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We study the dynamics of non-Abelian vortex strings supported in N = 2 supersymmetric QCD with
the U(N) gauge group and N, = N quark flavors deformed by the mass y of the adjoint matter. In the limit

of large u the bulk four-dimensional theory flows to A/ = 1 supersymmetric QCD. The dynamics of
orientational zero modes of the non-Abelian string is described by the world sheet CP(N — 1) model. At
u =0 this model has N = (2,2) supersymmetry while at large u it flows to the nonsupersymmetric
CP(N — 1) model. We solve the world sheet model in the large N approximation and find a rich phase
structure with respect to the deformation parameter ; and quark mass differences. The phases include two
strong coupling phases and two Higgs phases. In particular, the Higgs phase at small u supports CP(N — 1)
model kinks representing confined monopoles of the bulk QCD, while in the large-u Higgs phase

monopoles disappear.
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I. INTRODUCTION

Non-Abelian vortex strings were first found in N' = 2
supersymmetric QCD (SQCD) with gauge group U(N) and
Ny = N flavors of quark hypermultiplets [1-4]; see [5-8]
for reviews. When this theory is in the Higgs phase
for scalar quarks (in the quark vacuum), non-Abelian
strings are formed. They give rise to the confinement of
monopoles at weak coupling and to the so-called “instead-
of-confinement” phase for quarks at strong coupling; see
[9] for a review. This picture gives a non-Abelian gener-
alization of the Seiberg-Witten scenario of the Abelian
quark confinement in the monopole vacuum of A =2
SQCD [10,11].

Besides translational zero modes typical for Abrikosov-
Nielsen-Olesen (ANO) strings [12] non-Abelian strings
have orientational zero modes. Their internal dynamics
is described by the two-dimensional N = (2,2)
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supersymmetric CP(N — 1) model living on the string
world sheet [1-4].

A lot of work has been done to generalize the con-
struction of non-Abelian strings to QCD-like theories with
less supersymmetry, in particular to AV = 1 SQCD [13-16];
see [7] for a review. One promising approach is to deform
N =2 SQCD by the mass u of the adjoint matter (u-
deformed SQCD) and study what happens to non-Abelian
strings upon this deformation. This deformation breaks
N = 2 supersymmetry, and in the limit of 4 — oo the bulk
theory flows to A/ =1 SQCD. In Ref. [16] the world
sheet theory living on the non-Abelian string in the
p-deformed SQCD was found, and it was shown that it
flows to the nonsupersymmetric CP(N — 1) model in the
limit of large u.

Since the bulk SQCD is in the Higgs phase for scalar
quarks, monopoles are confined by non-Abelian strings.
However, the monopoles cannot be attached to the string
end points. In fact, in the U(N) theories confined monop-
oles are junctions of two distinct elementary non-Abelian
strings. From the point of view of the CP(N — 1) model
living on the string world sheet, confined monopoles are
seen as kinks interpolating between different vacua of the
CP(N — 1) model [3,4,17] (see [7] for a review).

In this paper we present a large N solution of the world
sheet theory for the non-Abelian string in the p-deformed
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SQCD. The large N approximation was first used by
Witten to solve both nonsupersymmetric and N = (2,2)
supersymmetric two-dimensional CP(N — 1) models [18].
In particular, the large-N Witten’s solution shows that an
auxiliary U(1) gauge field A, introduced to formulate
the CP(N — 1) model becomes physical. The N' = (2,2)
supersymmetric CP(N — 1) model has N degenerate vacua
as dictated by its Witten index. The order parameter which
distinguishes between these vacua is the vacuum expect-
ation value (VEV) of the scalar superpartner ¢ of the gauge
field A, [18].

In the nonsupersymmetric CP(N — 1) model these vacua
are split with splittings proportional to 1/N and become
quasivacua. The theory has a single true vacuum.'! The
order parameter that distinguishes between these quasiva-
cua is the value of the constant field strength of the gauge
field A, which is massless in the nonsupersymmetric case
[18]; see also [19] and review [7].

In this paper we use the large N approximation to study a
phase structure of the world sheet theory on the non-
Abelian string in p-deformed SQCD with respect to the
deformation parameter y and quark mass differences Am.
We find a rich phase structure which includes two strong
coupling phases and two Higgs phases.

Strong coupling phases appear at small Am. The first
strong coupling phase appears at small . It is qualitatively
similar to the N' = (2,2) supersymmetric phase at u = 0.
Although N vacua are split and become quasivacua, the
order parameter is still the VEV of the field ¢. In the second
strong coupling phase at large u quasivacua are distin-
guished by the value of the constant electric field. This
phase is qualitatively similar to the nonsupersymmetric
CP(N — 1) model.

At large Am we find two weakly coupled Higgs phases.
Atsmall u, N vacua present in the NV = (2, 2) case split and
become quasivacua. Still we have kinks interpolating
between them. As we increase y above a certain critical
value, these lifted quasivacua disappear one by one, so we
have a cascade of phase transitions. In the end we are left
with a single vacuum and no kinks at all.

From the point of view of the bulk SQCD we interpret
this as follows. At large Am and small 4 we have
monopoles confined by non-Abelian strings while as we
increase 4 monopoles disappear.

The paper is organized as follows. In Sec. II we review
nonsupersymmetric and A = (2,2) supersymmetric
CP(N — 1) models and their large-N solutions. We also
formulate the world sheet CP(N — 1) model for non-
Abelian string in y-deformed SQCD. In Sec. III we derive
the effective potential of this model in the large N
approximation. Section IV is devoted to the discussion
of the two strong coupling phases at small Am, while in
Sec. V we study Higgs phases at large Am. In Sec. VI we

'"We assume below that the € angle is zero.

make brief comments on the brane picture of non-Abelian
strings and 2d-4d correspondence, i.e., a map between
certain quantities in the bulk and world sheet theories.
Section VII contains the description of the phase diagram
of the world sheet model and our conclusions.

II. REVIEW OF CP(N -1) SIGMA MODELS

In this section we define basic CP(N — 1) models that
are of interest to us. First, we will briefly review the
nonsupersymmetric and the N = (2,2) supersymmetric
models, which were considered before; see, for example,
[18,20-22]. After that, we will introduce the model that we
will be working with, namely the y-deformed CP(N — 1)
model which is an effective theory living on the world sheet
of non-Abelian string in g-deformed SQCD [16].

A. Nonsupersymmetric model

Throughout this paper we will be working with the gauge
formulation [18] of the CP(N — 1) models. In this formal-
ism, the model is formulated via N complex scalar fields n',
i =1,..., N, interacting with auxiliary U(1) gauge field A,,.
The Lagrangian is written as

L=|V,n'P+iD(An' =260)+ Y |V2o—m'[n'2, (2.1)

where V, = 0, — iA,,. Fields ¢ and D come without kinetic
energy and are also auxiliary. They can be eliminated via
their equations of motion. In particular, integrating out D
imposes the constraint

ﬁini = 2ﬂ0, (22)
which together with gauge invariance reduces the number
of real degrees of freedom (d.o.f.) of the n’ field down
to 2(N —1).

This is the nonsupersymmetric version of the CP(N — 1)
model, and it arises as a world sheet theory on the non-
Abelian string in a nonsupersymmetric QCD-like theory;
see [19] and review [7]. The mass parameters m; are equal
to quark masses in the four-dimensional theory.

Throughout this paper we will consider the masses
placed uniformly on a circle,

A ep<2ﬂik
m; = m— Amex
N

>, k=0,...N—1. (23)

Here m € R is the average mass, and Am > 0 is effectively
the mass scale of the model. Note that by a shift of ¢ one
can always add a constant to all m;. In particular, one can
get rid of the average mass m.

The bare coupling constant f; in quantum theory
becomes a running coupling . It is asymptotically free
and defines the scale Aqp via
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where M, is the ultraviolet (UV) cutoff.

Let us review phases of this theory. It is known that in the
case of vanishing masses Am = 0 this nonsupersymmetric
CP(N — 1) model is at strong coupling with vanishing
VEV (n') =0 It can be solved by means of the 1/N
expansion [18]. It turns out that at the quantum level
spontaneous breaking of the global SU(N) (flavor) sym-
metry present at the classical level disappears. There are no
massless Goldstone bosons in the physical spectrum. The
n' fields acquire mass of the order of Acp.

Moreover, a composite d.o.f.—the would-be auxiliary
photon A,—acquires a kinetic term at the one-loop level
and becomes dynamical. The presence of a massless photon
ensures long range forces in the nonsupersymmetric
CP(N — 1) model. The Coulomb potential is linear in
two dimensions, namely

2
Ace

V(r) ~ N " (2.5)

where r is the separation between the charges. This leads to
the Coulomb/confinement phase [18]. Electric charges are
confined. The lightest electric charges are the n' quanta
which become kinks at strong coupling [18]. The confine-
ment of kinks means that they are not present in the
physical spectrum of the theory in isolation. They form
bound states, kink-antikink “mesons.”

Masses of kinks are of order of Aqp while the confining
potential is weak, proportional to 1/N. Therefore kink and
antikink in the meson are well separated forming a
quasivacuum inside the meson. Thus, beside the single
ground state, there is a family of quasivacua with energy
splittings of order ~AZ,/N. The order parameter which
distinguishes different quasivacua is the value of the
constant electric field or topological density

j 1
Q = égﬂbaﬂA’/ = —ﬁé‘”ya”n 8” l

(2.6)
The picture of confinement of n’s is shown on Fig. 1.
The kinks interpolate between the adjacent vacua. They
are confined monopoles of the bulk theory. Since the excited
string tensions are larger than the tension of the lightest one,
these monopoles, besides four-dimensional confinement,

© &
FIG. 1. Linear confinement of the n-7n pair. The solid straight

line represents the ground state (k = 0 vacuum). The dashed line
shows the vacuum energy density in the first quasivacuum.

are confined also in the two-dimensional sense: a monopole
is necessarily attached to an antimonopole on the string to
form a mesonlike configuration [19,23].

On the other hand, at large mass scales Am > Acp the
coupling constant is small, frozen at the scale Am, and
semiclassical calculations are applicable. The field n'
develops a nonzero VEV, and there is no massless photon
and no long-range interactions. That is why this phase is
usually called the “Higgs phase” as opposed to the
Coulomb/confinement strong coupling phase. More exactly
the CP(N — 1) model in this phase gives a low energy
description of a Higgs phase below the scale of the photon
mass. Essentially this weakly coupling Higgs phase is
similar to the “classical phase” described by the classical
Lagrangian (2.1).

It was shown that at intermediate mass scales Am ~ Acqp
there is a phase transition between the Higgs and Coulomb
phases; see [19,21,24,25].

B. V' =(2,2) model

Supersymmetric generalization of the above model
[18,20] has additional fermionic field &, i=1,...,N,
which are superpartners of the n; fields. The Euclidean
version of the full " = (2,2) Lagrangian is

1 /1 1
L=— <4 Fo, 410, a|2+ D?+2i6"d /1)+1D(nn —-25)

+ |V +£i6'V, 6 +2)

#1VIY (o= 0l = VB~ 50

+lfz(

)iszfR l\/_” (/ngRz /1R§Lz>
(2.7)

where m; are twisted masses and the limit e — oo is
implied. Moreover, 6# = {1, io3}. Fermions &; and &y are,
respectively, left and right components of the £ field. Here
again one can add a uniform constant to all the m; by
shifting the o field.

The gauge field A, complex scalar superpartner o, real
scalar D, and a two-component complex fermion A form a
vector auxiliary supermultiplet. In particular, integrating
over D and fermion 4 give the constraints

an = 2p,, (2.8)

ﬁl‘gi == 0, El’ni == 0 (29)
in the limit ¢; — oo.
This model was derived as a world sheet theory

on the non-Abelian string in ' = 2 SQCD. The n; fields
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parametrize the orientational moduli of the non-Abelian
string [1-4]. The mass parameters m; are in fact masses of
the bulk quark fields. The bare coupling constant f, is
related to the bulk gauge coupling constant ¢* normalized at
the scale of the bulk gauge boson mass mg ~ g, /un via (see

e.g., [7])

471' N meg
In—=

2y = o = In G
" Plmg) 21 Ace

(2.10)
In order to keep the bulk theory at weak coupling we assume
that mg > Acp.

Witten solved this model in the large N approximation in
the zero mass case [18]. The large-N solution of this model
at nonzero masses shows two different regimes at weak and
strong couplings [26]. At small mass scales Am < Acp the
theory is in the strong coupling phase with zero VEV
(n') =0 and with a dynamical photon (Witten’s phase).
However, the photon now is massive due to the presence of
the chiral anomaly. There are no long-range forces and no
confinement of kinks.

In both strong and weak coupling regimes the theory has
N degenerate vacuum states as dictated by its Witten index.
They are labeled by the VEV of ¢ [26]. At Am < Acp we
have

ik
ﬁo_exp<’;/’>xAcp, k=0,...N—1. (2.11)

This result can be understood as follows. The chiral
anomaly breaks U(1) R-symmetry present at zero masses
down to Z,y which is then broken spontaneously down to
Z, by VEV of the ¢ field (which has R charge equal to two).
In particular, from the large-N solution it follows that VEV

of v/2|6| = Acp. Then Z,y symmetry ensures the presence
of N vacua as shown in Eq. (2.11).

At large masses located on a circle [see (2.3)] the Z,y
symmetry is still unbroken. This leads to the similar
structure of the ¢ VEVs at Am > Acp, namely

27ik
ﬁozexp(%)xAm, k=0,...N—1. (2.12)

The above formulas show a phase transition at Am =
Acp. As follows from the large-N solution the model above
this point is in the Higgs phase with a nonzero VEV for, say,
the zero component of n, (n®) # 0. In both phases there is no
confinement, in contrast to the nonsupersymmetric case.

In fact, the above phase transition is a consequence of
the large-N approximation. At finite N the transition
between two regimes is smooth. This follows from the
exact effective superpotential known for the N = (2,2)
CP(N — 1) model [20].

C. p-Deformed CP(N —1) model

Now let us pass on to the case of interest, namely, the
u-deformed CP(N — 1) model. This model appears as a
world sheet theory on a non-Abelian string in N =2
SQCD deformed by the adjoint field mass u. It was derived
in [16] in two cases, for small and large values of the
deformation u. Here and throughout this paper we will take
the mass parameters to lie on the circle (2.3), and we also
assume that the deformation parameter is real and pos-
itive, u > 0.

The first effect derived in [16] is that n; fields entering
the N = (2,2) CP(N — 1) model (2.7) develop an addi-
tional potential upon u deformation which depends on mass
differences. This potential in the small p limit was first
found in [27]. The second effect is that superorientational
modes of the non-Abelian string are lifted. In other words
the two-dimensional fermions & (fermionic superpartners
of n') were massless in the supersymmetric version of the
model at u = 0. However, at small u they acquire a mass
A(u) ~ u [16]. At large deformations they become heavy
and decouple.

In order to capture these features, we write the following
Lagrangian for the deformed CP(N — 1) model:

L=|V,n'>+&ic"V & +iD(in' —2p)
+Y V2o =m0 +o(u) > _RAm|n
+iY (V20— m;= () Erich — V27, (Ar&] ~ A R)
+ iZ(\/E5— ;= A1) i — iV 2n' (A Eri = 2rELi),
(2.13)
where Am;q = m; — mg, m; are quark masses i = 1, ..., N,
and m is the mass with the smallest real part.

The coefficient functions v(u) and A(u) were derived in
[16] at the classical level for small and large values of y:

42%, u—0,
U(/") = 1 8au (214)
ﬁm@’ H — OO,
AOQL’ H = O’
0 = {0 2.15)
const g/um~ meg, M — 0.

Here ¢? is the four-dimensional bulk coupling constant.
The numerical value for A, is 1y~ 3.7 [16]. Note that
although we can get rid of the explicit dependence on the
average quark mass m in (2.13) by a shift of o, the above
formulas show that it enters indirectly through definitions
of parameters of y-deformed CP(N — 1) model (2.13) in
terms of parameters of the bulk SQCD.
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This model interpolates between the supersymmetric and
the nonsupersymmetric models briefly described above. In the
limit 4 — O supersymmetry is restored to N = (2, 2), and we
obtain (2.7). At large deformations the fermions can be
integrated out, and the theory flows to the bosonic model (2.1).

Our main tool for investigating this model in the
quantum level will be the 1/N expansion. In order to have
a smooth large N limit, our parameters should scale as

> ~1/N,

mn~1,

p~N,
o(u) ~ 1,

u~N,
Ap) ~ 1.

Below in this paper we will use three independent
physical parameters to describe our four-dimensional bulk
model. The first one is the bulk gauge boson mass

(2.16)

m% = 2g*um, (2.17)

which plays a role of the physical UV cutoff in the world
sheet CP(N — 1) model on the non-Abelian string; see [7].
The second one is the quark mass differences (m; — m;), and
the third parameter is the physical mass of the adjoint matter

(2.18)

which will be our actual deformation parameter. All three
parameters scale as N in the large N limit. Here A4, is the
scale of the A/ = 2 bulk SQCD.

Thus, in fact, the average quark mass m is not an
independent parameter. It can be written as

2
_ g

m—zﬁ.

(2.19)

At the scale of the gauge boson mass (2.17) the world
sheet coupling constant for small g is given by [2,3]
[cf. (2.10)]

4
gt _ N mo

. 2.20
g 2m Ay ( )

For large p the world sheet coupling normalized at the
scale mg becomes [16]

— K
2p = ConStmmZQ'

(2.21)

Expressed in terms of the invariant parameters it reads

W (2.22)

where we take into account that at large fi our bulk theory
flows to AV = 1 SQCD with the scale (A};™")2Y = aVAY,.

In terms of the independent parameters the coefficient
functions v and 4 become

i, =0,
o) = _ 2.23
(ﬂ) {mfélnz—”, U — 00, ( )
B mg
Aofi, fi — 0,
g = { o 1 (224)
mG, /l — 00,

where 1y = 1o/47 ~0.3.
As we already mentioned, the value of the bulk gauge
boson mass m plays a role of the UV cutoff of our world

sheet theory. Below mg our model is asymptotically free
[cf. (2.4)] with

(2.25)

at the scale E. This fixes the scale A,; in terms of the
parameters of the bulk theory. At small ji we have

Agq(ft = 0) = Ayq, (2.26)

while at large ji

)
— AN exp( —const 2o L
Apy = Ay exp( constmzc ln,i—’?,). (2.27)

Note that at ji — oo the scale (2.27) of our model
becomes exponentially small and the model enters the
strong coupling regime only at extremely small energies.
We will see below that phase transitions with respect to fi
appear at rather small values of ji where the scale A, is
close to its supersymmetric value A4,;. Since the fermion
decoupling occurs at very large ji > mg, we can use small
fi approximation formulas (2.23) and (2.24) while inves-
tigating the phase transition.

In the following sections we are going to investigate
different phases and vacuum structure of the world sheet
theory. There are two parameters that we can vary—the
SUSY breaking parameter ji and the mass scale Am. As we
already mentioned, our model (2.13) exhibits a rich phase
structure in the (Am, ji) plane.

III. ONE-LOOP EFFECTIVE POTENTIAL

In this section we proceed with solving the theory (2.13)
via the 1/N expansion. As we already mentioned, the N' =
(2,2) model as well as the nonsupersymmetric CP(N — 1)
model (without mass parameters) was solved by Witten [18].
This method was also generalized for the case of the
heterotic N = (0,2) model [28] and for the twisted mass
case [21,26]. Our derivation will closely follow these papers.

A. Derivation of the effective potential

We want to start by deriving the one-loop effective
potential. Our action (2.13) is well suited for that since it is
quadratic with respect to the dynamical fields n; and &;.
However, we do not integrate over all of them a priori due
to the following reason.

014013-5
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As was stated in the previous section, our model (2.13)
is, in a sense, an intermediate case between the N = (2,2)
and the nonsupersymmetric CP(N — 1) models, which
were studied before. Therefore we can use the insights
derived from these models in order to better understand
our case. First of all, we expect that our theory has at least
two phases, the strong and weak couplings. The order
parameter distinguishing between these two phases is the
expectation value of the n; fields. At the weak coupling (the
so-called Higgs phase [21]) one of the n; develops a VEV,
(n;,) = 2p. In the strong coupling regime (the so-called
Coulomb phase), VEVs of all the n; fields vanish.

So, we will use the following strategy. We integrate over
N —1 fields n' with i #0 (and over the corresponding
fermions &;). The resulting effective action is a functional of
n® = n, D, and 6. To find the vacuum configuration, we will
minimize the effective action with respect to n, D, and o.

Note that this functional also depends on A, and the
fermions 5‘2 z and Ay g, but the Lorenz i 1nvar1ance implies
that these fields have zero VEVs. We also choose to allow
n° field to have a nonzero VEV because the associated
mass m has the minimal real part [see (2.3)] and as we will
see later (n°) # 0 corresponds to the true vacuum in the
Higgs phase rather then a quasivacuum.

Integrating out the n' and & fields, we arrive at the
following determinants:

[TY! det(— 82+|f6 m; — A(u)|?)
[T det(—@%—i—zD—i—v( )Amio+|\/_6—mi|2)’

which gives for the effective potential:

Vet = /aax(iD + V26 = mg[?)|n> - 2,6/ d*xiD

N-1
+ ZTr In (=02 + iD + v(p) Amy + |V26 — m;|?)

i=1

(3.1)

N-1
= " Trin(=0} + [V20 — m; = Au)?). (3.2)
i=1
The next step is to calculate the traces entering this
expression. At ji — 0, the supersymmetry is restored, and
|

this expression is well defined. However, at a nonvanishing
deformation, this expression diverges quadratically, and a
regularization needs to be performed. Below we proceed
with the Pauli-Villars regularization (a similar procedure
was carried out in [29]). We introduce regulator fields with
masses b,, f,, a = 1,2, and write the regularized effective
potential as

Ve = /de(iD + V26 — mg|?)|n|? - Zﬂ/ d*xiD

N-1
+ ) TrIn(=0% + iD + v(u)Amyg + V20 — m;|?)

=

+ B,Tr In (=02 + b2)

M- T

Il
_

i

—_ =

a
N—

Tr In(=3? + [V26 — m; = A(u)|?)

2 N-1
Z F,Tr In (=02 + f2), (3.3)
a=1 i=I

where the coefficients satisfy

2
> B, =-1, ZB bl =-m,.  (3.4)
a=0

These equations imply

b2 m> b2 m>
Bj=-%—b  p=--L —bs (35
1 b2 b2 2 b b2 ( )

The regulator masses play the role of the UV cutoff. Similar
relations hold for the fermionic regulator coefficients.

Moreover, we need to properly normalize our traces by
subtracting the contributions in the trivial background,
namely Tr In(—9?) from the bosonic and the fermionic
traces. After this procedure we arrive at

N-1

Var = [ @D+ 1Van = moff? =26 [ iD= 325 [ (iD -+ o)+ V2o =)

i=1

< In (+iD + v(p) Amyg + |V26 — mif?) = (+iD + v(u) Amyg + [V26 — m;|?) biln ii - ig : b%]
1792
+ ilj_: [|\/§0 —m; =AW In [V26 = m; = A(u)|* = |V26 — m; - ﬂ(y)\zf% lnj:% :2 lnfﬂ . (3.6)
This is a quite complex expression. In order to simplify it, let us take the limit [29]
by =xMg,  b3=Mi,  fi=aMy., =M, x-1, (3.7)
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where M, is the UV cutoff. Moreover, recall from Sec. II C that the bare coupling constant can be parametrized as

2ﬂ<Muv> -

Here, A = A,, is the scale of our model. Then the density of the effective potential becomes

N-1

. 1
Veir = (iD + |26 — mg|?)|n]? + EZ iD

i=1

| N
_,[Z (0)RAmy + [V26 — m;|? )[
=1

NZIMG m; — Au )|2{1

Note that our regularized effective potential depends on
the UV cutoff scale M,,. We cannot make a subtraction to
get rid of it in the model at hand for the following reason.
First, when we consider our ji-deformed CP(N — 1) model
(2.13) as an effective world sheet theory on the non-Abelian
string the UV cutoff has a clear physical meaning, namely

M, = mg, (3.10)
where m is the mass of the bulk gauge boson. Moreover,
the fermion mass A(u) in (3.9) interpolates from zero at
fi=0tomg= M, at i > oo; see (2.24). Thus M, is in
fact a physical parameter in our model, and there is no need
to get rid of it.

The renormalized coupling constant is

%1 iD+v(u)RAmy + |vV20 —m;|?

2ﬂ ren — A2

(3.11)

B. Vacuum equations

To find the vacuum configuration we minimize the
effective potential (3.9). Varying with respect to D we
arrive at

LR D olutam + V3o
vi¥s

|I’l|2 =2fen = A2

i—1
(3.12)

Variation with respect to 7 yields the second equation:
(iD + |V26 — my|*)n = 0. (3.13)

Finally, the third equation is obtained by minimizing over
the o field,

N M2,
El R (3.8)
[ iD + v(pu)RAmy + |\/§G—m,~|2]
I —In 5
A
o 1D+ o(u)9tAmy + V20 —m;|?
M3,
|\/_6 m; = A(w)*)
e (3.9)
|
| Nl
— (V26 = mg)|n* + E; (V2o —m;)
iD + o(p)RAmyy + |20 — m;|?
X In 3
ms
1 = 26 —m; — Au)?
= LS (Vs - 2y mYZE = AP
4 — mg
(3.14)

where here and below we replaced M, by the physical

mass mg.
These three equations comprise our master set. In addi-
tion, the vacuum configurations must satisfy the constraint
/}ren > Ov (315)

which comes from 28, = |n|*> > 0.
From (3.12) and (3.13) it immediately follows that either

n=Pren=0 (316)

or

iD + V20 — my|* = 0. (3.17)

The first option corresponds to the strong coupling regime
where the VEV of n and the renormalized coupling constant
vanish. The second option is realized in the Higgs regime,
where the n field develops a VEV. In the following sections
we will study each of these regimes in detail.

IV. STRONG COUPLING REGIME

In this section we will begin the investigation of our
model in the strong coupling regime, which is defined by
the condition (3.16). This phase occurs when the mass scale
of the model Am < A; see, e.g., [21,26]. To start off we will
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first investigate a simple case Am = (. The behavior of our
model is different at different values of the deformation
parameter: at intermediate ji we will see a phase transition,
while in the limit of large fermion mass 1 — mg we will
confirm that the model (2.13) flows to the nonsupersym-
metric CP(N — 1) model (2.1) as expected. Next, we will
generalize our results to the case of distinct masses m;.

A. Equal mass case, small deformations

We start by investigating the simplest case of equal mass
parameters,

My =m; = = Mmy_| =n. (4.1)

Under this assumption the potential proportional to v(u) is
zero, and the only deformation we are left with is the
fermion mass 4. For now we will not write its dependence
on i explicitly.

To simplify the equations, let us denote

=26 —my. (4.2)

Then the effective potential becomes

N iD 1 N iD 2
Vet = ——iD {1 —lnﬂ] o o? {1 —1nﬂ]
4 m

4x A? a
N 2 |T_A(/4)|2
Eh’ Au)] [1 IHTZG +AV(arg7),

(4.3)

where 7 = |t|e’ @87, Here we added a new term AV (arg 7)
absent in (3.9). It takes into account the chiral anomaly and
appears already in the N' = (2,2) CP(N — 1) model at
i = 0. As was shown by Witten [18] the photon become
massive due to the chiral anomaly with mass equal to 2A.
The complex scalar ¢ is a superpartner of the photon and
also acquires mass 2A. In particular, its argument arg 7
becomes massive.

This effect is taken into account by the additional
potential AV(arg 7) in (4.3). It is constructed as follows.
At small i VEVs of 7 are approximately given by their
supersymmetric values,

2rik
TzusY:—Aexp< 7;; ), k=0,...

JN—-1, (44)

cf. (2.11). We divide 2z into N patches centered at vacuum
values, arg 7305 = 27k/N + 7, k=0,...,(N — 1), and
define the potential AV(arg 7) to be quadratic in each
patch. Namely, we have

2

N rg v
AV (arg 7) = 4_ma2g (arg 7 — arg 73USY)?,

n
27(k -4 2n(k +4
%“‘rgfﬂmﬂTﬁ’ (4.5)

where m,, . is the mass of arg 7. We present its calculation
in Appendix A, in particular showing corrections [see
Eq. (B7)] to Witten’s result [18]

SUSY _
Mo = 2.

(4.6)

Without the additional potential AV (arg ) N discrete
vacua (4.4) disappear immediately as we switch on ji due to
the lifting of quasivacua. We show below that with
AV(arg 7) taken into account quasivacua are still present
at small fi and disappear only at certain finite critical fi.g
which we identify as a phase transition point. Note that
possible higher corrections to the quadratic potential (4.5)
are suppressed in the large N limit because the width of
each patch is small, proportional to 1/N.

1. Vacuum energies

As we turn on the deformation parameter /i, the mass of
the & fermion A(ji) is no longer zero. This breaks explicitly
both chiral symmetry and two-dimensional supersymmetry.
As a result the Zy symmetry is broken and VEVs of ¢ are
no longer located at a circle. Moreover, at i = 0 our model
has N degenerate vacua given by (4.4). When we switch on
i, the corresponding vacuum energies split, and all vacua
except the one at k = 0 become quasivacua. The only true
vacuum is the one at k = 0; see Fig. 2. As we discussed in
Sec. IT A, this leads to the confinement of kinks.

It turns out that there are two mechanisms responsible for
the vacuum energy splitting. One is due to the effective
potential (4.3) and dominates at small fi. The other one is
typical for the nonsupersymmetric CP(N — 1) model; see
Sec. IT A. It is due to the constant electric field of kinks
interpolating between neighboring quasivacua and domi-
nates at large ji. We will now study the former mechanism,
while the latter one will be considered in the next
subsection.

Energy splittings in the small /i limit can be derived using
the small A(u) expansion of the effective potential (4.3),

Vett = Vsusy + 6V, (4.7)
where Vgysy is the supersymmetric effective potential
corresponding to 4 = 0, while

2

N m
SVr— 207 - AIn—<
v 4z ! rl|T|2

(4.8)
is the O(4) deformation. We can immediately infer lifted
vacuum energies by plugging unperturbed VEVs (4.4) into
(4.8). As we already mentioned, the ground state (true
vacuum) is located at

7o = —A = Ae'™, (4.9)

while the first quasivacuum is at
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0.01
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Re(T) /A
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(a) X\ = 0, supersymmetric case, degenerate
vacua

FIG. 2. Effective potential (4.3) on the complex 7 = v/26 — m, plane, with D integrated out.

27i 272
~N-A—-AT— AT
N + N2

i
7). = —Aexp <%l>

Plugging this into (4.8) we get for the vacuum splitting2

(4.10)

mg
A

This signifies that kinks interpolating between these vacua
are now confined, as opposed to the supersymmetric case.

2
E, -EOZW”AAln (4.11)

2. Corrections to the VEVs

Now let us derive corrections to the unperturbed VEVs
(4.4). Minimizing the potential (4.3) we get

.D 2
e = I +2|T| =0=iD+ 7> =A> (4.12)
TONE: 2
|7| lnw + cos(arg 7)A(j) lnm—g =0, (4.13)
A A
. mg | Mg SUSY
—sm(argr)ﬂdlnF—l— > (argr—argz; ') =0. (4.14)

The approximate solution in the limit of small /i is given by

susyy L, MG
|z| ¥ A — cos(arg 7;°") = AIn—3, (4.15)
2 A
2N 2
arg 7~ arg 735 + sin(arg 73USY) z—lnm—g. (4.16)

arg 7

*Formula (4.11) has a correction coming from the energy-
momentum trace anomaly, but this correction is of the next order
in the small parameter %ln A’i

r1.32
F0.65
r0.26
- 0.04
< 5l
= -0.08 >‘“|<
E 5=
-0.15
-0.19
-0.22
-0.23
T T T T T -0.24
-1.0 -0.5 0.0 0.5 1.0
Re(T) /A
(b) X > 0, broken supersymmetry, lifted qua-
sivacua
In particular, for the 7, = —A we get the corrected value
1. m?
~ G
TgroundN—A—EﬁlnF, (417)
while for the first quasivacuum (4.10)
1 m
71| ® |Tground| & A + EMHF’
2r\ 2m A | mi
ag X |lrn+— | ———In—, 4.18
&n ( N) T N2A A2 (4.18)

unperturbed

where we used (4.6) for the nonperturbed mass of . These
results agree with numerical calculations; see Fig. 3.
Note that when

A
Ay MG
A A
we have in our approximation arg 7, = Tyroung = 7, and the
quasivacuum at 7; effectively disappears. This signifies that
around the point (4.19) a phase transition might take place.
This will turn out to be true; see Sec. IV C below.
The quasivacuum with the highest energy is located at
1. mZ
Thigh ~ A —Eilnﬁ
Further analysis of Eq. (4.13) shows that this solution
disappears at

1, (4.19)

(4.20)

2A
A=—7,

(4.21)
eln %

which is consistent with (4.22). This suggests that around

the critical value of the deformation
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arg(t1) - arg(t1)susy

= Numerical
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—0.20 1 -
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—0.30 1 ~
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(b) Correction to arg

Numerical results for the minima z,,ynq and 7, obtained by directly minimizing (4.3). (a) The green dashed line shows the

approximate formula (4.17), the solid blue line is the numerical values of |zounq|, While |7;] is shown by red “+.” (b) The approximate
correction to arg 7; [(4.18), the last term] and the numerical results for this quantity.

(4.22)

j'cn't ~ 2
G
In 4

all quasivacua have decayed [cf. (4.19)].

B. Effective action

As we already mentioned, there are two mechanisms of
the energy splitting of quasivacua at nonzero fi. Both lead to
the confinement of kinks. The first one is due to fi
corrections present in the effective potential (4.3). These
corrections lift ¢ quasivacua and lead to the splitting
described by Eq. (4.11). The second mechanism is due
to the constant electric field of kinks interpolating between
quasivacua. The photon A, becomes dynamical on the
quantum level [18]. We will see below that, as we turn on
the deformation parameter ji, the photon acquires a mass-
less component. A linear Coulomb potential is generated,
but the vacuum energy splitting due to the electrical field is
much smaller than the one in (4.11). At sufficiently large fi
all N — 1 o quasivacua decay, and the splitting is saturated
by the electric field only. We identify this change of the
regime and associated discontinuity in (the derivative of)
(E, — Ey) as a phase transition.

1. Derivation of the effective action

Consider now the effective action of our ji-deformed
CP(N — 1) model (2.13) obtained by integrating out n’ and
& fields in the large-N approximation. Relaxing the
condition that ¢ and D are constant fields assumed in
Sec. III A we consider the one-loop effective action as a
functional of fields of the vector supermultiplet.

Considering the vicinity of the true vacuum where
J(o) = 0 we write down the bosonic part of the action
in the form (Minkowski formulationS)

1
Seff:/‘{zx{—re}%l’?w —|—€T|3”S‘0|2

~

N

1
+—10,%0]*> - V(o) —\/Ebm,,S‘GF*}, (4.23)
Ro
where F™ is the dual gauge field strength,
* 1 v
Fr = —ESWF” . (4.24)

This effective action was first presented for A" = (2,2) and
N =(0,2) supersymmetric CP(N — 1) models in [28].
Here we generalize it for the fi-deformed CP(N — 1) model
(2.13). The potential V(o) here can be obtained from (3.9)
by eliminating D by virtue of its equation of motion.

Coefficients in front of A, and o kinetic terms are
finite after renormalization reflecting Witten’s observation
that these fields become physical [18]. The last term in
(4.23) is A, — o induced by the chiral anomaly. Because of
this mixing, the would-be massless photon and the phase of
o acquire a mass (4.6) already in unperturbed theory at
ji = 0. This term is also present when we switch on the
deformation.

’In this subsection we will use the Minkowski formulation
with ¢" = diag{+,—}, and for the Levi-Civita symbol
&y — —801 = +1
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§ §

£ §

(b) Scalar

renormalization

(a) Photon wave function wave function

renormalization

(c) Photon-scalar mixing

FIG. 4. Contributions to the effective action.

Coefficients in this effective action come from loops. We
take the low-energy limit when the external momenta are
small. There are several contributions. Photon wave func-
tion renormalization comes from the diagram on Fig. 4(a)
and a similar graph with a bosonic loop. Wave function
renormalizations for o and Jo come from the diagram on
Fig. 4(b) and also a similar graph with a bosonic loop.
Finally, the mixing term is given by the diagram on
Fig. 4(c). For the mass distribution (2.3) and the vacuum
with J(¢) = 0, the normalization factors are

11T & Mfsk+2(5mk)2+2(\/§<6>—9imk)2
el 4n £~ [3 Mgk 3 my, ’
1 1 EnsMg —Z(Smk)erg(Smk)T

2 4 4 P

ey, 4mi= (3 M 3 my,

1T 1=l 21

Y _§m§k+3M—gj’

1 ¥=23206) —my, — 2

by e =5- v2(o) my — ) (4.25)
’ 2r M

T
(=}
)
-

Here, M} and m;, are the masses of the & and ny fields,
respectively:

2

’

M3, = [V2(0) — my — A1)

my, = i(D) + o(@) Amy + [V2(o) —my P (4.26)
We present details of this calculation in Appendix A.
Next we diagonalize the photon-c mass matrix in (4.23);
see Appendix B. As we already mentioned, this diagonal-
ization shows that the photon acquires a massless compo-
nent as soon as we switch on fi. This component is
responsible for the presence of the constant electric field

in quasivacua. This constant electric field gives rise to a
second mechanism of quasivacua splitting; see (B10). This
effect is small at small /i but becomes dominant at larger i
above the phase transition point. This result can also be
derived in a different way which we consider in the next
subsection.

2. Coulomb potential and vacuum energies

In this section we study the formation of a constant
electric field in a quasivacuum generalizing a method
developed by Witten in [18] for the A = (2,2) super-
symmetric CP(N — 1) model.

Let us start with the effective action (4.23) taking into
account the presence of the trial matter charges,

1
Seff = / dzx{_FFI%V - \/Eb},,g”:SGF* +]/4A”} (427)
€y

Consider a stationary pointlike kink at x = x, with electric
charge +1 described by the current j, = (6(x —x,),0)
and F* = —%&‘”VF”D = 80A1 - 81A0.

We have the equation of motion for the photon,

1 N .
— 0.8 - V2b, 3,0,36 = — o, (4.28)

14

where

is the electric field strength. Integrating over the spatial
coordinate we obtain

(E(e0) = E(=00)) + V2b, 3,(J0(0) — So(~00)) = 1.

Q
<wn| =

(4.30)

In the supersymmetric case ji = 0 the photon is massive, so
there is no constant electric field, £(o0) = £(—o0) = 0.
Therefore we have

V2b, 3,(36(00) — Jo(—00)) = 1. (4.31)
Since
I N
gy = — — 4.32
Y50 27[/\ ( )
[see Eq. (4.25)] for i = 0 we get
A
V2(J6(o0) — J6(-)) = 21 (4.33)
which, if we set 7(—o0) = —A for the true vacuum, is an

approximation of
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2zi

7(00) = —Aen (4.34)
for the value of ¢ VEV in the first quasivacuum; see (4.10).
This result for the /' = (2,2) case has been derived long
ago by Witten [18] showing the presence of N vacua and
kinks interpolating between them.

Now, consider small deformations in the Eq. (4.30) for a
kink interpolating between the ground state (4.17) at x =
—oo and the first quasivacuum (4.18) at x = +o0. Setting
E(—o0) =0 we get from (4.30)

E(0) +V2b, 3,(J0(00) — ) = 1. (4.35)

‘<®l\-)| —

Using (4.18) and (4.32) we obtain for the electric field
strength

(4.36)

We see that the kink produces a constant electric field now.
This gives the contribution to the energy density splitting
between the first quasivacuum and the true vacuum

1 2z me\ 2
E —E)e=-—&="2(1m25)".
(Er = Eulle = 5 N( nA)

(4.37)
This coincides with the result (B10) obtained from the
photon-¢ diagonalization. This contribution is small com-
pared to the o splitting given by (4.11) at small .

C. Second order phase transition

As we learned so far, the vacuum energy (or, rather,
energy splitting between the ground state and the first
quasivacuum) has two contributions, which depend on the
parameter

Aj) e

I (4.38)

The first contribution is the splitting of different quasi-
minima o; of the effective potential (4.11). When we turn
on w (i.e., supersymmetry breaking parameter fi), this
contribution at first grows linearly with , and then drops
to zero when the ¢ quasiminima disappear.

The second contribution comes from the electric field of
charged kinks interpolating between the quasivacua; see
(B10) and (4.37). This contribution at first grows as w?, and
at the point when the first ¢ quasivacuum disappears, the
electric field jumps up to saturate (4.30)."

“This jumping is not seen from the propagator considerations
(B10) since it holds only perturbatively near the true vacuum and
does not take into account the presence of ¢ quasivacua.

The jumping point is the same for these two contribu-
tions, and it is where a phase transition occurs. The
corresponding critical value is w, ~ 1; ie., [cf. (4.22)
and (4.19)]

A

Acrit = A(ﬁcrit) ~ (439)

1n'/'i—§;

Full vacuum energy is the sum of these two contribu-
tions, and on general grounds we expect that it does not
jump. Rather, its first derivative is discontinuous, and the
phase transition must be of the second order. Numerical
calculations confirm this; see Fig. 5. At the point where the
quasivacuum disappears, the two contributions to the
vacuum energy jump, and the magnitudes are just right
for the total sum to stay continuous. However, we must
point out that we do not have enough accuracy for the
detailed study of the vicinity of the transition point. The
point is that we can trust our formula for the arg 7 potential
(4.5) only in the vicinities of the minima (4.4), and we do
not know the exact form of this potential in regions between
any of two adjacent minima.

At small deformations, the main contribution to the
vacuum energy is o-quasivacua splitting (4.11). After the
transition point, vacuum energy is determined solely by
the kink electric field. As we reviewed in Sec. Il A, it is the
electric field that is responsible for the quasivacuum energy
splittings in the nonsupersymmetric CP(N — 1) model.
This is consistent with our results, since at large i above the
phase transition point our model flows to the nonsuper-
symmetric CP(N — 1) model.

To conclude this section we note that parameter @
relevant for the quasivacua splitting is enhanced by the
large logarithm Inmg/A > 1. Hence the phase transi-
tion point occurs at fi. ~A4. given by (4.39), much
smaller than fi ~A. These are even smaller values of
ji as compared to mg since we assume mg > A in order
to keep the bulk theory at weak coupling. At these small
values of i we are way below the scale of adjoint matter
decoupling in the bulk theory which occurs at ji > mg.
In particular, the scale A of the world sheet theory is
close to Ay, rather than to its large-fi asymptotic
values (2.27).

D. Large deformations

As we increase the deformation parameter ji, the
fermion mass A approaches the UV cutoff scale mg, and
we can expect that the fermions become very heavy and
decouple, effectively taking no part in the dynamics.
Therefore, our theory should become the nonsupersym-
metric CP(N — 1) model (2.1). The VEV of the 7 field
should become zero.

We can check this directly using our effective potential
(4.3). Indeed, assume that 7 < 1~ mg. Then we can
expand (4.3) to obtain
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Different contributions to the vacuum energy. The vertical axis is labeled by the rescaled energy splitting E; — E,. Values of

the deformation parameter ji are on the lower horizontal axis (in the units of A), while the upper horizontal axis represents the parameter
w (4.38). Green circles denote the contribution from the electric field [solution of (4.30), given by (4.37) below the phase transition
point], 4 signs represent the splitting from the potential (4.3) [the blue dashed line is the approximation (4.11)]. The solid red line is the
sum of these two contributions. Phase transition occurs at w = 1 where the full energy displays a discontinuity of the first derivative. Our
model does not allow us to obtain exact results in the vicinity of the phase transition point, and we have to extrapolate from the left and

from the right (red dotted line continuing the solid red curve).

N . iD+?] N, iD + |z]?
Veff_ElD[l_lnT +E|T| I—IHT%;

2 2
N ogean o N (im0
4r m%  4x m

Minimizing this potential we obtain

In(mg/2)
In(mg/A)"

TR =1

(4.41)

This formula turns out to be pretty good compared to the
exact numerical solution; see Fig. 6(a). As A approaches the
UV cutoff scale m, the VEV of 7 vanishes. The first term in
(4.40) reduces to the effective potential for the nonsuper-
symmetric CP(N — 1) model, while the last term gives a
vacuum energy shift. At A = mg, the vacuum energy is

N
Evac,UV = E (A2 - m%}) (442)

This is in agreement with the Appelquist-Carazzone decou-
pling theorem [30], which states that the effect of heavy
fields is limited to the renormalization of physical quantities.
Note that since the supersymmetry is explicitly broken in the

world sheet theory by fermion masses, the vacuum energy is
not positively defined.

The vacuum energy above is a quantum correction to the
classical expression for the non-Abelian string tension in
the bulk theory. The latter was derived in [16], and together
with (4.42) it can be written as

T 2r m4 N

= MG N 2y, (4.43)
ln:"n—% g 4 ¢

We see that the second term here is just an O(g?) correction
to the classical formula.

At intermediate values of 1 we were able to study this
model only numerically. The results are presented on
Fig. 6. They show the dependence of (s) and E,,. on
the heavy fermion mass 4. One can see that indeed the
VEV of 7 vanishes at very large 1. Note that we will have
(iD) < 0 in a wide range of A, but this does not lead to an
instability because, according to (4.12), the mass of the n
field is always positive.

E. Split mass case

The results obtained in the previous section can be
generalized to the case Am;y # 0. Consider the masses on a
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FIG. 6. Numerical results for the VEV of 7 and vacuum energy at large deformations 1 > 1. (a) We have VEV of z. The dashed line
shows the approximate solution (4.41), while the solid line is the result of numerics. One can see that = indeed vanishes at A(j1) = m.
(b) We have E, .. The dashed line shows its asymptotic value Eyyy given by (4.42). In the numerical procedure we had set mg/A = 1010,

circle (2.3), with the radius Am as the mass scale of
our model.

If we fix some Am and start increasing ji [and, therefore,
A(ft)], our model exhibits similar behavior as in the case
Am = 0. At ji = 0 the supersymmetry is unbroken, and
there are N degenerate vacua. When we switch on the
deformation, the degeneracy is lifted, and eventually all
lifted quasivacua decay, which signifies a phase transition.
The set of the phase transition points represents a curve on
the (u, Am) plane; see Fig. 7.

>

—— Strongl - Strong2
—=~ Strong - Higgs

1
1
0.141 \
\\
1

0.02 : : : : : > , : AT’"
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FIG. 7. Phase transition line between two strong coupling
regimes (shown in solid blue). The dashed line is the phase
transition line between the Strong coupling and Higgs regimes;
see Sec. V B. This plot is a result of numerical calculations for
N = 16.

Qualitatively, we see nothing new. However, when Am is
large enough, the theory goes through the phase transition
from the strong coupling phase into a weak coupling phase,
the so-called “Higgs” phase. This will be the subject of the
next section.

V. HIGGS REGIME

When the mass difference Am exceeds some critical
value, the theory appears in the Higgs phase. This phase is
characterized by a nonzero VEV of n. At very weak
coupling, we can use the classical Lagrangian (2.13) to
find the vacuum solution,

\/EO' = my,

The vacuum energy is classically zero.

In the supersymmetric case ji = 0 the solution for o is
exact at large N. Moreover, at very large Am the coupling
constant 1/ is small (frozen at the scale Am) and quantum
corrections to the classical vacuum solution (5.1) are small.

However, at nonzero ji and for Am 2 A, things become
more complicated, as we can no longer rely on the classical
equations. Generally speaking, solution (5.1) receives A/ Am
and ji/A corrections. We have to work with the quantum
equations (3.12)—(3.14), and most of the results presented in
this section were obtained from numerical calculations.

First of all, we wish to check that the one-loop potential
that we derived (3.9) is compatible with the classical limit.
Consider the limit of large Am > A with some i fixed. We
can expand the vacuum Egs. (3.12)—(3.14) in powers of
A/Am and easily derive an approximate solution for the
ground state VEV,

ng = 2p, iD=0. (5.1)
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FIG. 8. The VEVof 7 = /26 — my as a function of Am. The
solid line is the exact result of numerical calculation, while stars
represent the approximate formula (5.2). Here ji = A. In numeri-
cal calculations we used N = 16. One can see that indeed, as Am

grows, the VEV of /26 goes to its classical value my.

mg

In
V26 — my ~ —A(ji) —A2
In S

(5.2)

Figure 8 presents our results for the VEV of o. One
can see that the formula (5.2) gives a very good approxi-
mation [see also Fig. 10(a)]. At large Am we indeed
have \/50 X my.

A. Quasivacua

Solution (5.1) is just one of the possible vacuum states in
the Higgs phase. In the supersymmetric case ji = 0 there
are N degenerate vacua as dictated by the Witten index. In
[26] it was shown that the theory at large Am is in the Higgs
phase where different components of the N-plet n; develop
a VEV. These vacua are characterized by

(V2o)=m;,.  (|n; ") =25

Moreover, there are kinks interpolating between these
vacua.

As we switch on the deformation parameter i, these
vacua split, and at small ji we have one true ground state
(5.1) and N —1 quasivacua. Let us first consider this
picture from the classical Lagrangian (2.13). The classical
potential is

iy=0....N—1. (5.3)

Va(n.o.D) = iD(in' =26) + Y _|V20 — m,|n']?

(M)ZmAmidniP-

Let us derive the mass spectrum in the vicinity of a vacuum
\/fo- =m, for some i. Then nt,i# ip are small, while

(5.4)

=\/2p + on;,. (5.5)
From the D-term condition
~ 2
niy N = 2ﬂ2|n| (56)

i#i,

and the potential (5.4) becomes

Va ® Z|mz — m;, [P’ + v(u)

i#iy
Y R (m; = mo)|n P = ()R (my, —mg)>_|n'[?
i#ig i#i
= Z|ni|2[|mi = m;o|* + o(w)R (m; —m,)] (5.7)
i#iy
so that the mass of the n' particle is
M3 = |m; = m; [* + o(u)R(m; —m;).  (5.8)

If M? were to turn negative for some i, this would signify
that the vacuum under consideration is unstable. This
happens for all iy # O if the deformation is large enough
because there are always some i with 0 (m; —m; ) <O0.
To be more concrete, consider our choice of the masses
(2.3). Then for the vacuum iy = 0 we have R (m; — mg) >
0 for all i # 0, and this vacuum is stable. However, the
vacua 0 < iy < N/2 can be shown to become unstable
when the deformation parameter hits the critical value

1 —cos(3%) 4z Am
wi ) =2A — —
l)(/’tcrlt.to) mcos(2”<l” 1)) _ COS(ZX;O) N sin (271:;0)

(5.9)

The last step is the large N approximation. A similar
statement holds for the quasivacua N/2 < iy < N, while
the quasivacuum number iy = N/2 (for even N) decays
when v(peien/2) = 2Am. When i is above this critical
value, the theory has a unique vacuum, and there are no
kinks left.

These quasivacua are seen from the one-loop potential as
well. Following [26], we can study these quasivacua as
follows. Recall that deriving the effective potential (3.9) we
assumed that n = n; can develop a VEV. Now to study
quasivacua we assume that n;, is nonzero and integrate out
the other components of n’. Numerical calculations show
that the resulting effective potential has a minimum for
small deformations, but this minimum fades away at large
j1; see Fig. 9. On the plot of Fig. 9(a), this corresponds to the
fact that |n|? rapidly drops near the phase transition point.
Figure 9(b) shows that the quasivacua are degenerate when
supersymmetry is unbroken, and that the quasivacuum
energy is indeed higher than that of the true ground state.

014013-15



A. GORSKY, E. IEVLEY, and A. YUNG

PHYS. REV. D 101, 014013 (2020)

In|? = Bren

6.8 ]
—— Ground state

——~ First quasivacuum

ransition point

1.5

2.5 3.0 3.5

>l=

2.0

@) [nf?

4n  Evac
N A2

Ground state -
300 1 : : .
—=- First quasivacuum e

250 1 Pl
200' //
150 A /

100 A /

50 A /
/ Transition point

o Z

0.0 0.5 1.0 15 2.0 2.5 3.0 3.5
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FIG. 9. Example of kinks-nokinks phase transition for Am/A = 10. The blue solid line refers to the true ground state i, = 0, the
orange dashed line represents the first quasivacuum iy = 1. The value of the deformation parameter i is on the horizontal axis (in the
units of A), the phase transition point is indicated by an arrow. Both figures are the result of numerical calculations at

Am/A = 10, N = 16.

Figure 11 shows the phase transition curve. One can see
that the classical formula (5.9) is valid only if we set A = 0
in (2.13), but it is completely inadequate when the fermions
gain extra mass. As we see from Fig. 11(b) massive
fermions magnify the effect.

Let us derive a better theoretical formula for the phase
transition curve. Consider, for example, the first quasivac-
uum iy = 1. Then in the expression for S, (3.12) we will

|\/50 — mp|

N

7 4 —— Numerical, ground state
*  Approximation

0 T T T T T T T
0.5 1.0 1.5 2.0 2.5 3.0 35

>l=l

(a) |v20 — mg| at small fi.

have Am;; = m; — m, instead of Am;y,. Then RAmg; < O,
and for the phase transition point we can take roughly the
point when f,., — —o0, i.e.,

iD + v()RAmg; + |V26 —mo|> =0.  (5.10)

Using (2.23), (2.24), (5.2), and an analog of (3.13), one can
show that the phase transition occurs at the point

|\/50—m0|
A

108+
106+
104
102

1004

>I=

102 104 106 108 1010

(b) |v/20 — mo| at large fi.

FIG. 10. The VEVof 26 — my at different scales. (a) Small ji. The solid blue line is the result of numerical calculations, and the green
stars show the approximate formula (5.2). (b) Large-ii behavior (in double log scale). One can see that as ji — m; we indeed have

V2(6) = my. The plots were made for fixed Am/A = 10, mg/A = 10", N = 16
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(a) Agreement with the classical formula (4.9)
if weset A\ =10

FIG. 11.
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(b) Presence of A\ magnifies the effect

Kinks-nokinks phase transition line. Am on the horizontal axis, and ji on the vertical axis. The solid blue line is the result of

the numerical calculation of the curve where all quasivacua have decayed leaving the single true ground state. Orange circles represent
the classical formula (5.9), green + are the quantum approximation (5.11). (a) If we set A, = 0, we indeed get good agreement with the
classical formula (5.9). However, the real scenario (b) is better described by formula (5.11).

2Am

T Tamg/Am
L+ 20 Tk/n

(5.11)

Herie ®

At very large values of fi all but one vacua have
decayed, and the world sheet theory flows to the non-
supersymmetric model. In this limit the VEV of v/2¢ again
tends to my. Indeed, at large ji we can solve the vacuum
equations (3.12)—(3.14) approximately, and using the
expression for A (2.27), we find that

Amm? fi fi
V26 = mg ~ nf;nGlnLInL,
i Am  mg

(5.12)
which vanishes at large values of fi. This is supported by
numerical calculations; see Fig. 10(b).

B. Strong-Higgs phase transition

It was found in [21,26] that for the nonsupersymmetric
CP(N —1) model (2.1) and for the supersymmetric
CP(N — 1) model (2.7) a phase transition between strong
coupling and Higgs phases occurs at the point Am = A. At
large Am the theory is weakly coupled and in the Higgs
phase, while at small Am we have a strong coupling phase.
We expect similar behavior in our deformed model (2.13).

Following [21,26] we identify the Higgs—strong coupling
phase transition with a curve where |n3| = 2f,, turn neg-
ative. Thus we are looking for the solutions of the equation

Pren =0, (5.13)

where f,., is given by (3.12), see Fig. 12(a). See also Fig. 13
for the behavior of the ground state energy.

In NV =(2,2) the supersymmetric model at 7 =0 a
phase transition is at Am = A [26]. The case ji # 0 is more
complicated. We were not able to solve the vacuum
equations (3.12)—(3.14) exactly, but an approximate cal-
culation can be done in regions of small and very large ji.

First consider the region ji < A and assume that the VEV
of o is real valued (this assumption is correct for the true
ground state anyway). Then, using (3.13) and the identity

N-1
. (nk N
H S (W) = W, (514)
k=1
we can rewrite (3.12) as
e g A N-1
1 v(it) = 2(v20 — my)
+21n<1 + Am . (5.15)

Equating this to zero yields

u(ﬁ)—z(\fza—mo)zzAm((AA>2N—N2-1—1>. (5.16)

m

At small deformations we can use the approximation
v(@t) ~ fi; see (2.23). Moreover, in the strong coupling
phase at fixed ji, the VEV of ¢ does not depend on Am [this
is exactly true in the supersymmetric and pure
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Strong—Higgs phase transition: VEVs. The curves show an example of the phase transition for fixed i/ A = 0.03, N = 16.

Mass scale Am is on the horizontal axis. Location of the phase transition point is indicated with an arrow. (b) The position approximate
strong coupling VEV (4.17) is signified on the vertical axis by a blue dashed line. One can see that the character of the phase transition is
qualitatively the same as in the pure nonsupersymmetric (2.1) and supersymmetric (2.7) models; see [21,26].

nonsupersymmetric CP(N — 1) models], and we can use
Am = 0 approximation (4.17) right up until the phase
transition point, see Fig. 12(b). Then, from (5.16) we can

actually derive the equation for the phase transition curve:

an Evac
N A2
True ground state energy
—— Strong coupling
0.5 ---- Higgs

Transition point

—151
0.0 02 0.4 06 08 1.0 127
FIG. 13. Strong-Higgs phase transition: energy. The red thick

line is a numerical result for the ground state vacuum energy. The
solid blue line to the right of the phase transition point is a
numerical continuation of the strong coupling vacuum energy
into the Higgs regime. Vice versa, the dashed green line below the
phase transition is a numerical continuation of the Higgs regime
vacuum energy into the strong coupling (corresponds to the
unphysical “state” with formally |n|> < 0). At the phase tran-
sition point these two curves touch, and |n|> = 0. This plot is
qualitatively the same as in the pure nonsupersymmetric (2.1) and
supersymmetric (2.7) models; see [21,26]. In the numerical
procedure we have set ji/A = 0.03, N = 16.

2O NTTT—A—Am
1+ 24y In%e

, (5.17)

Herit =

or, sending N — oo,

QA+ Am)(A—Am
fioz = & JAZBm) s )
Am(1 + 24 In=¢)

These formulas give a good approximation for the phase
transition curve; see Fig. 14. We see that with ji; growing,

>I=

—— Numerical
----- Approximate formula, N=16
——=- Approximate formula, N=c

FIG. 14. Strong-Higgs phase transition line. Am on the hori-
zontal axis, ji on the vertical axis. The solid black line is the
numerical result for N = 16. The dotted red line is the N = 16
approximate formula (5.17). The dashed blue line is the N — oo
approximate formula (5.18).
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Amg;; monotonically decreases. Moreover, comparing
(5.17) and (5.18), we can test the validity of our numerical
calculations compared to the large-N limit, as the numerics
is done, of course, for a finite N N

In the region of large deformations, ji > mg. We have

N | 0(ferit) Ay + Am?,
2ren ~ - In I 2 T 2 _ (5,19
oo~ i ) (5.19)

where A,; is exponentially small given by (2.22). From
(2.23) and (2.27) we derive up to logarithmic factors

AN=12 -
AmcﬁtNMexp —const% ,

2
mg G

(5.20)

where we assumed that Am < m. Here we see again that
Amg,;, monotonically decreases as fi.; becomes larger.

VI. COMMENTS ON 2D-4D CORRESPONDENCE

A. Brane picture and 2d-4d matching conditions

So far we have considered the y-deformed 2d CP(N — 1)
model per se, which is self-consistent. Let us now briefly
comment on the requirements for the self-consistent treat-
ment of this 2d theory considered as the world sheet theory
of the non-Abelian string in N = 2 supersymmetric QCD,
deformed by a mass term y for the adjoint matter. At u = 0
the 2d-4d correspondence is seen from a different perspec-
tive. At the quantum level the situation is rather subtle since
the 4d instantons interfere with the 2d world sheet theory,
which makes the problem quite nontrivial. Fortunately it has
been shown that 2d-4d correspondence is seen in the
matching of renormalization group flows of 2d and 4d
coupling constants, the coincidence of the spectra of
Bogomol'nyi-Prasad-Sommereld (BPS) states [3.4,31],
and the conformal dimensions at Argyres-Douglas critical
points [32]. A general discussion concerning the decoupling
limits when the 4d d.o.f. do not influence the world sheet
theory can be found in [33].

In the brane engineering of A = 2 supersymmetric QCD
the matching is nothing but the claim that one and the same
object cannot change if we look at it as 4d or 2d observers.
The standard ITA picture involves two parallel NS5 branes,
N parallel D4 branes stretched between them, and N flavor
branes which can be realized as semi-infinite D4’ branes
or equivalently as Kaluza-Klein (KK) monopoles [34].
When lifted to the M-theory the whole configuration gets
identified as the single M5 brane wrapped around the
Seiberg-Witten curve in the KK monopole background.
The non-Abelian string is represented by the D2 brane

>In the numerical calculations for this paper, we took N = 16.
a rough estimate of the accuracy from (5.17) and (5.18) is
1 = N-VWN=1) % 0.17; i.e., qualitatively we can trust our results.

stretched between two NS5 branes along some internal
coordinate, say x. Its length in this direction dx; coincides
with the 4d Fayet-Iliopoulos (FI) term and yields the
tension of the dynamical non-Abelian string. The 4-4
strings yield the 4d gauge bosons, the 4-4’ strings yield
the chiral fundamental multiplets, while 2-4” strings yield
the hypers in 2d theory. The 4d gauge coupling constant
gets identified with the distance between NS5 branes x4

y% and exactly the same geometric variable coincides with
4d

the FI term in 2d theory. That is why the § functions in 4d
and 2d theories coincide and geometrically reflect the
backreaction of D4 and D4’ branes on NS5 branes. The
matching of the spectrum of BPS states in 4d and 2d
theories has the geometrical origin as well. The BPS dyons
are represented as properly embedded into the brane
geometry D2 branes which geometrically are seen as the
dyonic kinks on the world sheet of the non-Abelian string.

If we switch on the u deformation, one of the NS5 branes
world sheet gets rotated. Now the M5 brane is wrapped
around holomorphic curve w = W/(v) in (v,w,t) space
where x4 + ixs = v, xg + ixg = w, Xg + ix;9 = t, and W is
the superpotential of the 4d theory. The embedding of the D2
or M2 brane representing the non-Abelian string has been
discussed in [35]. It was argued that the M2 brane stretched
between two M5 branes has a single possible stable
embedding which fits with the single vacuum in 2d theory.

In this paper we consider a bit different solution when the
tension of the string is fixed not by the FI term but by the
mass of adjoint 7 o« um. This means that there is no
immediate identification of the string tension with the
distance between NS branes, and therefore the 4d and 2d
couplings cannot be immediately identified in the brane
geometry as it was done in the N' = 2 case. As expected
from the brane picture the  functions in 4d and 2d theories
indeed are not identical now and the nonperturbative scales
are related in a complicated manner [16]. It is better to use
in this case the IIB picture where the non-Abelian string is
represented by a D3 brane with world volume coordinates
(x,t,D) where D is the disk in the internal space whose
area yields the tension of the string.

One more input from the brane picture can be recognized
if we look more carefully at the background where the probe
M2 brane is placed. Apart from the M5 boundary conditions
at the ends the background involves the N ; KK monopoles
in M theory. Asymptotically the geometry involves the
factors C?/Z n, due to the Taub-NUT metric induced by
flavor branes. Fortunately we can use some results concern-
ing M2 probes in geometry involving Taub-NUT factors
[36]. The terms of interest are the Chern-Simons terms with
opposite levels for U(N), x U(N)_, for N M2 branes. In
our case we have the U(1) x U(1) gauge group for the
nondynamical gauge field. As was argued in [36] a kind of
Higgs mechanism works and only the diagonal U(1)
survives. What is the remnant of the 3d Chern-Simons
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(CS) terms in the 2d world sheet theory? We can define the
field a(x) as

exp(ia(x)) = exp/AZ(x, z)dz, (6.1)
where z is the compact world volume coordinate of the

M2 brane. The 3d CS term induces the axion on the string
world sheet

SL=N, / Pxa(x) + F. (6.2)

Note that the CS term on the M2 brane emerges as a
result of the one-loop integration over the world sheet
fermions which do not decouple completely; therefore
it cannot be seen in the classical approximation. If we
consider the representation of the non-Abelian string via the
D3 brane in IIB string theory, the effective axion on the
world sheet emerges as well in a similar manner. However,
the possible appearance of the effective axion in 2d theory
should be clarified accurately. We cannot exclude that the CS
and axion term disappear in the limit of complete decoupling
of 4d d.o.f.

B. Bulk criticality and world sheet theory

One could question if the bulk criticality can be
recognized in the world sheet theory. Consider the first
large N limit of " = 2 supersymmetric QCD with N = Ny
and assume that all quark masses are equal. It was shown in
[37] making use of the exact Seiberg-Witten solution that
there is a second order phase transition at m = 2A. In
particular, it was shown that there is a jump of the derivative
of the prepotential at this point. We could question if there
are traces of this bulk phase transition in our string world
sheet theory at Am = 0. In V' = 2 theory the 4d-2d duality
works well; hence the phase transition in the world sheet
could be expected indeed. However, in the A = 2 limit of
our U(N) SQCD the average quark mass can be shifted
away; therefore we cannot compare our results with that of
Ref. [37]. The only hope is that we can identify remnants of
this phase transition at nonzero u. The 4d phase transition
cannot disappear if we switch on small parameter u;
however, in order to consider strings semiclassically we
restrict ourselves to the weak coupling regime in 4d theory
which implies that the parameter which fixes the string
tension & o um is large. Therefore at small y we are forced
to assume very large m and the phase transition point m =
2A is far beyond our approximation. Nevertheless it would
be very interesting to investigate the fate of the phase
transition found in [37] at large u.

One more example of bulk criticality occurs if the
average mass m is very large but Am « A. This is an
example of the 4d Argyres-Douglas (AD) point when the
theory becomes superconformal. It was shown in [32] that
4d and 2d AD points match perfectly and there is a

matching of the critical exponents as well. Our critical
point at u = 0 separating strong coupling and Higgs phases
matches with a point Am = A on the curve (wall) of
marginal stability. This curve forms a circle |Am| = A in
the large N limit [38], and the 2d AD point is a point on this
circle with a nonzero phase. If we switch on y we expect
that the 2d AD point survives and at small u evolves
smoothly. The clear-cut example of such smooth interpo-
lation of the AD point has been elaborated for y-deformed
SU(2) gauge group with N, =1 in [39] where it was
identified as the deconfinement phase transition.

The final remark concerns the holographic picture which
is possible since we consider the large N SQCD in the
Veneziano limit. Instead of the D3 brane in the background
of NS5 and D5 branes in IIB supergravity holographically
we consider the D3 brane in peculiar 10d geometry with
additional dilaton and form fields. The corresponding
geometry has been identified for a pure N' =1 limit at
u — oo in [40,41] and, in particular, it reproduces the
correct Novikov-Shifman-Vainshtein-Zakharov beta func-
tion. For the generic i the exact metrics is unknown but we
expect that the mass term amounts to the effective wall at
the corresponding value of the radial coordinate. A very
illuminating example of how the bulk phase transition is
seen on the probe string in the holographic framework has
been found in [42] for V' = 2* theory. In this case the exact
holographic background is known and coincides with the
Pilch-Warner solution in IIB supergravity. The bulk theory
enjoys the phase transition at strong coupling at the mass of
adjoint M = A. It turns out that this phase transition indeed
can be identified as criticality in the world sheet theory of
electric probe string at the second order in the perturbation
theory in the inverse t"Hooft coupling at strong coupling.
This clearly demonstrates that the 2d-4d matching of bulk
and world sheet criticality is highly nontrivial in the
holographic picture. It would be interesting to investigate
the non-Abelian magnetic string in the background found
in [40,41].

VII. CONCLUSIONS: PHASE DIAGRAM

In this paper we have studied dynamics of the u-
deformed CP(N — 1) model (2.13). It arises as a world
sheet theory of the non-Abelian string in A/ = 2 super-
symmetric QCD, deformed by a mass term u for the adjoint
matter. When i is small, the two-dimensional theory is the
N = (2,2) supersymmetric CP(N —1) model. As we
increase the deformation parameter, the bulk theory flows
to N =1 SQCD, while the world sheet theory becomes a
nonsupersymmetric y-deformed CP(N — 1) model. This
happens because fermion zero modes present in the bulk of
the NV = 2 theory are lifted when we switch on ji. As a
consequence, at large fi world sheet fermions become
heavy and decouple, leaving us with the pure bosonic
CP(N — 1) model. In this paper we studied this transition
in detail using the large N approximation.
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FIG. 15. Whole phase diagram (schematically). Am on the
horizontal axis, and i on the vertical axis. The cascade of N — 1
curves corresponds to the disappearance of kinks between the
ground state and quasivacua. Dashed lines are drawn based on a
general argument, since the 1//N expansion gives a poor approxi-
mation in this region.

The p-deformed CP(N — 1) model has two N-indepen-
dent parameters, the deformation ji [see (2.18)] and the
mass scale Am which is the scale of the quark mass
differences in the bulk theory. We obtained a nontrivial
phase diagram in the (Am,ji) plane, with two strong
coupling phases and two Higgs phases separated by three
critical curves with two tricritical points. This phase
diagram is shown in Fig. 15.

When i goes to zero, the supersymmetry is unbroken,
and the theory is either in the strong coupling phase (at
small Am) or in the Higgs phase (large Am, weak

|

coupling). In both phases there are N degenerate vacua,
and kinks interpolating between neighboring vacua are not
confined. In the strong coupling phase at small Am the
photon becomes dynamical and acquires mass due to the
chiral anomaly.

As we switch on the deformation parameter degenerate
vacua split. At strong coupling we get a unique ground state
and N — | quasivacua, while the photon develops a small
massless component. Kinks are now confined. When the
deformation fi is small, the confinement is due to the
splitting of the o-quasivacua energies. As fi gets larger,
eventually we cross the critical line where original o
quasivacua decay. Now the quasivacua splitting and con-
finement of kinks is only due to the constant electric field.

In the Higgs phase at large Am the theory is at weak
coupling. The n field develops a VEV, and the photon is
unphysical and heavy due to the Higgs mechanism. When ji
is small enough, energies of N degenerate vacua split, and
kinks interpolating between the neighboring quasivacua are
confined. However, as we increase /i, it crosses critical lines
where [see, e.g., (5.9)] quasivacua decay one by one leaving
the theory with a single ground state, and thus without kinks.

In this paper we have shown that results obtained in [16]
for the p-deformed bulk theory agree with the world sheet
considerations. We can either go to the world sheet in the
N = 2 theory and then take the large i limit or first apply
the large deformation in the bulk and then go to the world
sheet theory. In other words, the following diagram is
commutative:

4d N =2SQCD ——— 2d N = (2,2) CP(N — 1)

worldsheet

large ﬁl

large ﬁl

(7.1)

44N =18QCD —— 2d N =0 CP(N — 1)

worldsheet

We note, however, that a derivation of the world sheet
theory at intermediate values of ji is still absent.

As we already discussed we interpret kinks of the
world sheet theory as confined monopoles of the four-
dimensional SQCD. Our results show, in particular, that at
large ji, when the bulk theory basically becomes N = 1
SQCD, monopoles survive only in the strong coupling phase
at very small mass differences below the critical line (5.20).
In the Higgs phase quasivacua decay at large ji which means
that confined monopole and antimonopole forming a
“meson” on the string (see Fig. 1) annihilate each other
and disappear. This confirms a similar conclusion in [16].
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APPENDIX A: COEFFICIENTS OF THE
EFFECTIVE ACTION

In this appendix we give a brief overview of the
derivation of the effective action (4.23). Consider bosonic
loops. In the Lagrangian (2.13) we can expand the ¢ — n
interaction term as

V26 —m[*|n'?
~|V2(6) —m;|*|n' 2+ 20 (V266) - (V2(0) — Rm;)|n' ]2
—23(V266) - Smy|n' 2, (A1)

where do are the vacuum fluctuations around the vacuum
with Jo = 0. The diagram for the o kinetic term is then
proportional to (v/2(s) — 9im;)?, while the kinetic term for
|

So is proportional to (Im;)>.

diagrams itself is straightforward.

The calculation of the fermion loops is a bit trickier. The
fermion mass matrix can be read off from (2.13). Say, for
the flavor number i,

The calculation of the

M; = (V2(o) = Rm;) - 1d +i(3m;)  Yenir.  (A2)

where Id is the 2 x 2 identity matrix and y,; is the two-
dimensional analogue of the y5. This y;, interferes with the
traces over the spinorial indices. Say, the fermionic con-
tribution to the Ro kinetic term coming from the diagram
on Fig. 4(b) is

ORTR S YL .

fF—Mf+qg— M,

__22/ @k | B M g gt M
T2 T R =M (ke q)? — M

where |M,|> = (vV2(c) — Rim;)* + (Im;)?. Calculation of

(A3)
_42/ P [k 9) + (Vo) — Rmi)” — (Smy)?
@2m)2 | (K = |M;*) ((k + q)* — [M;]?)
[
v _k"kl’ 7
6= =it 6, = =S e (B)

the integral itself is straightforward. The rest of the
diagrams with fermionic loops are treated the same way.
In the end we arrive at (4.25).

Note that in the limit i — 0 supersymmetry is restored.
In this case, in the vacuum D = 0, Jo = 0 we have

M2, = m2, = [V2{o) - 2. (A4)
and the coefficients (4.25) reduce to
1 11 1 & 1
= =—=— ., (A5
3. E g e m &Y
1 = 1
b,y =— A6
= e Vo) Ao

APPENDIX B: PHOTON MASS

In this appendix we diagonalize the photon-o
mass matrix in (4.23) to find the photon mass. In order to
do that, let us write down bare propagators for Jc and A,
that follow immediately from (4.23) (in the Minkowski
notation):

where we use the Landay gauge, while 5m§m is the
contribution to the mass of the Jo field coming from the
potential V(o) in (4.23). In the vicinity of the true ground
state (4.17) we have
sm2, ~4IAIn S (B2)
> A
At large fi, 5m3, ~ > Inmg/A; see Sec. IV D.
Consider the photon propagator. Iterating the scalar Jo

insertions shown in Fig. 16, we obtain the full photon
propagator,

FIG. 16. Contributions to the photon propagator.
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1

2,2 2
1— eesb s,

k> —6m?
No

G, =G

- g K2 — om?
= —iey| 9" ——3 22 3 3
k> ) k*(k* = 6m3, — ejex, b )

S6”y.S0
A T OV
= —ze%(g" -0 > (AP—I— (1-A)

1
X , B3
kz—am%g—eﬁeégb;,Q (B3)
where the coefficient
Sm> ;
= = B4
5m%6 + e%eéabiﬁa ( )

increases from O to 1 as ji runs from zero to infinity. What
we see here is that at nonzero i, the photon acquires a
massless component. In the SUSY case (zero ji) the
coefficient A vanishes, and we have only the massive
component. Note that the number of physical states do not
change since the massless photon has no physical d.o.f. in
two dimensions. At large ji the massive component
becomes heavy and decouples (A — 1). We are left with
the massless photon much in the same way as in the
nonsupersymmetric CP(N — 1) model.

If we do a similar calculation for the Jo propagator, we
will get simply

A 1

—_ 0
Cro =G g,

k*=6m?_
1
— 52
T s — 2 2. (B5)
o r=36%y.S0

Just as in [18], we see that the would-be massless phase of
the o field acquires a mass
(B6)

2 g2 2,2 12
Mg 1 = OM5, + eye%by.m,.

This effect is taken into account by the additional term (4.5)
in the effective potential (4.3). Atji =0, 5’”%5 = 0 and the
mass of the phase of ¢ reduces to (4.6). Consider the
leading correction at small 4. For the ground state (4.17) at
Am = 0 we have

e%w 47 A\2 A A
1 N 42 mg
-~ 51— ——1 ,
e, 4zA 3A A

and, therefore,

72
Mg ¢ z4A2<1 +——lnE).

3A A (B7)

Let us look more closely at the photon propagator (B3) in
the small fi limit. We have

A M
Ax—In—, B8
ATA (B8)
and for the massless part of the photon propagator,
R g =4y M
Gy,massless =1 Tkﬁ AAIn X . (B9)

From this Green function we calculate the electric field
produced by a kink with electric charge 41 and find for the
vacuum energy splitting

1 2 M2
El—EozF(%l:;(AlnA). (B10)
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