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I. INTRODUCTION

The question of positivity of the total mass in general
relativity has played a central role in many investigations in
mathematical and theoretical physics, with clear implica-
tions for stability, at least at a heuristic level, but also to
issues such as the classification of static black hole
solutions of Einstein equations [1,2] or the resolution of
the Yamabe problem [3].

The standard setting in this context is that of asymp-
totically Minkowskian spacetimes, but other asymptotic
conditions are also of interest. For instance, asymptotically
locally hyperbolic (ALH) metrics have found a prominent
place in models of theoretical physics (cf., e.g., [4,5] and
references therein). These models display a fascinating
interplay between the positivity of energy and topology:
Solutions with spherical conformal infinity are known to
have positive mass [6—8]; some classes of solutions with
toroidal infinity are known to have positive mass [8] while
some classes of static solutions with toroidal or higher-
genus infinity necessarily have negative mass [9,10]. The
fact that a toroidal conformal geometry at infinity can be
filled in by a conformally compact filling in many ways
[11] adds further ambiguities to the subject.

The Horowitz-Myers (HM) solutions of vacuum Einstein
equations with a negative cosmological constant, also
known as AdS solitons, provide an interesting example
of ALH strictly static metrics with total mass which is
negative when compared with that of a locally maximally
symmetric hyperbolic metric with the same toroidal
conformal geometry at infinity. The (n + 1)-dimensional

“hamed.barzegar @univie.ac.at
"piotr.chrusciel @univie.ac.at
httg://homepage.univie.ac.at/piotr.chrusciel.
mi.hoerz@gmail.com
maciej.maliborski@univie.ac.at

”nguyenl@maths.ox.ac.uk

2470-0010,/2020,101(2)/024007(16)

024007-1

spacetimes manifolds underlying the HM metrics are
R x R2 x T"-2, where T"~2 denotes an (n — 2)-dimensional
torus, with a conformal boundary at infinity diffeomorphic
to R x S' x T"2 =R x T"~!. The explicit form of the
metric can be found in Appendix A, where we also provide
some associated formulas as needed for the remainder of
this work.

It has been conjectured in [12] (Conjectures 2 and 3) that,
in spacetime dimension five and in Sec. 4 of [13] in
all dimensions, the negativity of the relative mass is a
normalization artifact, and that all solutions of the general
relativistic constraint equations with the same manifold
(“bulk™) topology and the same conformal geometry at
infinity will have energy larger than the corresponding
Horowitz-Myers solution. The relevance of the HM con-
jecture to issues in AdS/CFT was explained clearly in
[12-15], where it is related to consistency of the whole
AdS/CFT program, is shown to imply uniqueness of the
AdS soliton [15], and is relevant for a proper understanding
of phase transitions [14].

The first aim of this paper is to show that, consistently
with the above conjectures, the (relative) mass of asymp-
totically HM solutions of the vacuum Einstein equations
is indeed positive for some classes of time-symmetric
n-dimensional solutions of the general relativistic con-
straint equations, namely for U(1)"~! symmetric metrics
with an orthogonally transitive U(1)"~2 subgroup, and for a
subclass of U(1)"~? symmetric metrics with an orthogo-
nally transitive U(1)"~2 action.

Next, recall that calculations supporting the conjecture
have been given in [12,13] for linearized perturbations
of HM metrics satisfying a transverse-traceless condition.
However, the most general linearized perturbations of HM
metrics do not belong to this class, as follows from the
nonvanishing of the right-hand side of (4.12) below for
general perturbations. The second aim of this paper is to
provide evidence for positivity of energy for general small

© 2020 American Physical Society
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perturbations, though it should be recognized that we fail to
give a rigorous proof. On the way we fill some gaps in the
arguments of [12,13] for the restricted class of perturba-
tions considered in these references, and promote their
linearized-perturbations argument to a result about small
perturbations.

II. PRELIMINARIES

Let (M,5) be a smooth n-dimensional Riemannian
manifold, n > 2. Static potentials are defined as functions
V on M satistying

_ - R _

When g has constant scalar curvature, an equivalent form is

(2.1)

AV 42V =0, D;D;V =V(R;; = 2gy), (2.2)

for some constant 1 € R. Here R; ; denotes the Ricci tensor
of the metric §, D the Levi-Civita connection of g, and
A, = D*Dy is the Laplacian of .

When 4 < 0, rescaling g by a constant factor if necessary
we can without loss of generality assume that

A=-n
so that
R = QUR” = /1(}’[ — ]) = —n(n - 1),

and this normalization will be often chosen. This is
equivalent to setting £ = 1 in the HM metric (A1) below
and elsewhere in our equations.

Ignoring an overall dimension-dependent constant,
we use the widely accepted definition' of the mass m of
a Riemannian metric g asymptotic to a metric g with a static
potential V in an equivalent, flexible form given in [7]:

m= I%im [Vg’”jgi"ﬂ(Dmgjf - ngjm)
—% Jr=R
+ (g’"jgki - gijgkm)(gjm - gjm)DkV]dGi- (23)

'The formula we use for mass assigns the same number to a
metric as the formulas due to Abbott-Deser [16], Ashtekar-
Magnon [17], de Haro et al. [4], or the definition used in [13],
when simultaneously defined. Indeed, the fact that the Abbott-
Deser mass coincides with the Hamiltonian mass of [18] follows
by inspection of the formulas; the fact that our mass coincides
with the Hamiltonian mass has been shown in Appendix B of
[19]; the fact that the Abbott-Deser mass coincides with the
holographic mass is shown in Eq. (5.22) of [20] (the formula
there has been written in 3 + 1 dimensions but the calculation and
the conclusion are the same in all higher dimensions); the fact that
the Ashtekar-Magnon formula coincides with the Hamiltonian
one has been shown in [21]; the fact that the mass used in [13]
coincides with the Abbott-Deser one follows immediately from
the construction of the Abbott-Deser mass.

The limit as R — oo of the integrand of the mass, whenever
it exists, will be referred to as the mass aspect.

III. POSITIVITY FOR SELECTED CLASSES
OF METRICS

Throughout this section, for convenience we rescale the
metric by a constant factor so that £ = 1.

A. Positivity for a class of U(1)"~! invariant metrics

Consider a metric on

M=R>xT"2:=R*x§ x-- xS

n—2 factors

which is invariant under rotations of the R? factor as well
as rotations of each of the factors S! of the torus T"2.
In coordinates adapted to the symmetry it can be written in
the form

g = gijdx'dx’, (3.1)
where all the g;;’s depend only upon the polar radial

coordinate on R?, which will be denoted by r.
A redefinition of the coordinates

x4 x? + f(r)

where x! = r, x* = (6,x"), with a,b=2,3,...,n and
A,B =3, ..., n, with suitably chosen functions f“ allows
one to obtain g,, = 0, bringing the metric to the form

g = e?dr’ + *'d6? + 2gysdOdx* + gypdx’dx®

= e2"dr* + g,,dx*dx?, (3.2)
where u, v, gap, gya are functions of r only. A calculation
gives

R = —e2¢(W? +20,W — 2Wd,u)

1
- Z e_zugabngargacargbdv (33)

where

L1
W= 260, Gap-

5 (3.4)

We will specialize to the case where the orbits of the
U(1)"2-isometry subgroup acting on the torus factor of M
are orthogonal to the R? factor; this is sometimes referred
to as orthogonal-transitivity and is, at least locally, equiv-
alent to the condition that each of the covector fields, say

X'E A A =3, ..., n, associated with the Killing vectors X 4
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generating the U(1)"~2 action on the torus factor of M
satisfies

b b b
dX(y N Xz Ao A X =0 (3.5)

In other words, the metric is U(1)"~! invariant with an
orthogonally transitive U(1)"~2 subgroup. In this case there
exist coordinates in which the metric takes the form

g = e*dr? 4 e*’d0* + g,pdxdx®, (3.6)

where u, v and the g,p’s still depend only upon r. We then
have

R = —2¢72 <8%11 — 0,ud,v + (0,v)*> + W,(v — u)

1 1
+ 3 W2 + 3rW) 7 e g BgPD,guc0,95p.  (3.7)
with

1
W= EQABarQAB- (3.8)

We wish to show that metrics in this class have positive
mass with respect to their asymptotic HM background
[with V = r/¢ in the coordinates of (A1) below], whenever
the scalar curvature satisfies

R>-n(n-1). (3.9)

This condition is equivalent to the hypothesis of positivity
of energy density for time-symmetric general relativistic
initial data sets with negative cosmological constant
A=-n(n-1)/2.

Indeed, we claim the following:

Theorem 3.1: Consider a metric g on R? x T"~2 of the
form (3.6) where all the metric functions depend only
upon r and which has a well-defined total mass m with
respect to a Horowitz-Myers metric. If the Ricci scalar R
of g satisfies (3.9) then

m>0,

vanishing if and only if g coincides with its asymptotic
Horowitz-Myers metric.

The reader is referred to [7] for the detailed asymptotic
conditions needed for a well-defined mass.

Proof: It turns out that the proof is most transparent for
metrics of the form

g=e*dr*+e*'do* +e* ((dx*)* +---+(dx")?),  (3.10)

where u, v, and w are functions of r. We will therefore
first carry out the proof in this case. For the metric (3.10)
we have

R=2e2|—" —(n=2)W'"+u'v + (n—=2)u'w

(n=1)(n-2)

—(n=2)v'w — (¢')* - >

(w)?|.

(3.11)

Suppose that g asymptotes to a Horowitz-Myers metric
(A1) with parameter r,. We will denote this asymptotic
background as gy ,» the associated function u as in (3.10)
by upm s, etc. We have

1 s
MHMJO = —lnr—51n< —F>,

1 g
VHM, r, :1nr+§1n 1_ﬁ ,

WhM,,, = In 1.

It is readily seen that R(gywm ,,) = —n(n — 1). In order to
obtain a smooth metric at r = ry, 0 needs to have period
4r/(nry).

Using e.g. the perturbation arguments in [22,23], in
order to prove positivity it suffices to assume that the
components of the metric, when expressed in terms of an
orthonormal (ON) frame of the asymptotic background,
behave as r~" plus o(r™) terms, and that this behavior
is preserved under differentiation. We can therefore,
without loss of generality, assume the asymptotic expan-
sions, for large r,

U = Uym,r, +ia= UHM., 7 +u, ™+ O(r_n)’
V= VM, T 0= Vg, + 07" o(r7"),

w = WHM,I‘O + \;1\/’ = WHM,rO + W,,r_” + O(l’_n), (312)

where u,,, v,, and w, are constants. In order to determine
the mass aspect, rather than calculating the integrand of
(2.3) one can proceed as follows:
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We calculate

R =2¢7mun (1 =20+ O(r "))
nn—1)
2

ezuHM,rO

— (0" + (n =2)W") + [uin,, (" + (2 = 2)%) + & (viapg , + (2 = 2) Wit 1, )]

= (1= 2) (Vi o W'+ D' Whin ) = 20k, B = (1= 1) (1 = 2) Wiy, W+ 0(r‘2‘"+”)}

=-n(n—1)+2n(n—1)a+2r*|=(" + (n =2)W") +

d
=—n(n—1) 425" pp [(n—1)r"a — "1 — (n=2)r" W) + o).

r

It follows from this last equation and from the way that
the mass is calculated in [7] that the mass aspect function of
g relative to gy 1s the leading term of the expression inside
the square bracket. Hence, up to a positive multiplicative
constant,

u, +2v, +2(n—-2)w,. (3.14)

2(n—=1)

n
The next step of our analysis consists of redefining the
coordinate r to a new coordinate 7 so that the function #&
in the new coordinate system vanishes. In other words, the
function u in the new coordinate system will be equal
Upm,z, for some 7y:

Lemma 3.2: There exists a smooth increasing function
r — 7(r) such that

n N
ro — ¥y + 2u,

Hr)=r— ———+o(r'™) asr— o, (3.15)

2nr

gz = €™ with 7y = 7#(rg) > 0.  (3.16)

Proof: Define

F(r) = / " i @) g,
1

Then there exists a constant F,, depending upon the space
dimension n such that

F(r)y=Inr+F, — +o(r) asr— oo.

1
2nr"

Let 7y > 0 be such that

/re“(f)df —In r} =F,—In¥%,.

lim [
r—00
ro

The desired function 7 is then defined by

lﬁ,_n—l—l”_(n—l—l)(n—2)w,] R
(3.13)
|
F<F£Z)> - [:eu@u@ (3.17)

We proceed to check (3.15)—(3.16). Indeed, we have by
the definition of 7 that

r 0+ 2u
u@) g = 1 F,—Infy) — 01 -
/roe E=Inr+ (F,—1InFy) T +o(r ™)
as r — oo. Using (3.17) and
F F(r) In7+ (F, —In7) 7o +o(F™)
—= ) =In7 —1In7y) — o(F
7o " 0 oy

as 7 — oo yields (3.15). On the other hand, from (3.17), we
have

r ) F(r
/ eﬂ(f)d& — /'0 euHM,l(f)df — / (r) euHM';()(f)dg.
7o 1 7o

Differentiating in r yields
e“Odr = e"mnM g7,

which gives (3.16). =

Using the variable 7 given in Lemma 3.2, we rewrite the
metric (3.10) as

g= e”d?z+625d92+62”~”((dx3)2—|—~~-—|—(dx")2),
(3.18)

where i, , and w are functions of 7 € [F, o), keeping in
mind that € is an angular variable with period j—z).
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Write

D= vumg, + 0 = Vamg, + 0,7 4 0(F),

W= WMz, +W = Wam, + W, 7"+ o(F"),

where ¥, and W, are constants, and note that the function
i =i — ummr, is identically zero by construction. It is
readily seen that

=4 2u,

By = 00+ 5 (= r§) +

2
rg =7y + 2u,
2n '

W, =W,
Hence, by (3.14),

1
(F— 1) +20, + 2(n =2)W,.  (3.19)

n

0(9)

This implies

1 A A
O(g) = —;(7’8 —rg) + lim27 (v + (n — 2)w)

[Se)

2 A N
=——(7} —rj) — lim —7’”“(17 + (n=2)w)
F—oon

(o8]

1 2 2 A
= =)+ [Tl = (= 2y
n nJz,

(3.20)
|

2t 0D B (= ) — (' + (1 = )W) 2ufagz, + (1= Doz, + )7

where ' now stands for % and 7 is any function of 7 which
vanishes at ¥ = 7y and 5 — 1 as ¥ — oo.

Recall formula (3.11), which in the current coordinate
system translates to

R =223 — (n=2)#" + &% + (n—2)d'W’

—(n=2)¥"Ww - (¥)? -

(3.21)

Using the fact that gy 7, has curvature —n(n — 1), we thus
have

R+n(n—-1)

A

_ ZE_ZMHM';O _UI/ _ (l’l _ 2)1/2\/”

+ (U7, = 200mz, — (1= 2)Wf{M.7O)1¢/
+(n=2)(uygm 5, — Vimz, — (1= 1)Wi{M,70)V£V/
(n=1)(n-2)

5.

—(n=2)0'W = (V)2 (3.22)

Using 5 = 7~ (n1) 2ummr *(=wimz +7 i (3.20) and noting
that upn 7, = —Vuwm 7, WE arrive at

S

1 2 foo . R 5
0lg) ==, (=) + [ I(=5 = (n =)y et - iy
o
2 [
— _ _(7n _ gn =
(76— rg) +n[0
1 1 n 2 20pm.z + (=) Wiz, +0 1 UM 5
— _;(ro — rO) +Z e~VHM 7y HM.7( Ee HM.7( (R + n(n — 1))

~t
S}

2 n—1)(n-2
_WﬁM.;{,)U/‘f‘—( )2( )

(@/)2}41?.

+ (Vw7

The term containing 7' can be computed as follows:

S

o0 A
20wy + (=1 Wamz, +0 (7 —w U
[ e 0 0 (vHM,?O WHM.io)U dr
0

(3.25)

(3.23)

|
Altogether we obtain

1 i
0(9) :_;(73—78)4"’0 Y7o —ro)

o s
_|_%/ 2V H(n=D)win 7, +0
n 7o

1
) {5 (R+n(n-1))

(n=1)(n-2)
L (3.26)

+ (@’)2}d7.
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The quantity —21 (7 —rf)+ 74 (Fo—ro) is non-

negative due to the convexity of the function ¢ — ¢*, which
establishes that ©(g) is positive or vanishes.
The case m = 0 implies ©(g) = 0, and (3.26) gives

=)

W=0=R+n(n-1), ro = Fo-

We see that w=0=w, = 0, as well, and (3.22) gives
0=—7"+ (i, = 20z, — (= 2) Wiz, — o), (3.27)
while from (3.25) we obtain

e@(fo) = 1 .

(3.28)

The maximum principle shows that 7 =0, and we have
proved the following:

Proposition 3.3: If the metric g in (3.10) satisfies
R > —n(n—1) then g has non-negative mass, vanishing
if and only if g coincides with the corresponding Horowitz-
Myers metric. u

We now pass to general U(1)"~!-orthogonally transitive-
invariant metrics (3.6). For this let us write

2w
0,9ap = —= 9ap + Hap, (3.29)

n—2
with W as in (3.8), thus ¢"®H,; = 0. This allows us to

rewrite the last term appearing in the formula (3.7) for the
Ricci scalar of g as

1
1 e gB g PO, gacO,98p

1 4W?
=——e (g g“PHcHpp +—
4 n—2
e—2uw2
— 5 (3.30)

Inserting this into (3.7) one obtains

R < 2% (8%1} —0,ud,v + (0,v)*> + Wo,(v — u)

1 6_2MW2
W2+ 9,W | - . 3.31
+ W r> > (3.31)
Defining
W
F = . 3.32
- ( )

the inequality (3.31) can be rewritten as

R <2e7 2| =0 — (n=2)" +u'v + (n=2)u'w

(n=2)(n—-1)

—(n=2)v'w - (¢')* - >

(wW)?|.
(3.33)

This coincides with (3.21) except that the equality there is
changed to an inequality consistent with what we need to
prove. With the definition (3.32) the formula (3.14)
[derived as the mass aspect of the metric (3.10)] provides
also the correct formula for the metric (3.6). The argument
of the proof of Proposition 3.3 leads again to (3.23)
and (3.26) with the equalities there replaced by >, which
establishes that m > 0.

If m = 0 all the inequalities arising in the argument have
to be equalities, in particular (3.30) with < replaced by an
equality implies that ,.g, 5 is pure trace, and Proposition 3.3
applies. The proof of Theorem 3.1 is complete. [

B. Positivity for a class of orthogonally
transitive-U (1)" ~2-invariant metrics

It turns out that the arguments given so far partially
generalize to metrics which are invariant under an orthogo-
nally transitive action of U(1)"~2 by isometries of the torus
factor of M. Such metrics can be written in the form

g = e>dr? + e*'d0 + g pdxdx®, (3.34)

where u, v, g4 are functions of (r, ). One finds

R = —2¢72(9%?v — 0,ud,v + (0,v)* + 0,(v —u)W"

1 1
+ E(Wr)z +0,W") - Ze_zugABgCDargACargBD

—2e72(05u — Ogudgv + (Dgu)* — Dg(v — u)W*
1 1
3 (W)? + 0pW°) — 1 e ' g P 0pgacOognp-
(3.35)

with

1 1
W= EQAB@QAB, wo = EQABGQQAB' (3.36)

A useful device in the U(1)"~!-symmetric case was the
introduction of a new radial coordinate 7 so that g;; takes a
canonical form. This does not seem to go through in the
general case above while preserving a form of the metric
which is convenient for the remaining arguments. On
the other hand, the proof generalizes if we assume at the
outset that

024007-6
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(3.37)

u = Ugm-

We then have the following:

Theorem 3.4: Consider a metric g on R? x T"~2 of the
form (3.34) where the metric functions depend only upon
(r, ) and which has a well-defined total mass m with
respect to a Horowitz-Myers background metric. If (3.37)
holds and if the Ricci scalar R of g satisfies R > —n(n — 1)
then

m >0,

vanishing if and only if g coincides with its asymptotic
Horowitz-Myers metric.

Proof: As before, the proof is most transparent for
metrics of the form

g:eZud’,.Z_’_621)(192_’_€2w((dx3)2_’___._’_(dxn)2)7 (338)

where we allow now u, v, and w to depend both upon
r and 6. Then

R = 2¢™2u |:_v,rr —(n=2w, +u,v,+n-2u,w,—(n-2)v,w,—(v,)?* - L L (W’r)Z]

+2e7% {—M,ea —(n=2)wgp+ugvg+ (n—2)vewge—(n—2)ugwy— (ug)* -

If we assume (3.37) and write
UV = Ugm + 7’>

then, using (3.22),

2

(n-D(n-2),

and w= WHM+W

R + n(n - 1) = 2e—2uHM |:_;D,rr - (n - 2)\71/‘” + (M;-IM - 2,Ui-IM - (I’l - 2)W;-IM)1A},r

+ (1 = 2) (ugpyg — vigm — (1 = D)W

+2(n —2)e =20 {—Wﬁg + oWy —

N

(n=2)pi, — (5,2 = BTN =D (o

n—1

]

Already-mentioned perturbation arguments allow us to assume that g is asymptotic to gy in the sense of (3.12), where
the expansion coefficients are now allowed to depend upon 8. We have

2
O(g) = im2r" (D + (n —2)W) = —lim = r"*19,(p + (n = 2)0) ==

r—oo r-oon

2 0
9,[0,(=b = (n = 2)Ww)nr"*]dr,

nJ,

where # is any function which vanishes at r = r, and 7 — 1 as r — co. In the sequel we take 5 = r~("1) e2vum+ (= Dwin+2,

Using upy = —vygm we find

0(g) =

0

2
n
2

(o]
= _/ eZUHM+(n_1)‘VHM+I)[_®.rr - (l’l - 2)W,rr -
nJr ’

2
n

- (n - 2)6_4UHM_21A} |:—\A/V’99 + ﬁ’gw’g -

& 1
= —/ ez”HM’L("_l)WHM’L”{E e (R +n(n—1)) + (Vi — whm) 0. +
o

a2 }ar

n—1

/ = 0,00, (= — (n — 2)iv) R+ n-Dvine+] gy

(B + (n=2)W,) (204 + (2 = Dwigyg + 2,,))dr

(n=1)(n-2)

2 (W,I‘)z
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Regularity of the metric at the core geodesic r = r( requires
© = 0 there. As in (3.24) we have now

2

[s)
_/ eZvHM—}—(n—l)wHM—O—v(vi{M _ Wi—[M)f),rdr
n.Jr

0

(5]
— n DA — n
—ro/ e'd,dr = rje
o

The term containing —W gy + D gW, cancels away after
integrating over 6:

/8_@(—W.99 + f)qgw,g)dg = /8&(—€_ﬁw’g)d9 =0.
(3.40)

So, under the hypotheses of Theorem 3.4, we obtain
non-negativity of mass for metrics satisfying moreover
(3.38). The vanishing of the mass implies w = 0 and one
concludes by an argument similar to that in the proof of
Proposition 3.3.

We consider now the general case. Formula (3.35) with
it = 0 implies

R < =272 <8%v - 0,ud,v + (0,v)* + 0,(v —u)W"
(l’l - 1) )2 r
+2(n—2) (W")? +0,W

—2e7% (8514 — Qgudgv + (Ogu)* — Op(v — u)W°

(n—1) o 0
— (W 341
+2<n_2)( )2+ 0gW? |, (3.41)
where we have used (3.30). Introducing
wr
= 3.42
W-,r n— 2 ( )

allows us to rewrite (3.41) as

R < 26_2M |:_U,rr - (l’l - z)w,rr + u,v, + (}’l - 2)M,rw,r

(n—1)(n-2)

- (n - 2)U,rW,r - (U,r)2 - 2

(w,)?

- 26_2” (851/! - 8gu890 + (agu)z - 89(1) - M)Wg

+ 2((”’1__12)) (WO)? + a(,wf’).

(3.43)

This differs from (3.39) by the replacement of an equality
sign by <, and replacement of w , by W?/(n — 1). The rest
of the proof requires only trivial changes, for example (3.40)
is replaced by

[ wataawido = [ oy(-eiwiyao o
(3.44)

The details are left to the reader. [

IV. PERTURBATIONS OF STATIC
RIEMANNIAN METRICS

In the remainder of this work we wish to address the
question of positivity of the relative mass for small
perturbations of the Horowitz-Myers metrics. We start with
some general considerations.

Given a metric g asymptotic to a background metric g,
we define

hij = gij — Gij» (4.1)
w = D;g" & g'D;hjy = =gy, (4.2)
¢ =g'h; = ¢ = §7hij = ¢+ O(|nf}).  (4.3)

We will denote by h, respectively by h, the g-trace-free,
respectively the g-trace-free, part of h:

i;::h—lgsg, ;}:h—l(zg. (4.4)
n n

The most relevant fields for our purposes here are ¢ and h,

and we emphasize that & and h differ by terms quadratic

in € if h = O(e) and if ¢ is small; similarly for ¢ and ¢.

We also use the notation

gl = G — Wi 4 4, (4.5)
where

Wi = g*g’h,, and

27 = G F G hhae + O(1H3) = O(AZ).  (4.6)

In order to address the question of gauge-freedom, it
would be convenient to apply a diffeomorphism to g so that

W=yl + %gikaﬁb (4.7)
vanishes. The equation ' = 0 will be referred to as the
harmonicity condition, which is motivated by the fact that
it reduces to the harmonic-coordinates condition in the
case of a flat background. It is likely that the harmonicity
condition can be achieved in whole generality for pertur-
bations of a Horowitz-Myers background, but this is
irrelevant for the current work as our analysis is incon-
clusive anyway.
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In [24] the following formula was derived, which holds
for any asymptotically hyperbolic background (M, g) with
a static potential V, under the usual conditions for existence
of the hyperbolic mass m:

n-—+ 1 -4
= R—R)V + (——=|D¢|2+~|Dh|?
" /w[( ) Jr<8n | ¢|y+4‘ s
Taisn: - n+2 a... n2—4
__hth]mR L hIR. — 1 2
2 ‘mij n ¢ ij 8}’L2 (b

1 " Vi v | 1 Y D
§(|W|§ _U/Di¢)>V—i— (hkiW +§¢Wk>DkV
+ (O(|h]3) + O(|hls|DR[Z))V

+ 0(|h|§]|Dh]g)|DVg] du,. (4.8)

In this equation all indices are raised and lowered using the
background metric g.
We will also need another formula from [24]:

R =R;;g7 + Di[g"¢* (D;hjs — Dshj)] + Q. (4.9)
where
Lo
0:= 19"9 Pg"1(2DphjeD hy
— DyhyyDyhij = Dy Dihis).  (4.10)

In the notation of (4.2)—(4.7), the identity (4.9) becomes

1. o
_EDk(g"lDzd’) =R - R+ R;;hV

= Di(¢*h;iDsg’ — %) -0 .
-

o(|DhP?)

gauge and higher order terms

(4.11)

It follows that a metric perturbation will satisfy the
linearized time-symmetric scalar constraint equation if
and only if

1 R o
_EDk(glelfﬁ) —;ff) = R;;h". (4.12)
If g is a space-form the term linear in IAaij at the right-hand

side vanishes, which typically implies that ¢ itself is higher
order (compare the discussion before Equation (2.14)

in [25]). However, this is not true for general § and fz,
in particular one cannot assume that ¢ = 0 for general
perturbations of the Horowitz-Myers metrics in har-
monic gauge.

Let us consider a one-parameter family of perturbations
h of the metric of the form

(1) 2
hijzehij+€2hij—|—0(€3), (413)

(M @) . .
where h and h are independent of . We assume that this
expansion is preserved by differentiation. Subsequently, the
mass will have an expansion

(1)

2
mzem—i—ez()

m + O(e®), (4.14)

We will use similar notation for expansions of h and ¢:

om0
h[j = €h,’j +€2hij + 0(63),
(1) 2

p=cd +e*p + 0(ed). (4.15)

Suppose, first, that & satisfies the constraint equation up
1
to terms of order €°; equivalently, that (h) satisfies the
linearized constraint equation. Dividing (4.8) by € and
passing to the limit ¢ =0 one obtains the well-known
result, that static metrics are local extrema of mass on the
set of solutions of the constraint equations:

2.
0l

1
= 0.

(4.16)

Suppose, next, that £ satisfies the constraint equation up
to terms of order ¢* and that the gauge condition y* = 0
holds. Dividing (4.8) now by €? and passing to the limit
€ = 0 one obtains

20w q.Wp O M
gna:/ n+ +_'D __h lfh]meml‘]'
M 8n I 4 g 2 :
n+2m® 24
- h UR;; 2\ Vdus,. 4.17
5 ¢ it g (¢) 1y (4.17)

We note that the knowledge of the perturbed metric to first
order in € suffices to obtain a formula for the mass which is
accurate to second order in e.
To simplify notation, we will from now on interchange-
ESY
ably write ((g;, ) and (¢, h), the smallness parameter €
being implicitly understood whenever required.

V. PERTURBATIONS OF HOROWITZ-MYERS
METRICS

If g is the space-part of the Horowitz-Myers metric, the
curvature-dependent terms in (4.17) read (see Appendix A)

Ry =" <@> T4 i),
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,]kfh’khff—f"[( ’ }1( “—fﬁﬁ)z]
{; _éﬂ(ﬁﬁ_%ﬁﬁf
1225 (5.2)
where
-
%@=ﬁm—n125ﬁﬁpmm (5:4)

with hA- —0=h,; a» Where from now on a, b € {1,2}, and
where hatted indices denote frame components with respect
to the g-orthonormal frame (A8) below.

The question arises, whether the quadratic form (4.17) in

n M

the fields (%5), h ij) is positive definite. An affirmative
answer would establish the Horowitz-Myers conjecture for
|

D h

A
2> 2(0,hy?

g =
F(Y, s
=7 <5|3r(hii +

N

hss) | + 2|0,k

small perturbations of Horowitz-Myers metrics. We show
in Appendix B that this is not the case: there exist fields so
that the right-hand side of (4.17) is negative.

However, the examples there satisfy neither the linear-
ized constraint equations nor the harmonicity conditions, as
would have been needed to invalidate the conjecture. And
we have neither been able to find fields satisfying all
necessary requirements, nor to prove that no such fields

with negative (2m) exist. The analysis that we present below
suggests strongly, but fails to prove, that if such fields
existed, then there would also exist negative mass con-
figurations depending only upon r. Since we have just
proved that any metric in the relevant class depending only
upon r has positive mass, we are led to suspect that the
Horowitz-Myers conjecture remains correct for all small
perturbations of the Horowitz-Myers metrics.

An obvious approach to analyze the sign of the

right-hand side of (4.17) is to estimate (mz) from
below by discarding all positive terms which do not
contain radial derivatives of the fields. Thus, from the
term 1|D#|? there we will only keep the following,
using (A15) below,

This gives, after ignoring further irrelevant-looking obviously positive terms,

with equality attained on those perturbations with h,, =
0 = hy, which depend only upon r.

A. Positive contribution from £; ;

Let us, first, consider those terms in (5.6) which involve
his. Using

h3)
1 A R
2+ 510, (hij = hy) +mhF> (5.5)
1 A A A
2 4510, (hij = has) P+0,h1;
)f f/ f// n n 5
L N (hes + fias
(n—2)r2+r 4 (hit + hss)
f 2
52 |h[3| Vdug, (5.6)
|
we need to analyze the integral
0 f f// rn—l
—|8,hM|2 ——|h” 2 Tdr (58)
/:U (2 12 2 12 7l 1
To this end, we use the identity
n n—2 & T =2
fr=e72 <2 —(n-2)(n—1) :—0) detg = ;ﬂ_z, / 218, hishisr"=dr
V= ; (5.7) +/ his|*(rO.f + (n=2)f)r"3dr=0. (5.9)
ro
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Hence, for any a € R,

/ ®(F10, k32 — £

Dt = [ 10l

_f//h

Hr-tdr

+ “/w 2f0,hishisr"dr + 0!/oo |hisP(r0,f + (n = 2)f)r"dr
To

© a
:/ {f‘arhiﬁ +higf? + Wa(f)lhii|2:| rldr,

where

Walf) =

—Na—a?
(n r)zaaf

—f"420,f+

;2< (az—na+2)+(n2—3n+2+a2)(i?)n)'

Choosing a =4 we have W, (f) > (n* —8)/(4¢%) > 0
for n > 3, and so with this choice the integral in (5.8) is
non-negative.

The reader will note that the argument leading to (5.10)
establishes the following inequality, for any function ¢ and

any a € R,

/ F@O,0)duy > / (a(rd,f + (n - 2)f) — aF)r2C2dpy.
M M

(5.11)

Remark 5.1: An identical calculation applies to those
terms in (5.6) which involve fzﬁ — fzﬁi. However, these
terms are coupled with the remaining ones through the
harmonicity condition, and their positivity compensates for
the negativity of the remaining contributions in the radial

2
case, so one should not discard them when estimating (m>
from below.

B. Positive contribution from / iB
We consider now those terms in (5.6) which explicitly

involve /i3 5. These are, up to irrelevant numerical factors
and an inessential integration over the remaining variables,

) A n—l
[ 1100 - Z1ig) Sy
ro

Using the inequality

(5.12)

|ar|h|(7‘ < |arh|;‘;v

the analysis of the sign of (5.12) can be reduced to that of
the sign of the integral

To

(5.10)

(5.13)

/oo ) ) rnl
r(@er-20) fra

for differentiable functions {. A calculation as in (5.10)
with f” there replaced by 2f/r* gives, for any a € R,

o 2
/ <f|5rhiﬁ P lhis 2) rldr
r r

(s o B
_/ [ﬂarhii +higft £ Wa(f)|hii|2] rdr,
ro

(5.14)

where

- a n—2)a—a*-2

Wa(f):;arf+( )}"2 f

_ L —(@* —na+2)+ (> +2) To)"
2 r '

(5.15)

The choice a=2% leads similarly to W, (f)>(n*—8)/

(4£%) >0 for n > 3, which shows that the integral in (5.12)
is non-negative.

C. The remainder

After discarding those fields which have been shown to
give a positive contribution to the mass so far, and ignoring
the warning in Remark 5.1, one is left to face a lower bound

2
for (m) governed by the integral

n-+2 n n
= /[ 110,98 +L 19, + hsp) P

w2 {((n :;))fz i é B ]jT] (i + hsy)?

n+2(rg\" » . n>—4 ] r!
Yz <r> (hij + hs)¢ + o ¢2]_dr.
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As already mentioned, we show in Appendix B that / can
take negative values, when viewed as a functional of

§ = hij + s

after taking ¢» = 0, in all dimensions n > 3. However, after
enforcing the linearized scalar constraint equation,

(5.17)

the fields ¢ and ¢ are not independent anymore. For
example, if ¢ =0 we obtain £ =0, then / = 0, and from

2
what has been said so far <m) > 0 for such variations. We

¢(r) =

recover a result already observed by Horowitz and Myers

[12], that (131) is positive for transverse-traceless perturba-
tions of the metric satisfying the linearized constraint
equations.

On the other hand, if n = 3 and if we take ¢(r) = r=>,
Eq. (5.17) gives

:73, (5.18)

and [ = —79/84.
When n = 4 a negative value of / ~ —0.575 is obtained

We note that the ansatz ¢(r) = r~¢ leads to a positive / in
all dimensions that we tried, namely 4 < n < 16, regardless
of the choice of the exponent ¢ for which the integral
converges.

D. A functional on ¢

The above does not invalidate the HM conjecture in
space-dimensions three and four because imposing har-
monicity leads to a nonvanishing field hj; — hss, the

2
contribution of which restores positivity of (m) for
r-dependent perturbations. Indeed, if we prescribe a func-
tion ¢(r), we can then calculate & from (5.17). If we
consider metric variations in harmonic gauge satisfying

his = 0= hiz = hy, (5.20)

with all metric perturbations depending only upon r, then
the harmonicity conditions reduce to the equation (D5)

for i’\lﬁ,

A -2
\/?ar <hﬁ - n2n ¢>

2’;7 (hss — hi3) —‘/7J7(§+ (n=2)hs),

where fziﬁ is viewed as a function of the already-known
field £ and of /i ;:

(5.21)

~

hyy = &= hy;. (5.22)

In space-dimension n = 3 we then necessarily have

by setting ¢(r) = tanh(r)/r°, which results in
|
3(7 = 2r*) tanh(r) + r(4r* + (r* = 1)rtanh(r) — 6)sech?(r) (5.19)
270 ' '
hyy = =&,
and (5.21) becomes
/
0, (2 ) = (fz - f)g b, (5.23)
r

Integrating from r,, regularity at r, enforces the solution

T n—2
J(G)eo)

The function i’éi can now be determined using (5.22),
and we obtain a linearized metric perturbation satisfying
the gauge conditions and the linearized constraint equation.

The right-hand side of (5.6) with szB =hy=0

(1)
becomes thus a functional of ¢, the positivity of which

follows in an indirect way from Proposition 3.3. However,
(1)

positivity when ¢ is allowed to depend upon all variables is

not clear.

s"2ds.

r=s

(5.24)
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APPENDIX A: HOROWITZ-MYERS METRICS

The Horowitz-Myers ‘“‘soliton” metric Gy reads

2 2 2 2
B e, T dr r ro\"” 5
e =~ + o+ 1= ()
l"2 n—2
+—2 (d)CA)z, (Al)
A=1
where
n(n—1)
2 =— , A2
T (A2)

and where r, > 0is a constant, € is an angle with the period

- Arf?

nry

and the x*’s, A € {3,...,n} are local coordinates on an
(n — 2)-dimensional flat manifold. Setting

r? ro\"
f(r)=—2 [1 - <7> ] (A3)
the spatial part, say ggv, of (Al) takes the form
st = 2 ()6 + 6275 (A4)
= — r r
Jum 0) ,

where 6 = 8, pdx*dx® is flat. We will write gy ,, for grm
when r( needs to be made explicit.

Dividing the metric by #? and rescaling the coordinates
(t,6,x*) suitably we can always achieve £ = 1. A sub-
sequent rescaling of r leads to ry, = 1. This can be used to
reduce the analysis to one where

£=1=r, (A5)

The nonvanishing, up to index symmetries, Christoffel
symbols read

_ 1 _
Fgaz_iff/7 F::\B:_f_2rf5ABy

L 1

FrH - ﬁ ’ l—‘rB = ;(SAB' (A6)

The nontrivial components, again up to index symmetries,
of the Riemann tensor of the (Riemannian) metric gy, are
(cf.,, e.g., [[26] Appendix D])

- 1 - rf’
Rr9r6’ = _Ef//v RrArB = _W(SABv
= rf'f
Rosop = —75%,
Rugcp = =1 f(8ac6pp — 84p0pce)- (A7)

It is convenient to introduce the orthonormal co-frame

—s dr _5
o' =—., 6 =./fde,
VI
We have the following nonvanishing connection one-
forms

0A = ¢-1rdxA. (A8)

o I _ fa
—75 = W57 = ﬁez’ —DjF = Di] = THA’ (AQ)
with a,b e {1,2}, A,Be{3,....a}, and

1 B /
R““———f” RAAA — —L 5.0
1212 2/ aAbB zrgabgAB’

A S _
Risep = =75 (94980 — anTne) (A10)

!
_ fl_
Rip ==L+ -3 L (A1)
Let us define
2 A | PO
hap = hap = ——= 5P henGaps (A12)
with ;z&; = 0. Using this notation, we have
D 1 1 fl f - AaA
Ruhj:—5[f/'+(”—4>7_2(”—3)p}9a5hb
:2’;2<’;°> (1 4 722, (A13)
lekfi’\likiljf
it ~12 AV Y
= —f"(h"'"h?* = (h'*)?) + . (h" +h™)
+ % 9apTach PP
| pine  Lpit gsy2
£ 22 45 1T - 7)
G-n)f [ i e S
———1(h h = |h?
+[(n—2)r2+r 4 (R + >+r2||g
(A14)
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1. Covariant derivatives

We have
Dihy = \/f0,h3 (A15)
Further,
- A . 1 8 ~ _2 A _2 ~
Dihj']} = \/—]7 gh]-]} - a)}_i/’lﬁ< - a)i{Ah*}.. (A16)
The only nonvanishing connection coefficient relevant for
thi ti to ind t Ly =—L
1S equation 1S up to index Symme HES 0] 55 = 2\/}
This yields
N 1 o )
Dihin = 7= (Oohit = f'hi3),
_ . 1 <
Dahis = 7= {89}112 =7 (a3 = hii)} ;
N 1 o o
Dshy; = —f(aahii +f'his),
_ 1 .
Dshi; = 77 <3ahm - Ehz/s),
. 1 I
Dshs; = i (%hzg + EhiA)’
A 1 N
Dshp = —f@ehAg (A17)

_ . A PN P
DAh}'IQ = —8}3/’1}-12 - wf}Ah,;,; - a)fAAhM. (A18)

In this case the only relevant nonvanishing components
of the connection coefficient are, again up to index
\/_5A and a) i

symmetries, @ 5= = —-~=g;3 which

implies
Djhy; = éaijlii —2\r/fim’
Dyhis = éaAi‘ié —4%,
Djhss = ;Qs%z,
Djhip = éaﬁns - Tf(i’ftia — h1194)-
Djhsj = gafjliia’
Djhye = gaixilisé (A19)

APPENDIX B: THE LOWER BOUND IS NOT
POSITIVE FOR SOME VARIATIONS

Recall that
& = hyj + hs.

Consider that part of the contribution of £ to (5.16) which
decouples from ¢:

f L[B=-nf f [
[ {3z B pras

Note that

(B1)

SRS

2l(n-2)* " r 4
~ 2n—(n(n(n+3)-6)— 12) e
B 8¢%(n —2) ’

We show below that, in any dimension, there exist
functions which render this integral negative. Hence one
cannot neglect the constraint equations and/or the gauge
condition when attempting to prove positivity of the mass
for small perturbations of the metric.

If & is supported near infinity, the radial part of the
integral (B1) can be written as

0 la 5 5 | rn+1d
_ - t
A{Qg4m V5+°}f“

where l.o.t. denotes terms which can be made arbitrarily
small in comparison with the remaining ones for r’s large
enough. In view of the sharp constant for Hardy’s inequal-
ity in (n + 2) dimensions,

() 2 (59
/ \§/|2r"+1dr > I’l_/ |f|2rn_ld}’,
0 4 Jo

the main terms in (B2) are non-negative for all ¢ if and
only if

(B2)

2n
n—-27"

<

Sn >4 (B3)

-|>|3N

This implies that when n = 3, the integral is negative for
open families of functions £ which are supported suffi-
ciently far away from the origin.

In higher dimensions some more work is needed. In view
of (5.9), we have

[ ropr-tar= [~ 0.6+ %P

< o, n2a

)|§|2] Mdr,
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and so the integral in (B1) becomes

1 1 f[fo il
§ [ ror Sep s ar s g [T Wi rar
(B4)

where

. a-4 (n=2)a—a* + 2=

W) = C TR T g
B i ) 2n _(To\"
a0

I"O n
— 1- — .
sn(n + a) < r>
In particular if we choose & = r~* with, when n > 4,
1 n 5 8n ca<ntl
S|\nty/n - a<n ,
2 n—2

then W, (f) < 0. Therefore, for & = r~* with «a satisfying
(BS), the integral in (B4) is negative.

(BS)

APPENDIX C: REGULARITY AT r=r,

We normalize the metric and r so that ry =1 = 7.
For completeness we verify that metric perturbations of
the form
h=hij (01 + hs5(6%)2 + hy 0208, (C1)
with the 0*’s defined in (A8), where the functions hs; are
smooth functions of r satisfying
hiil,=1 = byl (C2)
define a smooth tensor field on the Horowitz-Myers
manifold R2 x T2, where the last factor denotes an
(n — 2)-dimensional torus. Here R? is parametrized by
polar coordinates (p, @), where p € [0,00) and ¢ is 27
periodic, defined by the equations

(0. 0) = (\if m,ga). (3)

In particular functions which are smooth in r near r = 1 are
smooth functions of p? near p = 0, as necessary for smooth
rotation-invariant functions. It follows from the last equa-
tion that we have

(6%)?

= fd6* = (1+ p*f1(p?))p*dg?,

for some function f; which is smooth in its argument
near 0. Now,

(91)2 h (92)2
= hip((01)2 + (6%)%) + (hys — hyp)(67)?
= i ((0")2 + (6%)%) + f2(p*)p'dg?, (C4)

for some function f, which is smooth in its argument

near zero. The tensor field (61)2 + (6%)? is smooth. In
Cartesian coordinates we have p*dp? = (xdy — ydx)* and
p> = x* + 2, and smoothness of / readily follows.

APPENDIX D: GAUGE CONDITIONS

Written out in detail, the harmonicity conditions,

~ 1~ gy n—2 .
read
N n—2 _
D, <h11 ~ o ¢911> = =D,y — D%hyy, (D2)
N n—2 - A
Dyhy, Dyp — Drhyy — D% hys, (D3)
N n—2 _ N T
Dihp n Dpp — Dyhyg — D*hyp. (D4)
Equivalently, using (A15)—(A19),
A n—2
\/J73r<hii —2n¢>
1 A £ . A il N
= ——0phrs ——0phiz + == (hss — hx;
\/]7012 A4 2\/]7(22 i)
(e 4 -2y, (DS)
Vf0,his
n—-21 1 A AP o
= — ——0ph —O0phs; ——=hs4
n \/7894’) \/786 22 aA 2A \/jp’ 12
(D6)
\/J_cariliB
27 1 A £ 4 .
5, 7 08b = ﬁaghié = Oahjp = W]—chiiz
(D7)
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