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We study Cabibbo-favored (CF) and singly Cabibbo-suppressed (SCS) two-body hadronic weak decays
of the antitriplet charmed baryons Λþ

c , Ξ0
c, and Ξþ

c with more focus on the last two. Both factorizable and
nonfactorizable contributions are considered in the topologic diagram approach. The estimation of
nonfactorizable contributions from W-exchange and inner W-emission diagrams relies on the pole model
and current algebra. The nonperturbative parameters in both factorizable and nonfactorizable parts are
calculated in the MIT bag model. Branching fractions and up-down decay asymmetries for all the CF and
SCS decays of antitriplet charmed baryons are presented. The prediction of BðΞþ

c → Ξ0πþÞ agrees well
with the measurements inferred from Belle and CLEO, while the calculated BðΞ0

c → Ξ−πþÞ is too large
compared to the recent Belle measurement. We conclude that these two Ξc → Ξπþ modes cannot be
simultaneously explained within the current-algebra framework for S-wave amplitudes. This issue needs to
be resolved in future study. The long-standing puzzle with the branching fraction and decay asymmetry of
Λþ
c → Ξ0Kþ is resolved by noting that only the type-II W-exchange diagram contributes to this mode. We

find that not only does the calculated rate agree with experiment but also the predicted decay asymmetry is
consistent with the SU(3)-flavor symmetry approach in sign and magnitude. Likewise, the CF mode
Ξ0
c → ΣþK− and the SCS decays Ξ0

c → pK−, Σþπ− proceed only through type-II W exchange. They are
predicted to have large and positive decay asymmetries. These features can be tested in the near future.

DOI: 10.1103/PhysRevD.101.014011

I. INTRODUCTION

Recently, there has been significant progress in the
experimental study of charm physics. In the meson sector,
LHCb measured the CP asymmetry difference between
D0 → K−Kþ and D0 → π−πþ, giving ΔACP ¼ ð−15.4�
2.9Þ × 10−4 [1], which is the first observation of CP
violation in the charm sector. The progress in charmed
baryon physics is also impressive. The long-quested doubly
charmed baryon was first observed through the process
Ξþþ
cc → Λþ

c K−πþπþ at LHCb in 2017 [2]. Later in 2018,
the lifetime of Ξþþ

cc [3], its mass and the two-body weak
decay channel Ξþþ

cc → Ξþ
c π

þ [4], were measured by LHCb.
Some breakthrough has also been made in singly charmed
baryons as well, especially the lightest one, Λþ

c . Both Belle
[5] and BESIII [6] have measured the absolute branching
fraction of the decay Λþ

c → pK−πþ. A new average of

ð6.28� 0.32Þ% for this benchmark mode is quoted
by the Particle Data Group (PDG) [7]. The measurement
of Λþ

c → pπ0, pη [8] indicated that singly Cabibbo-
suppressed (SCS) decays are ready to access.
In addition to Λþ

c , there have been some new develop-
ments in the study of Ξ0

c and Ξþ
c , the other two singly

charmed baryons in the antitriplet. By using a data set
comprising ð772� 11Þ × 106 BB̄ pairs collected at ϒð4SÞ
resonance, Belle was able to measure the absolute branch-
ing fraction for B− → Λ̄−

cΞ0
c [9]. Combining the sub-

sequently measured product branching fractions such as
BðB− → Λ̄−

cΞ0
cÞBðΞ0

c → Ξ−πþÞ, Belle reported the first
weak decay of Ξ0

c [9],

BðΞ0
c → Ξ−πþÞ ¼ ð1.80� 0.50� 0.14Þ × 10−2: ð1Þ

Using the same technique, a channel of two-body weak
decay with a vector meson in final state was also measured,
BðΞþ

c →pK̄0�ð892ÞÞ¼ ð0.25�0.16�0.04Þ×10−2 [10]. It
is worth pointing out that the absolute branching fraction
for three-body decay was obtained by Belle [10] to be
BðΞþ

c → Ξ−πþπþÞ ¼ ð2.86� 1.21� 0.38Þ × 10−2, from
which we can read
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BðΞþ
c → Ξ0πþÞ ¼ ð1.57� 0.83Þ%; ð2Þ

where use of ΓðΞþ
c →Ξ0πþÞ=ΓðΞþ

c →Ξ−πþπþÞ¼ ð0.55�
0.13�0.09Þ obtained by the CLEO [11] has been made.
For lifetimes of the antitriplet charmed baryons, we

quote the new world averages (in units of 10−13 s),

τðΛþ
c Þ ¼ 2.03� 0.02; τðΞþ

c Þ ¼ 4.56� 0.05;

τðΞ0
cÞ ¼ 1.53� 0.02; ð3Þ

dominated by the most recent lifetime measurements by the
LHCb [12]. Note that the measured Ξ0

c lifetime by the
LHCb is approximately 3.3 standard deviations larger than
the old world average value [7].
Inspired by latest experimental results of Ξc decays,

there have been some efforts from theorists [13–18].
Indeed, the study of charmed baryon weak decays, includ-
ing the charged and neutral Ξc baryons, is an old subject. To
understand the underlying dynamical mechanism in had-
ronic weak decays, one may draw the topological diagrams
according to the hadron’s content [19]. In charmed baryon
decays, nonfactorizable contributions from W-exchange or
inner W-emission diagrams play an essential role and they
cannot be neglected, in contrast with the negligible effects
in heavy meson decays. The fact that all the decays of Ξþ;0

c

receive nonfactorizable contributions, especially some
decays such as Ξ0

c → ΣþK−, Ξ0π0, proceed only through
purely nonfactorizable diagrams allows us to check the
importance and necessity of nonfactorizable contribu-
tions. However, so far we still do not have a reliable
phenomenological model to calculate charmed baryon
hadronic decays. In the 1990s various techniques were
developed, including relativistic quark model [20,21],
pole model [22–24], and current algebra [23,25], to
estimate the nonfactorizable effects in Cabbibo-favored
Ξþ;0
c decays. The predicted branching fractions and decay

asymmetries in various early model calculations are sum-
marized in Table I.1

Now that with more experimental data accumulated,
there are some updated studies in theory [13–17]. In these
works except [17], the experimental results are taken as
input and global fitting analyses are carried out at the
hadron level based on SU(3) flavor symmetry without
resorting to the detailed dynamics. Apparently, a recon-
sideration of charmed baryon weak decays, revealing the
dynamics at the quark level, is timely and necessary. The
pole model is one of the choices.

TABLE I. Branching fractions (upper entry) and up-down decay asymmetries α (lower entry) of Cabibbo-allowed Ξþ;0
c → B þ P

decays in various early model calculations. All the model results for branching fractions (in percent) have been normalized using the
current world averages of τðΞþ

c Þ and τðΞ0
cÞ [see Eq. (3) below].

Decay
Körner,

Krämer [20]
Xu,

Kamal [22]

Cheng, Tseng [23] Ivanov et al.
[21]

Żenczykowski
[24]

Sharma,
Verma [25]

Experiment
[7,9]CA Pole

Ξþ
c → ΣþK̄0 6.66 0.46 0.05 0.87 4.05

Ξþ
c → Ξ0πþ 3.65 3.47 0.87 4.06 5.78 1.57� 0.83

Ξ0
c → ΛK̄0 0.17 0.50 1.36 0.37 0.55

Ξ0
c → Σ0K̄0 1.61 0.14 0.03 0.18 0.26

Ξ0
c → ΣþK− 0.17 0.17 0.35

Ξ0
c → Ξ0π0 0.05 0.77 1.71 0.38 0.05

Ξ0
c → Ξ−πþ 1.42 2.37 1.13 1.71 1.60 1.80� 0.52

Ξ0
c → Ξ0η 0.32 0.37

Ξ0
c → Ξ0η0 1.16 0.41

Ξþ
c → ΣþK̄0 −1.0 0.24 0.43 −0.09 −0.99 1.0 0.54

Ξþ
c → Ξ0πþ −0.78 −0.81 −0.77 −0.77 −0.97 1.0 −0.27

Ξ0
c → ΛK̄0 −0.76 1.00 −0.88 −0.73 −0.75 −0.29 −0.79

Ξ0
c → Σ0K̄0 −0.96 −0.99 0.85 −0.59 −0.55 −0.50 0.48

Ξ0
c → ΣþK− 0 0 0 0 0

Ξ0
c → Ξ0π0 0.92 0.92 −0.78 −0.54 0.94 0.21 −0.80

Ξ0
c → Ξ−πþ −0.38 −0.38 −0.47 −0.99 −0.84 −0.79 −0.97 −0.6� 0.4

Ξ0
c → Ξ0η −0.92 −1.0 0.21 −0.37

Ξ0
c → Ξ0η0 −0.38 −0.32 −0.04 0.56

1For early model calculations of Cabibbo-allowed Λþ
c →BþP

decays, see Table I of [26].
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In the pole model, important low-lying 1=2þ and 1=2−

states are usually considered under the pole approximation.
In the decay with a pseudoscalar in the final state,
Bc → B þ P, the nonfactorizable S- and P-wave ampli-
tudes are dominated by 1=2− low-lying baryon resonances
and 1=2þ ground state baryons, respectively. The S-wave
amplitude can be further reduced to current algebra in
the soft-pseudoscalar limit. That is, the evaluation of the
S-wave amplitude does not require the information of the
troublesome negative-parity baryon resonances that are not
well understood in the quark model. The methodology was
developed and applied in the earlier work [23]. It turns out
that if the S-wave amplitude is evaluated in the pole model
or in the covariant quark model and its variant, the decay
asymmetries for both Λþ

c → Σþπ0 and Σ0πþ are always
predicted to be positive, while it was measured to be
−0.45� 0.31� 0.06 for Σþπ0 by CLEO [27]. In contrast,
current algebra always leads to a negative decay asymmetry
for the aforementioned two modes: −0.49 in [23], −0.31 in
[25], −0.76 in [28] and −0.47 in [29]. The issue with the
sign of αðΛþ

c → Σþπ0Þwas finally resolved by BESIII. The
decay asymmetry parameters of Λþ

c → Λπþ;Σ0πþ;Σþπ0,
and pKS were recently measured by BESIII [30] (see
Table III below), for example, αðΛþ

c → Σþπ0Þ ¼ −0.57�
0.12 was obtained. Hence, the negative sign of αðΛþ

c →
Σþπ0Þ measured by CLEO is nicely confirmed by BESIII.
This is one of the strong reasons why we adapt current
algebra to work out parity-violating amplitudes.
It is well known that there is a long-standing puzzle

with the branching fraction and decay asymmetry of
Λþ
c → Ξ0Kþ. The calculated branching fraction turns out

to be too small compared to experiment and the decay
asymmetry is predicted to be 0 owing to the vanishing S-
wave amplitude. We examine this issue in this work and
point out a solution to this puzzle. This has important
implications to the Ξ0

c sector where the CF mode Ξ0
c →

ΣþK− and the SCS decays Ξ0
c → pK−, Σþπ− encounter

similar problems in naive calculations.
Recently, we have followed this approach to calculate

SCS decays of Λþ
c [26], in which the predictions of

Λþ
c → pπ0, pη are in good agreement with the BESIII

measurement. In this work, we continue working in the
pole model together with current algebra to compute both
CF and SCS two-body weak decays of Ξc baryons.
In short, this work is motivated mainly by three parts:

(i) new data on the branching fractions and lifetimes of
Ξþ;0
c , (ii) correct sign predictions of α in Λþ

c → Σþπ0 and
Σ0πþ by current algebra, and (iii) the long-standing puzzle
of Λþ

c → Ξ0Kþ and its implication to the Ξc sector.
This paper is organized as follows. In Sec. II we set up

the formalism for computing branching fractions and up-
down decay asymmetries, including contributions from
both factorizable and nonfactorizable terms. Numerical
results are presented in Sec. III. A conclusion is given in

Sec. IV. In Appendix A, we write down the baryon
wave functions to fix our convention and then examine
their behavior under U, V, and I spin in Appendix B.
Appendix C is devoted to the form factors for Λþ

c → B
transitions evaluated in the MIT bag model. The expres-
sions of baryon matrix elements and axial-vector form
factor calculated in the MIT bag model are presented in
Appendix D.

II. FORMALISM

A. Kinematics

Without loss of generality, the amplitude for the two-
body weak decay Bi → BfP can be parametrized as

MðBi → BfPÞ ¼ iūfðA − Bγ5Þui; ð4Þ

where P denotes a pseudoscalar meson. Based on the
S- and P-wave amplitudes, A and B, the decay width and
up-down spin asymmetry are given by

Γ ¼ pc

8π

�ðmi þmfÞ2 −m2
P

m2
i

jAj2 þ ðmi −mfÞ2 −m2
P

m2
i

jBj2
�
;

ð5Þ

α ¼ 2κReðA�BÞ
jAj2 þ κ2jBj2 ; ð6Þ

with κ ¼ pc=ðEf þmfÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðEf −mfÞ=ðEf þmfÞ

p
, and

pc is the three-momentum in the rest frame of the mother
particle.
The S- and P-wave amplitudes of the two-body decay

generically receive both factorizable and nonfactorizable
contributions,

A ¼ Afac þ Anf ; B ¼ Bfac þ Bnf : ð7Þ

We should keep in mind that the above formal decom-
position is process dependent; not all the processes
contain both contributions shown in Eq. (7). To identify
the explicit components, one way is to resort to the
topological diagram method. In the topological diagram
approach, the externalW emission and internalW emission
from the external quark are usually classified as factoriza-
tion contributions, while the nonfactorizable contributions
arise from inner W-emission and W-exchange diagrams.
Contrary to weak decays of Λþ

c , decay modes proceeding
only through factorizable contributions cannot be found in
Ξþ;0
c decays.

B. Factorizable contribution

The description of the factorizable contribution of the
charmed baryon decay Bc → BP is based on the effective
Hamiltonian approach.
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1. General expression of factorizable amplitudes

The effective Hamiltonian for CF process is

Heff ¼
GFffiffiffi
2

p VcsV�
udðc1O1 þ c2O2Þ þ H:c:; ð8Þ

where the four-quark operators are given by

O1 ¼ ðs̄cÞðūdÞ; O2 ¼ ðūcÞðs̄dÞ; ð9Þ
with ðq̄1q2Þ≡ q̄1γμð1 − γ5Þq2. The Wilson coefficients to
the leading order are given as c1 ¼ 1.346 and c2 ¼ −0.636
at μ ¼ 1.25 GeV and Λð4Þ

MS ¼ 325 MeV [31]. Under naive
factorization the amplitude can be written down as

M¼hPBjHeff jBci

¼
8<
:

GFffiffi
2

p VcsV�
uda2hPjðs̄dÞj0ihBjðūcÞjBci; P¼ K̄0;

GFffiffi
2

p VcsV�
uda1hPjðūdÞj0ihBjðs̄cÞjBci; P¼πþ;

ð10Þ

where a1 ¼ c1 þ c2
N and a2 ¼ c2 þ c1

N . In terms of the decay
constants2

hKðqÞjs̄γμð1 − γ5Þdj0i ¼ ifKqμ;

hπðqÞjūγμð1 − γ5Þdj0i ¼ ifπqμ; ð11Þ
and the form factors defined by

hBðp2Þjc̄γμð1− γ5ÞujBcðp1Þi

¼ ū2

�
f1ðq2Þγμ−f2ðq2Þiσμν

qν

M
þf3ðq2Þ

qμ
M

−
�
g1ðq2Þγμ−g2ðq2Þiσμν

qν

M
þg3ðq2Þ

qμ
M

�
γ5

�
u1; ð12Þ

with the momentum transfer q ¼ p1 − p2, we obtain the
amplitude

MðBc → BPÞ ¼ i
GFffiffiffi
2

p a1;2V�
udVcsfPū2ðp2Þ

× ½ðm1 −m2Þf1ðq2Þ þ ðm1 þm2Þ
× g1ðq2Þγ5�u1ðp1Þ; ð13Þ

where contributions from the form factors f3 and g3 can be
neglected.3 The factorizable contributions to A and B terms
finally read

AfacjCF ¼
GFffiffiffi
2

p a1;2V�
udVcsfPðmBc

−mBÞf1ðq2Þ;

BfacjCF ¼ −
GFffiffiffi
2

p a1;2V�
udVcsfPðmBc

þmBÞg1ðq2Þ; ð14Þ

where the choice of ai can be referred to Eq. (10).
Likewise, the S- and P-wave amplitudes for SCS

processes are given by

AfacjSCS ¼
GFffiffiffi
2

p a1;2V�
uqVcqfPðmBc

−mBÞf1ðq2Þ;

BfacjSCS ¼ −
GFffiffiffi
2

p a1;2V�
uqVcqfPðmBc

þmBÞg1ðq2Þ; ð15Þ

where the flavor of the down-type quark q, d, or s depends
on the process. If P ¼ η8, both flavors contribute, for
example,

AfacðΛþ
c → pηÞ ¼ GFffiffiffi

2
p a2

�
VcsVusfsη þ

1ffiffiffi
2

p VcdVudf
q
η

�

× ðmΛc
−mpÞfΛcp

1 ðm2
ηÞ;

BfacðΛþ
c → pηÞ ¼ −

GFffiffiffi
2

p a2

�
VcsVusfsη þ

1ffiffiffi
2

p VcdVudf
q
η

�

× ðmΛc
þmpÞgΛcp

1 ðm2
ηÞ; ð16Þ

where the decay constants are defined by

hηjq̄γμð1 − γ5Þqj0i ¼ i
1ffiffiffi
2

p fqηqμ;

hηjs̄γμð1 − γ5Þsj0i ¼ ifsηqμ: ð17Þ

We follow [32] to use fqη ¼ 107MeV and fsη ¼ −112 MeV.
Notice that in the case of π0 production in the final state,
one should replace a2 by −a2=

ffiffiffi
2

p
in the factorizable

amplitude, where the extra factor of −1=
ffiffiffi
2

p
comes from

the wave function of the π0, π0 ¼ ðuū − dd̄Þ= ffiffiffi
2

p
.

2. The parametrization of form factors

There are two different nonperturbative parameters in
factorizable amplitudes, the decay constant and the form
factor (FF). There exist some efforts for estimating the
FFs for Ξc → B transition [17,33–35]. In this work we
prefer to work out FFs for Ξc–B transition and baryonic
matrix elements all within the MIT bag model [36].4 Since
the decay rates and decay asymmetries are sensitive to the
relative sign between factorizable and nonfactorizable
amplitudes, it is also desired to have an estimation of
FFs in a globally consistent convention.

2Here we follow the PDG convention h0jAμð0ÞjPðqÞi ¼ ifPqμ
for the decay constant. This differs from the sign convention
used in [26].

3To see the possible corrections from the form factors f3 and
g3 for kaon or η production in the final state, we notice that
m2

P=m
2
Λc

¼ 0.047 for the kaon and 0.057 for the η. Since the form
factor f3 is much smaller than f1 (see, e.g., Table IV of [17]),
while g3 is of the same order as g1, it follows that the form factor
f3 can be safely neglected in the factorizable amplitude, while g3
could make ∼5% corrections for kaon or η production. For
simplicity, we drop all the contributions from f3 and g3.

4See chapter 18 of [37] for a nice introduction to the MIT bag
model. For the evaluation of baryon matrix elements and form
factors in this model, see, e.g., [23,34].
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In this work we follow [38] to write the q2 dependence of
FF as

fiðq2Þ¼
fið0Þ

ð1−q2=m2
VÞ2

; giðq2Þ¼
gið0Þ

ð1−q2=m2
AÞ2

; ð18Þ

where mV ¼ 2.01 GeV, mA ¼ 2.42 GeV for the ðcd̄Þ
quark content, and mV ¼ 2.11 GeV, mA ¼ 2.54 GeV for
the ðcs̄Þ quark content. In the zero recoil limit where
q2max ¼ ðmi −mfÞ2, FFs can be expressed within the MIT
bag model as [23]

f
BfBi

1 ðq2maxÞ¼ hB↑
f jb†q1bq2 jB↑

i i

×
Z

d3rðuq1ðrÞuq2ðrÞþvq1ðrÞvq2ðrÞÞ;

g
BfBi

1 ðq2maxÞ¼ hB↑
f jb†q1bq2σzjB↑

i i

×
Z

d3r

�
uq1ðrÞuq2ðrÞ−

1

3
vq1ðrÞvq2ðrÞ

�
;

ð19Þ

where uðrÞ and vðrÞ are the large and small components,
respectively, of the quark wave function in the bag model.
FFs at different q2 are related via

fiðq22Þ ¼
ð1 − q21=m

2
VÞ2

ð1 − q22=m
2
VÞ2

fiðq21Þ;

giðq22Þ ¼
ð1 − q21=m

2
AÞ2

ð1 − q22=m
2
AÞ2

giðq21Þ: ð20Þ

This allows us to obtain the physical FF at q2 ¼ m2
P.

It is obvious that the FF at q2max is determined only by the
baryons in initial and final states. However, its evolution
with q2 is governed by the relevant quark content. Such a
dependence is reflected in Table II, in which the quark
contents are shown in the second column. In the zero recoil
limit, the FFs at q2max calculated from Eq. (18) are presented
in the third and sixth columns. And then in the fourth and
seventh columns, the evolution of FFs from q2 ¼ q2max to
q2 ¼ m2

P are derived according toEq. (20). The bag integrals

YðsÞ
1;2 are defined by

Y1 ¼ 4π

Z
r2drðuuuc þ vuvcÞ;

Ys
1 ¼ 4π

Z
r2drðusuc þ vsvcÞ;

Y2 ¼ 4π

Z
r2dr

�
uuuc −

1

3
vuvc

�
;

Ys
2 ¼ 4π

Z
r2dr

�
usuc −

1

3
vsvc

�
: ð21Þ

TABLE II. Form factors of Ξ0;þ
c → BP evaluated in the MIT bag model. The calculated results at q2 ¼ q2max are presented in the third/

sixth column. With different involved quark content shown in the second column, the evolution coefficients are shown in the fourth/
seventh column. The physical FFs f1ðm2

PÞ are shown in the fifth column; likewise for g1ðm2
PÞ.

Modes (cq̄) f1ðq2maxÞ f1ðm2
PÞ=f1ðq2maxÞ f1ðm2

PÞ g1ðq2maxÞ g1ðm2
PÞ=g1ðq2maxÞ g1ðm2

PÞ
Ξþ
c → ΣþK̄0 ðcs̄Þ −

ffiffi
6

p
2
Y1

0.44907 −0.485 −
ffiffi
6

p
2
Y2

0.60286 −0.567

Ξþ
c → Ξ0πþ ðcs̄Þ −

ffiffi
6

p
2
Ys
1

0.49628 −0.577 −
ffiffi
6

p
2
Ys
2

0.63416 −0.667

Ξ0
c → ΛK̄0 ðcs̄Þ 1

2
Y1 0.38700 0.171 1

2
Y2 0.55337 0.213

Ξ0
c → Σ0K̄0 ðcs̄Þ ffiffi

3
p
2
Y1

0.44929 0.343
ffiffi
3

p
2
Y2

0.60304 0.401

Ξ0
c → Ξ−πþ ðcs̄Þ −

ffiffi
6

p
2
Ys
1

0.49911 −0.581 −
ffiffi
6

p
2
Ys
2

0.63636 −0.669

Ξþ
c → Σ0πþ ðcd̄Þ ffiffi

3
p
2
Y1

0.36045 0.275
ffiffi
3

p
2
Y2

0.52523 0.350

Ξþ
c → Λπþ ðcd̄Þ − 1

2
Y1 0.30260 −0.134 − 1

2
Y2 0.47622 −0.183

Ξþ
c → Σþπ0 ðcd̄Þ −

ffiffi
6

p
2
Y1

0.35774 −0.387 −
ffiffi
6

p
2
Y2

0.52294 −0.492

Ξþ
c → Σþη ðcd̄Þ −

ffiffi
6

p
2
Y1

0.41371 −0.447 −
ffiffi
6

p
2
Y2

0.57735 −0.543

Ξþ
c → Ξ0Kþ ðcs̄Þ −

ffiffi
6

p
2
Ys
1

0.55058 −0.641 −
ffiffi
6

p
2
Ys
2

0.68080 −0.716

Ξ0
c → Λη ðcd̄Þ 1

2
Y1 0.34715 0.153 1

2
Y2 0.52343 0.201

Ξ0
c → Σ0η ðcd̄Þ ffiffi

3
p
2
Y1

0.41395 0.316
ffiffi
3

p
2
Y2

0.57754 0.384

Ξ0
c → Λπ0 ðcd̄Þ 1

2
Y1 0.30019 0.132 1

2
Y2 0.47410 0.182

Ξ0
c → Σ0π0 ðcd̄Þ ffiffi

3
p
2
Y1

0.35795 0.274
ffiffi
3

p
2
Y2

0.52311 0.348

Ξ0
c → Σ−πþ ðcd̄Þ ffiffi

6
p
2
Y1

0.36183 0.391
ffiffi
6

p
2
Y2

0.52638 0.496

Ξ0
c → Ξ−Kþ ðcs̄Þ −

ffiffi
6

p
2
Ys
1

0.55371 −0.644 −
ffiffi
6

p
2
Ys
2

0.68316 −0.719
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The model parameters are adopted from [26] and
references therein. Numerically, we have Y1 ¼ 0.88,
Ys
1 ¼ 0.95, Y2 ¼ 0.77, Ys

2 ¼ 0.86, which are consistent
with the corresponding numbers in [23].

C. Nonfactorizable contribution

We work in the framework of the pole model to estimate
nonfactorizable contributions. It is known that the S-wave
amplitude is dominated by the low-lying 1=2− resonances,
while the P-wave one is governed by the ground-state 1=2þ
pole. The general formulas for A (S-wave) and B (P-wave)
terms in the pole model are given by [34]5

Apole ¼ −
X

B�
nð1=2−Þ

�
gBfB�

nPbn�i
mi −mn�

þ bfn�gB�
nBiP

mf −mn�

�
;

Bpole ¼
X
Bn

�
gBfBnPani
mi −mn

þ afngBnBiP

mf −mn

�
; ð22Þ

where aij, bij are the baryon matrix elements defined by

hBnjHjBii ¼ ūnðani − bniγ5Þui;
hB�

i ð1=2−ÞjHjBji ¼ ūi�bi�juj: ð23Þ

In the soft-meson limit, the intermediate excited 1=2− states
in the S- wave amplitude can be summed up and reduced to
a commutator term [26],6

Acom ¼ −
ffiffiffi
2

p

fPa
hBfj½Qa

5; H
PV
eff �jBii ¼

ffiffiffi
2

p

fPa
hBfj½Qa;HPC

eff �jBii

ð24Þ
with

Qa ¼
Z

d3xq̄γ0
λa

2
q; Qa

5 ¼
Z

d3xq̄γ0γ5
λa

2
q: ð25Þ

By applying the generalized Goldberger-Treiman relation

gB0BPa ¼
ffiffiffi
2

p

fPa
ðmB þmB0 ÞgAB0B; ð26Þ

the P-wave amplitude can be simplified to

Bpole ¼
ffiffiffi
2

p

fPa

X
Bn

�
gABfBn

mf þmn

mi −mn
ani þ afn

mi þmn

mf −mn
gABnBi

�
:

ð27Þ

Therefore, the two master equations Eqs. (24) and (27) for
the nonfactorizable contributions in the pole model rely on

the commutator terms and the axial-vector form factor gAB0B,
which is calculated in the MIT bag model in this work.

1. S-wave amplitude

We have deduced that the S-wave amplitude is deter-
mined by the commutator terms of conserving charge Qa

and the parity-conserving part of the Hamiltonian. In the
following we list the expressions of Acom according to
Eq. (24),

AcomðBi → Bfπ
�Þ ¼ 1

fπ
hBfj½I∓; HPC

eff �jBii;

AcomðBi → Bfπ
0Þ ¼

ffiffiffi
2

p

fπ
hBfj½I3; HPC

eff �jBii;

AcomðBi → Bfη8Þ ¼
ffiffiffi
3

2

r
1

fη8
hBfj½Y;HPC

eff �jBii;

AcomðBi → BfK�Þ ¼ 1

fK
hBfj½V∓; HPC

eff �jBii;

AcomðBi → BfK̄0Þ ¼ 1

fK
hBfj½Uþ; HPC

eff �jBii;

AcomðBi → BfK0Þ ¼ 1

fK
hBfj½U−; HPC

eff �jBii; ð28Þ

where we have introduced the isospin, U-spin, and V-spin
ladder operators with

Iþjdi¼ jui; I−jui¼ jdi; Uþjsi¼ jdi;
U−jdi¼ jsi; Vþjsi¼ jui; V−jui¼ jsi: ð29Þ

In Eq. (28), η8 is the octet component of the η and η0

η ¼ cos θη8 − sin θη0; η0 ¼ sin θη8 þ cos θη0; ð30Þ

with θ ¼ −15.4° [32]. For the decay constant fη8 , we
follow [32] to use fη8 ¼ f8 cos θ with f8 ¼ 1.26fπ .
Hypercharge Y, the conserving charge for processes
involving η8 in the final state, is taken to be Y ¼
Bþ S − C as shown in [26]. The baryon matrix ele-
ments of commutators in Eq. (28), after the action of the
ladder operators on baryon wave functions shown in
Appendix B, can be further reduced to pure matrix
elements of effective Hamiltonian, denoted by aB0B ≡
hB0jHPC

eff jBi. Then in terms of aB0B, nonfactorizable
contributions to S-wave amplitudes for charmed baryon
decays are calculable.

5Note that we have corrected the sign of the B term in [26].
6The applied relation ½Q5; H

pv
eff � ¼ −½Q;Hpc

eff � differs from that
in [26] in sign.
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For the Cabibbo-favored processes, we have

AcomðΛþ
c → pK̄0Þ ¼ −

1

fK
aΣþΛþ

c
; AcomðΛþ

c → ΛπþÞ ¼ 0;

AcomðΛþ
c → Σ0πþÞ ¼ −

ffiffiffi
2

p

fπ
aΣþΛþ

c
; AcomðΛþ

c → Σþπ0Þ ¼
ffiffiffi
2

p

fπ
aΣþΛþ

c
;

AcomðΛþ
c → Ξ0KþÞ ¼ 1

fK
aΣþΛþ

c
; AcomðΛþ

c → Σþη8Þ ¼
ffiffiffi
2

p
ffiffiffi
3

p
fη8

aΣþ
c Σþ ; ð31Þ

and

AcomðΞþ
c → ΣþK̄0Þ ¼ 1

fK
aΣþΛþ

c
; AcomðΞþ

c → Ξ0πþÞ ¼ −
1

fπ
aΞ0Ξ0

c
;

AcomðΞ0
c → ΛK̄0Þ ¼ 1

fK

ffiffiffi
6

p

2
aΞ0Ξ0

c
; AcomðΞ0

c → Σ0K̄0Þ ¼ −
1

fK

ffiffiffi
2

p

2
aΞ0Ξ0

c
;

AcomðΞ0
c → ΣþK−Þ ¼ 1

fK
aΞ0Ξ0

c
; AcomðΞ0

c → Ξ0π0Þ ¼
ffiffiffi
2

p

fπ
aΞ0Ξ0

c
;

AcomðΞ0
c → Ξ0η8Þ ¼

ffiffiffi
6

p

fη8
aΞ0Ξ0

c
; AcomðΞ0

c → Ξ−πþÞ ¼ 1

fπ
aΞ0Ξ0

c
: ð32Þ

For singly Cabibbo-suppressed processes we have

AcomðΞþ
c → Σ0πþÞ ¼ −

1

fπ
ð

ffiffiffi
2

p
aΣþΞþ

c
þ aΣ0Ξ0

c
Þ; AcomðΞþ

c → Σþπ0Þ ¼ 1ffiffiffi
2

p
fπ

aΣþΞþ
c
;

AcomðΞþ
c → pK̄0Þ ¼ −

1

fK
ðaΣþΞþ

c
− apΛþ

c
Þ; AcomðΞþ

c → ΛπþÞ ¼ −
1

fπ
aΛΞ0

c
;

AcomðΞþ
c → Σþη8Þ ¼

ffiffiffi
6

p

2

1

fη8
aΣþΞþ

c
; AcomðΞþ

c → Ξ0KþÞ ¼ 1

fK
aΣþΞþ

c
; ð33Þ

and

AcomðΞ0
c → Ξ0K0Þ ¼ 1

fK

�
−

ffiffiffi
2

p

2
aΣ0Ξ0

c
þ

ffiffiffi
6

p

2
aΛΞ0

c

�
; AcomðΞ0

c → Λπ0Þ ¼ 1ffiffiffi
2

p
fπ

aΛΞ0
c
;

AcomðΞ0
c → Ξ−KþÞ ¼ −

1

fK

� ffiffiffi
2

p

2
aΣ0Ξ0

c
þ

ffiffiffi
6

p

2
aΛΞ0

c

�
; AcomðΞ0

c → Σ−πþÞ ¼
ffiffiffi
2

p

fπ
aΣ0Ξ0

c
;

AcomðΞ0
c → pK−Þ ¼ −

1

fK

� ffiffiffi
2

p

2
aΣ0Ξ0

c
þ

ffiffiffi
6

p

2
aΛΞ0

c

�
; AcomðΞ0

c → Σ0π0Þ ¼ 1ffiffiffi
2

p
fπ

aΣ0Ξ0
c
;

AcomðΞ0
c → nK̄0Þ ¼ 1

fK

� ffiffiffi
2

p

2
aΣ0Ξ0

c
−

ffiffiffi
6

p

2
aΛΞ0

c

�
; AcomðΞ0

c → Σþπ−Þ ¼ −
ffiffiffi
2

p

fπ
aΣ0Ξ0

c
:

AcomðΞ0
c → Λη8Þ ¼

ffiffiffi
6

p

2

1

fη8
aΛΞ0

c
; AcomðΞ0

c → Σ0η8Þ ¼
ffiffiffi
6

p

2

1

fη8
aΣ0Ξ0

c
: ð34Þ

The nonfactorizable S-wave amplitudes for SCS decays of Λþ
c can be found in [26]. The evaluation of the baryon matrix

elements aB0B in the MIT bag model and results are presented in Appendix D 1.

2. P-wave amplitude

Through the generalized Goldberger-Treiman relation Eq. (26), the strong coupling of B0BM can be expressed in terms of
the axial-vector form factor gAB0B. Based on Eq. (27), P-wave amplitudes are given as follows. For Cabibbo-favored
processes we have
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BcaðΛþ
c → pK̄0Þ ¼ 1

fK

�
gðK̄

0Þ
pΣþ

mp þmΣþ

mΛþ
c
−mΣþ

aΣþΛþ
c

�
;

BcaðΛþ
c → ΛπþÞ ¼ 1

fπ

�
aΛΣ0

c

mΛþ
c
þmΣ0

c

mΛ −mΣ0
c

gAðπ
þÞ

Σ0
cΛþ

c
þ gAðπ

þÞ
ΛΣþ

mΛ þmΣþ

mΛþ
c
−mΣþ

aΣþΛþ
c

�
;

BcaðΛþ
c → Σ0πþÞ ¼ 1

fπ

�
aΣ0Σ0

c

mΛþ
c
þmΣ0

c

mΣ0 −mΣ0
c

gAðπ
þÞ

Σ0
cΛþ

c
þ gAðπ

þÞ
Σ0Σþ

mΣ0 þmΣþ

mΛþ
c
−mΣþ

aΣþΛþ
c

�
;

BcaðΛþ
c → Σþπ0Þ ¼

ffiffiffi
2

p

fπ

�
aΣþΛþ

c

mΛþ
c
þmΛþ

c

mΣþ −mΛþ
c

gAðπ
0Þ

Λþ
c Λþ

c
þ aΣþΣþ

c

mΛþ
c
þmΣþ

c

mΣþ −mΣþ
c

gAðπ
0Þ

Σþ
c Λþ

c
þ gAðπ

0Þ
ΣþΣþ

mΣþ þmΣþ

mΛþ
c
−mΣþ

aΣþΛþ
c

�
;

BcaðΛþ
c → Ξ0KþÞ ¼ 1

fK

�
gAðK

þÞ
Ξ0Σþ

mΞ0 þmΣþ

mΛþ
c
−mΣþ

aΣþΛþ
c

�
; ð35Þ

and

BcaðΞþ
c → ΣþK̄0Þ ¼ 1

fK

�
aΣþΛþ

c

mΞþ
c
þmΛþ

c

mΣþ −mΛþ
c

gAðK̄
0Þ

Λþ
c Ξþ

c
þ aΣþΣþ

c

mΞþ
c
þmΣþ

c

mΣþ −mΣþ
c

gAðK̄
0Þ

Σþ
c Ξþ

c

�
;

BcaðΞþ
c → Ξ0πþÞ ¼ 1

fπ

�
aΞ0Ξ0

c

mΞþ
c
þmΞ0

c

mΞ0 −mΞ0
c

gAðπ
þÞ

Ξ0
cΞþ

c
þ aΞ0Ξ00

c

mΞþ
c
þmΞ00

c

mΞ0 −mΞ00
c

gAðπ
þÞ

Ξ00
c Ξþ

c

�
;

BcaðΞ0
c → ΛK̄0Þ ¼ 1

fK

�
aΛΣ0

c

mΞ0
c
þmΣ0

c

mΛ −mΣ0
c

gAðK̄
0Þ

Σ0
cΞ0

c
þ gAðK̄

0Þ
ΛΞ0

mΛ þmΞ0

mΞ0
c
−mΞ0

aΞ0Ξ0
c

�
;

BcaðΞ0
c → Σ0K̄0Þ ¼ 1

fK

�
aΣ0Σ0

c

mΞ0
c
þmΣ0

c

mΣ0 −mΣ0
c

gAðK̄
0Þ

Σ0
cΞ0

c
þ gAðK̄

0Þ
Σ0Ξ0

mΣ0 þmΞ0

mΞ0
c
−mΞ0

aΞ0Ξ0
c

�
;

BcaðΞ0
c → ΣþK−Þ ¼ 1

fK

�
gAðK

−Þ
ΣþΞ0

mΣþ þmΞ0

mΞ0
c
−mΞ0

aΞ0Ξ0
c

�
;

BcaðΞ0
c → Ξ0π0Þ ¼

ffiffiffi
2

p

fπ

�
aΞ0Ξ0

c

mΞ0
c
þmΞ0

c

mΞ0 −mΞ0
c

gAðπ
0Þ

Ξ0
cΞ0

c
þ aΞ0Ξ00

c

mΞ0
c
þmΞ00

c

mΞ0 −mΞ00
c

gAðπ
0Þ

Ξ00
c Ξ0

c
þ gAðπ

0Þ
Ξ0Ξ0

mΞ0 þmΞ0

mΞ0
c
−mΞ0

aΞ0Ξ0
c

�
;

BcaðΞ0
c → Ξ0η8Þ ¼

ffiffiffi
2

p

fη8

�
aΞ0Ξ0

c

mΞ0
c
þmΞ0

c

mΞ0 −mΞ0
c

gAðη8ÞΞ0
cΞ0

c
þ aΞ0Ξ00

c

mΞ0
c
þmΞ00

c

mΞ0 −mΞ00
c

gAðη8ÞΞ00
c Ξ0

c
þ gAðη8ÞΞ0Ξ0

mΞ0 þmΞ0

mΞ0
c
−mΞ0

aΞ0Ξ0
c

�
;

BcaðΞ0
c → Ξ−πþÞ ¼ 1

fπ

�
gAðπ

þÞ
Ξ−Ξ0

mΞ− þmΞ0

mΞ0
c
−mΞ0

aΞ0Ξ0
c

�
: ð36Þ

The P-wave amplitudes for singly Cabibbo-suppressed processes read

BcaðΞþ
c → ΛπþÞ ¼ 1

fπ

�
gAðπ

þÞ
ΛΣþ

mΛ þmΣþ

mΞþ
c
−mΣþ

aΣþΞþ
c
þ aΛΞ0

c

mΞþ
c
þmΞ0

c

mΛ −mΞ0
c

gAðπ
þÞ

Ξ0
cΞþ

c
þ aΛΞ00

c

mΞþ
c
þmΞ00

c

mΛ −mΞ00
c

gAðπ
þÞ

Ξ00
c Ξþ

c

�
;

BcaðΞþ
c → Σ0πþÞ ¼ 1

fπ

�
gAðπ

þÞ
Σ0Σþ

mΣ0 þmΣþ

mΞþ
c
−mΣþ

aΣþΞþ
c
þ aΣ0Ξ0

c

mΞþ
c
þmΞ0

c

mΣ0 −mΞ0
c

gAðπ
þÞ

Ξ0
cΞþ

c
þ aΣ0Ξ00

c

mΞþ
c
þmΞ00

c

mΣ0 −mΞ00
c

gAðπ
þÞ

Ξ00
c Ξþ

c

�
;

BcaðΞþ
c → Σþπ0Þ ¼

ffiffiffi
2

p

fπ

�
gAðπ

0Þ
ΣþΣþ

mΣþ þmΣþ

mΞþ
c
−mΣþ

aΣþΞþ
c

�
;

BcaðΞþ
c → Σþη8Þ ¼

ffiffiffi
2

p

fη8

�
gAðη8ÞΣþΣþ

mΣþ þmΣþ

mΞþ
c
−mΣþ

aΣþΞþ
c
þ aΣþΞþ

c

mΞþ
c
þmΞþ

c

mΣþ −mΞþ
c

gAðη8ÞΞþ
c Ξþ

c
þ aΣþΞ0þ

c

mΞþ
c
þmΞ0þ

c

mΣþ −mΞ0þ
c

gAðη8ÞΞ0þ
c Ξþ

c

�
;

BcaðΞþ
c → pK̄0Þ ¼ 1

fK

�
gAðK̄

0Þ
pΣþ

mp þmΣþ

mΞþ
c
−mΣþ

aΣþΞþ
c
þ apΣþ

c

mΞþ
c
þmΣþ

c

mp −mΣþ
c

gAðK̄
0Þ

Σþ
c Ξþ

c
þ apΛþ

c

mΞþ
c
þmΛþ

c

mp −mΛþ
c

gAðK̄
0Þ

Λþ
c Ξþ

c

�
;

BcaðΞþ
c → Ξ0KþÞ ¼ 1

fK

�
gAðK

þÞ
Ξ0Σþ

mΞ0 þmΣþ

mΞþ
c
−mΣþ

aΣþΞþ
c
þ aΞ0Ω0

c

mΞþ
c
þmΩ0

c

mΞ0 −mΩ0
c

gAðK
þÞ

Ω0
cΞþ

c

�
; ð37Þ
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and

BcaðΞ0
c →Λπ0Þ¼

ffiffiffi
2

p

fπ

�
gAðπ

0Þ
ΛΣ0

mΛþmΣ0

mΞ0
c
−mΣ0

aΣ0Ξ0
c
þgAðπ

0Þ
ΛΛ

mΛþmΛ

mΞ0
c
−mΛ

aΛΞ0
c

�
;

BcaðΞ0
c →Λη8Þ¼

ffiffiffi
2

p

fη8

�
gAðη8ÞΛΣ0

mΛþmΣ0

mΞ0
c
−mΣ0

aΣ0Ξ0
c
þgAðη8ÞΛΛ

mΛþmΛ

mΞ0
c
−mΛ

aΛΞ0
c
þaΛΞ0

c

mΞ0
c
þmΞ0

c

mΛ−mΞ0
c

gAðη8ÞΞ0
cΞ0

c
þaΛΞ00

c

mΞ0
c
þmΞ00

c

mΛ−mΞ00
c

gAðη8ÞΞ00
cΞ0

c

�
;

BcaðΞ0
c →Σ0π0Þ¼

ffiffiffi
2

p

fπ

�
gAðπ

0Þ
Σ0Σ0

mΣ0 þmΣ0

mΞ0
c
−mΣ0

aΣ0Ξ0
c
þgAðπ

0Þ
Σ0Λ

mΣ0 þmΛ

mΞ0
c
−mΛ

aΛΞ0
c

�
;

BcaðΞ0
c →Σ0η8Þ¼

ffiffiffi
2

p

fη8

�
gAðη8ÞΣ0Σ0

mΣ0 þmΣ0

mΞ0
c
−mΣ0

aΣ0Ξ0
c
þgAðη8ÞΣ0Λ

mΣ0 þmΛ

mΞ0
c
−mΛ

aΛΞ0
c
þaΣ0Ξ0

c

mΞ0
c
þmΞ0

c

mΣ0 −mΞ0
c

gAðη8ÞΞ0
cΞ0

c
þaΣ0Ξ00

c

mΞ0
c
þmΞ00

c

mΣ0 −mΞ00
c

gAðη8ÞΞ00
cΞ0

c

�
;

BcaðΞ0
c →Σ−πþÞ¼ 1

fπ

�
gAðπ

þÞ
Σ−Σ0

mΣ− þmΣ0

mΞ0
c
−mΣ0

aΣ0Ξ0
c
þgAðπ

þÞ
Σ−Λ

mΣ− þmΛ

mΞ0
c
−mΛ

aΛΞ0
c

�
;

BcaðΞ0
c →Σþπ−Þ¼ 1

fπ

�
gAðπ

−Þ
ΣþΣ0

mΣþ þmΣ0

mΞ0
c
−mΣ0

aΣ0Ξ0
c
þgAðπ

−Þ
ΣþΛ

mΣþ þmΛ

mΞ0
c
−mΛ

aΛΞ0
c

�
:

BcaðΞ0
c →pK−Þ¼ 1

fK

�
gAðK

−Þ
pΣ0

mpþmΣ0

mΞ0
c
−mΣ0

aΣ0Ξ0
c
þgAðK

−Þ
pΛ

mpþmΛ

mΞ0
c
−mΛ

aΛΞ0
c

�
;

BcaðΞ0
c → nK̄0Þ¼ 1

fK

�
gAðK̄

0Þ
nΣ0

mnþmΣ0

mΞ0
c
−mΣ0

aΣ0Ξ0
c
þgAðK̄

0Þ
nΛ

mnþmΛ

mΞ0
c
−mΛ

aΛΞ0
c
þanΣ0

c

mΞ0
c
þmΣ0

c

mn−mΣ0
c

gAðK̄
0Þ

Σ0
cΞ0

c

�
;

BcaðΞ0
c →Ξ0K0Þ¼ 1

fK

�
aΞ0Ω0

c

mΞ0
c
þmΩ0

c

mΞ0 −mΩ0
c

gAðK
0Þ

Ω0
cΞ0

c
þgAðK

0Þ
Ξ0Σ0

mΞ0 þmΣ0

mΞ0
c
−mΣ0

aΣ0Ξ0
c
þgAðK

0Þ
Ξ0Λ

mΞ0 þmΛ

mΞ0
c
−mΛ

aΛΞ0
c

�
;

BcaðΞ0
c →Ξ−KþÞ¼ 1

fK

�
gAðK

þÞ
Ξ−Σ0

mΞ− þmΣ0

mΞ0
c
−mΣ0

aΣ0Ξ0
c
þgAðK

þÞ
Ξ−Λ

mΞ− þmΛ

mΞ0
c
−mΛ

aΛΞ0
c

�
: ð38Þ

The nonfactorizable P-wave amplitudes for SCS decays of
Λþ
c can be found in [26]. In addition to the baryon matrix

element aBB0 , another quantity in the nonfactorizable part of

P-wave amplitude is the axial-vector form factor gAðPÞB0B . For

consistency, the estimation of gAðPÞB0B is carried out in the MIT
bag model and the results are shown in Sec. D 2. As seen in
the next section, one of the W-exchange diagrams, the so-
called type-III diagram in which the quark pair is produced
between the two quark lines withoutW-exchange, does not
contribute to the nonfactorizable S- and P-wave ampli-
tudes. This will be discussed in detail there.

III. NUMERICAL RESULTS AND DISCUSSIONS

A. Λ +
c decays

Before proceeding to the Ξc sector, we first discuss Λþ
c

decays as the measurements of branching fractions and
decay asymmetries are well established for many of the
channels. The goal is to see what we can learn from the Λþ

c
physics. We show in Table III the results of calculations for
CF and SCS Λþ

c decays. For the form factors f1 and g1, we
follow [39] to use7

fΛcp
1 ð0Þ ¼ −0.470; gΛcp

1 ð0Þ ¼ −0.414 ð39Þ

for Λc − p transition and rescale the form factors for
Λc − Λ transition to fit the decay Λþ

c → Λπþ so that
fΛcΛ
1 ð0Þ ¼ 0.406 and gΛcΛ

1 ð0Þ ¼ 0.370.8 We see from
Table III that the calculated branching fractions and
decay asymmetries are in general consistent with experi-
ment except for the decay asymmetry in the decay
Λþ
c → pK̄0. While all the predictions of αðΛþ

c → pK̄0Þ
in the literature are all negative except [22], the mea-
sured asymmetry by BESIII turns out to be positive with
a large uncertainty, 0.18� 0.45 [30]. This issue needs to
be resolved in future study.
We next turn to the mode Λþ

c → Ξ0Kþ, which deserves
special attention. It has been shown that its S- and P-wave
amplitudes are very small due to strong cancellation
between various contributions. More specifically (see,
e.g., [23]),

7The sign of the form factors is fixed by Eq. (19).

8We have checked if the form factors for Λþ
c –p and Λþ

c − Λ
transitions given in Appendix C are used, the resulting decay
asymmetries will remain stable, but the calculated branching
fractions are not as good as those shown in Table III but within a
factor of 2.
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AcomðΛþ
c → Ξ0KþÞ ¼ 1

fK
ðaΣþΛþ

c
− aΞ0Ξ0

c
Þ;

BcaðΛþ
c → Ξ0KþÞ ¼ 1

fK

�
gAðK

þÞ
Ξ0Σþ

mΞ0 þmΣþ

mΛþ
c
−mΣþ

aΣþΛþ
c

þ aΞ0Ξ0
c

mΞ0
c
þmΛþ

c

mΞ0 −mΞ0
c

gAðK
þÞ

Ξ0
cΛþ

c

þ aΞ0Ξ00
c

mΞ00
c
þmΛþ

c

mΞ0 −mΞ00
c

gAðK
þÞ

Ξ00
c Λþ

c

�
: ð40Þ

Since the matrix elements aΣþΛþ
c
and aΞ0Ξ0

c
are identical in

the SU(3) limit and since there is a large cancellation
between the first and third terms in Bca (no contribution

from the second term due to the vanishing gAðK
þÞ

Ξ0
cΛþ

c
; for details

see [23]), the calculated branching fraction turns out to be
too small compared to experiment and the decay asym-
metry is predicted to be 0 owing to the vanishing S-wave
amplitude [20–22,24,25]. This is a long-standing puzzle.
To solve the above-mentioned puzzle, we notice that

one of the W-exchange diagrams depicted in the left
panel of Fig. 1(a) can be described by two distinct pole
diagrams at the hadron level shown in the right panel of the
diagram 1(a). These two pole diagrams are called type-III
diagrams in [20] and (d1) and (d2) in [24]. As first pointed
out by Körner and Krämer [20], the type-III diagram
contributes only to the P-wave amplitude. Moreover, they
pointed out that this diagram is empirically observed to be

(a)

(b)

FIG. 1. W-exchange diagrams contributing to Λþ
c → Ξ0Kþ. The corresponding pole diagrams are also shown.

TABLE III. The predicted S- and P-wave amplitudes of Cabibbo-favored (upper entry) and singly Cabibbo-suppressed (lower entry)
Λþ
c → B þ P decays in units of 10−2GF GeV2. Branching fractions and the asymmetry parameter α are shown in the last four columns.

Experimental results for decay asymmetries are taken from [30] except the modes Λπþ and Σþπ0 where the world averages are obtained
from [30] and [7].

Channel Afac Acom Atot Bfac Bca Btot Btheo Bexp [7] αtheo αexp

Λþ
c → pK̄0 3.45 4.48 7.93 −6.98 −2.06 −9.04 2.11 × 10−2 ð3.18� 0.16Þ10−2 −0.75 0.18� 0.45

Λþ
c → Λπþ 5.34 0 5.34 −14.11 3.60 −10.51 1.30 × 10−2 ð1.30� 0.07Þ10−2 −0.93 −0.84� 0.09

Λþ
c → Σ0πþ 0 7.68 7.68 0 −11.38 −11.38 2.24 × 10−2 ð1.29� 0.07Þ10−2 −0.76 −0.73� 0.18

Λþ
c → Σþπ0 0 −7.68 −7.68 0 11.34 11.34 2.24 × 10−2 ð1.25� 0.10Þ10−2 −0.76 −0.55� 0.11

Λþ
c → Ξ0Kþ 0 −4.48 −4.48 0 −12.10 −12.10 0.73 × 10−2 ð0.55� 0.07Þ10−2 0.90

Λþ
c → Σþη 0 3.10 3.10 0 −15.54 −15.54 0.74 × 10−2 ð0.53� 0.15Þ10−2 −0.95

Λþ
c → pπ0 0.41 −0.81 −0.40 −0.87 2.07 1.21 1.26 × 10−4 < 2.7 × 10−4 −0.97

Λþ
c → pη −0.96 −1.11 −2.08 1.93 −0.34 1.59 1.28 × 10−3 ð1.24� 0.29Þ10−3 −0.55

Λþ
c → nπþ 1.64 −1.15 0.50 −3.45 2.93 −0.52 � � �

Λþ
c → ΛKþ 1.66 −0.08 1.58 −4.43 0.55 −3.70 1.07 × 10−3 ð6.1� 1.2Þ10−4 −0.96

Λþ
c → Σ0Kþ 0 1.49 1.49 0 −2.29 −2.29 7.23 × 10−4 ð5.2� 0.8Þ10−4 −0.73

Λþ
c → ΣþK0 0 2.10 2.10 0 −3.24 −3.24 1.44 × 10−3 � � � −0.73
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strongly suppressed. It was argued by Żenczykowski [24]
that contributions from diagrams (d1) and (d2) cancel each
other due to the spin-flavor structure. Hence, its S- and
P-wave amplitudes vanish. The smallness of type-III W-
exchange diagram also can be numerically checked through
Eq. (40). In other words, the conventional expression of
parity-violating and -conserving amplitudes given in
Eq. (40) is actually for the type-III W-exchange diagram
in Fig. 1(a). As a result, nonvanishing nonfactorizable
S- andP-wave amplitudes arise solely from theW-exchange
diagramdepicted in Fig. 1(b) (called the type-IIW-exchange
diagram in [20] and (b)-type diagram in [24]). The non-
factorizable amplitudes induced from type-II W-exchange
now read

AcomðΛþ
c → Ξ0KþÞ ¼ 1

fK
aΣþΛþ

c
;

BcaðΛþ
c → Ξ0KþÞ ¼ 1

fK

�
gAðK

þÞ
Ξ0Σþ

mΞ0 þmΣþ

mΛþ
c
−mΣþ

aΣþΛþ
c

�
:

ð41Þ

Consequently, both partial wave amplitudes are not subject
to large cancellations.
Note that the pole diagram induced by type-II W-

exchange is the same as the second pole diagram (i.e., a
weak transition of Λþ

c –Σþ followed by a strong emission
of Kþ) in Fig. 1(a), but it is no longer canceled by the
first pole diagram. A vanishing S-wave amplitude was
often claimed in the literature. We stress again that the
parity-violating amplitude can be induced from type-II
W-exchange through current algebra.9 Equation (41) leads
to BðΛþ

c → Ξ0KþÞ ¼ 0.71%, which is consistent with the
data of ð0.55� 0.07Þ% [7]. Moreover, the predicted
positive decay asymmetry of order 0.90 is consistent with

the value of αðΛþ
c → Ξ0KþÞ ¼ 0.94þ0.06

−0.11 obtained in the
SU(3)-flavor approach [15].10 Therefore, the long-standing
puzzle with the branching fraction and the decay asym-
metry of Λþ

c → Ξ0Kþ is resolved.
In the Ξc sector, vanishing type-III W-exchange con-

tributions also occur in the CF decay Ξ0
c → ΣþK− and the

SCS modes Ξ0
c → pK−, Σþπ−. We come to this point later.

Comparing Table III with Table II of [26] for SCS Λþ
c

decays, we see some changes in the P-wave amplitudes of
Λþ
c → pπ0, pη, nπþ. This is because the first equation in

(C2) of [26] should read

gAðπ
þÞ

np ¼ 2gAðπ
0Þ

pp ¼ 10ffiffiffi
3

p gAðη8Þpp ¼ 5

3
ð4πZ1Þ: ð42Þ

Consequently, we find BðΛþ
c → pπ0Þ is modified from

0.75 × 10−4 [26] to the current value of 1.26 × 10−4. As for
Λþ
c → nπþ, after correcting the error with the axial-vector

form factor gAðπ
þÞ

Σ0
cΛc

we find large cancellation in both S- and

P-wave amplitudes, resulting in a very small branching
fraction of order 0.9 × 10−4. Since the large cancellation
renders the present theoretical predictions of Λþ

c → nπþ
unreliable, we do not show its branching fraction and decay
asymmetry in Tables III and VI.

B. Ξc decays

Branching fractions and up-down decay asymmetries of
CF and SCS Ξþ;0

c weak decays are calculated according to
Eqs. (5)–(7), yielding the numerical results shown in
Tables IV and V, respectively. One interesting point is that
there does not exist any decay mode that proceeds only
through the factorizable diagram. Among all the processes,
the three modes Ξ0

c → ΣþK−, Ξ0π0, Ξ0η8 in CF processes
and the five SCS modes Ξþ

c → pK̄0, Ξ0
c → Ξ0K0, pK−,

TABLE IV. The Cabibbo-favored decays Ξc → BfP in units of 10−2GF GeV2. Branching fractions (in percent) and the up-down
decay asymmetry α in theory and experiment are shown in the last four columns. Experimental results are taken from [9–11] for
branching fractions and [41] for decay asymmetry.

Channel Afac Acom Atot Bfac Bca Btot Btheo Bexp αtheo αexp

Ξþ
c → ΣþK̄0 2.98 −4.48 −1.50 −9.95 12.28 2.32 0.20 � � � −0.80 � � �

Ξþ
c → Ξ0πþ −7.41 5.36 −2.05 28.07 −14.03 14.04 1.72 1.57� 0.83 −0.78 � � �

Ξ0
c → ΛK̄0 −1.11 −5.41 −6.52 3.66 6.87 10.52 1.33 � � � −0.86 � � �

Ξ0
c → Σ0K̄0 −2.11 3.12 1.02 7.05 −9.39 −2.33 0.04 � � � −0.96 � � �

Ξ0
c → ΣþK− 0 −4.42 −4.42 0 −11.32 −11.32 0.78 � � � 0.98 � � �

Ξ0
c → Ξ0π0 0 −7.58 −7.58 0 11.79 11.79 1.82 � � � −0.77 � � �

Ξ0
c → Ξ0η 0 −10.80 −10.80 0 −6.17 −6.17 2.67 � � � 0.30 � � �

Ξ0
c → Ξ−πþ −7.42 −5.36 −12.78 28.24 2.65 30.89 6.47 1.80� 0.52 −0.95 −0.6� 0.4

9It had been argued that the contribution from type-II diagrams
to the S-wave amplitude of Λþ

c → Ξ0Kþ vanishes based on SU(4)
symmetry [20,24]. This is no longer true in the presence of
SU(4)-symmetry breaking.

10By measuring the angular dependence 1þ αΞK cos2 θK in the
process Λþ

c → Ξ0Kþ, BESIII obtained αΞK ¼ 0.77� 0.78 [40].
However, this quantity should not be confused with the decay
asymmetry αðΛþ

c → Ξ0KþÞ, which is yet to be measured.
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nK̄0, Σþπ− proceed only through the nonfactorizable
diagrams, while all the other channels receive contri-
butions from both factorizable and nonfactorizable
terms. The relative sign between factorizable and non-
factorizable contributions determines whether the inter-
ference term is destructive or constructive. For example,
factorizable and nonfactorizable terms in both the S- and
P-wave amplitudes of the decays Ξþ

c → ΣþK̄0, Ξ0πþ

and Ξ0
c → Σ0K̄0 interfere destructively, leading to small

branching fractions, especially for the last mode. On the
contrary, interference in the channels Ξ0

c → ΛK̄0, Ξ−πþ
is found to be constructive.
The CF decay Ξ0

c → ΣþK− and the SCS modes Ξ0
c →

pK−, Σþπ− are of special interest among all the Ξc weak
decays. Their naive S-wave amplitudes are given by

AcomðΞ0
c →ΣþK−Þ¼ 1

fK
ðaΞ0Ξ0

c
−aΣþΛþ

c
Þ;

AcomðΞ0
c →pK−Þ¼−

1

fK

� ffiffiffi
2

p

2
aΣ0Ξ0

c
þ

ffiffiffi
6

p

2
aΛΞ0

c
þapΛþ

c

�
;

AcomðΞ0
c →Σþπ−Þ¼−

1

fπ
ð

ffiffiffi
2

p
aΣ0Ξ0

c
þaΣþΞþ

c
Þ: ð43Þ

From Eqs. (D2) and (D3) for baryon matrix elements, it is
easily seen that they all vanish in the SU(3) limit. Likewise,
their P-wave amplitudes are also subject to large cancella-
tions. Just as for the decay Λþ

c → Ξ0Kþ discussed in
Sec. III A, we should neglect the contributions from
type-III W-exchange diagrams and focus on type-II W-
exchange ones. The resulting amplitudes for these three
modes now read

AcomðΞ0
c → ΣþK−Þ ¼ 1

fK
aΞ0Ξ0

c
;

AcomðΞ0
c → pK−Þ ¼ −

1

fK

� ffiffiffi
2

p

2
aΣ0Ξ0

c
þ

ffiffiffi
6

p

2
aΛΞ0

c

�
;

AcomðΞ0
c → Σþπ−Þ ¼ −

ffiffiffi
2

p

fπ
aΣ0Ξ0

c
;

for Swave [see Eqs. (32) and (34)] and Eqs. (36) and (38) for
P wave. From Tables IV and V we see that

αðΞ0
c → ΣþK−Þ ≈ 0.98; αðΞ0

c → pK−Þ ≈ 0.99;

αðΞ0
c → Σþπ−Þ ≈ 0.89: ð44Þ

Hence, their decay asymmetries are all positive and close to
unity. It is interesting to notice that the decay asymmetries of
these threemodes are also predicted to be positive and large in
the SU(3) approach of [15].
Besides the above-mentioned three modes of Ξ0

c, the
type-III W-exchange diagram also exists in the following
channels: Ξþ

c → Ξ0Kþ, Σþðπ0; ηÞ and Ξ0
c → ðΛ;Σ0Þπ0,

ðΛ;Σ0Þη. However, the effects of vanishing type-III W
exchange can be seen only in the P-wave amplitudes of
Ξþ
c → Σþπ0 and Ξ0

c → ðΛ;Σ0Þπ0. In Eqs. (37) and (38) for
these three modes we have explicitly dropped the pole
contributions with the strong π0 emission from Ξc followed
by a weak transition.
As for the two modes Ξþ

c → Ξ0πþ and Ξ0
c → Ξ−πþ, we

see from Table IV that our prediction is in good agreement
with experiment for the former, but it is too large compared
to the experimental measurement for the latter. This is
mainly due to the relative sign between factorizable and
nonfactorizable terms. In the absence of nonfactorizable

TABLE V. The singly Cabibbo-suppressed decays Ξc → BfP in units of 10−2GF GeV2. Branching fractions (in unit of 10−3) and the
asymmetry parameter α are shown in the last two columns.

Channel Afac Acom Atot Bfac Bca Btot Btheo αtheo

Ξþ
c → Λπþ 0.46 −1.50 −1.04 −1.69 2.16 0.47 0.85 −0.33

Ξþ
c → Σ0πþ −0.90 −1.00 −1.90 3.29 0.74 4.03 4.30 −0.95

Ξþ
c → Σþπ0 0.32 1.00 1.32 −1.16 1.61 0.44 1.36 0.23

Ξþ
c → Σþη −0.74 1.42 0.68 2.58 −2.19 0.39 0.32 0.36

Ξþ
c → pK̄0 0 −2.10 −2.10 0 2.64 2.64 3.96 −0.83

Ξþ
c → Ξ0Kþ −2.30 1.16 −1.14 8.43 −3.46 4.97 2.20 −0.98

Ξ0
c → Λπ0 −0.12 1.06 0.95 0.42 −0.96 −0.53 0.24 −0.41

Ξ0
c → Λη 0.27 1.51 1.78 −0.94 −0.71 −1.65 0.81 −0.59

Ξ0
c → Σ0π0 −0.23 −0.70 −0.93 0.82 1.36 2.18 0.38 −0.98

Ξ0
c → Σ0η 0.53 −1.01 −0.48 −1.83 1.55 −0.28 0.05 0.36

Ξ0
c → Σ−πþ −1.28 −1.41 −2.69 4.67 0.22 4.89 2.62 −0.90

Ξ0
c → Σþπ− 0 1.41 1.41 0 2.49 2.49 0.71 0.89

Ξ0
c → pK− 0 −0.94 −0.94 0 −1.86 −1.86 0.35 0.99

Ξ0
c → nK̄0 0 −2.10 −2.10 0 2.96 2.96 1.40 −0.89

Ξ0
c → Ξ0K0 0 2.10 2.10 0 −4.17 −4.17 1.32 −0.85

Ξ0
c → Ξ−Kþ −2.31 −0.94 −3.24 8.49 0.71 9.20 3.90 −0.97
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contributions, we find BðΞþ
c → Ξ0πþÞ ≈ 9.9% and

BðΞ0
c → Ξ−πþÞ ≈ 3.3%. Since the measured branching

fractions are ð1.57� 0.83Þ% and ð1.80� 0.52Þ%, respec-
tively, this implies that there should be a large destructive
interference between factorizable and nonfactorizable
terms in the former and a smaller destructive interference
in the latter. We notice that the factorizable amplitudes of
these two modes are very similar.11 From Eq. (32), it is
clear that the commutator terms of both modes denoted by
Acom are the same in magnitude but opposite in sign.
Consequently, the interference between Afact and Acom is
destructive in Ξþ

c → Ξ0πþ but constructive in Ξ0
c → Ξ−πþ

(see also [22]). As a result, the predicted branching fraction
of order 6.5% for the latter is too large. If we use the form
factors fΞcΞ

1 ð0Þ ¼ −0.590 and gΞcΞ
1 ð0Þ ¼ −0.582 [35] in

conjunction with the q2 dependence given by Eq. (18), the
branching fraction is reduced only slightly from 6.5% to
6.2%. Hence, we conclude that these two modes cannot be
simultaneously explained within the framework of current
algebra for S-wave amplitudes.
To circumvent the difficulty with Ξ0

c → Ξ−πþ, one
possibility is to consider the correction to the current-algebra
calculation of the parity-violating amplitude by writing

A ¼ ACA þ ðA − ACAÞ; ð45Þ

where the term ðA − ACAÞ can be regarded as an on-shell
correction to the current-algebra result. It turns out that in the
existing pole model calculations [22,23,34], the on-shell
correction ðA − ACAÞ always has a sign opposite to that of
ACA. Moreover, the on-shell correction is sometimes large

enough to flip the sign of the parity-violating amplitudes. It
is conceivable that on-shell corrections could be large for
Ξ−πþ but small for Ξ0πþ. This issue needs to be clarified in
the future. Nevertheless, we have learned from Table III that
current algebra generally works well in Λþ

c → B þ P
decays,
For the up-down decay asymmetry, there has been only

one measurement thus far. In 2001, the CLEO collaboration
measured Ξ0

c→Ξ−πþ and found αðΞ0
c→Ξ−πþÞ¼−0.6�0.4

[41]. Our prediction is consistent with CLEO’s value.
Decay asymmetries are usually negative in most of the
channels. However, besides the three modes Ξ0

c → ΣþK−,
pK−, Σþπ− as discussed before, the following channels
Ξ0
c → Ξ0η, Σ0η and Ξþ

c → Σþπ0, Σþη in the Ξc sector are
also predicted to have positive decay asymmetries (see
Tables IV and V). We hope that these predictions could be
tested in the near future by Belle/Belle II.

C. Comparison with the SU(3) approach

Besides dynamical model calculations, two-body non-
leptonic decays of charmed baryons have been analyzed
in terms of SU(3)-irreducible-representation amplitudes
[42,43]. There are two distinct approaches to implement
this idea. One is to write down the SU(3)-irreducible-
representation amplitudes by decomposing the effective
Hamiltonian through the Wigner-Eckart theorem. The other
is to use the topological quark diagrams that are related
in different decay channels via SU(3) flavor symmetry.
Each approach has its own advantage. A general formu-
lation of the quark-diagram scheme for charmed baryons
is given in [44] (see also [45]). Analysis of Cabibbo-
suppressed decays using SU(3) flavor symmetry was first
carried out in [46]. This approach became very popular
recently [13–15,47]. Although SU(3) flavor symmetry
is approximate, it does provide very useful information.

TABLE VI. Comparison of this work with [15,48] for the branching fractions in units of 10−2 for Cabibbo-favored Λþ
c decays (upper

entry) and 10−3 for singly Cabibbo-suppressed ones (lower entry). Decay asymmetries are shown in parentheses.

Modes This work Geng et al. [15,48] Experiment

Λþ
c → Λπþ 1.30 (−0.93) 1.27� 0.07 (−0.77� 0.07) 1.30� 0.07 (−0.84� 0.09)

Λþ
c → Σ0πþ 2.24 (−0.76) 1.26� 0.06 (−0.58� 0.10) 1.29� 0.07 (−0.73� 0.18)

Λþ
c → Σþπ0 2.24 (−0.76) 1.26� 0.06 (−0.58� 0.10) 1.25� 0.10 (−0.55� 0.11)

Λþ
c → Σþη 0.74 (−0.95) 0.29� 0.12 (−0.70þ0.59

−0.30 ) 0.53� 0.15

Λþ
c → pK̄0 2.11 (−0.75) 3.14� 0.15 (−0.99þ0.09

−0.01 ) 3.18� 0.16 (0.18� 0.45)

Λþ
c → Ξ0Kþ 0.73 (0.90) 0.57� 0.09 (1.00þ0.00

−0.02 ) 0.55� 0.07 (0.77� 0.78)

Λþ
c → pπ0 0.13 (−0.97) 0.11þ0.13

−0.11 (0.24� 0.68) < 0.27

Λþ
c → pη 1.28 (−0.55) 1.12� 0.28 (−1.00þ0.06

−0.00 ) 1.24� 0.29

Λþ
c → nπþ 0.76� 0.11 (0.27� 0.11)

Λþ
c → ΛKþ 1.07 (−0.96) 0.66� 0.09 (0.09� 0.26) 0.61� 0.12

Λþ
c → Σ0Kþ 0.72 (−0.73) 0.52� 0.07 (−0.98þ0.05

−0.02 ) 0.52� 0.08

Λþ
c → ΣþK0 1.44 (−0.73) 1.05� 0.14 (−0.98þ0.05

−0.02 )

11We have confirmed that the sign of the factorizable con-
tribution in the earlier work of [23] has to be flipped due to the
sign convention with the form factors f1 and g1.
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In Tables VI and VII we compare our results for Λþ
c and

Ξþ;0
c decays, respectively, with the SUð3ÞF approach in

[15,48] in which the parameters for both S- and P-wave
amplitudes are obtained by fitting to the data.12

We see from Table VI that it appears the SU(3) approach
gives a better description of the measured branching
fractions because it fits to the data. However, it is worth
mentioning that in the beginning the SU(3) practitioners
tended to make the assumption of the sextet 6 dominance
over 15. Under this hypothesis, one leads to BðΛþ

c →
pπ0Þ ∼ 5 × 10−4 [13,47], which exceeds the current exper-
imental limit of 2.7 × 10−4 [49]. Our dynamic calculation in
[26] predicted BðΛþ

c → pπ0Þ ∼ 1 × 10−4. As far as the
branching fraction is concerned, it is important to measure
the mode Λþ

c → nπþ to distinguish our prediction from the

SU(3) approach. As for decay asymmetries, while we agree
on the sign and magnitude of αðΞ0KþÞ, we disagree on the
sign ofα inΛKþ. Hopefully, these can be tested in the future.
It is clear from Table VII that except for Ξþ

c → ΣþK̄0,
Ξ0πþ, Ξ0Kþ, and Ξ0

c → Ξ−πþ, Ξ−Kþ all the branching
fractions of Ξþ;0

c decays in this work and in the SU(3)
approach are consistent with each other within a factor of 2.
Furthermore, we agree on the signs of decay asymmetries
except Ξþ

c → ΣþK̄0 and Ξþ
c → Ξ0Kþ.13 Notice that both

approaches lead to BðΞ0
c → Ξ−πþÞ ≫ BðΞþ

c → Ξ0πþÞ,
contrary to the current data. Hence, it is of great importance
to measure the branching fractions of them more accurately
in order to test their underlying mechanism.

D. Theoretical uncertainties

In this subsection we discuss the major theoretical
uncertainties one may encounter in this work.

TABLE VII. Comparison of this work with [15,48] for the branching fractions in units of 10−2 for Cabibbo-favored Ξþ;0
c decays (upper

entry) and 10−3 for singly Cabibbo-suppressed ones (lower entry). Decay asymmetries are shown in parentheses. Experimental results
are taken from [9–11] for branching fractions and [41] for decay asymmetry.

Modes This work Geng et al. [15,48] Experiment

Ξþ
c → ΣþK̄0 0.20 (−0.80) 0.78þ1.02

−0.78 (0.93þ0.07
−0.14 )

Ξþ
c → Ξ0πþ 1.72 (−0.78) 0.42� 0.17 (−0.43� 0.57) 1.57� 0.83

Ξ0
c → ΛK̄0 1.33 (−0.86) 1.42� 0.09 (−0.85þ0.16

−0.15 )

Ξ0
c → Σ0K̄0 0.04 (−0.94) 0.09þ0.11

−0.09 (0.30þ0.70
−0.84 )

Ξ0
c → ΣþK− 0.78 (0.98) 0.76� 0.14 (0.93þ0.07

−0.08 )

Ξ0
c → Ξ0π0 1.82 (−0.77) 1.00� 0.14 (−0.96þ0.05

−0.04 )

Ξ0
c → Ξ0η 2.67 (0.30) 1.30� 0.23 (0.80� 0.16)

Ξ0
c → Ξ−πþ 6.47 (−0.95) 2.95� 0.14 (−1.00þ0.01

−0.00 ) 1.80� 0.52 (−0.6� 0.4)

Ξþ
c → Λπþ 0.85 (−0.33) 1.23� 0.42 (0.03� 0.18)

Ξþ
c → Σ0πþ 4.30 (−0.95) 2.65� 0.25 (−0.61� 0.12)

Ξþ
c → Σþπ0 1.36 (0.23) 2.61� 0.67 (−0.18� 0.36)

Ξþ
c → Σþη 0.32 (0.36) 1.50� 1.06 (0.30� 0.60)

Ξþ
c → pK̄0 3.96 (−0.83) 4.64� 0.72 (−0.83� 0.06)

Ξþ
c → Ξ0Kþ 2.20 (−0.98) 0.76� 0.12 (0.39� 0.16)

Ξ0
c → Λπ0 0.24 (−0.41) 0.31� 0.11 (0.08� 0.22)

Ξ0
c → Λη 0.81 (−0.59) 0.79� 0.27 (−0.17� 0.26)

Ξ0
c → Σ0π0 0.38 (−0.98) 0.50� 0.09 (−0.74� 0.25)

Ξ0
c → Σ0η 0.05 (0.36) 0.18� 0.11 (−0.20� 0.76)

Ξ0
c → Σ−πþ 2.62 (−0.90) 1.83� 0.09 (−0.99� 0.01)

Ξ0
c → Σþπ− 0.71 (0.89) 0.49� 0.09 (0.91� 0.09)

Ξ0
c → pK− 0.35 (0.99) 0.60� 0.13 (0.82� 0.11)

Ξ0
c → nK̄0 1.40 (−0.89) 1.07� 0.06 (−0.74� 0.12)

Ξ0
c → Ξ0K0 1.32 (−0.85) 0.96� 0.04 (−0.53� 0.09)

Ξ0
c → Ξ−Kþ 3.90 (−0.97) 1.28� 0.06 (−1.00þ0.01

−0.00 )

12Many early studies in the SUð3ÞF approach have overlooked
the fact that charmed baryon decays are governed by several
different partial-wave amplitudes that have distinct kinematic and
dynamic effects.

13Those predictions of α with the uncertainty greater than the
central value are not taken into account for comparison.

ZOU, XU, MENG, and CHENG PHYS. REV. D 101, 014011 (2020)

014011-14



(i) Wave functions in the MIT bag model. In the bag
model the quark spatial wave function in the ground 1S1=2
state has the expression

ψ1S1=2 ¼
�

iuðrÞχ
vðrÞσ · r̂χ

�
; ð46Þ

where uðrÞ and vðrÞ are the large and small components of
the quark wave function, respectively. In this work, we have
employed the following bag parameters,

mu ¼ md ¼ 0; ms ¼ 0.279 GeV;

mc ¼ 1.551 GeV; R ¼ 5 GeV−1; ð47Þ

where R is the radius of the bag. The uncertainties in the
bag parameters affect the estimation of hadron matrix
elements, form factors, and the strong couplings.
(ii) Form factors and Wilson parameters in factorizable

amplitudes. The uncertainties in the factorizable amplitudes
given in Eq. (15) arise from the Wilson parameters a1;2 and
the form factors f1ðm2

PÞ and g1ðm2
PÞ. The measurement of

Λþ
c → pϕ allows us to fix a2 to be −0.45� 0.05 [26],

which in turn implies that a1 ¼ 1.26� 0.02. Form factors
are first evaluated at zero recoil using the bag model. Their
q2 dependence is then determined based on the assumption
of nearest pole dominance.
(iii) Nonfactorizable S-wave amplitude in current

algebra. We have employed current algebra to evaluate
S-wave amplitudes to circumvent the troublesome 1=2−

intermediate baryon resonances, which are not well under-
stood in the quark model. Since current algebra is valid in
the soft meson limit, it is natural to expect a correction
of order q2=Λ2

χ where Λχ ∼ 1 GeV is a chiral symmetry
breaking scale and q2 is the c.m. three-momentum squared
of the pseudoscalar meson produced in charmed baryon
decays.
Among the antitriplet charmed baryon decays,Λþ

c → pϕ
is the only purely factorizable process. Also it is very
difficult to quantify the errors from part (iii). Therefore, we
focus on the uncertainties arising from the wave functions

in the bag model. By varying the bag radius R from
5.0 GeV−1 (or 0.987 fm) to 4.8 and 5.2 GeV−1, we obtain
bag integrals slightly different from that given in Eqs. (D5)
and (D14). This allows one to estimate the uncertainties in
baryon matrix elements and the axial-vector form factors.
Take Λþ

c → Ξ0Kþ and Ξ0
c → ΣþK− as examples for

illustration as they proceed only through nonfactorizable
diagrams. We obtain BðΛþ

c → Ξ0KþÞ ¼ ð0.73þ0.20
−0.15Þ% and

BðΞ0
c → ΣþK−Þ ¼ ð0.46þ0.13

−0.10Þ%. Hence a slight change of
the bag radius by 4% results in ð20–30Þ% uncertainties in
branching fractions.

IV. CONCLUSION

In this work we have systematically studied the branch-
ing fractions and up-down decay asymmetries of CF and
SCS decays of antitriplet charmed baryons. To estimate the
nonfactorizable contributions, we work in the pole model
for the P-wave amplitudes and current algebra for S-wave
ones. Throughout the whole calculations, all the non-
perturbative parameters, including form factors, baryon
matrix elements, and axial-vector form factors are evalu-
ated using the MIT bag model.
We draw some conclusions from our analysis.
(i) The long-standing puzzle with the branching frac-

tion and decay asymmetry of Λþ
c → Ξ0Kþ is re-

solved by realizing that only the type-IIW-exchange
diagram contributes to this mode. We find that not
only does the predicted rate agree with experiment,
but also the decay asymmetry is consistent in sign
and magnitude with the SU(3) flavor approach.
Hence, it is most likely that αðΛþ

c → Ξ0KþÞ is large
and positive.

(ii) In analog toΛþ
c → Ξ0Kþ, the CF mode Ξ0

c → ΣþK−

and the SCS decays Ξ0
c → pK−, Σþπ− proceed only

through type-II W exchange. They are predicted to
have large and positive decay asymmetries. This can
be tested in the near future.

(iii) The predicted BðΞþ
c → Ξ0πþÞ agrees well with

the measurement inferred from Belle and CLEO,
while the calculated BðΞ0

c → Ξ−πþÞ is too large

TABLE VIII. Same as Table II except for Λþ
c decays.

Modes (cq̄) f1ðq2maxÞ f1ðm2
PÞ=f1ðq2maxÞ f1ðm2

PÞ g1ðq2maxÞ g1ðm2
PÞ=g1ðq2maxÞ g1ðm2

PÞ
Λþ
c → pK̄0 ðcd̄Þ −

ffiffi
6

p
2
Y1

0.343423 −0.371 −
ffiffi
6

p
2
Y2

0.518518 −0.488

Λþ
c → Λπþ ðcs̄Þ Ys

1 0.440793 0.419 Ys
2 0.590594 0.507

Λþ
c → pπ0 ðcd̄Þ −

ffiffi
6

p
2
Y1

0.305365 −0.330 −
ffiffi
6

p
2
Y2

0.478571 −0.450

Λþ
c → pη ðcd̄Þ, ðcs̄Þ −

ffiffi
6

p
2
Y1

0.353139 −0.382 −
ffiffi
6

p
2
Y2

0.52837 −0.497

Λþ
c → nπþ ðcd̄Þ −

ffiffi
6

p
2
Y1

0.306517 −0.331 −
ffiffi
6

p
2
Y2

0.479606 −0.451

Λþ
c → ΛKþ ðcs̄Þ Ys

1 0.494403 0.470 Ys
2 0.638728 0.549

TWO-BODY HADRONIC WEAK DECAYS OF ANTITRIPLET … PHYS. REV. D 101, 014011 (2020)

014011-15



compared to the recent Belle measurement. We find
BðΞ0

c → Ξ−πþÞ ≫ BðΞþ
c → Ξ0πþÞ and conclude

that these two modes cannot be simultaneously
explained within the current-algebra framework
for S-wave amplitudes. On-shell corrections to the
current-algebra results are probably needed to cir-
cumvent the difficulty with Ξ0

c → Ξ−πþ. More
accurate measurements of them are called for to
set the issue.

(iv) Owing to large cancellation between factorizable
and nonfactorizable contributions for both S- and P-
wave amplitudes, we argue that the present theo-
retical predictions of Λþ

c → nπþ are unreliable. It is
important to measure this SCS mode to understand
its underlying mechanism.

(v) Although Ξ0
c →Σ0K̄0 and Ξþ

c → ΣþK̄0 are Cabibbo-
favored decays, their branching fractions are small
especially for the former due to large destructive
interference between factorizable and nonfactoriz-
able amplitudes.

(vi) We have compared our results with the approach
of SU(3) flavor symmetry. Excluding those predic-
tions of α with the uncertainty greater than the
central value, we find that both approaches agree

on the signs of decay asymmetries except
the decay modes, Ξþ

c → ΣþK̄0 and Ξþ
c → Ξ0Kþ.

We also agree on the hierarchy BðΞ0
c → Ξ−πþÞ ≫

BðΞþ
c → Ξ0πþÞ.

(vii) We have identified several major sources of theo-
retical uncertainties and given some crude estima-
tion of errors on branching fractions provided that
uncertainty arises from the MIT bag-model wave
functions.
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APPENDIX A: BARYON WAVE FUNCTIONS

Throughout this paper, we follow the convention in [26]
for the wave functions of baryons with Sz ¼ 1=2,

p ¼ 1ffiffiffi
3

p ½uudχS þ ð13Þ þ ð23Þ�; n ¼ −
1ffiffiffi
3

p ½dduχS þ ð13Þ þ ð23Þ�;

Σþ ¼ −
1ffiffiffi
3

p ½uusχS þ ð13Þ þ ð23Þ�; Σ0 ¼ 1ffiffiffi
6

p ½ðudsþ dusÞχS þ ð13Þ þ ð23Þ�;

Ξ0 ¼ 1ffiffiffi
3

p ½ssuχS þ ð13Þ þ ð23Þ�; Ξ− ¼ 1ffiffiffi
3

p ½ssdχS þ ð13Þ þ ð23Þ�;

Λ ¼ −
1ffiffiffi
6

p ½ðuds − dusÞχA þ ð13Þ þ ð23Þ�; Λþ
c ¼ −

1ffiffiffi
6

p ½ðudc − ducÞχA þ ð13Þ þ ð23Þ�;

Σþ
c ¼ 1ffiffiffi

6
p ½ðudcþ ducÞχS þ ð13Þ þ ð23Þ�; Σ0

c ¼
1ffiffiffi
3

p ½ddcχS þ ð13Þ þ ð23Þ�;

Ξþ
c ¼ 1ffiffiffi

6
p ½ðusc − sucÞχA þ ð13Þ þ ð23Þ�; Ξ0

c ¼
1ffiffiffi
6

p ½ðdsc − sdcÞχA þ ð13Þ þ ð23Þ�;

Ξ0þ
c ¼ 1ffiffiffi

6
p ½ðuscþ sucÞχS þ ð13Þ þ ð23Þ�; Ξ00

c ¼ 1ffiffiffi
6

p ½ðdscþ sdcÞχS þ ð13Þ þ ð23Þ�;

Ω0
c ¼

1ffiffiffi
3

p ½sscχs þ ð13Þ þ ð23Þ�; Σ− ¼ 1ffiffiffi
3

p ½ddsχs þ ð13Þ þ ð23Þ�; ðA1Þ

where abcχS ¼ ð2a↑b↑c↓ − a↑b↓c↑ − a↓b↑c↑Þ= ffiffiffi
6

p
and abcχA ¼ ða↑b↓c↑ − a↓b↑c↑Þ= ffiffiffi

2
p

. There are two useful relations
under the U, V, and I spin,

abcχs þ
ffiffiffi
3

p
abcχA ¼ −

ffiffiffi
2

3

r
ð2a↓b↑c↑ − a↑b↑c↓ − a↑b↓c↑Þ;

abcχs −
ffiffiffi
3

p
abcχA ¼ −

ffiffiffi
2

3

r
ð2a↑b↓c↑ − a↑b↑c↓ − a↓b↑c↑Þ: ðA2Þ
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APPENDIX B: BARYONS UNDER U, V,
AND I SPIN

In practical calculations, we need to specify the behav-
iors of baryon wave functions under the isospin, U-spin,
and V-spin ladder operators. Based on the wave functions
given by Eq. (A1), we have the following relations,

UþjΣþi ¼ −jpi; UþjΞ−i ¼ −jΣ−i;

UþjΣ0i ¼
ffiffiffi
2

p

2
jni; UþjΛi ¼ −

ffiffiffi
6

p

2
jni;

UþjΞ0i ¼ −
ffiffiffi
2

p

2
jΣ0i þ

ffiffiffi
6

p

2
jΛi; UþjΞþ

c i ¼ −jΛþ
c i;

U−jΣ0i ¼ −
ffiffiffi
2

p

2
jΞ0i; U−jΛi ¼

ffiffiffi
6

p

2
jΞ0i;

U−jni ¼
ffiffiffi
2

p

2
jΣ0i −

ffiffiffi
6

p

2
jΛi; U−jpi ¼ −jΣþi;

ðB1Þ

for U-spin ladder operators,

VþjΞ0i ¼ jΣþi; VþjΣ−i ¼ −jni;

VþjΛi ¼ −
ffiffiffi
6

p

2
jpi; VþjΣ0i ¼ −

ffiffiffi
2

p

2
jpi;

VþjΞ−i ¼ −
ffiffiffi
2

p

2
jΣ0i −

ffiffiffi
6

p

2
jΛi; VþjΞ0

ci ¼ jΛþ
c i;

V−jpi ¼ −
ffiffiffi
2

p

2
jΣ0i −

ffiffiffi
6

p

2
jΛi; V−jΣþi ¼ jΞ0i;

ðB2Þ

for V-spin ladder operators, and

Iþjni ¼ jpi; IþjΞ−i ¼ jΞ0i;
IþjΣ−i ¼

ffiffiffi
2

p
jΣ0i; IþjΣ0i ¼ −

ffiffiffi
2

p
jΣþi;

IþjΛi ¼ 0; IþjΞ0
ci ¼ jΞþ

c i;
I−jΞþ

c i ¼ jΞ0
ci; I−jΣþi ¼ −

ffiffiffi
2

p
jΣ0i; ðB3Þ

for isospin ladder operators. Note that some of the relations
may have signs different from the textbook due to our wave
function convention. The ladder operators satisfy the
commutator relations

½Uþ; U−� ¼ 2U3; ½Vþ; V−� ¼ 2V3; ½Iþ; I−� ¼ 2I3:

ðB4Þ

APPENDIX C: FORM FACTORS
FOR Λ+

c DECAYS

Form factors for Λþ
c → B transitions evaluated in the

MIT bag model are shown in Table VIII. For Λþ
c → pη8,

we have assumed that form factors are dominated by the
ðcd̄Þ quark content.

APPENDIX D: HADRONIC MATRIX ELEMENTS
AND AXIAL-VECTOR FORM FACTORS

We use the MIT bag model to evaluate the baryon matrix
elements and the axial-vector form factors (see, e.g., [34]
for details).

1. Baryon matrix elements

The hadronic matrix elements aB0B play an essential
role both in S-wave and P-wave amplitudes. The general
expressions are given by

aB0B≡ hB0jHPC
eff jBi¼

8<
:

GF

2
ffiffi
2

p VcsV�
udc−hB0jO−jBi; CF

GF

2
ffiffi
2

p VcqV�
uqc−hB0jOq

−jBi; SCS

ðD1Þ

for CF and SCS processes, respectively, where q ¼ d, s.
Note that in SCS process there are in general two
operators. For the definition of operators and Wilson
coefficients, taking CF process as an example, we have
O− ¼ ðs̄cÞðūdÞ − ðs̄dÞðūcÞ, c− ¼ c1 − c2 and then we
have the relation cþOþ þ c−O− ¼ 2ðc1O1 þ c2O2Þ. The
matrix element of Oþ vanishes since this operator is
symmetric in color indices. Below, we show the results
of hB0jOðqÞ

− jBi in the MIT bag model.
The relevant matrix elements for Cabibbo-favored proc-

esses are

hΣþjO−jΛþ
c i ¼ −

2
ffiffiffi
6

p

3
ðX1 þ 3X2Þð4πÞ;

hΞ0jO−jΞ0
ci ¼

2
ffiffiffi
6

p

3
ðX1 − 3X2Þð4πÞ;

hΞ0jO−jΞ00
c i ¼ −

2
ffiffiffi
2

p

3
ðX1 þ 9X2Þð4πÞ;

hΣ0jO−jΣ0
ci ¼ −

2
ffiffiffi
2

p

3
ðX1 − 9X2Þð4πÞ;

hΣþjO−jΣþ
c i ¼

2
ffiffiffi
2

p

3
ðX1 − 9X2Þð4πÞ;

hΛjO−jΣ0
ci ¼ −

2
ffiffiffi
6

p

3
ðX1 þ 3X2Þð4πÞ; ðD2Þ

while the nonvanishing matrix elements for SCS decays are
given by
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hΣ0jOd
−jΞ0

ci ¼ −
4

ffiffiffi
3

p

3
Xd
1ð4πÞ; hΣ0jOd

−jΞ00
c i ¼

4

3
Xd
1ð4πÞ;

hΛjOd
−jΞ0

ci ¼ −4Xd
2ð4πÞ; hΛjOd

−jΞ00
c i ¼ −4

ffiffiffi
3

p
Xd
2ð4πÞ;

hpjOd
−jΣþ

c i ¼ −
2

ffiffiffi
2

p

3
ðXd

1 − 9Xd
2Þð4πÞ; hpjOd

−jΛþ
c i ¼

2
ffiffiffi
6

p

3
ðXd

1 þ 3Xd
2Þð4πÞ;

hnjOd
−jΣ0

ci ¼
4

3
ðXd

1 þ 9Xd
2Þð4πÞ; hΣ0jOs

−jΞ00
c i ¼ −

2

3
ðXs

1 − 9Xs
2Þð4πÞ;

hΛjOs
−jΞ0

ci ¼ −2ðXs
1 − Xs

2Þð4πÞ; hΛjOs
−jΞ00

c i ¼ −
2

ffiffiffi
3

p

3
ðXs

1 þ 3Xs
2Þð4πÞ;

hΞ0jOs
−jΩ0

ci ¼ −
4

3
ðXs

1 þ 9Xs
2Þð4πÞ; hΣþjOs

−jΞþ
c i ¼

2
ffiffiffi
6

p

3
ðXs

1 þ 3Xs
2Þð4πÞ;

hΣþjOs
−jΞ0þ

c i ¼ 2
ffiffiffi
2

p

3
ðXs

1 − 9Xs
2Þð4πÞ; hΣ0jOs

−jΞ0
ci ¼ −

2
ffiffiffi
3

p

3
ðXs

1 þ 3Xs
2Þð4πÞ; ðD3Þ

where we have introduced the bag integrals

X1 ¼
Z

R

0

r2drðusvu − vsuuÞðucvd − vcudÞ; X2 ¼
Z

R

0

r2drðusuu þ vsvuÞðucud þ vcvdÞ;

Xq
1 ¼

Z
R

0

r2drðuqvu − vquuÞðuqvc − vqucÞ; Xq
2 ¼

Z
R

0

r2drðuqvu þ vquuÞðuqvc þ vqucÞ; ðD4Þ

with q ¼ d, s. Numerically, we obtain

Xd
1 ¼ 0; Xd

2 ¼ 1.60 × 10−4; Xs
1 ¼ 2.60 × 10−6;

Xs
2 ¼ 1.96 × 10−4; X1 ¼ 3.56 × 10−6; X2 ¼ 1.74 × 10−4: ðD5Þ

2. Axial-vector form factors

In the MIT bag model the axial form factor in the static limit can be expressed as

gAðPÞB0B ¼ hB0↑jb†q1bq2σzjB↑i
Z

d3r

�
uq1uq2 −

1

3
vq1vq2

�
: ðD6Þ

Based on Eq. (D6), the axial-vector form factors related to CF processes are14

gAðK̄
0Þ

Λþ
c Ξþ

c
¼ gAðπ

þÞ
Ξ0
cΞþ

c
¼ gAðπ

0Þ
Ξ0
cΞ0

c
¼ gAðη8ÞΞ0

cΞ0
c
¼ 0; ðD7Þ

gAðπ
þÞ

Ξ00
c Ξþ

c
¼

ffiffiffi
3

p
gAðπ

þÞ
Ξ−Ξ0 ¼ −2gAðπ

0Þ
Ξ00
c Ξ0

c
¼ 2

ffiffiffi
3

p
gAðπ

0Þ
Ξ0Ξ0 ¼ 2ffiffiffi

3
p gAðη8ÞΞ00

c Ξ0
c

¼ 2

3
gAðη8ÞΞ0Ξ0 ¼ gAðη8ÞΛΛ ¼ −

ffiffiffi
3

p

3
ð4πZ1Þ; ðD8Þ

gAðK̄
0Þ

Σþ
c Ξþ

c
¼

ffiffiffi
2

p

2
gAðK̄

0Þ
Σ0
cΞ0

c
¼

ffiffiffi
2

p
gAðK̄

0Þ
ΛΞ0 ¼ −

ffiffiffi
6

p

5
gAðK̄

0Þ
Σ0Ξ0 ¼

ffiffiffi
3

p

5
gAðK

−Þ
ΣþΞ0 ¼

ffiffiffi
3

p

3
ð4πZ2Þ; ðD9Þ

and

gAðη8ÞΞþ
c Ξþ

c
¼ gAðη8ÞΣ0Λ ¼ gAðη8ÞΛΣ0 ¼ gAðπ

0Þ
ΛΛ ¼ gAðπ

0Þ
Σ0Σ0 ¼ 0; ðD10Þ

14Recall that the axial-vector current is ðūγμγ5u − d̄γμγ5dÞ=2 for π0 and ðūγμγ5uþ d̄γμγ5d − 2s̄γμγ5sÞ=ð2
ffiffiffi
3

p Þ for η8 in our
convention.
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gAðπ
0Þ

ΛΣ0 ¼ gAðπ
0Þ

Σ0Λ ¼ gAðη8ÞΣ0Σ0 ¼ gAðη8ÞΣþΣþ ¼ −gAðη8ÞΛΛ ¼ −
2

ffiffiffi
3

p

3
gAðη8ÞΞ0þ

c Ξþ
c
¼

ffiffiffi
3

p

2
gAðπ

0Þ
ΣþΣþ ¼

ffiffiffi
2

p

2
gAðπ

þÞ
ΛΣþ ;

¼ −
ffiffiffi
6

p

4
gAðπ

þÞ
Σ0Σþ ¼

ffiffiffi
6

p

4
gAðπ

þÞ
Σ−Σ0 ¼

ffiffiffi
2

p

2
gAðπ

þÞ
Σ−Λ ¼ −

ffiffiffi
6

p

4
gAðπ

−Þ
ΣþΣ0 ¼

ffiffiffi
2

p

2
gAðπ

−Þ
ΣþΛ ¼

ffiffiffi
3

p

3
ð4πZ1Þ; ðD11Þ

gAðK̄
0Þ

pΣþ ¼ −
ffiffiffi
6

p

6
gAðK

þÞ
Ω0

cΞþ
c

¼ −
ffiffiffi
6

p

6
gAðK

0Þ
Ω0

cΞ0
c
¼ −

ffiffiffi
2

p

5
gAðK

0Þ
Ξ0Σ0 ¼

ffiffiffi
6

p

3
gAðK

0Þ
Ξ0Λ

¼ −
ffiffiffi
2

p

5
gAðK

þÞ
Ξ−Σ0 ¼ −

ffiffiffi
6

p

3
gAðK

þÞ
Ξ−Λ ¼

ffiffiffi
2

p
gAðK

−Þ
pΣ0 ¼ −

ffiffiffi
6

p

9
gAðK

−Þ
pΛ

¼ −
ffiffiffi
6

p

9
gAðK̄

0Þ
nΛ ¼ −

ffiffiffi
2

p
gAðK̄

0Þ
nΣ0 ¼ 1

5
gAðK

þÞ
Ξ0Σþ ¼ 1

3
ð4πZ2Þ; ðD12Þ

for SCS processes, where the auxiliary parameters are introduced,

Z1 ¼
Z

r2dr

�
u2u −

1

3
v2u

�
; Z2 ¼

Z
r2dr

�
uuus −

1

3
vuvs

�
; ðD13Þ

in the bag model. The numerical results are

ð4πÞZ1 ¼ 0.65; ð4πÞZ2 ¼ 0.71: ðD14Þ
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