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In this paper, we study the weak gravitational deflection angle of relativistic massive particles by the
Kerr-like black hole in the bumblebee gravity model. In particular, we focus on weak-field limits and
calculate the deflection angle for a receiver and source at a finite distance from the lens. To this end, we use
the Gauss-Bonnet theorem of a two-dimensional surface defined by a generalized Jacobi metric. The
spacetime is asymptotically nonflat due to the existence of a bumblebee vector field. Thus, the deflection
angle is modified and can be divided into three parts: the surface integral of the Gaussian curvature, the path
integral of a geodesic curvature of the particle ray, and the change in the coordinate angle. In addition, we
also obtain the same results by defining the deflection angle. The effects of the Lorentz breaking constant
on the gravitational lensing are analyzed. In particular, we correct a mistake in the previous literature.
Furthermore, we consider the finite-distance correction for the deflection angle of massive particles.
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I. INTRODUCTION

In physics, fundamental interactions can be described
mathematically by field theories. Gravitation is defined as a
classic field in curved spacetime by Einstein’s general
relativity (GR). The other three interactions are described
as quantum fields by the standard model (SM) of particle
physics. GR and the SM have an intersection at the Planck
scale (approximately 1019 GeV), and modern physics is
committed to unifying these two theories. For this purpose,
some quantum gravitational theories have been proposed;
however, it is currently impossible directly to test these
theories through experimentation. Fortunately, some signals
of quantum gravity can emerge at sufficiently low energy
scales, and their effects can be observed in experiments
carried out at current energy levels. One of these signalsmay
be associated with the breaking of Lorentz symmetry [1].
In 1989, Kostelecký and Samuel [2] proposed the bumble-

bee gravity theory as the simplest model for studying the
spontaneous Lorentz symmetry breaking (LSB), in which a
bumblebee field with a vacuum expectation value leads to
spontaneous breaks in Lorentz symmetry. The interest in
bumblebee gravity theory has increased over the years
[3–15]. In particular, some new exact solutions have been
recently found. In 2018, Casana et al. obtained an exact

Schwarzschild-like black hole solution in this bumblebee
gravity model and then studied it with some classical tests
[1]. The gravitational deflection angle of light [16] and the
Hawking radiation [17] in this Schwarzschild-like spacetime
were also studied recently. Earlier in 2019, Övgün et al.
adroitly obtained a traversable wormhole solution that can
deduce the Ellis wormhole [18] and studied the gravitational
lensing of light. Within the same time frame, Ding et al.
found a Kerr-like solution in this bumblebee gravity model
and studied its shadow and accretion disk [19,20].
On the other hand, as a powerful tool of astrophysics and

cosmology, the gravitational lensing has been used to test the
fundamental theory of gravity [21,22], tomeasure themassof
galaxies and clusters [23–25], to detect dark matter and dark
energy [26–31], and so on. The analysis of the signatures of
the gravitational lensing of light or massive particles may be
useful in testing the bumblebee gravity model and detecting
the LSB effects. Thus, this paper will study the gravitational
lensing in the bumblebee gravity model.
Recently, Gibbons and Werner proposed a geometrical

and topological method of studying weak gravitational
lensing [32,33]. In this method, the Gauss-Bonnet (GB)
theorem is applied to the corresponding optical geometry,
and the deflection angle is calculated by integrating the
Gaussian curvature of the optical metric. In particular, the
Gibbons-Werner method shows that the deflection angle
can be viewed as a global topological effect. By using
Gibbons-Werner method, many studies have explored the
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gravitational deflection angle of light from different lens
objects within the different gravitational theories [34–54].
Furthermore, some authors utilized this method to study the
deflection angle of light from asymptotically nonflat
gravitational sources [16,55–58], the deflection angle of
light in a plasma medium [59,60], and the deflection angles
of neutral and charged massive particles [59–62].
By using the GB theorem, some authors were able to

compute the finite-distance gravitational deflection angle of
light. In this case, the receiver and source are assumed to be
at finite distance from a lens object, which is different from
the usual consideration where the receiver and source are at
an infinite distance from the lens. First, Ishihara et al. used
the GB theorem to study the finite-distance deflection of
light in static and spherically symmetric spacetime [63,64].
Then, Ono et al. proposed the generalized optical metric
method and investigated the finite-distance deflection angle
of light in stationary, axisymmetric spacetime [65–67]. In
these studies, the possible astronomical application accord-
ing to finite-distance correlations was considered. As well,
Ono and Asada gave a comprehensive review on finite-
distance deflection of light [68]. In addition, Arakida
applied different definitions of the deflection angle to
study the finite-distance deflection of light [69]. Very
recently, Crisnejo et al. considered the finite-distance
deflection of light in a spherically symmetric gravitational
field with a plasma medium [70].
The aim of this paper is to investigate the finite-distance

deflection of massive particles by the Kerr-like black hole in
the bumblebee gravity model within the weak-field limits.
To this end, we will apply the definition of the deflection
angle given by Ono et al. [65]. In order to use the GB
theorem, we shall apply the Jacobi metric method [71,72].
For stationary spacetime, the corresponding Jacobi metric is
the Jacobi-Maupertuis Randers-Finsler metric (JMRF).
This paper is organized as follows. In Sec. II, we review

the Kerr-like black hole solution in the bumblebee gravity
theory and then solve the motion equation of massive
particles moving on the equatorial plane. In Sec. III, we
study the deflection angle of the massive particles by the
Kerr-like black hole for a receiver and source at finite
distance using the GB theorem. In Sec. IV, we compute the
finite-distance deflection angle by definition. Section V
analyzes the results and considers the finite-distance
correction of the gravitational deflection angle of massive
particles. Finally, we comment on our results in Sec. VI.
Throughout this paper, we take the unit of G ¼ ℏ ¼ c ¼ 1
and the spacetime signature ð−;þ;þ;þÞ.

II. KERR-LIKE BLACK HOLE IN THE
BUMBLEBEE GRAVITY MODEL

A. Black hole solution

The bumblebee gravity theory is a typical model of
studying the spontaneous Lorentz symmetry breaking. The

bumblebee field Bμ acquires a nonzero vacuum expectation
value,

hBμi ¼ bμ; ð1Þ

where bμ is a constant vector. Its action reads [19,20]

SB¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
1

2κ
ðRþϱBμBνRμνÞ−

1

4
BμνBμν−VðBμÞ

�
;

ð2Þ

where κ ¼ 8π, ϱ is the coupling constant (with mass
dimension −1). The bumblebee field strength Bμν and
the potential V are defined by

Bμν ¼ ∂μBυ − ∂νBμ; V ≡ VðBμBμ � d2Þ; ð3Þ

where d2 is a positive real constant. The gravitational field
equation in vacuum reads

Rμν ¼ κTB
μν þ 2κgμνV þ 1

2
κgμνBαβBαβ − κgμνBαBαV 0

þ ϱ

4
gμν∇2ðBαBαÞ þ

ϱ

2
gμν∇α∇βðBαBβÞ; ð4Þ

whereTB
μν denotes the bumblebee energymomentum tensor.

The Kerr-like black hole solution to the field equation (4)
was derived in Refs. [19,20]

ds2 ¼ −
�
1 −

2Mr
ρ2

�
dt2 −

4Marλsin2θ
ρ2

dφdt

þ ρ2

Δ
dr2 þ ρ2dθ2 þ Asin2θ

ρ2
dφ2; ð5Þ

where

λ ¼ ffiffiffiffiffiffiffiffiffiffi
1þ l

p
;

ρ2 ¼ r2 þ λ2a2cos2θ:

Δ ¼ r2 − 2Mr
λ2

þ a2;

A ¼ ½r2 þ λ2a2�2 − Δλ4a2sin2θ:

In the above, M and a are the mass and rotating angular
momentum of the black hole, respectively, and l is Lorentz
violation parameter. For l ¼ 0, the Kerr-like solution
leads to the Kerr solution in GR [73]. In addition, the
Schwarzschild-like solution in the bumblebee gravity
model is covered as a ¼ 0 [1].
The event horizons and ergosphere of black hole are

located at
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r� ¼ M �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 − a2ð1þ lÞ

q
;

rergo� ¼ M �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 − a2ð1þ lÞcos2θ

q
;

where the positive and negative signs are for the outer
horizon and inner horizon/ergosphere, respectively. The
existence of black holes requires [19,20]

jaj ≤ M
λ
:

B. Motion of massive particles
on the equatorial plane

The relativistic Lagrangian for a free particle moving on
the equatorial plane ðθ ¼ π=2Þ of the Kerr-like black hole is
2L¼−mgμν _xμ _xν

¼m

�
1−

2M
r

�
_t2þm

4Maλ
r

_t _φ−m
r2

Δ
_r2−m

A
r2

_φ2; ð6Þ

where a dot denotes the differentiation with respect to an
arbitrary parameter. Then, one can obtain two conserved
quantities as follows,

p0 ¼
∂L
∂_t ¼ m

�
1 −

2M
r

�
_tþm

2Maλ
r

_φ ¼ E; ð7Þ

pφ ¼ ∂L
∂ _φ ¼ m

2Maλ
r

_t −m
A
r2

_φ ¼ −J ; ð8Þ

where E and J are the conserved energy and angular
momentum of the particle, respectively. They can be
measured at infinity for an asymptotic observer by

E ¼ mffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − v2

p ; J ¼ mvbffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − v2

p ; ð9Þ

where v is the particle velocity and b is the impact
parameter defined by

bv≡ J
E
: ð10Þ

For convenience, we can choose an appropriate parameter
so that 2L¼m. Then, using Eqs. (6)–(9), the orbit equation
of the massive particle can be obtained by the following

�
du
dφ

�
2

¼ 1

λ2

�
1

b2
− u2

�
þ 2Muð1 − v2 þ b2u2v2Þ

b2v2λ2

−
4Mau
b3vλ

þOðM2; a2Þ; ð11Þ

where u ¼ 1=r is the inverse radial coordinate. Considering
the condition du

dφ jφ¼λπ
2
¼ 0, the above equation can be solved

iteratively as

uðφÞ¼ sinðφλÞ
b

þ1þv2cos2ðφλÞ
b2v2

M−
2Maλ
b3v

þOðM2;a2Þ:
ð12Þ

In addition, we can obtain the iterative solution for φ in the
above equation as

φ¼
�
φ1 −Mφ2 þ aMφ3 þ � � � ; if jφj< λπ

2
;

λπ −φ1 þMφ2 − aMφ3 þ � � � ; if jφj> λπ
2
;

ð13Þ

where

φ1 ¼ λ arcsin ðbuÞ;

φ2 ¼
ð1þ v2 − b2u2v2Þλ
b2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − b2u2

p
v2

;

φ3 ¼
2λ2

b2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − b2u2

p
v
:

III. GRAVITATIONAL DEFLECTION ANGLE
USING THE GAUSS-BONNET THEOREM

A. Jacobi-Maupertuis Randers-Finsler metric

As mentioned in the Introduction, we need the Jacobi
metric of curved spacetime in order to use the GB theorem
to study the deflection angle of massive particles. In
particular, the Jacobi metric of stationary spacetime cor-
responds to the JMRF metric. The trajectories of neutral
particles moving in a stationary spacetime are seen as the
geodesics of the corresponding JMRF metric space.
The JMRF metric in our spacetime signature can be
written [72]

dsJ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 þm2g00

−g00
γijdxidxj

s
− E

g0i
g00

dxi

≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αijdxidxj

q
þ βidxi; ð14Þ

where the spatial metric γij is defined by

γij ≔ gij −
g0ig0j
g00

: ð15Þ

In Eq. (14), αij is a Riemannian metric, and βi is a one-
form, which satisfies the positivity and convexity [74]

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αijβiβj

q
< 1: ð16Þ

From the Kerr-like metric (6), one has
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g00 ¼ −
�
1 −

2Mr
ρ2

�
; g0φ ¼ −

2Marλsin2θ
ρ2

;

γijdxidxj ¼
ρ2

Δ
dr2 þ ρ2dθ2

þ
�
Asin2θ
ρ2

þ 4a2λ2M2r2sin4θ
ð1 − 2Mr

ρ2
Þρ4

�
dφ2: ð17Þ

Then, by Eq. (14), we find the following JMFR metric:

αijdxidxj ¼
�

E2

1 − 2Mr
ρ2

−m2

��
ρ2dr2

Δ
þ ρ2dθ2

þ
�
Asin2θ
ρ2

þ 4a2λ2M2r2sin4θ
ð1 − 2Mr

ρ2
Þρ4

�
dφ2

�
;

βidxi ¼ −
2λEMarsin2θ

rðr − 2MÞ þ a2λ2cos2θ
dφ: ð18Þ

Note that this equation can lead to the optical Finsler-
Randers metric when E ¼ 1 and m ¼ 0.

B. Generalized Jacobi metric method

By replacing the optical metric with the Jacobi metric,
one can extend the generalized optical method to calculate
the deflection of massive particles [75]. We call the positive
Riemannian metric αij the generalized Jacobi metric and
suppose that the particles live in the Remannian space M̄
defined by the generalized Jacobi metric, that is

dσ2 ¼ αijdxidxj: ð19Þ

By the way, the particle ray now is not the geodesic in M̄,
and its geodesic curvature can be calculated by [65]

kg ¼ −
βφ;rffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
det ααθθ

p ; ð20Þ

where the comma denotes the partial derivative.
The deflection angle can be defined by [65]

α̂≡ΨR −ΨS þ φRS; ð21Þ

whereΨR andΨS are angles between the particle ray tangent
and the radial direction from the lens in the receiver and
source, respectively, and the coordinate angleφRS≡φR−φS.
Next, we shall use GB theorem to study the gravitational

lensing. The GB theorem reveals the relation between the
geometry and topology of the surface. Suppose that D is a
subset of a compact, oriented surface, with Gaussian
curvature K and Euler characteristic χðDÞ. Its boundary
∂D is a piecewise smooth curve with geodesic curvature k.
In the ith vertex for ∂D, the jump angle denotes ϕi, in the
positive sense. Then, the GB theorem states that [32,76]

Z Z
D
KdSþ

I
∂D

kdσ þ
X
i¼1

ϕi ¼ 2πχðDÞ; ð22Þ

where dS is the area element of the surface and dσ is the
line element along the boundary.
Then, we consider the quadrilateral ∞

R□
∞
S ⊂ ðM̄; αijÞ, as

shown in Fig. 1. It is bounded by four curves: the trajectory
of particle connection source (S) and receiver (R); two
spatial geodesics of outgoing radial lines from R and S,
respectively; and a circular arc segment C∞, where C∞
denotes Cr0ðr0 → ∞Þ and Cr0 is defined by rðφÞ ¼ r0 ¼
constant. For curve C∞, we have kdl ¼ 1

λ dφ and thusR
C∞

kdl ¼ 1
λ φRS. In addition, the Euler characteristic of this

quadrilateral is unity. Notice that the sumof two jump angles
in infinite is π. In addition, we have ϕS ¼ π − ΨS and
ϕR ¼ ΨR. Finally, using the GB theorem to the quadrilateral
leads to

Z Z
∞
R□

∞
S

KdS −
Z

R

S
kgdlþ

1

λ
φRS þ ΨR −ΨS ¼ 0: ð23Þ

By this expression, Eq. (21) can be rewritten as

α̂ ¼ −
Z Z

∞
R□

∞
S

KdSþ
Z

R

S
kgdσ þ

�
1 −

1

λ

�
φRS: ð24Þ

This expression is different with the asymptotically flat case
[75] due to the existence of the third part to the right of the
equal sign. It obvious that the term φRS vanishes if λ ¼ 1
(l ¼ 0). In the above, the Gaussian curvature of generalized
Jacobi metric can be calculated by [33]

FIG. 1. The quadrilateral ∞
R□

∞
S ⊂ ðM̄; αijÞ. R, S, and L denote

the receiver, the source and the lens, respectively. ΨR and ΨS are
angles between the particle ray tangent and the radial direction
from the lens in R and S, respectively. The curve C∞ denotes
Cr0ðr0 → ∞Þ, and Cr0 is defined by rðφÞ ¼ r0 ¼ constant. Note
that each outer angle at the intersection of the radial direction
curves and C∞ is π=2.
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K¼ R̄rφrφ

detα

¼ 1ffiffiffiffiffiffiffiffiffi
detα

p
� ∂
∂φ

� ffiffiffiffiffiffiffiffiffi
detα

p

αrr
Γ̄φ
rr

�
−

∂
∂r

� ffiffiffiffiffiffiffiffiffi
detα

p

αrr
Γ̄φ
rφ

��
; ð25Þ

where a bar is added above the quantities associated with
Jacobi metric αij. Notice that in Eq. (25) we only need the
two-dimensional generalized Jacobi metric due to this paper
only considering the equatorial plane case.

C. Gravitational deflection angle of massive particles

In this subsection, we shall apply Eq. (24) to compute the
deflection angle.

1. φRS part

We first consider the part of φRS. By the lensing setup,
Eq. (13) leads to

φS ¼ λ arcsin ðbuSÞ −
ð1þ v2 − b2u2Sv

2Þλ
b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − b2u2S

p
v2

M

þ 2Maλ2

b2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − b2u2S

p
v
þOðM2; a2Þ; ð26Þ

φR ¼ λ½π − arcsin ðbuRÞ� þ
ð1þ v2 − b2u2Rv

2Þλ
b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − b2u2R

p
v2

M

−
2Maλ2

b2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − b2u2R

p
v
þOðM2; a2Þ: ð27Þ

It is convenient to use uR and uS to express the finite-
distance deflection angle. Then, we can get

φRS ¼ φR − φS

¼ πλ − λ½arcsinðbuRÞ þ arcsinðbuSÞ�

þ Mλ

bv2

�
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − b2u2R
p þ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − b2u2S
p �

þMλ

b

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − b2u2R

q
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − b2u2S

q �

−
2aMλ2

b2v

�
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − b2u2R
p þ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − b2u2S
p �

: ð28Þ

2. Gaussian curvature

Considering Eq. (18), we can find the generalized Kerr-
like Jacobi metric in the equatorial plane ðθ ¼ π=2Þ as
follows,

dσ2 ¼ αijdxidxj

¼ E2

�
1

1 − 2M
r

− 1þ v2
��

λ2r2dr2

a2λ2 þ rðr − 2MÞ

þ rða2λ2 þ r2 − 2MrÞ
r − 2M

dφ2

�
; ð29Þ

where we use Eq. (9). Bringing the corresponding metric
components in Eq. (29) into Eq. (25), we can obtain the
Gaussian curvature up to leading order as follows:

K ¼ −
ð1þ v2ÞM
E2r3v4λ2

þOðM2; a2Þ: ð30Þ

Then, the surface integral of Gaussian curvature is given by

−
ZZ

∞
R□

∞
S

KdS¼
Z

φR

φS

Z
∞

rðφÞ

�ð1þv2ÞM
r2v2λ

þOðM2;a2Þ
�
drdφ

¼Mð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−b2u2R

p
þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1−b2u2S
p Þð1þv2Þ
bv2

þOðM2;a2Þ; ð31Þ

where we have used Eqs. (12), (26), and (27). Note that the
integration of the Gaussian curvature is independent of λ.

3. Geodesic curvature

Now, we calculate the geodesic curvature of the particle
ray. Substituting corresponding quantities in Eq. (18) into
Eq. (20), the geodesic curvature of the particle ray can be
obtained as

kg ¼ −
2aM
Er3v2

þOðM2; a2Þ; ð32Þ

where we use Eq. (9). In addition, Eq. (29) deduces the
zeroth-order parameter transformation

dσ ¼ Ebvcsc2
�
φ

λ

�
dφþOðM; aÞ; ð33Þ

where we have used r ¼ b= sinðφλÞ. Then, one can get
the part of deflection angle related with the path integral
of geodesic curvature of the particle ray. Considering
Eqs. (32) and (33), we have

Z
R

S
kgdσ ¼ −

2aM
b2v

Z
φR

φS

sin

�
φ

λ

�
dφþOðM2; a2Þ

¼ −
2aMλð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − b2u2R

p
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − b2u2S

p
Þ

b2v
þOðM2; a2Þ; ð34Þ

where we use Eqs. (12), (26), and (27).
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4. Deflection angle

Considering Eqs. (31), (28), and (34), the finite-distance
deflection angle of massive particles in Kerr-like spacetime
can be obtained as follows:

α̂¼−
ZZ

∞
R□

∞
S

KdSþ
Z

R

S
kgdσþ

�
1−

1

λ

�
φRS

¼ðλ−1Þ½π−arcsinðbuRÞ−arcsinðbuSÞ�

þ
�ð1þv2Þλ−b2u2Rð1þv2λÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1−b2u2R
p

þð1þv2Þλ−b2u2Sð1þv2λÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−b2u2S

p �
M
bv2

−
2aMλ

b2v

�
λ−b2u2Rffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−b2u2R

p þ λ−b2u2Sffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−b2u2S

p �
þOðM2;a2Þ: ð35Þ

IV. GRAVITATIONAL DEFLECTION
ANGLE BY DEFINITION

In the previous section, we calculated the deflection
angle by the GB theorem from the perspective of geometry
and topology. This section will directly calculate the
deflection angle by the definition in Eq. (21),

α̂≡ΨR −ΨS þ φRS: ð36Þ

Notice that φRS has been obtained in Eq. (28). Now, we
calculate the angles ΨR and ΨS. We still suppose that the
particles lives in the generalized Jacobi metric space
ðM̄;αijÞ. Then, the unit tangent vector of particle ray in
the equatorial plane can be written as

ei ¼ dxi

dσ
¼

�
dr
dσ

; 0;
dφ
dσ

�
: ð37Þ

Choosing the outgoing direction, the unit radial vector in
the equatorial plane can be written as

Ri ¼
�

1ffiffiffiffiffiffi
αrr

p ; 0; 0

�
: ð38Þ

Then, we have

cosΨ ¼ αijeiRj

¼ ffiffiffiffiffiffi
αrr

p �
dr
dσ

�

¼
ffiffiffiffiffiffi
αrr

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αrr þ αφφðdφdrÞ2

q ; ð39Þ

where we used αijeiej ¼ 1 and αijRiRj ¼ 1. This can be
rewritten as

sinΨ ¼
ffiffiffiffiffiffiffi
αφφ

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αrrðdrdφÞ2 þ αφφ

q : ð40Þ

Bringing the corresponding metric components in Eq. (29)
into Eq. (40) and using Eq. (12), we finally arrive at

sinΨ ¼ sin

�
φ

λ

�
þM cosðφλÞ

bv2

�
ð1þ v2Þcos2

�
φ

λ

�

− 2v2 cos

�
π

2λ

��
−
2aMλcos2ðφλÞ

b2v

þOðM2; a2Þ: ð41Þ

Then, we obtain the following results:

ΨS ¼ π − arcsinðbuSÞ þ
M
bv2

�
2v2 cos

�
π

2λ

�
þ b2u2Sffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1− b2u2S
p �

−
2aMu2Sλffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− b2u2S

p
v
þOðM2; a2Þ; ð42Þ

ΨR ¼ arcsinðbuRÞ þ
M
bv2

�
2v2 cos

�
π

2λ

�
−

b2u2Rffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − b2u2R

p �

þ 2aMu2Rλffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − b2u2R

p
v
þOðM2; a2Þ: ð43Þ

Thus, the gravitational angle is

α̂¼ΨR−ΨSþφRS

¼ðλ−1Þ½π−arcsinðbuRÞ−arcsinðbuSÞ�

þ
�ð1þv2Þλ−b2u2Rð1þv2λÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1−b2u2R
p

þð1þv2Þλ−b2u2Sð1þv2λÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−b2u2S

p �
M
bv2

−
2aMλ

b2v

�
λ−b2u2Rffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−b2u2R

p þ λ−b2u2Sffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−b2u2S

p �
þOðM2;a2Þ: ð44Þ

This result is exactly the same as Eq. (35).

V. FINITE-DISTANCE CORRECTIONS

In our calculation, the particle orbits are assumed as
prograde relative to the rotation of the Kerr-like black hole.
The sign of the term including angular momentum a
changes if the particles ray is a retrograde orbit. In short,
the deflection angle can be written as
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α̂ ¼ ðλ − 1Þ½π − arcsinðbuRÞ − arcsinðbuSÞ�

þ
�ð1þ v2Þλ − b2u2Rð1þ v2λÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − b2u2R
p

þ ð1þ v2Þλ − b2u2Sð1þ v2λÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − b2u2S

p �
M
bv2

� 2aMλ

b2v

�
λ − b2u2Rffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − b2u2R

p þ λ − b2u2Sffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − b2u2S

p �

þOðM2; a2Þ; ð45Þ

where the � signs correspond to retrograde and prograde
particle orbits, respectively. For λ ¼ 1 (l ¼ 0), Eq. (45)
agrees with the result in the Kerr spacetime [75].

In Fig. 2, we plot finite-distance deflection angle α̂
against lgðrS=MÞ. Here and henceforth, we have supposed
v ¼ 0.9c, M ¼ 1, a ¼ 0.9M, b ¼ 102M, and rR ¼ 104M.
Figures 2(a) and 2(b) are the deflection angle of
prograde and retrograde particle orbits, respectively.
We chose Lorentz breaking constant l ¼ 0, l ¼ �0.001,
and l ¼ �0.002 to picture five lines, from which we can
see that the deflection angle monotonically increases
as rS increases. The deflection angle also increases
as l increases. Furthermore, the deflection angle is larger
than it in Kerr spacetime as l > 0, while it is smaller
as l < 0.
The deflection angle up to second order in Lorentz

breaking constant l reads

α̂ ¼
�
1

2
−
l
8

�
l½π − arcsinðbuRÞ − arcsinðbuSÞ�

þMð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − b2u2R

p
þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − b2u2S
p Þð1þ v2Þ
bv2

� 2Mað
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − b2u2R

p
þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − b2u2S
p Þ

b2v

þ ð4 − lÞMl
8bv2

�
1þ ð1 − b2u2RÞv2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − b2u2R
p þ 1þ ð1 − b2u2SÞv2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − b2u2S
p �

� aMl
b2v

�
2 − b2u2Rffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − b2u2R

p þ 2 − b2u2Sffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − b2u2S

p �

� aMl2

4v

�
u2Rffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − b2u2R
p þ u2Sffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − b2u2S
p �

þOðM2; a2; l3Þ: ð46Þ

Obviously, these terms excluding angular momentum a are
positive if they are at the order in l, whereas they are
negative if they at the order in l2. Interestingly, the terms
containing a are both positive (retrograde orbits) or
negative (prograde orbits), regardless of whether they are
at the order in l or the order in l2. In general, the deflection
angle increases as l increases, as shown in Fig. 2.
Now, we consider several limits. First, Eq. (45) leads to

the finite-distance deflection of light (v ¼ 1),

α̂v¼1 ¼ ðλ − 1Þ½π − arcsinðbuRÞ − arcsinðbuSÞ�

þ
�
2λ − b2u2Rð1þ λÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − b2u2R
p þ 2λ − b2u2Sð1þ λÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − b2u2S
p �

M
b

� 2aMλ

b2

�
b2u2R − λffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − b2u2R

p þ b2u2S − λffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − b2u2S

p �

þOðM2; a2Þ: ð47Þ

Second, for uR → 0 and uS → 0, Eq. (45) leads to the
infinite-distance deflection of massive particles,

α̂∞¼ðλ−1Þπþ2Mð1þv2Þλ
bv2

�4aMλ2

b2v
þOðM2;a2Þ; ð48Þ

which agree with the result obtained by Werner’s Finsler
geometry method, given in Appendix. Finally, for a ¼ 0,
Eq. (45) leads to the finite-distance deflection of massive
particles by Schwarzschild-like solution in the bumblebee
gravity model,

α̂S ¼ ðλ − 1Þ½π − arcsinðbuRÞ − arcsinðbuSÞ�

þ
�ð1þ v2Þλ − b2u2Rð1þ v2λÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − b2u2R
p

þ ð1þ v2Þλ − b2u2Sð1þ v2λÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − b2u2S

p �
M
bv2

þOðM2Þ: ð49Þ

It is worth pointing out that Eqs. (47), (48), and (49) are
also obtained for the first time. Furthermore, considering
the infinite-distance deflection of light in Schwarzschild-
like spacetime, we correct a mistake in Ref. [16]. By
Eq. (49), we have

α̂S∞ðv¼1Þ¼πl
2
þ4M

b
þ2Ml

b
−
πl2

8
−
Ml2

2b
þOðM2;l3Þ: ð50Þ

The first two terms of the expression are consistent with
Refs. [1,16]. However, the third term is different from the
positive and negative signs of Ref. [16].
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After obtaining the finite-distance and infinite-distance
deflection angles, let us consider their difference described
by the finite-distance corrections [65,67],

δα̂ ¼ α̂∞ − α̂: ð51Þ
Bring Eqs. (45) and (48) into the above equation, we have

δα̂¼ðλ−1Þ½arcsinðbuRÞþ arcsinðbuSÞ�

−
�
−2ð1þv2Þλþð1þv2Þλ−b2u2Rð1þv2λÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1−b2u2R
p

−
ð1þv2Þλ−b2u2Sð1þv2λÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1−b2u2S
p �

M
bv2

�
2aMλ

�
2λþ b2u2R−λffiffiffiffiffiffiffiffiffiffiffi

1−b2u2R
p þ b2u2S−λffiffiffiffiffiffiffiffiffiffiffi

1−b2u2S
p

�
b2v

þOðM2;a2Þ: ð52Þ

In Fig. 3, we use the same parameters as in Fig. 2 and
plot the finite-distance corrections in Eq. (52), where the
vertical axis denotes lg δα̂ and the horizontal axis denotes
lgðrS=MÞ. We can see that the effect of the Lorentz
breaking constant l on the finite-distance correction is
similar to the deflection angle when the receiver distance rR
and source distance rR are not too large.
In addition, we can use buR and buS to expand (52), and

the result reads

δα̂¼bðuRþuSÞðλ−1Þ−bMðu2Rþu2SÞð2−λþv2λÞ
2v2

�aMðu2Rþu2SÞð2−λÞλ
v

þOðM2;a2;b3u3R;b
3u3SÞ: ð53Þ

It is interesting to point out that the term including aM is
independent of the impact parameter.

(a)

(b)

FIG. 3. The finite-distance corrections in Eq. (52). The vertical
axis denotes lg δα̂, and the horizontal axis denotes lgðrS=MÞ.
(a) denotes the prograde particle deflection, and (b) denotes the
retrograde particle deflection.

(a)

(b)

FIG. 2. The finite-distance deflection angle α̂. The vertical axis
denotes α̂, and the horizontal axis denotes lgðrS=MÞ. We suppose
v ¼ 0.9c,M ¼ 1, a ¼ 0.9M, b ¼ 102M, and rR ¼ 104M. The red
solid line, thin purple dotted line, thin blue dashed line, thick blue
dashed line, and thick purple dotted line correspond to l ¼ 0 (Kerr
spacetime), l ¼ −0.002, l ¼ −0.001, l ¼ 0.001, and l ¼ 0.002,
respectively. The deflection angle of prograde particle orbit
corresponds to (a), and retrograde particle orbit corresponds to (b).
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VI. CONCLUSION

In the weak-field limits, we have studied the deflection
angle of massive particles for an observer and source at a
finite distance from the Kerr-like black hole in the bumble-
beegravity theory. For this purpose,we used a geometric and
topological approach first proposed by Gibbons andWerner
[32,33] and then extended by Ono et al. to study the finite-
distance deflection of light [65–67]. This method involves
the application of the Gauss-Bonnet theorem. To apply this
method, we used the Jacobi-Maupertuis Randers-Finsler
metric. Furthermore, since the spacetime is asymptotically
nonflat the calculation of the deflection angle is modified in
Eq. (24). In addition, we directly computed the deflection
angle using its definition proposed in Refs. [65–67]. The
results obtained by the two methods are the same and are
shown in Eq. (24). Our results can also deduce some new
results; for example, the finite-distance deflection angle of
light in Eq. (47), the infinite-distance deflection angle of a
massive particle in Eq. (48), and the finite-distance deflec-
tion angle of a massive particle by a Schwarzschild-like
black hole in the bumblebee gravity theory in Eq. (49). In
particular,when considering the limit of deflection of light in
Schwarzschild-like spacetime, in Eq. (50), we correct a
mistake in Ref. [16]. Furthermore, we also obtained the
finite-distance correlation of the gravitational deflection
angle of massive particles.
Our result shows the deviation from general relativity:

when Lorentz breaking constant l > 0, the deflection angle
is larger than it by a Kerr black hole (l ¼ 0); when l < 0,
the deflection angle is smaller than it by a Kerr black hole.
On the whole, the deflection increases as l increases.
Interestingly, the same relationship applies to finite-distance
correlations when receiver distance rR and source distance
rR are not too large, as shown in Fig. 3.
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APPENDIX: THE GRAVITATIONAL
DEFLECTION ANGLE OF MASSIVE

PARTICLES USING WERNER’S METHOD

In this Appendix, we shall compute the infinite-distance
gravitational deflection angle of massive particles by a
Kerr-like black hole in the bumblebee gravity model using
Werner’s Finsler geometry method [33]. The Hessian of
Finsler metric Fðx; yÞ reads [74]

gijðx; yÞ ¼
1

2

∂2F2ðx; yÞ
∂yi∂yj ; ðA1Þ

where ðx; yÞ ∈ TM with TM being the tangent bundle of
smooth manifold M. In Ref. [33], Werner applied Nazım’s
method to construct an osculating Riemannian manifold
ðM; g̃Þ of Finsler manifold (M;F). Following Werner, we
can choose a smooth nonzero vector field Y tangent to the
geodesic γF, i.e., YðγFÞ ¼ y, and thus the osculating
Riemannian metric can be obtained by Hessian

g̃ijðxÞ ¼ gijðx; YðxÞÞ: ðA2Þ

In this construction, the geodesic in (M;F) is also a
geodesic in ðM; g̃Þ [33]. On the equatorial plane, our
Randers-Finsler metric in Eq. (18) leads to

Fðr;φ; Yr; YφÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2

�
1

1 − 2M
r

− 1þ v2
��

λ2r2

a2λ2 þ rðr − 2MÞ ðY
rÞ2 þ rða2λ2 þ r2 − 2MrÞ

r − 2M
ðYφÞ2

�s

−
2λEMar
rðr − 2MÞY

φ: ðA3Þ

In order to obtain the leading-order deflection angle, we
only need the zeroth-order particle ray r ¼ b=sinðφλÞ. Near
the particle ray, one can choose the vector field as follows:

Yr ¼ dr
dσ

¼ −
cosðφλÞ
Eλv

; Yφ ¼ dφ
dσ

¼ sin2ðφλÞ
Ebv

: ðA4Þ

According Eqs. (A1)–(A4), we can get the osculating
Riemannian metric as follows:

g̃rr ¼ E2v2λ2þ 2EMð1þ v2Þλ2
r

−
2aME2rvλ3sin6ðφλÞ

b3½cos2ðφλÞþ r2

b2 sin
4ðφλÞ�3=2

þOðM2;a2Þ; ðA5Þ

g̃rφ ¼ −
2aME2vλ2cos3ðφλÞ

r½cos2ðφλÞ þ r2

b2 sin
4ðφλÞ�3=2

þOðM2; a2Þ; ðA6Þ
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g̃φφ ¼ E2v2r2 þ 2E2Mr

−
2aME2rvλ sin2ðφλÞ½3 cos2ðφλÞ þ 2 r2

b2 sin
4ðφλÞ�

b½cos2ðφλÞ þ r2

b2 sin
4ðφλÞ�3=2

þOðM2; a2Þ: ðA7Þ

Then, the corresponding Gaussian curvature can be com-
puted by Eq. (25), and the result up to leading order is

K̃¼−
ð1þv2ÞM
E2r3v4λ2

þ 3aM
E2v3λb2r2

fðr;φÞþOðM2;a2Þ; ðA8Þ
where

fðr;φÞ ¼ sin3ðφλÞ
½cos2ðφλÞ þ r2

b2 sin
4ðφλÞ�7=2

�
2cos6

�
φ

λ

��
−2þ 5

r
b
sin

�
φ

λ

��

þ 2
r
b
cos2

�
φ

λ

�
sin5

�
φ

λ

��
2 −

r2

b2
þ r2

b2
cos

�
2φ

λ

�
þ 4

r
b
sin

�
φ

λ

��

þ cos4
�
φ

λ

�
sin2

�
φ

λ

��
−2þ 9

r
b
sin

�
φ

λ

�
− 10

r3

b3
sin3

�
φ

λ

��

þ r2

b2

�
−
r
b
sin9

�
φ

λ

�
þ 2

r3

b3
sin11

�
φ

λ

�
þ sin4

�
2φ

λ

���
: ðA9Þ

In the infinite-distance case, we consider the area enclosed
by particle lines and curve C∞ instead of quadrilateral
∞
R□

∞
S . Notice that now the particle ray is a geodesic in

ðM; g̃Þ and thus kg ¼ 0. Then, by using Gauss-Bonnet
theorem, the infinite-distance deflection angle can be
calculated by

α̂∞ ¼ ðλ − 1Þπ − λ

Z Z
∞
K̃dS: ðA10Þ

Then, the infinite-distance deflection angle of massive
particles can be calculated by

α̂∞ ¼ ðλ − 1Þπ − λ

Z
λπ

0

Z
∞

b= sinðφλÞ
K̃

ffiffiffiffiffiffiffiffiffi
det g̃

p
drdφ

¼ ðλ − 1Þπ þ
Z

λπ

0

Z
∞

b= sinðφλÞ

�ð1þ v2ÞM
r2v2

−
3aMλ

b2vr
fðr;φÞ

þOðM2; a2Þ
�
drdφ

¼ ðλ − 1Þπ þ 2Mð1þ v2Þλ
bv2

−
4aMλ2

b2v
þOðM2; a2Þ:

ðA11Þ
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