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The problem of eliminating divergences arising in quantum gravity is generally addressed by modifying
the classical Einstein-Hilbert action. These modifications might involve the introduction of a local
supersymmetry, the addition of terms that are higher order in the curvature to the action, or invoking
compactification of superstring theory from ten to four dimensions. An alternative to these approaches is to
introduce a Lagrange multiplier field that restricts the path integral to field configurations that satisfy the
classical equations of motion; this has the effect of doubling the usual one-loop contributions and of
eliminating all effects beyond one loop. We show how this reduction of loop contributions occurs and
find the gauge invariances present when such a Lagrange multiplier is introduced into the Yang-Mills
and Einstein-Hilbert actions. Moreover, we quantize using the path integral, discuss the renormalization,
and then show how Becchi-Rouet-Stora-Tyutin (BRST) invariance can be used to both demonstrate that
unitarity is retained and to find BRST relations between Green’s functions. In the Appendices we show how
background field quantization can be implemented, consider the use of a Lagrange multiplier field to
restrict higher-order contributions in supersymmetric theories, and derive the BRST equations satisfied
by the generating functional.
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I. INTRODUCTION

The removal of ultraviolet divergences that arise in
quantum field theory has been a long-standing problem.
The issue was treated systematically by Dyson [1], but even
then divergences arising beyond one-loop order presented
special problems [2,3]. Renormalization to all orders is
feasible only if the coupling constant is dimensionless unless
symmetries that are present in the classical Lagrangian result
in a cancellation between different divergent contributions.
This is what makes renormalization of divergences arising
when one quantizes the Einstein-Hilbert (EH) action prob-
lematic. At one-loop order, divergences are proportional to
terms that vanish if the classical equation of motion for the

background field is satisfied and surface terms are discarded,
so a shift in the background field eliminates these diver-
gences [4–6], but beyond one-loop order [7,8] or if the
metric couples to matter fields [4,8–10] this shift is no
longer feasible. This makes it apparent that quantization and
renormalization of the gravitational field are necessarily
different from the procedures that worked in electrodynam-
ics and Yang-Mills (YM) theory.
A great deal of effort has been devoted to modifying the

gravitational theory to obtain a model that is renormaliz-
able and unitary while having general relativity (GR) as a
classical limit when in four dimensions. These attempts
have met with varying degrees of success. In supergravity
models, the usual generators of Poincaré symmetry are
supplemented with Fermionic generators of a local gauge
transformation [11–13]. The resulting supergravity theo-
ries have improved ultraviolet behavior [14], but even the
most symmetric of the models (N ¼ 8 supergravity) may
or may not be renormalizable [15], although at lower
orders in the loop expansion some unexpected cancella-
tions of divergences appear [16]. In these supergravity
models, there are also superparticles that have as yet been
unobserved.
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Another approach is to introduce into the EH action
terms of quadratic or higher order in the Riemann tensor.
These terms suppress the contribution of the graviton
propagator and hence can make it possible to have
renormalization [17]. However, these propagators may
now have unacceptable ghost poles, though it is possible
that this shortcoming may be overcome [18]. Besides, it
may not be possible to reconcile these extra terms in the
classical action with observations.
Treating the EH action as a low energy limit of a

superstring is also a possible approach to the problem of
quantizing gravity. This approach has many appealing
features, but it also gives rise to several problems [19–21].
The first quantized version of the model requires it to be
defined in ten dimensions, which must be compactified in
some way to 3þ 1 dimensions. There is no fully satisfactory
way of second quantizing the superstring. There is a myriad
of ground states. Many as yet unobserved particles are
predicted. Incorporating the standard model into superstring
theory has not proved to be straightforward.
Loop quantum gravity [22] is another approach to

quantizing gravity, but it too faces problems when recon-
ciling with GR when treating a dynamical metric coupled to
matter fields in the classical limit.
It has also been proposed that couplings induced by

divergences that arise in the quantized EH action are
“asymptotically safe” [23]; that is, they approach a fixed
point in the high energy limit. This has proved to be
difficult to demonstrate.
If one were to simply do a canonical analysis of the EH

action [24,25] then it is difficult to obtain covariant results
when using the constraint structure to quantize the theory.
We propose a relatively uncomplicated way of quantizing

the EH action that makes it possible to remove divergences
induced by quantum effects without losing unitarity and that
retains GR in the classical limit. It involves simply intro-
ducing a term into the action in which a Lagrange multiplier
(LM) field is used to ensure that the classical equations of
motion are satisfied. If one quantizes a classical Lagrangian
for a field ϕi that has been supplemented by such a term by
using the path integral formalism, it can be shown that the
one-loop radiative corrections to the classical action are
twice those that occur if the term involving the LM were
absent, and that all radiative effects beyond one-loop order
are absent. The introduction of such a LM field has been
considered in YM theory [26] in the Proca model [27] and
with the EH Lagrangian [28].
Not having any radiative effects arising beyond one-loop

order simplifies the renormalization procedure needed to
remove ultraviolet divergences that may arise. This is of
particular relevance in dealing with the EH action; we
discuss below how all divergences (confined to one-loop
order with the introduction of the LM field) can be
absorbed into the LM field even when the metric interacts
with matter fields.

There are precedents for considering actions in which a
field occurs linearly, much like the LM field we use. For
example, Jackiw [29] and Teitelboim [30] have provided
dynamics for the metric field in 1þ 1 dimensions by
introducing a field that occurs linearly in the action;
Chamseddine [31] has used this approach in conjunction
with the Bosonic string. In another example, Gozzi [32] has
considered a path integral formulation of classical mechanics
by using a LM to completely reduce the path integral to a
Dirac delta function that restricts all field configuration to
those satisfying the classical equations of motion.Witten [33]
has discussed the Einstein-Cartan form of the action in GR in
2þ 1 dimensions; in this action the “dreibein” field occurs
only linearly, making it possible to solve the theory. Having a
field occur only linearly in the action is also a feature of the
Palatini form of the EH action in 1þ 1 dimensions [34].
In the next section, we show how the introduction of a

LM can be used to eliminate all loop diagrams beyond one-
loop order and to double the usual one-loop contribution.
This is done for an arbitrary theory, quantized using the
path integral. We present both a general argument and one
that employs Feynman diagrams. Next, we present a
discussion of how the gauge symmetries, present in the
original action, are affected by the introduction of the LM
field and the consequences for quantization examined when
using the Faddeev-Popov (FP) procedure [35].
We then apply these general considerations to the YM

and EH actions. How the surviving one-loop divergences
can be removed is then discussed.
An analysis of the Becchi-Rouet-Stora-Tyutin (BRST)

[36,37] invariance of both the YM and EH actions is then
considered. This approach can be used both to relate
different Green’s functions and to prove unitarity in these
models.
In the Appendix A, we show how the use of a background

field [38,39] when quantizing modifies the LM approach.
We do this as performing perturbative calculations with the
EH action is only feasible if a background field is introduced.
By adopting the approach of Refs. [39], we show that using
the background field should not be viewed as a deficiency of
a quantization procedure for GR as is sometimes stated. The
background field is naturally introduced by the formalism; it
is not an ad hoc entity that leaves the resulting quantized
theory somehow noncovariant.
The Appendix B deals with two supersymmetric models.

First, the Wess-Zumino model with the LM field is
considered, and then supergravity is discussed. The
BRST equations are derived in a Appendix C.

II. THE GENERAL FORMALISM

Let us consider the action

S½ϕi� ¼
Z

dxLðϕiÞ ð2:1Þ
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for a field ϕi. The path integral quantization procedure
makes use of the generating functional

Z½ji� ¼
Z

Dϕi exp
i
ℏ

Z
dxðLðϕiÞ þ jiϕiÞ: ð2:2Þ

In Eq. (2.2) we now make the replacement [28]

LðϕiÞ þ jiϕi → lim
η→∞

�
1þ η

2
ðLðϕþiÞ þ jiϕþiÞ

þ 1 − η

2
ðLðϕ−iÞ þ jiϕ−iÞ

�
; ð2:3Þ

where

ϕ�i ≡ ϕi �
1

η
λi; ð2:4Þ

then Eq. (2.2) becomes (if we set ℏ ¼ 1)

Z½ji� ¼
Z

DλiDϕi exp i
Z

dx

�
LðϕiÞ þ λj

∂LðϕiÞ
∂ϕj

þ jiðϕi þ λiÞ
�
: ð2:5Þ

Integration over the LM field λi results in a functional
δ-function so that

Z½ji� ¼
Z

Dϕiδ

�∂L
∂ϕj

þ jj

�
exp i

Z
dx½LðϕiÞ þ jiϕi�:

ð2:6Þ

One can now make use of the functional analogue of the
integral [26–28]

Z
∞

−∞
dxδðfðxÞÞgðxÞ ¼

X
i

gðx̄iÞ
jf0ðx̄iÞj

; ð2:7Þ

where x̄i is a solution of

fðx̄iÞ ¼ 0: ð2:8Þ

It is the functional analogue of jf0ðx̄iÞj occurring in (2.7)
that leads to a functional determinant appearing once the
functional integral over ϕi has been performed in Eq. (2.6);
we obtain

Z½ji� ¼
X
i

exp i
R
dx½Lðϕ̄iÞ þ jiϕ̄i�
detð∂2Lðϕ̄iÞ

∂ϕ̄j∂ϕ̄k
Þ

; ð2:9Þ

where ϕ̄i is a solution to the classical equation

∂Lðϕ̄iÞ
∂ϕ̄j

þ jj ¼ 0: ð2:10Þ

The exponential in Eq. (2.9) is the result of summing all
tree diagrams [40], while the functional determinant is the
square of all one-loop diagrams that arise from Eq. (2.5) if
λi were absent [i.e., if the action of Eq. (2.2) alone was
used]. No contributions beyond one-loop order arise.
External fields are on shell.
This general result can be recovered using an argument

that employs Feynman diagrams. If we expand LðϕiÞ so
that

LðϕiÞ ¼
1

2!
að2Þij ϕiϕj þ

1

3!
að3Þijkϕiϕjϕk

þ 1

4!
að4Þijklϕiϕjϕkϕl þ � � � ; ð2:11Þ

then in Eq. (2.5) we find that (with aðnÞ being symmetric)

Lþ λj
∂L
∂ϕj

þ jiðϕi þ λiÞ

¼
X
n¼2

�
1

n!
aðnÞi1���inϕi1 � � �ϕin þ

1

ðn− 1Þ!a
ðnÞ
ii2���inλiϕi2 � � �ϕin

�

þ jiðϕi þ λiÞ: ð2:12Þ

The terms bilinear in the fields λi, ϕi in Eq. (2.12) that give
rise to the propagators are

Lð2Þ ¼ 1

2!
ðϕi; λi Þ

 
að2Þij að2Þij

að2Þij 0

!�
ϕj

λj

�
: ð2:13Þ

Since

�
a a

a 0

�
−1

¼
�

0 a−1

a−1 −a−1

�
; ð2:14Þ

we see that there is no propagator hϕiϕji for the field ϕi.
There are, however, mixed propagators hλiϕji ¼ hϕiλji and
a propagator for the hλiλji for the LM field; all the vertices
have at most a single LM field attached to n ≥ 2 ϕi fields.
As a result, one cannot draw a Feynman diagram with
more than one loop and only the ϕi field can appear on an
external leg. Furthermore, only mixed propagators are
allowed in the internal lines. For example, the only
contributions to the four point function that follow from
the Feynman rules derived from Eq. (2.12) are only one-
loop order, and they are shown in Fig. 1. No higher loop
diagrams contribute.
It can be shown that the combinatoric factor for such

one-loop diagrams is always twice the one associated with
the usual Feynman diagrams, when there is no LM field.
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As a simple example of this property, one can compare the
combinatorial factors of each diagram in Fig. 1, with the
corresponding ones obtained from the theory described by
the action in Eq. (2.1). Consequently, the Feynman dia-
grams that follow from Eq. (2.12) give results consistent
with those of Eq. (2.9).

In gauge theory models, að2Þij has no inverse as it has
vanishing eigenvalues; in such models the action S in
Eq. (2.1) is form invariant under the replacement

ϕi → ϕ0
i ¼ ϕi þHijðϕkÞξj: ð2:15Þ

In order to render the path integral of Eq. (2.5) well defined
when this happens, we adopt the FP procedure. First
though we note that if the action S in Eq. (2.1) is invariant
under (2.15), then

Z
dxLðϕ0

iÞ ¼
Z

dx

�
LðϕiÞ þHijðϕiÞξj

∂L
∂ϕi

�

¼
Z

dxLðϕiÞ; ð2:16Þ

and so by Eq. (2.16) we have form invariance if

λi → λ0i ¼ λi þHijðϕkÞζj: ð2:17Þ

In addition, if under the gauge transformation of Eq. (2.15),

Z
dx

�
LðϕkÞ þ λi

∂LðϕkÞ
∂ϕi

�

¼
Z

dx

�
Lðϕ0

kÞ þ λi
∂ϕ0

j

∂ϕi

∂Lðϕ0
kÞ

∂ϕ0
j

�
; ð2:18Þ

there is form invariance if

λ0i ¼ λi þ λl
∂HijðϕkÞ

∂ϕl
ξj: ð2:19Þ

We thus see that there are now two gauge invariances
associated with the action appearing in Eq. (2.16); there is
that of Eqs. (2.15) and (2.19) as well as that of Eq. (2.17).

In order to eliminate the degeneracy occurring in the path
integral of Eq. (2.5) due to these two gauge invariances,
we adopt the usual FP procedure [35].
We choose to use the same gauge condition for the fields

ϕi and λi,

Fijϕj ¼ 0 ¼ Fijλj: ð2:20Þ

These need not be the same; indeed it is possible to
have more than one gauge condition applied to a gauge
field [41]. Next, a constant factor

Z
DξiDζiδ

"
Fij

 �
ϕj

λj

�
þ
 

0 Hjk

Hjk λl
∂Hjk

∂ϕl

!�
ζk

ξk

�!

−
�
pi

qi

�#
det

 
0 FijHjk

FijHjk Fij

�
λl

∂Hjk

∂ϕl

�! ð2:21Þ

is inserted into the path integral of Eq. (2.5). The functional
determinant in Eq. (2.21) can be rewritten in several useful
ways, as

det
�
0 A

A B

�
¼ −det2A ð2:22aÞ

or

¼ det

�
0 A

A Aþ B

�
; ð2:22bÞ

with A and B identified with FijHjk and Fijðλl ∂Hjk

∂ϕl
Þ,

respectively. The usual FP determinant when there is no
LM is detA, so the result of Eq. (2.22a) is expected. When
we discuss the BRST invariance below, Eq. (2.22b) is more
useful; we introduce Fermionic ghost fields ci, c̄i, di,
so that

det

�
0 A

A AþB

�
¼
Z

DciDc̄iDdiDd̄iexpiSghost; ð2:23Þ

(e)(b)(a) (c) (d)

FIG. 1. One-loop contributions to hϕiϕjϕkϕli. Internal lines contain only mixed propagators and the vertices contain a single
LM field.
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where

Sghost ¼
Z

dx

�
c̄i

�
Fij

�
Hjk þ λl

∂Hjk

∂ϕl

��
ck

þ d̄iFijHjkck þ c̄iFijHjkdk

�
: ð2:24Þ

We next insert a factor ofZ
DpiDqi exp

−i
2α

Z
dx½piNijpj þ 2piKijqj�det2Kij

ð2:25Þ

into Eq. (2.5). The determinant in Eq. (2.25) leads to the
square of the usual “Nielsen-Kallosh” ghost [42,43]; we set
N ¼ K ¼ I and henceforth ignore it. The integrals over p
and q in Eq. (2.25) can be performed using the δ-functions
in Eq. (2.21), leaving us with an effective action Seff ¼
Scl þ Sgf þ Sghost where

Scl ¼
Z

dx

�
Lþ λl

∂L
∂ϕl

�
ð2:26Þ

and

Sgf ¼
Z

dx

�
−NiFijðϕj þ λjÞ þ

α

2
NiNi

− LiFijϕj þ αNiLi

�
: ð2:27Þ

In Eq. (2.27),Ni and Li are “Nakanish-Lautrup” fields used
to linearize Sgf in the gauge fixing condition of Eq. (2.20)
and to make it possible to take the limit α → 0 [44,45].
We now apply these general considerations to the

specific instances of the YM and EH actions.

III. YANG-MILLS THEORY

We now examine how the LM field can be used to reduce
YM theory to one-loop order. In Ref. [26] this was
considered using the second order form of the action; here
we use the first order form

SYM ¼
Z

dx

�
−
1

2
Faμνð∂μAa

ν − ∂νAa
μ þ gfabcAb

μAc
νÞ

þ 1

4
FaμνFa

μν

�
; ð3:1Þ

in which the vector potential Aa
μ and the field strength Fa

μν

are treated as independent gauge fields ϕi [46]. Using these
two fields simplifies the interaction vertices in the theory.
Once a LM is introduced for these two fields, SYM is
supplemented by

SLM ¼
Z

dx

�
1

2
ΛaμνðFa

μν − faμνÞ þ λaνðDabμFb
μνÞ
�
; ð3:2Þ

where

DðAÞabμ ¼ ∂μδ
ab þ gfapbAp

μ ð3:3aÞ

and

Dap
μ Dpb

ν −Dap
ν Dpb

μ ¼ gfapbfpμν: ð3:3bÞ

Since SYM in Eq. (3.1) is invariant under the gauge
transformation

δAa
μ ¼ Dab

μ ξb ð3:4aÞ

and

δFa
μν ¼ gfabcFb

μνξ
c; ð3:4bÞ

we see that by Eqs. (2.17) and (2.19) we have in addition

δλaμ ¼ gfabcλbμξc; ð3:5aÞ

δΛa
μν ¼ gfabcΛb

μνξ
c; ð3:5bÞ

as well as

δλaμ ¼ Dab
μ ζb; ð3:6aÞ

δΛa
μν ¼ gfabcFb

μνζ
c: ð3:6bÞ

With the gauge conditions of Eq. (2.20) taken to be

∂ · Aa ¼ ∂ · λa ¼ 0; ð3:7Þ

Sgf þ Sghost of Eqs. (2.24) and (2.27) becomes

Z
dx

�
−Na∂μðAa

μ þ λaμÞ þ
α

2
NaNa − La∂μAa

μ

þ αNaLa þ c̄a∂ ·DabðAþ λÞcb þ c̄a∂ ·DabðAÞdb

þ d̄a∂ ·DabðAÞcb
�
: ð3:8Þ

As SYM þ SLM þ Sgf þ Sghost has the structure of
Eq. (2.12), we see that there are no diagrams beyond
one-loop order, with the tree level diagrams being those that
occur in normal YM theory and the one-loop diagrams
being doubled. As is demonstrated in Ref. [26], this means
that the one-loop divergences that arise can be removed
by an exact renormalization of the coupling g and the wave
function Aa

μ; the resulting β-function associated with the
running of g is twice the usual one-loop β-function in
normal YM theory.
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We now turn to how the LM field can be used in
conjunction with the EH action.

IV. GENERAL RELATIVITY

We now show how the LM field can be used to limit
radiative effects when used in conjunction with the Palatini
(first order) form of the EH action. The second order form
has been considered in Ref. [28]. In the first order form,
only three-point vertices arise, which considerably sim-
plifies the Feynman rules that are needed.
If we use the fields

hμν ¼ ffiffiffiffiffiffi
−g

p
gμν; ð4:1aÞ

Gλ
μν ¼ Γλ

μν −
1

2
ðδλμΓσ

νσ þ δλνΓσ
μσÞ; ð4:1bÞ

where Γλ
μν are the Christoffel symbols, then the EH action

in first order form becomes in d dimensions [47] (with
κ2 ¼ 16πGN)

SEH ¼ 1

κ2

Z
ddx

ffiffiffiffiffiffi
−g

p
gμνRμνðΓÞ

¼ 1

κ2

Z
ddxhμν

�
Gλ

μν;λ þ
1

d − 1
Gλ

λμG
σ
σν − Gλ

σμGσ
λν

�
:

ð4:2Þ

This is invariant under the infinitesimal gauge
transformations

δhμν ¼ hμρ∂ρξ
ν þ hνρ∂ρξ

μ − ∂ρðhμνξρÞ; ð4:3aÞ

δGλ
μν ¼ −∂2

μνξ
λ þ 1

2
ðδλμ∂ν þ δλν∂μÞ∂ · ξ − ξ · ∂Gλ

μν

þ Gρ
μν∂ρξ

λ − ðGλ
μρ∂ν þ Gλ

νρ∂μÞξρ; ð4:3bÞ

which follow from diffeomorphism invariance.
LM fields λμν and Λλ

μν are associated with the equations
of motion of hμν and Gλ

μν, respectively. Again using
Eq. (2.12), we see that SEH of Eq. (4.2) is supplemented by

SLM ¼
Z

ddx

�
λμν
�
Gλ

μν;λ þ
1

d − 1
Gλ

λμG
σ
σν −Gλ

σμGσ
λν

�

þ Λλ
μν

�
−hμν;λ þ 1

d − 1
ðδμλhνρ þ δνλh

μρÞGσ
ρσ

− ðhμρGν
λρ þ hνρGμ

λρÞ
��

: ð4:4Þ

The general gauge invariances of Eqs. (2.15), (2.17), and
(2.19) that follow from Eq. (4.3) are

δλμν ¼ hμρ∂ρζ
ν þ hνρ∂ρζ

μ − ∂ρðhμνζρÞ
þ λμρ∂ρξ

ν þ λνρ∂ρξ
μ − ∂ρðλμνξρÞ ð4:5aÞ

and

δΛλ
μν ¼ −∂2

μνζ
λ þ 1

2
ðδλμ∂ν þ δλν∂μÞ∂ · ζ − ζ · ∂Gλ

μν

þGρ
μν∂ρζ

λ − ðGλ
μρ∂ν þ Gλ

νρ∂μÞζρ − ξ · ∂Λλ
μν

þ Λρ
μν∂ρξ

λ − ðΛλ
μρ∂ν þ Λλ

νρ∂μÞξρ: ð4:5bÞ

If we choose the gauge fixing conditions [48]

∂μhμν ¼ ∂μλ
μν ¼ 0; ð4:6Þ

then by Eqs. (2.24) and (2.27) we find that

Sgf ¼
1

κ2

Z
ddx

�
−Nν∂μðhμν þ λμνÞ

þ α

2
NμNμ − Lν∂μhμν þ αNμLμ

�
ð4:7Þ

Sghost ¼
1

κ2

Z
ddxfc̄ν∂μ½ðhμρ þ λμρÞ∂ρcν

þ ðhνρ þ λνρÞ∂ρcμ − ∂ρððhμν þ λμνÞcρÞ�
þ c̄ν∂μ½hμρ∂ρdν þ hνρ∂ρdμ − ∂ρðhμνdρÞ�
þ d̄ν∂μ½hμρ∂ρcν þ hνρ∂ρcμ − ∂ρðhμνcρÞ�g: ð4:8Þ

From Eqs. (4.2), (4.4), (4.7), and (4.8) it is evident that
λμν,Λλ

μν, Lμ, dμ, d̄μ all play the role of LM fields if one were
to simply quantize the EH action of Eq. (4.2). Using the
general arguments of Sec. II above, we see that in any
perturbative expansion of radiative effects, there are no
contributions beyond one-loop order with tree effects the
same as those coming from the EH action without the
LM contribution and with the one-loop contributions being
doubled.
The problem of having to dispose of divergences arising

beyond one-loop order consequently never arises when
using the LM field. The one-loop divergences vanish when
the equations of motion are satisfied by the external fields
(provided one discards a surface term) when one considers
the EH action by itself. This means that a shift in the metric
field can be used to eliminate these divergences [4–6]. The
one-loop divergences that arise when the metric couples to
scalar [4], vector, or spinor fields [9,10] no longer are
proportional to the equations of motion and hence cannot
be eliminated in this way. However, in all instances the one-
loop divergences are proportional to Rμν and hence they
can be absorbed by λμν in Eq. (4.4). Having the one-loop
divergences absorbed by the LM field when considering the
EH action and its extensions when the metric couples to
matter fields is distinct from what happens when we
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considered the YM field in the preceding section. This is
discussed in more detail in Ref. [28].
We now consider how invariance under BRST trans-

formations can be used when a LM field is introduced in a
classical gauge theory.

V. BRST INVARIANCE

The well-known BRST [36,37,49,50] procedure for
finding a nonlinear global Fermionic symmetry for the
effective action in gauge theories can be adapted to the
presence of a LM field. For YM theory, the effective action
of Eqs. (3.1), (3.2), and (3.8) is invariant under the
transformation

δAa
μ ¼ Dab

μ ðAÞcbϵ; ð5:1aÞ

δλaμ ¼ ðDab
μ ðAÞdb þ gfapbλpμcbÞϵ; ð5:1bÞ

δFa
μν ¼ gfabcFb

μνccϵ; ð5:1cÞ

δΛa
μν ¼ gfabcðΛb

μνcc þ Fb
μνdcÞϵ; ð5:1dÞ

δca ¼ 1

2
gfabccbccϵ; δda ¼ gfabccbdcϵ; ð5:1eÞ

δNa ¼ 0 ¼ δLa ð5:1fÞ

δc̄a ¼ −Naϵ; δd̄a ¼ −Laϵ; ð5:1gÞ

where ϵ is a constant Grassmann parameter. Upon invoking
the Jacobi identity, it can be verified that for each of the
fields ϕi in Eq. (5.1), δ is nilpotent so that

δ2ϕi ¼ 0: ð5:2Þ

Since the effective action of Eqs. (3.1), (3.2), and (3.8) is
invariant under this transformation, the argument of
Refs. [49–51] can be used to establish the unitarity of first
order YM theory when supplemented with a LM field.
Much the same approach can now be used with the first

order (Palatini) form of the EH action when supplemented
with a LM field. The BRST transformation for the second
order EH by itself has been considered in [48,50,52–54].
When dealing with the effective action arising from the sum
of Eqs. (4.2), (4.4), (4.7), and (4.8), we can use Eq. (5.1) as
a guide to obtaining the appropriate BRST transformations.
One can establish invariance of the effective action under
the transformations

δhμν ¼ ½hμρ∂ρcν þ hνρ∂ρcμ − ∂ρðhμνcρÞ�ϵ; ð5:3aÞ

δλμν ¼ ½hμρ∂ρdν þ hνρ∂ρdμ − ∂ρðhμνdρÞ�ϵ
þ ½λμρ∂ρcν þ λνρ∂ρcμ − ∂ρðλμνcρÞ�ϵ; ð5:3bÞ

δGλ
μν ¼

�
−∂2

μνcλ þ
1

2
ðδλμ∂ν þ δλν∂μÞ∂ · c − c · ∂Gλ

μν

þ Gρ
μν∂ρcλ − ðGλ

μρ∂ν þGλ
νρ∂μÞcρ

�
ϵ; ð5:3cÞ

δΛλ
μν ¼

�
−∂2

μνdλ þ
1

2
ðδλμ∂ν þ δλν∂μÞ∂ · d − d · ∂Gλ

μν

þGρ
μν∂ρdλ − ðGλ

μρ∂ν þ Gλ
νρ∂μÞdρ

�
ϵ

þ ½−c · ∂Λλ
μν þ Λρ

μν∂ρcλ − ðΛλ
μρ∂ν þ Λλ

νρ∂μÞcρ�ϵ;
ð5:3dÞ

δcμ ¼ cλ∂λcμϵ; ð5:3eÞ

δdμ ¼ ðdλ∂λcμ þ cλ∂λdμÞϵ; ð5:3fÞ

δNμ ¼ 0 ¼ δLμ; ð5:3gÞ

δc̄μ ¼ −Nμϵ; ð5:3hÞ

δd̄μ ¼ −Lμϵ: ð5:3iÞ

If ϕi is now identified with the fields appearing in
Eqs. (5.3), we find that once again Eq. (5.2) is satisfied.
Green’s functions in gauge theories are not all indepen-

dent because of the symmetries present [55,56]. Dealing
with gauge symmetries through the BRST identities pro-
vides a straightforward way of finding these relations. In
fact, if there is a LM present so that all radiative corrections
are just one loop with only gauge fields on external legs, the
approach in which the LM field is absent can be easily
adopted. The usual method to derive the BRST equation
starts from the symmetry of the generating functional of
connected Green’s functions. Then, by a Legendre trans-
form one obtains the generating functional of the one-
particle irreducible Green’s functions. We do not repeat
here this procedure, which is well known (see, e.g.,
chapter 7 of Ref. [57]). Instead, we emphasize the impor-
tant fact that the BRST equation directly reflects the
symmetry of the gauge theory under BRST transforma-
tions. Using the YM effective action Seff of Eqs. (3.1),
(3.2), and (3.8) with the BRST invariance of Eq. (5.1), we
can supplement Seff with source terms [58]

Ss ¼
Z

ddx½uaμδAaμ þ ûaμδλaμ þ wa
μνδFaμν

þ ŵa
μνδΛaμν þ vaδca þ v̂aδda�; ð5:4Þ

where the invariant sources uaμ, ûaμ, wa
μν, ŵa

μν, va, and v̂a are
coupled to the nonlinear variations of the fields Aaμ, λaμ,
Faμν, Λaμν, ca, and da given by Eq. (5.1). Notice that the
variations of c̄a and d̄a are linear in the fields so that the
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introduction of new sources is not needed here. Because of the nilpotency (5.2) of these variations, we see that similarly to
Seff , Ss is also invariant under BRST transformations. Consequently, the total action

Γ ¼ Seff þ Ss ð5:5Þ

is also invariant. This invariance under BRST transformation (5.1) can be expressed as

Z
ddx

�
δΓ
δAaμ δA

aμ þ δΓ
δλaμ

δλaμ þ δΓ
δFaμν δF

aμν þ δΓ
δΛaμν δΛ

aμν þ δΓ
δca

δca þ δΓ
δda

δda þ δΓ
δc̄a

δc̄a þ δΓ
δd̄a

δd̄a
�
¼ 0: ð5:6Þ

Using (5.4), one can write (5.6) in the alternative way

Z
ddx

�
δΓ
δAaμ

δΓ
δuaμ

þ δΓ
δλaμ

δΓ
δûaμ

þ δΓ
δFaμν

δΓ
δwa

μν
þ δΓ
δΛaμν

δΓ
δŵa

μν
þ δΓ
δca

δΓ
δva

þ δΓ
δda

δΓ
δv̂a

þ δΓ
δc̄a

δc̄a þ δΓ
δd̄a

δd̄a
�
¼ 0: ð5:7Þ

To obtain a simpler form of this equation, we note that from (5.5) one can verify the following useful relations involving
ca, d̄a, uaμ, and ûaμ:

δΓ
δc̄a

¼ −∂μ

�
δΓ
δuaμ

þ δΓ
δûaμ

�
;

δΓ
δd̄a

¼ −∂μ
δΓ
δuaμ

: ð5:8Þ

With the help of these relations, Eq. (5.7) becomes, after integration by parts

Z
ddx

��
δΓ
δAaμ þ ∂μδc̄a þ ∂μδd̄a

�
δΓ
δuaμ

þ
�

δΓ
δλaμ

þ ∂μδc̄a
�

δΓ
δûaμ

þ δΓ
δFaμν

δΓ
δwa

μν
þ δΓ
δΛaμν

δΓ
δŵa

μν
þþ δΓ

δca
δΓ
δva

þ δΓ
δda

δΓ
δv̂a

�
¼ 0:

ð5:9Þ

Finally, defining a new generating functional Γ̃ by

Γ̃ ¼ Γ − Γgf; ð5:10Þ

which has the gauge fixing terms omitted, we obtain from Eq. (5.9) the BRST identities for the effective action Γ̃,

Z
ddx

�
δΓ̃
δAaμ

δΓ̃
δuaμ

þ δΓ̃
δλaμ

δΓ̃
δûaμ

þ δΓ̃
δFaμν

δΓ̃
δwa

μν
þ δΓ̃
δΛaμν

δΓ̃
δŵa

μν
þ δΓ̃
δca

δΓ̃
δva

þ δΓ̃
δda

δΓ̃
δv̂a

�
¼ 0: ð5:11Þ

We note that the above equation is valid to lowest order. But a similar result can be obtained to higher orders by considering
all fields and sources as being bare quantities [59] and replacing the fields by their expectation values (see Appendix C). In
the standard approaches [60,61] such identities have been extensively used to give an all-order inductive proof of
renormalizability. In our case, where graphs beyond one-loop order are absent, the BRST identities (5.11) are also useful to
describe the relations between proper Green’s functions as well as their properties. For example, it follows from (5.11) that
the gluon self-energy satisfies the transversality condition

�
∂μ δ2Γ̃

∂Aaμ∂Abν

�
fields and sources¼0

¼ 0: ð5:12Þ

We have verified explicitly this relation to one-loop order.
The BRST transformations of Eq. (5.3) can be similarly derived from the effective action arising from the sum of

Eqs. (4.2), (4.4), (4.7), and (4.8), by adding the source action [compare with (5.4)]

Sgravs ¼
Z

ddx½uμνδhμν þ ûμνδλμν þ wμν
ρ δGρ

μν þ ŵμν
ρ δΛρ

μν þ vμδcμ þ v̂μδdμ�; ð5:13Þ
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where the invariant sources uμν, ûμν, w
μν
ρ , ŵμν

ρ , vμ, and v̂μ are coupled to the nonlinear variations of hμν, λμν, Gρ
μν, ŵ

μν
ρ , cμ,

and dμ. Proceeding in parallel to the previous analysis, we find that the BRST equation for the first-order form of the EH
action, when supplemented with a LM field, are given by [compare with (5.11)]

Z
ddx

�
δΓ̃
δhμν

δΓ̃
δuμν

þ δΓ̃
δλμν

δΓ̃
δûμν

þ δΓ̃
δGρ

μν

δΓ̃
δwμν

ρ
þ δΓ̃
δΛρ

μν

δΓ̃
δŵμν

ρ
þ δΓ̃
δcμ

δΓ̃
δvμ

þ δΓ̃
δdμ

δΓ̃
δv̂μ

�
¼ 0; ð5:14Þ

where the effective action Γ̃ ¼ Seff þ Sgravs has the gauge
fixing terms subtracted.
The BRST Eq. (5.14) is useful to get basic relations

between proper Green’s functions arising in quantum
gravity theory with Lagrange multiplier fields. The above
identities, which reflect the gauge invariance of the theory,
are thus well suited to fix the structure of the counterterms.
We have studied the corresponding ultraviolet contributions
to one-loop order and verified that these are twice those
occurring in standard quantum gravity. But as we have
pointed out, there are no higher-order loop contributions in
the present theory.
The above BRST identities yield precise connections

between the unphysical gauge boson polarization states and
the ghost fields. Using the arguments of Refs. [49–51], one
can show that these relations lead to a cancellation of the
unphysical degrees of freedom in the S-matrix, which
establishes the unitarity of the Lagrange multiplier theory.

VI. DISCUSSION

In this paper, we have first of all shown that if a standard
classical action is supplemented with a term in which a LM
field is used to ensure that the classical equations of motion
are satisfied, then path integral quantization can be used to
show that the usual tree level diagrams are retained, the
usual one-loop diagrams are doubled, and all diagrams
beyond one-loop vanish.
We then show how such a LM field can be used when

considering the first order form of the YM and EH actions.
The Faddeev-Popov approach is employed to remove the
nonphysical degrees of freedom and BRST invariance of
the effective actions in both cases is presented. It is argued
that the BRST invariance ensures the unitarity of these
theories when the LM field has been introduced.
We have explicitly verified unitarity to one-loop order in

both YM and EH theories by showing that the imaginary
part of the self-energy amplitudes is proportional to the
corresponding cross sections calculated in the Born
approximation. Since all higher loop contributions of
amplitudes are suppressed, unitarity implies that all the
contributions to the imaginary part of the self-energy
amplitudes can be expressed just in terms of the T-matrix
elements evaluated in the tree approximation.
The perturbative series in usual quantum field theories

may diverge even asymptotically [62]. However, this is not
the case if a LM field is used to suppress higher loop

contributions. In any case, it is generally possible to find a
renormalization scheme in which higher loop calculations
only serve to alter the renormalization group functions [63].
Radiative effects arising beyond one-loop order have

consequences that can be compared with experimental
results when dealing with the standard model, so intro-
duction of a LM field is only of academic interest when
dealing with the YM field. However, the EH action for GR
is nonrenormalizable beyond one-loop order and loses all
renormalizability when coupled with matter fields. These
deficiencies are overcome if a LM field is introduced; one
could consider this as a way of reconciling quantum
mechanics and general relativity without having to intro-
duce extra dimensions, unobserved fields, or break unitar-
ity. The LM field might be seen to play a role analogous to
the Higgs field in the standard model in that it serves to
make it possible to cope with ultraviolet divergences.
Unfortunately there are currently no experiments that could
test this approach [64].
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APPENDIX A: THE BACKGROUND FIELD

Background fields [38,39], have not been introduced in
the body of this paper, but without using a background
field, perturbative calculations are not possible when deal-
ing with the EH action. This has been viewed as a
deficiency of using this approach to quantize the EH action
that we have employed. However, we demonstrate (using
arguments in Refs. [28,65]) that the background field is not
something introduced in an ad hoc manner and the
presence of background fields is not a deficiency.
We begin with the path integral of Eq. (2.2) for the

generating functional Z½ji� for all Feynman diagrams.
Connected diagrams are generated by W½ji�, where [39]

Z½ji� ¼ exp
i
ℏ
W½ji�: ðA1Þ

If we define
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Bi ¼
δW½ji�
δji

ðA2Þ

and make the Legendre transform

Γ½Bi� ¼ W½ji� −
Z

ddxBiji ðA3Þ

we obtain Γ½Bi�, the generating functional for 1PI diagrams.
Equation (A1) can now be written as

exp
i
ℏ
Γ½Bi� ¼

Z
Dϕ exp

i
ℏ

�
S½ϕi�−

Z
ddxðϕi −BiÞ

δΓ½Bi�
δBi

�
;

ðA4Þ

as by Eq. (A3)

ji ¼ −
δΓ½Bi�
δBi

: ðA5Þ

The shift

ϕi → ϕi þ Bi ðA6Þ

results in

exp
i
ℏ
Γ½Bi� ¼

Z
Dϕ exp

i
ℏ

�
S½ϕi þBi�−

Z
ddxϕi

δΓ½Bi�
δBi

�
:

ðA7Þ

This shows that the background field Bi is not just inserted
by hand; it is the field associated with the current ji when
making a Legendre transform of the generating functional
for connected Green’s functions W½ji� [66,67].
We can now substitute the expansions

Γ½Bi� ¼ Γð0Þ½Bi� þ ℏΓð1Þ½Bi� þ ℏ2Γð2Þ½Bi� þ � � � ðA8Þ

and

Lðϕi þ BiÞ ¼ LðBiÞ þ
1

1!
L0
;iðBiÞϕi þ

1

2!
L00
;ijðBiÞϕiϕj þ � � �

ðA9Þ

[which follow from Eq. (2.11)] into Eq. (A4). This
shows that

exp
i
ℏ
½Γð0Þ½Bi� þ ℏΓð1Þ½Bi� þ ℏ2Γð2Þ½Bi� þ � � ��

¼ exp

�
i
ℏ
S½Bi�

�Z
Dϕi exp

i
ℏ

Z
ddx

��
1

1!
L0
;iðBiÞϕi þ

1

2!
L00
;ijðBiÞϕiϕj þ

1

3!
L000
;ijkðBiÞϕiϕjϕk þ � � �

�

− ϕiðΓð0Þ½Bi� þ ℏΓð1Þ½Bi� þ ℏ2Γð2Þ½Bi� þ � � �Þ;i
�
: ðA10Þ

Upon matching like powers of ℏ in Eq. (A10), we see
that

Γð0Þ½Bi� ¼ S½Bi�: ðA11Þ

From Eq. (A11), it follows thatZ
ddx½L0

;iðBiÞϕi − Γð0Þ
;i ½Bi�ϕi� ¼ 0; ðA12Þ

and so the term in Eq. (A9) that is linear in the quantum
field ϕi does not contribute to Γ½Bi� because of a cancella-
tion, not because Bi satisfies the classical equations of
motion. Higher orders in ℏ in Eq. (A10) yield explicit
expressions for 1PI Green’s functions in the loop expan-
sions [68] (though on occasion the loop expansion and an
expansion in powers of ℏ do not match [69]).
Having terms linear in ϕi cancel in (A10) complicates

the BRST identities to prove renormalizability of gauge
theories [70,71]. However, having a background field can
be advantageous in gauge theories, as one can choose a

gauge fixing condition that retains gauge invariance in the
background field. Such a covariant gauge choice in YM
theory is [72]

Dab
μ ðBa

μÞϕbμ ¼ 0; ðA13Þ

with noncovariant choices considered in Ref. [73]. For the
EH action in both first and second order form, if the
background metric is ḡμν and the quantum metric is ϕμν,
then the gauge transformation of ϕμν that follows from
Eq. (4.3a) is

δϕμν ¼ ðḡμν þ ϕμνÞ;λθλ þ ðḡμλ þ ϕμλÞθλ;ν þ ðḡνλ þ ϕνλÞθλ;μ
≡ θμ;ν̄ þ θν;μ̄ þ θλϕμν;λ̄ þ ϕμλθ

λ
;ν̄ þ ϕνλθ

λ
;μ̄; ðA14Þ

where “; μ̄” denotes a covariant derivative using the back-
ground metric ḡμν. A suitable gauge choice is

ϕμν
;ν̄ − kϕν

ν
;μ̄ ¼ 0 ðA15Þ
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as this is covariant under transformations in the background
field. The BRST transformation associated with the gauge
choice of Eq. (A15) is considered in Ref. [54]. The use of
Eq. (A15) with two different choices of the parameter k in
order to have a propagator for ϕμν that is both transverse
and traceless is considered in Refs. [41,74].

APPENDIX B: SUPERSYMMETRY

In this Appendix we show how a LM field can be used in
conjunction with a Fermionic equation of motion. We first
consider the Wess-Zumino model in which there is a global
supersymmetry, and then briefly examine supergravity.
We use chiral superfields1 (D̄ _αΦ ¼ 0)

Φðyμ; θαÞ ¼ φðxÞ − iθσμθ̄φ;μðxÞ −
1

2
ðθσμθ̄Þðθσνθ̄Þφ;μνðxÞ

þ
ffiffiffi
2

p
θðψðxÞ − iθσμθ̄ψ ;μðxÞÞ þ θθFðxÞ;

ðyμ ¼ xμ − iθσμθ̄Þ ðB1Þ

and Λ [with φ → λ, ψ → χ, F → G in Eq. (B1)]. The action
we consider is S ¼ SWZ þ SΛ where

SWZ ¼
Z

d4x

�Z
d2θd2θ̄Φ†Φþ

Z
d2θðmΦ2 þ gΦ3Þ

þ
Z

d2θ̄ðmΦ†2 þ gΦ†3Þ
�

ðB2Þ

and

SΛ ¼
Z

d4x

�Z
d2θd2θ̄ðΛ†ΦþΦ†ΛÞ

þ
Z

d2θð2mΛΦþ 3gΛΦ2Þ

þ
Z

d2θ̄ð2mΛ†Φ† þ 3gΛ†Φ†2Þ
�
: ðB3Þ

If we express S in terms of component fields and use the
algebraic equations of motion to eliminate the auxiliary
scalar fields F and G, then S is of the form of the usual
Wess-Zumino model for the spinor ψ and the scalar φ with
λ and χ acting as LM fields; all radiative effects are hence
reduced to one-loop order as in Eq. (2.9).

The arguments given in Ref. [75] are sufficiently general,
so that these can also be used to show that mΦ2 þ gΦ3 is
not renormalized when SΛ is added to SWZ and so we find
that the renormalized quantities (mR, gR, ΦR) are related to
the bare quantities (m0, g0, Φ0) by

ΦR ¼ Z−1=3Φ0; mR ¼ Z2=3m0; gR ¼ Zg0: ðB4Þ
At one-loop order in momentum space (ϵ ¼ 2 − n=2,
in n dimensions)

hΦ0ðpÞΦ0ð−pÞi

¼Φ0ðpÞΦ0ð−pÞ
�
1þg20

�
A
ϵ
þA1 ln

p2

μ2
þ Ā1

��
; ðB5Þ

which if

ΦR ¼ Φ
�
1þ g20

A
ϵ

�
1=2

ðB6Þ

then

g2R ¼ g20
1þ g20

A
ϵ

: ðB7Þ

For the three-point function we find that

hΦ0Φ0Φ0i ¼ Φ0ðpÞΦ0ðqÞΦ0ð−p − qÞ

×

�
g0 þ g30

�
B
ϵ
þ B1Lþ B̄1

��
ðB8aÞ

¼ ΦRðpÞΦRðqÞΦRð−p − qÞ½gR þ g3RðB1Lþ B̄1Þ�
ðB8bÞ

provided A ¼ B, which is required if gΦ3 is unre-
normalized.
If g0 is to be dimensionless, then we replace g20 by g20μ

ϵ,
where μ is a dimensionful renormalization mass scale;
Eq. (B7) becomes

g2R ¼ g20μ
2ϵ

ð1þ g20
A
ϵ μ

2ϵÞ ðB9Þ

so that

μ2
∂g2R
∂μ2 ¼ ϵg2R − Ag4R ¼ βðg2RÞ: ðB10Þ

This is an exact expression for the β-function, with A being
twice what occurs in the one-loop β-function when there is
no LM field in addition to the Wess-Zumino (WZ) field.
Supergravity is a gauge model in which supersymmetry

is local. (Three reviews are in Refs. [11–13].) As has been
noted, the EH action is renormalizable only at one-loop
order if no matter fields are present. However, supergravity,

1We use the conventions ημν ¼ diagðþ;−;−;−Þ, ϵαβ ¼
−iσ2 ¼ ϵ _α _β ¼ −ϵαβ ¼ −ϵ _α _β, θα ¼ ϵαβθβ ¼ θ _α⋆, θψ ¼ θαψα ¼
−θαψα, θ̄ ψ̄ ¼ θ̄ _αψ̄

_α,
R
d2θθαθβ ¼ − 1

2
ϵαβ,

R
d2θ̄θ̄ _αθ̄ _β ¼ − 1

2
ϵ _α _β,

ðσμÞα _α ¼ ð1; σ⃗Þ, ðσ̄μÞ _αα ¼ ð1;−σ⃗Þ, ðχσμψ̄Þ⋆ ¼ ð−ψ̄ σ̄μχÞ⋆ ¼
ψσμχ̄ ¼ −χ̄σ̄μψ , fQα; Q̄ _βg ¼ 2σμ

α _β
Pμ, Qα ¼ −i ∂

∂θα − iσμα _αθ̄
_αPμ,

Q̄ _α ¼ i ∂
∂θ̄ _α þ iθασμα _αPμ, Pμ ¼ i∂μ, Dα ¼ ∂

∂θα − σμα _αθ̄
_αPμ and

D̄ _α ¼ − ∂
∂θ̄ _α þ θασμα _αPμ.
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even if coupled to matter superfields, is one-loop finite
[14]. Explicit higher loop calculations reveal some un-
expected cancellations of divergences; it is even possible
that N ¼ 8 supergravity is fully renormalizable due to the
presence of some as yet unknown symmetry [16].
The introduction of a LM superfield can be used to

eliminate the higher-order divergences that potentially
appear beyond one-loop order in a supergravity model.
Consider for example N ¼ 1 supergravity with fields ϕi
(the graviton, gravitino, and auxiliary fields) coupled to the
supersymmetric standard model or grand unified model
with fields χi (leptons, quarks, gauge bosons, and Higgs
bosons [76,77]). The two Lagrangians for these are LSG
and LSM, respectively, and the total Lagrangian is [78]

LTðϕi; χiÞ ¼ LSGðϕiÞ þ LSMðϕi; χiÞ: ðB11Þ

LSG is invariant under the local supersymmetry trans-
formation

ϕi → ϕi þ RI
ijðϕiÞξj ðB12Þ

and LT is invariant under

ϕi → ϕi þ RT
ijðϕi; χiÞ�ξj ðB13aÞ

and

χi → ϕi þ SIijðϕi; χiÞξj; ðB13bÞ

where in (B13a)

RT
ijðϕiχiÞ ¼ RI

ijðϕiÞ þ RII
ijðϕi; χiÞ: ðB14Þ

We now consider the action

S ¼
Z

ddx
Z

dθ

�
LT þ λi

∂LSG

∂ϕi

�
: ðB15Þ

The LM superfield λi in Eq. (B15) is only associated with
the supergravity Lagrangian LSGðϕiÞ. The general argu-
ments following Eq. (2.13) show that the vierbein field eiμ
and the gravitino field ψμ have no propagator though
there is a propagator in which these fields mix with their
associated LM fields. All the matter fields χi in LSM have
their own propagator. Vertices arising from LSG have at
most one LM field; ϕi can occur multiple times on vertices
arising from LSG and LSM while χi appears only on vertices
in LSM.
We see that all diagrams with virtual contributions

involving eiμ or ψμ are restricted to one-loop order and
are twice those coming from LSG alone. Virtual matter
fields can occur in higher-order diagrams in the loop
expansion. External fields eiμ and ψμ can occur on both
the one-loop diagrams coming from LSG alone and

diagrams at any order in the loop expansion coming from
LSM. All one-loop subdiagrams coming from higher-order
diagrams with external eiμ and ψμ are finite [14] and so we
can infer that these higher-order diagrams are themselves
finite. Divergences in diagrams that involve matter fields
(either externally or an internal lime) can be removed
through renormalization.
Quantization can proceed using the Faddeev-Popov

procedure as was employed in Eqs. (2.20)–(2.27).

APPENDIX C: SLAVNOV-TAYLOR IDENTITIES

In this Appendix we outline the standard derivation
of Slavnov-Taylor identities [55,56]. Let us consider the
generating functional of (2.2)

Z½j� ¼
Z

Dϕ exp iðS½ϕ� þ jiϕiÞ: ðC1Þ

(Here “i” may be a continuous or discrete index; we use
De Witt’s extension of the Einstein summation convention.
We also consider units such that ℏ ¼ 1.) One can always
perform a field transformation such that

ϕi → ϕi þ ϵFi½ϕ�; ðC2Þ

where Fi½ϕ� is a general nonlinear functional of the fields.
Then, up to first order in ϵ, we obtain from Eq. (C1)

Z½j� ¼ Z½j� þ ϵ

Z
Dϕ

�
i

�
δS
δϕi

þ ji

�
Fi½ϕ� −

δFi

δϕi

�
× exp iðS½ϕ� þ jiϕiÞ: ðC3Þ

Replacing the ϕ dependence inside the square bracket of
(C3) by 1

i
δ
δj acting on Z½j�, we obtain

	
i

�
δS
δϕi

�
1

i
δ

δj

�
þ ji

�
Fi

�
1

i
δ

δj

�
−
δFi

δϕi

�
1

i
δ

δj

�

Z½j� ¼ 0:

ðC4Þ

The identity in Eq. (C4) is a direct consequence of the
independence of Z½j� on field redefinitions. The simplest
case occurs when Fi½ϕ� is independent of ϕ so that the
transformation is simply a field independent translation.
(In this case we have the Dyson-Schwinger equation.) Here
we are interested in the general case when there is a
symmetry in the classical action, so that

δS
δϕi

Fi½ϕj� ¼ 0; ðC5Þ

we also assume that the transformations do not change the
path integral measure so that
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δFi½ϕj�
δϕi

¼ 0: ðC6Þ

For these symmetry transformations, we obtain from
Eq. (C4)

jiFi

�
1

i
δ

δj

�
Z½j� ¼ 0: ðC7Þ

Using

ji ¼ −
δΓ½hϕi�
δhϕii

; ðC8Þ

where Γ½hϕi� is the generator of 1PI Green’s functions,
Eq. (C7) can be written as

δΓ½hϕi�
δhϕii

Fi

�
1

i
δ

δj

�
Z½j� ¼ 0: ðC9Þ

Since

Fi½1i δ
δj�Z½j�
Z½j� ¼ hFi½ϕ�ij; ðC10Þ

Eq. (C9) can be written as

δΓ½hϕi�
δhϕii

hFi½ϕ�ij ¼ 0: ðC11Þ

Equation (C11) shows that Γ is invariant under

hϕii → hϕii þ ϵhFi½ϕ�i ðC12Þ

[compare with (C2)]. In general, when F½ϕ� is nonlin-
ear, hFi½ϕ�i ≠ Fi½hϕi�.
Let us now add some extra source terms to S½ϕ� in such a

way that the generating functional becomes

Z½j; K� ¼
Z

Dϕ exp iðS½ϕ� þ jiϕi þ FiKiÞ;

¼ exp iW½j; K�; ðC13Þ

where the invariant sources Ki are coupled to the nonlinear
variations Fi of the fields. In the specific examples of the
gauge theories of gravity and Yang-Mills (see Sec. V), this
excludes the variations of the antighosts, which are linear.
But it may be shown that such variations are canceled by
the corresponding variations of the gauge fixing terms.
Using this property, we leave out the gauge fixing terms as
well as such variations and consider in what follows only
the fields whose variations are nonlinear. Using again the
symmetry of S½ϕ� and the invariance of the path integral
measure, we obtain from (C13)

i

�
δFiKi þ jiFi

�
1

i
δ

δj

��
Z½j; K� ¼ 0: ðC14Þ

Considering the class of transformations that are nilpotent,
so that δFi ¼ 0 and using

ji ¼ −
δΓ½hϕi; K�

δhϕii
; ðC15Þ

we obtain from Eq. (C14)

hFiij;K
δΓ½hϕi; K�

δhϕii
¼ 0: ðC16Þ

Finally, from the Legendre transformation

Γ½hϕi; K� ¼ W½j; K� − hϕiiji ðC17Þ

we have

δΓ½hϕi; K�
δKi

¼ δW½j; K�
δKi

¼ hFiij;K ðC18Þ

so that Eq. (C16) can be written as

δΓ½hϕi; K�
δKi

δΓ½hϕi; K�
δhϕii

¼ 0: ðC19Þ

This equation can be used to find relations between Green’s
functions that follow from gauge invariance, such as those
of Eqs. (5.11) and (5.14) obtained in the Yang-Mills theory
and general relativity, respectively.

[1] F. J. Dyson, Phys. Rev. 75, 486 (1949).
[2] A. Salam, Phys. Rev. 82, 217 (1951).
[3] J. C. Collins, Renormalization, Cambridge Monographs

on Mathematical Physics (Cambridge University Press,
Cambridge, England, 1984).

[4] G. ’t Hooft and M. J. G. Veltman, Ann. Inst. Henri Poincaré
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