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We consider a recently proposed class of extended teleparallel theories of gravity, which entail a scalar
field which is nonminimally coupled to the torsion of a flat, metric-compatible connection. This class of

scalar-torsion theories of gravity is constructed in analogy to and as a direct extension of the well-studied
class of scalar-curvature gravity theories, and has various common features, such as the conformal frame
freedom. For this class we determine the parametrized post-Newtonian limit, both for a massive and for a

massless scalar field. In the massive case, we determine the effective gravitational constant and the post-
Newtonian parameter y, both of which depend on the distance between the gravitating and test masses. In
the massless case, we calculate the full set of parameters and find that only y and /3 potentially deviate from

their general relativity values. In particular, we find that for a minimally coupled scalar field, the theory
becomes indistinguishable from general relativity at this level of the post-Newtonian approximation.
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I. INTRODUCTION

One of the most challenging questions in modern
gravitational physics is posed by cosmological observa-
tions, such as the accelerating expansion of the Universe at
present and early times in its history, known as dark energy
and inflation, as well as observations of galaxies and the
large-scale structure, which hint towards the presence of an
unknown, dark matter component, which is apparent only
by its gravitational effects. Besides models originating from
particle physics, a potential explanation of these observa-
tions is given by modified gravity theories. An important
class of such theories is constituted by scalar-curvature
theories of gravity [1,2]. These theories have in common
that they contain one or more scalar fields, which in general
are nonminimally coupled to the curvature of the Levi-
Civita connection arising from the metric geometry of
spacetime. The gravitational dynamics of the theory is then
determined by the interaction of these fundamental metric
and scalar fields.

A class of such theories of particular interest is defined in
terms of four free functions in the action functional, where
any specific choice of these functions defines a concrete
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theory [3]. A remarkable property of this class of scalar-
tensor theories is their behavior under conformal trans-
formations of the metric which relate different theories
within this class to each other. It is an ongoing debate
whether these conformally related theories lead to physi-
cally equivalent predictions [4—15]. As an important con-
tribution to this debate, a number of invariant quantities
have been identified, which can be used to express physical
observables independently of the choice of the conformal
frame [16,17].

While the aforementioned class of theories, like many
other modified gravity theories, are readily interpreted as
modifications of general relativity in its most well-known
formulation in terms of the curvature of the torsion-free,
metric-compatible Levi-Civita connection, one may con-
sider alternative starting points for modifications. These
starting points may be provided by the equivalent for-
mulations of general relativity either in terms of the torsion
of a flat, metric-compatible connection, or in terms of the
nonmetricity of a flat, torsion-free connection, or even a
combination of both [18,19]. These formulations have
received increasing interest during recent years due to
the fact that they exhibit more similarities to other gauge
field theories, thus potentially providing a link to the
theories describing the other fundamental interactions of
nature. In this article, we will focus on so-called teleparallel
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models of gravity, where torsion takes the role of curvature
as the quantity which mediates the gravitational interaction
[20-24]. There are different possibilities of how this flat,
metric-compatible connection may be implemented. In its
original formulation of the teleparallel equivalent of general
relativity (TEGR) and its modifications, the Weitzenbock
connection of a tetrad was assumed, which possesses a
vanishing spin connection. While in TEGR, the spin
connection does not contribute to the field equations,
and so there is no harm in a priori fixing it; this is not
the case in modified theories. One potential issue arising
from this fact is a possible breaking of local Lorentz
invariance [25,26] and the appearance of spurious degrees
of freedom [27-30]. There are different possibilities to
resolve this issue. One such possibility is the use of the
Palatini approach to implement the flat, metric-compatible
connection [31]. Another approach, which is the one we
will make use of here, is the covariant formulation, which
features an arbitrary, flat, metric-compatible spin connec-
tion [32-35].

The teleparallel equivalent of general relatively has been
the starting point for numerous modified gravity theories,
most of which aim at answering the aforementioned
questions raised by general relativity in the light of
cosmological observations and the tensions with particle
physics [29,36-43]. While most of these theories, including
extensions by scalar fields, make use of the Weitzenbock
connection to implement the teleparallel geometry, a
Lorentz covariant formulation of scalar-torsion gravity
has also recently been proposed [44], and we will make
use of this proposal here. It turns out that a large class of
scalar-torsion theories can be constructed following this
principle of Lorentz covariance [45—47]. Focusing on
similarities to scalar-curvature theories, one finds a par-
ticular subclass of scalar-torsion theories whose action is
characterized by one more free function of the scalar field
compared to the classical scalar-curvature theories [3], and
it reduces to the latter for a particular choice of this function
[47]. This class of theories also exhibits invariance under
conformal frame rescalings, again in analogy to scalar-
curvature gravity. This is the class of theories we will study
in this article.

An important criterion allowing us to restrict the large
class of scalar-torsion theories is their compatibility with
observations on smaller scales, such as the Solar System.
A well-established tool for testing the viability of metric
theories of gravity is the parametrized post-Newtonian
(PPN) formalism [48-50], which characterizes any given
theory of gravity by a set of ten (usually constant)
parameters. Comparing these parameters obtained from a
theory with high-precision measurements of their values in
Solar System experiments thus yields bounds on the
allowed classes of theories.

The application of the PPN formalism to particular
scalar-torsion gravity theories—in particular, to the original

teleparallel dark energy model [51] and theories with a
general coupling function and potential [40]—has shown
that these theories yield the same values for the PPN
parameters as general relativity, and thus cannot be dis-
tinguished by the aforementioned measurements. However,
it has also been found that more general theories, including
a nonminimal coupling to the teleparallel boundary term,
lead to a deviating post-Newtonian limit [52]. The aim of
this article is to extend these earlier studies to the general
class of scalar-torsion theories of gravity mentioned above
[47]. Since we are using the covariant formulation of these
theories, we make use of a recently developed adaptation of
the PPN formalism to covariant teleparallel gravity theories
[53], which we further adapt to theories based on a scalar
field and a tetrad [54], thereby building upon numerous
previous studies of the post-Newtonian limit of translation
and Poincaré gauge theory [55-60]. In particular, we study
how the coupling to the teleparallel boundary term, which
can equivalently be described by a kinetic coupling
between the scalar field and the vector torsion, is related
to the deviation of the PPN parameters from their general
relativity values. During this work, we make use of the
conformal frame freedom of scalar-torsion gravity to
calculate the PPN parameters in the Jordan frame and to
express them in terms of frame-independent quantities.

The outline of this article is as follows: We start with a
brief review of the dynamical variables and field equations
of the class of scalar-torsion theories we consider in Sec. II.
Another brief review of the PPN formalism is presented in
Sec. III, together with its adaptation to scalar-torsion
gravity. We then come to the main part of the paper, with
the derivation of the PPN parameter y for the massive scalar
field case in Sec. IV, as well as the full set of PPN
parameters for a massless scalar field in Sec. V. We apply
our results to a few example theories in Sec. VI, before we
conclude with a discussion and outlook in Sec. VIL

In this article, we use uppercase latin letters A, B, ... =
0,....,3 for Lorentz indices, lowercase greek letters
u,v,...=0,...,3 for spacetime indices, and lowercase
latin letters i, j,... =1,...,3 for spatial indices. In our
convention, the Minkowski metric 7,5 and 7,, have the

signature (—, 4+, +, +).

II. FIELD VARIABLES AND THEIR DYNAMICS

We start our discussion of the post-Newtonian limit of a
recently proposed class of scalar-torsion theories of gravity
[47] with a brief review of their field content, action, and
field equations. These theories make use of the covariant
formulation of scalar-torsion gravity [44], where the
dynamical fields are given by a tetrad 64 u» a flat Lorentz
spin connection w* u» and a scalar field ¢. From these field
variables, one derives the metric

G = ’/[ABHAyHBu (1)
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and the torsion
T/)/w = eAp(aﬂeAv - allgAﬂ + wAByHBu - a)ABveBﬂ)’ (2)

where e,* is the inverse tetrad defined such that 64 pes’ =
&, and 04 ,ep" = 55. The metric further defines a Levi-

Civita connection V together with its respective curvature
tensors; all quantities derived from this connection will be
denoted with an empty circle.

The action we consider here will be of the form

S[QAW wABw ¢’)(I] = Sg[gAw a)ABw ¢] + Sm [ea(qﬁ)gAw)(I]
(3)

and thus splits into a gravitational part S, and a matter part
S,.- The latter depends, in addition to the aforementioned
dynamical fields, on an arbitrary set y/ of matter fields. In
this article, we will assume the matter source to be given by
a perfect fluid, as discussed in detail in the following
Sec. III. We further assume that there is no direct coupling
between the matter fields y/ and the teleparallel spin
connection @ u» and that the coupling to the tetrad and
the scalar field is mediated only via the conformally
rescaled metric e**?)g,, = Py, 04 08, with a free
function a of the scalar field. It follows from this
assumption that the variation of the matter action with
respect to the dynamical fields, after performing integration
by parts, is of the form

55 e DA, 1] = / (©,4(560°, + ' (4)0",59)
M
+ @,8y']0d*x, (4)

where the prime in & (¢) = da/d¢ denotes the derivative
with respect to ¢, and that the energy-momentum tensor
0, = oA 190y©4” 1s symmetric, ©,,) = 0. Here 6 denotes
the determinant of the tetrad 64 s and w; = 0 are the matter
field equations.

For the gravitational part of the action, we assume the
form

— 3 | [FADT + 2B

+2C(¢)Y = 2K2V(¢p)]0d*x, (5)

Sg[eAw a)AB;n (M

where the torsion scalar
1 74 1724
T — 5 T MDS/) (6)

is defined via the superpotential

R

pUY

(T,,+T

vup Y7 T/w/)) - g/mTﬁ(n/ + g/wTﬁaw (7)

| =

and we have used the scalar field kinetic term

1
X = _Egﬂl/(ﬁ,ﬂqﬁ,w (8)
as well as the derivative coupling term

Y =g¢“T’ b, (9)

Any particular action of this class is defined by a choice of
the free functions A, BB, C, V of the scalar field, in addition
to the free function « in the matter action. The combined
action [Eq. (3)] keeps its form under conformal trans-
formations 64, = e"#)9", of the tetrad and redefinitions

¢ = f(¢) of the scalar field [47], with arbitrary functions
y(¢) and f(¢). This allows us to reduce the number of free
functions in the action. During the remainder of this article,
we will choose to work in the Jordan frame, and hence
assume a(¢) = 0, which can be achieved by performing a
conformal transformation with y = a.

We also remark that the derivative coupling term, which
is necessary to render the gravitational action invariant
under conformal transformations as shown in Ref. [47], can
also be written as

20(p)Y =2V, ()T, - C(p)B,  (10)

where C = C’' and we introduce the teleparallel boundary
term

B=R+T=2V,T". (11)

Omitting the total divergence in Eq. (10), we may thus
regard the derivative coupling as a coupling to the boundary
term B instead.

Following the derivation detailed in Ref. [47], we can
decompose the field equations into three separate sets of
equations, which we write in the form

E ( = K2®”y,

E =0, E=0. (12)

Hv)
The first two equations are obtained by variation of the
action with respect to the tetrad 04 u» further using the tetrad
and the metric in order to convert both indices to lower
spacetime indices, and finally splitting the resulting equa-
tions into their symmetric and antisymmetric parts. Their

left-hand side, obtained from variation of the gravitational
part of the action [Eq. (5)], reads
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Egu) = (A + 0S4, + A <1°e,w - %iegw>
+(58-C) bt a0~ (B-Chp 0
+C(V, Vi~ Dpg,) + KV, (13)

for the symmetric part and

Epy = A +0OT ¢, (14)

for the antisymmetric part. The latter field equation can also
be obtained by varying the action with respect to the spin
connection @* pu» allowing only such variations which
preserve its vanishing curvature. The third and last field
equation is obtained by variation with respect to the scalar
field. Its left-hand side takes the form

1 o] °
E = 5A’T - BO¢p — EB’g””qﬁ,,,d)W +CV, T, + V.
(15)

While it would be possible to solve these equations directly
using the perturbative expansion discussed in the following
section, it turns out that one can significantly simplify this
task by performing a number of transformations on the field
equations. We start by replacing the symmetric part of the
field equations with its trace-reversed form, which we
define as

_ 1
=x’0 Ew) = Ew) = 5 909" Epo:

H) uvs

E

1
®/w = ®/w - Eg;wgp ®p0" (16)

After this transformation, the left-hand side of the corre-
sponding field equations reads

E(Mu) = ('A/ + C) (S(;w)/) + gﬂuT/m)(ﬁ,/) + AR;w
1 o o
=+ zc/gyv¢,p¢,agpd - (B - CI)¢,/¢¢.D + vavv(ﬁ
1 o
+ ECDqﬁgﬂD - K2ng,. (17)

The second transformation we apply concerns the scalar
field equation. Note that the left-hand side [Eq. (15)]
contains second-order derivatives of the tetrad, which enter
through the covariant derivative of the torsion. These can be
eliminated by adding a suitable multiple of the trace of the
tetrad field equations, so that the transformed scalar field
equation takes the form

E =2AE + C¢"E,, = k*CO, (18)

where the left-hand side is now given by

E = (A +C)(AT = 2CT ¢,) — (2AB + 3¢3)0¢p
+ (BC = AB = 3CC)g" b up., + 263 (AV' +2CV).
(19)

These are the equations we will use in the remainder of this
article. In order to solve them, we will perform a perturba-
tive expansion of the dynamical fields. This will be
discussed in the following section.

III. POST-NEWTONIAN APPROXIMATION

We continue with a brief review of the parametrized post-
Newtonian formalism [48—-50], which we will then apply to
the class of theories discussed in the previous section. Note
that there are different versions of this formalism; here, we
will use the notation and definitions in their classical form
[48]. This formalism has recently been adapted to the
covariant formulation of teleparallel gravity theories [53],
which will be the basis for the formalism we use here. For
our purpose, we further adapt the formalism to also include
a scalar field besides the tetrad [54].

Basic assumption of the PPN formalism is that the
energy-momentum tensor corresponds to a perfect fluid
with rest energy density p, specific internal energy II,
pressure p, and four-velocity u¥, which is given by

0" = (p+ pIl + p)utu’ + pg™. (20)

The four-velocity #* is normalized by the metric g,,, so that
u'u’g,, = —1. One then assumes that there exists a given
frame of reference, conventionally identified with the
Universe rest frame, in which the velocity v’ = u'/u® of
the source matter is small compared to the speed of light,
which we set to unity, ¢ = 1. One then introduces velocity
orders O(n) o |v|" as perturbation parameters in which all
dynamical quantities are expanded. Here we choose to
work in the Weitzenbock gauge, so that w” gy =0 at all
perturbation orders [53], and we must expand only the
tetrad and the scalar field. The zeroth order O(0) is the
background solution, for which we choose the diagonal
tetrad AA” = diag(1,1,1,1), as well as a constant back-
ground value @ of the scalar field. We then write the
perturbative expansion of the tetrad in the form

04, = A4, + 1,
1 2 3 4
=AY, +7t, +74, + 14, + 74, +005),  (21)

while the scalar field ¢ expansion reads

4
p=O+ty=0+y+y+y+y+005). (22)
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Here we have used overscript numbers to denote velocity

orders—i.e., each term 74 , (and, respectively, 1?/) is of order
O(n). Velocity orders beyond the fourth order are not
considered in the PPN formalism and will not be necessary
for the derivation of the PPN parameters.

Together with the scalar field, we also have to expand the
free functions A, 3, C, V in the action [Eq. (5)] into velocity
orders. For this purpose, we use a Taylor expansion of the
form

A 23)

and analogously for the other functions, and we introduce
roman letters instead of the script letters to denote the
values of the derivatives at the cosmological background
value of the scalar field, which appear in the Taylor
coefficients, i.e.,

A/I — Al/(q)>’

A= A(®),
A" = A"(D), ... (24)

The Taylor series [Eq. (23)] is then further expanded into
velocity orders, where all Taylor coefficients are assumed
to be of velocity order O(0).

Further following the teleparallel PPN formalism [53],
we introduce another convenient expression for the tetrad
perturbations. For this purpose, we lower the Lorentz index
using the Minkowski metric 45 and convert it into a
spacetime index using the background tetrad A#,. This
yields the expressions

T = AA//]ABTBD’ g/w = AA//]ABZ;' Bw (25)
with pure spacetime indices. In order to determine the PPN
parameters, not all components of the tetrad and the scalar
field need to be expanded to the fourth velocity order, while
others vanish due to Newtonian energy conservation or
time-reversal symmetry. For the scalar-torsion model, it
turns out that the only relevant, nonvanishing components
of the field variables we need to determine in this article are
given by

2 2 3 3 4 2 4
700> Tij? T 0i> 70> 700> v, v.

(26)

Using the perturbative expansion [Eq. (21)] and the tetrad
components listed above, we can expand all terms appear-
ing in the field equations up to their relevant velocity
orders. Of most importance for our calculation is the metric,
whose background solution follows from the diagonal
background tetrad AA# to be a flat Minkowski metric,

8 uv = Mu» and which is expanded around this background
in terms of velocity orders in the form

2 2 2 2
Joo = 27 0» gij = 2z (ij)>

3 3 4 2 4

Joi = 27 (i0), Joo = —(Too)2 + 27 go. (27)

Further in the field equations appears the torsion, which can
be expanded in the form [53]

2, ) 2 2
J— 1 J— 1

T%; =700, T' =26"7 ),

3. o2 3 3 3
_ ik 0 _ 2

T’o,‘ =6 (Tkj,o - TkO,j)v T ij = ZTO[i,j]v

4 ) 3 4

0o _
T 0 = 700700, — T0i0 T T00,i- (28)

For the derivatives of the tetrad and the scalar field, we need
the additional assumption that the gravitational field is
quasistatic, so that changes are only induced by the motion
of the source matter. Time derivatives J, of the tetrad
components and scalar field are therefore weighted with an
additional velocity order O(1).

Finally, we use the expansion of the metric tensor
[Eqg. (27)] in order to expand the energy-momentum tensor
[Eq. (20)] into velocity orders and tetrad perturbations.
Using the standard PPN assignment of velocity orders also
to the rest mass density, specific internal energy, and
pressure, which is based on their orders of magnitude in
the Solar System, and which assigns velocity orders O(2)
to p and IT and O(4) to p [48], the energy-momentum
tensor [Eq. (20)] can then be expanded in the form

0y = —pv; + 0(5), (29b)
0;; = pvv; + pd; + O(6). (29¢)

For later use, we also expand the trace-reversed energy
momentum tensor introduced in the field equations
[Eq. (16)] in terms of velocity orders and obtain the
expressions

- 1 1 3
B0 = =p + = pIl+ pv* — pi oo +5p+0(6).  (30a)

2 2
©y; = —pv; + O(5), (30b)

_ 1 1 1

2
(30c)
Note in particular that at the zeroth velocity order, the

0
energy-momentum tensor vanishes, © ,, = 0, so that we
are left with solving the vacuum field equations. Inserting

0
our assumed background values 84 §= AA/, for the tetrad

0
and ¢ = @ into the respective field equations [Eq. (12)], we
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find that their gravitational part at the zeroth order is
given by

0
=KV E=x*V. (31)

0 5 0
Eg=-kKV, E;

ijs
It thus follows that the perturbation ansatz is consistent with
the vacuum field equations only if the parameter functions
satisfy V = V' = 0. We will therefore restrict ourselves to
theories satisfying these conditions during the remaining
sections of this article. While these conditions may seem
very restrictive at first sight, this is not necessarily the case.
The condition V = 0 simply implies that any cosmological
constant is sufficiently small to leave the Solar System un-
affected, which is a reasonable assumption. Further, V=0
may appear as an attractor in scalar-torsion cosmology, and
is therefore also reasonable in the late Universe [61].

IV. MASSIVE CASE: PPN PARAMETER 7y

We now come to the derivation of the post-Newtonian
limit of the class of scalar-torsion theories displayed in
Sec. II. In this section, we will consider a general potential
V for the scalar field, on which we impose no restrictions
except for the consistency conditions V =V’ =0 ex-
plained in the preceding section. To solve the perturbative
field equations, we consider the simple case of a static point
mass as the source matter, which we explain in Sec. IVA.
Under this assumption, we solve the field equations at the
second velocity order: for the scalar field in Sec. IV B,
and for the time and space components of the tetrad in
Secs. IV C and IV D, respectively. From these solutions, we
can determine the second-order metric perturbations and
PPN parameter y in Sec. IV E.

A. Static point mass source

The starting point of our calculation is the assumption
that the source of the gravitational field is given by a single
pointlike mass M, whose energy-momentum tensor is of
the form in Eq. (20), with
p = M5(X), =0, p=0, v; = 0. (32)
We thus assume that the point mass is at rest in our chosen
coordinate system. In the following, we will use spherical
coordinates, with r denoting the radial coordinate, and the
point mass located at the origin » = 0. Further, we will
denote by U(r) = M/r the Newtonian gravitational poten-
tial of this source.

B. Scalar field at second order

At the second order, we can write the equation (18) with
Eq. (19) for the scalar field in the form

2 2
Ay — mgyp = —cyp, (33)

where A = §70,0; is the Laplace operator and we have
introduced the abbreviations

2K2AV" —k2C

Ay T (34
2AB + 3C2 “%=sapiac Y

2 _

m b=
We see that the equation is given by a screened Poisson
equation, where m, can be interpreted as the mass of the
scalar field. The solution of the second-order equation (33)
is thus given by

2 M —mgyr
w(r) = an C0¢ (35)

which has the form of a Yukawa potential.

C. Temporal tetrad components at second order

In the next step, we can write the second order of the

trace-reversed tetrad field equation (16) with Eq. (17) for
2
the time component E ,, which takes the form

2 2
2A7 0 = 1y — 2P (36)
Here we have introduced the additional abbreviations

c,C K?
mé cy = _%_FX' (37)

Substituting the previously found solution (35) for 112/ into
Eq. (36) and then solving it, we get

To0 = Gegr(r)U(r) = o—

2 _ M
~ 8nr

c1¢y
cy + 1—2'/ (e7™Mo" — 1)] . (38)
g

In the expression above, we have introduced the effective
gravitational constant, which is given by

1
Gesi(r) = o= {02 +

C1% (o —myr
e Stem -] o)

my

and hence depends on the distance r between the observer
(or test mass) and the gravitating mass. We see that the
effective gravitational potential consists of the superposi-
tion of a pure Newtonian potential and a Yukawa-type term.
Further, we find that in the case C — 0 no Yukawa term
arises, and the gravitational constant becomes truly a
constant, G — x>/8zA. This is related to the fact that
in this case the source term in the scalar field equation
vanishes, and hence no second-order scalar field is excited.
However, also in this case the gravitational constant still
depends on the background value A of the function A in
front of the torsion scalar 7T in the action [Eq. (5)], as one
expects [62].
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D. Spatial tetrad components at second order

We then come to the second order of the trace-reversed
tetrad field equation (16) with Eq. (17) for the space
2

component E ;;, which takes the form

ijo

2 2
247 = (c3p — C4ﬂ)5zj, (40)
where we denote
c , cyC K2
C3:Zm¢, C4:T+X. (41)

Substituting the solution [Eq. (35)] for the second-order

scalar field 1/2/ into the field equation (40), we find the
solution

M C4C¢
2

= — C3 —_
8nr

2

Tij(r)

m
[

(e7me" —1)6;;. (42)

Again, we find a superposition of a pure Newtonian part
and a Yukawa-type term.

E. PPN metric and parameters
For the static point source [Eq. (32)], we find that the
spherically symmetric post-Newtonian metric is of the
general form

Goo = -1+ 2%’00 =-1+ ZGeff(r)U(r) + 0(4)’ (438.)

Joj = O(5), (43b)

gij = 0jj + 27 (i) = 1+ 2Gg(r)y(r)U(r)]6;; + O(4).
(43c¢)

Here y(r) is the post-Newtonian parameter we aim to
determine. From our solution for the tetrad, we find that it is
given by

- 20+ 3 — e ™"
2w 43+ e’

v(r) (44)

where we introduce @ = é—lf, while the scalar field mass m,
is defined by the relation in Eq. (34). We find that the result
agrees with the well-known case of a massive scalar field in
various scalar-curvature-type theories [63—68]. In particu-
lar, it agrees with general relativity in the limit @ — oo of a

vanishing kinetic coupling or mgy — oo of an infinitely
heavy scalar field.

V. MASSLESS CASE: ALL PPN PARAMETERS

To proceed further and also solve the perturbative field
equations at higher velocity order, we restrict ourselves to

theories in which the scalar field is massless, and where its
potential satisfies the additional conditions V" = V" = 0.
It turns out that in this case we can express all perturbations
of the tetrad and the spin connection in terms of standard
PPN potentials. They are obtained by solving the field
equations order by order: the second-order scalar field in
Sec. VA, the second-order time component of the tetrad in
Sec. V B, its second-order space components in Sec. V C,
its third-order components in Sec. V D, and finally the
fourth-order components in Sec. V E. From these solutions
we obtain the full metric and post-Newtonian parameters,
which we display in Sec. VE

A. Scalar field at second order

Similarly to the case of a massive scalar field, we start by
solving the scalar field equation (18) with Eq. (19) at the
second velocity order. In the massless case, the second-
order equation is given by

—(2AB +3C?) Ay = —2Cp. (45)

This is now an ordinary Poisson equation, which has the
general solution

2 K>C
- vy 46
Y T4 (24B 1 3C7) (46)

for an arbitrary source mass density p, where the Newtonian
potential is defined as the solution of the Poisson equation

p(t.¥)
F-|

AU = —4zp & U(t,X) = /d3x’ (47)

Note that without a mass term, no Yukawa-type depend-
ence arises.

B. Temporal tetrad components at second order

We then continue with the second-order trace-reversed
tetrad equation (16) with Eq. (17). Its time component reads

C 2

Using the solution in Eq. (46) for the second-order scalar
field, we thus find the solution

2 2

2 K2 AB +2C
L Ay 49
T00 = 47A2AB + 3C2 (49)

. L 2
Writing the solution in the form 7 o, = GU, we can read off
the gravitational constant

k> AB+2C?

=— —— ~ 50
47A2AB + 3C? (50)
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which is now truly a constant and not an effective quantity
depending on the distance between source and test mass.
Hence, we drop the subscript “eff.”” We will use this
expression later to normalize the coupling constant k.
Note that also here we find G — k?/87A for C — 0 as
in the massive case [62].

C. Spatial tetrad components at second order

In the next step, we come to the spatial part of the trace-
reversed tetrad equation at the second velocity order, which
reads

2 2 2 2 2
A(To0ij = Treij— AT (ij) +7 (ilk|.j)k T T k(i j)k)
C 2 2 K2
+5 2y i + Ayd;) = 5 pdij. (51)

2 2

In order to solve this equation, we make use of the
diffeomorphism invariance of the theory, which allows
us to choose the post-Newtonian coordinate system
[48,69], and introduce the gauge condition

1 1
0=K;=hy,; - Ehjj,i + EhOO.i + %Wz
on the metric perturbations h,, = g,, —#,,, which is a
direct adaptation of the gauge condition introduced in
Ref. [70] for scalar-curvature gravity. Expanding this gauge
condition at the second velocity order and substituting the
tetrad perturbations, we find

(52)

2 2 C2
T+ Tooi + W (53)

2 2
Ki=ziyj+7i- A

We can implement this gauge condition by adding a
suitable multiple to the trace-reversed field equations
[Eq. (16)]. Hence, instead of solving the original field
equations, we solve the equations

A 2 2
ij_E(Ki,j‘i‘Kj,i) =

e

(54)

0o
@i
<

which are equivalent to the original equations if the gauge
condition [Eq. (52)] is satisfied. The second-order tetrad
equation then simplifies to

C 2 K2

2

We thus find the solution

» K AB+C

)= U, 56
F0) = 424248 +3C2 1 (56)

for the symmetric part of the spatial tetrad components.
Note that the antisymmetric part of the tetrad components is
not yet determined by the field equations at this velocity
order.

D. Tetrad at third order

We then continue with the third velocity order. At this
stage, we need to consider only the symmetric part of the
tetrad field equations, which reads

2

2 3 3 2
A(T (i).0; = T jjoi = AT (01 + T (0j).ij) T C¥ 0 = —K2pv;.,

(57)
since the remaining equations are satisfied identically. Also
in this case we must introduce a gauge condition to fix the

post-Newtonian coordinate system [48,69]. Here we again
follow Ref. [70] and choose the condition

C
Allfo

At the third velocity order and with the tetrad perturbations
substituted, this gauge condition reads

1
0=Ky=hg;— huO + (58)

3 2 C2

i —Tiio+ =W o. 59
T i0,i Tu.O_I_AW,O ( )

We then proceed in a similar fashion as for the second
velocity order above and subtract a suitable multiple of the

3
Ko=10i+

gauge condition from the field equations. Hence, the
equations we solve are given by

3 A3 2 52

E o)) — 5 (Coi+Cip) =0 ). (60)

Again we remark that these are equivalent to the original
equations, provided that the gauge condition [Eq. (58)] is
satisfied. We thus obtain the equations

A2
—AAT (0i) — 5700 of = —K2pu;. (61)

Using the previously found solution [Eq. (49)], we thus find

2

3 K
N = — 7AB + 10C?)V
“0) = ~iggAzaB + 3¢7) [ AB HI0CV)
+ (AB +2CHW], (62)

where the post-Newtonian potentials V; and W; satisfy

AV, = —dgpu;, AW; = —4npv; +2U ;5 (63)

see Eq. (4.32) in Ref. [48] for their definition. Also, in this
case we only determine the symmetric part of the tetrad.
However, we will see shortly that this will be sufficient for
our purpose of determining the post-Newtonian limit.

E. Temporal tetrad components at fourth order

We finally come to the fourth velocity order, where we
must determine the temporal tetrad component. For this
purpose, we use the temporal component of the fourth-
order tetrad field equations, which reads
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4 ;
—AAtg) + 247 (0).0i — Az, 1,00 +AT00AT00 +2A7 uToo ij T 2ATom T(

2 2 C 3C 2
—ATo0,i7 jji 5 AW+7V/ 00+ CT oAy + CTUII/ ij—A AT g0

ij).J

c 2 2 C 2 C2 2 C2 2 m 3
+<5—A>70011//1+CT(U) ,i_E%jj,il//,i_EWAl//_?l/’,il//,i:KZ/)(_TOO+U +2+2p>. (64)

In order to eliminate the fourth-order scalar field, which appears in the form of the term Alj/, we use the corresponding
fourth-order scalar field equation, which is given by

4 2 2 2 2 2 2 2
(2AB + 3C2)<—Al// + "4 .00 + 2T ljl// Jij + Tij,jw ,i) - 2(BAI + ABI + 3CC/)1//AII/
2 2 2 2 2 2 12 2 2 2 12 2
+A(A"+C) (4T 00.i7 j[j.i] T 4T ifi T k[jk] T T (ij)kT (ij)k T 5 T ik kji T TijkT jki T 5T ijkT ik,j>
, N2 2 ) N2 2 2 2 2 2 ) )
+ (BC—AB' =3CC)y jy ; + (2AB + C* =2CA) (7 ji j@r i — T jji i + Tooit i) = k°[C(3p — pIl) — C'yp].  (65)

In the latter equation, the antisymmetric part of the second-order tetrad also appears, which we obtain by solving the fourth-
order antisymmetric equation

4 2 2 2 2 2 2 2 2
Ejj = (A +C)Too W j] = T iW j] + Trii k¥ ] — Trii ¥ &) = 0, (66)

|
which is the lowest order in the perturbative expansion of  solved by setting %[i j) = 0. With the lower-order solutions,
the antisymmetric equation (14), since its zeroth and  and following the steps above, one finally obtains for the
second orders vanish identically. Also, note that the fourth-order tetrad field equation the form
right-hand side vanishes—see Eq. (12) .
that the energy-momentum tensor derived in Eq. (4) is At gy = wi U gg +woU ;U ; +wipU + wypll
symmetric. Since all remaining terms in this equation >
arising from scalar fields and symmetric tetrad components TWspUT - WeP (67)
are of the form U U and thus vanish, this is identically where the constants are given by

|
wp = 0, (683)

K+ 4A3B3 —6C5(A' —3C) — ABC3(8A" — 33C) — A2C[2B2(A’ — 10C) + B'C% — 2BCC']

- . (68b
2T T A (2AB + 3C?)? (68b)
k* 2A3B* + 6A'C° + 2ABC3(4A' 4+ 3C) + A*C[B*(2A' +7C) + B'C* — 2BCC/] (68¢)
w3 = — ,
T 4gA? (2AB + 3C?)3

k> AB +2C?
=T 68d
T T A24B 1 3C (68d)

2

ws = —KX, (68e)

3K2 AB + C?
_ 68f
Yo T T A 2AB 3% (68¢)

One recognizes that the terms on the right-hand side correspond to the fourth-order post-Newtonian potentials, which
satisfy the relations
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AD, = —4zpr?, AD, = —47npU, AD; = —4zpll, F. PPN metric and parameters

AD, = —4zp, A(A + B — D)) = =2U g, (69) Using the tetrad components obtained from the calcu-
' lation detailed above, we can now calculate the post-
Newtonian metric components. Using the formula (27),

where ®,,..., D4, o/, B are defined in Eq. (4.35) of we find the components

Ref. [48]. The solution is therefore given by

2
Jdoo = 2U, (713)
4 w wy w w w
T = U+ (5 =2 P — (w4 |y — Dy
2 2 4z 4z 47 s AB L C2
i =2—-—>Ub;, 71b
W, Mg Mg (70) Jii = A 4202 7% (710)
4z 2 2
3 1 (7AB + 10C*
We have thus determined all components of the tetrad Joi = ) in + W, (71c)

which are necessary for calculating the post-Newtonian
limit.

AB 3AB
Jo0 = (3 +—><I>1 +20; + (3+—)®4

AB +2C? AB +2C?
N 8A3B® + 6C5(A’ + 3C) + ABC?(8A’ +45C) + A2C[2B*(A’ + 17C) + B'C* = 2BCC/| ®
(AB +2C%)2(2AB + 3C?) g
_8A%B’ —6C°(A’ = 7C) = ABC(8A' = 73C) — A’C[2B*(A’ - 21C) + B'C* = 2BCC'] 2 (714)
2(AB +2C?)%*(2AB + 3C?) '

where we have eliminated « by using the normalization G = 1 for the gravitational constant [Eq. (50)]. By comparison with
the standard PPN metric [see Eq. (4.48) of Ref. [48] ], which reads

o0 = 2U, (72a)
g4 = 2rUs;;, (72b)

3 1 1
goi = —5(3 +dy + oy —ay + & = 28)V; —5(1 +a, = +25)W,, (72¢)

21+ £3)s + 23y + 38, = 2)®, — (&, - 26, (724)

we see that this metric is already in the PPN gauge, since 98 does not appear, so that we can immediately read off the PPN
parameters. We find that the only nontrivial parameters are given by

C2
y=1- 1B+ 2 (73)
and
po1- C{6C*(C+A’) + ABC*(7C + 8A") + A*[2B*(C + A’) + B'C* = 2BCC']} (74)

4(AB +2C*)%(2AB + 3C?) '

while all other PPN parameters vanish: £ = a1 = a, = a3 = {; = {, = {3 = {4 = 0. Theories of this type are called fully
conservative, as they do not exhibit any preferred-frame or preferred-location effects or violation of the total momentum
conservation.

We may also express this result in terms of conformal invariants [47], which are related to the Jordan frame parameter
functions we have been using by
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23, K=-C. (75)

In terms of these invariant parameter functions, the PPN parameters are given by

and

2K°I,
1 76
/ G + 4K, (76)
K[(G +2K*1))(G + 6K°I,)I — (2G* + 14GK?*I| + 24K*I; + G'K — 2GK')KI3] (77)

p=1+

Note that here G does not denote the gravitational constant,
but the constant background value G = G(®) of the
function G. We finally remark that the function C (or C
in the Jordan frame, which we used for the calculation), and
hence its first Taylor coefficient K = IC(®), determines the
nonminimal kinetic coupling of the scalar field to the
teleparallel geometry. We thus see that in the minimal
coupling limit K — 0, both y and f obtain their general
relativity values. Hence, such theories cannot be distin-
guished from general relativity by their PPN parameters,
and more sophisticated methods must be employed to study
their phenomenology.

This concludes our derivation of the PPN parameters for
the general class of scalar-torsion theories. Particular
examples will be discussed in the following section.

VI. EXAMPLE THEORIES

In order to further illustrate our results presented in the
preceding two sections, we consider a few more specific
classes of example theories and calculate their PPN para-
meters. In Sec. VI A, we discuss the teleparallel equivalent
of scalar-curvature gravity. Teleparallel dark energy and its
generalizations are discussed in Sec. VIB. Finally, we
discuss theories with a nonminimal coupling to the boun-
dary term in Sec. VIC.

A. Teleparallel equivalent of scalar-curvature gravity

For the special case C = —A’, it can be shown that the
gravitational part of the action reduces to the well-known
scalar-tensor gravity action [3] up to a boundary term,
which we neglect here [47]:

Sg[aa’ wab’ ¢]

! 4 [A(P)R + 2B(¢)X — 22V(¢)|0d*x.  (78)

T2l
Substituting C with —A’, we find that our results in both
the massive and massless cases indeed reduce to earlier

results on the post-Newtonian limit of scalar-curvature
gravity [16,63-65,71].

41,(G + 3K*1,)(G + 4K?I,)?

I
B. Teleparallel dark energy and its generalizations

The second class of theories we discuss is conventionally
expressed in the Jordan frame a =0, and its members
feature a vanishing kinetic coupling of the scalar field to the
torsion, C = 0, and a general scalar field potential V. This
class features numerous well-studied contender theories,
which are summarized under the name of (generalized)
teleparallel dark energy models, and whose actions are
given as follows:

(1) The classical teleparallel dark energy model [36]:

T 1
Sy = /M {—Z—Kﬁi(g"”r/),,,«ﬁ.u - 5¢°T)
- V(d;)] 0d*x, (79)

with the coupling constant &£ and potential V. By
comparison with the general form in Eq. (5), we
find the parameter functions A = 1 + 2k*£¢? and
B = -«

(2) Interacting dark energy [38]:

s,= | [- sty (b~ EF)T)
- V(¢)} 0d*x, (80)

where the function A is replaced by A= 1+
22EF ().

(3) Brans-Dicke-type action with a general coupling to
torsion [29]:

F
Sg = A/[ |:_ 2(:;) T — wg””clﬁ,,ld{,, _ V(d)) 9d4x,
(81)
where A = F(¢) and B = 2«%w.

(4) Brans-Dicke-type action with a dynamical kinetic
term [40]:
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$,= [ |-t =P g, - vip)| o,

(82)

where A = ¢ and B = 2w () /.

Due to the fact that all of these models have vanishing
kinetic coupling, C = 0, we find that the PPN parameters
we calculated, in the massive case y [Eq. (44)] and in the
massless case y [Eq. (73)] and g [Eq. (74)], take the values
y = f = 1. Hence, we conclude that the post-Newtonian
limit of these theories agrees with general relativity, so that
these theories cannot be distinguished by measurements of
the PPN parameters. For the models in Egs. (79) and (82),
our result thus reduces to the PPN parameters found in
previous studies [40,51].

C. Nonminimal coupling to the boundary term

The last model we consider employs a nonminimal
coupling of the scalar field to the teleparallel boundary
term and is defined by the action [41]

T 1
Sg = A/] |:_ﬂ+§(gﬂu¢,y¢,y _€¢2T_)(¢ZB)

- V((/))] Od*x (83)

with constants &, y and a general potential V, and where the
boundary term B is defined via the relation in Eq. (11). In
order to bring the action to the form of Eq. (5), one has to
perform integration by parts. After this step, one finds the
parameter functions

A =1+ 2%, B = -« C = 4K’y ¢p. (84)

Here we restrict ourselves to the massless case V = 0; see
Ref. [52] for a discussion of the post-Newtonian limit of the
theory with a massive scalar field. Note that the parameter
functions explicitly depend on «, so that for the normali-
zation G = 1 of the gravitational constant we must insert
them into the expression (50). This yields the solution

167
K2 =
1-3272(E—62) D2 4/ (1 =647y > ®?) (1 - 5767y D?)
(85)

as the only solution which yields x*> — 87z in the limit
® — 0, as one would expect. Further, observe that C — 0 in
the limit y — 0. It is thus helpful to expand the PPN
parameters in a Taylor series in y, since they approach their
general relativity values for y — 0. This yields the result

y =1+ 128z°®% + O(y*),
B =1+ 32r&®* + 32m° P> + O(y°). (86)

Comparison of these results with observations of the PPN
parameters thus yields bounds on the appearing constants.
However, this would lead beyond the scope of this article.

VII. CONCLUSION

We have derived the post-Newtonian limit and PPN
parameters for a general class of scalar-torsion theories of
gravity featuring a nonminimal kinetic coupling between
the scalar field and the vector part of the torsion. We found
that for the consistency of the post-Newtonian approxima-
tion, we must assume a vanishing cosmological back-
ground value of the scalar field potential and its first
derivative. For the case of a massive scalar field, we
calculated the PPN parameter y under the assumption of
a static point mass source. We could drop this assumption
in the case of a massless scalar field, for which we
calculated the full set of PPN parameters. Our findings
show that the class of scalar-torsion theories of gravity is
fully conservative in the sense that only the PPN parameters
p and y potentially deviate from their general relativity
values, which implies no preferred frame or preferred
location effects, as well as the conservation of energy-
momentum. We also found that deviating values for  and y
are obtained only for a nonminimal kinetic coupling to
vector torsion. Further, we expressed the PPN parameters in
terms of quantities which are invariant under conformal
transformations.

To illustrate our findings, we applied them to a number
of particular models within the class of scalar-torsion
theories we considered, and which have been previously
considered in the literature mainly as cosmological models.
Many of these theories are minimally coupled, and are
therefore identical to general relativity at the level of the
PPN parameters. We also considered the teleparallel
equivalent of scalar-curvature gravity theories, and found
that their PPN parameters reproduce the values found for
their classical representation through the curvature of the
Levi-Civita connection. This confirms the consistency of
our approach with previous results.

The work we present here allows for various extensions
and generalizations. For example, one may consider more
general scalar-torsion theories which include a free func-
tion of the torsion and the scalar field [44], and possibly
also the scalar field kinetic terms [46,72]. This can further
be generalized by including more involved kinetic coupling
terms to the scalar field, which appear in the teleparallel
extension of Horndeski gravity [73] or are obtained by
applying disformal transformations to the gravitational
action [74]. Studying these theories would also extend a
previous result on the post-Newtonian limit of Horndeski
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gravity [68]. Further, one could consider theories with more
than one scalar field, which are constructed similarly [47],
and calculate their post-Newtonian limit in analogue to the
related multi-scalar-curvature theories [75]. One might also
consider another similarly constructed class of theories, in
which the scalar fields couples to the nonmetricity of a
likewise flat, but torsion-free connection [76,77].
Another possible direction of future research is to
calculate higher perturbation orders. There are different
approaches which may be pursued. One possibility is to
replace the static point mass source we considered with a
homogeneous sphere, in order to calculate also the param-
eter £ in the massive case [78]. Another possibility would
be the application of higher-order perturbation theory in

order to study the emission of gravitational waves during
the inspiral phase of a binary black hole merger or similar
events [79].
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