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In this work, based on the constant for the equation of state @, we obtain the Schwarzschild-like black
hole solutions in some dark matter halos. We also generalize these black hole metrics to Kerr-like black
hole solutions with Newman-Janis algorithm. For an example, we derive the specific black hole space-time
metrics in the case of the cold dark matter halo and Bose-Einstein condensation dark matter halo. Following
the above two black hole metrics, we discuss how a dark matter halo changes the properties of black holes,
including the event horizon structure (these results agree with that obtained by Liu and Zhang [Phys. Lett. B
679, 88 (2009).] in the case of gravitational collapse), stationary limit surfaces, ergosphere, and singularity
structure. Our results may help us understand the interaction between the dark matter halo and
supermassive black holes at the centers of galaxies.
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I. INTRODUCTION

Astronomical observations show that the matter compo-
sition of our Universe consists mainly of 4.9% baryon
matter, 26.8% dark matter, and 68.3% dark energy [1]. For
galaxies, the effects of dark matter are extremely important.
Here, we introduce the dark matter model and its problems
[2,3]. Because of the rotation curves of galaxies, the mass-
light ratio of elliptical galaxies, the cosmic microwave
background radiation, and the large-scale structure of the
Universe, a lot of research has been done on dark matter
and proposed various dark matter models, such as the cold
dark matter (CDM) model [4,5], warm dark matter model
[6,7], self-interacting dark matter model [8], Bose-Einstein
condensation (BEC) dark matter (DM) model [9-12],
modified Newtonian dynamic model [13], and superfluid
dark matter model [14]. Astronomers are concerned with
the spatial density distribution of dark matter. On a large
scale (for example, the outer edges of galaxies and clusters
of galaxies), the spatial density distribution of this dark
matter has been well understood [1], but the spatial density
distribution of dark matter is not clear when it is close a
supermassive black hole (SMBH) or the central part of the
galaxy [3]. Therefore, how dark matter is distributed near
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the black hole becomes an interesting and important
problem. It is generally believed that, due to the existence
of black holes, the spike phenomenon occurs in the
distribution of dark matter near the black hole [15,16].
On the other hand, the existence of black holes is
widely established [17-20], due to the observation of the
orbital motion of the S-stars in the center of the Milky Way
[21-23], the observations of Laser Interferometer
Gravitational Wave Observatory on gravitational waves,
and the study of active galactic nuclei. Recently, the Event
Horizon Telescope observed the black hole shadow in M87,
which further confirms the existence of black holes [24].
Because there is a lot of dark matter around the black hole
at the center of the galaxy, how dark matter changes the
black hole space-time is an interesting problem. So far, this
issue has been studied from the following aspects. First,
in the early time of black hole formation, dark matter
makes black holes grow faster and makes it easier to form
SMBHs in the early Universe [25-28]. On the other hand,
Refs. [29,30] (and many references therein) do offer other
density profiles consistent with rapid black hole growth in
the nonrelativistic case. Second, the presence of dark matter
changes the space-time structure of black holes in principle,
but there are still some problems in these studies. One of the
most important issues is how to solve the Einstein’s field
equation when considering the dark matter background. In
fact, in the case of gravitational collapse, Ref. [31] found
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that the distribution of external matter changes the internal
metric. For example, the external matter causes the event
horizon of the black hole to expand. But they did not get the
external matter to change the metric of the Kerr black hole.
At the same time, they did not consider the more general
matter distribution case such as dark matter distribution.
Recently, Ref. [32] did some work in this area, but it only
considered the special case of f(r) = g(r), where f(r) and
g(r) are metric coefficients. In fact, when considering the
dark matter halo, f(r) # ¢(r), and we still do not know
how dark matter changes the space-time structure of black
holes. In this work, we develop an asymptotic expansion
method to study this problem.

The structure of the article is as follows. In Sec. II, we
introduce the dark matter density distributions. In Sec. III,
by solving the Einstein’s field equation, we obtain the
Schwarzschild-like black hole solutions in the dark matter
halos. In Sec. IV, through the Newman-Janis (NJ) algo-
rithm, we obtain a Kerr-like black hole solution in the
dark matter halo. In Sec. V, we discuss the event horizons,
stationary limit surfaces, ergospheres, and singularities of
these black holes. The summary is in Sec. VI.

II. DARK MATTER DENSITY PROFILE
A. CDM and NFW profile

At the galaxy scale, the behavior of dark matter is
mainly reflected in the density distribution. For the CDM
model, the corresponding distribution is the Navarro-
Frenk-White (NFW) profile [4,5]. This density profile is
derived from a numerical simulation based on the ACDM
model (A is the cosmological constant), and its mathemati-
cal expression is

Ps
S E— 1
RLX(I—&-RLSY (m)

PNFW =
where p, is the critical density and R, is the scale radius.
From the NFW profile [Eq. (1)], we can learn that when r
approaches to 0 the dark matter density tends to infinity.
This is the so-called cusp phenomenon [3,33].

B. BEC DM and Thomas-Fermi profile

For the BEC DM model, the dark matter density
distribution becomes more interesting [9-12,34]. In this
model, when the scale is large (such as outside the galaxy,
galaxy group, and Universe), the behavior of dark matter is
consistent with the CDM model. But when r approaches
to 0, the dark matter density approaches to constant. For the
BEC DM model, the dark matter density profile [Thomas-
Fermi (TF) approximation] is

sin(kr)
kr @)

PTE = Ps

where k = \/Gm?/h?a = /R, p, is the center density of
BEC DM and R is the radius when the dark matter pressure
and density are zero. m is mass of the ultralight particle, and
a is the Compton scattering length.

III. SCHWARZSCHILD-LIKE BLACK HOLE
METRIC IN DARK MATTER HALO

For the case of a Schwarzschild-like black hole, the
space-time metric can be expressed as

1
ds?> = —f(r)dt* + md}*2 + r2dQ?, (3)

where dQ? = d6? + sin? 0d¢? and f(r) and g(r) are space-
time coefficients. For the convenience of calculation, we
rewrite them as

£() = 200 (@)
and
o) =12, B

where ®(r) and B(r) are the functions of r, which are
determined by Einstein’s field equation and the equation of
state. We all know that when we do not consider dark
matter the above black hole solution will degenerate into
the Schwarzschild solution; then, ®(r) = In(1 —2M/r)
and B(r) = 2M, where M is the black hole mass.

For a general dark matter density distribution, the
energy-momentum tensor can be written as 7', = diag(—p,
P,, Py, P,;). Under these simplifications, Einstein’s field
equation G,, = 8xT,, will become the following form:

B rB'(r) — B(r)
2r2(r — B(r)) r

To solve the above equations, we need to know the
equation of state, which is the relationship between density
and pressure. In this work, we use the equation of state
P.(r) = w(r)p(r), where w(r) is the function of r. For a
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general case, due to the requirement of the asymptotic
expansion method, w(r) will satisfy a certain condition.
But for the sake of simplicity, we only consider the constant
case. Through energy-momentum tensor conversation law
T', =0, we get the following equation:

2(Py—P
P’r:—(Pr—i—p)(I)’—&-M.

©)
This equation can be understood as a relativistic Euler
equation. If we consider the isotropic pressure Py = P,., we
can get a lot of black hole solutions. In our study, we do not
think about this case. On the other hand, combining the
equation of state @(r) and the gravitational field equation
[Egs. (6) and (7)], we obtain

If the dark matter density is not considered, the black hole
solution degenerates to the Schwarzschild black hole
(py, = 0). For the dark matter case, we are going to use
the following steps to get the black hole solution. First,
substituting the dark matter density distribution into
Eq. (6), we get the function B(r). Second, substituting
B(r) into Eq. (10), we obtain @'(r). To get an analytic
expression of @(r), we have to deal with a complicated
integral. Here, we use asymptotic expansion to obtain the
analytic expression of ®(r). In this work, we consider a
general dark matter distribution near the black hole, and
this distribution satisfies the following condition: when r
tends to infinity, the dark matter density p(r) — 0. As far as
we know, all dark matter distributions satisfy this condition.
For the sake of convenience, we set B(r) = 2M + K(r).
The asymptotic form of the function @'(r) is analyzed

() i B(r) +olr) — rB'(r) . (10) by means o_f series expansion (which is in powers of rlf(zrﬁ),f).
2r*(1 = B(r)/r) 2r*(1 = B(r)/r) The result is
|
2M  K(r) + ro(r)K'(r) 1 2M  K(r) + ro(rn)K'(r)\ 5
/ — | _ | == r=2M
2(D(r)_<r2+ r | —2M _K(r) + r 1_15(2’13/1
2M  K(r) + ro(r)K'(r) r K(r) K(r) \?2 K(r) \?3 K(r) \?3
— [ == 1
<r2+ r? r—2M +r—2M+ r—2M + r—2M to r—2M
2™ K+ roK'  K(2M + K + roK') (11)
o r(r=2M) r(r—2M) r(r—2M)>
The function w(r) satisfies
K(r) +ro(r)K'(r) < r*. (12)

Where X' = dX/dr, the X can be K(r), ®(r), B(r), or P,.(r). From Egs. (6) and (7), we find that if p; = 0 then
20/(r) = 2M/(r(r — 2M)), f(r) = €*® =1 —2M//r. This is the Schwarzschild black hole solution.

Next, we calculate the Schwarzschild-like black hole solutions in dark matter halos, and these dark matter density profiles
include the NFW profile and TF profile. From now on, we take the equation of state as a constant w(r) = w.

A. Case I NFW profile
For a CDM halo, from Egs. (1), (6), and (11), we obtain

R,
B(r):2M—|—K(r):2M—|—871'/rszFWdr:2M—|—87rpsR§ In 1—|—L +———1, (13)
R, r+ R,
K(r) = 8zp R} |In [ Ry -1 (14)
o R, r+ R, ’
R
2M _4mpR} _Brps R (0=Ry2M) $ros R 0+ R i) 8np,Riw 1 drp R}
f(r)_e2¢_<1_7)x,, M (b Ry) T BT x (= 2M) T e XEXP[RSisthLRS M
r |r = 2M| r r+ R,
In{1+— Inf ——— PolyLL 2, —— PolyLL 2, — , 15
o) o) rovnes (2 poses (o) | 09
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where PolyLog(n, x) represents the polylogarithm function

Li,(x) of index n at the point x. Specifically, they are

PolyLog(2, —r/R;) = >, 1= (=% )k and PolyLog(2,R’i§M) e 1%(1;112?114) When r ~ 0, PolyLog( —r/R,) ~ 0; if
r ~ R, the PolyLog(2, —r/R;) ~ 12, when r ~ 2M, then PolyLog(2, RrigM) PolyLog(2,1) =%
B. Case II TF profile
For a BEC DM halo, from Egs. (2), (6), and (11), we obtain
8 psR3 . [nr r r
B(r) =2M + K(r) =2M + 8z | P’prpdr =2M + sin{ — ) ——cos(— ||, (16)
° R R R
8Gp,R’
K(r):LéY sin( ) = eos (1) |, (17)
/1 R R R
2M 8p,R? 16MGp,R? 2M
flr)=e** = (1 _T> xExp[ p“” wcos(%) —mC1|: (r—2M)] X {— ﬂp‘s cos( R”>
GR? . (2Mn 4Gp,R? _[nr] 4Gp,R3 2Mz\ . [x
+8psR<7+4Mza)> sm( R )] + U Sl[;] iy cos( R )Sl[ﬁ(r—ZM)}
2M 8Gp,R> . (2M
— 16Mp,Raw cos (Tﬂ) Si [%(r— 2M)} - Z‘ sin( R”) Si {R (r— 2M)” (18)

where Si[x] = [*== sints) gx and Cifx] = i %(x)dx.

IV. KERR-LIKE BLACK HOLE METRIC IN DARK
MATTER HALO

In Sec. III, we obtained the Schwarzschild-like black
hole solutions in dark matter halos. Here, we use the NJ
algorithm to generalize them to the rotation black hole case.
Regarding the NJ algorithm, a lot of research and appli-
cations have been done [35-39].

For the first step of the NJ algorithm, it needs to transform
the Schwarzschild-like black hole (3) to advanced null
coordinates (u,r,0,¢) by the following relation:

1
du = dt — ———dr 19
GrG 19
Under the null tetrad, the inverse metric can be written as
g = —='n¥ — IPn* + mPm* + m'm, (20)
with I#, n*, m*, and m* being
l” = 5’}"‘7
f(r) g f(r)
Ho= [ =0 — =5,
! \/ an™ "2
mH &+ 5”,
\/5 0 \/ir sing ?
1 i
mt = &) — 8. 21
V2r 0 \2rsin@ ¢ 1)

In the null tetrad, these null vectors satisfy [, // = n,n* =
mﬂm” =0, lﬂn” = —mﬂm" =1, and l”m” = n/,m” =0.
Next, we make a complex transformation,

u— u—iacoso,
r— r+iacos6, (22)

then, we assume that these metric coefficients f(r), g(r), and
h(r)(= r?) can be transformed to F(r,0, a), G(r,0,a), and
W¥(r,0,a). In the new coordinate system, the null tetrad can
be written as

=8,

G
nt = \/;% -

mt = ! (5’ —l—zasmﬁ(&’,ﬁ—é’f)—l—;&’;),

F
75l;y
2

N oY X7 sin @
_ 1 i
it = o <5 —iasinf(8, — &) — ﬁ%) (23)
Based on the transformed vectors (23), we obtain
the nonzero components of metric tensor ¢**, and

they are
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- a’sin?0 £ — 1
g - lP ’ - lP b}

P g — \E _ asin’6

F v
1 a

oo — wp — pu_ &

9" Twsnzer 9 T T
23 29

pregr =g T =G+IEE )

Therefore, the Kerr-like black hole in Eddington-Finkelstein
coordinates is

F F
ds? = —Fdu?* + 2\/;dudr + 2asin26<\/; + F> dudg

F
- 2asin29\/gdrd¢ + Wdo?

— sin’6 [—‘I’ + a’sin*0 <2\/§ + F)} dg?. (25)

If setting k() = r*>+/f(r)/+/g(r), we can convert the Kerr-
like black hole (25) to Boyer—Llndqmst coordinates by the

transformation

k 2
st:dt—%dr,
rif(r)+a
a
dp =dp — ———dr, 26
¢ =do r2f(r) + a? " (26)

and we choose

r2f(r) + a*cos?d
k(r) + a*cos*@
rf(r) + a*cos’0
v :

F(r,0) = -

G(r,0)=—

(27)

At the same time, we set > = k(r) + a®>cos? 0, 2f =
k(r) = r’f(r), A(r)=r*f(r)+a? and A = (k(r) + a*)*-
a?A sin? . We obtain the Kerr-like black hole metric

¥/ 2 dafsinoP
ds2:——< f>d2+ dr - “f;l—f

= dtde

LW + ‘PAsm

d¢p?. (28)

According to Refs. [36,38], because the metric (28)
is rotational symmetric, G,y = 0. On the other hand, the
metric (28) should satisfy Einstein’s field equation
G,, = 8xT,,. For black hole metric (28), these conditions
reduce to

(k + a*y

2239, ¥ 2 —29Y,) = 3a%k, P2, (29)

and

‘P[k,zr + k(z - k,rr) - a2y2(2 + k,rr)]
+ (k+ a2y2)(4y2‘11.y2 - k,rlP.r> =0, (30)

where y = cos 6, ¥ . = 9°W/0rdy?, and k. = Ok(r)/0r.
For the rotation black hole surrounded by a CDM halo and

BEC DM halo, the function k(r) = r>\/f(r)/+/g(r) is so
complicated that Egs. (29) and (30) have no analytlc

solution. From Sec. III, we know that our black hole
solutions satisfy asymptotic conditions. Under the asymp-
totic conditions, the metric coefficients approximately
satisfy f(r) ~ g(r); therefore, k(r)~ r?>. Combining
Egs. (29) and (30), we obtain ¥ = r> 4 a® y>. Another
reason why the above approximation is valid is that
perturbation conditions can be considered when there is
very little DM in the vicinity of the black hole.

Under above approximation condition, for the CDM halo
and BEC DM halo, we give an analytical expression,

2 2002 2
g2 " g(r)+2a cos edt2+ i p dr
py rrg(r)+a
2asin®(k(r)—r*g(r
- ( (22) ")t + 52407

2k(r)—r*g(r)+a*cos®0

+>%5in%0| 1 4+ a>sin%0 -

dg? |,
(31)

where X2 =k(r) +a*>cos? 0, k(r)~r* and A = r*g(r) + a*.
When we do not consider dark matter, the black hole metric
will degenerate into a Kerr black hole. For the CDM halo
and BEC DM halo, we can get specific expressions [we
substitute the corresponding f(r) and g(r), Egs. (13)—(18),
into Eq. (31) to get the specific expressions]. These black
hole solutions describe the interaction between the spinning
black hole and the dark matter halo; therefore, they should
have some implications for understanding how dark matter
affects black holes.

V. BLACK HOLE PROPERTIES

We obtain black hole solutions in dark matter halos,
which include Schwarzschild-like and Kerr-like situations.
For an example, we deduce the black hole metrics in the
CDM halo and the BEC DM halo. In these black hole
metrics, the interaction between dark matter and black
holes is considered. Therefore, by analyzing the nature of
these black holes, we can understand how dark matter
changes the nature of black holes. In the following, we
analyze the black hole horizon structure, stationary limit
surfaces, ergosphere, and singularity structure. Since the
actual dark matter models only change the black holes very
little, we will calculate these properties by choosing

024029-5



ZHAOYI XU, XIAOBO GONG, and SHUANG-NAN ZHANG

PHYS. REV. D 101, 024029 (2020)

2.2

— NFW

2.0

1.8t

161

1.4¢

rer(DM) /(3 x 10%km)

1.2+

1.0 .
0.0 0.2

0.4 0.6 0.8 1.0

a/(J/(3 x 101 Mg *km))

FIG. 1.

1le—8+1.8660254
3.5 = >

— NFW
— TF
— Kerr

3.0

2.5¢

2.0r

15¢

1.0

rer(DM) /(3 x 10%km)

0.5}

0.0

10000 15000

Q/(loﬁhde)

0 5000 20000

The behavior of event horizon rgy(DM) with black hole spin @ and dark matter parameter g = p,R3, where

gnrw = 3.65 x 1019 Mg, R, = 5.7 x 107 Kpc, grp = 3.4 x 102! Mg, R =2.92 x 107* Kpc, and the black hole mass M = 10° My,

some toy parameters values (excluding Fig. 4). For the
NFW profile, we choose gnpw = 3.65 x 10'® My and
R, =57x10"* Kpc [for the low surface brightness
(LSB) galaxy ESO1200211, gnpw = 3.65 x 108 Mg,
Mgy = 1x10° Mg, p, =245x107% My/pc®, and
R, =5.7 Kpc] [40,41], where Mg is the mass of the
Sun. For the TF profile, we choose grp=3.4x 10*! Mg,
and R =1292x10"*Kpc (for the LSB galaxy
ESO1200211, gp = 3.4 x 108 Mg, Mgy = 1 x 10° M,
ps = 13.66 x 107> My /pc®, and R = 2.92 Kpc) [40,41].
To change the natural system of units to the international
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GB(r) =291+ 9K) where c is the speed of light.

CZ

A. Event horizon

It is generally believed that the presence of a dark matter
halo does not change the number of black hole horizons,
like the Kerr black hole, which has two horizons, i.e., the
Cauchy horizon rgy(DM) and event horizon rgy(DM).
The nature of these horizons is precisely determined by the
following equation: A = r?g(r) + a*> = 0. Specifically, for
the CDM halo situation, the black hole horizon is described
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FIG. 2. The behavior of stationary limit surfaces rg; g(DM) with black hole spin @ and dark matter parameters g = p R}, where
0 =n/3, qupw = 3.65 x 10'® Mg, R, = 5.7 x 107* Kpc, grp = 3.4 x 10?! Mg, R =2.92 x 107* Kpc, and the black hole mass

M = 10° M.
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by the roots of the following equation: r? —2GMr_
C

S”GL_—Q"Rz [rIn(1 + r/Ry) + rR,/(r + R;) — r] + a* = 0. For
the BEC DM halo situation, the equation becomes
r? =2 _8G2p,R? /(n*c?) x [(sin(zr/R) — zr/Rcos(zr/
R)]r+a? =0. The behavior of the black hole horizon is
determined by the black hole mass M, black hole spin a,
dark matter characteristic density p,, and scale radius R, (or
R). We obtain a schematic of the event horizon in Fig. 1,
and we find that the dark matter halos increase the black
hole horizon radius, and the CDM has a greater impact than
the BEC DM. Qualitatively, these results (event horizon
expansion for the black hole in the dark matter halo) is

1e—13+9.9999601557e-1

TNFW
TKerr
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a/(J/(3 x 10%*M, * km))
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consistent with that in Ref. [31], but in this work, we
generalize it to Kerr-like black hole situation.

B. Stationary limit surfaces

For Kerr-like black holes, the stationary limit surfaces
are determined by g, of the metric, and they satisfy
the condition X?g, = r? —2M0r — %2(” +a’cos?6 = 0.
There are two roots in this equation, rg q(DM) and
rsis(DM). Like the Kerr black hole case, these black
holes also have an ergosphere area between rgy(DM) and
rsis(DM). In this area, there is a negative energy orbit.
Because of the dark matter halo, dark matter makes the
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FIG. 4. The behavior of singularity ring radius 7(DM)/rge, with black hole spin a, where parameters 4zgypw/R? = 1.37 x
108 Mg /pc?® for NFW, 8zqre/(3R?) = 1.14 x 10'* My /pc?® for TF and @ = 0. In this calculation, we only take a first-order
approximation of function B(r), and ®(r) no longer takes asymptotic expansion.
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black hole ergosphere have some new properties. For
example, for the scale change of the stationary limit
surface, the toy dark matter parameters are selected, and
the stationary limit surface rg; s(DM) increases (the results
are shown in Fig. 2). The value is more than the increase in
the black hole horizon; therefore, the dark matter halo
enables the ergosphere area to increase (Fig. 3). Compared
with the TF dark matter halo, the NFW dark matter halo
shows a much larger ergosphere.

We know that energy can be extracted through the
negative energy orbit of the ergosphere in a rotating black
hole, which is the Penrose mechanism [42]. After that, the
famous Blandford-Znajek mechanism was proposed [43],
and it depends on the nature of the ergosphere. Our results
show that a dark matter halo can increase the extracted
energy.

C. Singularity structure

For a Kerr black hole, the singularity of the black hole is
expressed as a ring, r =0 and 6 = z/2. Therefore, a
question about singularity would be the following: if the
dark matter halo is considered around the black hole, how
does the singularity of the black hole change? Through
calculating the Kretsmann scalar R = R””/”SRW,(;, we find
that the singularity of the black hole is determined by the
equation k(r) + a®cos® @ = 0. Because f(r) # g(r) and
k(r) # r?, the ring properties of black holes depend on dark

matter halo parameters. This is very different from the Kerr
black hole case. From Fig. 4, we find that the singularity
ring radius decreases with increasing dark matter critical
(center) density.

VI. SUMMARY

In this work, we obtained the solutions of a black hole
immersed dark matter halos under asymptotic conditions
and a constant equation of state. These black hole metrics
include the Schwarzschild-like black hole and Kerr-like
black hole. Then, we discussed how dark matter changes
the nature of black holes, including the horizon structure,
stationary limit surfaces, ergospheres, and singularity. We
find that these properties are qualitatively different from
the vacuum black hole solution. These may help us better
understand the interaction between SMBHs and dark
matter.
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