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For a Schwarzchild black hole of mass M, we consider a test particle falling from rest at infinity and
becoming trapped, at late time, on the unstable circular orbit of radius » = 4GM /c?. When the particle is
endowed with a small mass, y < M, it experiences an effective gravitational self-force, whose conservative
piece shifts the critical value of the angular momentum and the frequency of the asymptotic circular orbit
away from their geodesic values. By directly integrating the self-force along the orbit (ignoring radiative
dissipation), we numerically calculate these shifts to O(u/M). Our numerical values are found to be in
agreement with estimates first made within the effective one-body formalism and with predictions of the
first law of black-hole-binary mechanics (as applied to the asymptotic circular orbit). Our calculation is
based on a time-domain integration of the Lorenz-gauge perturbation equations, and it is a first such
calculation for an unbound orbit. We tackle several technical difficulties specific to unbound orbits,
illustrating how these may be handled in more general cases of unbound motion. Our method paves the way
to calculations of the self-force along hyperbolic-type scattering orbits. Such orbits can probe the two-body
potential down to the “light ring” and could thus supply strong-field calibration data for eccentricity-

dependent terms in the effective one-body model of merging binaries.
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I. INTRODUCTION

The extreme mass-ratio regime of the gravitational two-
body problem in general relativity is amenable to a
perturbative treatment based on a systematic expansion
of Einstein’s field equations in the small mass ratio 7. At
leading order one recovers the geodesic approximation: the
smaller object (assumed sufficiently compact) reduces to a
pointlike test particle, and it traces a geodesic orbit in the
spacetime associated with the larger object (say, a Kerr
black hole). At subsequent orders, the expansion accounts
for the particle’s interaction with its own gravitational
perturbation (“self-force”), as well as for any effects of its
internal structure. In this effective picture, the motion of the
small object is described in terms of an accelerated
worldline in the background geometry of the larger object.
The equation of motion for this worldline is now known
through O (%) in the local effective acceleration [1-3]," and

'These derivations assume the small object is nonspinning.
There is a nonperturbative formulation [4] that accounts for spin
and higher structure multipoles but does not apply when the small
object is a black hole.
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a program for computing the self-force and its effects
in astrophysically relevant binaries has been ongoing
for over two decades. Recent achievements include numeri-
cal calculations of the first-order self-force [O(y) self-
acceleration] for generic bound orbits in Kerr geometry [5],
and a first direct calculation of a second-order effect of the
self-force [0(7]2) self-acceleration] [6]. Reference [7] is a
recent review of self-force theory and its application to the
astrophysical problem of compact-object inspiral into
massive black holes.

A central goal of the self-force program is to obtain an
accurate model of the gravitational waves from extreme-
mass-ratio inspiral sources, which are prime targets for the
Laser Interferometer Space Antenna (LISA). But many of the
program’s intermediate results have proven valuable on their
own. In particular, a fruitful synergy emerged with other
approaches to the binary inspiral problem. Calculations of
self-force contributions to physical quantities like orbital and
spin precession, Detweiler’s redshift [8], or the small object’s
tidal fields, provide useful benchmarks against which other
methods can be tested. Thus, self-force results have informed
studies of the performance of the post-Newtonian (PN)

© 2019 American Physical Society
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expansion in the strong field regime [9], played a role
(notably Refs. [10,11]) in the recent derivation of the
fourth-PN equation of motion [12-18], helped test the
validity of the conjectured “first law of black hole binary
mechanics” [19] in the strong-field regime, and were even
successfully compared with results from fully nonlinear
simulations in numerical relativity [20-22]. Self-force cal-
culations also play an important role in the ongoing program
to refine the effective one-body (EOB) approach [23-25] to
binary dynamics, by providing “calibration” data for the
EOB potentials (see, e.g., [26] and references therein). This
synergistic program is an area of intensive current activity;
we refer readers to [27] or Sec. 8 of [7] for reviews.

All direct self-force calculations so far have been
restricted to adiabatic bound-orbit conﬁgurations,2 relevant
to the astrophysical inspiral problem. In fact, self-force
computation methods tend to assume—and rely on—
approximate periodicity of the orbit. This is strongly the
case for methods based on a frequency-domain treatment of
the field equations, but even time-domain methods often
rely on periodicity, for reasons explained further below. Of
course, in the absence of self-force results, synergistic
studies have also been restricted to bound orbits so far.

There is now a strong drive to extend self-force calcu-
lations to unbound, scattering-type problems, and in this
paper we report a first step in that direction. We can list at
least four motivating factors. First, scattering orbits (espe-
cially high-energy ones) can probe the black hole geometry
deep inside the gravitational well, below the innermost
stable orbit. As such, they can provide valuable calibration
data for EOB theory, in a strong-field domain that is
inaccessible to bound orbits. This potential was identified
by one of us (T. D.) already in 2010 [29] (a work that set off
the synergy programme between self-force and EOB), and
the prospects for its realization are becoming ever more
promising with the ongoing work to translate the physics of
(classical and quantum) post-Minkowkian scattering into a
Hamiltonian description (notably within the EOB formal-
ism) [30-39]. The latter works, as well as other gravita-
tional scattering computations [40-42], bring with them
new opportunities for interfacing with self-force theory. As
a third motivation, we mention that unbound orbits have a
special role in studies of black-hole “overspinning” sce-
narios [43,44], on account of their being a priori most
serious candidates for challenging the censorship conjec-
ture; self-force calculations along such orbits are necessary
within such analyses.

Our final reason for studying self-force on unbound
orbits is a more fundamental one. There is a sense in which
unbound orbits offer a better access to unambiguous
information about the conservative sector of the two-body

2Perhaps a sole exception is the early work in [28], which
considered a radial infall trajectory into a Schwarzschild black
hole as a first test case, concentrating on method development.

dynamics than bound orbits do. A bound-orbit configura-
tion in black-hole perturbation theory does not admit an
obvious (local) notion of conserved energy, as it lacks a
local time-translation symmetry (except in the geodesic
limit).3 An unbound orbit, on the other hand, has a vanishing
interaction potential at 1 — —oo (and also at t — +o0, if the
orbit scatters back to infinity), and therefore a readily
identifiable (Bondi-type) invariant mass and binding energy.
This direct handle on the energetics of the scattering process
is invaluable in establishing a common language between
self-force and other approaches (e.g., PN or EOB), which
must be based on a catalogue of physically unambiguous,
gauge-invariant calculable quantities.

With these motivations in mind, we set out in this paper
to calculate the self-force and its effects in a first example of
an unbound orbit. We work in Schwarzschild geometry,
and consider the special geodesic orbit that starts at rest at
infinity (“zero binding energy”) and has just the right
amount of angular momentum to eventually get trapped—
dissipation neglected—in eternal motion on an unstable
circular orbit. We refer to this unique orbit as the “zero
(binding)energy zoom-whirl Orbit” (ZEZO). We let M
denote the Schwarzschild background mass and u denote
the particle’s mass, with u/M =n <« 1.* In the geodesic
approximation (i.e., in the limit # — 0, with the self-force
fully neglected), the required fine-tuned value of angular
momentum is L = 4Mu, and the radius of the asymptotic
circular orbit is r =4M, with associated frequency
Q:=dgp/dt = (8M)~". (Here, and throughout this paper,
we use units in which G=c =1, and (z,r,0,¢) are
standard Schwarzschild coordinates.) We ask how these
values change under the effect of the conservative piece of
the first-order self-force (dissipation ignored), insisting that
the orbit still starts at rest at infinity and that at late time it
asymptotically approaches some circular orbit. Our numeri-
cal computation in this paper gives

Q = (8M)~'[1 +0.5536(2)), (1)

L = 4Mu[l —0.304(3)7)]. (2)

Here overhats indicate values as corrected by the self-force,
and parenthetical figures show the estimated magnitude of
the error bar on the last displayed decimal(s).

We note that the above definition of our “self-force-
perturbed” ZEZO is unambiguous, since it alludes only to
invariant (asymptotic) symmetries of spacetime: flat-space
symmetries at # — —oo and helical symmetry at t — +o0

3See, however, our discussion below of the first law of binary
black-hole mechanics, where a time-averaged notion of such
energy is introduced, neglecting dissipation.

Beware that the notation more commonly found in EOB or
PN literatures is {m,,m,}, instead of {u, M}.
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(and, as we describe in Sec. III, the “conservative piece” of
the first-order self-force is also defined unambiguously).
Thus, our computed O(#) corrections to Q and L serve as
unambiguous, “gauge invariant” (in a sense to be made more
precise later) diagnostics of the postgeodesic conservative
dynamics. Indeed, these quantities were among the useful
invariants proposed by one of us already in [29] for
establishing links between self-force theory and EOB
(and PN).

The computation leading to Egs. (1) and (2) requires one
to integrate certain components of the self-force along the
entire geodesic ZEZO coming from infinity (and also, for
reasons explained in Sec. III, along the time-reversed
ZEZ0 going out to infinity). As we have mentioned, such
a calculation of the self-force, along an unbound orbit, has
not been attempted before and involves having to deal with
several new technical difficulties. Most advanced self-force
codes (such as van de Meent’s [5]) rely on a discrete
Fourier-harmonic decomposition of the perturbation equa-
tions, suitable for discrete-spectrum problems. Such codes
cannot be easily adapted for handling a source on an
unbound orbit, whose perturbation has a continuous spec-
trum. Recent initial work by Hopper [45,46] has demon-
strated how the asymptotic flux of radiation from unbound
orbits can be computed in a frequency-domain framework,
but the extension and application of his method to a
calculation of the local self-force is nontrivial and yet to
be achieved. In this paper, we choose to base our calcu-
lation on a time-domain method, whose utility and efficacy
are essentially agnostic to whether the perturbation’s
frequency spectrum is discrete or continuous.

Our time-domain method is based on a direct integration
of the linearized Einstein’s equations in the Lorenz gauge
and represents an extension of the method and code
developed in Refs. [47-49] where it was applied for bound
(circular or eccentric) orbits. We list here a few of the
technical issues that arise in extending the method to
unbound orbits. First, and most obvious, our integration
domain for the self-force becomes infinite (and subtle at
r ~4M), demanding the introduction and control of suit-
able integration cutoffs, and/or the use of suitable extrap-
olations. Second, “junk radiation” from imperfect initial
conditions is potentially much more of a problem for an
unbound orbit than it is for a bound one, both because such
radiation takes longer to dissipate away and because its
effect on the physical self-force data is harder to isolate and
remove (in the case of a bound orbit, one can simply
discard the perturbation produced by the first few orbital
cycles, dominated by the junk radiation).

A third technical hurdle turned out to be the hardest
to deal with. The monopole and dipole modes of the
Lorenz-gauge perturbation, which can have an important
contribution to the self-force, cannot be obtained via the
time-domain integration method of [47-49], due to the
occurrence of certain spurious linear-in-time gauge modes

that appear to grow during the numerical evolution of the
field equations. This problem has been analyzed in detail in
Ref. [50]. A complete satisfactory resolution for it is not yet
known despite recent progress [51]. In the case of bound
orbits, the problem has been circumvented (at least in the
Schwarzschild case) by constructing suitable monopole and
dipole solutions analytically. This, however, is not easily
done for unbound orbits, due to the nontrivial time
dependence of their perturbations. In this work, we propose
and implement a method for dealing with this problem in
the specific case of the ZEZO.

The O(y) terms of the ZEZO’s Q and L were first
estimated within the EOB formalism in Ref. [29].
Specifically, these self-force terms were shown to be
precisely proportional to a(}) and @'(3), respectively, where
a(u) denotes the self-force piece of the basic radial
potential A(u;v) = 1-2u+va(u)+ O(1?) of EOB dynam-
ics; see Eq. (91) below. [Here, u := (M + u)/rgog, while
vi=uM/(M + u)* =n/(1 +n)* denotes the symmetric
mass ratio.] At the time of Ref. [29], the numerical values
of a(}) and &'(}) could only be coarsely estimated by using
(third-order) PN theory, together with initial results from
self-force theory [52], and some early numerical-relativity
calibration of EOB theory [53]. Expressed in the notation
of the present paper, Ref. [29] predicted L =4Mu[l1-
0.288(80)#], and that the correction to Q should be
positive. No concrete value was ventured for Q, for which
the estimate was less certain, but based on information
given in [29], one gets Q =~ (8M)~'(1 +0.325). The
proximity to our “exact” self-force results (1) and (2),
especially for L, is notable.

An independent way of calculating Q and L is provided
by the so-called first law of binary black hole mechanics
[54-56]: a variational formula that links local quantities
constructed from the metric perturbation evaluated on the
orbit (specifically, Detweiler’s redshift z) to certain global
energy and angular momentum of the binary system.5
When applied to a circular orbit [60], the formula gives
the O(n*) contributions to the binding energy and angular
momentum in terms of the O(y) pieces of z(Q) and
dz(Q)/dQ, two functions that are known numerically with
a very high precision [61]. The first-law formula does
not apply directly to the ZEZO, but it does apply to the
asymptotic circular orbit at r ~4M. And since the ZEZO
and the circular orbit to which it asymptotes necessarily
possess the same energy and angular momentum, it follows
that the first-law formula can be used to compute these for

>We shall discuss in detail below the relation between the
notions of energy and angular momentum in the first law (and in
EOB dynamics), and the usual Arnowitt-Deser-Misner (ADM),
or Bondi, ones. The first law of binaries was originally for-
mulated in a PN context. Later work [57-59] established
Hamiltonian formulations of the first law directly in the context
of self-force theory.
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the ZEZO as well, in terms of the known values of z(Q) and
dz(Q)/dQ on the circular geodesic orbit at r =4M. A
simple manipulation, detailed in Sec. IX, also gives the
asymptotic frequency of the ZEZO. Thus, the first law
independently predicts the O(#) terms of the ZEZO’s Q and
L. We find these first-law predictions to be in agreement
with our direct self-force results (1) and (2), to within our
error bars. This serves to corroborate the evidence support-
ing the validity of the first law even in the strong-field
regime.

The first law can also be used to provide a simple link
(first obtained in [62]) between the self-force piece of the
redshift z and the EOB potential a(u). This link has been
used in the past to compute accurate numerical values and
analytical representations of a(u) from numerical self-force
computations [61]. The latter allow one to accurately

1

compute a(j) and d/(}) and thereby refine the EOB

predictions for the self-force corrections to L and Q. In
Sec. VIII, we shall go through this calculation and show
how these EOB predictions are in full agreement with the
direct self-force results (1) and (2).

The plan of this paper is as follows. We begin, in Sec. 11,
with a description of the ZEZO and its properties in the
geodesic limit. In Sec. III, we define the conservative
piece of the self-force, add it to the equation of motion,
and describe the resulting effects on the ZEZO. In
Secs. IV and V, we derive formulas for the self-force
corrections to  and L (respectively), written explicitly in
terms of the self-force components (and certain worldline
integrals thereof). In Sec. VI, we review our numerical
method, describe the details of its implementation, and
obtain the raw self-force data needed for our analysis. In
Sec. VII, we then calculate Q and L and arrive at our main
results (1) and (2). Sections VIII and IX contain our
comparisons with the theoretical predictions made,
respectively, from EOB theory and directly from the
first-law. We conclude in Sec. X with a discussion of
foreseeable future applications.

II. ZERO BINDING ENERGY ZOOM-WHIRL
ORBIT IN THE GEODESIC APPROXIMATION

Consider a test particle of mass ¢ moving on a timelike
geodesic orbit in the exterior of a Schwarzschild black hole
of mass M. Denote the (Schwarzschild-)coordinate position
along the orbit by xj(z), with tangent four-velocity
u® := xp, where 7 is proper time and an overdot denotes
d/dz. Without loss of generality, we place the orbit in the
equatorial plane, ie., take 6, = /2 and u’=0. The
particle’s energy, FE :=—uu,, and azimuthal angular
momentum, L := uu,, are conserved along the geodesic,
ie., E=L=0; here u,= gu,u’, with g,; being the
background Schwarzschild metric. The geodesic equations
of motion can then be written in a first-integral form,

. E
Ko = Ty 2
pipy = % (4)
p
piy = £[E* - V(rp;L)]l/z’ (5)

where we have introduced f(r):= (1 —-2M/r) and the
radial effective potential V(r;L) == f(r)(u® + L*/r?).
From Eq. (5), the effective radial force acting on particle
is given by

i = _ 1 9V(ryL) _ L(ry —3M) — My*r;
P 2u  Or, ury
= F"(ry;L). (6)

The ZEZO is defined by the requirements that (i) 7, — 0
for r, — oo and (ii) the trajectory asymptotes to a circular
orbit in either the infinite future or the infinite past, i.e.,
rp = 0 = ¥, for some r, = R. The first requirement deter-
mines E using Eq. (5), and subsequently the second
requirement determines L and R using (5) and (6). One
obtains

E =y, L =4uM, R =14M. (7)
Here we have adopted the convention that L is positive, i.e.,
@p > 0. The parameters in (7) describe both (disjoint)
branches of the ZEZO geodesic: the one going out to
infinity [+ sign in Eq. (5)], as well as the one coming in
from infinity [— sign in Eq. (5)]; we shall refer to the former
as the “outbound ZEZO” (0ZEZO) and to the latter as the
“inbound ZEZO” (iZEZO).

The ZEZO geodesic is depicted in Fig. 1. The asymptotic
circular geodesic of radius r =4M corresponds to a
maximum of the effective potential V(r) (see the inset),
and it is unstable: a small perturbation would send the
particle flying either to infinity or into the black hole. This
circular orbit is marginally bound in the following sense:
for a timelike circular geodesic (stable or unstable) at any
constant » > 4M, an arbitrarily small perturbation cannot
send the orbiting particle to infinity, while it can do so for
any timelike circular geodesic with r < 4M. Thus, we refer
to the circular geodesic orbit at r = 4M as the innermost
bound circular orbit (IBCO). The IBCO’s frequency is
given by

. 1

Q= ((/’p/tp)|rp:4M M (8)
where we have made use of Egs. (3), (4), and (7).

The iZEZO and 0ZEZO asymptote the IBCO at t — o0

and t - —oo, respectively, and we note that both do so
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FIG. 1. The zero-(binding-)energy zoom-whirl geodesic orbit

(ZEZO) depicted here in the orbital plane. The inset shows the
radial effective potential V(r;4uM) [cf. Eq. (5)], with the dashed
line representing the radial range of the ZEZO orbit. The orbit
asymptotes to the innermost bound circular orbit (IBCO)
at r =4M, corresponding to the maximum of the effective
potential.

“exponentially fast” (in either coordinate time ¢ or proper
time 7): for or, = r, —4M < M, Eq. (5) gives or, =~
+x6r, [with k = (4v/2M)~'], implying &r,(7) ~ e**".

At the other end of the orbit, for rp = 00, the azimuthal
angle ¢, approaches a constant limiting value: combining
(4) and (5), we find dg,/dr, ~(M/r})"/?, and hence
®p = Yoo+ O(M/r,)"?. In that sense, the ZEZO is
asymptotically “radial” at infinity. Note, however, that
the “impact parameter”, defined as usual through

b = limrsin |@,(r) — ¢u| ©)

is actually infinite for the ZEZO. This is unlike the case of
unbound orbits with £ > y, for which the impact parameter

has a finite value, given by b = L/+\/E> — i°.

III. CONSERVATIVE SELF-FORCE
MODIFICATION TO THE ORBIT

A. Equation of motion

When the first-order gravitational self-force is taken into
account, the particle’s equation of motion can be written in
the form

ﬂﬁﬂvﬁﬁa = Fer (10)
where the covariant derivative Vj is the one compatible
with the background (Schwarzschild) metric g,,, and Fg
is the self-force. We let the self-accelerated (slightly non-

geodesic) orbit in the background spacetime be represented
by x* = (), with tangent four velocity *:=dx"*/dr

normalized with respect to the background metric
gaﬂﬁ“ﬁ/’ = —1. From symmetry, the orbit remains equato-
rial even under the effect of the self-force (in any gauge that
respects the up-down symmetry of the setup), so we have
9p = /2 and i’ = 0. The other components of Eq. (10)
take the simple form

E=—Fpr, (11)

L =Fgr, (12)

”;p = ]:V(Ap;i') + Fig (13)

where we have defined E := —it, and I = ii,,, and indices

are lowered using the background metric g,,. Recall 7" is
the effective geodesic radial force, introduced in Eq. (6).
Note F" = O(n) while F”,; = O(*), so F’,; represents a
small perturbation of the effective radial force. Note also
that Eq. (5) remains valid, subject to replacing all quantities
with their hatted counterparts,

ut, = £[E* = V(3 L)]2. (14)

The self-force can be written as a sum of conservative
and dissipative components,
Fgelf = FgOHS + ngss' (15)
This split is unambiguously and uniquely defined for the
first-order force, as follows. In self-force theory, the actual
self-force can be expressed as a functional, FZ(h), of
the physical, retarded (first-order) metric perturbation. One
can similarly construct a fictitious self-force F%,;(h%") out
of the advanced metric perturbation. Then

1 adv

Fgons = 5 [F(sxelf(h;levt) + F(sxelf(h/‘il(i )]’ (16)
1

Fs = 5 [F?elf(h/rfut> — Flr hft(zizv)] (17)

describe, respectively, the time-symmetric (“‘conservative”)
and dissipative pieces of F'% .. Here we are interested in the
effect of the conservative force alone, so in Egs. (11)—(13),
we henceforth set F§ . = 0, thus replacing the full force
F& e with FE .

In the next subsection, we solve Egs. (11)-(13) (with
F& = F&n) for the perturbed ZEZO. But let us first make
two comments about the calculation of F¢,,, in practice.
First, since we work here in the first-order self-force
approximation, with dissipation neglected, it should suffice
to evaluate F¢,, along the unperturbed, geodesic ZEZO.
This is based on the expectation (confirmed with our
explicit calculation below) that the perturbed orbit remains
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forever “close” to the background geodesic ZEZO () —
xg(7) = O(n) for all z. In our numerical calculation, we can
therefore evaluate the self-force along the fixed ZEZO
geodesic and need not worry about the correction to the
orbit due to the self-force.

Our second comment regards the extraction of F ,, from
the full self-force. From Eq. (16), it would seem that we
require knowledge of both /i and h%¥ (and their deriv-
atives) along the orbit. However, there is a way to express
F&,. in terms of the retarded perturbation alone, taking
advantage of the time-symmetry relation between the
0oZEZO and iZEZO. To see this, first observe that the
two orbits are related via the transformation (u', u”, u?) -
(u',—u", u?), and further note the symmetry relation, valid
at any given point along either orbit [63],

Fog (' u" u?) = ¢ OF(u', ~u u?), (18
with ¢’ = =1 = ¢” and ¢" = 1 (no summation over a) and
where Fg ., = F @« (he/*). Now consider a point with

four velocity u* along the iZEZO. The conservative self-
force at that point is given by Eq. (16), which, using the
above two symmetry relations, gives

1
Flons (") lizezo = E(Flrxet(”tv u', u?)

+ qOFe (u', =", u?))|izez0

1
= = (F&(u")lizezo + 4" F&(u") ozez0)-

2
(19)

We can thus construct the conservative self-force along the
iZEZO given the full (retarded) self-force along both
iZEZO and 0ZEZO. This turns out to be computationally
simpler than a calculation of both retarded and advanced
perturbations for the iZEZO alone.

We finally note that our quantities E and L are not
conserved along the ZEZO, even when dissipation is
ignored. The conservative self-force components F¢°™
and F™ in Egs. (11) and (12) are generally nonzero
along the ZEZO; they only vanish on the asymptotic IBCO
(as they do, from time-symmetry, along any circular orbit).

B. The perturbed ZEZO

We define the “perturbed ZEZO” as a solution of
Eqgs. (11)—(13) (with F¢,; = F%,;), subject to

;’p(r - 0) =0, (20)
Fo(r = R) =0, (21)
}A;p(r - IA?) =0, (22)

for some constant radius R = 4M + O(x). Our construc-
tion below shows that these three conditions pick out a
unique solution that is a perturbation of the geodesic
ZEZO. However, since 7, is gauge dependent (just like
the self-force itself), we need to be mindful of gauge-related
ambiguities in the above definition. One way to remove
such ambiguities is to reformulate the conditions (20)—(22)
in a geometrical language, alluding to invariant (asymp-
totic) Killing symmetries of the perturbed spacetime. Thus
(referring to the iZEZO, for example), we can demand that
at past timelike infinity (i7) the perturbed sapcetime
possesses a time-translation symmetry with a (normalized)
generator * coinciding with the particle’s four-velocity #1%;
and that at future timelike infinity (i*) the perturbed
spacetime has an asymptotic helical symmetry, with #*
lying tangent to a generator of it. In Appendix A, we will
discuss an alternative definition of the perturbed ZEZO, in
which the condition (20) is replaced with a condition on the
spacetime’s ADM mass: instead of fixing the velocity at
infinity, we fix the ADM mass at M + u through (17?). This
manifestly invariant way of fixing the initial conditions
should prove convenient in future studies of hyperbolic-
type orbits.

In practice, however, we need to translate such invariant
conditions into a coordinate form such as in (20)—(22), and
to do so without ambiguity, we must restrict the class of
gauges in which these coordinate conditions apply. As we
discuss in Sec. IV B below, for our specific calculation, it
will suffice to require that the metric perturbation asso-
ciated with the self-force is manifestly asymptotically flat,
as well as helically symmetric at late time. The two physical
self-force effects that we calculate in this work—the IBCO
frequency shift and the shift in the critical value of the
angular momentum at infinity—will be invariant within this
class of gauges.

We now look for a solution of Egs. (11)—(13) that is a
perturbation of the geodesic ZEZO. We thus write

E =+ 8E(r,), (23)
L =4Mu+ 5L(r,), (24)
R =4M + 6R, (25)

and consider the linearization of the equations of motion
(11)—~(13) and normalization condition (14) in the pertur-
bations 6E(x 1?), SL(x n*), and 6R(cx ). [We hereafter
use r,, in lieu of 7 as a parameter along the orbit, assuming
rp(7) is monotonic, on either the iZEZO or the 0ZEZO,
even for the perturbed orbit.] Applying the three conditions
(20)—(22) then yields, respectively,

SE(c0) = 0, (26)

124015-6



SELF-FORCE EFFECTS ON THE MARGINALLY BOUND ZOOM- ...

PHYS. REV. D 100, 124015 (2019)

SE(R) = (8M)~'6L(R), (27)
U6R + SL(R) = =32M?F (R), (28)

where we have used (OV/0r)|,o =0 = (0V/OL)|,, o
and also 0V /0r =0 for (r,L) = (4M,4Mu). Within our
linear approximation, we may replace R — 4M in the
argument of all perturbative quantities in (27) and (28).

Two more relations are obtained by integrating the self-
force in Egs. (11) and (12) along the geodesic iZEZO,

o M dr,
SE(R) — 6E(c0) = — / Foors—2 = AE. (29)
(s rp
N M dr
SL(R) — 5L(c0) = / Fems—P = AL, (30)
0] rp

The five equations (26)—(30) form a closed algebraic
system for the five unknowns SE(R), SE(o0), SL(R),
8L (), and SR. Solving it, we find

u6R = —8MAE — 32M*F, (R), (31)
SL(c0) = SMAE — AL, (32)
SE(R) = AE, (33)

SL(R) = SMAE (34)

along with 6E(c0) = 0. These expressions provide suffi-
cient input for our calculation of invariant physical effects
in the next two sections.

But before we proceed to doing that, let us inspect the
type of self-force input needed. It involves three bits of
information: the value FZ,(R), and the two integrals AE
and AL. The quantity F7,, (R) is the (constant) value of the
r component of the conservative self-force on the asymp-
totic IBCO. Within our first-order self-force approximation,
this can equally well be evaluated on the geodesic IBCO at
r = 4M. The numerical value of F[,,, on the IBCO can be
obtained with great precision using standard (bound-orbit)
self-force codes; we give this value below in Eq. (77).

The evaluation of the self-force integrals AE and AL is
more involved and will be described in Sec. VI. Here we
comment on the expected convergence of these integrals.
At r, > M, we expect the asymptotic form

F{™ o i, /13, F&™ o iy /1, (35)
(see Appendix B), where i, ~ —(2M/r,)'/?. Hence, the
integrands in Egs. (29) and (30) fall off as ~r;2, and both
integrals converge well at infinity. Truncating the integra-
tion at some 7, > M should produce an error of
O(1/7max)» Which could be reduced to O(1/r2,) using

a Richardson-type extrapolation. Near the IBCO, for
r, —4M < M, we have [43] F{° ~ i F,(r,), where F,
is some smooth function of r, with a generally nonzero
limit r — 4M, and similarly for Fi?™. The integrals there-
fore converge well also at their r, — 4M limit. Truncating
at r, = 4M + ¢ should produce an error of O(e).

IV. SELF-FORCE CORRECTION
TO THE IBCO FREQUENCY

The quantity 0R describes the shift in the coordinate
radius of the IBCO due to the conservative piece of the self-
force. It is by itself not a very useful measure of the self-
force effect, because it is gauge dependent. A more useful
measure is the associated shift in the IBCO frequency €,
which is invariant, at least within a class of physically
reasonable gauges (to be defined below). The perturbed
IBCO frequency is defined through Q := (4 /") |rp= 2> and

we write it as
Q:=Q+6Q, (36)

where Q = (8M)~! is the geodesic IBCO frequency from
Eq. (8). Our goal now is to derive an expression for the
O(n) self-force correction 5.

Recalling ii” = ¢??L and ii' = —¢"E (where the back-
ground metric is evaluated on the perturbed orbit), we have

AL/ 2M\ L(R)
o= (-5 o

which, upon substituting from Egs. (23) to (25), expanding
in 7, and dropping all terms beyond O(), gives

9

Q/Q=1+ ﬁ [SL(R) — 4MSE(R) — uéR].  (38)

Then substituting from Egs. (31), (33), and (34), we
arrive at

Q/Q =14 37AE + 8nF iy 0. (39)

Here we have made explicit the # scaling of the self-force
terms, by introducing the mass-rescaled dimensionless
quantities

A,\E 1= (M//,tz)AE, Fﬁgco = 7]—2Féons(fe>‘ (40)

(For future use, we also introduce AL := AL /u*.) The sum
of the last two terms on the right-hand side in Eq. (39) is the

O(n) relative frequency shift 5Q/Q of the IBCO. Notice it
involves Fiz-o and AE, but not AL.
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A. Conditions for gauge invariance

The frequency shift 6Q is what Ref. [7] refers to as a
“quasi-invariant” quantity (see Sec. 7. 6 of that review for
definition and a discussion): it is invariant within a class of
“physically reasonable” gauges. We can identify the relevant
gauge conditions by examining what effect a generic gauge
transformation has on the form of Eq. (39), as follows.

Consider a gauge transformation

X% = x* =& (41)

with a generator £* = O(y), and let 6:X denote the
change in a quantity X under such a transformation. To
evaluate 55(Q/ Q), it is convenient to first write (39) in the
equivalent form

A 3 -

obtained using (31). The radial coordinate shift 6R trans-
forms according to, simply, 6;(6R) = —£”, where hereafter
in this discussion £* should be understood to be evaluated
on the unperturbed IBCO. The transformation of §;F {5
can be obtained from the standard formula for the gauge
transformation of the self-force [64], which, applied to the
geodesic IBCO, gives

- 3 . 1. .
O:(nFY, = E —ME ——E+ME. (4
:(NFipco) 32M§ ¢ 85 + M¢ (43)
Combining the two results, we find

1

50 =1 (&4 Qi — ), (44)

N

where, importantly, the two terms « £ got canceled out,
with all remaining terms being proportional to derivatives
of &* along the orbit.

Equation (44) makes it clear that the frequency is not a
true invariant: it is sensitive to diffeomorphisms that induce
radial acceleration (é’ # 0), or are otherwise incompatible
with the helical symmetry of the circular-orbit configura-
tion (Q& # &¥). However, it is also clear that some
restrictions are necessary on the class of allowable gauges,
if we wish Q to make physical sense. For example, we wish

Q to have a constant value along a circular orbit. A natural
requirement is for the metric perturbation /4 to be mani-
festly helically symmetric, so that, in particular, haﬁEO
on the circular orbit. [For the iZEZO (0ZEZO), this is
replaced with a requirement that £, is helically symmetric
in the vicinity of i* (i”).] Can we say that Q is invariant
under transformations £* that preserve the helical symmetry
of the metric perturbation? It turns out that the answer is
negative: it is not hard to find generators £* that produce
helically symmetric gauge perturbations while changing
the value of 6Q. All such generators have the form

&% = (a1t + )87 + (a3t + au0) 5 =B, (45)

where a,, are constants (cx 77). It can be checked that dzh, is
helically symmetric, while, from Eq. (44), we find a
generally nonzero frequency correction

6=(6Q) = Q(a; + Qa,) — (a3 + Qay). (46)

(Here we have substituted the IBCO value ip =2)

Is there a physical reason to reject gauge transformations
of the form (45)? The answer comes from examining the
form of the metric perturbation generated by =% whose
nonzero components work out to be

55]’1,, = —2(11 (1 - 2M/r) (47)
5Eht(p :5§h(pt :(Z3r2Sin29—(12(1 —2M/I"), (48)
Szhyy = 20,2 sin? 0. (49)

Such a gauge perturbation is pathological at r — co, where
asymptotic flatness requires that hy, h,,, and h,,/ r* all
vanish. In fact, the perturbation is pathological for any choice
of a,, except a, = 0 for all n. Thus, restricting to a class of
manifestly asymptotically flat gauges excludes all Z* trans-
formations. And, since E* are the only transformations
among helically symmetric perturbations that can change
0Q, we find that imposing both helical symmetry and
asymptotic flatness is sufficient for 6;(6Q) = 0.

In other words, 6€2 is invariant within the class of gauges
in which the perturbed metric is both manifestly helically
symmetric and manifestly asymptotically flat. For conven-
ience, we hereafter take the point of view that this invariant
value defines the frequency shift 5Q (instead of considering
0Q as a gauge-dependent quantity). If one chooses to work
in a gauge that is not helically symmetric or asymptotically
flat, one can still (in principle) calculate 6€2, using a suitable
gauge-adjusted version of Eq. (39)

B. Lorenz-gauge adjustment

Our numerical calculation of the metric perturbation and
self-force in this work will be done in a Lorenz gauge.
Subject to (retarded) boundary conditions, the Lorenz-
gauge perturbation is determined uniquely, up to (1) mass
and angular-momentum perturbations of the background
Schwarzschild geometry, (2) a gauge displacement of the
center-of-mass (CoM) location, and (3) certain monopolar
and dipolar gauge modes that are linear in time ¢. The first
type of ambiguity is resolved through conditions on the
mass and angular momentum of the large black hole and of
the entire spacetime, as we discuss in Sec. VI C. The CoM
ambiguity is discussed and resolved in Sec. VC via a
condition on the mass-dipole content of the perturbation.
Finally, the linear-in-# modes are excluded using (in
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essence) a regularity condition at i*, as we shall discuss at
length in Sec. VI. With these specifications, the Lorenz-
gauge perturbation and associated self-force are fully
determined.

The thus-specified Lorenz-gauge perturbation is mani-
festly helically symmetric, but, as first noted in [47], it is
not manifestly asymptotically flat.’ Specifically, one finds

limh'" = a, (50)
with a generally nonzero constant a whose value depends
on the sourcing orbit, and where a script (L) hereafter labels
quantities expressed in the above specific Lorenz gauge.
Other components of h((l;) do show the appropriate falloff;
the anomalous behavior only affects the monopolar piece of
the 7t component. For a circular geodesic source, the
monopole piece of the perturbation can be written down
analytically, and a works out as —2u[R(R —3M)]~'/2,
where R 1is the orbital radius. For the IBCO, with
R = 4M, we thus have a = —7, namely

limA'Y = -

r—o0

(IBCO). (51)

As we shall check numerically in Sec. VI, this is also the
value obtained for the iZEZO and for the 0ZEZO, as might
be expected.

Comparing (51) with (47), we see that the anomalous
behavior can be attributed to a Z*-type gauge transformation
from an asymptotically flat gauge, with (a;, oy, a3, 4) =
(n/2,0,0,0); that is,

1

B = 5'7”57- (52)
According to (46), such a transformation modifies 5Q/Q by
an amount 5z (6Q/Q) = a; = 1/2. The inverse transforma-
tion, —E, takes the Lorenz-gauge perturbation out of the
Lorenz-gauge class and into the class of gauges that are both
helically symmetric and asymptotically flat. Hence, we have
(6Q/Q)H) = 6Q/Q + 5/2, and thus

A

Q/Q = (Q/Q)D) —y/2. (53)

Equation (39) can now be written in terms of Lorenz-gauge
self-force quantities,

. 1 — -,
Q/Q=1-3n+ 3AE"Y + 8pF . (54)

In Sec. VI, we will use Eq. (54) to calculate Q with
Lorenz-gauge numerical self-force data as input; and in

®There is a way, first suggested in [65], to specify a manifestly
asymptotically flat Lorenz-gauge perturbation. However, this
comes at the expense of having to shift the black hole’s mass
away from M.

Sec. IX, we will show that our calculated value agrees with
that predicted by the first-law of black hole binary
mechanics, as applied to the IBCO.

V. SELF-FORCE CORRECTION TO THE
CRITICAL ANGULAR MOMENTUM

We now turn to our second (quasi)invariant quantity: the
fine-tuned value L of angular momentum needed for the
iZEZO orbit to become asymptotically circular at late time
(again, neglecting radiation). For definiteness, the quantity
we shall consider is a certain Bondi-type fotal angular
momentum of the spacetime in a CoM frame, which we
define precisely in subsection VA below. Expressed as an
expansion in 7, it has the form

L =L+ 0 =4M*n+ O(?). (55)

There occurs no O(;°) term, since our black hole has
neither intrinsic spin nor (for n — 0) orbital angular
momentum in the CoM frame. In that frame, the only
contribution at O(#) comes from the conserved geodesic
orbital angular momentum L.

We are interested in the O (i) term of L, associated with
the effect of the conservative (time-symmetric) first-order
self-force. We immediately encounter at least four com-
plications. First, there is the fundamental issue of choosing
a definition of angular momentum that makes sense for the
time-symmetric ZEZO spacetime even at O(n?), where
time-symmetric radiative contributions render the usual
ADM angular momentum ill defined. This problem will be
discussed and addressed in Sec. VA. The three other
complications are more technical. First, the definition of
angular momentum refers to a CoM frame. In the geodesic
approximation (i.e., for 7 — 0), the CoM trivially coincides
with the centre of Schwarzschild coordinates, r = 0.
However, as we perturb the metric, it is no longer obvious
where our “center of coordinates” lies with respect to the
CoM; this must be established for the particular gauge
chosen, and a suitable transformation to a CoM frame must
be performed if necessary. A second complication is that, at
O(?), L contains a contribution from the recoil motion of
the large black hole about the CoM, which must be
accounted for. Finally, if we are to express our angular
momentum in terms of Lorenz-gauge self-force quantities,
we would need to carefully account for the gauge pathology
at infinity discussed at the end of the previous section. We
will deal with these issues one by one in the following four
subsections.

A. Definition of L as a Bondi-type angular momentum

In helically symmetric spacetimes, the conditions for
asymptotic flatness are violated because these spacetimes
must involve, for an infinite time, an equal amount of
incoming and outgoing radiation having a slow (~1/r)
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spatial decay. In particular, this renders the ADM integrals
at i® mathematically ill defined. The perturbed ZEZO
spacetime is not precisely helically symmetric, but it is
so asymptotically at it iZEZO) or i~ (0ZEZO). As a result,
the “advanced” iZEZO geometry is helically symmetric at
iV, as is the “retarded” 0ZEZO geometry. This means that,
for both iZEZO and 0ZEZO, the time-symmetric spacetime
(“half-retarded-plus-half-advanced”) fails to be asymptoti-
cally flat, just as in the case of an “eternal” circular orbit.
This failure manifests itself first at O(5?) in the metric, in
the form of quadratic combinations of first-order radiative
terms that do not have a sufficiently rapid falloff at spatial
infinity [66]. In consequence, we cannot meaningfully
speak of the ADM angular momentum of the time-
symmetric iZEZO or 0oZEZO spacetimes.

We seek a different definition of angular momentum,
applicable to the iZEZO. We choose the following. Let L be
defined as the incoming Bondi angular momentum at
infinite past advanced time. By “incoming” we refer to
the standard Bondi integral as calculated on a segment of
past null infinity, and here we are evaluating this integral in
the limit v — —oo, where v is advanced time. We expect the
radiation content of both retarded and advanced iZEZO
spacetimes to be vanishingly small in this limit, and
therefore our L to be mathematically well defined (finite)
even for the time-symmetric iZEZO spacetime. Intuitively,
this Bondi quantity, free of problematic radiative contri-
butions, represents a purely “mechanical” angular momen-
tum of the particle-black hole system. This angular
momentum can be calculated in the framework of the
post-Minkowskian theory of scattering particles, where,
indeed, the notion of mechanical momentum has a precise
formulation (to be reviewed below). This has an obvious
advantage: our calculation of L for the iZEZO configura-
tion will require no knowledge of the second-order metric
perturbation [which would normally be needed for a direct
evaluation of the Bondi integral at O(5?)]. Instead, we will
extract L. from the orbital “kinematics” alone, given the
(first-order) self-force along the orbit. Furthermore, our L
naturally relates to the notion of angular momentum used in
EOB and PN theories, and also in the first-law formulation;
it is thus the relevant notion to consider for the purpose of
comparison. And L has one more attractive property: it has
the alternative interpretation of a total ADM angular
momentum—not in the fictitious, time-symmetric space-
time, but in the physical iZEZO problem with retarded
boundary conditions. Our choice to consider an angular
momentum £ as defined above is thus both practically
useful and physically motivated.

In the rest of this subsection, we briefly review the notion
of mechanical angular momentum (in electromagnetism
and post-Minkowskian gravity), relate it to our Bondi-type
angular momentum L in the iZEZO case, and discuss the
ADM reinterpretation.

1. Interpretation of L as a mechanical
angular momentum

The notion of mechanical momentum (and energy) for a
system of particles interacting via a time-symmetric field
exchange goes back to the classic work of Fokker [67] in
(flat-space) electromagnetism. In that work, Fokker
computed the purely mechanical reduced action (“Fokker
action”) describing the dynamics of a system of electric
charges, after having “integrated out” the electromagnetic
field. The “purely mechanical,” action-at-a-distance
approach of Fokker was later pursued by Wheeler and
Feynman [68]. The Fokker(-Wheeler-Feynman) action
being manifestly Poincaré invariant leads to conservation
laws both for the total four-momentum, P*, and for the total
tensorial angular momentum, J*, of the mechanical
system. Explicit expressions for these mechanical con-
served quantities were derived by Schild and his collab-
orators [69,70]. For a two-particle system of electric
charges, these Fokker-Wheeler-Feynman mechanical con-
served momentum and angular momentum of the system
are of the form

P:;ech(xl,xz) = ml“’f(ﬁ) + M2u’§(72) + p,ilnt(xl’x2)v
Jﬁ]yech(xbxz) = Zmlxgﬂ(fl)”’;] (1)

+ 2m2x1“‘(rz)u§] (12) + Ji(x1.x2),  (56)

where xi, x, are arbitrary, spacelike-related points on the
two worldlines, 7, 7, are the proper times corresponding to
x1, Xy, and the interaction terms pl and ji are mildly
nonlocal functionals of the two worldlines (involving only
finite proper-time intervals). The crucial point for our
present discussion is that the quasilocalized structure of
the interaction contributions p’ (x;.x,) and ji imply the
following properties: (i) in a scattering situation, both
ph(x1,x;) and i vanish in the infinite past (for the
incoming state) and in the infinite future (for the outgoing
state), and (ii) in a bound-state situation, for an eternally
(absorbing and) emitting time-symmetric system of
two charges (e.g., on circular orbits), both pi (x;,x;)
and ji are finite, in spite of the presence of an infinite
amount of energy in the homogeneous radiation field
Fad = L(Fiet — FadV). [The fact that F52 does not contrib-
ute to the mechanical conserved quantities can be seen from
the results of Ref. [68], notably their Eq. (33).]

The case of relevance to us here, of a time-symmetric
gravitationally interacting system of masses, is much more
involved (due to the nonlinear structure of Einstein’s
gravity) and cannot be treated in exact form as the
electromagnetic case. As emphasized in Ref. [71], in a
post-Minkowskian framework one can formally derive a
gravitational analog of the electromagnetic Fokker action
by perturbatively iterating a Fokker-type time-symmetric
Green function while integrating out the gravitational field.
This leads to a (post-Minkowskian) expansion for the
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reduced gravitational action involving Feynman-like dia-
grams in which the nonlinear vertices defined by the
Einstein-Hilbert action are connected by time-symmetric
propagators. We are not aware of any explicit proof
showing that there exist, at all post-Minkowskian orders,
gravitational analogs of the mechanical conserved quan-
tities P4 . and J4" . having the same properties as in the
electromagnetic case. However, there are partial results
confirming the probable existence of such well-defined
mechanical conserved quantities. For instance, at the first
post-Minkowskian approximation (first order in G),

Ref. [72] has explicitly constructed (following [69])

P’Iﬁeg}v{ and J’I;”;CEM, and has shown, in particular, that they

were finite for gravitationally interacting helically sym-
metric binary systems. They have also verified that the
conserved mechanical energy and angular momentum
satisfied the expected first law SE = Q4J. In addition,
the Fokker-like time-symmetric reduced gravitational
action is explicitly known to the fourth post-Newtonian
accuracy [12—18]. This 4PN action includes terms coming
from the fifth post-Minkowskian approximation [O(G)].
At this high order, there appear delicate contributions to the
action (related to the emission of gravitational radiation)
which are nonlocal-in-time. In spite of the highly nonlinear
aspects of the gravitational two-body interaction described
by this action, it was again explicitly shown [12,13,73] that

there existed conserved mechanical energy and angular

4PN 4PN .
momentum, P F and JA7 " having the same structure

as in the electromagnetic case. Namely (i) in the scattering
case, the interaction contributions to the conserved energy,
momentum and angular momentum vanish for infinite
separations (which is a direct confirmation that they do
not include the usual contribution coming from the spatial
integral of the energy density of the incoming or outgoing
gravitational radiation); while (ii) in the bound-state case
they are all finite, despite the presence of infinite radiative
contributions in the corresponding ADM quantities. Note
that the same results a fortiori apply to the EOB conserved
quantities, which by construction are equal to their
PN counterparts (considered in a CoM frame). In the
EOB formalism, both the second-post-Minkowskian
Hamiltonian (second order in G and all orders in 1/c)
[31] and the third-post-Minkowskian one [O(G?)] [38,39]
have been recently derived and exhibit the same features.
Let us also note that the validity of the first law of binary
dynamics has been also checked at the fourth post-
Newtonian approximation [56].

In our present problem, the iZEZO spacetime is not
globally amenable to a post-Minkowskian treatment,
because the gravitational interaction is very strong at late
time. However, a post-Minkowskian description is per-
fectly suitable near i~ and in the far past of past null
infinity, where the interaction is vanishingly small. Since
our Bondi-type definition of L involves only information
from that far past of spacetime, we can evaluate this

quantity within a post-Minkowskian framework. In fact,
as we shall see in Sec. VB, a leading-order, i.e.,
Minkowskian, calculation would do for our purpose. The
important point for us is that, at least at that order, it is
intuitively clear (in view of the asymptotic vanishing of the
radiation field near i~ and in the far past of past null infinity)
that the Fokker-Wheeler-Feynman-type mechanical angular
momentum will coincide with the Bondi-type angular
momentum L as we have defined it above. We leave a
detailed technical check of this equality to future work.

2. Interpretation of L as an ADM angular momentum

We have defined L as a Bondi-type quantity in the time-
symmetric iZEZO spacetime. But there is a more physically
compelling interpretation of L, as follows. Consider the
physical iZEZO problem, with the full self-force restored,
and with retarded boundary conditions. Suppose that, in the
physical problem, we set the particle to start off with the
same fine-tuned initial conditions as in the time-symmetric
problem, i.e., in particular, the same value of L. Since in the
physical problem there is no radiation coming in from past
null infinity, that L would also be the (now well defined and
finite) total ADM angular momentum of the physical
iZEZO spacetime. Furthermore, the physical orbit remains
“close” to the time-symmetric iZEZO until well into the
whirl phase, on account of the facts that (i) during the infall
from infinity, the specific parameters of the orbit (say,
E/n.L/n) deviate by amounts of only O(y) due to the
dissipative effect, and (ii) the final whirl, before the particle
scatters back to infinity or plunges into the black hole, takes
an amount of time « logn [74], during which the dis-
sipative piece of the self-force changes the orbital param-
eters by an amount of only O(#nlog#). Thus, the physical
(dissipating) iZEZO can be considered a perturbation of the
conservative iZEZO up until and through the whirl; but,
crucially, the former, unlike the latter, does admit a well-
defined ADM angular momentum.

This all means that we can identify L (as defined in the
time-symmetric spacetime) with the ADM angular momen-
tum of the corresponding physical (dissipating) iZEZO
system with the same initial condition. Such an identification
is not only physically compelling, but will also be useful for
us in practice: the next two subsections will rely on it in
defining a CoM frame, as part of our calculation of L.

B. Expression for L in a CoM-centered,
asymptotically flat gauge
Our goal now is to obtain an expression for the O(;?)

piece of L in Eq. (55) in terms of calculable self-force
quantities.” We focus on the iZEZO case, and (for our

"The analysis leading to the intermediate result (61) was
already carried out by one of us in [29], but for completeness we
give it here again, in a slightly different form.
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current purpose) make the above identification of the orbit
with a physical one, such that the perturbed spacetime is
asymptotically flat and admits well-defined ADM integrals.
We introduce the “asymptotically Lorentzian” system
(t,x,y,z) defined from the Schwarzschild coordinates
through
x:=rsinfcosg, y:=rsinfsing, z:=rcosd, (57)
and assume a gauge is chosen so that the perturbed metric is
manifestly asymptotically flat in these coordinates. Then,
one can unambiguously define the spacetime’s CoM
location, x = R (see Sec. V C below), where hereafter i
runs over the three spatial coordinates. Importantly, R’ can
be obtained from an ADM-type integral at i, and it is thus
determinable entirely from the initial conditions at
t = —oo. For the Schwarzschild background, one trivially
finds R' = 0. However, the value of R’ in the perturbed
spacetime depends on the gauge. For our calculation of L
below, we assume that the gauge is further specified so that
R’ = 0 through O(#) at all time. We refer to this as a “CoM-
centered” gauge. (In such a gauge, the spacetime also has
zero total linear momentum.)

We now let x* = &5(z) represent the particle’s iZEZO
trajectory in the above asymptotically Lorentzian coordi-
nates, as corrected by the conservative self-force associated
with the asymptotically flat, CoM-centered perturbation.
We wish to map the iZEZO system, for Fp — 00, onto a
problem of two point particles in flat space. To this end, we
interpret the (¢, x,y, z) coordinates, in the limit r — oo, as
Cartesian coordinates (+time) in flat space, and introduce
the three-velocity ' := d&},/dt. The particle’s contribution

to L is then given by

Ly = u(Gyi = 99%) = by, (58)
where, in obtaining the second equality, we have used 7* =
(Xp/Fp)0" = 3,0? and D = ($,/F,)0" + X,0¢, followed by
?g ¥ = 9,,. All quantities here are evaluated on the orbit in
the limit 7, — oco. In an asymptotically flat gauge, we have
12(/) = (di,/dr)™'@, — i, in that limit. Therefore, recalling
L = pii, and Eq. (24), we arrive at

L, =4My + 5L, (59)

The O(n?) quantity 6L, = SL(o) is given in Eq. (32) in
terms of the self-force integrals AE and AL.

As mentioned already, the ADM angular momentum has
a contribution from the motion of the black hole about the
CoM, first appearing at O(n*). This contribution—call it
Ly,—is easily obtained in the point-particle picture.
For rp = o0, the black-hole’s Cartesian coordinates in
the above-defined CoM system are X = -—n%, and

Y = —nJ,, with corresponding three-velocity components
V¥ = —»d* and V¥ = —9”. Hence,
Ly = M(XV? = YV¥) = My*ti, = 44>, (60)

where we have omitted terms beyond the leading, O(5?)
contribution.

The total ADM angular momentum is therefore
L=L,+ Ly, =4Mu+ 44 + 5L, which we write in
the form

L =dn+ 4+ oL, (61)
introducing the mass-rescaled dimensionless quantities

L:=L/M? 6L = 6L/ M?. (62)
In Eq. (61) (which agrees with the expression derived in
[29]), the first term is the “background” (geodesic) value,
the second term is the contribution from the black hole’s
recoil motion, and the third term is due to the self-force
acting on the particle.

C. Center-of-mass condition

Equation (61) is applicable in a CoM-centered gauge.
We will now show how to choose our Lorenz gauge so that
it is indeed CoM-centered.

Our treatment is based on the Landau-Lifshitz formu-
lation, as described, e.g., in Sec. 6.1 of [75]. For an
asymptotically flat spacetime with metric g, and “gothic
inverse metric” g% = (—§)'/2¢*” (where § is the metric’s
determinant), the CoM position can be obtained via

. 1 . . .
Ri = mﬁ (xzathjtk _ H’”k)dSk, (63)

where H10 := g% g% — q®¢7? and the integral is per-
formed over a two-sphere with outward-pointing normal
dS; in the limit r — oco. The expression is valid in
asymptotically Lorentzian coordinates such as the ones
defined above, with indices i, j, k running over the three
spatial Cartesian-like coordinates. Here we wish to apply
Eq. (63) with g5 = gap + hap, Where g, is the background
Schwarzschild metric and h,; a Lorenz-gauge metric
perturbation. It is easy to show that the contribution to
R’ from g, vanishes, so we need only consider the piece of
the integrand linear in /.

A few simplifications make this task manageable ana-
lytically. First, noting that the value of R’ does not depend
on how one chooses to approach i°, we can choose to do so
on an early time hypersurface t = const < —M, on which
the asymptotic perturbation from our iZEZO at r — oo is
expected to be dominated by a static, -independent piece.
Promoting this expectation to an assumption, it suffices to
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consider a static perturbation 4. Second, we expect only a
particular multipolar mode of the perturbation to contribute
to R', i.e., the even-parity dipole mode (7, m) = (1,£1) (in
a suitable tensor-harmonic decomposition such as the one
to be introduced in Sec. VI below); the contribution from
other modes should vanish upon integration over the two-
sphere in Eq. (63), at least in the limit » — oco. Third, the
even-parity dipole mode is known to be a pure-gauge mode
of the perturbation away from any sources [76-78].

These simplifications make it sufficient for us to consider
vacuum perturbations of the form

haﬁ = vaé/)’ + vlifm (64)

where the generator £ is subject to the Lorenz-gauge
conditions

VeV, =0 (65)

and assumes the static, even-party dipolar form

¢, = —c(r)sinfsin . (66)

[We have fixed here the azimuthal phase of &, at a specific
value, for convenience. The phase of the actual solution is
determined by the initial orbital phase ¢,(t - —o0), and
our particular choice must correspond to some value of that
phase; here, without loss of generality, we assume that
value.] Equation (65) then constitutes a coupled set of three
second-order ordinary differential equations for a(r), b(r),
and ¢(r). The general solution is a linear combination of six
independent “basis” solutions, which we give analytically
in Appendix C.* We call these solutions {a?;), b?;), c(j;.)},
and, correspondingly, fit(j), where j = 1, 2, 3. These are
chosen so that the three solutions 5(;0) generate metric
perturbations that are regular at the event horizon (by which
we mean, perturbations whose components in a horizon-
regular system, such as ingoing Eddington-Finkelstein
coordinates, are smooth on the horizon); and the three
solutions 5:(].) generate metric perturbations that are regular

at infinity (by which we mean that their components in our
asymptotically Lorentzian system falloff at least as 1/7* for

r — o0). All three of the solutions é’(‘;(j) are irregular at the

horizon, and the two solutions 5;(1) and §;<2) are irregular at
infinity. The solution 5;(3) is special, in that it generates a

¥These solutions were previously derived, and five of them are
given, in Ref. [78].

gauge perturbation that is globally regular, in the above
sense. This solution, whose physical interpretation will be
discussed momentarily, has the simple form

Sz =0

5:(3) = sin @ cos g,

o) = (r— M) cos6cos g,

£,3 = —(r—M)sinfsing (67)

(up to an arbitrary amplitude).

The actual even-dipole mode is determined by solving
the inhomogeneous linearized field equations, sourced by
the point particle. In practice, this amounts to matching
the “external” solutions generated by &, ;) to the “internal”

solutions generated by &, on the surface r = r,(t), using

junction conditions determined from the form of the
(distributional) source. This procedure guarantees that
the actual solution satisfies both the junction conditions
at the particle and the regularity conditions at infinity and
on the horizon. However, the existence of the globally
regular homogeneous solution 5;(3) means that no unique

solution can be determined in this way: one can add the
solution generated by 5;(3) with an arbitrary amplitude,

without violating any of the junction or boundary
conditions.

The physical significance of this arbitrariness will be
discussed shortly, but for now let us return to our main
thread, i.e., the evaluation of the CoM position R'. For this,
it turns out that we do not need to obtain the actual
inhomogeneous dipole perturbation; all we need is the most
general form of the perturbation near i° (at t < —M), which
(in terms of the generator) reads

o= Cilyy) + Caby) + Cabi) + Calyy) (68)

with some constants C,,. We know the actual perturbation
near i¥ is generated by a &, of this form. As input for
Eq. (63), it will suffice to provide the O(1/7?) piece of this
perturbation. At this order, the nonzero components work
out to be (up to an arbitrary amplitude)

2C
h; =— “4sin6cos Q,

2
2(C3+ C
h,. = w sin @ cos @,
r
C; +2C
hg = hy, = C3+2Cy cos @ cos @,
r
C; +2Cy . .

h,, = h, = —————sinf ,

o or . sin @ sin ¢
hgg = —2C, sinf cos ¢,
h,, = —2Cy sin® 6 cos . (69)
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Evidently, the perturbations generated by 5:“) and 5:(2)

decay too fast at infinity to be able to produce a CoM shift.

It is straightforward to calculate the contribution to R’
from the metric perturbation (69) via Eq. (63). The result is
very simple,

{(R*.R*.R*} = {~C,,0,0}. (70)

Namely, the only gauge perturbation that shifts the CoM
location is the one generated by f;(3), and with 5;(3)

normalized as in Eq. (67), it does so by an amount of
—1 in the x direction. It is now a good time to return to the
question of the physical interpretation of 5;(3). That is made

clear by examining the form of this generator at » — oo in
Lorenzian coordinates

(85658569} ~ (0.1.0.0). (1)

That is, at large r, J;‘(’g‘) is a simple coordinate displacement

x — x — 1 [recall our sign convention in Eq. (41)]. Clearly,
such a displacement shifts the CoM location by exactly —1
in the x direction, consistent with the result of our
calculation. The particular (x) direction of the CoM shift
is, of course, inherited from our particular choice of phase
in Eq. (66). The actual direction of the CoM shift will
depend on the actual initial orbital phase ¢,(t - —o0). To
determine this dependence, we would need to construct the
actual inhomogeneous solution, but there is no need for us
to attempt this here.

For our purpose, it suffices that we have established that
the aforementioned arbitrariness in the Lorenz-gauge even-
parity dipole solution corresponds precisely to the freedom
of performing spatial gauge displacements away from the
CoM system. This arbitrariness is removed with a condition
on the location of the CoM. We can choose a CoM-centered
Lorenz gauge, by restricting the support of the perturbation
generated by & 5, to the region r < r,(¢) of spactime. This
is, indeed, what we shall do in Sec. VI when we construct
our Lorenz-gauge perturbation, hence ensuring our gauge is
CoM-centered as desired.

Finally, we address one natural question: would it not be
simpler, for our purpose, to just “gauge away” the entire
even-parity dipole perturbation? This would save us having
to calculate it in a Lorenz gauge, but would guarantee just
the same that we are in a CoM frame. The answer is that
gauging away this mode in the vacuum regions r < r,(t)

°In Refs. [77,78], where a Lorenz-gauge even-parity dipole
perturbation was constructed for circular orbits, the support of the
static mode 5;(3) was similarly restricted to r < rp(t). But this
was done there based on considerations of regularity at infinity
(in [78]), or via the imposition of boundary conditions (in [77]),
rather than being interpreted as picking a CoM frame. We
emphasize that the perturbation generated by 5;(3> is perfectly

regular at infinity (and elsewhere)—cf. Eq. (69).

and r > r,(¢) leaves a distribution (a delta function) in the
metric on the surface r = r,(t). The resulting “singular
gauge,” discussed in [77], is indeed (trivially) CoM-
centered. However, its pathological nature makes the
calculation of the corresponding self-force subtle. In the
case of the iZEZO, the gauge pathology is exacerbated
by the fact that the coefficient in front on the term
& 8(r = ry()) in the metric turns out to blow up in the
limit # = —oo. It is not known to us how to calculate the
self-force in such a gauge, or, in particular, what contri-
bution the singular-gauge dipole mode has to 6L, in
Eq. (61). Our numerical results in Sec. VI show that this
contribution, as calculated in the regular, CoM-centered
Lorenz gauge, is nonzero.

D. Lorenz-gauge adjustment

Having constructed a CoM-centered Lorenz gauge, it
remains only to address the aforementioned gauge subtly at
infinity. As discussed in Sec. IV B, the anomalous behavior
expressed in Eq. (50) can be entirely accounted for in terms
of a simple transformation x* — x*) = x* — L1857 from a
(non-Lorenz) gauge that is manifestly asymptotically flat.
We write

) = (1=n/2)t, (72)

where the nonlabeled ¢ corresponds to the asymptotically
flat gauge. The only way in which such a transformation
affects the discussion leading to our expression for L in
Eq. (61) is through an O(n) modification of the three-
velocity components 9,

(L)
b= d;t pH) = (1 —n/2)p'H). (73)

In terms of the Lorenz-gauge velocity /() the particle’s
angular momentum in Eq. (58) becomes

& A(L A(L
Ly =pu(1=n/2)0y) = iy —2pM> - (74)
(using 13((,,1“) = 4M at leading order). No correction enters
Ly, at the relevant order.
We thus find that, when expressed in terms of Lorenz-
gauge quantities, the total angular momentum L picks out a

correction term equals to —2n>M?. Equation (61) thus
becomes

L =dn+op?+ 2oL (75)

Here, the term 27? is made up of a +4#? contribution from
the black hole recoil motion and a —24* contribution
from the Lorenz-gauge correction. Finally, substituting
from Eq. (32), we obtain
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L =d4n+20 + PSAEY — ALY, (76)

In Sec. VI, we will use Eq. (76) to calculate L with
Lorenz-gauge numerical self-force data as input; and in
Sec. IX, we will show that our calculated value agrees with
that predicted by the first-law of black hole binary
mechanics, as applied to the IBCO.

VI. NUMERICAL METHOD

We remind that the calculation of the self-force correc-
tions to Q and L, via Egs. (54) and (76) respectively,

requires three bits of self-force input: the value F° Ir](SLC)O and

the two integrals AE"™ and AL'™. The former is relatively
easy to obtain, as it requires only the evaluation of the self-
force on a circular geodesic orbit, for which methods and
codes have been in existence for over a decade. Lorenz-
gauge calculations for circular orbits have been performed
in the time domain [47,48] as well as in the frequency
domain [61,79]. As part of the calculation in [61], three of
us (L. B., T.D. and N. S.), with S. Akcay, have computed
the self-force component F” as a function of the circular-
orbit radius R in the range 3M < R <6M, and, in
particular, obtained F” for the IBCO, R = 4M. This value
is not given in [61] (or elsewhere in print), but let us cite
it here,

FIE) = —0.003088(1), (77)

where the parenthetical figure indicates the estimated
error in the last displayed decimal [i.e., —0.003088(1) =
—0.003088 4+ 0.000001]. We have confirmed this value
using a new implementation (described below) of the time-
domain method of [48], which gives the less accurate—but

reassuringly consistent—value of F fé@o = —0.00309(3).
Incidentally, F”(R) appears to change its sign near R = 4M

(at around 4.1M), making it harder to compute F Ir](gLC)O with a

good fractional accuracy. Fortunately, however, the relative
contribution of the F ﬁg@o term in Eq. (54) turns out to be

(L)

very small, since, as we shall see, the integral AE™) is more

than a hundred times large than Fﬁg"c)o. As a result, it is

sufficient to obtain F° ﬁg@o with only a modest accuracy, and

the value given in (77) above will do for our purpose.

In the rest of this section, we will describe our calculation
of AE"Y and AL, using a specially adapted new imple-
mentation of the time-domain method of [47-49].
Section VIA reviews this method on general, and in
Sec. VIB we describe the details of our implementation
of it in the ZEZO case. The computation of the monopole
and dipole modes of the metric perturbation is particularly
challenging in this case, and required much new develop-
ment, to be described in Sec. VIC.

A. Self-force via time-domain integration of the
Lorenz-gauge perturbation equations

We start with a brief review of the formalism and
numerical implementation as they were developed in
Refs. [47-49], referring readers to these papers for details.

Einstein’s equations, linearly perturbed about a
Schwarzschild geometry, take a relatively simple form
under the Lorenz-gauge conditions V“ﬁaﬁ =0, where
f_zaﬁ is the trace-reversed metric perturbation. The angular
dependence of the perturbation can be separated by writing

hes as a sum over multipole harmonics, each having the
form ~> 10 hO7m(z,r) Yf;lgfm(Q, @), where Yfl'/;fm is a
basis of tensor harmonics. For each (£, m), one thus obtains
a set of 10 coupled wavelike differential equations for the
time-radial variables #()?" (¢, r). The set decouples into
two subsets: seven equations for the even-parity piece of
the perturbation (i = 1,...,7 in the notation of [47]) and
three for the odd parity (i =8, 9, 10). In the self-force
problem, one has a delta-function source on the right-
hand side of the linearized Einstein equation, which,
upon multipole decomposition, translates to a source
« 8[r—ry(¢)] in the field equations for ROfm - For
an equatorial source, modes with even (odd) values of
¢ + m are of pure even (odd) parity.

In the implementation of [47—-49], the equations for each
¢, m are solved numerically in the time domain, using a
finite-difference scheme with characteristic coordinates on
a uniform mesh in 1 4 1-dimensions. The trajectory of the
particle, assumed given, splits the mesh into two disjoint
parts. At each time step, suitable jump conditions (which
are derived analytically, in advance, from the form of the
source) are used to integrate the numerical field across the
particle. Since the evolution is characteristic, no boundary
conditions are needed. However, one has to specify
characteristic initial data. The standard choice is to set
all field variables 7()?" to zero on the initial characteristic
rays. This results in a burst of “junk” radiation sourced by
the particle initially, but such radiation decays over time
(typically as t~>*=3), and one later simply discards the early,
junk-dominated part of the data.

As the evolution proceeds, one records the value of the
fields 2()?™ and their (r and ) derivatives on the particle,
and from these the physical self-force is constructed using
the procedure of mode-sum regularization [80-82]. In this
procedure, one first constructs the “bare” force associated
with each #Z, m as a certain linear combination of 2()™ and
its first derivatives. Each vectorial component of the bare
force is then decomposed into a basis of standard (scalar)
spherical harmonics, each of which couples between
several of the original tensorial-harmonic modes, and the
outcome is summed over m for a given £ (where £ now
labels the scalar harmonic). The resulting quantity, evalu-
ated on the particle, is the “#-mode bare force”, denoted
F ’f , where the two signs correspond to an evaluation from
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r— r}f, which, in general, yields two different values. The
total, physical self-force at each point along the orbit is then
given by the mode-sum formula

Fe=Y" [F’f - <£ + %)Ai - Ba} . (78)

=0

where A9 and B are the “regularization parameters,” first
derived for Schwarzschild in [82]. For a fixed geodesic
orbit (i.e., fixed E, L), A% and B* are simple, analytically
given functions of r, and 7,,. The particular form of these
functions in the ZEZO case (E = p with L = 4uM) can be
directly read off the expressions given in [82]. In Eq. (78),
F% — (£ +1/2)A% = F* — (£ +1/2)A%, so the full
summand is insensitive to the direction in which the limit
r — rp is taken. At large ¢, the summand usually falls off as

£72, and the mode sum converges as 7.

In principle, the above scheme can be applied with little
change for any kind of sourcing orbit (modulo complica-
tions with the monopole and dipole modes, discussed
below), and in this work we apply it for the ZEZO. As
discussed, it will suffice, for our purpose, to consider a
fixed, geodesic ZEZO orbit as a source of the perturbation,
and there is no need to account for the orbit’s self-
acceleration. We do, however, need to calculate the
conservative piece of the self-force (specifically, the com-
ponents F7°™ and Fg ™), and, as also discussed, this
requires the evaluation of the self-force along both
iZEZO and oZEZO. This, in turn, required two separate
numerical evolutions, once with the iZEZO as a source and
again with the 0oZEZO as a source. The conservative
components are then constructed postprocess at each point
along the orbit using Eq. (19).

We have developed two independent implementations of
this approach. One represents an evolution of the original
code by two of us (L. B. and N. S.) [48,49], and the other is
an entirely new code developed by one of us (M. C.) for the
purpose of the present calculation. While both codes use a
similar method, the ability to cross-check our results
provided much reassurance and has proven valuable. All
numerical results to be presented in this paper have been
confirmed using both codes.

B. Implementation details

1. Junk radiation

In previous implementations, for bound (periodic) orbits,
it was shown that initial junk radiation usually subsides to
negligible levels after one or two periods of orbital
revolution. Owing to the periodicity of the setup, one
can then simply read off the relevant self-force data during
the (say) third revolution period. Not so for the ZEZO,
which is not periodic. Here, we deal with junk radiation in
the following manner. In the case of the 0ZEZO, we simply

iZéZO —_—
0ZEZO —
circular (r=4M) ------

|h(l)2 |
w
] IN
T
i

3.4 [ ‘ ‘ o

3.2 i i Il Il
4 20 40 60 80 100
/M

FIG. 2. Treatment of junk radiation, illustrated here for the
mode (i,7,m)=(1,2,2) of the perturbation (other modes
exhibit a similar behavior). In the oZEZO case (green) we release
the particle at ri,; = (4 4+ 107'1)M, letting junk radiation dis-
sipate away while the particle is still in a tight circular whirl
around the black hole; we then discard the r, < (4 +10~*)M
portion of the data, which is dominated by junk. In the iZEZO
case (red), the particle is released from r = 133M, giving usable
junk-free data for r <90M. The thick horizontal dashed line
marks the value of the perturbation mode on a strictly circular
geodesic at r = 4M (the IBCO); reassuringly, the perturbations
along both iZEZO and 0ZEZO asymptotically approach this
value, as desired.

start our orbit very close to r, =4M, so that it initially
performs a good number of near-circular whirl orbits,
letting all junk radiation dissipate away before the particle
leaves the IBCO. Starting at ry,;; = (4 + €)M, the number
of subsequent whirl orbits is « In(1/€), and in practice we
have found that taking e = 10~!'! suffices for ensuring
junk-free data in the range r, 2 (4 + 10~*)M. Figure 2
illustrates how this works for a particular mode of the
perturbation.

The iZEZO case is potentially more problematic. Here,
initial junk contaminates an important part of the data at
large r,, and there appears to be no way of mitigating this,
except, possibly, via direct filtering or by improving the
initial data. However, we have found that even a (hypo-
thetical) complete elimination of the junk would only have
a marginal effect on the accuracy of our calculation, for the
following reason. Since, for the iZEZO, the infall time from

r = Fpax Scales as rﬁq/fx the run time of our 1 + 1-dimen-
sions evolution code scales as r;,,,. This puts a stringent
constraint on how far out we can start our iZEZO orbit. In
practice, given the computational resources committed
within this project, we have found it computationally
prohibitive to set r,, far above ~100M. Taking 7. =
133M appeared to leave us with a clean, junk-free stretch of
data in the range rp < 90M, as also illustrated in Fig. 2.
Truncating the integrals in Eqgs. (29) and (30) at r = r,
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produces a relative error of O(1/r,,) in AE and AL (recall
our discussion in the last paragraph of Sec. III), which is not
much larger for r,, = 90M than it is for r,, = 133M.
Thus, even a complete elimination of the junk would only
mean reducing a (say) 1% relative error to, perhaps, 0.7%.

We have therefore opted, for simplicity, to set 7, as far
out as we practically could, and simply discard the junk-
contaminated initial stretch of data. To measure the
magnitude of residual junk, we have compared data from
runs with varying values of r,,,,. We have thus selected a
usable stretch of data where the magnitude of junk was
deemed smaller than that of other sources of numerical
error. In practice, we have put the cutoff at r,, = 90M.

To recap: we have run our 0ZEZO evolution with the
orbit starting at r, = (4 + 107'")M and ending at 100M;
and we have run our iZEZO evolution with the orbit
starting at r, = 133M and ending at r, = (4 +107)M.
This produced clean, sufficiently junk-free self-force data
over the radial interval (4 4+ 10™)M < r, <90M. As we
describe in the next section, an extrapolation for the self-
force on r, > 90M was obtained by fitting to an analytical
power-law model. Similarly, the small whirl contribution
from 4M <r, < (4+ 107)M was estimated using a
simple extrapolation. The uncertainty from the large-r
fitting procedure ended up dominating the overall error

budget in our calculation of Qand L.

2. Large-? contribution to the mode sum

Another unavoidable truncation involved in our calcu-
lation is that of the mode sum in Eq. (78). The computation
burden increases sharply with #, both because there are
2¢ + 1 m-modes to compute for each £ and because the
resolution requirements fast increase with #. Limited by
computational resources, in this work we were able to
calculate the first 16 (scalar-harmonic) modes, truncating
the mode sum at £, = 15. (This is comparable with £,
values taken in previous time-domain work for periodic
orbits [48,49].) Because of mode coupling, obtaining the
first 16 scalar-harmonic mode contributions required data
for the first 18 tensor-harmonic #-modes. This, in turn,
required a total of 648 separate numerical evolutions of
individual Z, m modes: 2Z + 1 evolutions for each # and
for each of the two orbits (i/0ZEZO).

A straight truncation of the mode sum at Z = ¢,,, would
produce a very large relative error of O(Zp.). Instead, we
follow the method of Ref. [49], in which an approximation
is obtained for the truncated modes by fitting the summand
in Eq. (78) to an expression of the form a,/(£ + 1/2)?+
a,/(¢ + 1/2)*, where a, and a, are fitting parameters (see
[49] for details, including a motivation for this form). This
extrapolation procedure effectively brings the truncation
error of the mode sum down to O(¢g3,), which, for
Zmax = 15, translates to ~O(107%). The error from the
large-¢ tail fitting procedure was estimated from the

covariance matrix of the fitting parameters and found to
be subdominant in our calculation (as compared to the error
from the integral truncation, discussed above).

3. Numerical convergence

As mentioned, we have used the fourth-order-convergent
finite-difference scheme developed in Ref. [49], as detailed
in Sec. Il B of that paper. This means that our field
variables 27" are designed to converge with a finite-
resolution residual that scales as O(A*), where A x A are
the coordinate dimensions of a single grid cell [in null
coordinates v =t+r, and u =t—r,, where r, = r+
2M1In[r/(2M) — 1]]. To achieve this global convergence
property, our finite-difference formula has a local error of
O(A®) in vacuum points away from the particle and O(A)
on the particle and its immediate vicinity (see [49] for
details). The latter is achieved with the help of suitable
jump conditions for #7()) and its first four derivatives, in
which Appendix E of [49] gives analytically for generic
geodesic orbits.

By running our ZEZO codes several times with varying
resolution (A = {0.32,0.16,0.08,0.04,0.02} M), we have
convinced ourselves that (i) our two codes each has
the intended fourth-order global convergence, and that
(i1) with the highest resolution in the set, the error from
the finite-difference approximation is subdominant in the
total error budget (the total error being dominated by
integral truncation).

C. Monopole and dipole modes

For all modes Z > 2, we find a stable numerical
evolution with our fourth-order-convergent finite-differ-
ence scheme. Moreover, in the case of the iZEZO, the
numerical solutions all appear to approach at late time the
same solution one obtains for an evolution sourced by a
strictly circular orbit of radius r = 4M—as expected.

Unfortunately, the modes £ = 0, 1 do not behave in this
manner and have to be tackled separately. The problem
with the odd-parity dipole mode [(Z,m) = (1,0)] is a
minor one: the mode does evolve stably, and the iZEZO
evolution does reproduce the circular-orbit solution at late
time, but in the 0ZEZO case the numerical solution appears
to contain a gauge mode that is irregular at the event
horizon. Our simple solution to this problem is described
further below.

The problem with the monopole [(¢,m) = (0,0)] and
even-party dipole [(¢,m) = (1,+£1)] is more acute: the
numerical solutions are found to develop a linear growth in
t during the circular whirl (at any fixed r, including on the
orbit), which is clearly unphysical. This behavior, illus-
trated in Fig. 3, is similar to that observed in previous time-
domain implementations for circular and other bound
orbits, and also in vacuum. It was thoroughly analyzed
in Ref. [50], where it was attributed to certain (analytically

124015-17



BARACK, COLLEONI, DAMOUR, ISOYAMA, and SAGO

PHYS. REV. D 100, 124015 (2019)

700

6001 — |RY|
5001 —
— 400 — [R?|
=< .
=300 2]

200 |
100 +

800 80 900 950 1000 1050 1100 1150 1200

t/M
2.0 : . ,
— Mok
_ U5 anam f
‘;; 1oll — M|<‘),{z,3|
= — M9
=]

O.S-J

800 80 900 950 1000 1050 _ 1100 1150 1200
t/M

FIG. 3. Raw numerical data for the monopole (¢ = 0) mode
along the iZEZO orbit, as it settles into a circular whirl (at around
t ~920M). The upper and lower panels show our numerical
variables /()% (refer to the first paragraph of Sec. VI A] and their
first time derivatives on the particle, respectively. During the
whirl, we expect the metric perturbation to assume a constant
value on the orbit (in any reasonable gauge); we see instead the
characteristic behavior of a linear-in-time gauge mode, evidently
present in the data.

identifiable) homogeneous gauge modes that satisfy both
the Lorenz-gauge conditions and regularity conditions at
infinity and on the horizon. They thus represent a true
ambiguity in the Lorenz-gauge solution, unless additional
conditions are imposed (such as regularity at i*, or, when
appropriate, helical symmetry). In Refs. [48,49], this
problem was circumvented simply by computing these
two troublesome modes in the frequency domain, where
a suitable periodicity condition can be explicitly
imposed, to the effect of disallowing any linear-in-¢
behavior. Reference [50] sought to resolve the issue in a
time-domain framework, making considerable progress via
a combination of gauge-damping techniques and direct
postprocess filtering. However, the method of [50] is
customized specifically to circular orbits. Others have been
working toward more systematic solutions to the problem
[51], but these ideas are yet to fully mature. Here we will
present our own remedy, customized specifically to the
ZEZ0 problem, but making crucial use of the analytical
solutions obtained in [50].

In what follows, we discuss each of the three problematic
modes in turn. We start with the most straightforward case,
that of the odd-parity dipole mode.

1. The mode (¢,m)=(1,0)

This mode encapsulates any angular-momentum pertur-
bation to the background Schwarzschild geometry. It is
uniquely fixed by the combination of (i) the Lorenz-gauge
condition, (ii) regularity at infinity and on the horizon, and

(iii) conditions on the (ADM) angular-momentum of the
large black hole and of the entire spacetime. The latter can
be conveniently imposed using the Abbott-Deser formal-
ism of conserved integrals [83], applied on the (unper-
turbed) horizon and at i® (see [50], where this method was
introduced in the current context). Specifically, we demand
that the black hole has zero angular momentum [through
O(n)], and that the full spacetime has angular momentum L
[through O(#)]. As far as we know, this mode does not
admit any linear-in-#-type solutions.

In the case of circular (geodesic) orbits, the unique
(Z,m) = (1,0) solution satisfying the above conditions
can be written down analytically. Specialized to the IBCO
(R = 4M), it reads

érZ/Mz, r<4M,

h,, = —usin*@ x
w =K { 8M/r, r>A4M,

2uM?sin’6

h == s
2 —2Mr

rp = (79)
with all other components equal to zero. Despite appear-
ance, this solution is physically regular at the event horizon,
in the sense that its components are regular (smooth) there
in any horizon-regular frame.'

We expect our numerical iZEZO (£, m) = (1,0) pertur-
bation to approach the solution (79) at late time, after the
orbit has settled into near-circular motion. We find empiri-
cally, and reassuringly, that this is indeed the case. Thus, we
find, the odd-parity dipole mode with an iZEZO source is
amenable to time-domain evolution (using our particular
scheme), without any problem. However, in the 0ZEZO
case, we find (starting, as usual, with zero initial data) that
the solution does not spontaneously settle into (79) during
the initial whirl, but instead it settles into a different
solution that is not horizon-regular. A cure to this problem
immediately suggests itself: simply use (79) as initial
conditions for the 0ZEZO evolution. Implementing this
cure, we indeed find that the evolution is correctly “guided”
toward the desired, horizon-regular solution.

2. The mode (¢,m)=(0,0)

This mode encapsulates any mass perturbation to the
Schwarzschild background geometry. We again impose the
Lorenz-gauge conditions and regularity at infinity and on
the horizon, and supplement these with conditions on the
ADM mass of the central black hole and of the entire

%In some previous related work [47,50,77], a different Lorenz-
gauge solution was adopted, legacy of Zerilli’s work [76]. That
solution, which differs from ours by a gauge transformation, is,
however, physically irregular at the horizon: introducing ad-
vanced Eddington-Finkelstein coordinates (v =t-+r,, 7 =r,
0 =0,p =), one finds for that solution hyg o (r—2M)7!
near the horizon. It is easily checked that, in contrast, our
solution (79) is perfectly smooth in these coordinates.
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spacetime: specifically, we require that the Abbott-Deser
mass integral is M when evaluated on the horizon and
M + E when evaluated at infinity. As already noted, these
conditions alone specify the perturbation only up to certain
linear-in- homogeneous gauge modes that are everywhere
regular (except at i*). These are eliminated, and a unique
monopole solution is finally fixed, with a boundedness
condition at i*. In the case of a circular (geodesic) orbit,
this static solution—call is Mg (r; R)—can be written

down analytically as a function of the orbital radius R; the
expressions, which are rather lengthy, can be found in
Sec. III D of [47].

We have found that, in the iZEZO evolution, the
monopole perturbation does not settle to the static solution
MZiE(r;R) at late time as desired, but rather it grows

linearly in #; see Fig. 3. Similarity, the 0ZEZO evolution
with zero initial data shows a linear-in-¢ growth during the
initial whirl, when stationarity is expected. However, in the
0ZEZO case, starting with the solution Mgi/§°(r; R) itself as

an initial condition seems to provide a sufficient remedy:
the solution appears to be stationary all through the initial
whirl, with no sign of the problematic linear mode
manifesting itself in the data.

We cannot apply a similar remedy in the iZEZO case,
where the physical initial conditions are not known.
Instead, we resolve the issue at a postprocessing level,
taking advantage of the analytical insight given in [50]
about the form of the problematic linear mode. There, a
Lorenz-gauge homogeneous monopole solution was ana-
Iytically derived, having all the properties of the linear
mode that appears to contaminate the data: it is linear in ¢
but has a constant trace; it is a pure gauge mode and has a
zero Abbott-Deser mass; and it is physically regular on
the horizon. This solution reads (setting 4 =1 = M for
brevity)11

—r* +4(t—ty) + r* +4r + 8In(rf)

Mip —a . ,
. —ty) — In(2 .
mip = A HZ0) I HONCD _
3ref
. 4(t—19)(2r—=3) +5r* = 12r + 8(2r = 3) In(rf)
M} =A ) s
rf
, 4(t—to) + 2 +4r+8In(rf) Min
Mlin — _A — ald
o0 r sin?6’ (80)

where f:=1-2M/r, A and 1, are arbitrary parameters,
and all other components vanish. The idea is to identify the
mode ML‘(; in our iZEZO evolution data, with A and ¢,
accurately fitted for, and then simply subtract it off.

To identify Ml;; in the data, we choose a late-time
t = const slice of the numerical solution, such that the

""We correct here a typo in A" in Eq. (128) of Ref. [50].

entire slice is contained in the future light-cone of a
worldline point where the orbit can be said to be essentially
circular [say, a point with r,, = (4 4+ 107)M]. We wish to
demonstrate that, on such a slice, the data are consistent
with, simply, Mg};c(r; 4M) —I—M}i}}(t, r;A,ty), for some A
and #,. We found it convenient to do this by first looking at
the ¢ derivative of the numerical solution near the horizon:
since Mg}[? is ¢ independent, and recalling (80), we expect
to find

1
at{Mttﬁfer’szrraMHH}NZA{LLI’_S} (81)

for some A. This we indeed find, and from this asymptotic
form we extract the amplitude parameter A. (In practice, we
extract A independently from each of the four independent
metric components, and then average.) With A now known,
we next determine the time shift parameter ¢, by fitting
the entire solution foi;c(r; aM) + Mg?,(t, r; A ty) to the
numerical data on the chosen late-time slice. Finally, we
clean the data by subtracting the fitted solution Mg;}

As a check, we have verified that the resulting filtered
solution is perfectly stationary, and that, moreover, it is
consistent with the analytical solution M glﬁrc (r;4M) over the
entire whirl phase (and not only on our selected time slice).
This is shown in Fig. 4.

Our filtered monopole perturbation is fed into the mode-
sum formula for the self-force. Since, by construction, our
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FIG. 4. Numerical filtering of the monopole solution along the
iZEZO. The plot shows our numerical metric variables, evaluated
on the orbit, after filtering out the linear-in-¢ gauge mode present
in the raw data. Horizontal dashed lines mark the (constant)
values of the metric variables on the IBCO. Reassuringly, these
values are approached as the orbit settles into a circular whirl at
the IBCO. (Note the variable h?® is zero for the IBCO; the
residual value of the numerical #(?) solution can serve as an error
estimate.)
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monopole perturbation coincides with the standard circu-
lar-orbit Lorenz-gauge solution at late (iZEZO) or early
(0ZEZO) times, we expect it to exhibit the anomalous
feature described in Eq. (51), i.e., h;, = —n for r — oo;
and, since this feature is attributed to a static piece of the
solution, we expect to see this novanishing limit at all times
(not only during the whirl). We have indeed verified this
against our data. In our calculation of Q and L, we shall
therefore have to apply the gauge adjustment described in
Secs. IVB and V D.

3. The modes (¢,m)=(1,+1)

As noted in Sec. V C, the even-parity dipole mode of the
perturbation is pure gauge in vacuum, and (except on the
particle) can be locally derived from a gauge generator &,
via hoy = V&5 + Vy&,. The Lorenz-gauge and regularity
conditions do not on their own specify a solution: they
leave a freedom of gauge-shifting the CoM location and
adding linear-in- modes. In the case of (geodesic) circular
orbits, a unique Lorenz-gauge, regular, stationary, and
CoM-centered solution was constructed semianalytically
in Ref. [77], to be referred to here as Dgiﬂrc (R). (This is a
CoM-centered solution on account of the fact that the only
CoM-shifting mode, af;(3), has no support at i® within this

solution—recall our discussion in Sec. V C.) We wish our
numerical solution to coincide with DS;C(4M ) at late time
(for the iZEZO) or early time (for the 0oZEZO). However, in
both cases, we find the behavior to be dominated by linear-
in-t growth. In the 0ZEZO case, we have tried to remedy
this as we have done for the monopole, by using the correct
circular-orbit solution, D;‘;f (4M), as initial data. However,
for reasons that remain unclear to us, this does not seem to
work in the dipole case: a linear growth becomes quickly
manifest even with the correct initial conditions.

In the dipole case, therefore, we have resorted to
postprecess filtering for both the iZEZO and the 0ZEZO.
Again, we make use of an explicit linear-in-# solution
derived analytically in Ref. [5S0], which exhibits all the right
characteristics: it is a pure gauge homogeneous perturba-
tion that is globally regular and grows linearly in ¢, but
whose trace remains stationary (in fact, zero), consistent
with the empirical behavior of the numerical solution. The
solution derived in [50], which we call here Dg;(t, r A1),
is generated by the gauge vector

(jz: = ‘A(V(th)i - 2rf51txyi)’ (82)
where YV, := sinfe*'” and

@*F = [(1—10)(r — M)+ 2M]2M + (r — M) In ]}
(83)

10'
=
100 |
B
; Lk Lk
o 8 5 - 2 0 2
10 10 10 10 10 10
(r,-4 M) M
FIG. 5. Numerical filtering of the even-parity dipole mode for

the iZEZO. The plot shows the dipole field along the orbit, after
subtraction of a suitable gauge mode with a generator of the form
(82). Horizontal dashed lines mark the (constant) absolute values
of the metric functions along the IBCO. Reassuringly, our filtered
dipole solution approaches these values as the iZEZO settles into
a circular whirl at the IBCO.

Here the signs correspond to m = +£1, and A and £, are
again arbitrary parameters.

The filtering procedure proceeds as in the monopole
case. For the iZEZO, we select a suitable late-time =
const slice on which to fit for the parameters A and f,
against the numerical data. This time we also apply our
filter in the 0ZEZO case, and for this we fit for A and #, on a
suitable early time ¢ = const slice, after the initial junk has
subsided but well before the particle emerges from the
whirl (ensuring the entire extent of the slice is contained
within the future light cone of a whirl point on the
worldline). In the 0oZEZO case, we start from correct initial
conditions, given by D¢ (4M). The fitted linear modes D}y
are then subtracted from the data, and we check that the
filtered solution is stationary and consistent with D;iﬁrc (4M)

during the whirl. Figure 5 shows the results of the filtering
procedure for the iZEZO; similar results are obtained for
the 0ZEZO.

Our filtered dipole perturbation is fed into the mode-sum
formula for the self-force. Since, by construction, it
coincides with the standard circular-orbit Lorenz-gauge
dipole at i*, it sets our Lorenz gauge to be a CoM-centered
one. It will therefore be appropriate to use Eq. (76), which

assumes a CoM-centered gauge, in our calculation of L.

VII. RESULTS

Figure 6 displays our numerical results for the self-
force components F7°™ and F™, as functions along the
IZEZO orbit from r, = rp, = 90M down to r, = ryip, =
(4 +107*)M. In the plot, the self-force components are
shown divided by 7,(< 0), so as to form the integrands in
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FIG. 6. Numerical results for the relevant self-force compo-
nents, F7°" and F*". We present here, on a log-log scale,
F{ /i, and Fg™ /i,—the quantities that form the integrands in
Egs. (29) and (30)—as functions along the iZEZO orbit. The
dashed curves are analytical fits to the asymptotic models (86)
and (87) at large r. The integrand F>™ /7, is negative throughout
the domain, while F{°" /i, flips its sign from positive to negative
at r, ~ 13.44M.

Egs. (29) and (30); the quantities AE and —AL are then just
the integrals with respect to r,, taken from r, =4M to
r, = co. We write each integral as a sum of three con-
tributions, in the form

AE = AEwhirl =+ AEnum =+ AEtail (84)

(and similarly for AL), corresponding to [,7", [rm, and
S, respectively.

The main contributions, AE,,,, and AL, are obtained
via numerical integration of our data. Note that our raw data
are not uniformly sampled in r,, as the sampling intervals
of the self-force along the orbit are inherited from the
characteristic evolution grid. To prepare the data for
integration, we first interpolate it with a cubic spline using
Maple’s Spline. Then we integrate the interpolated data
using evalf/Int with appropriate controls to achieve
sufficient integration precision. Each self-force data point
comes with an error bar, estimated from a variation of
numerical resolution (A) and mode-sum cutoff (£,,,). The
errors are combined in quadrature to estimate the total
integration error. We obtain

AE,m = 0370111(2)u?/M,
ALpum = 5.86015(4) 2. (85)
The contributions AE.; and AL; are obtained by

fitting a large-r, segment of the self-force data against
analytic models of the form

reons Iu2
=l a/rp+), (86)
P P
Fﬁ:ons MMZ
: :7(a¢+ﬁ¢/rp+---). (87)
p p

Here, the leading term of F$°"™ represents a Newtonian-
order contribution, whose form and coefficient can both
be predicted using a simple asymptotic analysis—see
Appendix B. The form of the leading term of F™ is
strongly suggested from the numerical results (but we were
not able to analytically calculate its coefficient). The error
from the fitting procedure is estimated from the variation of
the results under a change of the numerical data segment
used for the fit and of the number of terms included
in the power-law fit models. Best-fit values for the leading
coefficients in (86) and (87) are a,~-7.0(7) and
a, ~21(1), giving

AE, = —0.01068(4)u2/M,
ALtai] = 023<1)//¢2 (88)

The final contributions to consider are AE,;;; and
AL pnin- We do not have an analytical model of the behavior
near the whirl, but we expect F{°"/i- and F™ /i to be
smooth functions of r,,, approaching nonzero values for
rp = 4M (these are IBCO values, which, unfortunately, we
do not possess). Thus, a rough estimate of these con-
tributions is given by AEny e x (F,/ip)|yy and
ALyhin = —€ X (F,/Fy)|4p» Where € =107 is the radial
extent of the whirl integration, and the IBCO values are
estimated by extrapolating our numerical data to r = 4M.
We thus estimate

AEWhir] >~ 000002(2)/.42/]”,
ALWhirl ~ —(0.0001 (1)/42, (89)

where the error bars conservatively bound the uncertainty
from this procedure.

Finally, collecting our results (85), (88), and (89), we
obtain

AE®) = 0.3594(1)u?/M,
2

AL®) = 6.09(1)u?, (90)
where total errors where taken as simple sums of the three
individual errors, conservatively. The superscripts (L)
remind us that these are Lorenz-gauge values. We note
that our fractional error in AL is an order of magnitude
larger than that in AE. This traces back to the fact that the
leading-order term of F7°™ at large r (which is Newtonian)
is known to us, whereas the leading-order term of Fg™™
(which is post-Newtonian) is not.
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We now have at hand all the necessary input to obtain the
IBCO frequency Q via Eq. (54) and the angular momentum
L via Eq. (76). Substituting the numerical values from
Egs. (77) and (90), we arrive at our final results as they are
stated in Egs. (1) and (2).

VIII. COMPARISON WITH (FIRST-LAW-AIDED)
EOB PREDICTIONS

Reference [29] derived from EOB theory following
simple theoretical predictions for the self-force-corrected
angular momentum and frequency of the IBCO,

[ =aMu {1 —2a G)n + 0('72)} ;

Q= (8(M + )™ [1 + %a’ (i)n + O(nz)}

— (8m)! {1 + Ga@ - 1>n+ 0(;12)} (o1)

Here, the function a(u) [with derivative do'(u):=
da(u)/du] is the self-force correction to the main EOB
radial potential A(u;v), which is a v-deformed avatar of the
usual, 1 — 2u, Schwarzschild potential. Namely, A(u;v) =
1 —2u + va(u) + O(1?), where u = (M + p)/rgop, while
vi=uM/(M+ u)*> =n/(1+n)? denotes the symmetric
mass ratio. The argument % entering Egs. (91) is the value
of u at the unperturbed IBCO.

As recalled in the introduction, at the time of Ref. [29],
the numerical values of a(3) and a'(}) could only be
approximately estimated by using PN theory, together with
early results from self-force theory and numerical relativity.
[However, as we have indicated above, they do nicely agree
with our accurate numerical results.] The later discovery
of the first law of binary black hole mechanics [54]
and of its EOB reformulation [62] provided an accurate
way of numerically computing the function a(u) in terms
of the self-force contribution to Detweiler’s redshift.
Reference [61] computed a sample of accurate values of
a(u) over the interval 2/300 < u < 99/300. The specific
value u = i was not included in the study of Ref. [61], but
that work provided an accurate, global representation of the
variation of the function a(u) by means of several analytic
models. One of the best analytical representations of a(u)
worked out in Ref. [61] is a 16-parameter model labeled as
“model 14” in Table II there. Using this analytical fit to
a(u), one gets

1
Amodel 14 (4) = 0.15233714391(3),

1
Todel 14 (Z) = 3.107206061(3). (92)

Here the error bar on dpqe14(3) was estimated by
comparing dpmeqer14(#) to the numerical values listed in

Table IX of Ref. [61] for the neighboring values
u=74/300, u =76/300. The error bar on a4 4(3)
was estimated as the error that would result from the
numerical errors listed in the last column of Table IX in
Ref. [61] (treated as independent Gaussian errors) had one
used a five-point stencil to estimate a, g 4(5) from the
four neighboring data points.

Inserting the numerical values in Eq. (92) in Eq. (91)
yields

L = 4Mu[1 — 0.30467428782(6)n + O(n?)],
= (8M)~'[1 +0.553603030(2)7 + O(*)].  (93)

o

These are the theoretical predictions from EOB theory, as
computed through the crucial use of the first law. They
agree with our result (1), obtained via a direct integration of
the self-force from infinity along the iZEZO. The agree-
ment is well within the (larger) numerical error bars of our
direct integration.

IX. IBCO FREQUENCY AND ANGULAR
MOMENTUM DIRECTLY FROM THE
FIRST LAW OF BINARY MECHANICS

In this section, we provide an alternative, complementary
derivation of Q and L, by starting directly from the
expressions [valid through O(5?)] for the “binding energy”
and angular momentum of a circular-orbit binary of black
holes, as derived in Ref. [60] from the first law of binary
black hole mechanics (hereafter “the first law”). These
expressions only require the values of the local
(Detweiler’s) redshift variable Z(x):=1/a'(x), and its
derivative dZ/dx=:7'(x), through O(n), on the circular
orbit. The dimensionless variable x (replacing Q as a
convenient gauge-invariant parametrization of circular
orbits) is defined as

x = [(M + p)Q)?3. (94)

[In the # — O limit, the variable x becomes equal to the
EOB variable u = (M 4 u)/rgog used in the previous
section.] The energy and angular momentum were referred
to in Ref. [60] as “ADM,” though, as we saw above, we
think that they should rather be viewed as the gravitational
analogs of the Fokker-Wheeler-Feynman conserved energy
and angular momentum, as appropriate to a conservative,
time-symmetric dynamics.

Reference [60]’s expression for the total ADM mass of
the circular-orbit binary spacetime reads [after suitable
notational adjustments, and modulo a O(M#n?) error term]
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1-2
M—M+( x)”

V1 =3x
X — Ox X 2
- [ﬁJﬁ&@—g&’@) MM (95)
where
52(x) = 1e(0) = VT =3 %6)

is the self-force piece of Z at a fixed x. The IBCO is
identified via the requirement of “zero binding energy,” i.e.,
M =M + p—as in Eq. (A2) of Appendix A. Imposing
this in Eq. (95) gives x = 1/4 + 5x, with

Sx = % 2 — 652(1/4) + 62'(1/4)]. (97)

This is the self-force shift in the IBCO’s inverse-radius x
away from the geodesic value of 1/4. It was derived within
EOB theory in Ref. [29] with the result

Sx = l'iza’(l/4), (98)

showing, in passing, the link
1
a(1/4) = 1—351(1/4)4—551’(1/4), (99)

which is indeed a simple consequence of the general link
between 6z(x) and a(x) given in Eq. (2.14) of [62].

The values 6z(1/4) and 67'(1/4) are [like a(1/4) and
a'(1/4)] gauge invariant (within a class of manifestly
helically symmetric and asymptotically flat gauges) and
can be obtained numerically with great accuracy using
standard frequency-domain circular-orbit self-force codes.
These values may be extracted from the Lorenz-gauge
numerical results presented in [61], but we quote here more
recent, highly accurate values made available to us by van
de Meent [84], which were produced using the semi-
analytical, radiation-gauge method of Ref. [85],

5z(1/4) = 0.804674287863142(6),

67/ (1/4) = 9.0424578439(1). (100)
Substituting these values in Eq. (97) gives
Sx = 0.258933838197(4). (101)

For the sake of comparison with our Eq. (1), we need to
express the IBCO shift in terms of MQ rather than
x = [(M + u)Q]*3. This leads, through O(y), to

O = (8M)! 1+Z[—2—662(1/4)+5z’(1/4)] . (102)

This is the direct first-law “prediction” for the IBCO
frequency, as corrected by the first-order self-force.
Using the link (99), it is seen to be totally equivalent to
the EOB-derived expression (91). The numerical values in
(100) then give

Q= (8M)~'[1 +0.55360302918(2)5].  (103)
This agrees with our direct self-force result (1) to within the
(large) error bar of the latter.

Reference [60] also gives an expression for the ADM
angular momentum. Using our notation, it reads

7 Mu N [ 4 —15x 1 5 ’(x)] )
= bl Z .
xV/1=3x [6y/x(1=3x)%% 3yx K
(104)
On the IBCO, at x = 1/4 + éx, this evaluates to
N 1
L:4My{1+2n(1—25z(1/4))], (105)

where we have substituted for 6x from Eq. (97). This is the
direct first-law “prediction” for the angular momentum, as
corrected by the first-order self-force. Comparing with (91),
we get the link [which can also directly follow from
Eq. (2.14) of [62]]

1

a(l/4) = %&(1/4) —-—.

Z (106)

Inserting the numerical values in (100) into (105) gives

L= AMu[l - 0.304674287863142(6)n],  (107)
consistent with our direct self-force result (2).

Let us finally note that the newly available redshift
values (100) translate, when using the links (99) and (106),
into the EOB values

a(1/4) = 0.152337143931571(3),

a'(1/4) = 3.10720605836(5), (108)
which agree, within the error bars, with the values (92)
deduced above from the accurate analytical fits of Ref. [61].

X. SUMMARY AND DISCUSSION

We presented here a first direct calculation of two new
physical quantities associated with the gravitational self-
force in Schwarzschild spacetime. Ignoring dissipation
and focusing on the conservative effect of the self-force,
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we numerically computed the O(#) shift in the values of the
critical angular momentum and the frequency of the
asymptotic circular orbit (IBCO) for a finely-tuned
zoom-whirl-type orbit that starts from rest at infinity.
Our final results are stated in Eqs. (1) and (2). Our
numerical error is of order ~0.1% for the frequency shift
and ~1% for the angular-momentum shift, dominated by
error from the truncation of the relevant self-force integral
at large radius.

An attractive feature of the marginally bound ZEZO
configuration considered here is that it admits well-defined
notions of global angular momentum and binding energy,
which involve the first-order self-force alone (with no
reference to the second-order metric perturbation), as
discussed in Sec. V A. This allows our results to be directly
and unambiguously compared with corresponding results
obtained in the framework of other approaches to the two-
body problem, specifically EOB and the first-law of black
hole binaries. We find an impressive agreement with the
predictions of Ref. [29] using an early EOB model, and our
results are in full agreement (within our error bars) with the
later predictions of a much more accurate EOB model [61],
which was calibrated using self-force data along circular
orbits and assuming the validity of the first-law. A direct
comparison with first-law predictions for the IBCO also
shows a full agreement to within our error bars. This is
significant, since no previous direct comparison has been
made that deep inside the gravitational potential well:
previous consistency tests were restricted to the exterior
of the innermost circular stable orbit (ISCO, at r = 6M),
except the recent second-order self-force calculation of [6],
which, however, quotes results only down to r = 5M.
The agreement illustrated here, at r = 4M, reaffirms the
now-well-established expectation that the first-law pro-
vides (at least) a very good approximate description of
the conservative dynamics even in the near-horizon region.

We caution, however, that our results here only test the
accuracy of the first-law prediction to within our ~1% error
bar. Interestingly, the recent direct calculation in Ref. [6]
of the circular-orbit binding energy using second-order
perturbation theory reports a (numerically significant)
deviation from the first-law predictions in the strong field:
the apparent difference is at a level of 1% around the ISCO
and ~3% at r = SM. Reference [6] remains agnostic about
the possible origin of this difference, noting that their setup
was quite different from the one considered in the first-law
context: Ref. [6]’s analysis was based on a fully systematic
and fully general relativity-consistent two-timescale treat-
ment of the perturbation equations for an adiabatically
inspiralling object, including dissipation (or, in the case of
orbits below the ISCO, a fine-tuned orbit on an adiabatic
quasi-circular outspiral); the first-law, on the other hand, is
a postulated variational formula that ignores dissipation.
Reference [6] suggests that discerning the cause of the
apparent discrepancy would require a better understanding

of how the first-law formula might be generalized to
account for radiation. Our results here, unfortunately,
cannot shed new light on this matter, partly because our
numerical error happens to be at the same, ~1% level of the
reported discrepancy, partly because Ref. [6] does not
provide a result for r =4M, and partly because our
treatment, too, ignores radiation. The issue provides moti-
vation for work to improve the accuracy of our calculation.

At a more fundamental level, we have proposed here a
precise definition of the notions of energy and angular
momentum that feature in the first-law formula, valid for
circular orbits below the ISCO. In this, we have taken
advantage of the observation that such orbits are
approached asymptotically by zoom-whirl-type orbits com-
ing from infinity. We have thus argued that the first-law
notions should be correctly interpreted as Fokker-Wheeler-
Feynman-type quantities in a post-Minkowskian context,
and as incoming-Bondi quantities in the context of pertur-
bation theory. We have also suggested an effective inter-
pretation in terms of ADM quantities in the full perturbed
spacetime. It may be possible to extend these inter-
pretations to circular orbits above the ISCO through an
analytical-extension argument.

Returning to the issue of numerical accuracy, let us
discuss how it might be improved in future work. Our error
bars are predominantly from truncation of the self-force
integrals AE and AL at r.,, = 90M. As mentioned, the
& Fiax Scaling of actual runtime is highly penalizing, so
there is only a limited scope for a brute-force push to higher
values of r,;, using our existing numerical method. It is
probably more productive, instead, to focus on obtaining an
improved analytical formula for the behavior of the relevant
self-force components at large r. In Appendix B, we have
taken a first step in that direction, deriving the leading-
order, Newtonian term of the # component, which already
enabled us to reduce the truncation error (for AE) by about
an order of magnitude. To obtain a similar formula for
the ¢ components, and higher-order terms for both com-
ponents, would require a systematic post-Newtonian or
post-Minkowskian calculation, which we have left for
future work.

Our numerical method also encountered difficulties at
the whirl end of the integration, in the form of bad
convergence properties below around r = 4.0001M. We
have not been able to fully understand the cause for this
failure, and so opted to simply truncate our numerical
integration at that radius, replacing it with a rough
extrapolation to the IBCO. It may be that a more sophis-
ticated numerical method could be used to integrate further
into the whirl. However, here too it may prove more
productive to instead devise an analytical approximation
for the self-force during the whirl, based on an expansion in
the small parameter r —4M. Such an analysis could be
modeled, for example, upon the method of Sec. V.B.2 of
Ref. [49], in which the perturbation equations themselves
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are expanded in a small parameter representing deviation
from circularity. This calculation, too, we leave for
future work.

A step-function improvement in accuracy could also be
achieved through a change of strategy for the numerical
method. In the past few years, there has been progress in
the development of time-domain methods based on the
Teukolsky formalism, with the idea of computing the self-
force from a radiation-gauge metric perturbation con-
structed from numerical, time-domain solutions of the
spin-+2 Teukolsky equation [86—90]. This offers improved
computational efficiency (since one has to solve a single
scalarlike equation instead of 10 coupled equations in the
Lorenz-gauge method) and also entirely circumvents the
complications involved in computing the Lorenz-gauge
monopole and dipole modes [91,92]. The implementation
of this method in 1 + 1-dimensions appears to be numeri-
cally efficient even in the Kerr case, where mode-coupling
has to be accounted for [93,94]. The method offers a
promising alternative route to self-force calculations for
unbound orbits, including a ZEZO configuration.

Our ZEZO analysis provides but a first example of how
interesting physics can be extracted from self-force calcu-
lations along unbound orbits. In future work, one could
consider the more general, one-parameter family of fine-
tuned Schwarzschild orbits that start at infinity with some
nonzero velocity and at t — oo asymptote to an unstable
circular orbit at radius 3M < r < 4M. Parametrizing such
orbits by their initial y factor or energy, one could then
calculate the conservative self-force-induced shift in the
critical values of the angular momentum and asymptotic
orbital frequency, just as in the ZEZO case. Such orbits are
interesting because they probe the extremely strong gravi-
tational field right down to the light ring. They will provide
new, more challenging tests for the first-low formula and
set new benchmarks for EOB calibration (independent of
the first-law). A numerical code for tackling this kind of
orbits could be developed from our existing codes in a
straightforward manner. The only foreseeable issue is that
of initial junk radiation at large r, which could be harder to
deal with at large initial velocities and may require the
development of suitable mitigation techniques (as the one
employed in [95]). We note, however, that the runtime
scaling with 7., becomes slightly more favorable at
nonzero initial velocity, scaling as 2, (instead of o r3,,,
in the special case of the ZEZO).

Another interesting unbound configuration to consider is
that of the two-parameter family of hyperbolic-type scatter
orbits (this was first proposed by one of us in Ref. [29]).
Here, one can compute the self-force correction to the
scatter angle (as a function of, say, energy and impact
parameter), providing an entirely new diagnostic of the
postgeodesic dynamics in the strong field. Scatter orbits,
too, can probe the black-hole geometry right down to the
light ring. A unique advantage of scatter-angle calculations

is that they can be performed with or without dissipation,
thus providing a handle on both conservative and dissipa-
tive aspects of the dynamics. This also raises an interesting
prospect for comparison with results from scatter-orbit
simulations in full numerical relativity [96,97]. Finally,
there has been much recent progress in quantum-field-
theory “amplitude” calculations for the gravitational scatter
problem (see [38] and references therein). Self-force
calculations of scatter angles can provide much-needed
benchmarking for this program.
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APPENDIX A: GAUGE-INVARIANT
CHARACTERIZATION OF THE ZEZO
IN TERMS OF TOTAL ADM MASS

In Sec. III B, we have defined the perturbed iZEZO via
the coordinate condition 7,(# — —co) = 0 (in addition to a
circularity condition at  — o0). This condition makes sense
in a broad class of physically reasonable gauges, but it is,
after all, gauge dependent. The purpose of this appendix is
to comment that this condition can be replaced with a truly
gauge-invariant condition on the total ADM mass of
spacetime (or, in EOB or PN applications, the Fokker-
Wheeler-Feynman-like mechanical mass), M. In the
ZEZO case, the two ways of specifying the orbit are
equivalent (again, with suitable restrictions on the gauge)
and equally convenient. However, the mass condition
should do much better in avoiding ambiguity when dealing
with hyperbolic-type orbits that start with a nonzero
velocity at infinity.

To speak of the mass of the ZEZO spacetime, we must
first address the problem, discussed in Sec. VA, that the
ADM mass integral is mathematically ill defined for the
time-symmetric ZEZO geometry. Focusing on the iZEZO
case, we resolve this as we did in Sec. VA for the angular
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momentum, by defining M either as the incoming Bondi
mass (at v — o0) of a time-symmetric iZEZO, or as the
ADM mass of the physical problem, with the full self-force
and retarded boundary conditions, but with the same initial
conditions as for the time-symmetric iZEZO setup. In the
latter case, we have a well-defined notion of M, calculable
from the metric at i°. The value of that M depends only on
the initial conditions, near i~, when rp = 0, and can thus
be derived using special-relativistic kinematics of point
particles (as we did for L in Sec. IV).

In Ref. [43], this method was applied to obtain an
expression for M, through O(5?), in terms of the quantity
E(c0) = uit,(r, — oo), for a particle falling from infinity
with arbitrary initial conditions, and assuming E is given in
a CoM-centered gauge. It reads

M =M + E(o0) + —— (B2(00) — ) + O().

o, (A1)

in which the first and second terms on the right are the
black hole’s and particle’s “rest masses,” respectively, and
the third, O(5*) term accounts for both objects’ initial
“kinetic energies” in the CoM frame. In the iZEZO case,
the condition Arp(t — —00) =0 (“no kinetic energy at
infinity”) implies [recalling (23) with (26)] E(c0) =
i+ O(), so the ADM mass is, simply

M=M+u+O0(). (A2)
as one expects intuitively.

We can now reverse the point of view, and consider (A2)
to be (part of) the definition of the ZEZO, in place of the
condition 7,(¢ — —oo) = 0 (the latter now being a conse-
quence, valid within a class of gauges). This alternative
specification of the ZEZO conditions is advantageous in
that it is gauge invariant. (Note, however, that the particular
form of the relation between M and the initial velocity, or
E, still, of course, depends on the gauge.) In other words,
we are now parametrizing the initial conditions in terms of
the invariant quantity M (in addition to, say, ﬁ), instead of
the gauge-dependent velocity. The pair {M, L}, we pro-
pose, provides a natural and convenient, gauge-invariant
parametrization of unbound configurations of either the
zoom-whirl or the scattering types.

APPENDIX B: ASYMTOTIC BEHAVIOR
OF THE SELF-FORCE AT LARGE r

In this appendix, we obtain an analytical prediction for
the large-r asymptotic behavior of the Lorenz-gauge self-
force along the ZEZO orbit. The results provide a test of the
numerical data and are also used (in Sec. VII) for improving
our estimation of the large-r tail contribution to the self-
force integrals that feature in our calculation [the quantities
AE; and AL; introduced in Eq. (84)].

The idea behind our analysis is simple, and based on the
assumption that the leading-order term of the conservative
self-force at r, > M comes entirely from expressing the
usual « r~2 Newtonian gravitational force in a suitable
coordinate system (consistent with our Lorenz-gauge
choice), and then identifying any resulting O(5?) terms as
“self-force.” The coordinate adjustment has two compo-
nents: first, a transformation from the usual “separation”
radial coordinate used in Newton’s gravitation law to the
CoM-centered radial coordinate employed in our Lorenz-
gauge calculation; and, second, a gauge correction account-
ing for the nonasymptotic-flatness of the Lorenz gauge
(discussed in Sec. IV B). As we shall see, this predicts a
“Newtonian,” o 7~ term of the Lorenz-gauge self-force,
which we find to be in agreement with our numerical results.

Following this strategy, we consider, for r, > M, a
mapping of the true iZEZO orbit in Schwarzschild space-
time into an (accelerated) trajectory in flat space. The
mapping is defined by identifying the Schwarzschild
coordinates xj along the orbit with the usual polar
coordinates (and time #) on flat spacetime, centered at
the large black hole. The mapped trajectory experiences a
Newtonian gravitational force with a four-force counterpart

Flw = #(85 + uug)a’ = —u(55 + u“uﬂ)l—‘féuyu’s. (B1)

Here, the spatial projection of a” :=d’x”/d7* is the
“Newtonian” gravitational acceleration in flat space, and
Fl;ﬁ are the Schwarzschild connections evaluated on the
particle. Focusing first on the r and ¢ components (the ¢
components will be considered later), Eq. (B1) gives, at
leading order in 1/r,,

ﬂM F?IeWt ,LtM
5 ~
"p p

F I};Iewt == (Bz)
where i, ~—(2M/r,)'/?, and the expressions are appli-
cable to both 0ZEZO (i}, > 0) and iZEZO (i}, < 0). As
expected, F{,, has the standard form of the Newtonian
force acting between two point masses.

In the expressions (B2), the coordinate r, represents the
separation between the two masses; it is different from the
Lorenz-gauge radial coordinate (also denoted by r, in
the bulk of this work), which is CoM-centered by
construction—recall the discussion in Sec. V C. Let us,
in this appendix only, denote the Lorenz-gauge radial
coordinate along the orbit by r.,, to distinguish it from
the separation r,,. At leading order, the two radii are related
via reom = (1 =n)r,. In terms of the CoM radial coordi-
nate, the Newtonian force components thus become

2
oo EM | 2
Newt — 2 2 ’
rcom rcom

Newt 2
F; uM  2u
B ~ 4+ 5 T T3
Feom Tcom  Tcom

(B3)
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omitting terms of o(n?) and of o(rg2,). The O(u?) terms in
Egs. (B3) are interpreted as (conservative) self-force.

To obtain F{.,, in the Lorenz-gauge, we must also
account for the gauge pathology in the monopole, dis-
cussed in Sec. IV B. We have seen that the Lorenz-gauge
perturbation not asymptotically flat, but as simple monop-
ole gauge transformation, takes it to a (non-Lorenz) gauge
that is manifestly asymptotically flat. The generator E* of
the inverse gauge transformation (from the asymptotically
flat gauge to the Lorenz gauge) was given in Eq. (52). It
generates a gauge perturbation

Szhap = —n(1 - 2M/r)5f,6;, (B4)
[Egs. (47)-(49) with (a;, @y, a3, a4) = (1/2,0,0,0)]. It is
straightforward to calculate the contribution to the self-
force from this gauge transformation, either starting with
0zh,s and using Eq. (16) of [98], or starting with E* itself
and using Eq. (6) of [98]. Either way, the gauge correction
(flat — Lorenz) to the Newtonian self-force works out as

2 5:FNCWt 2
5EFIr\IeWt = —/;—’ _'. ! = —|— /; (BS)
com Tcom Tcom

at leading order in r5),. The (“Newtonian” term of the)
Lorenz-gauge self-force is the sum of the asymptotically
flat-gauge self-force from Eq. (B3) and the gauge correc-
tion (B5S)

2

] K
(Fcons)Lor =+ 2
Tcom
Jreons 2
( t )Lor ~— /; <B6)
Tcom T'com

The leading-order behavior expressed in (B6) is found to
be consistent with that of our numerical data, for both r
and ¢ components (the agreement is illustrated for the ¢
component in Fig. 6). As an additional check, we have
confirmed that the leading, p 2 falloff of our numerical
results comes entirely from the (tensor-harmonic) monop-
ole and dipole modes of the metric perturbation (without
those contributions, the numerical self-force is found to
falloff as ry 3 instead). This confirms our assumption that
the r;z term of the self-force is entirely due to a trans-
formation to a CoM gauge (dipole mode) and a E trans-
formation (monopole mode).

Unfortunately, the leading-order falloff of the self-force
component F>™, also needed in our analysis, cannot be
determined using the above method. Given the r and ¢
components of the Newtonian force (and recalling the
component is zero for our orbit), we can attempt to obtain
the ¢ component directly from the orthogonality condition
u®FNewt = (), giving

FNeWt FNeWt
-(/’ = _rgom (Flr\lewt + -, > (B7)

rcom rcom

From Egs. (B5) and (B6), we see, however, that the right-
hand side here vanishes—at both O(u) and O(u?)—when
inserting the leading-order Newtonian force. Hence, we can
expect the leading-order term of Fg™' to be post-
Newtonian rather than Newtonian. We have not attempted
here the post-Newtonian analysis required to extract that
leading-order term. All we can say based on our
Newtonian-order analysis (and assuming that the first
post-Newtonian terms of F" and F,/7.., fall off at least
as reoy), is that FY™ /i, should falloff at least as 1/7qop.
In fact, we numerically find a rz2, falloff. See Fig. 6
and Eq. (87).

APPENDIX C: GENERAL SOLUTION FOR
THE STATIC PIECE OF THE EVEN-PARITY
DIPOLE MODE

We give here explicitly the general solution of Eq. (65)
for the static even-parity dipole mode, i.e., the six-param-
eter family of homogeneous solutions Zj(fj (G =12, 3).
Our calculation of the CoM shift in Sec. \}22 involves only
the four solutions f;r(j) and f;(3), but for completeness we

nonetheless give here all six. Five of the solutions (all but
f{j@) where given previously by Ori in [78].

According to Eq. (66), each of the solutions ff(j) is
determined by three functions: af; (r), b{;,(r), and c{j) ().

These are given by the following expressions (where we
have set M = 1 for convenience; the missing factors of M
can be easily retrieved using dimensional analysis).

a‘l) =r-2,
by =0,
C_1) =0, (C1)
a<_2) =0,
b<_2) =12/ + 61— 8/r+8lnr,
o) = —6r* +3r2=8r—12+8(r—1)Inr, (C2)
a@) =0,
b(_3) =1,
g =r-1L (C3)
a(+1) =2(r=1)/r+rfinf,
+
by =0,
¢y =0. (C4)
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afy =0.
2(r—1
by, =(rTf>+1nf,
¢y =2+ (r=1nf, (C5)
a(y=0.
L 6(r=1)2r+1)=(6r*=9r—4)rinr
b= p:
+[2f +3r(2r+1)+4In(r/4)|In(rf) + A(r),
czg) :—3r(2r—|—1)—5—%(6r2—3r+4)r1nf
+4[(r—1)In(r/4) =2]In(rf)+ (r—1)A(r).  (C6)

Here f:=1—-2M/r, and

A(r) = 8Liy(1 — r/2) +42%/3 + 4(In2)?, (C7)
where
Li,(2) =Y /0 (c8)
k=1

is the polylogarithm function.
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