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I. INTRODUCTION

The question of positivity of the total mass in general
relativity has played a central role in many investigations in
mathematical and theoretical physics, with clear implica-
tions for stability, at least at a heuristic level, but also to
issues such as the classification of static black hole
solutions of Einstein equations [1,2] or the resolution of
the Yamabe problem [3].
The standard setting in this context is that of asymp-

totically Minkowskian spacetimes, but other asymptotic
conditions are also of interest. For instance, asymptotically
locally hyperbolic (ALH) metrics have found a prominent
place in models of theoretical physics (cf., e.g., [4,5] and
references therein). These models display a fascinating
interplay between the positivity of energy and topology:
Solutions with spherical conformal infinity are known to
have positive mass [6–8]; some classes of solutions with
toroidal infinity are known to have positive mass [8] while
some classes of static solutions with toroidal or higher-
genus infinity necessarily have negative mass [9,10]. The
fact that a toroidal conformal geometry at infinity can be
filled in by a conformally compact filling in many ways
[11] adds further ambiguities to the subject.
The Horowitz-Myers (HM) solutions of vacuum Einstein

equations with a negative cosmological constant, also
known as AdS solitons, provide an interesting example
of ALH strictly static metrics with total mass which is
negative when compared with that of a locally maximally
symmetric hyperbolic metric with the same toroidal
conformal geometry at infinity. The (nþ 1)-dimensional

spacetimes manifolds underlying the HM metrics are
R×R2×Tn−2, where Tn−2 denotes an (n − 2)-dimensional
torus, with a conformal boundary at infinity diffeomorphic
to R × S1 × Tn−2 ¼ R × Tn−1. The explicit form of the
metric can be found in Appendix A, where we also provide
some associated formulas as needed for the remainder of
this work.
It has been conjectured in [12] (Conjectures 2 and 3) that,

in spacetime dimension five and in Sec. 4 of [13] in
all dimensions, the negativity of the relative mass is a
normalization artifact, and that all solutions of the general
relativistic constraint equations with the same manifold
(“bulk”) topology and the same conformal geometry at
infinity will have energy larger than the corresponding
Horowitz-Myers solution. The relevance of the HM con-
jecture to issues in AdS=CFT was explained clearly in
[12–15], where it is related to consistency of the whole
AdS=CFT program, is shown to imply uniqueness of the
AdS soliton [15], and is relevant for a proper understanding
of phase transitions [14].
The first aim of this paper is to show that, consistently

with the above conjectures, the (relative) mass of asymp-
totically HM solutions of the vacuum Einstein equations
is indeed positive for some classes of time-symmetric
n-dimensional solutions of the general relativistic con-
straint equations, namely for Uð1Þn−1 symmetric metrics
with an orthogonally transitiveUð1Þn−2 subgroup, and for a
subclass of Uð1Þn−2 symmetric metrics with an orthogo-
nally transitive Uð1Þn−2 action.
Next, recall that calculations supporting the conjecture

have been given in [12,13] for linearized perturbations
of HM metrics satisfying a transverse-traceless condition.
However, the most general linearized perturbations of HM
metrics do not belong to this class, as follows from the
nonvanishing of the right-hand side of (4.12) below for
general perturbations. The second aim of this paper is to
provide evidence for positivity of energy for general small
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perturbations, though it should be recognized that we fail to
give a rigorous proof. On the way we fill some gaps in the
arguments of [12,13] for the restricted class of perturba-
tions considered in these references, and promote their
linearized-perturbations argument to a result about small
perturbations.

II. PRELIMINARIES

Let ðM; ḡÞ be a smooth n-dimensional Riemannian
manifold, n ≥ 2. Static potentials are defined as functions
V on M satisfying

D̄iD̄jV ¼ V

�
R̄ij −

R̄
n − 1

ḡij

�
: ð2:1Þ

When ḡ has constant scalar curvature, an equivalent form is

ΔḡV þ λV ¼ 0; D̄iD̄jV ¼ VðR̄ij − λḡijÞ; ð2:2Þ
for some constant λ ∈ R. Here R̄ij denotes the Ricci tensor
of the metric ḡ, D̄ the Levi-Civita connection of ḡ, and
Δḡ ¼ D̄kD̄k is the Laplacian of ḡ.
When λ < 0, rescaling ḡ by a constant factor if necessary

we can without loss of generality assume that

λ ¼ −n

so that

R̄ ≔ ḡijR̄ij ¼ λðn − 1Þ ¼ −nðn − 1Þ;
and this normalization will be often chosen. This is
equivalent to setting l ¼ 1 in the HM metric (A1) below
and elsewhere in our equations.
Ignoring an overall dimension-dependent constant,

we use the widely accepted definition1 of the mass m of
a Riemannian metric g asymptotic to a metric ḡwith a static
potential V in an equivalent, flexible form given in [7]:

m ¼ lim
R→∞

Z
r¼R

½VgmjgilðD̄mgjl − D̄lgjmÞ

þ ðgmjgki − gijgkmÞðgjm − ḡjmÞD̄kV�dσi: ð2:3Þ

The limit as R → ∞ of the integrand of the mass, whenever
it exists, will be referred to as the mass aspect.

III. POSITIVITY FOR SELECTED CLASSES
OF METRICS

Throughout this section, for convenience we rescale the
metric by a constant factor so that l ¼ 1.

A. Positivity for a class of U(1)n− 1 invariant metrics

Consider a metric on

M ¼ R2 × Tn−2 ≔ R2 × S1 × � � � × S1|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
n−2 factors

which is invariant under rotations of the R2 factor as well
as rotations of each of the factors S1 of the torus Tn−2.
In coordinates adapted to the symmetry it can be written in
the form

g ¼ gijdxidxj; ð3:1Þ

where all the gij’s depend only upon the polar radial
coordinate on R2, which will be denoted by r.
A redefinition of the coordinates

xa ↦ xa þ faðrÞ

where x1 ¼ r, xa ¼ ðθ; xAÞ, with a; b ¼ 2; 3;…; n and
A;B ¼ 3;…; n, with suitably chosen functions fa allows
one to obtain gra ¼ 0, bringing the metric to the form

g ¼ e2udr2 þ e2vdθ2 þ 2gθAdθdxA þ gABdxAdxB

≡ e2udr2 þ gabdxadxb; ð3:2Þ

where u; v; gAB; gθA are functions of r only. A calculation
gives

R ¼ −e−2uðŴ2 þ 2∂rŴ − 2Ŵ∂ruÞ

−
1

4
e−2ugabgcd∂rgac∂rgbd; ð3:3Þ

where

Ŵ ≔
1

2
gab∂rgab: ð3:4Þ

We will specialize to the case where the orbits of the
Uð1Þn−2-isometry subgroup acting on the torus factor ofM
are orthogonal to the R2 factor; this is sometimes referred
to as orthogonal-transitivity and is, at least locally, equiv-
alent to the condition that each of the covector fields, say
X♭
ðAÞ, A ¼ 3;…; n, associated with the Killing vectors XðAÞ

1The formula we use for mass assigns the same number to a
metric as the formulas due to Abbott-Deser [16], Ashtekar-
Magnon [17], de Haro et al. [4], or the definition used in [13],
when simultaneously defined. Indeed, the fact that the Abbott-
Deser mass coincides with the Hamiltonian mass of [18] follows
by inspection of the formulas; the fact that our mass coincides
with the Hamiltonian mass has been shown in Appendix B of
[19]; the fact that the Abbott-Deser mass coincides with the
holographic mass is shown in Eq. (5.22) of [20] (the formula
there has been written in 3þ 1 dimensions but the calculation and
the conclusion are the same in all higher dimensions); the fact that
the Ashtekar-Magnon formula coincides with the Hamiltonian
one has been shown in [21]; the fact that the mass used in [13]
coincides with the Abbott-Deser one follows immediately from
the construction of the Abbott-Deser mass.
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generating the Uð1Þn−2 action on the torus factor of M
satisfies

dX♭
ðAÞ ∧ X♭

ð3Þ ∧ � � � ∧ X♭
ðnÞ ¼ 0: ð3:5Þ

In other words, the metric is Uð1Þn−1 invariant with an
orthogonally transitiveUð1Þn−2 subgroup. In this case there
exist coordinates in which the metric takes the form

g ¼ e2udr2 þ e2vdθ2 þ gABdxAdxB; ð3:6Þ

where u, v and the gAB’s still depend only upon r. We then
have

R ¼ −2e−2u
�
∂2
rv − ∂ru∂rvþ ð∂rvÞ2 þW∂rðv − uÞ

þ 1

2
W2 þ ∂rW

�
−
1

4
e−2ugABgCD∂rgAC∂rgBD; ð3:7Þ

with

W ≔
1

2
gAB∂rgAB: ð3:8Þ

We wish to show that metrics in this class have positive
mass with respect to their asymptotic HM background
[with V ¼ r=l in the coordinates of (A1) below], whenever
the scalar curvature satisfies

R ≥ −nðn − 1Þ: ð3:9Þ

This condition is equivalent to the hypothesis of positivity
of energy density for time-symmetric general relativistic
initial data sets with negative cosmological constant
Λ ¼ −nðn − 1Þ=2.
Indeed, we claim the following:

Theorem 3.1: Consider a metric g on R2 × Tn−2 of the
form (3.6) where all the metric functions depend only
upon r and which has a well-defined total mass m with
respect to a Horowitz-Myers metric. If the Ricci scalar R
of g satisfies (3.9) then

m ≥ 0;

vanishing if and only if g coincides with its asymptotic
Horowitz-Myers metric.

The reader is referred to [7] for the detailed asymptotic
conditions needed for a well-defined mass.

Proof: It turns out that the proof is most transparent for
metrics of the form

g¼e2udr2þe2vdθ2þe2wððdx3Þ2þ���þðdxnÞ2Þ; ð3:10Þ

where u, v, and w are functions of r. We will therefore
first carry out the proof in this case. For the metric (3.10)
we have

R ¼ 2e−2u
�
−v00 − ðn − 2Þw00 þ u0v0 þ ðn − 2Þu0w0

− ðn − 2Þv0w0 − ðv0Þ2 − ðn − 1Þðn − 2Þ
2

ðw0Þ2
�
:

ð3:11Þ

Suppose that g asymptotes to a Horowitz-Myers metric
(A1) with parameter r0. We will denote this asymptotic
background as gHM;r0 , the associated function u as in (3.10)
by uHM;r0, etc. We have

uHM;r0 ¼ − ln r −
1

2
ln

�
1 −

rn0
rn

�
;

vHM;r0 ¼ ln rþ 1

2
ln

�
1 −

rn0
rn

�
;

wHM;r0 ¼ ln r:

It is readily seen that RðgHM;r0Þ ¼ −nðn − 1Þ. In order to
obtain a smooth metric at r ¼ r0, θ needs to have period
4π=ðnr0Þ.
Using e.g. the perturbation arguments in [22,23], in

order to prove positivity it suffices to assume that the
components of the metric, when expressed in terms of an
orthonormal (ON) frame of the asymptotic background,
behave as r−n plus oðr−nÞ terms, and that this behavior
is preserved under differentiation. We can therefore,
without loss of generality, assume the asymptotic expan-
sions, for large r,

u ¼ uHM;r0 þ û ¼ uHM;r0 þ unr−n þ oðr−nÞ;
v ¼ vHM;r0 þ v̂ ¼ vHM;r0 þ vnr−n þ oðr−nÞ;
w ¼ wHM;r0 þ ŵ ¼ wHM;r0 þ wnr−n þ oðr−nÞ; ð3:12Þ

where un, vn, and wn are constants. In order to determine
the mass aspect, rather than calculating the integrand of
(2.3) one can proceed as follows:

REMARKS ON THE ENERGY OF ASYMPTOTICALLY PHYS. REV. D 101, 024007 (2020)

024007-3



We calculate

R ¼ 2e−2uHM;r0 ð1 − 2ûþOðr−2nÞÞ

×

�
−
nðn − 1Þ

2
e2uHM;r0 − ðv̂00 þ ðn − 2Þŵ00Þ þ ½u0HM;r0

ðv̂0 þ ðn − 2Þŵ0Þ þ û0ðv0HM;r0
þ ðn − 2Þw0

HM;r0
Þ�

− ðn − 2Þðv0HM;r0
ŵ0 þ v̂0w0

HM;r0
Þ − 2v0HM;r0

v̂0 − ðn − 1Þðn − 2Þw0
HM;r0

ŵ0 þOðr−2ðnþ1ÞÞ
�

¼ −nðn − 1Þ þ 2nðn − 1Þûþ 2r2
�
−ðv̂00 þ ðn − 2Þŵ00Þ þ n − 1

r
û0 −

nþ 1

r
v̂0 −

ðnþ 1Þðn − 2Þ
r

ŵ0
�
þOðr−2nÞ

¼ −nðn − 1Þ þ 2r1−n
d
dr

½ðn − 1Þrnû − rnþ1v̂0 − ðn − 2Þrnþ1ŵ0� þOðr−2nÞ: ð3:13Þ

It follows from this last equation and from the way that
the mass is calculated in [7] that the mass aspect function of
g relative to gHM is the leading term of the expression inside
the square bracket. Hence, up to a positive multiplicative
constant,

ΘðgÞ ¼ 2ðn − 1Þ
n

un þ 2vn þ 2ðn − 2Þwn: ð3:14Þ

The next step of our analysis consists of redefining the
coordinate r to a new coordinate r̃ so that the function û
in the new coordinate system vanishes. In other words, the
function u in the new coordinate system will be equal
uHM;r̃0 for some r̃0:

Lemma 3.2: There exists a smooth increasing function
r ↦ r̃ðrÞ such that

r̃ðrÞ ¼ r −
rn0 − r̃n0 þ 2un

2nrn−1
þ oðr1−nÞ as r → ∞; ð3:15Þ

gr̃ r̃ ¼ e2uHM;r̃0 with r̃0 ¼ r̃ðr0Þ > 0: ð3:16Þ

Proof: Define

FðrÞ ¼
Z

r

1

euHM;1ðξÞdξ:

Then there exists a constant Fn depending upon the space
dimension n such that

FðrÞ ¼ ln rþ Fn −
1

2nrn
þ oðr−nÞ as r → ∞:

Let r̃0 > 0 be such that

lim
r→∞

�Z
r

r0

euðξÞdξ − ln r

�
¼ Fn − ln r̃0:

The desired function r̃ is then defined by

F

�
r̃ðrÞ
r̃0

�
¼
Z

r

r0

euðξÞdξ: ð3:17Þ

We proceed to check (3.15)–(3.16). Indeed, we have by
the definition of r̃0 that

Z
r

r0

euðξÞdξ ¼ ln rþ ðFn − ln r̃0Þ −
rn0 þ 2un
2nrn

þ oðr−nÞ

as r → ∞. Using (3.17) and

F

�
r̃ðrÞ
r̃0

�
¼ ln r̃þ ðFn − ln r̃0Þ −

r̃n0
2nr̃n

þ oðr̃−nÞ

as r̃ → ∞ yields (3.15). On the other hand, from (3.17), we
have

Z
r

r0

euðξÞdξ ¼
Z r̃ðrÞ

r̃0

1

euHM;1ðξÞdξ ¼
Z

r̃ðrÞ

r̃0

euHM;r̃0
ðξÞdξ:

Differentiating in r yields

euðrÞdr ¼ euHM;r̃0
ðr̃Þdr̃;

which gives (3.16). ▪

Using the variable r̃ given in Lemma 3.2, we rewrite the
metric (3.10) as

g ¼ e2ũdr̃2 þ e2ṽdθ2 þ e2w̃ððdx3Þ2 þ � � � þ ðdxnÞ2Þ;
ð3:18Þ

where ũ, ṽ, and w̃ are functions of r̃ ∈ ½r̃0;∞Þ, keeping in
mind that θ is an angular variable with period 4π

nr0
.
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Write

ṽ ¼ vHM;r̃0 þ ˆ̃v ¼ vHM;r̃0 þ ṽnr̃−n þ oðr̃−nÞ;
w̃ ¼ wHM;r̃0 þ ˆ̃w ¼ wHM;r̃0 þ w̃nr̃−n þ oðr̃−nÞ;

where ṽn and w̃n are constants, and note that the function
ˆ̃u ≔ ũ − uHM;r̃0 is identically zero by construction. It is
readily seen that

ṽn ¼ vn þ
1

2
ðr̃n0 − rn0Þ þ

rn0 − r̃n0 þ 2un
2n

;

w̃n ¼ wn þ
rn0 − r̃n0 þ 2un

2n
:

Hence, by (3.14),

ΘðgÞ ¼ −
1

n
ðr̃n0 − rn0Þ þ 2ṽn þ 2ðn − 2Þw̃n: ð3:19Þ

This implies

ΘðgÞ ¼ −
1

n
ðr̃n0 − rn0Þ þ lim

r̃→∞
2r̃nð ˆ̃vþ ðn − 2Þ ˆ̃wÞ

¼ −
1

n
ðr̃n0 − rn0Þ − lim

r̃→∞

2

n
r̃nþ1ð ˆ̃vþ ðn − 2Þ ˆ̃wÞ0

¼ −
1

n
ðr̃n0 − rn0Þ þ

2

n

Z
∞

r̃0

½ð− ˆ̃v − ðn − 2Þ ˆ̃wÞ0ηr̃nþ1�0dr̃;

ð3:20Þ

where 0 now stands for d
dr̃ and η is any function of r̃ which

vanishes at r̃ ¼ r̃0 and η → 1 as r̃ → ∞.
Recall formula (3.11), which in the current coordinate

system translates to

R ¼ 2e−2ũ
�
−ṽ00 − ðn − 2Þw̃00 þ ũ0ṽ0 þ ðn − 2Þũ0w̃0

− ðn − 2Þṽ0w̃0 − ðṽ0Þ2 − ðn − 1Þðn − 2Þ
2

ðw̃0Þ2
�
:

ð3:21Þ

Using the fact that gHM;r̃0 has curvature −nðn − 1Þ, we thus
have

Rþnðn−1Þ

¼2e−2uHM;r̃0

�
− ˆ̃v00−ðn−2Þ ˆ̃w00

þðu0HM;r̃0
−2v0HM;r̃0

−ðn−2Þw0
HM;r̃0

Þ ˆ̃v0

þðn−2Þðu0HM;r̃0
−v0HM;r̃0

−ðn−1Þw0
HM;r̃0

Þ ˆ̃w0

−ðn−2Þ ˆ̃v0 ˆ̃w0−ð ˆ̃v0Þ2−ðn−1Þðn−2Þ
2

ð ˆ̃w0Þ2
�
: ð3:22Þ

Using η ¼ r̃−ðnþ1Þe2vHM;r̃0
þðn−1ÞwHM;r̃0

þ ˆ̃v in (3.20) and noting
that uHM;r̃0 ¼ −vHM;r̃0 , we arrive at

ΘðgÞ ¼ −
1

n
ðr̃n0 − rn0Þ þ

2

n

Z
∞

r̃0

½ð− ˆ̃v − ðn− 2Þ ˆ̃wÞ0e2vHM;r̃0
þðn−1ÞwHM;r̃0

þ ˆ̃v�0dr̃

¼ −
1

n
ðr̃n0 − rn0Þ þ

2

n

Z
∞

r̃0

e2vHM;r̃0
þðn−1ÞwHM;r̃0

þ ˆ̃v½− ˆ̃v00 − ðn− 2Þ ˆ̃w00 − ð ˆ̃v0 þ ðn− 2Þ ˆ̃w0Þð2v0HM;r̃0
þ ðn− 1Þw0

HM;r̃0
þ ˆ̃v0Þ�dr̃

¼ −
1

n
ðr̃n0 − rn0Þ þ

2

n

Z
∞

r̃0

e2vHM;r̃0
þðn−1ÞwHM;r̃0

þ ˆ̃v

�
1

2
e2uHM;r̃0 ðRþ nðn− 1ÞÞ

þ ðv0HM;r̃0
− w0

HM;r̃0
Þ ˆ̃v0 þ ðn− 1Þðn− 2Þ

2
ð ˆ̃w0Þ2

�
dr̃: ð3:23Þ

The term containing ˆ̃v0 can be computed as follows:

2

n

Z
∞

r̃0

e2vHM;r̃0
þðn−1ÞwHM;r̃0

þ ˆ̃vðv0HM;r̃0
− w0

HM;r̃0
Þ ˆ̃v0dr̃

¼ r̃n0

Z
∞

r̃0

e ˆ̃v ˆ̃v0dr̃ ¼ r̃n0e
ˆ̃v
			r̃¼∞

r̃¼r̃0
¼ r̃n0ð1 − e ˆ̃vðr̃0ÞÞ: ð3:24Þ

As g is regular at r̃ ¼ r̃0 and θ has period 4π
nr0
, we have that

e ˆ̃vðr̃0Þ ¼ r0
r̃0
: ð3:25Þ

Altogether we obtain

ΘðgÞ ¼ −
1

n
ðr̃n0 − rn0Þ þ r̃n−10 ðr̃0 − r0Þ

þ 2

n

Z
∞

r̃0

e2vHM;r̃0
þðn−1ÞwHM;r̃0

þ ˆ̃v

×

�
1

2
e2uHM;r̃0 ðRþ nðn − 1ÞÞ

þ ðn − 1Þðn − 2Þ
2

ð ˆ̃w0Þ2
�
dr̃: ð3:26Þ
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The quantity − 1
n ðr̃n0 − rn0Þ þ r̃n−10 ðr̃0 − r0Þ is non-

negative due to the convexity of the function t ↦ tn, which
establishes that ΘðgÞ is positive or vanishes.
The case m ¼ 0 implies ΘðgÞ ¼ 0, and (3.26) gives

ˆ̃w0 ≡ 0≡ Rþ nðn − 1Þ; r0 ¼ r̃0:

We see that ˆ̃w≡ 0 ¼ ˆ̃wn ¼ ˆ̃vn as well, and (3.22) gives

0¼− ˆ̃v00þðu0HM;r̃0
−2v0HM;r̃0

−ðn−2Þw0
HM;r̃0

− ˆ̃v0Þ ˆ̃v0; ð3:27Þ

while from (3.25) we obtain

e ˆ̃vðr̃0Þ ¼ 1: ð3:28Þ

The maximum principle shows that ˆ̃v≡ 0, and we have
proved the following:

Proposition 3.3: If the metric g in (3.10) satisfies
R ≥ −nðn − 1Þ then g has non-negative mass, vanishing
if and only if g coincides with the corresponding Horowitz-
Myers metric. ▪

We now pass to general Uð1Þn−1-orthogonally transitive-
invariant metrics (3.6). For this let us write

∂rgAB ¼ 2W
n − 2

gAB þHAB; ð3:29Þ

with W as in (3.8), thus gABHAB ¼ 0. This allows us to
rewrite the last term appearing in the formula (3.7) for the
Ricci scalar of g as

−
1

4
e−2ugABgCD∂rgAC∂rgBD

¼ −
1

4
e−2u

�
gABgCDHACHBD þ 4W2

n − 2

�

≤ −
e−2uW2

n − 2
: ð3:30Þ

Inserting this into (3.7) one obtains

R ≤ −2e−2u
�
∂2
rv − ∂ru∂rvþ ð∂rvÞ2 þW∂rðv − uÞ

þ 1

2
W2 þ ∂rW

�
−
e−2uW2

n − 2
: ð3:31Þ

Defining

w0 ≔
W

n − 2
; ð3:32Þ

the inequality (3.31) can be rewritten as

R ≤ 2e−2u
�
−v00 − ðn − 2Þw00 þ u0v0 þ ðn − 2Þu0w0

− ðn − 2Þv0w0 − ðv0Þ2 − ðn − 2Þðn − 1Þ
2

ðw0Þ2
�
:

ð3:33Þ

This coincides with (3.21) except that the equality there is
changed to an inequality consistent with what we need to
prove. With the definition (3.32) the formula (3.14)
[derived as the mass aspect of the metric (3.10)] provides
also the correct formula for the metric (3.6). The argument
of the proof of Proposition 3.3 leads again to (3.23)
and (3.26) with the equalities there replaced by ≥, which
establishes that m ≥ 0.
If m ¼ 0 all the inequalities arising in the argument have

to be equalities, in particular (3.30) with ≤ replaced by an
equality implies that ∂rgAB is pure trace, and Proposition 3.3
applies. The proof of Theorem 3.1 is complete. ▪

B. Positivity for a class of orthogonally
transitive-U(1)n− 2-invariant metrics

It turns out that the arguments given so far partially
generalize to metrics which are invariant under an orthogo-
nally transitive action of Uð1Þn−2 by isometries of the torus
factor of M. Such metrics can be written in the form

g ¼ e2udr2 þ e2vdθ2 þ gABdxAdxB; ð3:34Þ

where u; v; gAB are functions of (r, θ). One finds

R ¼ −2e−2uð∂2
rv − ∂ru∂rvþ ð∂rvÞ2 þ ∂rðv − uÞWr

þ 1

2
ðWrÞ2 þ ∂rWrÞ − 1

4
e−2ugABgCD∂rgAC∂rgBD

− 2e−2vð∂2
θu − ∂θu∂θvþ ð∂θuÞ2 − ∂θðv − uÞWθ

þ 1

2
ðWθÞ2 þ ∂θWθÞ − 1

4
e−2vgABgCD∂θgAC∂θgBD;

ð3:35Þ

with

Wr ¼ 1

2
gAB∂rgAB; Wθ ¼ 1

2
gAB∂θgAB: ð3:36Þ

A useful device in the Uð1Þn−1-symmetric case was the
introduction of a new radial coordinate r̃ so that gr̃ r̃ takes a
canonical form. This does not seem to go through in the
general case above while preserving a form of the metric
which is convenient for the remaining arguments. On
the other hand, the proof generalizes if we assume at the
outset that
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u≡ uHM: ð3:37Þ

We then have the following:

Theorem 3.4: Consider a metric g on R2 × Tn−2 of the
form (3.34) where the metric functions depend only upon
(r, θ) and which has a well-defined total mass m with
respect to a Horowitz-Myers background metric. If (3.37)
holds and if the Ricci scalar R of g satisfies R ≥ −nðn − 1Þ
then

m ≥ 0;

vanishing if and only if g coincides with its asymptotic
Horowitz-Myers metric.

Proof: As before, the proof is most transparent for
metrics of the form

g¼e2udr2þe2vdθ2þe2wððdx3Þ2þ���þðdxnÞ2Þ; ð3:38Þ

where we allow now u, v, and w to depend both upon
r and θ. Then

R ¼ 2e−2u
�
−v;rr − ðn − 2Þw;rr þ u;rv;r þ ðn − 2Þu;rw;r − ðn − 2Þv;rw;r − ðv;rÞ2 −

ðn − 1Þðn − 2Þ
2

ðw;rÞ2
�

þ 2e−2v
�
−u;θθ − ðn − 2Þw;θθ þ u;θv;θ þ ðn − 2Þv;θw;θ − ðn − 2Þu;θw;θ − ðu;θÞ2 −

ðn − 1Þðn − 2Þ
2

ðw;θÞ2
�
: ð3:39Þ

If we assume (3.37) and write

v ¼ vHM þ v̂ and w ¼ wHM þ ŵ

then, using (3.22),

Rþ nðn − 1Þ ¼ 2e−2uHM
�
−v̂;rr − ðn − 2Þŵ;rr þ ðu0HM − 2v0HM − ðn − 2Þw0

HMÞv̂;r

þ ðn − 2Þðu0HM − v0HM − ðn − 1Þw0
HMÞŵ;r − ðn − 2Þv̂;rŵ;r − ðv̂;rÞ2 −

ðn − 1Þðn − 2Þ
2

ðŵ;rÞ2
�

þ 2ðn − 2Þe−2vHM−2v̂
�
−ŵ;θθ þ v̂;θŵ;θ −

n − 1

2
ðŵ;θÞ2

�
:

Already-mentioned perturbation arguments allow us to assume that g is asymptotic to gHM in the sense of (3.12), where
the expansion coefficients are now allowed to depend upon θ. We have

ΘðgÞ ¼ lim
r→∞

2rnðv̂þ ðn − 2ÞŵÞ ¼ − lim
r→∞

2

n
rnþ1∂rðv̂þ ðn − 2ÞŵÞ ¼ 2

n

Z
∞

r0

∂r½∂rð−v̂ − ðn − 2ÞŵÞηrnþ1�dr;

where η is any function which vanishes at r ¼ r0 and η → 1 as r → ∞. In the sequel we take η ¼ r−ðnþ1Þe2vHMþðn−1ÞwHMþv̂.
Using uHM ¼ −vHM we find

ΘðgÞ ¼ 2

n

Z
∞

r0

∂r½∂rð−v̂ − ðn − 2ÞŵÞe2vHMþðn−1ÞwHMþv̂�dr

¼ 2

n

Z
∞

r0

e2vHMþðn−1ÞwHMþv̂½−v̂;rr − ðn − 2Þŵ;rr − ðv̂;r þ ðn − 2Þŵ;rÞ ð2v0HM þ ðn − 1Þw0
HM þ v̂;rÞ�dr

¼ 2

n

Z
∞

r0

e2vHMþðn−1ÞwHMþv̂

�
1

2
e2uHMðRþ nðn − 1ÞÞ þ ðv0HM − w0

HMÞv̂;r þ
ðn − 1Þðn − 2Þ

2
ðŵ;rÞ2

− ðn − 2Þe−4vHM−2v̂
�
−ŵ;θθ þ v̂;θŵ;θ −

n − 1

2
ðŵ;θÞ2

��
dr:
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Regularity of the metric at the core geodesic r ¼ r0 requires
v̂ ¼ 0 there. As in (3.24) we have now

2

n

Z
∞

r0

e2vHMþðn−1ÞwHMþv̂ðv0HM − w0
HMÞv̂;rdr

¼ rn0

Z
∞

r0

ev̂v̂;rdr ¼ rn0e
v̂
			r¼∞

r¼r0
¼ 0:

The term containing −ŵ;θθ þ v̂;θŵ;θ cancels away after
integrating over θ:Z

e−v̂ð−ŵ;θθ þ v̂;θŵ;θÞdθ ¼
Z

∂θð−e−v̂ŵ;θÞdθ ¼ 0:

ð3:40Þ

So, under the hypotheses of Theorem 3.4, we obtain
non-negativity of mass for metrics satisfying moreover
(3.38). The vanishing of the mass implies ŵ≡ 0 and one
concludes by an argument similar to that in the proof of
Proposition 3.3.
We consider now the general case. Formula (3.35) with

û≡ 0 implies

R ≤ −2e−2u
�
∂2
rv − ∂ru∂rvþ ð∂rvÞ2 þ ∂rðv − uÞWr

þ ðn − 1Þ
2ðn − 2Þ ðW

rÞ2 þ ∂rWr

�

− 2e−2v
�
∂2
θu − ∂θu∂θvþ ð∂θuÞ2 − ∂θðv − uÞWθ

þ ðn − 1Þ
2ðn − 2Þ ðW

θÞ2 þ ∂θWθ

�
; ð3:41Þ

where we have used (3.30). Introducing

w;r ¼
Wr

n − 2
ð3:42Þ

allows us to rewrite (3.41) as

R ≤ 2e−2u
�
−v;rr − ðn − 2Þw;rr þ u;rv;r þ ðn − 2Þu;rw;r

− ðn − 2Þv;rw;r − ðv;rÞ2 −
ðn − 1Þðn − 2Þ

2
ðw;rÞ2

�

− 2e−2v
�
∂2
θu − ∂θu∂θvþ ð∂θuÞ2 − ∂θðv − uÞWθ

þ ðn − 1Þ
2ðn − 2Þ ðW

θÞ2 þ ∂θWθ

�
: ð3:43Þ

This differs from (3.39) by the replacement of an equality
sign by ≤, and replacement of w;θ by Wθ=ðn − 1Þ. The rest
of the proof requires only trivial changes, for example (3.40)
is replaced by

Z
e−v̂ð−W;θ þ v̂;θWθÞdθ ¼

Z
∂θð−e−v̂WθÞdθ ¼ 0:

ð3:44Þ

The details are left to the reader. ▪

IV. PERTURBATIONS OF STATIC
RIEMANNIAN METRICS

In the remainder of this work we wish to address the
question of positivity of the relative mass for small
perturbations of the Horowitz-Myers metrics. We start with
some general considerations.
Given a metric g asymptotic to a background metric ḡ,

we define

hij ≔ gij − ḡij; ð4:1Þ

ψ j ≔ D̄igij ⇔ gijD̄ihjl ¼ −gljψ j; ð4:2Þ

ϕ ≔ gijhij ⇒ ϕ̄ ≔ ḡijhij ¼ ϕþOðjhj2ḡÞ: ð4:3Þ

We will denote by ȟ, respectively by ĥ, the g-trace-free,
respectively the ḡ-trace-free, part of h:

ȟ ≔ h −
1

n
ϕg; ĥ ≔ h −

1

n
ϕ̄ ḡ : ð4:4Þ

The most relevant fields for our purposes here are ϕ and ĥ,
and we emphasize that ȟ and ĥ differ by terms quadratic
in ε if h ¼ OðεÞ and if ε is small; similarly for ϕ and ϕ̄.
We also use the notation

gij ¼ ḡij − hij þ χij; ð4:5Þ

where

hij ¼ ḡikḡjlhkl and

χij ≔ ḡikḡjlḡmnhkmhnl þOðjhj3ḡÞ ¼ Oðjhj2ḡÞ: ð4:6Þ

In order to address the question of gauge-freedom, it
would be convenient to apply a diffeomorphism to g so that

ψ̌ i ≔ ψ i þ 1

2
gikD̄kϕ ð4:7Þ

vanishes. The equation ψ̌ i ¼ 0 will be referred to as the
harmonicity condition, which is motivated by the fact that
it reduces to the harmonic-coordinates condition in the
case of a flat background. It is likely that the harmonicity
condition can be achieved in whole generality for pertur-
bations of a Horowitz-Myers background, but this is
irrelevant for the current work as our analysis is incon-
clusive anyway.
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In [24] the following formula was derived, which holds
for any asymptotically hyperbolic background (M, ḡ) with
a static potential V, under the usual conditions for existence
of the hyperbolic mass m:

m ¼
Z
M

�
ðR − R̄ÞV þ

�
nþ 2

8n
jD̄ϕj2ḡ þ

1

4
jD̄ ĥ j2ḡ

−
1

2
ĥilĥjmR̄lmij −

nþ 2

2n
ϕĥijR̄ij −

n2 − 4

8n2
λϕ2

−
1

2
ðjψ̌ j2ḡ − ψ̌ iD̄iϕÞ

�
V þ

�
hkiψ̌ i þ 1

2
ϕψ̌k

�
D̄kV

þ ðOðjhj3ḡÞ þOðjhjḡjD̄hj2ḡÞÞV

þOðjhj2ḡjD̄hjḡÞjD̄Vjḡ
�
dμḡ: ð4:8Þ

In this equation all indices are raised and lowered using the
background metric ḡ.
We will also need another formula from [24]:

R ¼ R̄ijgij þ D̄k½gijgklðD̄ihjl − D̄lhjiÞ� þQ; ð4:9Þ

where

Q ≔
1

4
gijgkpglqð2D̄phjlD̄qhki

− D̄lhkpD̄qhij − D̄ihpqD̄jhklÞ: ð4:10Þ

In the notation of (4.2)–(4.7), the identity (4.9) becomes

−
1

2
D̄kðgklDlϕÞ ¼ R − R̄þ R̄ijhij

− D̄kðgklhjiD̄lgij − ψ̌kÞ −Q|{z}
OðjD̄hj2Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

gauge and higher order terms

:

ð4:11Þ

It follows that a metric perturbation will satisfy the
linearized time-symmetric scalar constraint equation if
and only if

−
1

2
D̄kðgklDlϕÞ −

R̄
n
ϕ ¼ R̄ijĥ

ij: ð4:12Þ

If ḡ is a space-form the term linear in ĥij at the right-hand
side vanishes, which typically implies that ϕ itself is higher
order (compare the discussion before Equation (2.14)
in [25]). However, this is not true for general ḡ and ĥ,
in particular one cannot assume that ϕ ¼ 0 for general
perturbations of the Horowitz-Myers metrics in har-
monic gauge.
Let us consider a one-parameter family of perturbations

h of the metric of the form

hij ¼ ϵ h
ð1Þ

ij þ ϵ2 h
ð2Þ

ij þOðϵ3Þ; ð4:13Þ

where h
ð1Þ

and h
ð2Þ

are independent of ϵ. We assume that this
expansion is preserved by differentiation. Subsequently, the
mass will have an expansion

m ¼ ϵm
ð1Þ þ ϵ2m

ð2Þ þOðϵ3Þ; ð4:14Þ

We will use similar notation for expansions of ĥ and ϕ:

ĥij ¼ ϵ ĥ
ð1Þ

ij þ ϵ2 ĥ
ð2Þ

ij þOðϵ3Þ;

ϕ ¼ ϵϕ
ð1Þ

þ ϵ2ϕ
ð2Þ

þOðϵ3Þ: ð4:15Þ

Suppose, first, that h satisfies the constraint equation up

to terms of order ϵ2; equivalently, that h
ð1Þ

satisfies the
linearized constraint equation. Dividing (4.8) by ϵ and
passing to the limit ϵ ¼ 0 one obtains the well-known
result, that static metrics are local extrema of mass on the
set of solutions of the constraint equations:

m
ð1Þ ¼ 0: ð4:16Þ

Suppose, next, that h satisfies the constraint equation up
to terms of order ϵ3 and that the gauge condition ψ̌k ¼ 0

holds. Dividing (4.8) now by ϵ2 and passing to the limit
ϵ ¼ 0 one obtains

m
ð2Þ ¼

Z
M

" 
nþ 2

8n

				D̄ ϕ
ð1Þ				2

ḡ
þ 1

4

				D̄ ĥ
ð1Þ				2

ḡ
− 1

2
ĥ
ð1Þ

il ĥ
ð1Þ

jmR̄lmij

−
nþ 2

2n
ϕ
ð1Þ

ĥ
ð1Þ

ijR̄ij þ
n2 − 4

8nl2
ðϕ
ð1Þ
Þ2
#
Vdμḡ: ð4:17Þ

We note that the knowledge of the perturbed metric to first
order in ϵ suffices to obtain a formula for the mass which is
accurate to second order in ϵ.
To simplify notation, we will from now on interchange-

ably write (ϕ
ð1Þ
, ĥ
ð1Þ
) and (ϕ, ĥ), the smallness parameter ϵ

being implicitly understood whenever required.

V. PERTURBATIONS OF HOROWITZ-MYERS
METRICS

If ḡ is the space-part of the Horowitz-Myers metric, the
curvature-dependent terms in (4.17) read (see Appendix A)

R̄ijĥ
ij ¼ n

2l2

�
r0
r

�
n
ðĥ1̂1̂ þ ĥ2̂2̂Þ; ð5:1Þ
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R̄ijklĥ
ikĥjl ¼ f00

�
ðĥ1̂2̂Þ2 þ 1

4
ðĥ1̂1̂ − ĥ2̂2̂Þ2

�

þ
� ð3 − nÞf
ðn − 2Þr2 þ

f0

r
−
f00

4

�
ðĥ1̂1̂ þ ĥ2̂2̂Þ2

þ f
r2
j ˆ̂hj2ḡ ; ð5:2Þ

where

fðrÞ ≔ r2

l2

�
1 −

�
r0
r

�
n
�
; ð5:3Þ

ˆ̂hÂB̂ ≔ ĥÂB̂ −
1

n − 2
ḡĈD̂ĥĈD̂ḡÂB̂; ð5:4Þ

with ˆ̂hâî ≡ 0≡ ˆ̂hâb̂, where from now on a; b ∈ f1; 2g, and
where hatted indices denote frame components with respect
to the ḡ-orthonormal frame (A8) below.
The question arises, whether the quadratic form (4.17) in

the fields (ϕ
ð1Þ
, ĥ

ð1Þ
ij) is positive definite. An affirmative

answer would establish the Horowitz-Myers conjecture for

small perturbations of Horowitz-Myers metrics. We show
in Appendix B that this is not the case: there exist fields so
that the right-hand side of (4.17) is negative.
However, the examples there satisfy neither the linear-

ized constraint equations nor the harmonicity conditions, as
would have been needed to invalidate the conjecture. And
we have neither been able to find fields satisfying all
necessary requirements, nor to prove that no such fields

with negative m
ð2Þ

exist. The analysis that we present below
suggests strongly, but fails to prove, that if such fields
existed, then there would also exist negative mass con-
figurations depending only upon r. Since we have just
proved that any metric in the relevant class depending only
upon r has positive mass, we are led to suspect that the
Horowitz-Myers conjecture remains correct for all small
perturbations of the Horowitz-Myers metrics.
An obvious approach to analyze the sign of the

right-hand side of (4.17) is to estimate m
ð2Þ

from
below by discarding all positive terms which do not
contain radial derivatives of the fields. Thus, from the
term 1

4
jD̄ ĥ j2ḡ there we will only keep the following,

using (A15) below,

1

4
jD̄ ĥ j2ḡ ≥

f
4
ðj∂rĥ1̂1̂j2 þ 2j∂rĥ1̂2̂j2 þ j∂rĥ2̂2̂j2þj∂r

ˆ̂hj2ḡÞ

¼ f
4

�
1

2
j∂rðĥ1̂1̂ þ ĥ2̂2̂Þj2 þ 2j∂rĥ1̂2̂j2 þ

1

2
j∂rðĥ1̂1̂ − ĥ2̂2̂Þj2þj∂r

ˆ̂hj2ḡ
�
: ð5:5Þ

This gives, after ignoring further irrelevant-looking obviously positive terms,

m
ð2Þ

≥
Z
M

��
nþ 2

8n
fj∂rϕj2 þ

f
4

�
1

2
j∂rðĥ1̂1̂ þ ĥ2̂2̂Þj2þ2j∂rĥ1̂2̂j2 þ

1

2
j∂rðĥ1̂1̂ − ĥ2̂2̂Þj2þj∂r

ˆ̂hj2ḡ
�

−
f00

2

�
ðĥ1̂2̂Þ2 þ

1

4
ðĥ1̂1̂ − ĥ2̂2̂Þ2

�
−
1

2

� ð3 − nÞf
ðn − 2Þr2 þ

f0

r
−
f00

4

�
ðĥ1̂1̂ þ ĥ2̂2̂Þ2

−
nþ 2

4l2

�
r0
r

�
n
ðĥ1̂1̂ þ ĥ2̂2̂Þϕþ n2 − 4

8nl2
ϕ2−

f
2r2

j ˆ̂hj2ḡ
�
Vdμḡ; ð5:6Þ

with equality attained on those perturbations with hrA ¼
0 ¼ hθA which depend only upon r.

A. Positive contribution from h1̂ 2̂
Let us, first, consider those terms in (5.6) which involve

h1̂ 2̂. Using

f00 ¼ l−2
�
2 − ðn − 2Þðn − 1Þ r

n
0

rn

�
;

ffiffiffiffiffiffiffiffiffi
det ḡ

p
¼ rn−2

ln−2 ;

V ¼ r
l
; ð5:7Þ

we need to analyze the integral

Z
∞

r0

�
f
2
j∂rh1̂2̂j2 −

f00

2
jh1̂2̂j2

�
rn−1

ln−1 dr: ð5:8Þ

To this end, we use the identity

Z
∞

r0

2f∂rh1̂2̂h1̂2̂r
n−2dr

þ
Z

∞

r0

jh1̂2̂j2ðr∂rf þ ðn − 2ÞfÞrn−3dr ¼ 0: ð5:9Þ

HAMED BARZEGAR et al. PHYS. REV. D 101, 024007 (2020)

024007-10



Hence, for any α ∈ R,Z
∞

r0

ðfj∂rh1̂2̂j2 − f00jh1̂2̂j2Þrn−1dr ¼
Z

∞

r0

ðfj∂rh1̂2̂j2 − f00jh1̂2̂j2Þrn−1dr

þ α

Z
∞

r0

2f∂rh1̂2̂h1̂2̂r
n−2drþ α

Z
∞

r0

jh1̂2̂j2ðr∂rf þ ðn − 2ÞfÞrn−3dr

¼
Z

∞

r0

�
fj∂rh1̂2̂ þ

α

r
h1̂2̂j2 þWαðfÞjh1̂2̂j2

�
rn−1dr; ð5:10Þ

where

WαðfÞ¼−f00 þα

r
∂rfþ

ðn−2Þα−α2

r2
f

¼ 1

l2

�
−ðα2−nαþ2Þþðn2−3nþ2þα2Þ

�
r0
r

�
n
�
:

Choosing α ¼ n
2
we have Wn=2ðfÞ ≥ ðn2 − 8Þ=ð4l2Þ > 0

for n ≥ 3, and so with this choice the integral in (5.8) is
non-negative.
The reader will note that the argument leading to (5.10)

establishes the following inequality, for any function ζ and
any α ∈ R,

Z
M
fð∂rζÞ2dμḡ ≥

Z
M
ðαðr∂rf þ ðn − 2ÞfÞ − α2fÞr−2ζ2dμḡ:

ð5:11Þ

Remark 5.1: An identical calculation applies to those
terms in (5.6) which involve ĥ1̂ 1̂ − ĥ2̂ 2̂. However, these
terms are coupled with the remaining ones through the
harmonicity condition, and their positivity compensates for
the negativity of the remaining contributions in the radial

case, so one should not discard them when estimating m
ð2Þ

from below.

B. Positive contribution from ˆ̂hÂB̂
We consider now those terms in (5.6) which explicitly

involve ˆ̂hÂ B̂. These are, up to irrelevant numerical factors
and an inessential integration over the remaining variables,

Z
∞

r0

f

�
j∂r

ˆ̂hj2ḡ −
2

r2
j ˆ̂hj2ḡ
�
rn−1

ln−1 dr: ð5:12Þ

Using the inequality

j∂rj ˆ̂hjḡj ≤ j∂r
ˆ̂hjḡ;

the analysis of the sign of (5.12) can be reduced to that of
the sign of the integral

Z
∞

r0

f
�
ð∂rζÞ2 −

2

r2
ζ2
�
rn−1

ln−1 dr; ð5:13Þ

for differentiable functions ζ. A calculation as in (5.10)
with f00 there replaced by 2f=r2 gives, for any α ∈ R,

Z
∞

r0

�
fj∂rh1̂2̂j2 −

2

r2
jh1̂2̂j2

�
rn−1dr

¼
Z

∞

r0

�
fj∂rh1̂2̂ þ

α

r
h1̂2̂j2 þ W̃αðfÞjh1̂2̂j2

�
rn−1dr;

ð5:14Þ

where

W̃αðfÞ ¼
α

r
∂rf þ ðn − 2Þα − α2 − 2

r2
f

¼ 1

l2

�
−ðα2 − nαþ 2Þ þ ðα2 þ 2Þ

�
r0
r

�
n
�
:

ð5:15Þ

The choice α¼ n
2
leads similarly to W̃n=2ðfÞ≥ ðn2−8Þ=

ð4l2Þ>0 for n ≥ 3, which shows that the integral in (5.12)
is non-negative.

C. The remainder

After discarding those fields which have been shown to
give a positive contribution to the mass so far, and ignoring
the warning in Remark 5.1, one is left to face a lower bound

for m
ð2Þ

governed by the integral

I ≔
Z

∞

r0

�
nþ 2

8n
fj∂rϕj2 þ

f
8
j∂rðĥ1̂1̂ þ ĥ2̂2̂Þj2

−
1

2

� ð3 − nÞf
ðn − 2Þr2 þ

f0

r
−
f00

4

�
ðĥ1̂1̂ þ ĥ2̂2̂Þ2

−
nþ 2

4l2

�
r0
r

�
n
ðĥ1̂1̂ þ ĥ2̂2̂Þϕþ n2 − 4

8nl2
ϕ2

�
rn−1

ln−1 dr:

ð5:16Þ
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As already mentioned, we show in Appendix B that I can
take negative values, when viewed as a functional of

ξ ≔ h1̂1̂ þ h2̂2̂

after taking ϕ ¼ 0, in all dimensions n ≥ 3. However, after
enforcing the linearized scalar constraint equation,

−
1

2
D̄k̂ðḡk̂l̂D̄l̂ϕÞ þ

ðn − 1Þ
l2

ϕ ¼ n
2l2

�
r0
r

�
n
ðĥ1̂1̂ þ ĥ2̂2̂Þ;

ð5:17Þ

the fields ϕ and ξ are not independent anymore. For
example, if ϕ≡ 0 we obtain ξ≡ 0, then I ¼ 0, and from

what has been said so far m
ð2Þ

≥ 0 for such variations. We

recover a result already observed by Horowitz and Myers

[12], that m
ð2Þ

is positive for transverse-traceless perturba-
tions of the metric satisfying the linearized constraint
equations.
On the other hand, if n ¼ 3 and if we take ϕðrÞ ¼ r−5,

Eq. (5.17) gives

ξðrÞ ¼ 30 − 11r3

3r5
; ð5:18Þ

and I ¼ −79=84.
When n ¼ 4 a negative value of I ≈ −0.575 is obtained

by setting ϕðrÞ ¼ tanhðrÞ=r6, which results in

ξðrÞ ¼ 3ð7 − 2r4Þ tanhðrÞ þ rð4r4 þ ðr4 − 1Þr tanhðrÞ − 6Þsech2ðrÞ
2r6

: ð5:19Þ

We note that the ansatz ϕðrÞ ¼ r−c leads to a positive I in
all dimensions that we tried, namely 4 ≤ n ≤ 16, regardless
of the choice of the exponent c for which the integral
converges.

D. A functional on ϕ

The above does not invalidate the HM conjecture in
space-dimensions three and four because imposing har-
monicity leads to a nonvanishing field h1̂1̂ − h2̂2̂, the

contribution of which restores positivity of m
ð2Þ

for
r-dependent perturbations. Indeed, if we prescribe a func-
tion ϕðrÞ, we can then calculate ξ from (5.17). If we
consider metric variations in harmonic gauge satisfying

ĥ1̂2̂ ¼ 0 ¼ ĥ1̂Â ¼ ĥ2̂Â; ð5:20Þ

with all metric perturbations depending only upon r, then
the harmonicity conditions reduce to the equation (D5)
for ĥ1̂ 1̂,

ffiffiffi
f

p ∂r

�
ĥ1̂1̂ −

n − 2

2n
ϕ

�

¼ f0

2
ffiffiffi
f

p ðĥ2̂2̂ − ĥ1̂1̂Þ −
ffiffiffi
f

p
r

ðξþ ðn − 2Þĥ1̂1̂Þ; ð5:21Þ

where ĥ2̂ 2̂ is viewed as a function of the already-known
field ξ and of ĥ1̂ 1̂:

ĥ2̂2̂ ¼ ξ − ĥ1̂1̂: ð5:22Þ

In space-dimension n ¼ 3 we then necessarily have

ĥ3̂3̂ ¼ −ξ;

and (5.21) becomes

r−ðn−2Þ∂rðrn−2fĥ1̂1̂Þ ¼
�
f0

2
−
f
r

�
ξþ n − 2

2n
f∂rϕ: ð5:23Þ

Integrating from r0, regularity at r0 enforces the solution
to be

ĥ1̂1̂¼ r−ðn−2Þf−1
Z

r

r0

��
f0

2
−
f
r

�
ξþn−2

2n
f∂rϕ

�				
r¼s

sn−2ds:

ð5:24Þ

The function ĥ2̂ 2̂ can now be determined using (5.22),
and we obtain a linearized metric perturbation satisfying
the gauge conditions and the linearized constraint equation.

The right-hand side of (5.6) with ˆ̂hAB ¼ hrθ ¼ 0

becomes thus a functional of ϕ
ð1Þ
, the positivity of which

follows in an indirect way from Proposition 3.3. However,

positivity when ϕ
ð1Þ

is allowed to depend upon all variables is
not clear.
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APPENDIX A: HOROWITZ-MYERS METRICS

The Horowitz-Myers “soliton” metric g̃HM reads

g̃HM ¼ −
r2

l2
dt2 þ l2

r2
dr2

1 − ðr0r Þn
þ r2

l2

�
1 −

�
r0
r

�
n
�
dθ2

þ r2

l2

Xn−2
A¼1

ðdxAÞ2; ðA1Þ

where

l2 ¼ −
nðn − 1Þ

2Λ
; ðA2Þ

and where r0 > 0 is a constant, θ is an angle with the period

β ¼ 4πl2

nr0
;

and the xA’s, A ∈ f3;…; ng are local coordinates on an
(n − 2)-dimensional flat manifold. Setting

fðrÞ ≔ r2

l2

�
1 −

�
r0
r

�
n
�
; ðA3Þ

the spatial part, say ḡHM, of (A1) takes the form

ḡHM ¼ dr2

fðrÞ þ fðrÞdθ2 þ l−2r2δ̄; ðA4Þ

where δ̄ ¼ δABdxAdxB is flat. We will write gHM;r0 for gHM
when r0 needs to be made explicit.
Dividing the metric by l2 and rescaling the coordinates

(t; θ; xA) suitably we can always achieve l ¼ 1. A sub-
sequent rescaling of r leads to r0 ¼ 1. This can be used to
reduce the analysis to one where

l ¼ 1 ¼ r0; β ¼ 4π

n
: ðA5Þ

The nonvanishing, up to index symmetries, Christoffel
symbols read

Γ̄r
rr ¼ −

f0

2f
; Γ̄r

θθ ¼ −
1

2
ff0; Γ̄r

AB ¼ −l−2rfδAB;

Γ̄θ
rθ ¼

f0

2f
; Γ̄A

rB ¼ 1

r
δAB: ðA6Þ

The nontrivial components, again up to index symmetries,
of the Riemann tensor of the (Riemannian) metric ḡHM are
(cf., e.g., [[26] Appendix D])

R̄rθrθ ¼ −
1

2
f00; R̄rArB ¼ −

rf0

2fl2
δAB;

R̄θAθB ¼ −
rf0f
2l2

δAB;

R̄ABCD ¼ −l−4r2fðδACδBD − δADδBCÞ; ðA7Þ
It is convenient to introduce the orthonormal co-frame

θ̄1̂ ¼ drffiffiffi
f

p ; θ̄2̂ ¼
ffiffiffi
f

p
dθ; θ̄Â ¼ l−1rdxA: ðA8Þ

We have the following nonvanishing connection one-
forms

−ω̄1̂2̂ ¼ ω̄2̂1̂ ¼
f0

2
ffiffiffi
f

p θ̄2̂; −ω̄1̂Â ¼ ω̄Â1̂ ¼
ffiffiffi
f

p
r

θ̄Â; ðA9Þ

with â; b̂ ∈ f1̂; 2̂g, Â; B̂ ∈ f3̂;…; n̂g, and

R̄1̂2̂1̂2̂ ¼ −
1

2
f00; R̄âÂb̂B̂ ¼ −

f0

2r
ḡâb̂ḡÂB̂;

R̄ÂB̂ĈD̂ ¼ −
f
r2
ðḡÂĈḡB̂D̂ − ḡÂD̂ḡB̂ĈÞ: ðA10Þ

The nontrivial frame components of the Ricci tensor read

R̄âb̂ ¼ −
1

2

�
f00 þ ðn − 2Þ f

0

r

�
ḡâb̂;

R̄ÂB̂ ¼ −
�
f0

r
þ ðn − 3Þ f

r2

�
ḡÂB̂: ðA11Þ

Let us define

ˆ̂hÂB̂ ≔ ĥÂB̂ −
1

n − 2
ḡĈD̂ĥĈD̂ḡÂB̂; ðA12Þ

with ˆ̂hâî ≔ 0. Using this notation, we have

R̄ijĥ
ij ¼ −

1

2

�
f00 þ ðn − 4Þ f

0

r
− 2ðn − 3Þ f

r2

�
ḡâb̂ĥ

âb̂

¼ n
2l2

�
r0
r

�
n
ðĥ1̂1̂ þ ĥ2̂2̂Þ; ðA13Þ

R̄ijklĥ
ikĥjl

¼ −f00ðĥ1̂1̂h2̂2̂ − ðĥ1̂2̂Þ2Þ þ
�
f0

r
−

f
r2

�
ðĥ1̂1̂ þ ĥ2̂2̂Þ2

þ f
r2
ḡÂD̂ḡB̂Ĉĥ

ÂĈĥB̂D̂

¼ f00
�
ðĥ1̂2̂Þ2 þ 1

4
ðĥ1̂1̂ − ĥ2̂2̂Þ2

�

þ
� ð3 − nÞf
ðn − 2Þr2 þ

f0

r
−
f00

4

�
ðĥ1̂1̂ þ ĥ2̂2̂Þ2 þ f

r2
j ˆ̂hj2ḡ :

ðA14Þ
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1. Covariant derivatives

We have

D̄1̂ĥĵk̂ ¼
ffiffiffi
f

p ∂rĥĵk̂: ðA15Þ

Further,

D̄2̂ĥĵk̂ ¼
1ffiffiffi
f

p ∂θĥĵk̂ − ω̄l̂
ĵ2̂
ĥl̂k̂ − ω̄l̂

k̂2̂
ĥl̂ĵ: ðA16Þ

The only nonvanishing connection coefficient relevant for
this equation is, up to index symmetries, ω̄1̂

2̂2̂ ¼ − f0

2
ffiffi
f

p .

This yields

D̄2̂ĥ1̂1̂ ¼
1ffiffiffi
f

p ð∂θĥ1̂1̂ − f0ĥ1̂2̂Þ;

D̄2̂ĥ1̂2̂ ¼
1ffiffiffi
f

p
�
∂θĥ1̂2̂ −

f0

2
ðĥ2̂2̂ − ĥ1̂1̂Þ

�
;

D̄2̂ĥ2̂2̂ ¼
1ffiffiffi
f

p ð∂θĥ2̂2̂ þ f0ĥ1̂2̂Þ;

D̄2̂ĥ1̂Â ¼ 1ffiffiffi
f

p
�
∂θĥ1̂Â −

f0

2
ĥ2̂Â

�
;

D̄2̂ĥ2̂Â ¼ 1ffiffiffi
f

p
�
∂θĥ2̂Â þ f0

2
ĥ1̂Â

�
;

D̄2̂ĥÂB̂ ¼ 1ffiffiffi
f

p ∂θĥÂB̂: ðA17Þ

Finally, we have

D̄Âĥĵk̂ ¼
l
r
∂Âĥĵk̂ − ω̄l̂

ĵÂĥl̂k̂ − ω̄l̂
k̂Âĥl̂ĵ: ðA18Þ

In this case the only relevant nonvanishing components
of the connection coefficient are, again up to index

symmetries, ω̄Â
1̂B̂ ¼

ffiffi
f

p
r δÂ

B̂
and ω̄1̂

Â B̂
¼ −

ffiffi
f

p
r ḡÂ B̂ which

implies

D̄Âĥ1̂1̂ ¼
l
r
∂Âĥ1̂1̂ −

2
ffiffiffi
f

p
r

ĥÂ1̂;

D̄Âĥ1̂2̂ ¼
l
r
∂Âĥ1̂2̂ −

ffiffiffi
f

p
r

ĥÂ2̂;

D̄Âĥ2̂2̂ ¼
l
r
∂Âĥ2̂2̂;

D̄Âĥ1̂B̂ ¼ l
r
∂Âĥ1̂B̂ −

ffiffiffi
f

p
r

ðĥÂB̂ − ĥ1̂1̂ḡÂB̂Þ;

D̄Âĥ2̂B̂ ¼ l
r
∂Âĥ2̂B̂;

D̄ÂĥB̂Ĉ ¼ l
r
∂ÂĥB̂Ĉ: ðA19Þ

APPENDIX B: THE LOWER BOUND IS NOT
POSITIVE FOR SOME VARIATIONS

Recall that

ξ ≔ ĥ1̂1̂ þ ĥ2̂2̂:

Consider that part of the contribution of ξ to (5.16) which
decouples from ϕ:

Z
M

�
f
8
j∂rξj2 −

1

2

� ð3 − nÞf
ðn − 2Þr2 þ

f0

r
−
f00

4

�
ξ2
�
Vdμḡ: ðB1Þ

Note that

−
1

2

� ð3 − nÞf
ðn − 2Þr2 þ

f0

r
−
f00

4

�

¼ −
2n − ðnðnðnþ 3Þ − 6Þ − 12Þ rn

0

rnþ2

8l2ðn − 2Þ :

We show below that, in any dimension, there exist
functions which render this integral negative. Hence one
cannot neglect the constraint equations and/or the gauge
condition when attempting to prove positivity of the mass
for small perturbations of the metric.
If ξ is supported near infinity, the radial part of the

integral (B1) can be written as

Z
∞

r0

�
1

8
j∂rξj2 −

n
4ðn − 2Þr2 ξ

2 þ l:o:t

�
rnþ1

lnþ1
dr; ðB2Þ

where l.o.t. denotes terms which can be made arbitrarily
small in comparison with the remaining ones for r’s large
enough. In view of the sharp constant for Hardy’s inequal-
ity in (nþ 2) dimensions,

Z
∞

0

jξ0j2rnþ1dr ≥
n2

4

Z
∞

0

jξj2rn−1dr;

the main terms in (B2) are non-negative for all ξ if and
only if

2n
n − 2

≤
n2

4
⇔ n ≥ 4: ðB3Þ

This implies that when n ¼ 3, the integral is negative for
open families of functions ξ which are supported suffi-
ciently far away from the origin.
In higher dimensions some more work is needed. In view

of (5.9), we haveZ
∞

r0

fj∂rξj2rn−1dr¼
Z

∞

r0

�
fj∂rξþ

α

r
ξj2

þ
�
α

r
∂rfþ

ðn−2Þα−α2
r2

f

�
jξj2
�
rn−1dr;
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and so the integral in (B1) becomes

1

8

Z
∞

r0

fj∂rξþ
α

r
ξj2 r

n−1

ln−1 drþ
1

8

Z
∞

r0

ŴαðfÞjξj2
rn−1

ln−1 dr;

ðB4Þ

where

ŴαðfÞ ¼
α − 4

r
f0 þ ðn − 2Þα − α2 þ 4ðn−3Þ

n−2
r2

f þ f00

¼ −
1

l2

�
α2 − nαþ 2n

n − 2

��
1 −

�
r0
r

�
n
�

−
1

l2
nðnþ 1 − αÞ

�
r0
r

�
n
:

In particular if we choose ξ ¼ r−α with, when n ≥ 4,

1

2

�
nþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2 −

8n
n − 2

r �
< α < nþ 1; ðB5Þ

then ŴαðfÞ < 0. Therefore, for ξ ¼ r−α with α satisfying
(B5), the integral in (B4) is negative.

APPENDIX C: REGULARITY AT r= r0

We normalize the metric and r so that r0 ¼ 1 ¼ l.
For completeness we verify that metric perturbations of

the form

h ¼ h1̂1̂ðθ1̂Þ2 þ h2̂2̂ðθ2̂Þ2 þ hÂB̂θ
ÂθB̂; ðC1Þ

with the θâ’s defined in (A8), where the functions hîĵ are
smooth functions of r satisfying

h1̂1̂jr¼1 ¼ h2̂2̂jr¼1; ðC2Þ

define a smooth tensor field on the Horowitz-Myers
manifold R2 × Tn−2, where the last factor denotes an
(n − 2)-dimensional torus. Here R2 is parametrized by
polar coordinates (ρ, φ), where ρ ∈ ½0;∞Þ and φ is 2π
periodic, defined by the equations

ðρ;φÞ ≔
�

2ffiffiffi
n

p ffiffiffiffiffiffiffiffiffiffi
r − 1

p
;
n
2
θ

�
: ðC3Þ

In particular functions which are smooth in r near r ¼ 1 are
smooth functions of ρ2 near ρ ¼ 0, as necessary for smooth
rotation-invariant functions. It follows from the last equa-
tion that we have

ðθ2̂Þ2 ¼ fdθ2 ¼ ð1þ ρ2f1ðρ2ÞÞρ2dφ2;

for some function f1 which is smooth in its argument
near 0. Now,

h1̂1̂ðθ1̂Þ2 þ h2̂2̂ðθ2̂Þ2

¼ h1̂1̂ððθ1̂Þ2 þ ðθ2̂Þ2Þ þ ðh2̂2̂ − h1̂1̂Þðθ2̂Þ2

¼ h1̂1̂ððθ1̂Þ2 þ ðθ2̂Þ2Þ þ f2ðρ2Þρ4dφ2; ðC4Þ

for some function f2 which is smooth in its argument
near zero. The tensor field ðθ1̂Þ2 þ ðθ2̂Þ2 is smooth. In
Cartesian coordinates we have ρ4dφ2 ¼ ðxdy − ydxÞ2 and
ρ2 ¼ x2 þ y2, and smoothness of h readily follows.

APPENDIX D: GAUGE CONDITIONS

Written out in detail, the harmonicity conditions,

D̄ihij ¼
1

2
D̄jϕ ⇔ D̄iĥij ¼

n − 2

2n
D̄jϕ; ðD1Þ

read

D̄1

�
ĥ11 −

n − 2

2n
ϕḡ11

�
¼ −D̄2ĥ21 − D̄AĥA1; ðD2Þ

D̄1ĥ12 ¼
n − 2

2n
D̄2ϕ − D̄2ĥ22 − D̄AĥA2; ðD3Þ

D̄1ĥ1B ¼ n − 2

2n
D̄Bϕ − D̄2ĥ2B − D̄AĥAB: ðD4Þ

Equivalently, using (A15)–(A19),

ffiffiffi
f

p ∂r

�
ĥ1̂1̂ −

n − 2

2n
ϕ

�

¼ −
1ffiffiffi
f

p ∂θĥ1̂2̂ −
l
r
∂Aĥ1̂Â þ f0

2
ffiffiffi
f

p ðĥ2̂2̂ − ĥ1̂1̂Þ

−
ffiffiffi
f

p
r

ðξþ ðn − 2Þĥ1̂1̂Þ; ðD5Þ
ffiffiffi
f

p ∂rĥ1̂2̂

¼ n − 2

2n
1ffiffiffi
f

p ∂θϕ −
1ffiffiffi
f

p ∂θĥ22 −
l
r
∂Aĥ2̂Â −

f0ffiffiffi
f

p ĥ1̂2̂;

ðD6Þ
ffiffiffi
f

p ∂rĥ1̂B̂

¼ n − 2

2n
l
r
∂Bϕ −

1ffiffiffi
f

p ∂θĥ2̂B̂ −
l
r
∂AĥÂB̂ −

f0

2
ffiffiffi
f

p ĥ1̂B̂:

ðD7Þ
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metrics, J. High Energy Phys. 06 (2015) 051.

[10] D. A. Lee and A. Neves, The Penrose inequality for
asymptotically locally hyperbolic spaces with nonpositive
mass, Commun. Math. Phys. 339, 327 (2015).

[11] M. T. Anderson, On the structure of solutions to the static
vacuum Einstein equations, Ann. Henri Poincaré 1, 995
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