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We find in one-loop calculations and spectator models that twist-3 generalized parton distributions
exhibit discontinuities. In the forward limit, these discontinuities grow into Dirac delta functions which are
essential to satisfy the sum rules involving twist-3 parton distribution functions (PDFs). We calculate twist-
3 quasi-PDFs as a function of longitudinal momentum and identify the Dirac delta function terms with
momentum components in the nucleon state that do not scale as the nucleon is boosted to the infinite

momentum frame.
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I. INTRODUCTION

A complementary picture of the nucleon structure is
obtained by simultaneous information on both transverse
spatial and longitudinal momentum distributions of par-
tons. The relevant physical observables are generalized
parton distributions (GPDs) [1-4]. Theoretically, they are
calculated from nonforward matrix elements of nonlocal
operators, and experimentally, they are accessible through
exclusive deep inelastic scattering experiments, such as
deeply virtual Compton scattering (DVCS) [4,5]. GPDs
give information about the spin, momentum, and spatial
distribution of the quarks, antiquarks, and gluons within a
fast moving nucleon [6-8] and, therefore, provide a
remarkable insight on its inner structure.

One property to classify the GPDs is their twist [9]. Twist
determines the order in Q? (squared four-momentum trans-
fer) at which a matrix element contributes to the physical
amplitude of a given hard process. With increasing twist, the
number of partons which participate in that matrix element
also tend to increase. At leading twist, twist-2, GPDs
describe two-particle correlations in the nucleon, while
the next leading twist, twist-3, GPDs also involve three-
particle correlations, such as quark-gluon-quark (qgq). It is
advantageous to define the twist in the infinite momentum
frame (IMF) where the nucleon has a large momentum in the
longitudinal direction (direction of the nucleon propaga-
tion), i.e., P > M, and nearly zero momentum in the
transverse direction, i.e., Py & 0 [10]. In the IMF, the twist of
a distribution can be identified with its behavior under a
longitudinal momentum boost. While twist-2 distributions
are invariant under the boosts along the longitudinal direc-
tion, twist-3 distributions change as 1/P*.

In the Bjorken limit, the matrix elements are dominated
by twist-2 operators [11]. Even though they are mostly
relevant for subleading corrections, there are several
motivations to study twist-3 GPDs. For example:

(i) They involve a novel type of information on qgq

correlations which is not contained in twist-2
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distributions. These qgq correlations can be inter-
preted as an average transverse color Lorentz force
acting on the quarks inside a nucleon [12]. The new
information embodied in twist-3 GPDs is the dis-
tribution of that force on the transverse plane.

(i) At low Q2 the twist-3 contamination can be sig-
nificant. Therefore, twist-3 corrections may not be
negligible in the upcoming detailed measurements
of DVCS amplitude at 12 GeV in Jefferson Lab. On
the other hand, it has been shown that in the analysis
of DVCS amplitude, the electromagnetic gauge
invariance requires twist-3 contributions in the
asymptotic regime [13,14].

(iii) Twist-3 GPDs may provide an alternative source of
information on orbital angular momentum of the
quarks through the sum rule which relates the second
moment of a particular twist-3 GPD, G,, and kinetic
angular momentum of the quarks inside a longitu-
dinally polarized nucleon [15-17],

Ll = —/dxng(x,cf—O,t—O), (1)

where x is the average longitudinal quark momen-
tum, £ is the longitudinal, and ¢ is the total
momentum transfer to the nucleon.

Twist-3 GPDs generically exhibit discontinuities at the
points of particular interest and importance (x = %¢).
These points correspond to configurations in which one
of the partons has a vanishing momentum component in the
matrix element describing the scattering amplitude. There
are several studies [17-30] which reveal the discontinuties
of twist-3 GPDs using Wandzura-Wilczek (WW) approxi-
mation [31]. However, we show that twist-3 GPDs are also
discontinuous in the quark target model (QTM) and scalar
diquark model (SDM) without using WW approximation.
Potentially the discontinuities lead to divergent scattering
amplitudes and endanger the factorization of the hard-
scattering process [32]. However, in Ref. [33] it has been
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shown that the discontinuities cancel for the linear combi-
nations of twist-3 GPDs which enter the DVCS amplitude,
and therefore, twist-3 amplitudes are consistent with DVCS
factorization. Even though they do not exhibit a problem for
factorization, we will show that in the forward limit the
discontinuities can grow into Dirac delta functions which are
essential for satisfying relevant Lorentz invariance relations.
Investigating twist-3 quasi-PDFs (parton distribution func-
tions) as a function of the longitudinal momentum reveals
that the Dirac delta function terms correspond to momentum
components in the nucleon state that do not scale as the
nucleon is boosted to the IMF.

There are several parametrizations of the correlators
which define GPDs [25,27,34]. The relations between the
different parametrizations are given in Ref. [33]. We use the
following parametrization [28] and adopt the light front
gauge AT = 0 where the Wilson lines can be ignored [35]:

dz~ -
- 1xpz /- Q/ —— 9/ I
2/ > (P, S|61< 2)7 ( >|P,S>

1 A
A ielf Ak
+—+7+Gz + ; 7*7/5G4} u(P,S), (2)

1 [dz”
ixptzT/pl — |/
2/ on ¢ (P, S|q< 2)7/75(1( >IP S)
j

1 _ A - - L -
= FM(P”S/) {ﬁ?s(fﬂ“ G) +7ys(H + Gy)

Al ielf Ak
+ p—y TysGy +

y+(~}4] u(P,S). (3)

In Egs. (2) and (3), P(P’) is the incoming (outgoing), p™ is
the average longitudinal nucleon four-momentum, S(§’) is
the initial (final) nucleon spin, M is the nucleon mass,
and H,E,H,E are twist-2, G, ..., Gy, Gl, o G4 are
twist-3 GPDs.

In this study, we focus on the twist-3 GPDs G, and G,
since they are essential in the sense that G, is related to the

(k+%{+m) N

TABLE 1. The behavior of the discontinuities of the twist-3
GPDs, G, and G5, as £ — 0 in QTM and SDM.

Twist-3 GPD QTM SDM
G, Divergent Divergent
G, Finite Divergent

quark kinetic orbital angular momentum via Eq. (1), and G,
reduces to g,(x) in the forward limit which enters the
polarized deep inelastic scattering (DIS) cross section [36].

This paper is organized as follows: In Secs. II and III, the
twist-3 GPDs G, and G, are calculated using QTM and
SDM, respectively. The behaviors of their discontinuities
under decreasing skewness parameters (¢ — 0) are inves-
tigated and summarized in Table I. In Sec. IV, the forward
limit of G,, twist-3 PDF g,(x), is calculated using SDM.
The discontinuities of G, are identified with a Dirac delta
function term in g, (x). With the motivation of investigating

the origin of this singularity, also the quasi-PDF, 3" (k%)

is calculated. Determining ¢2'* (k%) shows that the Dirac
delta function term in g,(x) corresponds to a momentum
component in the nucleon state that does not scale as the
nucleon is boosted to the IMF. As shown in Sec. V,
neglecting the Dirac delta functions leads to the violation
of sum rules for twist-3 PDFs and GPDs. In Sec. VI, our
work is summarized.

II. G, AND G, IN QUARK TARGET MODEL

In QTM, a quark or an antiquark releases a photon/gluon
and recombines with it after the interaction. Figure 1
shows QTM in a symmetric frame where the kinematic
variables are A, the four-momentum transfer; P = p—
2(P" = p+3%), the incoming (outgoing) four-momentum;
p, the average momentum (with p, =0); k=5 (k+3),
the four-momentum before (after) the interaction.

To calculate G,, the matrix element on the left-hand side
(LHS) of Eq. (2) is written using QTM with the vertex
operator, I' = y*,

k=5+m)

|
d*k v
) /(2”) S(kt —xp™)a(P', S )y

(k57— m? + i’

(k=32 —m?+ie]”
1

nv(py - kﬂ) nﬂ(pu - ku)
X NG — & Pt — k'

1
2p*

[(p = k)?

AL A
= (P, S’)[ G, +y* (H+E+G2)+—+}’+G3+

P.S
— 22 + ie] u(P.S)
1 l'eJ_kAJ_

LytysGylu(P,S). (4)

and the coefficient of the vector structure, (H + E + G,), is identified. In Eq. (4), ¢ is the coupling strength, m = M is the
quark/antiquark, and A is the renormalization mass. To extract G, from the combination, (H + E + G,), H is calculated in

QTM using the parametrization,
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l/dz
2 2r

For simplicity, only the divergent contributions are
considered. Since E 1is finite, it does not contribute to
the divergent parts of the matrix elements in Egs. (4)
and (5).

Identifying & with the longitudinal momentum transfer
fraction (£ = A"/2p™), the three regions regarding the
interval of the Ilongitudinal momentum fraction
(x = k*/p™) have to be distinguished to evaluate the k~
integrals on the LHS of Eq. (4):

(i) For £ < x <1, the incoming and outgoing longi-
tudinal momentum fractions, x — & and x + &, are
positive, and the correlator involves an incoming and
an outgoing quark.

(i) For — ¢ < x < ¢, the incoming longitudinal momen-
tum fraction, x — &, is negative and the outgoing,
x+ &, is positive. In this region, the correlator
involves an incoming antiquark and outgoing quark.

(iii) For — 1 < x < &, both momentum fractions are neg-
ative, describing an incoming and an outgoing
antiquark.

T I Ca TP Ry o

o ;fp E] u(P, ). (5)

|
The regions { <x <1 and —1 <x < ¢ are commonly
referred to as Dokshitzer-Gribov-Lipatov-Altarelli-Parisi
regions [37-40] and —-¢<x<¢ as the Efremov-
Radyuskin-Brodsky-Lepage (ERBL) region [41,42].
Regarding these regions, the divergent part of G, in
QTM is calculated as

for { <x <1,

2 X

—33 é((llié))lnAJ_ for —E<x <€, (6)
0 for —1 <x <,

where A is the transverse momentum cutoff. Since it
violates the conservation of momentum in QTM, the
distribution does not have support in the —1 <x < ¢
region.

To calculate Gz, the matrix element on the LHS of
Eq. (3) is written using QTM with the vertex operator,
I = ytys, and the coefficient of the axial vector structure,
(H + G,), is identified,

K+5+m) | f-5+m)

) 4
19 d'k o, \a(pl o
_ 7 _ P u
A /(27[)45(k xpHa(P', Sy

[(k+%)?

—m? e Plk=32 —m2 +id”

1

_ nl/(pﬂ - k/z) _ nﬂ(Pu - kl/)
X G it Pt — k"
AJ_

2p 2M

[(p—k)* -

—u(P.S) [—VS(E +Gy) +rtys(H+Gy) +

P.S

peane LG

AL oLk AL
+ ~ l ko4

— 115G + Y G4] u(P,S). (7)

H is calculated in the same model, but with the vertex operator, I' = y*ys, using the parametrization

l/dz
2 2w

Considering only the divergent parts, where E does not
contribute to the matrix elements in Egs. (7) and (8), G, is
calculated as

for { < x <1,

7 (1-&)

_— e

=) g, o csrse O
0 for —1 <x<é&.

As Fig. 2 shows, G, and G, exhibit discontinuities at the
points x = 4=& which correspond to vanishing longitudinal

1 . ysAT
e P (P, S'|CI<—7>7/ 7’561( )IP S) =2FM(P’,S’) [ﬁysHﬂL;—ME}M(P, S). (8)

FIG. 1.

QTM in a symmetric frame.
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FIG. 2. Discontinuities of the twist-3 GPDs, G, and G,
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FIG. 3. SDM in a symmetric frame.

momentum components in the initial or final state. In the
limit of £ — 0, the discontinuities of G, stay finite, and the
contribution from the ERBL region partially cancels upon
|

integrating over x. Whereas, the discontinuities of G,
diverge, and its ERBL region resembles a representation
of a Dirac delta function, as explained in Appendix A. In
the following section, the discontinuities of G, and G, and
their behaviors as £ — 0 are investigated using SDM.

III. G, AND G, IN SCALAR DIQUARK MODEL

In a SDM, the three valence quarks of the nucleon are
considered to be a bound state of a single quark and a scalar
diquark. We assume that the virtual photon is interacting
only with the single quark (active quark) and the scalar
diquark is a spectator as shown in Fig. 3.

To calculate G,, the matrix element on the LHS of
Eq. (2) is written using SDM,

i [ d'k s o K5+ m) (K -5+m) 1
T/H(S(lﬁf—xp*) (P S)[(k+%)22_m2+i€]7 [(k_%)zz_mz_’_ie] [(p—k)2—/12—|—ie}u(P’S)

1 Al AL eik L

= 5,7 HF s’>[ Gy 47 (H+E+Go) + "Gy + CbytysGa|u(P.S), (10)

and the coefficient of the vector structure, (H + E + G,), is identified. In Eq. (10), M, m, and A denote the nucleon, quark,
and diquark masses, respectively. G, is extracted considering only the divergent contributions, as in the QTM case,

forE <x <1,

222 (1-8)
G:= | -5 A, for —¢<x<e (D
0 for —1 <x<¢.
To calculate G,, the matrix element in Eq. (3) is written using SDM,
d*k (f+5+m) (¥—%+m) 1
~ S(k* —xpH)u(P', s - - P.S
2 | Gtk )P s) (k82 —m?+id” k=82 —m>+id[(p- k) = 22+ ie] u(P. )
1 AJ‘ - ~ A J_kAJ_
T (P’ 8" [wYS(E +Gy) +rtys(H + Gy) +—J’ ysGa + y Ga|u(P,S), (12)

the axial vector structure coefficient, (I:I + Gz), is identified, and after calculating H, the divergent part of Gz is obtained,

G (=8)
(l 52 In AJ_
G, = i (2x=28+£41)
872 &(1+¢)
0

As shown in Fig. 4, G, and G, exhibit discontinuities at the
points x = ££. These discontinuities diverge as & — 0, and
the ERBL regions of both GPDs resemble a representation
of a Dirac delta function.

for £ <x <1,

InA, for —E<x<E, (13)

for —1 <x <&

The behaviors of the discontinuities of G, and G, as
& — 01in QTM and SDM are summarized in Table I. In the
following section, twist-3 PDFs and quasi-PDFs are inves-
tigated using SDM.
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FIG. 4. Discontinuities of the twist-3 GPDs, G, and G,, in SDM for A| =2 and g = 1.
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IV. TWIST-3 PDFS AND TWIST-3 QUASI-PDFS
IN SCALAR DIQUARK MODEL

For equal momenta and spins of the initial and final
hadron states, the matrix elements defining GPDs reduce to
the matrix elements defining PDFs [43]. There are three
quark PDFs (f,g;,h,) at twist-2 level and three quark
PDFs (e, h;,g,) at twist-3 level. The complete set of
PDFs is defined by the matrix elements of quark bilocal
operators,

di . ~
[ Saetp.sla@ratmie.s)

= 2[f1(x) p* + M f4(x)"], (14)
[ See e saOrrsqnlp.s)
=2{g;(x)p*(S - A) + gr(x)S| + M?g3(x)A*(S - A)},
(15)

[ Seet b siaO)atan).5) = 2Me(x). (16

di . PN
/ T-ei(P.S|g(0)io"ysq(an)|P.S)

(SLp" =81 p")

Ty (M (= pUar)S

=2 [hl(x)
+h3(x)M(S’iﬁ”—S’iﬁ”)], (17)

where P, S, and M are the momentum, spin, and mass of
the parent hadron, respectively. p and 7 are lightlike
vectors, i.e., p?>=n>=0, with the components,
p~=p, =0, pr=P" and At =7, =0,a =1/P".
The spin vector, S¥, is decomposed as S* =
(S-a)p'+(S-p)a* + 8. x represents the parton’s
light-cone momentum fraction and each PDF has a support
inthe —1 < x < 1 interval. The PDFs, f4, g3, and h3 appear
at twist-4 level. In the parametrization given by
Eq. (15), gr(x) = g1(x) + g2(x).

Even though the matrix elements entering the cross
section are usually dominated by twist-2 operators in
the Bjorken limit, and twist-3 operators are mostly relevant
for subleading corrections, the twist-3 PDFs, ¢,(x)
and Ay (x), are unique in the sense that they appear
as leading contributions in some spin asymmetries.
For example, g,(x) can be measured in the transversely
polarized DIS, and h;(x) can be measured in the
longitudinal-transverse double spin asymmetry in the
polarized Drell-Yan process [44].

The twist-3 GPD, G,, reduces to the twist-3 PDF, g,(x),
in the forward limit. In order to investigate the Dirac delta
function behavior of G, in the ERBL region in the forward

r

FIG. 5. SDM in the forward limit.

limit, g,(x) = gr(x) — g;(x) is calculated using Fig. 5, as
explained in Appendix A.

¢»(x) contains the following term which contains a
singularity:

2 + m p+ 2 =
i (kT +2P%) [ d%k dk
Grs5(k") = M .

S @2r)? (PT—kY) ) n)? (K2 —m? +ie)*’
(18)
where m is the quark and M is the nucleon mass.

The singularity originates from the light-cone energy
integral,

dk~
et 1)

which is performed using Cauchy’s theorem. Obviously,
for kT #0,

/ dk~ B / dk~ —0
(k2 —m?+ i€)2 [2k+(k‘ _ (K Am?) 4 e )]2 ’

2k* 2kT
(20)
since enclosing the double pole, k= = (ki;l" D _ 2§<_€+’ can be

avoided by closing the contour in the appropriate half-plane
of the complex k= plane. However, when k" =0 is
included, the result of this integral is not zero,

1
dktdk ———s——
/ (k* — m?* + ie)?

1 in
= [ dktdk~ = .
/ (2kTk™ — k3 —m* +ie)* ki + m?
(21)

Thus, combining Eq. (20) with Eq. (21) implies that'

"This result has been first derived in Ref. [45].
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/ & dk” T skt).  (22)

—mz—l—ie)zzkﬁ_—l—m2

Therefore, the singular term is

i (KT 2P [k dk”
gZ,S(k ) - (Zﬂ)z (P+ _ +) / (271')1_2 (kz —m? + i€)2
+ 4 mp+ 2 +m?
el

where A is the transverse momentum cutoff.

The term in Eq. (23) is given in terms of longitudinal
momentum, k. In order to express it as a function of the
longitudinal momentum fraction, it is integrated over k*
and multiplied by P,

2 m 2 2
g (x+12) A5 +m
92.5(x) - < L

T 1622 (1—x) m? >5(x)' (24)

To illustrate the origin of the Dirac delta function
contribution, now we consider the twist-3 quasi-PDF,

3" (x). While PDFs are calculated using light-cone
coordinates, when calculating quasi-PDFs one treats the
operators in normal coordinates where the nucleon moves
purely in a spatial direction with a momentum P* [46,47].
PDFs are recovered from quasi-PDFs by taking the
P — oo limit [48-50].

In addition, we also consider the distributions as func-
tions of longitudinal momenta, i.e., g,(k™) and g3 (k%), as
shown in Fig. 6.2 The twist-3 distributions are identified by
their scaling property under a longitudinal nucleon momen-
tum boost: Twist-3 PDFs scale with 1/P", and twist-3
quasi-PDFs with 1/P%. Whereas the distributions in Fig. 6
have two components, one of which obeys the twist-3
scaling properties, while the other component at k*(k™)=0
does not scale as the nucleon is boosted to higher
longitudinal momenta. In other words, the k*(k™) =0
component does not change with 1/P*(1/P™).

The nonscaling component of the PDF g, (k") corre-
sponds to the term g, 5(k*) given by Eq. (23), while the
nonscaling (ns) component of the quasi-PDF g3 (k%)
originates from the term,

2For simplicity, the masses M, m, and 1 are set to “1” to obtain
the plots of the PDFs and the quasi-PDFs. Therefore, the
quantities, which carry the units of those masses, are dimension-
less. Consequently, the transverse momentum cutoff, A, the
longitudinal quark momenta, k%(k™), and the longitudinal nu-
cleon momenta, P*(P™), in Figs. 6, 7, 8, 9, and 10 do not have
units.

gy =~ MmN )
2.ns 16”2M(kzl + k? + m2)1/2 kJ_:O'

Figure 7 shows the distributions as functions of x where
the expression in Eq. (25) is multiplied by P=. It can be seen
that the nonscaling component of the quasi-PDF g5 (x)
can be identified with a representation of a Dirac delta
function at x = 0 as the nucleon is boosted to the IMF,
ie., P - oo.

Operator product expansion (OPE) analysis of the matrix
elements allows the twist-3 distributions to be decomposed
into the contributions expressed in terms of twist-2 dis-
tributions (WW part) [31], a quark mass term, and the rest
which involve interactions. For example, for g,(x) the
decomposition reads

9(x) = gV (x) + g5 (x) + 52 (x). (26)

where the WW part is given by [51]

AV () = =g (x) + / 1 %gl B). @)

X

In QCD, §,(x) corresponds to the pure quark-gluon
correlation part of the twist-3 distribution. These pure
quark-gluon correlations, which are also called genuine
twist-3 terms, involve a novel type of information that is not
contained in twist-2 distributions. For example, the x>
moment of the genuine twist-3 part of polarized PDF g, (x)
can be identified with the transverse component of the
average color Lorentz force acting on the struck quark at
the instant after absorbing the virtual photon [12].

An important question is, whether the components which
do not scale under a longitudinal momentum boost come
from the WW parts of twist-3 distributions. In order to
address this question, in addition to g;(x) and g,(x), also
the twist-2 PDFs f(x), h(x), and twist-3 pdfs e(x), h (x)
are calculated using SDM. The PDFs calculated with QTM
are taken from Ref. [52].

As shown in Table II, all the twist-3 PDFs calculated in
SDM and QTM contain a §(x) term only with the exception
of g>(x) in QTM, whereas such a term does not appear in
any of the twist-2 PDFs. As an example, the twist-2 PDF

quasi

g1(x) and the twist-2 quasi-PDF ¢ (x) are calculated in

SDM. Figure 8 shows that g{"*" (x) converges to g;(x) as
P? — oo without generating a &(x). Therefore, any poten-
tial singularity which can result from the integral in Eq. (27)
does not originate from Eq. (19). For this reason, the WW
part is not the source of the §(x) contribution in a twist-3
distribution.

As another example, twist-3 PDF ¢(k™) and quasi-PDF
9" (k%) are shown in Fig. 9. As the nucleon is boosted to
the IMF, e9"i(k%) converges to e(k*). e(k™) contains a
5(k™) term which corresponds to a nonscaling term in
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TABLEIIL. Dirac delta functions in PDFs calculated using SDM
and QTM. X denotes there is no §(x) and v denotes there is a 5(x)
in a PDF.

Twist-2 PDF SDM QTM
fi(x) X X
g1(x) X X
hy(x) X X
Twist-3 PDF SDM QT™M
e(x) v v
hL ()C) \/ \/
g2 (x) v X

ei(k7) at k¥ = 0 as P? — oo. Figure 10 shows that this
component becomes a representation of §(x) in 943 (x) as
the nucleon is boosted to the IMF.

There are several studies in which the singularity of
e(x) was discussed using the chiral quark soliton model
[53-56]. The main difference is, in pQCD calculations,
such as scalar diquark and quark target models, the delta
functions arise from rainbow type diagrams while in the
chiral quark soliton model, they arise from quark loops.

V. VIOLATION OF SUM RULES

The following sum rules for twist-3 distributions involve
the point x = 0,

/_j dxg;(x) = /_I dxgr(x), (28)

/_l dxhy (x) = /_i dxhy (x), (29)

1

[ dxeo) = 5 (PaOWOIP) = M. (30)

However, this point cannot be achieved in DIS experiments
. . 2
since x is defined as x = 21%1 and x = 0 corresponds to

P - g — o0. Therefore, experimental measurements cannot
confirm but would rather claim the violation of these sum
rules even though they are direct consequences of Lorentz
invariance.

For example, Lorentz invariance of twist-3 GPDs imply
that

1 1 -
/ dxG,(x,& A) =0, / dxGi(x,E.A) =0. (31

1 1

If x = 0 and hence the §(x) are not included, Eq. (31) is
violated as follows:

1
dxG;(x,E=0,A)#0,

e—0 /_ €

lim [ dxGi(x.E=0,A) + lim
1 €—>

(32)

] dxG;(x,E=0,A) #0.

e—0 /_ ¢

lim [ dxGi(x.E=0,A) + lim
1 €—>
(33)

The Lorentz invariance relations in Eq. (31) can be
regarded as a nonforward generalization of the Burkhardt-
Cottingham sum rule given in Eq. (28) [57]. Since the LHS
of Eq. (28) is the axial charge, the integral on the right-hand
side (RHS) is finite. If the twist-3 PDF, gr(x), has a
contribution proportional to &(x) and g;(x) does not,
experimental measurements would not be able to confirm
this sum rule. Similar arguments apply to the 4 and o-term
sum rules in Egs. (29) and (30), respectively. Therefore, the
violation of the sum rules from the experimental data would
provide indirect evidence on the existence of the Dirac delta
functions.

VI. SUMMARY AND DISCUSSION

We have investigated the twist-3 GPDs G, and G, using
QTM and SDM. In both models, these twist-3 GPDs
exhibit discontinuities at the points x = +£. In the limit
£ — 0, the discontinuities of G, are divergent in both
models, and the ERBL region resembles a representation of
a 8(x). However, the discontinuities of G, behave differ-
ently in the two different models: they diverge in SDM but
stay finite in the QTM as & — 0.

In the forward limit, G, reduces to g,(x), and the
discontinuities grow into a §(x) in SDM. Calculation of

the quasi-PDF ¢3"*" (k%) reveals that the §(x) term corre-
sponds to a component that does not scale as the nucleon is
boosted to the IMF.

The &(x) contribution is not unique to the case of g,(x),
and all the other twist-3 PDFs contain a §(x) in both QTM
and SDM only with the exception of g,(x) in the QTM.
These §(x) terms are not related to the twist-2 (WW) parts
of the twist-3 PDFs since model calculations show that
none of the twist-2 PDFs contain such a term. Violations of
the sum rules containing twist-3 PDFs and GPDs exper-
imentally would provide indirect evidence on the existence
of these §(x) contributions.

In effective field theories with four fermion interaction
vertices, singularities in GPDs and PDFs may already arise
at the twist-2 level [58]. However, the singularities we have
discussed that arise for QCD and Yukawa type interactions
are restricted to twist-3 or higher.

In generalized tadpole diagrams, i.e., diagrams where a
subdiagram is connected to the rest of the diagram at a
single vertex, the appearance of (x) terms is trivial: there is
no momentum flowing through the subdiagram, and its
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contribution to the PDF does not scale in the IMF. However,
the appearance of §(x) is not trivial for the rainbowlike
diagrams considered here, and we demonstrated that for
higher twist PDFs there still appears such a component.

An important remark is, how the Delta function is
effected by QCD evolution, i.e., its Q%> dependence which
can be related to the transverse momentum cutoff, A . In
the model calculation, performed in Sec. IV, the &(x)
appears as the nucleon is boosted to the IMF regardless
of the value of A |, even though its coefficient evolves with
A3 . Therefore, QCD evolution affects the coefficient of the
5(x) but its existence is a Q* independent result.

Integrals with similar pole structures to that of Eq. (19)
such as

have been studied in connection with the light front vacuum
[59-61]. The integrals involving the higher powers of the
denominator in Eq. (34) can be obtained by repeated
differentiation with respect to m?. The relation between
the light front vacuum and the §(x) in twist-3 PDFs will be
studied in Ref. [62].
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APPENDIX A: G, IN QTM

dk~
/ JER——— (34) The divergent part of G, is calculated as
|
_l,gz/dszdk‘ k=8(p*)*(1 + x) (A1)
2m)* [(k+5)*—m? +ie][(k—2)* —m? +ie][(p — k)* = 2> + ie]
k™ in the numerator of Eq. (A1) can be replaced by the expression
2 )22 2 2
2pT 2(pT k7)) 2(pT - k)

The second term in Eq. (A2) cancels the propagator in the denominator in Eq. (A1) leading to the following contribution
which is nonzero only in the ERBL region, —¢ < x < &:

(1+x) / d*k | dk 1

(1-x) @2r)* [(k+5)* —m? + ie][(k —5)* —m* + ie] (A3)

ig?4p*
The result of this integral is dominated by the following term which diverges as £ — 0 yielding a representation of §(x):

g_2 (1+x)
2

AP ET =) InA,. (A4)

APPENDIX B: G, IN QTM

The divergent part of G, is calculated as

_ig? / d*kdk” k8(p*)(x+&)
g 2r)* [(k+5)* —m? + ie][(k—5)* —m* + ie][(p — k)* — A% + ie]

(B1)

Similarly, £~ in the numerator of Eq. (B1) can be replaced by the expression given by Eq. (A2) where the second term
cancels the propagator in the denominator leading to the contribution,

(B2)

2 2 —
Pt (x+cf)/d k. dk 1

(1-x) 2m)* [(k+3)* = m? +ie][(k—3)* —m? + ie]
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The result of this integral is dominated by the term

RS

277 E(1 — x)

In AJ_. (B3)

Due to the appearance of & in the numerator, this
expression is finite as & — 0, unlike the expression
in Eq. (A4).

APPENDIX C: g;(x) IN SDM

gr(x) is obtained by using y# = y* in the parametriza-
tion given by Eq. (15),

[ Sae SO rsain)|P.s) = 20r(05% (€1
The LHS of Eq. (C1) is written using SDM,
Ta d*k _
or(0)s* = [ SScotie —ap )
(¥ +m) (¥ +m)
(K — m? + ie) RE - ie)" P
1
kP —F i’ ©
Using the identities,
@(P)u(P) = 2M, (C3)
a(P)y*u(P) = 2P+, (C4)
W(P)ysu(P) = 0. (©3)
W(P)rsu(P) = 25", (co)
+
WPy rtrsu(P) = s (1)
WPy rrsu(P) =5 St = 2esh ()
(P ysu(P) = s+ (©9)

the numerator of the integrand in Eq. (C2) is calculated as

w(P)(K+ m)ytys(K+ m)u(P)

:2<x

As in the cases for G, and G,, k™
replaced by the expression

+ Z) (2kP* +mM)S-.  (C10)

in this numerator is

M> [(P—k)* =]
2P 2(PT —k")

(K +4%)

k= 2P —k)

(C11)

and the second term cancels the propagator in the denom-
inator of Eq. (C2). Thus, two types of k™ integrals appear in
the expression for gr(x),

ig> (x+2)
167* (1-x)

gr(x) = /fh[@HWXF@—@ﬂﬂ

X/ dk~
(k> =m?+ie)?[(P—k)> = 2>+ ie]

7 (x+1) / sz/

1671 (1—
As Eq. (22) shows, the energy integral in the second line of
the above equation is the origin of the §-function.
The full expression for g;(x) is obtained as follows by
using a transverse momentum cutoff, A :

C12
—m? +le ( )

gr(x) = —% <x+%> {[M(M-l- nz;c(il;;c)))_lz + ol
+1In(k3 + w)}:; + 12; (();ti'i)))
X ln<A2l—+2mz)5(x), (C13)
m
where w is given by
w=—x(1—x)M*>+ (1 -x)m?+xi2. (Cl4)

APPENDIX D: g, (x) IN SDM

g1 (x) is obtained by using y* = y in the parametrization
given by Eq. (15),

di ilx s + +

7.¢ (P.S1g(0)y rsq(An)|P. S) = 29, (x)S™. (D)

The left-hand side of Eq. (D1) is written using SDM,

+ d*k + +\ii
a5t =L [ o —pyatp)

27)*
(kz(f;mﬁ oS (kz(flznﬁ i) “(P)
1
kP -Frid 2

The numerator of the integrand in Eq. (D2) is calculated
using the identities given by Egs. (C3)—(C9),
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w(p)(k+m)ytys(f +mu(p)
= —4k2S™ — [2k3 = 2m* — 4dmMx|S*

=2[(m + xM)? — K2]S. (D3)

The following expression is obtained for g;(x) using a
transverse momentum cutoff, A :

g1(x) = — 127;2 (1- ){[a) +]£;:1sz) ]
A
+ In(k% +a))} (D4)
=0

Similar to other twist-2 PDFs, the numerator in Eq. (D3)
does not have a term involving a k~, and therefore, the
cancellation of the propagator which leads to the &(x)
contribution does not occur for g; (x).

APPENDIX E: g,(x) IN SDM

9>(x) is obtained as follows by using Egs. (D4) and
(C13) in the relation gr(x) = g;(x) + g2(x):

2
g (x)= 12 {250—[(M+m) —xﬂ—l—(m—l—xM)z}
(I-x) M ¢ N
X(k2 ol _(;f—ﬁ <2x—|———1)ln(k2 +w) ¢
+1gyz2((if))>ln</\ ,Zm )5( ), (E1)

where the last term is called g, 5(x) in Eq. (24).
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