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In this article we derive the post-Newtonian limit of a class of teleparallel theories of gravity, where the
action is a free function L(7, X, Y, ¢) of the torsion scalar T and scalar quantities X and Y built from the
dynamical scalar field ¢p. We restrict the analysis to a massless scalar field in order to use the parametrized
post-Newtonian formalism without modifications, such as introducing an effective gravitational constant
which depends on the distance between the interacting masses. In particular the results show a class of fully
conservative theories of gravity, where the only nonvanishing parameters are y and /. For a particular
choice of the function L(7,X,Y, ¢) the theory cannot be distinguished from general relativity in its post-

Newtonian approximation.
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I. INTRODUCTION

General relativity, being the most well-established and
successful theory of gravity, is challenged by a number of
open questions in modern physics. One of these challenges
is given by cosmological observations, such as the accel-
erating expansion of the Universe at present and early times
in its history, known as dark energy and inflation, as well as
the presence of an unknown, dark matter component, which
is apparent only by its gravitational effects. A potential
explanation of these observations is given by modified
gravity theories, of which a large and well-studied class is
constituted by scalar-tensor gravity theories [1,2]. These
theories have in common that they contain one or more
scalar fields, which in general is nonminimally coupled to
the metric of spacetime. The gravitational dynamics of the
theory is then determined through the curvature of the Levi-
Civita connection of the metric, as well as the dynamics of
the scalar fields.

Another issue of rather theoretical nature is our lack of
understanding of the quantum behavior of gravity and its
relation to the other fundamental forces present in the
standard model of particle physics. While the latter are
described by gauge theories, the gauge aspect is less obvious
in the standard formulation of general relativity through the
curvature of spacetime. However, equivalent formulations
exist in which the action becomes more similar to a Yang-
Mills type action, and in which curvature is replaced by either
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torsion or nonmetricity, or even both at the same time [3,4].
Here we will focus on so-called teleparallel models of
gravity, where the gravitational interaction is attributed not
to the curvature of the Levi-Civita connection, but to the
torsion of a flat connection [5-9]. For the teleparallel
equivalent of general relativity (TEGR) one conventionally
assumes a fixed, vanishing spin connection, as it does not
contribute to the field equations. However, for modified
theories this approach potentially leads to the issue of local
Lorentz symmetry breaking [10,11], as spurious degrees of
freedom may appear [12—15]. This can be overcome by
making use of a covariant approach including an arbitrary,
flat, metric-compatible spin connection [16—18]. An alter-
native ansatz is the Palatini formulation [19].

Combining the two aforementioned approaches of scalar
field extensions and teleparallel gravity, one arrives at the
notion of scalar-torsion gravity theories [20-22]. Various
models within this class have been studied in order to address
the challenges faced by general relativity [14,23-30], and a
Lorentz covariant formulation has recently been put forward
[31]. A large class of such scalar-torsion theories, for which
the name L(T,X,Y,¢) theories has been introduced, is
defined by a Lagrangian which is a free function of four
scalar quantities derived from the torsion of the teleparallel
geometry and the scalar field [21]. This is the class of theories
we will focus on in this article.

Besides addressing the challenging issues mentioned
above, a viable gravitational theory must also pass any tests
on local scales, and thus in particular correctly describe the
motions in our solar system. A widely used framework for
such a check is the parametrized post-Newtonian (PPN)
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formalism [32-34]. It characterizes gravity theories by a set
of ten parameters, which have been measured with high
precision in various solar system experiments. Through the
availability of this high precision data, the PPN formalism
has become an important tool for assessing the viability of
gravity theories.

In order to calculate the post-Newtonian limit of scalar-
torsion gravity, an adaptation to theories based on a scalar
field and a tetrad is required [35]. In the context of extended
teleparallel gravity, such an analysis has first been per-
formed for the original teleparallel dark energy model [36]
and later extended to general coupling functions and
potentials [27]. It turned out that the post-Newtonian limit
of these theories is identical to that of general relativity.
Further including a nonminimal coupling to the teleparallel
boundary term, however, leads to a different post-
Newtonian limit [37,38]. In this article we make use of
a recently developed extension of the PPN formalism to
covariant teleparallel gravity theories [39], and use it in
order to generalize the analysis present in the aforemen-
tioned works. This allows us to derive the post-Newtonian
limit of the general L(T,X,Y,¢) class of scalar-torsion
theories of gravity mentioned earlier [21].

The outline of this article is as follows. We start with a
brief review of the dynamical variables and field equations
of the class of scalar-torsion theories we consider in
Sec. II. Another brief review of the PPN formalism is
presented in Sec. III, together with its adaptation to scalar-
torsion gravity. We then come to the main part of the paper,
which is the calculation of the post-Newtonian tetrad
components leading to the derivation of the PPN param-
eters shown in Sec. IV. The resulting post-Newtonian
metric and PPN parameters, which can be used for a
comparison with observations and a possible restriction of
the free function of the theory, are displayed in Sec. V. We
apply our results to a few example theories in Sec. VI,
before we conclude with a discussion and outlook in
Sec. VIL.

In this article we use uppercase Latin letters A, B, ... =
0,...,3 for Lorentz indices, lowercase Greek letters
u,v,...=0,...,3 for spacetime indices and lowercase
Latin letters i,j,...=1,...,3 for spatial indices. In
our convention the Minkowski metric 7,5 and 7, has
signature (—, +, 4+, +).

II. FIELD VARIABLES AND THEIR DYNAMICS

Before we analyze the post-Newtonian limit of the
recently proposed class of scalar-torsion theories of gravity
[21], we review the action of the theory, the dynamical field
content and the field equations. The theory is formulated in
a covariant way [31], where the dynamical fields are the
tetrad 6, the flat Lorentz spin connection ", and the
additional scalar field ¢. With the help of the tetrad we can
define the metric as

G = ”ABeAﬂng (1)
and the torsion tensor as

Tp;w = eA/) (aﬂeAv - 81/6Aﬂ + wABﬂeBu - wAngBu)' (2)
Here e,4* is the inverse tetrad, which is defined in a way that
04 ,e,” =8, and 6 ep" = 55. We can define the Levi-

Civita connection V and the curvature tensors via the
metric tensor defined above. Note that quantities with an
empty circle are derived from the Levi-Civita connection.
We consider the following action

S[GA;U a)AB/,w ¢7)(1] = Sg[eA/u a)AB/u ¢] + Sm [HA”’)(I}’ (3)

which splits into a matter part S,, and a gravitational action
§,. The matter action depends on the tetrad and an arbitrary
set ;(’ of matter fields. We furthermore assume, that the
matter source is given by a perfect fluid. See a further
discussion in Sec. III. Another assumption we make, is, that
the matter fields y/ do not couple directly to the teleparallel
spin connection w* py OF the scalar field, and that the matter
action is invariant under local Lorentz transformations. By
taking into account all assumptions and performing inte-
gration by parts, we can write the variation of the matter
action with respect to the dynamical fields as

58,10, 4" = A/j (044604, + w;5¢"10d*x.  (4)

The energy-momentum tensor ©,, = eAﬂgWGAf’ is sym-
metric, as a consequence of the assumed Lorentz invari-
ance, and the matter field equations are given by w; = 0.
Furthermore the determinant of the tetrad is 64 4 1s denoted
by 6. We assume a gravitational action of the form

1
S, 0% gy ) = / L(T.X.Y,$)0dx  (5)
2K M
where
T=Lp,5m 6
- E i p ( )
is the torsion scalar defined in terms of the superpotential

S T,,+T

1
o = E( vup o= Tup) = 9ouT 00 + 9T (7)

1
X = _Egﬂv¢,y¢,w (8)
denotes the kinetic term of the scalar field and

Y=g"T" .. ©)
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is a derivative coupling term. By varying the total action (3)
with respect to the tetrad we derive the tetrad field
equation [31]

Emz = _Lgm/ _2vp<LTSyup)

1
B <Tpf’0 T2 +2T7 po T () = 2 Typo T+ T o Tpgy)

o

_LX¢,M¢,1/ + VD<LY¢,;4) - va (LY¢,p)gpag;w
1
+Ly <T(,w)p¢ﬁ +5Tub +Tﬂ,,ﬂ¢,y> ~2120,, =0,

(10)

and similarly with respect to the scalar field we derive the
scalar field equation

Ey=g"V,(LyT?,, — Lx¢,) =Ly =0, (11)

where Ly y 7 4 is the partial derivative of the free function L
with respect to X, Y, T and ¢, respectively. Note that we
have set ¢ =0, in other words, there is no coupling
between the scalar field and the matter field. These are
the equations we will use in the remainder of this article. In
order to solve them, we will perform a perturbative
expansion of the dynamical fields. This will be discussed
in the following section. In the following sections we will
use the definitions and notations of [32]; whereas [34] is
using a slightly different treatment.

III. POST-NEWTONIAN APPROXIMATION

In this section we review the parametrized post-
Newtonian (PPN) formalism [32-34], which is the main
tool we are using in this article. The formalism we are using
here, was used to analyze various scalar-torsion theories
before [35,38,39]. As already mentioned in the previous
section, the matter field is given by a perfect fluid

0" = (p+ pIl + p)u'u” + pg"”, (12)

with rest energy density p, specific internal energy I,
pressure p and four-velocity u*. The normalization of the
four velocity u* is given by w*u”g,, = —1. In order to use
the PPN formalism, we have to assume that the velocity
v' = u'/u® of the source matter in a given reference frame
is small in comparison to the speed of light. Then we can
use a perturbative expansion of the dynamical fields in
orders of the velocity O(n) o |9|". Furthermore we use the
Weitzenbock gauge w? sy =0, which has been proposed
in [39]. We expand the tetrad HAﬂ around a flat diagonal
background tetrad A%, = diag(1,1,1,1)

HAM = AA# + TA#

— AN TA 4 7A, 424, 4T L O(5). (13)

Furthermore we expand the scalar field ¢

p=D+y=O+y+y+y+y+0OG). (14)

around its cosmological background value ®, which will be
assumed to be constant. We use overscript number to assign

velocity orders to each term. For example z;'/ is of order
O(n). If we assume a quasistatic gravitational field, then
the changes over time are only induced by the dynamics of
the source matter. Therefore time derivatives d, have an
additional velocity order O(1). For the calculation of the
first post-Newtonian approximation of the metric, we can
neglect all velocity orders beyond the fourth order. A more
convenient way to write the tetrad perturbation 74 u 18 to first
lower the Lorentz index into a spacetime index with the
help of the Minkowski metric 7,5 and the background
tetrad A*,. Then we introduce the tetrad perturbations as

n nB
Ty = AAMY[ABTBW Ty = AA;/]ABT vt (15)

It is not necessary to calculate all components of the tetrad
and the scalar field up to fourth velocity order. In addition
some of them simply vanish because of the Newtonian
energy conservations or symmetry with respect to time
reversal. The nonvanishing components of the field vari-
ables we have to calculate are [38]

2 2 3 3 4 2 4
1007Tij710i71i071007 v, y. (16)

We expand all geometric quantities appearing in the field
equations using the components listed above and the
expansion (13) up to the relevant velocity order. The
perturbation of the metric around a flat Minkowski back-
ground is given by

2

2 2 2
9oo = 2700, 9ij = 2T(ij)’

2

3 : 4 4
90i = 23(i0)» 9oo = —(700)* + 2700- (17)

The remaining terms calculated by using the perturbed
tetrad can be found in [39]. Next we can apply the post-
Newtonian expansion to the gravitational field equa-
tions (10) and (11). In order to apply it to the geometry
side of the equations, we have to expand the free function
L(T,X,Y,¢) and its derivatives as a Taylor series
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L=Iy+ l,,,l//+%l,/,4,y/2 + T4 X +1,Y,
Ly=lr+Ip +%ZT¢¢W2 U X+ Iy Y 4 1y T,
Ly=Ix+ lx¢’l/+%lx¢¢l//2 +irxT +xyY + Ixx X,
Ly=Iy+ lY(/)l//'i‘%qu’)(/)Wz +lpyT + Ixy X + lyyY,
Ly=1ly+1lygy+1ryT + 1y, Y + ZX¢X+%I¢¢¢1;/2, (18)

where the Taylor coefficients [y, 1, ... are calculated at
the cosmological background which implies 7 =X =
Y =0 and ¢ = ® and are assumed to be of velocity
order O(0).

Finally, for the matter side of the field equations, we
must also expand the energy-momentum tensor (12) into
velocity orders. For this purpose, we use the standard
assignment of velocity orders also to the rest mass density,
specific internal energy and pressure of the perfect fluid;
based on their orders of magnitude in the solar system one
assigns velocity orders O(2) to p and ITand O(4) to p [32].
The energy-momentum tensor (12) can then be expanded in
the form

O = p(1 + T+ 2 = 279) + O(6),  (19)

These are all formulas which will be necessary for the
post-Newtonian expansion of the field equations. We will
proceed with this expansion and their solution in the
following section.

IV. SOLVING THE FIELD EQUATIONS

This section is devoted to finding the perturbative
solution of the field equations (10) and (11) in the standard
post-Newtonian gauge, by making use of the general
formalism discussed in the preceding section. Our deriva-
tion proceeds order by order in the post-Newtonian
expansion. The zeroth velocity order, which corresponds
to the background solution of the vacuum field equations, is
discussed in Sec. IVA. We then solve the field equations at
the second order in Sec. IV B, at the third order in Sec. IV C
and at the fourth order in Sec. IV D.

A. Zeroth velocity order

We start our derivation with the observation that at
the zerothvelocity order the energy-momentum tensor

vanishes, G)W =0, so that we are left with solving the

vacuum field equations. Inserting our assumed background

0 0
values 64, = A%, for the tetrad and ¢ =@ into the
respective field equations (10) and (11), we find that their
zeroth order is given by

0 0
E; =18, E=4lly — 41, (20)

0
Ey = _107 ij

ijs
It thus follows that the perturbation ansatz is consistent
with the vacuum field equations only if the parameter
functions satisfy [, = 0. Furthermore we choose /;, = 0 to
satisfy the zeroth order scalar field equation. In the
following we will restrict ourselves to theories satisfying
these conditions. These conditions are, in fact, less restric-
tive than they might seem at first sight. The condition / = 0
can be interpreted as the vanishing of the cosmological
constant, or at least that its effect is negligible in the solar
system. Further, /;, = 0 means that the background value
of the scalar field should mark an extremal value of its
potential; this case can be found as an attractor in scalar-
torsion cosmology, and should therefore be a wvalid
assumption in the late universe [40].

B. Second velocity order

By summing up the field equations in the following way
4lTE¢ - lng/Elw - O, (21)

we can decouple the second velocity order of the scalar
field from the tetrad

(312 — Alply) Ay = 2621y p. (22)

Note that we restrict ourselves to [, = 0 in order to have a
massless scalar field. Equation (22) can be solved in terms
of the Newtonian potential U defined by

AU = —4np, (23)

where A = 1?9,0, is the flat space Laplace operator. The
solution is then given by

4ly K2

—r . (24)
4lTlX - 312Y 87

2
ll/:

For convenience we will now use the trace reversed version
of the field equations (10)

1
EﬂIJ = E/w - Eg/wgaﬁEaﬁ' (25)

This will be beneficial in particular for solving the fourth
order tetrad field equations. The relevant components are
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_ 1
Eoo = 217 ATo — K2 EIYAIIZI
- 2 > 1 2 2
Eij = ZZTAT(U) — K p5lj + ElYéUAW + lyl//l/
2 2 2 2
= 217700, + 2l Thicij — 2lrTr(ikg) — 21T (ikkj)- (26)

By substituting the solution for the second order scalar field

1;2/ [Eq. (24)] in Eq. (26) we can solve for the tetrad
components in terms of the Newtonian potential defined
in Eq. (23)

2 4(1%/ - lTlX> K'2

00 =7 7 7 _212y%~
lT<4lTlX - 3ly) 87

2 2(1% - ZlTlx) K'2

= DY ITXL 2y,

; 27
S (4l — 312) 82 @7

j.

C. Third velocity order

In the third velocity order the only nonvanishing com-
ponents of the field equations are E;y and E,;. To solve
these equations we introduce the vector potentials V; and
W, defined by

AV; = —4zrpu;, AW; = —4rpv; +2U ;. (28)

It is also convenient to use the combination
_ _ 3 5 2
EiO + EO[ = AT(,'()) + 4k pU; + 2lyl,l/’0i
2 2 3
- lTT(ki),Ok + 4Ty 00 — lTT(Ok),ki’ (29)

which can be solved by introducing a free parameter a
|

Tiply — 52

3 3

302 ? 2
Tio = Toi = g—” (aovi + <E - ao) Wi)‘ (30)

The constant parameter ay will be determined by demand-
ing the standard PPN gauge for the solution of the fourth

4
order tetrad 7.

D. Fourth velocity order

The remaining fourth order of the (00)-component of the
tetrad can be found by summing up the field equations in
the following way

|
(y§—4h&ﬂ%m+§thE¢—thEw):o_ (31)

To solve this equation we make an ansatz for the tetrad

. 2 2 K
Too = g2 | P + - @@ + a3 P35 + ay Py + —a U™ ),
8 kY4 87

(32)
where the ®; are the typical PPN potentials defined by

AD, = —4zpr?,
AD; = —4zpll,

AD, = —4xpU,

.4 .
Inserting 7y, and all lower order tetrad components into
Eq. (31) leads to a system of algebraic equations for a to
as with the solution

=—" L 34
O L@l - 38 3
2
ap = —7, (34]3)
T
43215 + 8131ryl3 135 — 681% 11413 — 161 7lrylx 3 — 21515415 + 45171y ly + 617415 — 915 + 41515 31y ,)
ar = 2 2 ’ (34c)
B(4lrly — 303)
4B — 171
as = (Y TX)2 , (34(1)
lT(4lTlX - 3ZY)
6(15 — 2171
a, = (Y—TXZ)’ (346)
Ir(4lrly = 313)
as:_20&%%—8@&#@%—4m%w@+ﬁbhhﬂﬂ%+2@&ﬂ§+3%ﬂﬂ§—6hﬂ§—9@—4@&@h@- (341)

B.(4lply = 313)
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V. PPN METRIC AND PARAMETERS

With the tetrad components calculated in the previous
section, we have now solved the field equations to the
necessary order so that we can construct the post-
Newtonian metric, which we show in Sec. VA. From this
we read off the PPN parameters in Sec. V B.

A. PPN metric

We can now substitute the determined tetrad components
[Egs. (27), (30), and (32) with (34a)]. By defining the gravi-

& B=lrly
27 1y (#lrly—312)

we derive the metric components in the standard PPN form

tational constantas G = and thensetting G = 1,

900 = 2U, (35a)
2 ZlTlX l%'
ij — 5) Uéija (35b)
lrly — Iy
5B - 7171 1
271'0 = Y—TZX i—5 Wi (35¢)
2(lply = 13) 2
300 = {[321*}1% - 315Y(21T¢ +7ly) + lTle3Y(16lT¢ +73ly) — SZ%lYlTlﬁlf( —2L215(4213% - Ixply + 2IXIY¢)]U2
313 3 45 s 9% 2 2 2
+ | =16l Ixlplx 1y | 87y — ?ly = 3lryly + EIY + lply(=4ryly + 341y 15 + lylxy — 2lxlylyy) |
1
+ (3 — 4l )@, + 205 + 3(5 — ZITIX)(I)4} (35d)

(4lrly = 303)(I5 = Irlx)*

Our definition of the gravitational constant G can be compared with the effective gravitational constant G in Eq. (31) in
Ref. [41] for a massless scalar field (my = 0), if we choose Iy = 1, Iy = w/2¥, and I; = =¥, which are the values one
would obtain by rewriting the action given in Eq. (2) in the same Ref. [41] in the teleparallel language.

B. PPN parameters

The PPN parameters can now be read off by comparing the metric components with the standard PPN metric
[32—34], thus é: A = 0y = 3 = Cl = Cz :Z_:3 :C4 =0 and

l2
= 36
4 2Uply — 202 (36)
P Iy[lrlx B (1617, — Tly) + 38 (ly — 205y) — 8B Llny + 231y (21 + Iylyy — 2lxly,)] -

Since all of the parameters except f and y vanish the theory
is fully conservative. This means that the total energy-
momentum is conserved and preferred frame or preferred
location effects cannot appear in this theory. We also find a
class of theories which is indistinguishable from general
relativity by their PPN parameters, which take the values
y = f = 1; this is satisfied for all theories with [, = 0.
To understand this result, it is useful to consult the field
equations (10). These show that for [, = 0 the scalar field
becomes minimally coupled to gravity, up to the order
which determines the post-Newtonian limit we calculated
here. As a consequence, we see that the scalar field
vanishes at the second velocity order, see Eq. (24), as it

8(dlrly = 33) (1} — Iyly)?

is not sourced by the matter energy-momentum. This
means that although the scalar field is present in the theory
and, following our assumption of a massless field, has a
long range without any exponential (Yukawa-type) sup-
pression, it does not mediate any gravitational interaction,
and therefore does not lead to any modification of the PPN
parameters. However, expanding the field equations (10)
into higher perturbation orders, which are not relevant for
the PPN limit, but may become relevant, e.g., for gravi-
tational radiation, one may expect higher order correction
terms to appear, which depend on a higher order Taylor
expansion of the Lagrangian function L. If such terms are
present, they may be testable by gravitational experiments.
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However, the calculation of such higher order corrections
exceeds the scope of this article, and we leave it for
future work.

VI. EXAMPLE THEORIES

With the general result (36) at hand, we may now apply
our findings to more specific theories within the general
class we discussed in this article. In this section we discuss
two such examples. A class of theories which is constructed
similarly to scalar-curvature theories [22] is discussed in
Sec. VI A. Another class of theories without derivative
couplings [31] is discussed in Sec. VIB.

A. Scalar-torsion analogue of
scalar-curvature gravity

As the first example class of theories we consider an
analogue of scalar-curvature gravity theories [22]. The
Lagrangian takes the form

|

p=1

C? _ C{6CH(C +A") + ABC*(TC + 8A") + A’[2B*(C + A') + B'C* = 2BCC']}

L(T,X.,Y,¢) = —A(d)T +2B()X +2C(p)Y = 2>V(¢h),
(38)

and depends on four free functions A, B, C, V of the scalar
field. In order to satisfy the background conditions
ly =1, =0 we restrict ourselves to theories satisfying
V =V’ =0, where we used the abbreviations V = V(®),
V' = V'(®) for the Taylor coefficients. Further, to avoid any
mass terms and satisfy the conditions l¢¢ = l¢¢¢ =0, we
choose V' = V" = 0. The remaining relevant Taylor coef-
ficients of the Lagrangian are given by

lT = —A,
lT¢ - —A/,

lX - ZB,
lX{/) = ZBI,

ly — 2C,
ly, = 2C. (39)

Inserting these values into the expression (36) for the PPN
parameters then yields their values

:1—7’
r AB 1+ 202

It follows that in the case C = 0 they reduce to the general
relativity values =y = 1. We also find that the result
agrees with the massless case of a previous calculation of
the PPN parameters for this particular class of theories [38].

B. Scalar-torsion theory without derivative couplings

The second class of example theories we consider is
based on an action which does not contain the derivative
coupling term Y [31]. In this case the Lagrangian is
given by

L(T,X,Y,¢) =F(T,¢$) —2Z(p)X, (41)

with free functions F and Z. Due to the absence of the
derivative coupling, one immediately finds the Taylor
coefficient Iy = 0. A comparison with the result (36) for
the PPN parameters therefore suggests that f =y = 1, so
that these theories have PPN parameters identical to that of
general relativity, provided that the denominators in (36)
are nonvanishing. However, it is natural to consider theories
with I = F(0,®) # 0 and [y = —2Z(®) # 0, so that in
the weak field limit both the tetrad and the scalar field have
nondegenerate kinetic terms and strong coupling issues are
avoided. Theories satisfying these conditions indeed have
PPN parameters f =y = 1.

VII. CONCLUSION

We have derived the post-Newtonian limit and PPN
parameters for a general class of scalar-torsion theories of

4(AB + 2C%)2(2AB + 3C?)

(40)

|

gravity with a massless scalar field. We represented the free
function as a Taylor series around the cosmological value of
the scalar field. We restrict the analysis to a massless scalar
field in order to avoid Yukawa-type potentials. To guar-
antee an asymptotically flat Minkowski background we had
to set the zeroth order coefficient to zero. Solving the field
equations order by order, we derived the metric of a perfect
fluid up to the first post-Newtonian order and determined
the PPN parameters. All parameters other than the usual
Eddington-Robertson-Schiff parameters y and f are equal
to zero. Therefore this class of theory predicts neither
preferred frame or location effects nor the Nordvedt
effect. Furthermore the total energy-momentum is globally
conserved. These classes of theories are called fully
conservative. We also pointed out, that if the scalar field
is minimally coupled (i.e., there is no derivative coupling,
ly = 0), it does not contribute to the gravitational inter-
action at the post-Newtonian level, and so these theories are
indistinguishable from general relativity at the level of the
PPN parameters. As examples we calculated the parameters
y and f for the scalar-torsion analogue of scalar-curvature
gravity and a scalar-torsion theory without derivative
coupling in Sec. VL.

This work could be extended by the calculation of the
parameters y and S for theories with a massive scalar field,
along the lines of previous works on a more specific class
of scalar-torsion theories [38] or scalar-curvature theories
[42-44]. The parameters and the gravitational constant
will then depend on the spatial coordinates [27]. One may
also consider scalar-torsion theories with more general
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couplings between the scalar field and the teleparallel
geometry, such as the recently proposed teleparallel exten-
sion to Horndeski gravity [45] or theories obtained from
disformal transformations [46], thus extending previous
results on the curvature formulation of Horndeski gravity
[47]. Furthermore it is interesting to analyze theories
coupled to more than one massive or massless scalar field.
For example the multiscalar extension of the previously
analyzed theory [21], following a similar treatment as in
multiscalar-curvature theory [48]. In a similar fashion, also
theories featuring nonmetricity instead of torsion coupled
to scalar fields [49,50] may be considered.

Another interesting possibility is the calculation of the
second or even higher post-Newtonian order for this
general class of theories. This could lead to a study of
the emitted gravitational waves of compact objects, espe-
cially inspiralling compact binaries [51]. In particular it
may be the case that theories satisfying [y, =0 are

distinguishable from general relativity in a higher post-
Newtonian order, if the scalar field contributes to the
gravitational interaction via higher order coupling terms.
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