π

2
. However, derivatives of the dilaton field enter

the equations of motion in the five-dimensional spacetime
[41–43]. Therefore it has to be checked, if there are effects
due to the dilaton in the equatorial plane.
The four-dimensional black hole spacetime ds2ð4Þ of

Rasheed [see Eq. (1)] can be obtained from the five-
dimensional metric

ds2ð5Þ ¼
B
A
ðdx5 þ 2AμdxμÞ þ

ffiffiffiffi
A
B

r
ds2ð4Þ ¼ g̃μνdxμdxν: ð39Þ

The motion of a test particle in this metric is described by
the Hamilton-Jacobi equation

1

2
g̃μνp̃μp̃ν þ

∂S5
∂λ ¼ 0 ð40Þ

with p̃μ ¼ ∂S5∂xμ. To solve Eq. (40) we propose the ansatz

S5 ¼
1

2
δλ − Etþ Lϕþ Kwþ SθðθÞ þ SrðrÞ ð41Þ

where K is a constant of motion corresponding to the
momentum in the direction if the fifth dimension x5 ¼ w.
With this ansatz Eq. (40) becomes

δþ g̃ttE2 − 2g̃tϕELþ g̃ϕϕL2 þ g̃wwK2 − 2g̃twEK þ 2g̃ϕwK

þ g̃θθ
�∂SθðθÞ

∂θ
�

2

þ g̃rr
�∂SrðrÞ

∂r
�

2

¼ 0: ð42Þ

Inserting the metric functions of the five-dimensional
metric into Eq. (42) results in a long and complicated
expression, which we will not display here. Setting then
θ ¼ π

2
simplifies the equation to

δr2þðr4−4J2ÞE2

ðr−MÞ2 þ4JEL
r−M

−L2þðr−MÞ2
�∂SrðrÞ

∂r
�

2

−
ð2Mr5−3M2r4−r6þ32J2M2−32J2Mrþ8J2r2ÞK2

r2ðr−MÞ2

þðð4r−8MÞJ2þMr4Þ2 ffiffiffi
2

p
EK

rðr−MÞ2 þ4Jð2M−rÞ ffiffiffi
2

p
LK

rðr−MÞ ¼0:

ð43Þ

It can be shown that Eq. (43) is the same as the Hamilton-
Jacobi equation (38) for a charged particle in the equatorial
plane of the four-dimensional spacetime if we make the
identifications

q ¼ 2K and δ ¼ m2 ¼ 1þ K2 ð44Þ

which result in the relation

q
m

¼ 2Kffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ K2

p : ð45Þ

The same relation without the factor 2 was found in
[43,44]. Here the factor 2 is due to the fact that there is
an additional factor 2 in front of the vector field Aμ in the
five-dimensional Rasheed metric, which is not present in
the metric in [43,44]. Therefore in the equatorial plane
of the extreme Rasheed metric, the Hamilton-Jacobi
equation from the four-dimensional particle motion
agrees with the Hamilton-Jacobi equation from the five-
dimensional problem and correctly describes the motion of
test particles.
In this article we are interested in the motion of charged

particles around an extremal rotating dyonic black hole in
Kaluza-Klein theory; thus, we will consider the third case
and set θ ¼ π

2
from now on. The equations of motion in the

equatorial plane can be derived from the action S (33)

�
dr
dγ

�
2

¼ RðrÞ ¼
X6
i¼0

airi; ð46Þ

�
dϕ
dγ

�
¼ Lrþ 1

r − 1
½Jrð

ffiffiffi
2

p
q − 2EÞ − 2

ffiffiffi
2

p
Jq�; ð47Þ

�
dt
dγ

�
¼ 1

ðr − 1Þ2
�
2JLrðr − 1Þ þ Erðr4 − 4J2Þ

þ
ffiffiffi
2

p
q

�
1

2
r4 þ 2J2ðr − 2Þ

��
: ð48Þ

To simplify the equations of motion we used dimensionless
quantities equivalent to setting M ¼ 1

r→Mr; t→Mt; λ→Mλ; J→M2J; L→ML ð49Þ
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and we also applied the Mino-time [45] γ with dλ ¼ r3dγ.
The function RðrÞ in Eq. (46) is a polynomial of order 6
with the coefficients

a6 ¼ E2 − δ; ð50Þ

a5 ¼
ffiffiffi
2

p
qEþ 2δ; ð51Þ

a4 ¼
1

2
q2 − δ − L2; ð52Þ

a3 ¼ 2Lð2EJ −
ffiffiffi
2

p
qJ þ LÞ; ð53Þ

a2 ¼ −J2ð2E −
ffiffiffi
2

p
qÞ2 − 2LJð2E − 3

ffiffiffi
2

p
qÞ − L2; ð54Þ

a1 ¼ −4Jqð2
ffiffiffi
2

p
EJ þ

ffiffiffi
2

p
L − 2qJÞ; ð55Þ

a0 ¼ −q2J2: ð56Þ

In general the equations of motion are of hyperelliptic type.
However, in the special case of uncharged particles q ¼ 0
the equations of motion reduce to elliptic type (note that
dλ ¼ rdγ in this case)

�
dr
dγ

�
2

¼ RðrÞ ¼
X4
i¼0

airi; ð57Þ

�
dϕ
dγ

�
¼ L −

2JE
r − 1

; ð58Þ

�
dt
dγ

�
¼ 2JLðr − 1Þ þ Eðr4 − 4J2Þ

ðr − 1Þ2 ; ð59Þ

where

a4 ¼ E2 − δ; ð60Þ

a3 ¼ 2δ; ð61Þ

a2 ¼ −δ − L2; ð62Þ

a1 ¼ 2Lð2EJ þ LÞ; ð63Þ

a0 ¼ −ð2EJ þ LÞ2 − 2ELJ: ð64Þ

Both in the hyperelliptic and the elliptic case the equations
of motion can be solved analytically as shown in Sec. IV.

III. CLASSIFICATION OF THE ORBITS

In this section we will analyze the motion of charged
particles in the spacetime of the extremal black hole found
by Rasheed in Kaluza-Klein theory.

A. The azimuthal motion

The ϕ-equation (47) determines the azimuthal motion.
dϕ=dγ vanishes if

Eturn ¼
Jq

ffiffiffi
2

p ðr − 2Þ þ Lrðr − 1Þ
2Jr

ð65Þ

or

rturn1;2 ¼ 1

2L

h
L −

ffiffiffi
2

p
qJ þ 2JE

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðL −

ffiffiffi
2

p
qJ þ 2JEÞ2 þ 2

ffiffiffi
2

p
JL

q i
: ð66Þ

At these radii the test particles change their direction,
which leads to interesting orbits, see Sec. IV D. A similar
effect is usually observed at the ergoregion of a black hole.
However, in this spacetime an ergoregion does not exist.
The radii at which the angular direction changes were
called turnaround boundaries in [46].

B. The radial motion

The radial equation of motion determines the type of the
orbits, because its zeros are the turning points of the orbit.
Particle motion is allowed for RðrÞ ≥ 0 only. Here we are
interested in the real positive zeros. To study the possible
orbits, parametric diagrams and effective potentials can be
constructed from the polynomial RðrÞ. First we will give a
list of the possible orbit types:
(1) Bound orbits (BO) with r∈ ½r1;r2� exist for r1;2>rH

and also for r1;2 < rH hidden behind the event
horizon.

(2) Many-world bound orbits (MBO) with r ∈ ½r1; r2�
and r1 < rH < r2, where the particle crosses the
horizon several times. Each time the horizon is
crossed twice the particle enters another universe.

(3) Escape orbits (EO) with r ∈ ½r1;∞Þ and r1 > rH,
where the test particle (or light) escapes the gravity
of the black hole.

(4) Two-world escape orbits (TWEO) with r ∈ ½r1;∞Þ
and r1 < rH, where the particle crosses the horizon
twice and enters another universe.

The number of zeros of RðrÞ for a set of parameters is
closely related to the possible orbit types. If double zeros
occur, i.e., RðrÞ ¼ 0 and dR

dr ¼ 0, the number of zeros
changes. We plot these two conditions as a parameter plot
of E and L to see nine regions with different numbers of
real positive zeros. An example of a parameter plot is
shown in Fig. 2. There is one real positive zero in region I,
two zeros in region II, three zeros in the regions III and IV,
four zeros in the regions Vand VI, five zeros in the regions
VII and VIII, and six zeros in region IX. Two regions may
have the same number of positive real zeros; however, there
are different types of possible orbits.
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The orbit types in each region can be determined with the
help of effective potentials. We define an effective potential
consisting of two parts V� by

�
dr
dγ

�
2

¼ RðrÞ ¼ ðr6 − 4J2r2ÞðE − VþÞðE − V−Þ ð67Þ

and therefore

V� ¼ −
qffiffiffi
2

p
r
þ r − 1

rð4J2 − r4Þ
h
2JðrLþ

ffiffiffi
2

p
qJÞ

� r2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðrLþ

ffiffiffi
2

p
qJÞ2 − δð4J2 − r4Þ

q i
: ð68Þ

In the case of uncharged photons δ ¼ q ¼ 0 the effective
potentials simplify to

V� ¼ Lðr − 1Þ
2J ∓ r2

: ð69Þ

At the horizon rH ¼ 1 the two effective potentials meet at
E ¼ − qffiffi

2
p . Here Rðr ¼ rH; E ¼ − qffiffi

2
p Þ ¼ 0 and a circular

orbit exists directly on the horizon. Furthermore, the two
potentials meet at a point behind the horizon, which can be
calculated by

ðrLþ
ffiffiffi
2

p
qJÞ2 ¼ δð4J2 − r4Þ: ð70Þ

For r → 0 both potentials diverge. Additionally for r →ffiffiffiffiffiffiffiffi
2jJjp

, the potential Vþ diverges if JL < 0 and V−
diverges if JL > 0. However, the latter divergency has
no effect on the orbits, since the equations of motion remain

smooth and therefore we will not show this divergency in
the plots of the effective potentials. At r → ∞ the potentials
V� approach ∓ ffiffiffi

δ
p

asymptotically. We find the following
symmetries:

V�ð−J;−LÞ ¼ V�ðJ; LÞ;
V�ð−q;−LÞ ¼ −V∓ðq; LÞ;
V�ð−q;−JÞ ¼ −V∓ðq; JÞ: ð71Þ

In the Schwarzschild spacetime the positive root of the
effective potential is always Vþ ≥ 0 and the negative root
V− ≤ 0. There is no classical interpretation for particles
with negative energies; however, in quantum field theory
they can be associated with antiparticles [47]. Note that in
contrast to the Schwarzschild spacetime, here the positive
root Vþ can be negative, which can allow particles with
negative energies. In [48,49] the region for particles with
negative energies was described as a “generalized ergo-
sphere,” where energy may be extracted. Also the negative
root V− can be positive in this spacetime. To find a bound
which separates particles and antiparticles, one can con-
sider equation (48) which describes the coordinate time t.
Time should run forward for particles and backwards for
antiparticles. Solving the t-equation for E will give a lower
energy bound for particles, which can be negative in the
generalized ergosphere.
Some examples of the potentials are depicted in Fig. 3.

We also plot the energy Eturn [Eq. (65)] where the test
particles change angular direction.
Taking all the information from the parameter plots and

the effective potentials into account, we determine the
possible orbits for charged particles in the spacetime of an
extremal black hole in Kaluza-Klein theory. An overview
of the regions and the corresponding orbit types can be
found in Table I and the following list.
(1) Region I: The polynomial R has one zero r1 < rH

and the corresponding orbit is a TWEO.
(2) Region II: R has two zeros r1 < rH and r2 > rH.

The corresponding orbit is a MBO.
(3) Region III: R has three zeros r1 < rH and r2,

r3 > rH. A MBO and a EO exist.
(4) Region IV: R has three zeros r1, r2 < rH and

r3 > rH. A BO hidden behind the horizon and a
TWEO exist.

(5) Region V: R has four zeros r1 < rH and r2, r3,
r4 > rH. Here a MBO and a BO exist.

(6) Region VI: R has four zeros r1, r2, r3 < rH and
r4 > rH. A BO hidden behind the horizon and a
MBO exist.

(7) Region VII: R has five zeros r1, r2, r3 < rH and r4,
r5 > rH. A BO hidden behind the horizon, a MBO
and a EO exist.

(8) Region VIII: R has five zeros r1, r2, r3, r4, r5 < rH.
Two BOs hidden behind the horizon and a TWEO
exist.

FIG. 2. E − L-Parameter plot for charged particles with δ ¼ 1,
J ¼ 0.4, q ¼ 0.8. The blue curves separate regions with a
different number of zeros of R, and therefore different types
of orbits. The roman numbers refer to these orbit types and are
explained in Table I.
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(a) (b)

(c) (d)

(e) (f)

FIG. 3. Plot of the effective potentials Vþ (light blue curves) and V− (dark blue curves) along with some example energies (green lines)
for different orbits. The green circles represent the turning points. The roman numbers refer to the orbit types and are explained in Table I.
Particle motion is only possible in the white area; in the gray area the motion is forbidden due to R < 0. The red dotted curves show the
energy Eturn [Eq. (65)], where a turnaround boundary occurs. The vertical black dashed lines indicate the position of the horizon.
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(9) Region IX: R has six zeros r1, r2, r3 < rH and r4, r5,
r6 > rH. A BO hidden behind the horizon, a MBO
and a second BO outside the black hole exist.

In the special case of massless particles with δ ¼ q ¼ 0,
only the regions I, II, III, and IV exist. For massless
particles in region II, R possesses a double zero at rH ¼ 1
and the energy is always E ¼ 0; here light moves on a
circular orbit directly on the horizon.
Let us now investigate under which conditions an orbit

terminates at the singularity rS. At the singularity, the
polynomial R has the value

RðrSÞ ¼ −8J2q2: ð72Þ
Therefore in the case J ≠ 0 and q ≠ 0 particles can never
reach the singularity. If J ¼ 0 or q ¼ 0 we have RðrSÞ ¼ 0,
but then rS ¼ 0 is a local maximum of R, so that test
particles can never reach that point.
(1) If J ¼ 0 then R0ðr ¼ 0Þ ¼ 0 and R00ðr ¼ 0Þ ¼ −L2.
(2) If q ¼ 0 then R0ðr ¼ 0Þ ¼ 0 and R00ðr ¼ 0Þ ¼

−2ð2EJ þ LÞ2.
If additionally L ¼ 0 in the first case or J ¼ L ¼ 0 in the
second case then rS ¼ 0 is an inflection point. The effective
potentials show that the singularity is guarded by a
potential barrier which makes it impossible to find orbits
that reach rS ¼ 0. Only in the special case J ¼ L ¼ q ¼
δ ¼ 0 particles can reach the singularity. Here in fact all
orbits end in the singularity.

C. Static orbits

In [50] static orbits in axisymmetric rotating spacetimes
were discovered. Under certain conditions there is a ring of
points in the equatorial plane where particles remain at rest.
We will show that these orbits also exist in the Rasheed
spacetime.
A particle is at rest at a certain point if

dr
dγ

¼ 0;
dϕ
dγ

¼ 0: ð73Þ

From this we can calculate the radius and the energy of the
particle at rest

rrest ¼
J
L
ð−

ffiffiffi
2

p
q� 2

ffiffiffi
δ

p
Þ;

Erest ¼
� ffiffiffi

δ
p ð2J ffiffiffi

2
p

qþ 2LÞ þ L
ffiffiffi
2

p
q − 4Jδ

2Jð ffiffiffi
2

p
q� 2

ffiffiffi
δ

p Þ : ð74Þ

At rrest the effective potentials [Eq. (68)] intersect with the
turnaround boundary [Eq. (65)] and the particle is at rest at
the pericenter or apocenter of its orbit. If the turnaround
boundary intersects with the local minimum of one of the
effective potentials, i.e., if

dr
dγ

¼ 0;
d2r
dγ2

¼ 0;
dϕ
dγ

¼ 0; ð75Þ

the particle remains at rest at all times; this is called the
static ring. We set δ ¼ 1, because then there will be a
local minimum in one of the effective potentials for r > rH.
The above equations then yield

qst ¼ ∓ ffiffiffi
2

p
; Est ¼ �1; rst ¼ �4

J
L
: ð76Þ

Additionally the particle remains at rest at the points
where the two effective potentials V� meet, including
the horizon rH ¼ 1.
Figure 4 shows some examples of static orbits. There

the effective potentials and the turnaround boundary
are depicted as well as the position (r and E) of a particle
at rest. In Figs. 4(a) and 4(b) the particle is at rest at
the pericenter or apocenter, respectively. Figure 4(c)
shows the static ring; here the particle remains at rest at
all times.

TABLE I. Types of orbits for charged particles in the spacetime of an extremal black hole in Kaluza-Klein theory.
The thick lines show the range of the orbits and the thick dots mark the turning points. The single vertical line
corresponds to the singularity and the vertical double lines indicate the position of the horizon.

Region Zeros Range of r Orbit

I 1 TWEO
II 2 MBO
III 3 MBO, EO
IV 3 BO, TWEO
V 4 MBO, BO
VI 4 BO, MBO
VII 5 BO, MBO, EO
VIII 5 BO, BO, TWEO
IX 6 BO, MBO, BO
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D. Photon sphere

The photon sphere is a radius around the black hole,
where light moves on unstable circular orbits (see e.g.,
[51]). It marks the region between light rays escaping the
black hole and light rays falling beyond the event horizon.
Via a coordinate transformation [52–55] the shadow of a
black hole can be obtained from the photon sphere.
We consider the r-equation for δ ¼ 0 and q ¼ 0,

Eq. (57), and apply the conditions for unstable circular
orbits

R ¼ 0;
dR
dr

¼ 0: ð77Þ

Solving the above equations yields

L
E
¼ �2rph; ð78Þ

J
E
¼ �

�
1

2
r2ph − rph

�
: ð79Þ

Then there are four solutions for the radius rph of the
photon sphere which are valid for different ranges of the
angular momentum of the black hole J and the angular
momentum of the photon L. There is always a photon
sphere outside the event horizon rph ≥ rH and for certain
ranges of J a second rph exists hidden behind the horizon.
The solutions for the photon sphere are as follows:
(1) L > 0 and − 1

2
< J: rph ¼ 1þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 2J
p

≥ rH
(2) L > 0 and − 1

2
< J < 0: rph ¼ 1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2J

p
≤ rH

(3) L < 0 and J < 1
2
: rph ¼ 1þ ffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − 2J
p

≥ rH
(4) L < 0 and 0 < J < 1

2
: rph ¼ 1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 2J

p
≤ rH

E. Causality and time flow

Note that this spacetime allows closed timelike curves
(CTCs). For an extensive discussion on CTCs see [56].
CTCs occur for gϕϕ < 0. In this spacetime the metric
component is

gϕϕ ¼ ðr4 − 4J2Þ sin2 θffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r4 − 4J2 cos2 θ

p ð80Þ

and therefore, CTC are present in the region rS < r < rCTC
with rCTC ¼ ffiffiffiffiffiffiffiffi

2jJjp
. Since rCTC < rH for J < M2

2
, the CTCs

are hidden behind the degenerate horizon.
As in [56] we can consider an effective potential from the

t-equation by solving (48) for E

Vtime ¼ −
qffiffiffi
2

p
r
þ r − 1

rð4J2 − r4Þ ½2JðrLþ
ffiffiffi
2

p
qJÞ�: ð81Þ

V time is equal to the first part (i.e., without the root) of the
effective potentials V� from the r-equation. V time diverges
for r → rCTC ¼ ffiffiffiffiffiffiffiffi

2jJjp
. From the effective potential V time

we get information on the time flow of the coordinate time t
with respect to the affine parameter γ (which is related
to the eigentime). There are regions where ðdtdγÞ > 0 and

regions where ðdtdγÞ < 0. Time runs forward for particles and
backwards for antiparticles.
In Fig. 5 we plot the effective potentials from the

r-equation together with the potential from the t-equation.
We also see here that there are particleswith ðdtdγÞ > 0 butwith
negative energies. In [48,49] this region was called gener-
alized ergosphere.
For most orbits, the time flow stays either positive or

negative. However, for certain sets of parameters, particles

(a) (b) (c)

FIG. 4. Plots of the effective potentials Vþ (light blue curves), V− (dark blue curves), and the energy Eturn (red dotted curve) of the
turnaround boundary. In the gray area motion is forbidden since R < 0. At the green squares V� and Eturn intersect, so that

dr
dγ ¼ dϕ

dγ ¼ 0

and the particle is at rest. (a),(b) Particle is at rest at the pericenter or apocenter, respectively. (c) Static ring, where the particle remains at
rest at all times.
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can cross from a region with ðdtdγÞ > 0 into a region with
ðdtdγÞ < 0, so that the time flow is reversed at some point in
these orbits. This occurs behind the horizon only.

IV. SOLUTION OF THE EQUATIONS
OF MOTION

In this sectionwewill present the analytical solution of the
equations of motion for charged and uncharged particles in
the equatorial plane of an extremal black hole in Kaluza-
Klein theory. The solutions of the r-equation and the
ϕ-equation can then be used to plot the orbits. For charged
particles the equations of motion (46)–(48) are of hyper-
elliptic type. However, in the special case of uncharged
particles q ¼ 0 the equations of motion reduce to elliptic
type, see Eqs. (57)–(59).

A. The r-equation

1. Hyperelliptic case

For charged particles the right side of the r-equation (46)
is a polynomial of order 6

�
dr
dγ

�
2

¼ RðrÞ ¼
X6
i¼0

airi: ð82Þ

The order of the polynomial can be reduced by substituting
r ¼ � 1

x þ r0 with Rðr0Þ ¼ 0

�
x
dx
dγ

�
2

¼
X5
i¼0

bixi with bi ¼
ð�1Þi
ð6− iÞ!

d6−iR
dr6−i

����
r¼r0

: ð83Þ

A second substitution x ¼ 4
b5
y transforms the polynomial

into the canonical form

�
y
dy
dγ

�
2

¼
X5
i¼0

λiyi ¼ P5ðyÞ ð84Þ

where

λ5 ¼ 4; λ4 ¼ b4; λ3 ¼
b3b5
4

;

λ2 ¼
b2b25
16

; λ1 ¼
b1b35
64

; λ0 ¼
b0b45
256

: ð85Þ

A separation of variables leads to a hyperelliptic integral of
genus 2

γ − γin ¼
Z

y

yin

ydyffiffiffiffiffiffiffiffiffiffiffiffi
P5ðyÞ

p ð86Þ

where yin ¼ �b5
4ðr−rinÞ and rin is the initial value for r. We are

looking for a solution yðγÞ, so basically we have to solve a
special case of the Jacobi inversion problem; see [57–60]
for a detailed discussion. The solution is

yðγÞ ¼ σ1ðγ⃗∞Þ
σ2ðγ⃗∞Þ

����
σðγ⃗∞Þ¼0

ð87Þ

where

γ⃗∞ ¼
�

γ1

γ − γ0in

�
and γ0in ¼ γin þ

Z
∞

yin

ydyffiffiffiffiffiffiffiffiffiffiffiffi
P5ðyÞ

p : ð88Þ

If the initial value rin is chosen at one of the turning points in
the orbit, i.e., the zeros of RðrÞ, then γ0in can be expressed in
terms of the periods. The functions σ1 and σ2 are derivatives

of the Kleinian σ-function σi ¼ ∂σðz⃗Þ
∂zi . The constant γ1 can be

FIG. 5. Effective potentials Vþ (light blue curves) and V− (dark blue curves) from the r-equation and from the t-equation (red).
The gray areas are forbidden since R < 0. In the red areas the coordinate time runs backwards ðdtdγÞ < 0. The vertical dashed line
indicates the position of the horizon.
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determined by the condition σðγ⃗∞Þ ¼ 0. By resubstitution
we get the solution of the r-equation (46)

rðγÞ ¼ � b5
4

σ2ðγ⃗∞Þ
σ1ðγ⃗∞Þ

����
σðγ⃗∞Þ¼0

þ r0: ð89Þ

2. Elliptic case

For neutral particles the r-equation simplifies so that the
right side of Eq. (57) is a polynomial of order 4

�
dr
dγ

�
2

¼ RðrÞ ¼
X4
i¼0

airi ð90Þ

which can be reduced to third order by the substitution
r ¼ � 1

x þ r0 with Rðr0Þ ¼ 0

�
dx
dγ

�
2

¼
X3
i¼1

bixi: ð91Þ

Substituting further x ¼ 1
b3
ð4y − b2

3
Þ gives the standard

Weierstraß form

�
dy
dγ

�
2

¼ 4y3 − g2y − g3 ¼ P3ðyÞ ð92Þ

with the coefficients

g2 ¼
b22
12

−
b1b3
4

; g3 ¼
b1b2b3
48

−
b0b23
16

−
b32
216

: ð93Þ

Equation (92) is solved by the Weierstraß ℘-function and
therefore after resubstitution the solutionof r-equation (57) is

rðγÞ ¼ � b3
4℘ðγ − γ0in; g2; g3Þ − b2

3

þ r0 ð94Þ

with the initial values γ0in ¼ γin þ
R∞
yin

dyffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4y3−g2y−g3

p and yin ¼
� b3

4ðrin−r0Þ þ
b2
12
.

B. The ϕ-equation

1. Hyperelliptic case

Let us first solve the ϕ-equation in the case of
charged particles. We use the substitution r ¼ � b5

4y þ r0

and knowing that dγ ¼ ydyffiffiffiffiffiffiffiffi
P5ðyÞ

p we can write the

ϕ-equation (47) as

dϕ ¼
�
C0 þ C1yþ

C2

y − p

�
dyffiffiffiffiffiffiffiffiffiffiffiffi
P5ðyÞ

p ð95Þ

with the pole

p ¼ b5
4ðr0 − 1Þ ð96Þ

and the constants

C0 ¼ −
b5

4ðr0 − 1Þ2 ½Lðr0 − 1Þ2 þ Jð2Eþ
ffiffiffi
2

p
qÞ�; ð97Þ

C1 ¼
1

1 − r0
½2EJr0 þ Lr0ð1 − r0Þ þ Jq

ffiffiffi
2

p
ð2 − r0Þ�;

ð98Þ

C2 ¼ −
b25Jð2Eþ ffiffiffi

2
p

qÞ
ðr0 − 1Þ3 ; ð99Þ

which arise from a partial fraction decomposition.
Integrating Eq. (95) yields

ϕ−ϕin ¼C0

Z
y

yin

dyffiffiffiffiffiffiffiffiffiffiffiffi
P5ðyÞ

p þC1

Z
y

yin

ydyffiffiffiffiffiffiffiffiffiffiffiffi
P5ðyÞ

p

þC2

Z
y

yin

1

y−p
dyffiffiffiffiffiffiffiffiffiffiffiffi
P5ðyÞ

p

¼C0ðγ1− γ00inÞþC1ðγ− γ0inÞþC2

Z
y

yin

1

y−p
dyffiffiffiffiffiffiffiffiffiffiffiffi
P5ðyÞ

p
ð100Þ

where γ0in ¼ γin þ
R∞
yin

ydyffiffiffiffiffiffiffiffi
P5ðyÞ

p and γ00in ¼ −
R∞
yin

dyffiffiffiffiffiffiffiffi
P5ðyÞ

p can be

expressed in terms of the periods if yin is chosen to be a
zero of P5. As before γ1 is the constant to be determined
by σðγ⃗∞Þ ¼ 0. The solution of the remaining integral,
which is a hyperelliptic integral of the third kind, was
found in [60] and can be proven with the help of the
Riemann vanishing theorem. In terms of the Kleinian
σ-function the solution is

Z
y

yin

1

y − p
dyffiffiffiffiffiffiffiffiffiffiffiffi
P5ðyÞ

p ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffi
P5ðpÞ

p
�
−2

Z
y

yin

du⃗T
Z

p

e0

dr⃗þ ln
σðR y

∞ du⃗ −
R
p
e0
du⃗ − K⃗∞Þ

σðR y
∞ du⃗þ R

p
e0
du⃗ − K⃗∞Þ

− ln
σðR yin

∞ du⃗ −
R
p
e0
du⃗ − K⃗∞Þ

σðR yin
∞ du⃗þ R

p
e0
du⃗ − K⃗∞Þ

�
ð101Þ
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where the components of the vectors du⃗ and dr⃗ are

du1 ¼
dyffiffiffiffiffiffiffiffiffiffiffiffi
P5ðyÞ

p ; du2 ¼
ydyffiffiffiffiffiffiffiffiffiffiffiffi
P5ðyÞ

p ;

dr1 ¼ ðλ3yþ 2λ4y2 þ 12y3Þ dy

4
ffiffiffiffiffiffiffiffiffiffiffiffi
P5ðyÞ

p ;

dr2 ¼
y2dyffiffiffiffiffiffiffiffiffiffiffiffi
P5ðyÞ

p : ð102Þ

K⃗∞ is the vector of Riemann constants and the base point e0
is a zero of P5. The integrals in Eq. (101) can also be
expressed as

Z
y

∞
du⃗¼

�
γ1

γ− γ0in

�
¼ γ⃗∞;

Z
yin

∞
du⃗¼

�
γ00in

γin − γ0in

�
¼ γ⃗ in

∞

and
Z

y

yin

du⃗¼ γ⃗∞ − γ⃗ in
∞: ð103Þ

We also define the constant vectors and
R
p
e0
dr⃗ ¼ c⃗r

and
R
p
e0
du⃗ ¼ c⃗u. Then we can write the solution of the

ϕ-equation (47) as

ϕðγÞ ¼ ϕinþC0ðγ1− γ00inÞþC1ðγ− γ0inÞ

þ C2ffiffiffiffiffiffiffiffiffiffiffiffi
P5ðpÞ

p
�
−2ðγ⃗∞ − γ⃗ in

∞ÞTc⃗rþ ln
σðγ⃗∞ − c⃗u − K⃗∞Þ
σðγ⃗∞þ c⃗u − K⃗∞Þ

− ln
σðγ⃗ in

∞ − c⃗u − K⃗∞Þ
σðþc⃗u− K⃗∞Þ

�
: ð104Þ

2. Elliptic case

In the special case q ¼ 0, we use the substitutions
from Sec. IVA, which transform the r-equation (57) into
the Weierstraß form [Eq. (92)]. Then we can write the
ϕ-equation (58) as

dϕ ¼ C0

dyffiffiffiffiffiffiffiffiffiffiffiffi
P3ðyÞ

p þ C1

1 − p
dyffiffiffiffiffiffiffiffiffiffiffiffi
P3ðyÞ

p ð105Þ

where

C0 ¼ L −
2EJ
r0 − 1

; ð106Þ

C1 ¼
EJb3

2ðr0 − 1Þ2 ; ð107Þ

p ¼ b2
12

−
b3

4ðr0 − 1Þ : ð108Þ

Then we obtain

ϕðγÞ ¼ ϕin þ C0ðγ − γinÞ þ
Z

y

yin

C1

1 − p
dyffiffiffiffiffiffiffiffiffiffiffiffi
P3ðyÞ

p : ð109Þ

The remaining integral is an elliptic integral of the third
kind which can easily be integrated (see e.g., [60–62]), so
that the solution of the ϕ-equation (58) is in terms of the
Weierstraß ℘, ζ, and σ functions

ϕðγÞ ¼ ϕin þ C0ðγ − γinÞ

þ C1

℘0ðvÞ
�
2ζðvÞðγ − γ0inÞ þ ln

σðγ − γ0in − vÞ
σðγin − γ0in − vÞ

− ln
σðγ − γ0in þ vÞ
σðγin − γ0in þ vÞ

�
ð110Þ

where the constant v is determined by p ¼ ℘ðvÞ.

C. The t-equation

The solution procedure of the t-equation is similar to the
ϕ-equation. However, in the case of charged particles, some
integrals cannot be solved with the current methods.

1. Hyperelliptic case

In the case of charged particles q ≠ 0 we use the
substitution r ¼ � b5

4y þ r0 and knowing that dγ ¼ ydyffiffiffiffiffiffiffiffi
P5ðyÞ

p
we can write the t-equation (48) as

dt ¼
�
A0 þ A1yþ

A2

y − p
þ B1

ðy − pÞ2 þ
B2

y
þ B3

y2

�
dyffiffiffiffiffiffiffiffiffiffiffiffi
P5ðyÞ

p
ð111Þ

with the pole p ¼ b5
4ðr0−1Þ and the constants Ai and Bi which

arise from a partial fraction decomposition and can be
expressed in terms of the parameters of the black hole and
the test particle. The terms containing Ai can be integrated
as shown in Sec. IV B. Unfortunately, the terms containing
Bi cannot be integrated analytically with the current
methods.

2. Elliptic case

In the case q ¼ 0we use the substitutions from Sec. IVA,
which transform the r-equation (57) into theWeierstraß form
[Eq. (92)]. The the t-equation (59) can be written as

dt ¼
�
A0 þ

X2
i¼1

Ai

y − pi
þ
X2
i¼1

Bi

ðy − piÞ2
�

dyffiffiffiffiffiffiffiffiffiffiffiffi
P3ðyÞ

p ð112Þ
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(a) Bound orbit with
δ = 1, q = 0.7, J = 0.28, L = −3.6, E = 0.91.

(b) Bound orbit with
δ = 1, q = 2.5, J = 0.6, L = 8.8, E = 0.955.

(c) Bound orbit behind the horizon with
δ = 1, q = 0.1, J = 0.4, L = −7, E = 6.2.

(d) Many-world bound orbit with
δ = 1, q = 0.8, J = 0.34, L = −4.1, E = 1.01.

(e) Escape orbit with
δ = 1, q = 0.1, J = −0.4, L = 4, E = 1.381.

(f) Two-world escape orbit with
δ = 1, q = 0.7, J = −0.2, L = 2.7, E = 1.3

FIG. 6. Different orbits of charged particles in the spacetime of an extremal black hole in Kaluza-Klein theory. The blue curves are the
orbits, black dashed circles indicate the position of the horizon, and the red dotted circles show the so-called turnaround boundaries.
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with the polesp1 ¼ b2
12
− b3

4ðr0−1Þ andp2 ¼ b2
12
. The constantsAi andBi (which are different from the constants in the hyperelliptic

case) arise from a partial fraction decomposition and can be expressed in terms of the parameters of the black hole and the test
particle. Here it is possible to integrate Eq. (112) (compare [61–63]), so that the solution of the t-equation (59) is

tðγÞ ¼ tin þ A0ðγ − γinÞ þ
X2
i¼1

Ai

℘0ðviÞ
�
2ζðviÞðγ − γ0inÞ þ ln

σðγ − γ0in − viÞ
σðγin − γ0in − viÞ

− ln
σðγ − γ0in þ viÞ
σðγin − γ0in þ viÞ

�

−
X2
i¼1

Bi
℘00ðviÞ
℘0ðviÞ3

�
2ζðviÞðγ − γ0inÞ þ ln

σðγ − γ0in − viÞ
σðγin − γ0in − viÞ

− ln
σðγ − γ0in þ viÞ
σðγin − γ0in þ viÞ

�

−
X2
i¼1

Bi

℘0ðviÞ2
�
2℘ðviÞðγ − γinÞ þ 2ðζðγ − γ0inÞ − ζðγin − γ0inÞÞ þ

℘0ðγ − γ0inÞ
℘ðγ − γ0inÞ − ℘ðviÞ

−
℘0ðγin − γ0inÞ

℘ðγin − γ0inÞ − ℘ðviÞ
�

ð113Þ

where the constants vi are determined by pi ¼ ℘ðviÞ. Note
that there is a printing error concerning the signs in Eq. (62)
and (63) of [63], which we corrected in Eq. (113).

D. The orbits

In this section, the analytical solutions are used to plot
the orbits of charged particles in the spacetime of an
extremal black hole in Kaluza-Klein theory. The orbits are
plotted in Boyer-Lindquist coordinates

x ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ J2

p
sinϕ; ð114Þ

y ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ J2

p
cosϕ: ð115Þ

Figure 6 shows some examples of the orbits. Bound orbits
can be seen in Figs. 6(a), 6(b), 6(c), and 6(d). Escape orbits
can be seen in Figs. 6(e) and 6(f). The boundorbit in Fig. 6(c)
exists hidden behind the horizon. Figure 6(d) depicts a
many-world bound orbit crossing the horizon multible
times. Figure 6(f) shows a two-world escape orbit crossing
the horizon twice. The test particles in Figs. 6(b), 6(c), 6(d),
and 6(f) cross the turnaround boundaries (see Sec. III A)
where they change direction and therefore move on “loops.”

V. CONCLUSION

In this articlewe studied themotion of electrically charged
particles and light in the spacetime of a rotating dyonic black
hole inKaluza-Klein theory.We focusedon the extremal case
with a single degenerate horizon. This case is of particular
interest, since the angular velocity of the horizon vanishes,
but the solution can still have angular momentum.
In Sec. II B we saw that the Hamilton-Jacobi equation for

particles moving around the extremal Rasheed black hole
separates in three cases:
(1) Charged particles around a nonrotating Rasheed

black hole with J ¼ 0.
(2) Uncharged massless particles with δ ¼ 0 and q ¼ 0.
(3) Charged particles in the equatorial plane.

In the present article we studied the third case. For
electrically charged particles, the equations of motion are
of hyperelliptic type and were solved analytically in terms
of the Kleininan σ function. For uncharged particles the
equations simplify to elliptic type and were solved ana-
lytically in terms of the Weierstraß ℘, σ and ζ functions. We
analyzed the particle motion with the help of effective
potentials and parametric plots and gave a full list of all
possible orbit types. Moreover we calculated the photon
sphere and considered the causality in the spacetime. Here
we saw that CTCs exist behind the horizon.
Depending on the parameters of the black hole and the

test particle, the azimuthal equation of motion vanishes at
certain radii. At these so-called turnaround boundaries, the
test particles change their direction. A similar behavior is
usually seen in an ergosphere, which does not exist in this
spacetime. We found that the turnaround boundary can
intersect with the effective potentials, so that a test particle
is at rest at this point. If this happens at the local minimum
of one of the effective potentials, a static ring occurs, where
particles are at rest at all times.
For future work it would be interesting to consider the

particle motion not only in the equatorial plane but also
study the cases of charged particles moving around a
nonrotating Rasheed black hole (J ¼ 0) and uncharged
massless particles with δ ¼ 0 and q ¼ 0. Furthermore, one
could explore the particle motion in the general nonextreme
Rasheed metric. However, this will only be possible with
numerical techniques.
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