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Cross sections for 2-to-3 meson-meson scattering
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We study 2-to-3 meson-meson scattering based on the process that a gluon is created from a constituent
quark or antiquark and subsequently the gluon creates a quark-antiquark pair. The transition potential for
the process is derived in QCD. Eight Feynman diagrams at tree level are involved in the 2-to-3 meson-
meson scattering. Starting from the S-matrix element, we derive the unpolarized cross section from the
eight transition amplitudes corresponding to the eight Feynman diagrams. The transition amplitudes

contain color, spin, and flavor matrix elements. The 2-to-3 meson-meson scattering includes zz — 7KK,
7K — nnK, 1K - KKK, KK — 7KK, and KK — nKK. Cross sections for the reactions are calculated.
The cross sections depend on temperature obviously, and the cross section for zK — zzK for total isospin
I = 3/2 at zero temperature is compared to experimental data. By comparison with inelastic 2-to-2 meson-

meson scattering, we find that 2-to-3 meson-meson scattering may be as important as inelastic 2-to-2

meson-meson scattering.

DOI: 10.1103/PhysRevD.101.014025

I. INTRODUCTION

Many experiments and analyses have been done for
elastic 7z scattering, elastic 7K scattering, and elastic KK
scattering. Elastic phase shifts and elastic cross sections for
znm scattering have been measured via 77 p — 772~ ATT
[1-3], 2t p = 2°%2°A* [4), ntp = atatn [5-7], 7 p -
7% 8], 77d = 72" pp [9,10], 77 p —» ata" ATF [11],
atp = nt2’p [7,12,13], 7 p —» n~a*n [7,14-21], and
K* — ntn~e*v [22-25]. When the total isospin of the two
pions is 0 or 1, from phase shifts and cross sections one can
identify resonances such as f,(980), f,(1270), f,(1370),
ay(980), and p(1450). When the total isospin equals 2, the
cross section for elastic zz scattering can go up to 12 mb.
Elastic phase shifts and elastic cross sections for zK
scattering have been measured via K¥p — Kz A+
[26-29], K™ p— K°z°A*T+ [26], K*p - K*ztn [29,30],
and DT —» K~zxte"v, [31]. From elastic 7K scattering
with a total isospin of 1/2, one can find resonances such as
K{(1430). The cross section for elastic zK scattering
with the other total isospin 3/2 may become as large as
4.6 mb. The elastic cross section for K™K~ scattering
obtained from z7p — KTK~A"" in Ref. [11] decreases
from 3.8 mb at 1 GeV to 2.9 mb at 1.38 GeV. Elastic phase
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shifts for K™K~ scattering were extracted from 7~ p —
K*K™n and 7#tn - K"K~ p in Ref. [32]. A variety of
theoretical approaches [33—46] apply to elastic meson-
meson scattering.

Experimental data on zz — p are given in Ref. [47] and
the cross section for zZK — K* in vacuum was estimated in
Ref. [48]. On the basis of the process that a quark in one
initial meson and an antiquark in the other initial meson
annihilate into a gluon and subsequently the gluon is
absorbed by the other antiquark or quark, 2-to-1 meson-
meson scattering has been studied in Ref. [49], and the
resulting cross sections for zz — p and 7K — K* agree
with the empirical data given in Refs. [47,48]. Cross
sections for the reactions #7772~ - 7z x'x” and 777~ —
7 n 7%z were measured in Refs. [3,9], and the cross
section goes up when the dipion mass increases from
0.8 GeV. The cross section for 77K~ — z 7~ K" +
797K~ was investigated in Ref. [27]. In the present work
we study 2-to-3 meson-meson scattering based on the
process that a gluon is created from a quark or an antiquark
in the two initial mesons, and the gluon then creates a quark
and an antiquark. We note that 2-to-3 meson-meson
scattering has not yet been studied in theory.

Inelastic 2-to-2 meson-meson scattering has been studied
in Refs. [50-54]. The reactions zzx — KK, pp - KK,
zp — KK*, and mp — K*K can be described by effective
meson Lagrangians. The cross sections for the four
reactions have been obtained from the exchange of either
a kaon or a vector kaon between the two colliding mesons
[50,51]. A study of zz — KK scattering by means of
partial-wave dispersion relations of the Roy-Steiner type is

Published by the American Physical Society
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performed in Ref. [54], and precise parametrizations of the
S, P, and D partial waves in the zz — KK scattering
amplitude are obtained from the data. To generate all the
resonances with isospin 0 and masses below 2 GeV,
S-wave meson-meson scattering for total isospin [/ =0
and 1/2 is studied in Ref. [55] with 13 coupled channels.
Their S-wave phase shifts and modulus for 7z — KK for
I =0 agree with experimental data, and zz — pp is
determined by minimal coupling. In terms of quark degrees
of freedom some reactions are mainly governed by quark
interchange, quark-antiquark annihilation and creation, or
both. For example, zz — pp for total isospin / =2 and
7K — pK* for I =3/2 involve quark interchange [52];
arw — pp forI = 1 and 7p — KK* involve quark-antiquark
annihilation and creation [53]; zzx — pp for I =0 and
7K — pK* for I = 1/2 involve quark interchange as well
as quark-antiquark annihilation and creation [49,53]. The
reactions governed by quark interchange as well as quark-
antiquark annihilation and creation have the characteristic
feature that close to threshold quark interchange dominates
the reactions near the critical temperature, and in the other
energy region quark-antiquark annihilation and creation
may dominate the reactions.

In hadronic matter created in relativistic heavy-ion
collisions at the Relativistic Heavy Ion Collider and at

Ci C2 C3 Ci C2 C3
A B A B
D] DZ
Ci C2 Cs3 Ci C2 Cs3
A B A B
D; D,
FIG. 1. Reaction A(q,7;) +B(¢232) = C1(q134) + Ca(q241)+

C3(q3G,)- Solid lines with up (down) arrows represent quarks
(antiquarks). Wavy lines represent gluons.

the Large Hadron Collider, thermal equilibrium is
established by elastic meson-meson scattering. Since
inelastic meson-meson scattering alters the meson num-
ber, chemical equilibrium is determined by inelastic
meson-meson scattering. Exactly how thermal equilib-
rium is established and how chemical equilibrium is
established are two important issues of hadronic matter.
In lead-lead collisions and in xenon-xenon collisions at
the Large Hadron Collider, meson momentum measured
by the ATLAS Collaboration, the CMS Collaboration,
and the ALICE Collaboration goes up to 1000 GeV/c
[56-58]. A meson of such large momenta in collision
with another meson in hadronic matter may yield three
or more mesons. Two-to-three meson-meson scattering
affects chemical equilibrium. Therefore, we need to
study the 2-to-3 meson-meson scattering in hadronic
matter.

This paper is organized as follows. In Sec. II we present
eight Feynman diagrams for 2-to-3 meson-meson scatter-
ing, the transition amplitudes corresponding to the eight
diagrams, and cross sections related to the transition
amplitudes. In Sec. III we derive a transition potential
for the process that a gluon is created from a quark or an
antiquark and the gluon creates a quark and an antiquark. In
Sec. IV we calculate color, spin, and flavor matrix elements
in the transition amplitudes. In Sec. V numerical cross

Cs3 Cz2 Ci Cs C2 Ci1
A B A B

Ds Dy
Cs3 C2 Ci C3 C2 C1
A B A B

D, Dy

FIG.2. Reaction A(q,4:1)+ B(9242) = Ci(4132) + C2(q244)+
C5(q3G;)- Solid lines with up (down) arrows represent quarks
(antiquarks). Wavy lines represent gluons.
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sections are presented and relevant discussions are given. In
Sec. VI we summarize the present work.

II. CROSS-SECTION FORMULAS

Meson A contains quark ¢; and antiquark g, and
meson B has quark ¢, and antiquark g,. In the collision
of mesons A and B a constituent quark or antiquark
may emit a virtual gluon which subsequently splits into
quark g3 and antiquark g,. The three quarks and antiquarks
then combine into mesons Cy, C,, and C3. Four Feynman
diagrams are shown in Fig. 1 for A(q,gq,) + B(¢23,) —

|

St = 0 —2mid(E; — E;) ((C,,C5, C5|Vp, |A, B) +
+(Cy,C,,C5|Vp,|A,B) +(C,,C,,C5|Vp, |A, B) +

where Vp  (Vp,, Vp,, Vp,) represents the transition
potential for ¢y — ¢ +q3+qs (G = g1+ g3+ Gas
92 = 42+ 43+ 44, G2 > G2+ g3+ G4) in diagram D,
(Dy, D3, Dy), and Vp, (Vp,, Vp,, Vp,) represents the
transition potential for ¢; > q;+q3+ g4 (G1— q1+93+qa,
9~ 42+ 43+ 44 Gy = Ga+q3+qy) in diagram Ds
(D¢, Dq, Dg). Let P, Ry, and 7, be the total momentum,
the center-of-mass coordinate, and the relative coordinate
of constituents a and b, respectively. The wave function
) of mesons A and B is

equlfll ‘Rgyay eipqulz Reya,

Va,41.9:8. = \/V L (7411?1) \/V
(2)

The wave function |Cy, C,, C3) of mesons C;, C,, and Cjs is

(C1,C5,C5]Vp,|A,B) +
(C1,C5,C5]Vp,|A,B) +

Y 4.q, <7(121?2 ) :

C1(9144) + C2(9241) + C3(¢34»), and four other dia-
grams in Fig. 2 for A(q,4,) + B(¢232) = Ci(9:12)+
C1(9244) + C3(q34,). Diagram D, (D,, D;, Dy) in
Fig. 1 involves the emission of a gluon from ¢, (g, ¢,,
g») and the subsequent splitting of the gluon into g5 and g,
and diagram Ds (Dg, D7, Dg) in Fig. 2 also involves this
process. Denote the energy of meson A (B, Cy, C,, C3) by
E4 (Eg, Ec¢,, Ec,, E¢,). The total energy of the two initial
mesons is E; = E, + Ep, and the total energy of the three
final mesons is Ey = E¢ + Ec, + Ec,. The S-matrix
element for A+ B — C; + C, + C3 is

(C1,Cy, G|V, |A,B) +(C},C,,C3|Vp, |A, B)
(C1,Cy,C5|Vp |A,B)), (1)

|
corresponding to the four diagrams in Fig. 1 or

gqulflz'waz

Y40 00.0:31 = /V'

e'Poas Ry,

X TWQZFM (?112@4)

W%‘Zz( ‘h‘h)

e'Pasa Raza

x Ni% Wy, (Ty

corresponding to the four diagrams in Fig. 2. The mesonic
quark-antiquark wave function v, (7,;,) is the product of
the color wave function, the spin wave function, the flavor
wave function, and the relative-motion wave function of
constituents a and b. Every meson wave function is
normalized in the volume V.

From the S-matrix element we derive the transition
amplitudes corresponding to the eight Feynman diagrams
in Figs. 1 and 2. From the transition amplitudes we obtain
the unpolarized cross section for A+ B — C; + C, + C;.

\l

1) (4)

iPy 2. Ry oz .\ .
W aoa s = e mi i Wor(Foz) The position vector and the mass of constituent ¢ are
Qa2 VV D1da 1 denoted by 7, and m,, respectively.
B R We first consider the four diagrams in Flg 1. The f1ve
2241 Na2ay 7
% e—l//q o (Foa) 1ndependent constituent position-vectors are 7, , 75 , 7y,
2491 —» .
vV 7z,» and 7. They are related to the relative coordinates
e'Pasar Raza - (74,4,» T4,3,) and the center-of-mass coordinates (R, ;..
X ——=—V4,3,(Ps3)- (C) -
\/V 4392 \" 439> R R b
@291’ f13712) y
|
s mg mg,mg, s mg,, mg, Mg, ;L my,mg, (m, + mg,) =
9 9191 Y423 9194
My, Mg, Mg, + Mg, Mg, Mg, My, Mg, My, + Mg, Mg, Mg, My, Mg, Mg, + Mg, Mg, My,
Mg, Mg, (qu + m‘_]l) B Mmg,Mg, (qu + qu) R’ B (5)
9291 9392

Mg, Mg, My, + mg,mg,mg,

Mg, Mg, My, + mg,mg,Mg,
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2o _ Mg, Mg, Mg, 2 Mgy, Mg, Mg, > mg,my, (Mg, +mg,) =
a1 Tq,q, 924> 4144
Mg, Mg, Mg, +mg 7.Mg, Mg, Mg, Mg, Mg, + mg, Mg, Mg, Mg, Mg, Mg, + mg, Mg, Mg,
mg,mg, (Mg, +mg,) = mgmg (mg +mg) o
9291 q392°
Mg, Mg, My + Mg, Mg, Mg, Mg, Mg, Mg, +mg 7,Mg,Ma,
s _ Mg mg mg 2 mg Mg, mg, S my mg (m, +mg,) -
@ 414G, D9 4144
my My, Mg+ Mg Mg, Mg, My My, My + Mg Mg Mg, my my m, + Mg Mg Mg,
Mg, Mg, (m‘h + m(_ll) R . mz, m‘h(m‘h + qu) P
9291 q392°
Mg, Mg, My, + Mg, Mg, Mg, Mg, Mg, My, + Mg, Mg, Mg,
7o Mg, My, Mg, 7o Mg, Mg, My, r Mg Mg, <m111 + ml—]4) P
9 q191 9292 4194
Mg, Mg, Mgy, + mg,mg, Mg, Mg, Mg, My, + mg, mg, Mg, Mg, Mg, My, + mg,mg,Mg,
Mg, Mg, (qu + m‘?l) 5o mf?lml_h(ml]s + m‘?z) B
m, m, m, +m;m;m. PN m_ m, m, +m; m;m, PP
q1777q27 g3 q1777927""q4 91777927 "q3 q1777927""q4
- _ Mg, Mg, Mg, 7 Mg, My, Mg, 7 g, Mg, (mlh + mf_l4) o
Fg; = — Tq,q, + T4, 4144
Mg, Mg, Mg + Mg, g, Mg, Mg, Mg, Mg, +mg 7.Mg, Mg, Mg, Mg, Mg, +mg 7,Mg,Mg,
_ g, Mg, (ml12 + m@l) P Mg, My, (mfh + ml—lz) no
My mg,m,. +mg mgmg PN mgmgm, +mg mgmg B
91792 927" "q4 917792 927794
which lead to
3 3 3
A A = I = S (m(h + mﬂ_/4> (qu + m@l) (mﬂh + mf_lz) - >3
dr‘hdrl?ldrlhdr‘?zdr% 3 dr‘]l(_hd lh‘]zdeIl%dehlIld 4302 *
(mg,my,m,, +mg mg mg,)

(10)

Let Etoml be the center-of-mass coordinate of the initial or final mesons. Denote the three-dimensional momentum of
meson A (B, Cy, Cy, C3) by Py (P, Pc,, Pc,, Pc,). The total momentum of the two initial mesons is P; = P4 + Pg, and the
total momentum of the three final mesons is ﬁf = ﬁcl + I3C2 + 13C3. From the transition potential Vp, and the wave

functions of the initial and final mesons, we have for diagram D;:

(Cy1, Cy, C5|Vp, |A, B) = (414> 92315 93321V, 19115 9232)

= N N N . g_qulfm 'R'nf'm e_inn"Il 'Rllzf?l " o
= drlh dr@l dr(IzdrfIzdr% Twl]ﬂh( ‘I1114) walz% (r(hl?l )
iP,., R iP, . R, . iP, . -R

e a3 a3 e’ an taa N e’ 2 TN

X JV V/Mz( F4,a,)Vp, JV Yaa,(Fq.a,) SV ¥4, (Fara,)
_ (mfh + m(?4)3(m42 + ml?l)a(m‘h + m92)3 d7. - d7
- \/%(m a5 Y 3,
X qu(qqlth)quql(_)qqu)’//qsqz( Fg.a) VoW, (Faa Wz, (Fang,)

Py, Rgq, — 1P 'quql lPthz Rqsqz + qulql Rq]‘_]l + Py, " Ry,z,):

+ )3 deI]‘MdR%fIldehf_]z
Mg, Mgy 7 Mg, Mg, Mg,

x exp(—i ©d

where !, is the Hermitean conjugate of ;. In the present work we limit ourselves to the case that at least two of the three
final mesons have the same mass. We thus define the variable py from the position vectors of the two mesons with equal

masses and the variable ZX from the other meson. For example, supposing that mesons C;(q,g,) and C,(g,g,) have equal

masses, we define

-

ﬁX = E<R41<_]4 - qul?l)’
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- 1 - - -
/IX = 76 (qul?4 + Rl]zf?l - 2Rl]3‘72)’ (13)
which leads to
dquqadquqldquqz = 3V3dR o dpxdiy. (14)

From the mass m¢, of meson C,, the mass m, of meson C,, and the mass m¢, of meson C;, we define

m, =mc, = mc,, (15)
3mC]mC3

= 16

m; chl +me, ( )

Let p,, ( D 2) be m, (m;) times the derivative of Px (IX) with respect to time. We then get

PCII‘?-/L ’ RCII‘?-/L + P‘Iz@] ’ Rfizl_il + PCI}% ’ RCI3312 = Pt - Rioal + ﬁ/’x ‘ﬁX + ﬁl{x '/1X’ (17)

In terms of py, /_fx, Pp,» and p, ., we have

3\/§(m511 + m@4)3(m¢lz + g, )3(}’”% + mf_Iz)3
VV3(my mym,, +mgmgmg )?

-

X Wf]l% (_)511‘14)1//112‘]1( 924 )quqz( (13(12)VD w‘]]‘il( 111111)1/1112f12(7!12‘12)

(€1.C. |V, 4. B) = [ o R

X exp(— iPy - Ry — Py " Px — 1Dy, - /1x+lP total+lpq|q|.q2q2'7q12/|.q2£72)
M
Dy , (18)

= (2”)353(131 - I_:;f)
V3 \/ 2E\2ER2Ec 2E¢,2E,

where 7, 5 ..z and p,  , o are the relative coordinate and the relative momentum of ¢, g, and ¢,,, respectively. Mp, is
the transition amplitude given by

3V3(m,, + my,)3(m,, +mg )3 (m,, +mg,)?
mg, + mg mg mg,)?

MDI - \/2EA2EBZEC12EC22EC3 (m

a1,
X/d7‘11t_]1d;)QZZIzd'BXdZXW;:ZM(711154)1//;2%(7112‘71)1//;3512(?431?2)‘/]31
X Waa, P2V 0,2, (Fg,3,) €XP(=iD,, + Px — iPs, ‘Zx +1Dg a0t " Tararaada)- (19)
For diagram D, we have

M
D . (20)
VV3.\ 2E,2Eg2E¢ 2E ¢, 2E,

(Cy.Cy, C5|Vp, ) =(0144. 9231. 4332|Vp, 0131, 422) = 27)*8 (P; — Py)

where the transition amplitude My, is obtained from Eq. (19) by replacing Vp, with Vp,. For diagram D3 we have

M
= . (21
VV3\2E\2E2E ¢ 2E(,2E,

(C1.Cy. G5V, |A, B) = (9134 9271 4332V D, 9171 4232) = (27m)35°(P; — Py)

where the transition amplitude My, is obtained from Eq. (19) by replacing Vp, with Vp, . For diagram D4 we have

014025-5
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M
Dy . (22)
VV3,\2E2Ez2E . 2E 2k,

(C1,C. C5|V,|A. B) = (0134 1231 0332V, | 0171 423) = (27)*6* (P, — Py)

where the transition amplitude My, is obtained from Eq. (19) by replacing Vp, with Vp,,.

Next, we consider the four diagrams in Fig. 2. The five independent constituent position-vectors, 7q ' 7@] s 742’ 752, and 7q3,
- N - - -
are related to Tg,q0 Ta23,> qul?z’ qul?A’ and quql by
7 mg, Mg, Mg, > Mg, Mg, Mg, 7 mg,mq,(mg, +mg,) =
@ 41, 920> 4192
My My, My —+ Mg Mg Mg, My My My + Mg Mg Mg, My My My —+ Mg Mg Mg,
_ g, Mg, (qu + m%) B mzisz_h(mﬂh + m@l) P (23)
9294 q9391°
Mg, Mg, Mg, + mg, Mg, Mg, Mg, Mg, Mg, + mg, Mg, Mg,
7o Mg, Mg, Mg, 7 Mg, My, Mg, T mg,mq, (Mg, +mg,) =
qa 414, 929> 919>
Mg, Mg, Mg, + mg, Mg, Mg, Mg, Mg, Mg, + Mg, Mg, Mg, Mg, Mg, Mg, +mg 7.Mg,Ma,
_ . MmgMg, (qu + mf_h) P qum[—h(qu + ml_h) P (24)
9294 9391
Mg, Mg, Mg, +mg 7.Mg, Mg, Mg, Mg, Mg, +mg 7.Mg,Ma,
7o Mg, Mg, Mg, = Mg, Ma,Mg, 7 ml—]lmf_h(mfh + ml—]z) 33
@ 4141 753753 9192
Mg, Mg, My, + mg,mg,Mg, Mg, Mg, My, + mg,mg, Mg, Mg, Mg, My, + mg, Mg, Mg,
+ My, mlh(mlh + m‘74) P _ mqlmlh(mqs + mZ]l) B (25)
9294 4341’
Mg, Mg, My, + g, mg,Mg, Mg, Mg, My, + mg, Mg, Mg,
Foo—_ Mg, Mg, Mg, 7 _ Mg, Mg, My, 7 ma, Mg, (mql + ml?z) D
.. 414, T4,8, 49192
Mg, Mg, My, + Mg, Mg, Mg, Mg, Mg, My, + Mg, Mg, Mg, Mg, My, My, + Mg, Mg, My,
Mg, Mg, (qu + m514) P _ Mg, Mg, (m + mg ) P (26)
mg Mg m,. + mg mg, mg B4 om my —|—m Mg, my B
9177792 92777494 9177792 9277744
7= Mg, Mg, Mg, r mg,mg, Mg, r m‘lszll(mﬂil + m@z) po
q3 9191 9292 9192
Mg My, My, + Mg, Mg, Mg, Mg My, My, + Mg, Mg, Mg, Mg My, My, + Mg, Mg, My,
mg qu( wt mt—h) P Mg, My, (mfh + m‘_]l) Do (27)
9294 q391°
Mg, Mg, Mg, + Mg, Mg, Mg, Mg, Mg, Mg, + Mg, Mg, Mg,
which lead to
3 3 3
(g, + mg) (g, + mg,)(mg, + mg)
- - - - = 91 92 q3 91 -
dry,drg, dry,drg,dr,, = dry,g,dr, 4242de]1Q2dR42l]4dehf_il' (28)

(mg,my,m

3
¢ +mgmg, mq4)

014025-6
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From the transition potential V,_ and the wave functions of the initial and final mesons, we have for diagram D5 in Fig. 2:

(Cy.Cy, C5|Vp,

) = {0132 424 Q36]1\VD5|41611J]2112>

e~ Plll‘lz waz i N e_quzfm'Rt/sz i N
\/V qul?z(r‘h‘?z) v LR rqz(h)

Ry, elP’12‘72

= /drq] drqldrqzdrqzdrq

e_iP!B?i] .R113?1| eiP‘ll‘—?l R

X \/V W;S(_Il(?qS‘_]l)VDS \/V W‘Ilfh(?fhfh) \/V W‘sz_h(?flzf_h)

my, + my 3 my, + myg 3 my, + ny 3
- ( ql/ﬁ(m) ’/E,l m +’n) (I’}’l - >3 ) /drﬂ]‘lldr(lzﬂvdR(hCIzdeizéhdwal
9177792 9277744

X Wz;ﬁh(?‘Ill_lz)l//%%(?qz‘h)w‘]s%(r‘h‘_h)VDst]f_h( l]l‘]l)thl]z( 42(?2)

x exp(_ip‘]lzlz 'Rﬂhﬂ_lz - iPQz‘_Izt 'quc—“ - iP%EIl " Ra3q, + ZPQICII “qq + lPsziz ’ 5/2@2)

:3\/_(m + my, )3 (m,, + mg,)*(m,, +mql)3/d7 JF dR”]dpydiy
\/_(m mgy,my. + mg mg, mq4)3 001 40,2 o

242

ol

-

X l//‘11512 (rfll%)l//lh‘h (r%fm)l/quél (rﬂisl_il )VDsl//ChZ]l (rﬂhfll )w%@z (rﬂizﬁz)
X eXp(_le *Riotal = LPpy " Py — 1Py Ay +1P; - Ryl + Paya.axa: r‘]lfll,lhflz)

M
Ds , (29)
VV3\/2E2E2E 2E 2,

= (2”)353(13i - I_:;f)

where My, is the transition amplitude given by

3v3(my, + my,)*(m,, +mg,)3(m,, +mg )?

g
(mqlmq mg, + mg mg, mq4)

M, = \2E,2E52Ec, 2Ec 2k,

X / d?ﬂilfil d?lh‘?zdﬁydﬂyl//;;lfb (?415]2)11,(2(?4(?42514)1//;(?1( 9341 )VDs
W (?‘Ilfll)l//%‘?z(_) )exp( iﬁl’y ’ ﬁy - iﬁly Ay + iﬁl{léls‘h‘?z ’ 7:qll?]-qulz)' (30)

In the above two equations the variable py is defined from the position vectors of the two mesons with equal masses, and the
variable 1y from the other meson. In case that mesons C;(q;g,) and C,(g,G,) have the same mass, we define

o 1

Py :%(thf_h _Rf12514)’ (31)
- 1 - . -
Ay = (R‘II% + thl_]a - 2Rq3f_]| ) (32)

Let p, (p,,)be m, (m;) times the derivative of py (ZY) with respect to time. In Eq. (29) we have used the two equalities,

dqu q2 dR112114

g = 3V3dR qudpydly, (33)
PQl‘?z ’ RQl% + Pl]z% ’ Rl]z‘ﬁ + P‘]}‘?l ’ R%‘?l = P Riguar + 1_5/7)’ ’ IBY + ﬁly Ay (34)

For diagram Dg we have

Mo, . (39)

) = (@12 0284- 0:31 |V, |0:131- 0232) = (22)*6* (P, — Py)
’ VV°\/2E2ER2E ¢ 2Ec,2E.,

(Cy.Cy, C5|Vp,

where the transition amplitude My, is obtained from Eq. (30) by replacing Vp, with Vp, . For diagram D; we have

014025-7
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Mo, . (36)

Ci. G G|V
(C1, Gy, G5V, \/VS\/2EA2E32ECI2Ec22EC3

A,B) = (4142, 9234- 4391V, 19141, 0282) = (2”)353(131 - ﬁf)

where the transition amplitude My, is obtained from Eq. (30) by replacing Vp, with Vp, . For diagram Dg we have

M
= . (37)
VV?\2E,2ER2Ec 2EC, 2,

(C1.Cy. C5| Vi, |A, B) = (9182 9284- 4311V |9171- 4232) = (27m)35°(P; — Py)

where the transition amplitude My, is obtained from Eq. (30) by replacing Vp, with Vp, .

Let P, (Pp) and my (mp) be the four-momentum and the mass of meson A (B), respectively, and we have the Mandelstam
variable s = (P, + Pg)>. Along the general lines provided in Ref. [59] on deriving the cross section from the transition
amplitude, we get the unpolarized cross section for A+ B — C; + C, + Cj,

27)4 1 &P &P P .
O.unpol — ( ”) / 3 G 3 = 3 = 5(Ef - Ei)53 (Pf - Pi)
4\/(PA . PB>2 — mim% (2JA + 1)(2.]3 -+ 1) (27[) 2EC1 (27[) 2EC2 (271') 2Ec3
X g |Mbp, + Mp, + Mp, + Mp, + Mp, + Mp, + Mp, + Mp, 2, (38)

JA:JB:JC] ZJCZZJC;;Z

where J; (i = A, B, Cy, C;,, C3) is the angular momentum of meson i with the magnetic projection quantum number J,.
With the equality (P, - Pg)? — mim} = 0.25[s — (my + mp)?][s — (m4 — mp)?], integration over P, leads to

1 1
16(27)5\/[s = (my +mp)?][s — (my —mp)?]| (2Ja+1)(2Jp+1)

Gunpol —

d*Pc- d*P
« / < EC ECC SE—-E) Y [Mp,+ Mo, +Mp, + My, + Mp, + My, + Mp, + Mp, 2. (39)
1 2 3

JAszz-IClz‘,CZZJC31

Integration over |I3C1| yields

1 1
otnpol —
16(27)5/[s = (my + mp)?][s — (my — mp)?] (204 + 1)(2Jp + 1)
&P Pe 2
o / % 40— _ | < B -
Ec, l|Pc,loEc, + (|Pc,lo = |Pa + P — Pc,|cos ©)Ec |
X Z |Mp, + Mp, + Mp, + Mp, + Mp, + Mp, + Mp, + Mp, 2, (40)

Jadpde eyl ey:

where ® is the angle between 1301 and f"A + i’B - 1_503,
dQc, is the solid angle centered about the direction of 13C o

= . =~ . p p -p Py L
and |Pc |y is the absolute value of P that satisfies b ¢
E; — E; = 0. The unpolarized cross section is a function
of /s, which is the total energy of the two initial mesons in
the center-of-mass frame.
k k

III. TRANSITION POTENTIAL

In Fig. 3 the left diagram denotes the process
q'(p1) = 4'(P}) + a(ps) + G(—p4), and the right diagram -»,
q'(=p1) = 4’ (=p1) +49(p3) +G(—ps). In each diagram the
wavy line represents the gluon which has four-momentum FIG. 3. Left diagram with ¢'(p,) = ¢'(p})

)

_ ich b V) +a(ps) + a(=ps)
k, the color index e, and the space-time index z. Each vertex and right diagram with §'(-p;) = ¢'(-p})

q(p3) + q(=pa4)-

014025-8
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involves the gauge coupling constant g, the SU(3) color

generators 7¢ (e =1,...,8), and the Dirac matrices y°. (Brsu) = HGl(pl) (45)
According to the Feynman rules in QCD [60], the ampli- Vg \P1:Sqz PGy (py) Xsge
tude for the left diagram in Fig. 3 is written as !
: G\(PY)
_Ys o v (% - 1P
Megqq = k2 Vo (P15 )1 T Wq (D1, 5q2) vy (Py.sy.) = (3'5’1 G\ (p) >Xs;’~’ (46)
— - Te - 2m(r 1 1 N
X Wa(P3:84)7 TW(Pas 532) (41) ’
and the amplitude for the right diagram is ;?131 G, (p)
- m-r
: vy = (20 M e @
95" — /> -
Mgy = =25 53 (P15 T w (. 5y.) P
X g(P3s 5g )7 TWq(Pas 530), (42) L SR G ()
L v @) = (0 ey e
where repeated color and space-time indices (e and 7) are 1(B)) iz
summed. The quark spinors (y, (P1.s4.), wy (D). 5,,.),
w,(P3.5,.)) and the antiquark spinors (y;(Ps.5;.),  where & are the Pauli matrices; sy sy Hs g Ko o Ky and
= =7 : ‘ qz N
vy (P1.532), Wy (P1. 55.)) are given by [53,59] Xy, are the spin wave functions with the magnetic
qz
R G3(p3) projection quantum numbers, s,., Sz, Sy s’q,z, Sg;> and
wq(P3s54z) = gﬂ Gs(p3) Koo (43) s’q,z, of the quark or antiquark spin, respectively. The quark
Mo and the antiquark created from the gluon have the same
5Pa (5 (Bs) mass, i.e., m, = mg.
o | 2m, G4\Pa . .
wq(PasSg:) = ( o > Xso.» (44) Keeping terms to order of the inverse of the quark mass,
4(P4) we get

34) -k 5(1)-5(34)5(1) - py +5(1) - pi5(1) - 5(34)

2 —_
g _ _ .\ [e _ _
Meggg = k_;)(;z/z)(;;TeTeGll (P1)G3(p3) [ ( :|G1(p1)G4(p4)qu/z)(sq:,

qu 2mq/
(49)
2 -, - - - = - - - - =/
Js e (= _.[6(34)-k (1) -pi6(1)-6(34)+5(1)-6(34)6(1)-p . -
Mcq’qq:_p ;;//(;;zT T Gl(Pl)G3(P3)[ 2m) - W)-p1a(l) %m,( )-634)o(1) i G/1(P/1)G4(P4))(s;,j(s;ﬁ-
q q
(50)

Using T¢T¢ :%-’1(;4) with 1 being the Gell-Mann matrices, we obtain the transition potential for

q'(p1) = 4'(p}) + q(p3) + q(=pa)s

Vo (0) = @ Z(34>g_§ 5(34) - 1?_ 3(1)-3(34)5(1) - p, +6(1) - pLa(1) - 3(34) -
cq'qq - 2 2 k2 qu qu, ’
and the transition potential for §'(—p;) = g'(=p}) + q(p3) + G(—pa),
- Z(l) 1(34)93 5(34)% 3(])[_515:(1)8(34)+5(])5’(34)3(])1—5/1
Vegag(k) = ——=- = _ | )
2 2 k 2mq 2mé/

-

In Egs. (51) and (52), 1(34) (6(34)) mean that they have matrix elements between the color (spin) wave functions of the
final quark and the final antiquark. In Eq. (51), 71(1) (6(1)) mean that they have matrix elements between the color (spin)

wave functions of the final quark and the initial quark. In Eq. (52), Z(l) (6(1)) mean that they have matrix elements
between the color (spin) wave functions of the initial antiquark and the final antiquark. Applying Eqgs. (51) and (52) to
the eight Feynman diagrams, we have Vp =V, Vp, =V Vp, =V, Vp, =V Vp, =V,
Vp, =V Vp, =V and Vp, =V

€q19344° €419344° Cq42q3q4° C2q3q4° €q149344°

€q19394> €429394> €4293G4"
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IV. MATRIX ELEMENTS

The transition amplitudes include color, spin, and flavor
matrix elements. Denote the spin of meson A (B, C;, C,,
C3) by S4 (Sp, S¢,» Sc¢,» S¢,) and its magnetic projection
quantum number by Ss. (Sp;, Sc,z Scyzr Scyz)- Let Pare
(¢Brel’ ¢C]rel’ ¢C2rel’ ¢C3rcl)9 ¢Acolor (¢Bc010r’ ¢C]c010r’

¢C2color’ ¢C3color)’ ¢Aflavor (¢Bﬂav0ra ¢C,ﬂav0r’ ¢C2ﬂav0r’
beavor) A Js, 5, (WsyS500 XSe,S¢,.0 XSeySerer XSeySey) DE
the quark-antiquark relative-motion wave function, the
color wave function, the flavor wave function, and the
spin wave function of meson A (B, C;, C,, Cy), respec-
tively. The wave function of mesons A and B is

Yap = ¢Arel¢Brel¢Acolor¢Bcolor)(SA SAJ(SBSBZ P ABflavor> (53)
and the wave function of mesons C;, C,, and Cj is
WC1C2C3 = ¢C1rel¢C2rel¢C3rel¢Clcolor¢Czcolor¢C3color

KXSe, S, XSc,Scy X Sy Sy P CiCoCsflavors (54)

where y/4p =Yaqa¥a0a and Veoo =VYqaVaeaVan =
Va,0.¥a.a.Wqq,- The flavor wave function @yppayer Of
mesons A and B possesses the same isospin [ as the flavor
wave function @¢, ¢, c,favor Of mesons Cy, C,, and Cj.

The color wave function of each meson is the color
singlet. The color wave function of mesons A and B is
G acolorPBeolor» and the color wave function of mesons Cy,
CZ’ and C3 1S ¢C1color¢C2color¢C3color' The color matrix
element is

(34
: (2 )¢Acolor¢Bcolorv

+ + +
¢C1c010r¢C2color¢C3color

N>y

where / are the Gell-Mann matrices for the color generators
of quark ¢, in diagram D, antiquark g, in diagram D,,
quark g, in diagram D5, antiquark g, in diagram Dy, quark
q; in diagram Ds, antiquark g; in diagram Dg, quark ¢, in
diagram D, or antiquark g, in diagram Djg. The color
matrix element is %, — 94—\/5, 94—\/5, — 94—\/5, 94—\/5, — %, 94—\/5, and

—9% for diagrams D, D,, D5, D4, Ds, Dg, D5, and Dy,

respectively.

The flavor wave functions, @afavor aNd Ppfavors are
coupled to the flavor wave function @4gqa.or- The flavor
wave function of meson C; and the one of meson C, are
coupled to the wave function ¢ ¢, ¢, favor Of mesons C; and
C, with the total isospin Ifclc2~ Furthermore, ¢ ¢, ¢, flavor and
@c,tiavor are coupled t0 @¢,c,cymavor With isospin 1. Let

PQ1—’41+Q3+1_14 (Pf?l-’l_]1+43+54’ P‘Iz—"12+43+l_]4’ Pl—]z—>1?2+(13+‘_]4)
denote the operator that implements g, — ¢, + g3 + qa
(1= q1+93+44, @2~ 2+ G35+ G4 G2 = G2 + g3+ Ga).
The flavor matrix elements corresponding to diagrams D,
D,, D5, D4, Ds, D¢, D7, and Dg are defined as

TABLE 1. Flavor matrix elements in the second column are part
of Mp ¢, Mp,¢, Mp,s, and Mp, and in the third column of
Mp,t, Mpgt, Mp,t, and Mp;.

IzzliK:%ﬂﬂ—)ﬂKI_( 1 1
IzlllfzK:%ﬂﬂ—»n’KI_{ \/Ti _\/T§
I=11 =1 an — 7KK NG NG
I:OI,fZK:%mt—erI_( % —%
I1=3 11 =3 7K — 27K 0 \/5
6
I=31 =3 1K — anK 0 %
3 g _1 1
I—EI”K—EITK%ﬂ'ﬂK _ % _%
1 g _1 N
I=35 Ly =5 7K - nzK _% % NG
=3It =11K - KKK 0 1
=1 Iy =11K - KKK 0 -1
=3I =01K > KKK 0 Ve
I=11 =3 KK — 7KK -7 -%
I=11 =1 KK - 7KK - % NG
I=01 =1 KK > nKK —% —%
I=11 =3 KK - 7KK 0 -Z
[=11" =1 KK - 7KK 0 V8
1=01", =1 KK — zKK 0 0
— ot
Mle - (pC1C2C3ﬂavorPQ1—’411+513+£74(pABﬂaV0r’ (55)
— ot
Msz - ¢C1C2C3ﬂavorpl?1—’!_11+‘13+‘?4§0A3ﬂa"0“ (56)
— .t
MDﬁ‘ - (pC1C2C3ﬂav0rP G2—q2+q3+3, PABflavors (57)
— ot
MD4f - (pC]C2C3ﬂavorPf_12—>?]2+43+‘?4¢ABﬂaV0r’ (58)

for A(q141)+B(9232) = C1(9134) +C2(q2q1) +C3(9332)
and

MDsf = (/’a C2C3ﬂavorpql—’ql+43+l?4¢ABﬂaV0r’ (59)
MD6f = (paCzCﬂavorP@]—’ZIl+CI3+EI4¢ABﬂaV°T’ (60)
MD7f = (paC2C3ﬂavorPlIz—’qz+fI3+l?4(pABﬂaV0r’ (61)
MDSf = (Pa C2C3ﬂavorpq2—>q2+q3+q4§0ABflav0h (62)

for A(q141)+B(4232) = C1(4132) +C2(q234) + C3(q541)-
From the eight Feynman diagrams we have the relation,

Mp,s = Mp,s = Mp,s = Mp,s. (63)

Mp,p = Mpg = Mp,p = Mp. (64)
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TABLE II.

Spin matrix elements in My, , Mp,, Mp,, Mp,, Mp,, Mp_, My, and Mp,, which are shown from the second to ninth

columns, respectively. The initial spin state iS i = xs,s,.Xs,s,.» and the final spin state ¢rs =y Se, Se, X Sey Sey X Sey eyt The z
components of the meson spins are Sy, = S, = S¢,, = S¢,; = S¢,. = 0.
¢gs¢iss 0 0 0 0 0 0 0 0
¢;‘:g61 (34)¢iss 0 0 0 0 0 0 0 0

+ 1 1 1 1 1 1 1 1
¢f5562(34)¢iss _2_\/§l _ml _ml —ml —ml —ml —ml _2_\/51
¢g563 (34)¢iss 0 0 0 0 0 0 0 0
¢g561¢iss 0 0 0 0 0 0 0 0

+ 1 1 1 1 1 1 1 1
¢fss(72¢iss _ml —ml —ml —ml —ml _ml _ml _ml
¢§503¢iss 0 0 0 0 0 0 0 0
¢tj;so-1( 4)6]¢iss 0 0 0 0 0 0 0 0
¢f5501 (34)62¢iss 0 0 0 0 0 0 0 0

1 1 1 1 1 1 1 1
¢fss(;l (34)03¢iss m —m m —m m —m m _m
¢tss 2(34)61¢iss 0 0 0 0 0 0 0 0
¢f§s 2(34)62¢iss 0 0 0 0 0 0 0 0
¢tsq 2(34)63¢iss 0 0 0 0 0 0 0 0
1 1 1 1 1 1 1 1

¢fss 3(34)61915155 _m 22 —m IV —m m —m Wi
¢fss 3(34)62¢iss 0 0 0 0 0 0 0 0
¢fss(73 (34)03(/)iss 0 0 0 0 0 0 0 0

We list in Table I the flavor matrix elements for the
following 2-to-3 meson-meson reactions:

zr — 7KK, 7K - n7nkK, 7K — KKK,
KK — nKK, KK — nKK,
where K = (K;) and K = (K)).

The initial mesons and the final mesons in the five
reactions are pseudoscalar mesons. The spin wave function
of each pseudoscalar meson is the spin singlet of the quark
and the antiquark. The spin wave function of the two initial
|

mesons or the three final mesons is simply the product of
the spin wave function of each meson as seen in Egs. (53)
or (54). Spin matrix elements are listed in Table II. In the
table ¢ are the Pauli matrices for quark ¢, in diagrams D,
and Ds, antiquark g, in diagrams D, and Dg, quark ¢, in
diagrams D3 and D;, or antiquark g, in diagrams Dy,
and Dg.

The mesonic quark-antiquark relative-motion wave func-
tiOIlS, ¢Arelv ¢Bre17 ¢C|rel’ ¢C2rel7 and ¢C3relv are the solutions
of the Schrodinger equation with the potential [61] between
constituents a and b:

. A, 1,3 T\4 Jy 761 v(Ar)
V() ==22.222pl13— (=) | tanh(ar) + 2. 222" E
@) ==5"74 [ <TCHan( Nto 505, OPED)
1, Iy16x> & 5,5, A, Aydnldlv (Ar)5, - 5)
e v —d?r?) 24 ___7“ , 65
2 2 25 S/ZGXP( r)mamb 2 225r drr mgm, (65)

|
where d; = 0.15 GeV and d, = 0.705. The potential is a
function of the distance r between constituents a and b, and
contains the spins, s, and §,, and the Gell-Mann matrices

in which D=0.7GeV, E=0.6GeV, A= +/25/16x%a’ with
o =1.04GeV~2,and A = 1.5[0.75 + 0.25(T/T,)'°]° GeV,
where T is the temperature and 7', is the critical temperature
which equals 0.175 GeV [62]. The function » is given by
Buchmiiller and Tye in Ref. [63], and the quantity d is
given by

1 1 4dm, m 4 2m,m; \ 2
&’ =d _TaTh 2y it 66
[2 2(<ma+mb>2>}+ (m+m> (66)
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i and /1;, When the masses of the up quark, the down
quark, the strange quark, and the charm quark are
0.32 GeV, 0.32 GeV, 0.5 GeV, and 1.51 GeV, respectively,
the meson masses obtained from the Schrodinger equation
with the potential at zero temperature reproduce the
experimental masses of z, p, K, K*, J/y, v, y., D, D*,
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FIG. 4. Cross sections for zz — 7KK for I = 2 and I'ICK =3/2
at various temperatures (in units of the critical temperature).

D,, and D; mesons [64]. Moreover, the experimental
data of S-wave phase shifts for elastic zz scattering for
I =2 in vacuum [2,3,6,10] are reproduced in the Born
approximation.

V. NUMERICAL CROSS SECTIONS AND
DISCUSSIONS

We consider the following 2-to-3 meson-meson

reactions:

zr — 7KK, 7K - KKK,

KK — 7KK,

7K — nrK,

KK — nKK.

The reaction 7K — zzK (K - KK K, K K — 7K K) has
the same cross section as 7K — 77K (K — KKK,
KK — nKK). Cross sections for meson-meson reactions
depend on the flavor matrix elements. Based on the flavor
matrix elements, cross sections for some isospin channels
of reactions can be obtained from the other isospin
channels. Therefore, we calculate cross sections for the
following eight channels:

3 _ .3 _
1= 21,,,(:57;”—”;1(1(, 1:11;K:§7m—>7rKK,

3 3 3 1
IzzlﬂK—zer—me, I= ZIﬂK—ZITK—)ﬂ'ﬂ'K,

3 _ 3
1:51§<K:1HK—>KKK, =1 I]fTKZEKK—erK,

1 R _
=11t —2KK—>7zKK, I=1 I;K ZEKK—MrKK.
According to Eq. (40) we calculate the unpolarized cross
section at the six temperatures 7/T. = 0, 0.65, 0.75, 0.85,
0.9, and 0.95. We plot the unpolarized cross sections for the
eight channels of the reactions in Figs. 4—11. These cross

0.06 [T e e
L 0.65 ]

[ o~ B ]

0.05|~ 075 \1/T=0 .

H / 2 ]

r /AN \ ]

wosl 085 [/ N\ ]
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=) L A 4

I v\

E L [ v\ ]
z 0031 v\ —
g r v ]
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0.02 - NN ]

L \ \ 4

L v\ E

L \ \ 7

L \ N\ 1

0.01{— NN —
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sl/Z(GeV)
FIG.5. Cross sections for 7z — 7KK for I = 1 and I, = 3/2
K

at various temperatures.

sections are functions of the temperature of hadronic matter
and the Mandelstam variable +/s.

Every curve in Figs. 4-11 has a peak. Let ,/sq be the
threshold energy. Denote by d, the separation between the
peak’s location on the \/s-axis and the threshold energy.
The numerical cross sections shown in Figs. 4-11 are
parametrized as

o0 /5.T) = a <\f W) exp[m(l_mﬂ

b,
5 ol o155
(67)

The values of the parameters a;, by, e, a,, by, and e, are
listed in Tables III and IV, where /s, is the square root of
the Mandelstam variable at which the cross section is
1/100 of the peak cross section.

0.175F
0.15F

0.125F

5! (mb)

0.075F

0.05F

0.025

0 . . 2.5 3. 45 5
2 Gev)

FIG. 6. Cross sections for 7K — zzK for I = 3/2 and I,,K =
3/2 at various temperatures.
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FIG. 7. Cross sections for 7K — zzK for I = 3/2 and I',’:K =
1/2 at various temperatures.
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FIG. 8. Cross sections for 7K — KKK for I = 3/2 and IJ;K =
1 at various temperatures.
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FIG. 10. Cross sections for KK — zKK for I =1 and IﬁK =
1/2 at various temperatures.
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FIG. 11. Cross sections for KK — 7KK for I =1 and I/, =
3/2 at various temperatures.

Since the sum of the masses of the final mesons is larger
than the sum of the masses of the initial mesons, the
reactions are endothermic. When /s increases from the
threshold energy, which is the sum of the masses of the final
mesons, the cross section of every reaction shown in
Figs. 4-11 increases from zero to a maximum and then
decreases. The change of the peak cross section with
temperature is obvious, and the peak cross section at
T/T.=0.95 is smallest among the peak cross sections
at the six temperatures.

As the temperature increases, values of the central spin-
independent potential [the first term and the second term of
the right-hand side in Eq. (65)] at large distances become
smaller and smaller (confinement becomes weaker and
weaker), and the Schrodinger equation produces increasing
meson radii. The weakening confinement with increasing
temperature makes combining final quarks and antiquarks
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TABLE III.  Values of the parameters. a; and a, are in units of millibarns; by, b,, dy, and /s, are in units of GeV; ¢ and e, are

dimensionless.
Reactions T/T, a; b, e a, b, e dy N
I=2 I,fr,( = % ar — 7KK 0 0.1 0.81 3.81 0.05 1.4 5.06 0.95 5.83
0.65 0.09 0.72 3.24 0.06 1.19 4.12 0.9 5.82
0.75 0.09 0.71 3.37 0.06 1.18 4.16 0.9 5.6
0.85 0.08 0.64 3.69 0.07 1.13 4.59 0.85 5.06
0.9 0.07 0.62 3.57 0.06 1.07 4.31 0.8 5.01
0.95 0.07 0.6 4.95 0.06 1.05 4.68 0.7 4.26
I=1 If,,( :% ar — 7KK 0 0.03 1.04 4.88 0.02 1.27 2.9 1.1 6.08
0.65 0.03 1.01 3.55 0.02 1.09 3.14 1.05 5.52
0.75 0.03 0.99 4.5 0.02 1.11 2.64 1.05 5.37
0.85 0.03 0.84 3.8 0.02 1.33 5.97 1.05 5.15
0.9 0.02 0.81 3.5 0.02 1.19 5.06 1 5.08
0.95 0.02 0.91 3.79 0.01 1.09 3.87 1 4.63
1 :% Ier :% 7K = nnK 0 0.13 0.81 5.5 0.11 1.52 6.67 1.1 6.36
0.65 0.1 0.67 4.29 0.1 1.31 5.2 1 5.87
0.75 0.1 0.69 4.51 0.1 1.24 4.3 1 5.35
0.85 0.12 0.68 5.27 0.1 1.28 5.72 0.85 5.15
0.9 0.11 0.68 5.36 0.1 1.19 5.56 0.8 4.89
0.95 0.12 0.78 5.66 0.06 1.26 5 0.8 4.38
1 :% Ier :% 7K - nnK 0 0.35 0.84 5.17 0.34 1.66 4.84 1.2 5.8
0.65 0.29 0.73 3.94 0.27 1.5 4.18 1.1 6.62
0.75 0.3 0.7 4.62 0.3 1.44 4.27 1.05 5.97
0.85 0.3 0.69 5.04 0.3 1.36 4.49 0.95 5.82
0.9 0.29 0.67 5.51 0.29 1.3 4.81 0.85 5.49
0.95 0.27 0.77 6.41 0.21 1.23 3.59 0.85 5.24
TABLE IV. The same as Table III, but for four other reactions.
Reactions T/T, a; b, e a, b, ey dy N
1 :% I%K =17zK - KKK 0 0.02 0.6 3.92 0.02 1.08 2.82 0.75 6
0.65 0.02 0.68 3.75 0.02 0.95 2.15 0.75 5.85
0.75 0.03 0.69 3.01 0.01 1.19 2.69 0.75 5.64
0.85 0.02 0.52 3.65 0.02 1.03 4.07 0.75 5.6
0.9 0.01 0.43 3.19 0.02 0.87 3.57 0.65 5.49
0.95 0.01 0.6 3.22 0.01 0.75 1.87 0.6 4.26
I=1 If,K :% KK — 7KK 0 0.46 0.65 3.43 0.38 1.26 3.11 0.95 6.15
0.65 0.38 0.64 2.63 0.27 1.16 2.52 0.8 5.91
0.75 0.4 0.55 3.08 0.35 1.14 3.47 0.8 5.54
0.85 0.41 0.47 4.2 0.41 1.03 3.81 0.6 5.52
0.9 0.4 0.45 4.69 0.39 0.94 3.93 0.6 5.49
0.95 0.38 0.51 4.4 0.25 0.9 3.67 0.5 4.3
I=1 Ilf,K :% KK — 7KK 0 0.07 0.92 3.64 0.03 1.44 3.16 1.05 6.49
0.65 0.07 0.83 3.13 0.02 1.56 4.55 0.95 6.72
0.75 0.05 0.73 3.22 0.04 1.21 3.54 0.9 6.27
0.85 0.05 0.67 3.63 0.04 1.15 3.72 0.85 5.52
0.9 0.04 0.54 4.52 0.05 1.04 4.58 0.75 5.08
0.95 0.04 0.58 4.41 0.03 1.08 5.14 0.7 4.53
I=1 Ifzi( :% KK — KK 0 0.52 0.83 3.01 0.38 1.61 3.38 1.05 6.3
0.65 0.44 0.84 2.52 0.23 1.51 2.54 1 6.18
0.75 0.42 0.73 2.72 0.3 1.45 3.27 1 6.05
0.85 0.37 0.57 3.56 0.38 1.26 3.7 0.85 5.66
0.9 0.34 0.53 3.81 0.32 1.16 3.7 0.65 5.64
0.95 0.28 0.56 4.01 0.22 1.09 3.68 0.6 5.22
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into mesons more difficult, and thus reduces the cross
sections. In contrast to decreasing peak cross sections
caused by weakening confinement, increasing peak cross
sections are caused by increasing radii of the initial mesons.
When the decrease is faster than the increase, the peak cross
section goes down as the temperature changes from a value
(for example, 0.657 . in Fig. 8 that show cross sections for

7K — KKK for I =3/2 and I, = 1) to 0.95TL.

With increasing temperature, the meson radii increase.
This corresponds to increasing wave functions at small
quark-antiquark relative momentum. The relative momen-
tum depends linearly on the three-dimensional momentum

P of an initial meson in the center-of-mass frame of the two
initial mesons,

- my —mp)?
P = %[s — (my + mpg)?] {1 —M} (68)

The small relative momentum may be given by small

values of |P| and, furthermore, of /5. A consequence is
that d, listed in Tables III and IV decreases or stays
unchanged with increasing temperature. The peak cross
section occurs at /s = m¢, + mc, +me, +dy. With
increasing temperature, the decrease of the pion and kaon
masses [52] in addition to d; lead to the decrease
of \/E = Mc, + mce, + mc, + do.

Cross sections for zK — zzK for I =3/2 were
measured in Ref. [27], but systematic and statistical
uncertainties were not given. The experimental cross
section is 0.04 mb at /s =0.95 GeV and 0.16 mb at
/s = 1.15 GeV. The two data are individually near the
values 0.014 mb and 0.2 mb of the present work at zero
temperature.

The 2-to-3 meson-meson scattering is caused by a gluon
created from a quark or an antiquark and the gluon creates a
quark-antiquark pair. If the quark-antiquark pair is uii or
dd, we have the reaction 7K — zzK. If the quark-antiquark
pair is s5, we have the reaction 7K — KKK. Since the up-
quark and down-quark masses are smaller than the strange-
quark mass, it is more likely to create a it or dd pair than a
s5 pair. Therefore, the peak cross sections of 7K — zzK
for I =3/2 at a given temperature in Figs. 6 and 7 are
larger than the one of 7K — KKK for I = 3/2 and I =
1 in Fig. 8.

Some 2-to-3 meson-meson reactions in the present work
and some 2-to-2 meson-meson reactions in Ref. [53] have
the same initial mesons. We can thus compare the cross
sections obtained in the present work and those provided in
Ref. [53]. At a given temperature the peak cross section of
am — 7KK for I =1 and Iy = 3/2 in Fig. 5 is smaller
than the one of 7z — KK* for I = 1 in Ref. [53]. Cross
sections for 7K — zzK for I =3/2 are shown in
Figs. 6 and 7. According to the flavor matrix elements
in Table I, the cross section for 7K — zzK for I = 1/2 and

It =3/21is 1.6 times the one for 7K — zzK for [ = 3/2
and I'x =3/2, and the cross section for 7K — zzK for
I=1/2 and I';, = 1/2 is 0.25 times the one for 7K —
anK forI =3/2 and I' ; = 1/2. The peak cross section of
7K — zzK for I = 1/2 and I' ; = 3/2 is smaller than the
oneof 7K — nK* forl =1/2atT/T. = 0, 0.65, and 0.75,
but larger at 7/T, = 0.85, 0.9, and 0.95. The peak cross
section of 7K — zzK for I = 1/2and I ;, = 1/2 is smaller
than the one of 7K — zK* for I = 1/2. The peak cross
section of KK — 7KK for I = 1and I' ; = 3/2 in Fig. 11

is smaller than the one of KK — KK* for I =1 at
T/T.=0, 0.65, 0.75, and 0.95, but larger at T/T. =
0.85 and 0.9. Therefore, 2-to-3 meson-meson scattering
may be as important as inelastic 2-to-2 meson-meson
scattering.

The 7 decay has been used to study asymptotic freedom
of QCD [65,66]. The 7 lepton decays into v, and W which
splits into a quark and an antiquark. If the quark or the
antiquark emits a virtual gluon which subsequently splits
into a quark-antiquark pair, decay modes like 7~ — 7~ K%,
and 7~ — K~K%, are observed. If the quark and/or the
antiquark creates two virtual gluons of which each sub-
sequently splits into a quark-antiquark pair, decay modes
like 7= —» 7~ K°2%, and 7~ - K~K°z%v, are observed.
That the virtual gluon splits into a quark-antiquark pair also
takes place in 2-to-3 meson-meson scattering in the present
work, and perturbative QCD is applied to the process.

In perturbative QCD physical observables are usually
given by a power series in a,, which is ¢2/4x. If the
coupling constant ¢ is smaller than 1, the perturbative
expansion converges. In the present work the coupling
constant is 0.75 from Ref. [63], and is used in the Feynman
diagrams shown in Fig. 3.

When we add the gluon propagator, the gluon loop, the
quark loop, and the ghost loop to the eight diagrams in
Figs. 1 and 2, this generates 312 Feynman diagrams at
order 2. The 312 diagrams and the 8 diagrams in Figs. 1
and 2 do not contain quark-antiquark annihilation. From
the annihilation of an initial quark and an initial antiquark
as well as the creation of a quark-antiquark pair, we get 14
Feynman diagrams at order @?. In total, we have 326
diagrams. The calculation of such a large number of
diagrams is formidable.

The transition potentials given in Eqs. (51) and (52)
consist of terms with the inverse of the quark mass. In
obtaining the transition potentials the terms with the inverse
of the quark mass cubed are neglected, because they are
suppressed by the inverse of the quark mass squared in
comparison to the terms in Eqgs. (51) and (52).

Nonperturbative effects exist in 2-to-3 meson-meson
scattering, and are encoded in the mesonic quark-antiquark
wave functions as done in Refs. [67,68]. The quark-
antiquark pair from the virtual gluon combines with
spectator quarks and antiquarks from the initial mesons
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to form three final mesons. The combination involves
multigluon exchange between the quark and the antiquark,
and confinement sets in. While the final mesons are formed,
the wave functions are determined.

If two or more mesons are produced in a reaction or a
decay, they interact with each other before being detected.
The role of final state interactions has been studied in chiral
perturbation theory. While two mesons are produced in a
photon-photon reaction, final state interactions come from
meson loops and meson resonances between the two
photons and the final mesons [69,70]. In reproducing
experimental data of yy cross sections, final state inter-
actions are essential. However, in the reaction zN — zzN
final state interactions cause a correction less than 20%
when the total center-of-mass energy of initial zN is
smaller than 2 GeV [71]. In the hadronic decays
n— 3x, ¥ - 3x, and ' — nyrr, final state interactions
due to loop corrections and resonances lead to excellent
agreement of theoretical decay widths with experimental
data, 7z rescattering is shown to be important, but S-wave
7y rescattering effects are small [72,73]. For decay modes
like D — nzn, D — Kax, D — KKK, J/y — nnnx,
JIw — ¢an, J/y — KK, B’ — nzzx, B° — J/ynn,
B = J/ynn, and B® — J/wKK, the decay amplitude is
assumed to be linearly dependent on amplitudes of rescat-
tering diagrams of two final mesons since the weak
interaction is involved [74-82]. Experimental data on these
decays may be accounted for.

In the meson-meson collisions that produce three mes-
ons, final state interactions due to resonances and loop
corrections exist. For instance, the K* resonance contrib-
utes to 7w — 7KK through zz — K*K and K* — zK;
7K — zzK may happen through zK — zpK and
pK — 7K. If the final state interactions are taken into
account, more accurate cross sections are expected, but we
do not include the final state interactions in the present
work. When the two initial mesons approach each other,
they undergo elastic scattering. The initial state interaction

may influence the production of the three final mesons, but
we do not include the initial state interaction in the
present work.

VI. SUMMARY

We have proposed a model to study 2-to-3 meson-meson
scattering. A gluon is created from a quark or an antiquark
constituent, and subsequently the gluon splits into a quark
and an antiquark. This process causes a meson-meson
collision to produce three mesons. The transition potential
for the process has been derived from the Feynman rules in
perturbative QCD. Eight Feynman diagrams at tree level
are involved in the 2-to-3 meson-meson scattering. From
the S-matrix element we have derived the transition
amplitudes corresponding to the eight Feynman diagrams,
and from the eight transition amplitudes we have
derived the unpolarized cross section. The 2-to-3 reactions
among pions and kaons include zz — 7KK, nK — nnK,
7K - KKK, KK — nKK, and KK — 7KK. We have
calculated color, spin, and flavor matrix elements for these
reactions. From the cross-section formulas we have
obtained numerical unpolarized cross sections for eight
isospin channels of the reactions, and the numerical cross
section results are parametrized. At zero temperature our
cross sections for 7K — zzK for I =3/2 are near the
experimental data. The unpolarized cross sections depend
on temperature. The cross section for any isospin channel at
a given temperature has a maximum, and the peak cross
section of any reaction decreases as the temperature
approaches the critical temperature. By comparison with
inelastic 2-to-2 meson-meson scattering, we find that 2-to-3
meson-meson scattering may be as important as inelastic
2-to-2 meson-meson scattering.
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