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In this article we calculate the next-to-leading order (NLO) QCD corrections for single on-shell top-
quark production in association with two jets at proton-proton colliders. The tW channel is assumed to be
measured independently. The QCD corrections to the inclusive cross section are about 28% (22%) for top
(antitop) quark production at the 13 TeV LHC. Theoretical errors are dominated by scale uncertainties,
which are found to be around 5% at NLO. Results for various kinematical distributions are also provided
using a well-motivated dynamical scale. The QCD corrections are found to have a nontrivial dependence on
the phase space.
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I. INTRODUCTION

Twenty-five years after its discovery many questions
related to the top quark are still open, despite the tremen-
dous progress made in recent years concerning the meas-
urement of its mass and its interactions. Why is the top
quark the only quark with a natural Yukawa coupling to the
Higgs boson of order one? Why is it almost 35 times
heavier than the next heavy quark, the b-quark? Are the top
quark’s weak interactions as in the Standard Model or does
the top quark play a special role in the electroweak
symmetry breaking as predicted in many extensions of
the Standard Model?
The hadronic production of single top quarks allows

one to shed light on these questions. In particular, singly
produced top quarks provide an ideal laboratory to study
the top-quark weak interactions. This is a major difference
to top-quark pair production—with a roughly 3 times
larger cross section, the dominant process for top-quark
production in hadronic collisions—where the weak cou-
plings are only accessible through the top-quark decay.
Since most of the experimental efforts in recent years
were devoted to pair production, the top quark’s weak
interactions are currently experimentally much less con-
strained through direct measurements than the top-quark

strong interactions. A detailed study of single top-quark
production offers the opportunity to fill this gap and to
search for new physics. Furthermore, single top-quark
production provides complementary information com-
pared to top-quark pair production and allows studies
not possible in top-quark pair production. While top
quarks produced in pairs are to good approximation
unpolarized (a tiny polarization is generated by QCD
absorptive parts and weak corrections [1–3]), singly
produced top quarks are highly polarized. Single top-
quark production presents thus a unique source of polar-
ized top quarks which can be used for detailed tests of the
V − A structure of the coupling to the W boson and to
constrain potential new physics. In addition, single top-
quark production offers a direct handle to measure the
Cabibbo-Kobayashi-Maskawa (CKM) matrix element
Vtb—providing complementary information to indirect
determinations based on unitarity.
Single top-quark production was first observed in pro-

ton-antiproton collisions at the Tevatron [4,5]. According to
the virtuality of the W boson occurring in the Born
approximation, three different channels are distinguished:
s-channel production with p2

w > 0 (pw denotes the four
momentum of the W boson), t-channel production with
p2
w < 0, and the tW channel where the W boson occurs in

the final state. The t-channel production is the dominant
production process at the Tevatron and the LHC. At the
Tevatron s-channel production is the second important
channel. The tW channel is suppressed at the Tevatron
because of the limited collider energy of only 1.96 TeV. At
the LHC the situation is reversed. The tW channel
represents the second important channel while the s-
channel production is suppressed. Because of the chal-
lenging experimental environment and large backgrounds
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so far only evidence for s-channel production has been
reported by the ATLAS experiment [6].
For all three production channels the next-to-leading

order (NLO) QCD corrections have been calculated [7–15].
While initially only the inclusive cross sections have been
analyzed, later works include also results for differential
cross sections. In addition, the effects of the top-quark
decay and the parton shower were analyzed [16–23]. Based
on soft gluon resummation, approximate next-to-next-to-
leading order (NNLO) results have been published in
Refs. [14,24–32]. An important step toward full NNLO
results has been made for t-channel production in
Refs. [33,34] where NNLO results within the leading-color
approximation are presented. Restricting the analysis to the
leading-color contribution, the calculation of the NNLO
corrections is significantly simplified, since the double box
contributions, notoriously difficult to calculate, drop out.
As a step beyond this approximation the reduction of the
double-box topologies to master integrals has been per-
formed in [35]. However, the occurring master integrals are
still unknown, although progress toward their evaluation
has been made in [36], where some of the integrals are
studied as sample applications. Recently, the studies within
the leading color approximation have been extended to
include also the top-quark decay allowing one to study
single top-quark production fully differentially at the level
of the decay products [37].
Already at next-to-leading order, real corrections with

an additional jet in the final state start to contribute. In
fact, a detailed study shows that a significant fraction of
single top-quark events is produced with additional jet
activity. Demanding a minimal p⊥ of 25 GeV, about 30%
of singly produced top-quark events are produced in
association with two jets. To make optimal use of the
data collected at the LHC, precise predictions for single
top-quark production in association with two jets are
mandatory. For reliable theory predictions at least NLO
QCD corrections are required. Furthermore, the NLO
QCD corrections to single top-quark production in asso-
ciation with two jets contribute to single top-quark
production at NNLO QCD and are thus required to extend
the existing leading-color results. In this article, we
present the NLO corrections to single top-quark produc-
tion in association with two additional light jets. In
principle, the NLO corrections can be produced with
publicly available tools such as MadGraph5_aMC@NLO [38]
or GoSam [39]. However, similar to single top-quark
production the t-channel production needs to be separated
from the tW production, which requires one to remove
some of the Feynman diagrams contributing to the full
amplitude. Furthermore, the NLO corrections to single
top-quark production in association with two additional
jets contribute to the NNLO corrections to the inclusive
single top-quark production. With this application in
mind, we have decided to do the calculation by a direct

evaluation of the Feynman diagrams and use GoSam only
to partially cross-check the results.1

Let us mention that during the work on this project,
similar results have been published in Ref. [40]. In this
article, the authors work in the leading color approximation
which is for the concrete process equivalent to the so-called
structure function approximation. The key ingredient is that
the QCD corrections are studied independently for the two
incoming quark lines. At the same time this approximation
gives also a clear separation from other single top-quark
processes since interference terms are color suppressed. In
addition to the fixed order calculation within the leading-
color approximation, the results are further improved using
the multi-scale improved NLO (MINLO) approach [41].
We consider the results presented in Ref. [40] as comple-
mentary to the ones presented here.
The outline of the article is as follows. In Sec. II we

summarize the calculation and present some technical
details. In Sec. III we describe the numerical input and
present results for inclusive cross sections and various
kinematical distributions. In addition we discuss the main
uncertainties. We present a detailed discussion of the scale
uncertainties and show the improvements using a dynami-
cal scale. In Sec. IV conclusions are given. In the Appendix
we show additional results for the production of antitop
quarks.

II. CALCULATION

We consider on-shell production of a single top quark in
association with two jets in proton-proton collisions. We
work in the five flavor scheme. The bottom quark is thus
treated as massless and considered as part of the proton. We
neglect the generation mixing terms in the CKM matrix
since these contributions are further suppressed by the
parton distribution functions. Employing the unitarity of
the CKMmatrix this approximation is equivalent to replace
the CKM matrix by the identity matrix. Using the identity
matrix for the CKMmatrix leads to aCP invariant theory. It
is thus sufficient to study top-quark production since the
results for antitop-quark production can be obtained from
CP invariance.
Care must be taken to separate top-quark production in

association with two jets from the tW channel with
subsequent hadronic decay of the W-boson. The latter
process leads to the same final state but is measured
separately by the experiments. This issue is well known
from single top-quark production. In leading order the

1When we started the project we expected that the handwritten
code might be faster than publicly available code generators for
NLO amplitudes, which could be an advantage when the
contribution is calculated as part of an NNLO calculation.
However, benchmarks we did at the end when the project was
completed showed that GoSam and MadGraph5_aMC@NLO pro-
duce code which is comparably fast if not even faster.
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interference term between the two contributions vanishes
and the individual contributions are gauge invariant. We
assume that these contributions are small in next-to-leading
order—in particular, when experimental cuts to separate the
tW channel are applied. For a similar discussion we refer to
Ref. [40] where this approximation is used to justify the
structure function approximation. Whenever we refer to the
tjj channel in the following, the contribution from on-shell
tW production and subsequent decay is removed. More
details will be given below.

A. Leading order

At LO, all subprocesses can be classified into two
groups: with or without ŪiDi in the final state, where
i ¼ 1, 2 for the first two generations and capital letters are
used to denote the generic up- or down-type light quarks.
All subprocesses without ŪiDi in the final state belong to
the tjj channel.
For the remaining subprocesses, a light quark can come

either from the initial gluon [see Fig. 1(a)] or from an
intermediateW boson [see Fig. 1(b)]. The former diagrams
belong to the tjj channel, while the latter diagrams belong
to the tW channel. As mentioned before the interference
between the two contributions vanishes due to the different
color structures. Moreover, since each group is separately
gauge invariant, the tW-channel diagrams can be com-
pletely removed. Note that similar diagrams but with the
W → tb̄ vertex [see Fig. 1(c)] are classified as part of the
tjj channel.
Technically, all amplitudes can be obtained via the

crossing of one subprocess, say bu → tdg. For the crossed

channel gb → tūd, care must be taken to select only the
diagrams which belong to the tjj channel as explained
above.

B. Next-to-leading order QCD

NLO QCD contributions include virtual and real-emis-
sion corrections. The real-emission processes have one
additional parton in the final state. Because of this
additional QCD emission, color factors of the tjj and
tW amplitudes become more involved and allow inter-
ference between the two contributions. Moreover, the tt̄
channel, where a top quark decays into a W boson and a
bottom quark, can lead to the same final state of tþ 3 jets.
Furthermore, the interference between the tjj and the tt̄
channels is also nonvanishing. Similar to what has been
done for single top-quark production, these contributions
have to be treated separately to account for the exper-
imental analysis in which the three processes are analyzed
independently. This can be done in a gauge invariant way
by performing a pole expansion and keeping only non-
resonant contributions. Assuming that experimental cuts
will highly suppress these contributions, this corresponds in
practice to dropping resonant diagrams such as Fig. 2(c).
Care must be taken when additional radiation can lead in
general to off-shell contributions and when on-shell con-
tributions are only generated in certain phase space regions
such as in Fig. 2(b). In this case the on-shell contributions
can be extracted using the soft-gluon approximation [42–45]
in combination with the complex mass scheme [46–48]. It is
well known that because of soft-collinear factorization real
and virtual corrections cancel each other in the soft limit for

(a) (b) (c)

FIG. 1. Representative LO diagrams classified into tjj and tW production channels.
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FIG. 2. Representative one-loop diagrams classified into tjj and tW production channels.

NEXT-TO-LEADING ORDER QCD CORRECTIONS FOR SINGLE … PHYS. REV. D 101, 016013 (2020)

016013-3



sufficiently inclusive quantities (see e.g., Ref. [49] where this
is shown for a concrete example). To approximate the
nonresonant part of this contribution, we have combined
the respective virtual corrections with the corresponding real
corrections approximated through the I-operator within the
Catani-Seymour subtraction method. Even without applying
further experimental cuts to suppress the tW channel, we
find that this contribution gives only a tiny correction at the
sub-permille level and it can safely be dropped within the
uncertainties of the final result. For the final results presented
in Sec. III and Appendix, this correction is nevertheless
included.
We note that all Feynman diagrams for every subprocess

can be classified in gauge-invariant groups. At LO, there
are always two quark lines connected by a W boson
exchange. The two gauge-invariant groups correspond
therefore to two cases: the additional gluon is connected
either to the heavy-quark line (i.e., with the top quark) or
to the light-quark line. When a virtual gluon exchange
is added, five gauge-invariant groups arise. The virtual
gluon can be attached exclusively to the light-quark line
as in Figs. 3(b) and 3(c) or to the heavy-quark line as in
Figs. 3(a) and 3(d). This makes four gauge-invariant
groups. The remaining group corresponds to the case
when there is color exchange between the two quark lines
as in Fig. 3(e) [see also Fig. 2(b)]. This group contains one-
loop five-point integrals and is thus the most complicated
one to calculate. Numerically, this group of diagrams is
strongly suppressed and gives only a tiny contribution to
the full result.
We have performed two independent calculations. For

both calculations, the dipole subtraction method [50,51] is
used. The real-emission amplitudes are IR divergent in soft
and collinear limits. These singularities have to be regu-
larized and subtracted using subtraction terms before being
integrated over the phase space in four dimensions. In this
step, the tW and tt̄ resonant diagrams are removed; hence
interference effects with the tjj channels are neglected. The
subtraction terms are built from the reduced 2 → 3 ampli-
tudes keeping only the tjj diagrams as for the LO
contribution. These subtraction terms have to be added
back in the form of integrated dipole contributions called
PKtjj and Itjj operators. The IR singularities in these
operators are canceled by the corresponding ones in the

parton distribution function (PDF) counterterms and in the
virtual corrections.
The analytic results have been implemented in two

different computer codes, one written in C++, the other
in FORTRAN. Extensive cross-checks have been done. We
have compared results at the amplitude level as well as
results for the integrated cross sections and distributions.
Within the numerical uncertainties perfect agreements
between the two calculations have been obtained. Details
about these comparisons are provided in Ref. [52].
Before presenting the results we would like to provide

further details of the calculation. In the C++ program, the
scalar one-loop integrals are calc QCD loop [53] and FF [54].
The N-point tensor integrals are reduced to scalar integrals
using the Passarino-Veltman method [55] forN ≤ 3 and the
tensor-reduction library PJFRY [56] for the cases N ¼ 4, 5.
The library PJFRY uses the methods presented in Ref. [57].
This calculation has been cross-checked with a reduction
using Ref. [58] and with GoSam [59]. The amplitudes for the
real corrections are obtained using MadGraph5_aMC@NLO

[38]. The phase space integration has been done using the
Monte Carlo integrator VEGAS [60].
In the FORTRAN program, scalar one-loop integrals are

calculated using an in-house library LoopInts based on the
techniques of Refs. [61–63]. N-point tensor integrals are
reduced to scalar integrals using the Passarino-Veltman
method [55] for N ≤ 4 and Ref. [64] for N ¼ 5. LoopI uses
by default double precision, but will automatically switch
to quadruple precision if numerical instabilities occur in the
tensor reduction. Helicity amplitudes are generated using
the programs FormCalc [65], FeynArts [66], and MadGraph-v4

[67] which uses HELAS routines [68]. The I operators
required in the Catani-Seymour subtraction algorithm are
implemented with the help of AutoDipole [69]. The integrator
BASES [70] is used for the phase-space integration.

III. PHENOMENOLOGICAL RESULTS

For the input values we use

GF ¼ 1.16638 × 10−5 GeV−2; mW ¼ 80.385 GeV;

mt ¼ ð173.21� 0.87Þ GeV: ð3:1Þ

The masses of all light quarks, i.e., all but the top-quark
mass, are set to zero. Partons are combined into jets using

(a) (b) (c) (d) (e)
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FIG. 3. Five gauge-invariant groups contributing to the virtual correction of the subprocess bu → tdg. The dots represent possible
positions for a gluon emission. Only representative diagrams are shown. Similar contributions for the other subprocesses can be obtained
via crossings as for the LO case.
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the anti-kt algorithm [71] with the radius R set to R ¼ 0.4.
We treat the top quark as a stable particle and do not include
the top-quark decay. We assume that the top quark is always
tagged and do not apply the jet algorithm to the top-quark
momentum. The momentum of the jet containing the top
quark is thus identified with the top-quark momentum. In
addition, we impose the following cuts on the remaining jets:

pT;j > 25 GeV; jηjj < 2.5; ð3:2Þ

where pT;j denotes the transverse momentum and ηj the
pseudorapidity of the jet. For the PDFs, we use the
PDF4LHC15_NLO_100_PDFAS set [72–78] via the library
LHAPDF6 [79]. For the QCD coupling constant αs the value
provided by the PDF set, corresponding to αsðmZÞ ¼ 0.118
(mZ ¼ 91.1876 GeV) for the chosen PDF, is taken. The
same PDF set is used for both LO and NLO results. We
produce results for the LHC running at a center-of-mass
energy of

ffiffiffi
s

p ¼ 13 TeV.

A. Inclusive cross sections

Using the aforementioned setup we find in leading
order for

ffiffiffi
s

p ¼ 13 TeV for the production of a single
(anti)top quark in association with two additional jets the
cross sections shown in Table I. The cross section for top-
quark production is about 1.5 times larger than the cross
section for antitop-quark production. We also show in
Table I the uncertainties due to an imperfect knowledge of
the PDFs, the QCD coupling constant αs, and the top-
quark mass. The PDF and αs uncertainties are calculated
as defined in Ref. [72]. Estimating the PDF uncertainties
using the error PDFs provided by the PDF set, we find
an uncertainty of 1.7% for top-quark production and a
slightly larger uncertainty of 2.1% for antitop-quark
production. For the uncertainties due to αs we find in
both cases an uncertainty of 1.6%. The uncertainty due to

a variation of the top-quark mass within the bounds
allowed by the uncertainty in Eq. (3.1) leads to an effect
of 0.8%–0.9%—consistent with the naive expectation
based on the mass dependence of t-channel single top-
quark production [80]. In conclusion the numerical input
is thus sufficiently well known to allow precise predic-
tions of the cross section.
In Table II results for the cross section in NLO accuracy

are given. The quoted values are for μ ¼ μF ¼ μR ¼ mt
where μF denotes the factorization scale and μR the
renormalization scale. As the central scale the top-quark
mass is used. The NLO corrections enhance the cross
section by 22% in case of antitop-quark production and
almost 30% in case of top-quark production. In Table II we
have also included the effects due to a change of the central
scale μ by a factor of 2 up and down. The uncertainty is
estimated by varying independently the two scales μF and
μR as nμ0=2 with n ¼ 1, 2, 4 and μ0 ¼ mt. The constraint
1=2 ≤ μR=μF ≤ 2 is used to avoid “extrem” scale ratios and
associated potentially large logarithms. This limits the
number of possible scale choices to seven (“seven-point
method”). To estimate the uncertainty we determine the
maximal and minimal values for the cross section. As far as
the leading order cross sections are concerned, this leads to
an uncertainty of about �10%. The NLO corrections are
thus significantly larger than the range covered by the
leading-order scale uncertainties, showing that the scale
variation does not provide a reliable uncertainty estimate
for the specific cross section. As expected, the inclusion of
the NLO corrections lead to a significant reduction of the
scale uncertainty by roughly a factor of 2. Compared to
the aforementioned uncertainties related to uncertainties of
the PDFs, αs andmt, missing higher orders thus provide the
dominant source of uncertainty.
In Fig. 4 the scale dependence of the inclusive cross

sections at LO and NLO for single top-quark production
in association with at least two additional jets is shown for
the case μF ¼ μR ¼ μ. The two-jet exclusive cross section
at NLO, where any additional jet activity is vetoed, is also
shown. The difference between the inclusive and the two-
jet exclusive cross sections gives the contribution of the
three-jet events. Note that the latter is only predicted in LO
accuracy. The corresponding plot for antiquark production
shows a similar behavior; see Fig. 12 in Appendix. As can
be seen in Fig. 4 even in NLO the cross sections show a
scale dependence typical for a leading-order calculation.

TABLE I. Inclusive cross sections with PDF, αs and mt
uncertainties calculated at LO.

σLO [pb] ðδσÞPDF [%] ðδσÞαs [%] ðδσÞmt
[%]

σt 22.2 �1.7 �1.6 �0.8
σ t̄ 14.7 �2.1 �1.6 �0.9
σtþt̄ 36.9 �1.9 �1.6 �0.8

TABLE II. Inclusive cross sections with scale uncertainties. The central scale is μ0 ¼ mt. Numbers in the
parentheses are statistical errors on the last digits.

σLO [pb] ðδσÞscale [%] [pb] σNLO [pb] ðδσÞscale [%] [pb] K

σt 22.195(2) þ10.5
−8.7

þ2.3
−1.9 σt 28.307(8) þ5.8

−4.5
þ1.6
−1.3 1.28

σ t̄ 14.671(1) þ10.5
−8.7

þ1.5
−1.3 σ t̄ 17.856(7) þ4.1

−3.8
þ0.7
−0.7 1.22

σtþt̄ 36.866(2) þ10.5
−8.7

þ3.9
−3.2 σtþt̄ 46.163(11) þ5.1

−4.2
þ2.4
−1.9 1.25
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In particular, the scale dependence is not flat. This is
because at NLO new channels occur, including in par-
ticular subprocesses with two gluons. These new channels
are numerically large and dominate the scale dependence.
To illustrate this effect, the two-jet cross section where
additional jet activity is vetoed is given. The veto
suppresses the contribution from the new channels and
leads to a significantly improved scale dependence of the
two-jet exclusive cross section. However, this does not
necessarily mean that the theoretical predictions for this
observable are more precise. It is well known that the jet
veto introduces an additional scale and can lead to
additional uncertainties in particular in differential dis-
tributions. This is because the veto scale can lead to large
logarithmic corrections which may spoil the convergence

of the perturbative expansion if not resummed. For more
details we refer to Ref. [81].
In Fig. 5 we show results where only one of the two

scales μF, μR is changed while the other is kept fixed. In the
range −1 < log2ðμ=mtÞ < 3 the renormalization scale
gives the dominant contribution to the scale dependence.
This is consistent with the aforementioned observation that
the scale dependence is dominated by new channels which
occur for the first time in NLO. Only at rather low scales
does the factorization scale become important.
In Table III we show the cross section for different

collider energies. In the case of antitop-quark production
the K-factor is only weakly dependent on the collider
energy. In contrast, for top-quark production a significant
rise of the K-factor can be observed. As a consequence also
the ratio of the two cross sections depends on the collider
energy. At high energies the number of produced antitop
quarks increases with respect to the number of produced
top quarks. This is because top-quark and antitop-quark
production probe different PDFs with a different energy
dependence.

B. Kinematical distributions

For the evaluation of the inclusive cross section we used
a fixed renormalization and factorization scale. While this
is appropriate for the total cross section which is dominated
by events with moderate momentum transfer, this is no
longer true when distributions at high momentum transfer
are studied. In the latter case numerically rather different
energy scales can occur which may lead to large loga-
rithmic corrections invalidating the naive use of perturba-
tion theory. It is well known that in such cases a dynamical
scale often improves the situation. For the process at hand,
we use

FIG. 4. Scale dependence of the inclusive cross sections σLO,
σNLO and of the two-jet exclusive cross section σ2jet;excNLO . Factori-
zation and renormalization scales are set equal, i.e., μF ¼ μR ¼ μ.

FIG. 5. Dependence of the inclusive cross sections σNLO on the
individual scales μF and μR.

TABLE III. Cross sections with scale uncertainties at different
proton-proton colliding energies.
ffiffiffi
s

p
[TeV] σtLO [pb] σtNLO [pb] σ t̄LO [pb] σ t̄NLO [pb]

7 7.4þ0.9
−0.8 8.9þ0.3

−0.3 4.0þ0.5
−0.5 4.8þ0.2

−0.2
8 9.6þ1.1

−1.0 11.6þ0.4
−0.4 5.4þ0.7

−0.6 6.5þ0.3
−0.3

13 22.2þ2.3
−1.9 28.3þ1.6

−1.3 14.7þ1.5
−1.3 17.9þ0.7

−0.7
14 25.0þ2.6

−2.2 32.2þ1.5
−1.5 16.9þ1.8

−1.5 20.7þ0.8
−0.8

TABLE IV. LO cross sections with a dynamical scale using
different values for the constant cd. For comparison, the result for
the fixed scale is also given.

cd 2 1 1=2 1=4 1=8 1=16 μ ¼ mt

σtLO [pb] 18.38 19.83 21.40 23.06 24.74 26.26 22.20
σ t̄LO [pb] 12.12 13.12 14.20 15.34 16.49 17.56 14.67
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μdyn ¼ cd

�
mt þ pT;t þ

X
i∈partons

pT;i

�
; ð3:3Þ

as the dynamical scale, where cd is a constant which still
needs to be fixed to a certain value. The above scale choice
may be seen as a modification of HT often used. The top-
quark mass occurring in the dynamical scale prevents the
scale from becoming too small for low energies, since in
this case the top-quark mass provides a cutoff and should be
the relevant energy scale.
To find a reasonable value for the constant cd, we require

that the inclusive cross section matches the one calculated
with μF ¼ μR ¼ mt. In Table IV LO results are provided,
varying cd from 1=16 to 2. The results show that cd ¼ 1=2
is a good choice and reproduces roughly the results
obtained with the fixed scale. We will therefore use here-
after this value to define the central scale μ0dyn.
In Table V we present NLO cross sections together with

the associated scale uncertainties using the dynamical
scale with cd ¼ 1=2. The scale uncertainties are estimated
using μF ¼ μR ¼ μ0dyn and varying the dynamical scale by
a factor of 2 up and down. The results for the inclusive
cross section are in good agreement with the results
obtained for a fixed scale evaluated at μ ¼ mt. Note that,
different from the scale uncertainties presented in Table II

where the seven-point method is used, the values in
Table V are obtained using the three-point method where
we identify μF ¼ μR and the two scales are varied
together. This is done to be consistent with the distribu-
tions, where we use the three-point method to reduce the
required computing time. The uncertainties agree reason-
ably well with the ones in Table II.
In Fig. 6 we compare for the case of the pT-

distribution of the top quark the two different scale
choices. The left-hand plot shows the result obtained
with a fixed scale as used in the previous section. The
right-hand plot shows the same distribution using the
dynamical scale. Using the fixed scale the absolute value
of the corrections increases for large transverse momen-
tum signaling a breakdown of perturbation theory due to
the appearance of the aforementioned large logarithmic
corrections. This is also partially reflected in the increas-
ing uncertainty estimated through scale variation. Using
the dynamical scale instead, we find a much improved
behavior. Even at high momentum transfer, the correc-
tions amount only to −20%. As anticipated, using the
dynamical scale leads thus to a significant improvement
of the perturbative expansion. We stress that the scale
choice affects only mildly the NLO corrections. This is
illustrated in the upper plot of Fig. 7. Independent of
whether a dynamic scale or a fixed scale is chosen, the

TABLE V. Inclusive cross sections with scale uncertainties. The central scale is μ0dyn. Numbers in the parentheses
are statistical errors on the last digit. Scale uncertainties are calculated using the three-point (μ0dyn=2, μ

0
dyn, 2μ

0
dyn)

method.

σLO [pb] ðδσÞscale [%] [pb] σNLO [pb] ðδσÞscale [%] [pb] K

σt 21.407(2) þ7.7%
−7.3%

þ1.7
−1.6 σt 27.14(1) þ4.7%

−3.9%
þ1.3
−1.1 1.27

σ t̄ 14.197(1) þ8.0%
−7.6%

þ1.1
−1.1 σ t̄ 17.23(2) þ3.4%

−3.1%
þ0.6
−0.5 1.21

σtþt̄ 35.604(2) þ7.9%
−7.4%

þ2.8
−2.6 σtþt̄ 44.37(2) þ4.2%

−3.6%
þ1.9
−1.6 1.25

FIG. 6. Distributions of the transverse momentum of the top quark with fixed scale μ ¼ mt (left) and with dynamical scale μ ¼ μ0dyn
(right).
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NLO corrections are roughly the same. The ratio of the
two predictions is very close to one. Only beyond
800 GeV is this no longer true. In case the dynamical
scale is used, the LO predictions give thus a better
prescription of the full result.
The lower plot of Fig. 7 shows the ratio of the cross

section for top-quark production and the cross section for
antitop-quark production. The red curve shows the LO
result while the blue curve is the NLO one. The two
curves are very close to each other. However, one can see
that the ratio is highly pT dependent. At low pT we
recover roughly the factor of 1.5 observed for the total
cross section. With increasing pT the ratio increases. This
information can be used in the experimental analysis to
compare for example top-quark and antitop-quark tagging
efficiencies.
In Fig. 8 we show the transverse momentum distri-

bution for the top quark, the first jet, and the second jet.
The jets are ordered in pT with the first jet having the
largest transverse momentum. With the exception of the
low momentum region, one observes a flat K-factor
amounting to positive corrections of the order 20%–
30%. Most of the jets have a transverse momentum
below 100 GeV. In the case of the second jet, the fraction
of jets having a transverse momentum above 100 GeV is
below 10%. The pT-distribution of the top-quark jet
peaks at about 75 GeV. The pT-distribution of the leading
light jet is narrower compared to the top-quark distribu-
tion and peaks at a slightly smaller pT value. The pT-
distribution of the second light jet is a steeply falling
function. The lower end is set by the minimal pT
required by the jet definition. In the case of the pT-
distribution of the top quark the NLO corrections lead to

an enhancement below 50 GeV. This is an effect of the
real corrections. The total transverse momentum must add
up to zero. In leading order, the pT of the top quark must
be compensated by the total pT of the two additional jets
with each having at least a minimal pT of 25 GeV to
pass the cuts. A top-quark transverse momentum below

FIG. 7. Comparison of predictions using a dynamical scale with
predictions using a fixed scale (upper plot) for the top-quark
production. Ratio between the top-quark and antitop-quark
production (lower plot).

FIG. 8. Distributions of the transverse momentum of the top
quark (top), the first jet (middle), and the second jet (bottom).
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50 GeV thus restricts the two additional jets to a very
special phase space region. In NLO the total transverse
momentum can be balanced by the third jet. The real
corrections thus lead to an additional positive

contribution in the specific phase space region and the
aforementioned enhancement of the pT-distribution below
50 GeV. The results for antitop-quark production are very
similar and given in Fig. 13 in Appendix.
In Fig. 9 we present the rapidity distribution of the top

quark together with the pseudorapidity distributions of
the two additional jets. For the top quark, the corrections
for small rapidity are about 25% and thus are similar to
the corrections of the inclusive cross section and of the
pT;t-distribution at large transverse momentum. For large
jytj the corrections increase, however, and are of the
order of 50%. The origin of this effect is similar to the
effect observed in the pT-distribution of the top quark
and is again a consequence of the real corrections. A
large top-quark rapidity corresponds to a small value of
the top-quark transverse momentum which requires in
leading order again a very special phase space configu-
ration for the two additional jets. The additional jet in the
real corrections extends the available phase space and
leads thus to a positive correction to the cross section.
This is also reflected in the scale dependence. Since the
effect is due to the real corrections, the results show a
large scale dependence. As far as the NLO results for the
pseudorapidity distribution of the two light jets are
concerned, the results look very similar. Both jets show
a rather flat distribution with a slight enhancement for
small jηj. In the case of the leading jet, a dip occurring
for ηj1 ¼ 0 in leading order is mostly washed out by the
NLO corrections. At NLO only a minor depletion is
visible for small jηj. The origin of this effect has been
traced back to the three-jet event contribution of the
quark-gluon induced channels (quark ≠ b), with the ug
subprocess being the dominant contribution. This is
consistent with the observation that the NLO scale

FIG. 9. Distributions of the rapidity of the top quark (top), of
the pseudorapidity of the first jet (middle), and of the second jet
(bottom).

FIG. 10. Distribution of the invariant mass m12 ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðpj1 þ pj2Þ2

q
of the two leading jets.
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uncertainties are large around ηj1 ¼ 0. Similar results for
the antitop-quark production are shown in Fig. 14 in
Appendix. We observe that there the dip in the LO ηj1
distribution is much less pronounced compared to the
top-quark production. This is most probably due to the
difference in the u and d PDFs.
In Fig. 10 the distribution of the invariant mass of the

two light jets is shown. For small m12 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðpj1 þ pj2Þ2

q
one observes again positive corrections of about 20%.
The corrections increase with increasing m12. At the same
time the scale uncertainty—although reduced compared
to the leading order results—becomes larger. The increas-
ing corrections are due to the real corrections. We have
checked that the virtual corrections (I operator included)
are negative and are not responsible for that behavior.
Similar results for the antitop-quark production are
provided in Fig. 15 in Appendix.

To quantify the spatial separation between the two
leading jets we define

Δy12 ¼ jy1 − y2j ð3:4Þ

and

ΔR12 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðy1 − y2Þ2 þ ðϕ1 − ϕ2Þ2

q
: ð3:5Þ

In Fig. 11 the distributions of y12 and R12 are shown. As
one can see from the upper plot, a small rapidity
difference between the two leading jets is the preferred
configuration. The lower plot of Fig. 11 shows the
distributions of the distance in the y − ϕ plane. The
LO and NLO ΔR12 distributions peak around π, which
corresponds, for small rapidity differences, to the con-
figuration that the two jets are back-to-back. There is a
second less pronounced peak around 0.5. In this case the
two jets recoil against the top quark. Note that ΔR12 must
be larger than 0.4 because of the jet definition. For
moderate Δy12 and ΔR12 the NLO corrections to the
Δy12 and ΔR12 distributions tend to be slightly larger
than for the inclusive cross section. The corrections
increase for large Δy12 and large ΔR12. As can be seen
in Fig. 11 the scale uncertainties increase together with
the size of the corrections. Again this is an effect of the
real corrections. The corresponding distributions for the
antitop-quark production show a similar behavior and are
given in Fig. 16 in Appendix.

IV. CONCLUSIONS

We have presented a calculation of the NLO QCD
corrections for single on-shell top-quark production in
association with two jets at the LHC. It is assumed that
the tW production mode is measured separately. At LO, the
interference between the tjj and the tW channels vanishes
because of different color structures. At NLO, additional
QCD radiation introduces interference effects between tjj
and tW, and also with the tt̄ production with one top quark
decaying into three jets. However, these production modes
peak in different phase-space regions; hence interference
effects are expected to be very small, in particular when
experimental cuts to separate the different channels are
applied. We have checked that within the soft-gluon
approximation the contribution is indeed tiny. With this
assumption, the tjj contribution can be measured
independently.
Using inclusive cuts of pT;j > 25 GeV, jηjj < 2.5, and

the anti-kt algorithm with a radius R ¼ 0.4 to define
jets, the NLO QCD corrections for the cross section at
13 TeV are about 28% (22%) for top (antitop) quark
production. The theoretical uncertainties are dominated
by missing higher order contributions, which are esti-
mated, using a variation of the renormalization and

FIG. 11. Distributions of the rapidity separation (top) and the R
separation (bottom) of the two leading jets.
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factorization scales, to be about 5% at NLO.
Uncertainties due to an imperfect knowledge of the
PDFs and of the strong coupling constant are about 2%
at LO.
Further predictions for various kinematical distributions

have been provided. Using a well-motivated dynamical
scale choice for the renormalization and factorization
scales, in most cases moderate K-factors are observed,
showing similar corrections as the inclusive cross section.
However, the QCD corrections have a nontrivial depend-
ence on the phase space leading to large corrections in
specific phase-space regions. For example, for the pT
distribution of the top quark, the correction is about
þ40% in the region of pT ≤ 50 GeV, and then drops to
about þ20% for 50 < pT < 300 GeV before decreasing
steadily with high energies. Corresponding results for the
antitop-quark production have also been presented, thereby
allowing for comparisons between the two produc-
tion modes.
The results presented here provide one of the missing

building blocks toward the next-to-next-to-leading order
QCD corrections for single top-quark production beyond
the leading color approximation.
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APPENDIX: RESULTS FOR ANTITOP-QUARK
PRODUCTION

In this Appendix, results for antitop-quark production
are provided. Namely, the scale dependence is shown in

Fig. 12; the transverse momentum distributions of the
antitop quark and of the two leading jets are displayed
in Fig. 13; the rapidity distribution of the antitop-quark
and the pseudorapidity distributions of the two leading
jets are in Fig. 14; the invariant mass distribution of the
two leading jets is shown in Fig. 15; and finally the

FIG. 12. Same as Fig. 4 but for antitop-quark production. FIG. 13. Same as Fig. 8 but for antitop-quark production.
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distributions of the rapidity and R separation between the
two leading jets as defined in Eq. (3.4) and Eq. (3.5),
respectively, are presented in Fig. 16.

FIG. 14. Same as Fig. 9 but for antitop-quark production.

FIG. 15. Same as Fig. 10 but for antitop-quark production.

FIG. 16. Same as Fig. 11 but for antitop-quark production.
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