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We examine the uncertainty of the calculation of the atmospheric neutrino flux due to the uncertainty in the
hadronic interaction, and present a way to reduce it using accurately measured atmospheric muon flux.
Considering the difference in the hadronic interaction model and the real one as a variation of hadronic
interaction, we find a quantitative estimation method for the error of the atmospheric neutrino flux calculation
from the reconstruction residual of the atmospheric muon flux observed in a precision experiment. However,
the relation of the calculation error of the neutrino flux and the reconstruction residual of the muon flux is
largely dependent on the atmospheric muon observation site, especially for the low energy neutrinos. We
study the relation at several observation sites, near Kamioka at sea level, same but 2770 m a.s.l., Hanle India
(4500 m a.s.l.), and at Balloon altitude (∼32 km). Then, we estimate how stringently the atmospheric muon
can reduce the calculation error of the atmospheric neutrino flux.We also discuss briefly on the source of error
which is considered to be difficult to reduce only by the atmospheric muon data.
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I. INTRODUCTION

Neutrino oscillation physics has now entered into pre-
cision era. For the atmospheric neutrino, precision experi-
ments are also planned at INO [1], South Pole [2], HyperK
[3], and DUNE [4], etc. To address some of the neutrino
oscillation parameters, one requires accurate neutrino flux
prediction in the ≲1 GeV energy region.
However, it is difficult to calculate the atmospheric

neutrino flux below 1 GeV accurately. We used to mention
that the major source of the uncertainty in the atmospheric
neutrino flux calculation is in those of primary cosmic ray
spectra and hadronic interactions. Fortunately, with the
recent study of primary cosmic ray spectra by AMS02
and other precision measurements [5–8], the uncertainty is
reasonably reduced to a few %. On the other hand the
uncertainty of hadronic interaction model is still large. Only
with the result of high energy experiment, it seems difficult
to reduce the uncertainty to the required level. On this point
we have used the muon flux measured by the precision
experiment to calibrate the hadronic interaction model [9].

There also are more works having some similarity to this
work, for example, see the Refs. [10–13]. Among them,
the work in the Refs. [12,13] is interesting, since the authors
discussed the uncertainty of hadronic interaction model
using observed muon flux as we do, but the target
atmospheric neutrino energy range is higher than that of
this paper.
We note that the former studies of hadronic interaction

model using the atmospheric muon for the prediction of
atmospheric neutrino implicitly assume the similarity of the
meson production density distribution for atmospheric
neutrino and muon in the phase space of the hadronic
interaction. For the atmospheric neutrinos with higher
energy than a few GeV, this is true, but, for the atmospheric
neutrino below 1 GeV, the situation is largely different, due
to the energy loss of muon in the atmosphere. The aim of this
paper is to address the effect of the deformation of density
distribution in the phase space of hadronic interaction.
We introduce a mathematical framework for this study in

Secs. II and III, and try to find an error estimation method
of the uncertainty in the prediction of the atmospheric
neutrino flux in Sec. IV. In these study, we find the
atmospheric muon data is still useful for the “muon
calibration of the hadronic interaction model” below
1 GeV, but also find a limitation determined by the muon
flux observation site. We compare the usefulness of the
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atmospheric muon data observed at near Kamioka
(Tsukuba, sea level and Mt. Norikura, 2770 m a.s.l.),
Hanle (India, 4500 m a.s.l.) [14] and at balloon altitude
(near South Pole, 32 km a.s.l. by Balloon) [8]. We also
discuss briefly on the source of error which is considered to
be difficult to reduce only by the atmospheric muon data in
Sec. VII.

II. PSEUDOANALYTIC FORMALISM FOR
ATMOSPHERIC LEPTON CALCULATION

AND VARIATION OF HADRONIC
INTERACTION MODEL

Let us start with a pseudoanalytic expression for the
calculation of atmospheric lepton flux. It is written as

Φobs
L ðpobs

L ; xobsÞ ¼
X
Nproj

X
Mborn

Z Z �Z
M2LðMborn; pborn

M ; xint; Lobs; pobs
L ; xobsÞ ×HintðNproj; pproj

N ;Mborn; pborn
M Þ

× σprodðNproj; EprojÞ · ρairðxintÞ ×ΦprojðNproj; pproj
N ; xintÞdxint

�
dpborn

M dpproj
N ; ð1Þ

where M2LðM;pborn
M ; xborn; Lobs; pobs

L ; xobsÞ is the proba-
bility that a meson Mborn with momentum pborn

M at xborn

decays and result in the lepton Lobs with momentum pobs
L at

xobsL , without a hadronic interaction with air nuclei,

HintðNproj; pproj
N ;Mborn; pborn

M Þ is the probability that a pro-

jectile particle Nproj with momentum pproj
N interact with air

nuclei and produce theMborn meson with momentum pborn
M ,

σprodðNproj; EprojÞ is the production cross section of Nproj

particle and air nuclei, ρairðxintÞ is the nucleus density of the
air at xint, and ΦprojðNproj; pproj

N ; xintÞ is the flux of cosmic

ray originated Nproj-particle at xint with momentum pproj
N .

Note, we normally use the Monte Carlo simulation to
calculate the atmospheric lepton flux in the actual case. It is
possible to apply this pseudoanalytic expression to the real
calculation of atmospheric lepton fluxes with a lot of
efforts, but the extension to the three-dimensional calcu-
lation is very difficult.
We use this pseudoanalytic expression Eq. (1) to illustrate

the variation study of the hadronic interaction. With it, we
can close up the hadronic interaction in the atmospheric
lepton flux calculation. Let us rewrite Eq. (1) as

Φobs
L ðpobs

L ; xobsÞ ¼
X
Nproj

X
Mborn

Z Z
DðNproj; pproj

N ;Mborn; pborn
M ; Lobs; pobs

L ; xobsÞdpborn
M dpproj

N ; ð2Þ

and

DðNproj; pproj
N ;Mborn; pborn

M ; Lobs; pobs
L ; xobsÞ ¼

Z
M2LðMborn; pborn

M ; xint; Lobs; pobs
L ; xobsÞ ×HintðNproj; pproj

N ;Mborn; pborn
M Þ

× σprodðNproj; EprojÞ · ρairðxintÞ ×ΦprojðNproj; pproj
N ; xintÞdxint; ð3Þ

The D-function in Eq. (2) is the density distribution for
atmospheric lepton in the phase space of the hadronic
interaction. We call it as the “integral kernel” of atmos-
pheric lepton flux. Classifying the projectile particle into
three categories; proton, neutron, and all mesons, we
consider the integral kernel for all combination of those
projectile and the secondary mesons whose decay branch-
ing ratio to leptons or semileptonic decay is larger than 1%
(π�, K�, and K0

L). Note, a nucleus projectile hadronic
interaction is normally represented by the superposition of
single nucleon interactions. Adding to these nucleon
projectiles, the meson created in the hadronic interaction
with air nuclei also can be the projectile in the next
interaction. However, the meson projectiles (mainly π�)
are not important yet in the energy region we are working

due to their short life time, then we summarize them in a
category.
As we mentioned above, the atmospheric lepton flux is

normally calculated with the Monte Carlo simulation, we
calculate the integral kernel with the Monte Carlo simu-
lation. The Monte Carlo simulation we use here is the same
one used in our calculation of atmospheric neutrino and
muon fluxes [15,16]. We tag all the particles appeared in
the simulation, and record the projectile particle and the
secondary meson momenta, when the meson create the
target lepton without hadronic interaction. Then we study
the (pborn

M ; pproj
N ) point distribution in the hadronic inter-

action phase space.
The full three-dimensional Monte Carlo simulation for

atmospheric neutrino need a long computation time, since it
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is an Earth size simulation for upward moving neutrino.
However, if we limit the calculation to the downward going
neutrino only, it becomes far less time consuming simu-
lation. We consider here only the downward moving
atmospheric neutrino as well as the muon. As the examples,
we show the integral kernel as the scatter plot in Fig. 1 for
the 0.1, 1.0, 10 and 100 GeV=c vertically downward
moving muon at Kamioka (sea level), and in Fig. 2 for
0.1, 1.0 and 10 GeV vertically downward moving neutrino
at Kamioka. Note, we take ½projectile kinetic energy� ×
½lepton momentum�=½meson momentum� as the vertical
axes of those figures to illustrate the deformation at low
lepton momenta. We plot all the (pborn

M ; pproj
N ) points by

different projectiles (p; n;mesons) in the same figure.
We find the integral kernels for atmospheric neutrino and

muon moves almost parallel with their momentum or
energy above 1 GeV=c for atmospheric muon and above
1 GeV for atmospheric neutrino. However, the integral
kernels for atmospheric muon show a large deformation at
0.1 GeV=c, and the central momentum of the parent meson
is very close to the atmospheric muon at 1 GeV. On the

other hand, the integral kernel of the atmospheric neutrino
at 0.1 GeV shows a little deformation, but keeps the
similarity to that of higher energies.
The integral kernel is sensitive not only to the lepton

momentum, but also to the direction of the lepton motion,
and to the observation site, especially for the atmospheric
muon flux. We calculate the integral kernel of atmospheric
neutrino flux for vertical downward and horizontal direc-
tions at Kamioka, and that of muon flux for vertical
downward and horizontal directions at several observation
sites including Kamioka.

III. VARIATION OF THE INTERACTION MODEL
WITH RANDOM NUMBERS

If we assume the projectile flux ΦprojðNproj; pproj
N ; xintÞ is

not largely affected by the variation of the hadronic
interactions, we can study the effect of the variation of
the hadronic interactions on the lepton flux using the
pseudoanalytic formalism. The lepton flux calculated by
the varied interaction model may be written as;

Φ̃obs
L ðpobs

L ; xobsÞ ¼
X
Nproj

X
Mborn

Z Z �Z
M2LðMborn; pborn

M ; xint; Lobs; pobs
L ; xobsÞ

×HintðNproj; pproj
N ; xint;Mborn; pborn

M Þ · ð1þ ΔintðNproj;Mborn; pproj
N ; pborn

M ÞÞ

× σprodðNproj; EprojÞ · ρairðxintÞ ×ΦprojðNproj; pproj
N ; xintÞdxint

�
dpborn

M dpproj
N ð4Þ

¼
X
Nproj

X
Mborn

Z Z
DðNproj; pproj

N ;Mborn; pborn
M ; Lobs; pobs

L Þ × ð1þ ΔintðNproj;Mborn; pproj
N ; pborn

M ÞÞdpborn
M dpproj

N :

ð5Þ
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FIG. 1. The scatter plot of the projectile and meson momenta, which create 0.1, 1.0, 10 and 100 GeV=c downward moving
atmospheric muon at Kamioka (sea level), in the hadronic interaction phase space. We plot those of μþ in the left panel, and μ− in the
right panel. Note, we take the kinetic energy with factor [Pμ=Pmesons] as the vertical axis to illustrate the deformation at low muon
momenta.
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We can use Eq. (5) to construct a variation of interaction
model and the variation of atmospheric lepton fluxes and
study it.
The variation of the hadronic interaction model with

random numbers can be constructed with the help of the
B-spline functions. We use the 3rd order B-spline function
with constant knot separation, and is represented as

Bi
ΔðxÞ ¼ b

�
x − i · Δ

Δ
− x0

�
ð6Þ

where

bðtÞ ¼

8>><
>>:

1
6
ð3jtj3 − 6jtj2 þ 4Þ ðjtj ≤ 1Þ

− 1
6
ðjtj − 2Þ3 ð1 ≤ jtj ≤ 2Þ

0 ðjtj ≥ 2Þ
ð7Þ

where Δ is the knot separation, and x0 is the origin,
normally taken as x0 ¼ 0. The linear combination of the
3rd order B-spline function [Eqs. (6) and (7)] is continuous
up to the 2nd order derivative, and is often used to connect
the discrete data or to fit them.
Using the B-spline function, we construct the variation

function as

ΔintðNproj;Mborn; pproj
N ; pborn

M Þ
¼ δ ·

X
i

X
j

Rij
N · Bi

Δproj
ðlog10ðpproj

N ÞÞ

· Bj
Δmeson

ðlog10ðpborn
M ÞÞ; ð8Þ

Then we can write the variation of lepton flux calculated
with this variation of interaction model as,
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FIG. 2. The scatter plot of the projectile and meson momenta, which create the 0.1, 1.0, and 10 GeV vertically downward moving
neutrino at Kamioka (sea level), in the hadronic interaction phase space. We plot those of νe in the top left panel, ν̄e in the top right panel,
νμ in the bottom left panel and ν̄μ in the bottom right panel. Note, we take the kinetic energy with factor [Pν=Pmesons] as the vertical axis
to illustrate the deformation at low neutrino energies.
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Φ̃obs
L ðpobs

L ; xobsÞ ¼
X
Nproj

X
Mborn

Z Z
DðNproj; pproj

N ;Mborn; pborn
M ; Lobs; pobs

L Þ

×

�
1þ δ

X
i

X
j

Rij
N · Bi

Δðlog10ðpproj
N ÞÞ · Bj

Δðlog10ðpborn
M ÞÞ

�
dpborn

M dpproj
N ; ð9Þ

and the variation of the lepton flux as

ΔΦobs
L ðpobs

L ; xobsÞ≡ Φ̃obs
L ðpobs

L ; xobsÞ −Φobs
L ðpobs

L ; xobsÞ

¼ δ
X
Nproj

X
Mborn

Z Z
DðNproj; pproj

N ;Mborn; pborn
M ; Lobs; pobs

L Þ

×
X
i

X
j

Rij
N · Bi

Δðlog10ðpproj
N ÞÞ · Bj

Δðlog10ðpborn
M ÞÞdpborn

M dpproj
N : ð10Þ

Here, we assume fRij
Ng as the set of normal random numbers

with the average value ¼ 0 and the standard deviation ¼ 1,
which is one of the standard random number in the computer
science. We takeΔproj ¼ Δmeson ¼ Δð¼ 0.5Þ in Eq. (9). This
means we consider the variation of interaction model in the
momentum scale Δ log10ðpÞ≳ 0.5 both for the projectile
and secondary meson momenta.
When the random number set fRij

Ng is given, the
variation of the integral kernel density at a grid point
fijg is written as

ΔDij ¼ Dij × δ
X
k

X
l

Rkl
N · Bk

Δððk − iÞ · ΔÞ

· Bl
Δððl − jÞ · ΔÞ; ð11Þ

where we have simplified the kernel density at the grid
point DðNproj; ðpproj

N Þi;Mborn; ðpborn
M Þj; Lobs; pobs

L Þ as Dij.
Since fRkl

Ng are the set of independent normal random
numbers with average value 0, and standard deviation 1, the

variance or the square of the standard deviation of ΔDij is
calculated as

σ2Dij
¼ D2

ij × δ2
X
k

X
l

½Bk
Δððk − iÞ · ΔÞ · Bl

Δððl − jÞ · ΔÞ�2:

ð12Þ

With the definition of B-spline function [Eqs. (6) and (7)],
the equation is easily evaluated as,

σDij
¼ 0.5 · δ ·Dij: ð13Þ

Note, we apply an independent set of random numbers to
the integral kernel calculated for each combination of all
the projectile and all the secondary meson.
As an application of the variation of the interaction

model with random number, we calculate the correlation
coefficient of atmospheric neutrino and atmospheric muon
fluxes as,

γðpobs
ν ; xobsν ;pobs

μ ; xobsμ Þ ¼
P ðΔΦνðpobs

ν ; xobsν ÞΔΦμðpobs
μ ; xobsμ ÞÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiP ðΔΦk

νðpobs
ν ; xobsν ÞÞ2P ðΔΦk

μðpobs
μ ; xobsμ ÞÞ2

q ð14Þ

and study the correlation coefficient between muon and
neuron fluxes at each combination of muon momentum
and neutrino energy. As an example, we show the
correlation coefficient of neutrino flux at 1 GeV and
the muon fluxes as the function of muon momentum in
Fig. 3 for all combination of (νμ, ν̄μ; νe; ν̄e) and (μþ; μ−).
Here we used the integral kernel of the vertically down-
ward moving fluxes of atmospheric neutrinos and muons
at Kamioka. Note, π− creates almost all of ν̄e and μ−,
and πþ creates almost all of νe and μþ in their decay
cascade;

πþð−Þ →μþð−Þ þ νμðν̄μÞ
↓

eþð−Þ þ ν̄μðνμÞ þ νeðν̄eÞ ð15Þ

at low energies. The correlation coefficient of electron
neutrino and muon fluxes created by different types of
pion are small and no meaningful structure is seen as the
function of muon momentum in Fig. 3. On the other hand,
in the case of muon neutrinos, πþ creates νμ, ν̄μ, and μþ,
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and π− creates νμ, ν̄μ, and μ−. Therefore both signed muon
have correlation to both type of muon neutrinos.
In Fig. 4, we show the muon momentum which gives the

maximum correlation coefficient and 90% of it as the
function of neutrino energy for the direct decay product
of π� (left panel) and decay product of μ� (right panel)
separately, to see the difference due to the decay kinematics.
Note, we do not show the plot for νμ ↔ μ− and ν̄μ ↔ μþ,
since there are no meaningful correlation between them
(Fig. 3). In both the panels, we find the lines for maximum
correlation and 90% of it are very close among different type
of the neutrinos, but with the same kinematics.

IV. VARIATION OF ATMOSPHERIC NEUTRINO
AND MUON FLUXES

In this section, we generate a huge number (3,000,000)
of the normal random number sets, and study the variation
of atmospheric neutrino flux when the variation of

atmospheric muon flux is limited. To cover a large variation
of the interaction model at the beginning, we take δ ¼ 1 in
Eq. (8) in this section. After fixing the kind of target
neutrino and its energy, we calculate the correlation
coefficient of both signed atmospheric muon flux to the
target neutrino as the function of the muon momentum. For
each signed muon flux, when it has a meaningful corre-
lation maximum, we put the constraint on the flux variation
to satisfies the condition;

����Δϕμ

ϕμ

���� < ε; ð16Þ

in the momentum range where the correlation coefficient is
larger than the 90% of the maximum. Therefore, when the
target neutrino is electron neutrino (νe and ν̄e), the flux
variation of either signed muon flux is constrained, and
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when the target neutrino is muon neutrino (νμ and ν̄μ), the
flux variations of both signed muon fluxes are constrained.
In Fig. 5, we plot the variation of ΔΦν=Φν at 1 GeV for

νe in the left panel and for νμ in the right panel with ε ¼ 0.1,
0.2, 0.3, and the ones without any constraint (ε ¼ ∞). In
this plot, we used the integral kernel for vertically down-
ward moving atmospheric neutrino observed at Kamioka,
and the integral kernel for vertically downward moving
muon fluxes observed at Kamioka for the illustration.
We find that the distribution of ΔΦν=Φν shrinks in both

the panels with the decrease in ε. Considering the inter-
action model we are using is a variation of the ideal one
which gives the real atmospheric neutrino and the muon
fluxes, this observation could be interpreted as follows;

when our calculated atmospheric muon flux is close to the
real one, the atmospheric neutrino flux calculated with the
same interaction model must be close to the real one.
Furthermore if we consider that the atmospheric muon flux
observed by a precision experiment is very close to the real
one, we can replace above sentence to; when we can
reconstruct the observed atmospheric muon flux observed
by a precision experiment, the atmospheric neutrino flux
calculated is close to the real one. Note, this arguments are
already discussed qualitatively in the other article [9], but
this variation study of the hadronic interaction model gives
a method for the quantitative discussion.
For each ε, the ΔΦν=Φν distribution is well approxi-

mated by the normal distribution as
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FIG. 5. The ΔΦν=Φν distributions for of νe flux (left panel) and νμ flux (right panel), created with Eq. (10) and δ ¼ 1, with the
3,000,000 sets of normal random number fRij

Ng assigned to each grid point. Wide outside solid line shows the distribution with no
condition for ΔΦμ=Φμ (ε ¼ ∞), most inside solid line for ΔΦμ=Φμ < 0.1 (ε ¼ 0.1), dashed line for ΔΦμ=Φμ < 0.2 (ε ¼ 0.2), and
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Nε is the total number of the trial which path the limitation
of the variation on the atmospheric muon flux. We note that
the distribution without the constraint on the atmospheric
muon is also well approximated by the normal distribution
then we use the same distribution formula Eq. (17) with
ε ¼ ∞ and N∞, which is the trial number of this study. The
concentration of the neutrino flux variation distribution
when the variation of atmospheric muon flux is constrained
with ε may be studied by the ratio of ρðε;ΔΦν=ΦνÞ and
ρð∞;ΔΦν=ΦνÞ, after the normalization as,
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Therefore, we define the concentration parameter σshrink as

1

σ2shrink
¼ 1

σ2ðεÞ −
1

σ2∞
; ð19Þ

σshrink would be the standard deviation of the atmospheric
neutrino flux variation, when the original distribution of it
is flat, and the variation of atmospheric muon flux is
restricted by Eq. (16).
Let us consider the variation of atmospheric neutrino

flux is the combination of two components; one is
independent of that of atmospheric muon flux, and the
other is related to that of atmospheric muon flux. When ε
approaches 0 in Eq. (16), the remaining variation of
atmospheric neutrino flux would be the component inde-
pendent of the atmospheric muon flux. We assume a simple
function form for ε and σshrink as

σshrink ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ς20 þ ðς1 · εÞ2

q
; ð20Þ

where ς0 represents the atmospheric neutrino flux variation
independent of the atmospheric neutrino flux, and ς1 · ε the
atmospheric neutrino flux variation related to the atmos-
pheric muon flux.
Adding a little more data points, we fit the σshrink with

Eq. (20) for the atmospheric neutrino variation distribution
shown in Fig. 6, and show the best fit curves for νe (left
panel) and νμ (right panel). We find Eq. (20) fits well both
data, and σshrink is already very close to the ς0 at ε ∼ 0.05.
Note, we intend to apply this analysis to find a better
interaction model for the calculation of atmospheric neu-
trino flux by the reconstruction test of the atmospheric
muon flux observed by a precision experiment. Then
Δϕμ=ϕμ ≲ 0.05 would be the practical target in this test.
Using the integral kernel for vertically downward mov-

ing atmospheric muon flux at Kamioka, we repeat the
variation study with ε ¼ 0.5, 1.0, 1.5, 2.0, 2.5 and 3.0, and
fit the resulting σshrink by Eq. (20) to determine ς0 or the
muon independent component of the atmospheric neutrino
flux variation, for vertically downward and horizontally
moving atmospheric neutrino fluxes at Kamioka in the
energy range from 0.1 GeV to 100 GeV beyond our target,
and for all kind of neutrinos. We plot the ς0 in Fig. 7 as the
function of neutrino energy. Note, we set the minimum
muon momentum for this study to 0.1 GeV=c. This means
that we study the correlation coefficient of neutrino and
muon fluxes in the muon momentum range larger than
0.1 GeV=c for a given neutrino energy. Then we constrain
the muon flux variation at the muon momentum where
the correlation coefficient is larger than the 90% of the
maximum.
The most crucial fact in Fig. 7 is that ς0 increases rapidly

as the neutrino energy decrease below 1 GeV, for all the
kind of neutrinos. In the next section, we will discuss on the
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kernel for the vertically downward moving atmospheric muon flux at Kamioka (sea level). The minimum muon momentum is set to
0.1 GeV=c. In the left panel, we depicted the ς0 for vertical downward moving atmospheric neutrino at Kamioka, and in the right panel
for horizontal moving atmospheric neutrino at Kamioka.
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rise of ς0 at low energies. Although the energy region is out
of our target energy region, we have some comments on the
ς0 increase with neutrino energy above a few GeV. This is
due to the kaon contribution to neutrino production, whose
variation is not restricted by the limitation of the variation
of the atmospheric muon flux. As the kaon contribution is
largest to νμ production among all the neutrinos, the ς0
increase of νμ is largest among them. Note, we have also
assumed the uncertainty of kaon production is 50% at the
every grid point of the integral kernel in Eq. (10). If we
apply here the uncertainty of kaon production by accel-
erator experiment, the increase of ς0 would be suppressed.
For the horizontally moving neutrinos, still the increase
of ς0 is seen for νμ, but generally it stays ≲0.05 below
100 GeV.

V. ANALYSIS OF EXISTING DATA

In our former study [9], we have estimated our calcu-
lation error for the atmospheric neutrino flux using the
atmospheric muon spectra observed by the BESS detector
at Tsukuba (sea level) [17], at Mt. Norikura (2770 m a.s.l.)
[18] above 0.567 GeV=c. In the left panel of Fig. 8, we plot
these data taking the flux sum of μþ and μ− with the data
observed by L3þ C experiment [20] at CERN. We also
depict the calculated fluxes for these observation sites,
and for Hanle (India, 4500 m a.s.l.) in the same figure. In
the right panel of Fig. 8, we show the comparison
of observed and calculated atmospheric muon flux expand-
ing the difference by taking the ratio. Note, we have
renewed the calculation of the muon flux with the primary
cosmic ray model based on AMS02 and other precision
measurements [5–8].
We apply the study in the previous section to these data,

especially to those observed by BESS. Note, the agreement
of calculation and the observed data for atmospheric muon

flux is generally good and the reconstruction residual is less
than 5% above 1 GeV. However, below 1 GeV, we failed
to reconstruct the observed muon flux at Tsukuba and at
Mt. Norikura at the same time. Probably we need new
observation by a precision experiment, dedicated to the low
momentum muon flux (≲1 GeV). In the previous section,
we calculate ς0 with the minimum muon momentum of
0.1 GeV=c (Fig. 7), implicitly assuming that we can
reconstruct the accurately measured muon flux for
Pμ ≳ 0.1 GeV=c. In the previous section, we have calculate
the ς0 with the integral kernel for the vertically downward
moving atmospheric muon flux at Kamioka, where the
muon observation condition is very close to Tsukuba, and
here we recalculate it and plot in Fig. 9 with a little change
that the minimum muon momentum is set to be 1 GeV=c.
Note, we plot the ς0 rather than the σshrink with the residual
shown in the left panel of Fig. 8, since the estimation of
residual at each momentum is difficult due to the muon flux
observation error, but it would be smaller than 0.05 in
Fig. 8. Note, σshrink at ε ¼ 0.05 is very close to ς0.
The ς0 or the atmospheric muon independent variation

component of neutrino flux in Fig. 9 is compared with that
in Fig. 7, and we find the ς0 in Fig. 9 shows a quicker
increase toward lower energy below 1 GeV, but it is very
similar in each figure above ∼1 GeV. We may say that,
using the atmospheric muon data observed by BESS at
Mt. Norikura, we can draw almost the same conclusion on
the uncertainty of the low energy atmospheric neutrino flux
as that in Ref. [9].

VI. SURVEY OF MUON OBSERVATION SITE
FOR FUTURE EXPERIMENTS

In the previous section we applied the study in Sec. IV to
the presently available data. We could confirm the result of
our former study, but also find we need more muon flux
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data with a precision experiment dedicated to lower muon
momentum. However, the comparison of Figs. 7 and 9, tells
us that, just by lowering the minimum muon momentum,
it is difficult to reduce the uncertainty of low energy
atmospheric neutrino flux largely with the muon observa-
tion at sea level. Then we look for suitable muon obser-
vation site for the future atmospheric muon observation
experiment. Considering the progress of the detectors used
in the recent cosmic ray observations, we assume that
we can get the accurate muon flux data from 0.3 GeV=c
in a precision experiment for the low energy muon flux
observation.
Let us start the survey from Tsukuba (sea level), where

BESS group has observed the muon flux as we stated in the
previous section. In Fig. 10, we plot ς0 for the atmospheric
neutrino flux at Kamioka, with the integral kernel for the
vertical downward moving atmospheric muon flux at

Tsukuba (sea level). Since the observation altitude and
the rigidity cutoff are very close to those at Kamioka, we
can compare this result with those presented and discussed
in the previous section. We find the result here is in between
of those with the minimummuon momentum of 0.1 GeV=c
(Fig. 7) and of 1 GeV=c (Fig. 9), and is rather close to the
calculation with minimum momentum of 0.1 GeV=c.
Therefore, if the atmospheric muon flux is measured down
to 0.3 GeV=c, by a precision experiment, it will improve
the result with former BESS observation and constrain the
uncertainty in the atmospheric neutrino flux down to a little
less than 1 GeV.
Next we move to Mt. Norikura (2770 m a.s.l.), where

BESS group also has observed the muon flux. In Fig. 11,
we plot ς0 for the atmospheric neutrino flux at Kamioka,
with the integral kernel for the vertical downward moving
atmospheric muon flux at Mt. Norikura (2770 m a.s.l.l),
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kernel for the vertically downward moving atmospheric muon flux at Tsukuba (sea level). The minimum muon momentum is set to
0.3 GeV=c. In the left panel, we depicted the ς0 for vertical downward moving atmospheric neutrino at Kamioka, and in the right panel
for horizontal moving atmospheric neutrino at Kamioka.
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and the minimum muon moment of 0.3 GeV=c. We find
the ς0 at Mt. Norikura is similar to that at Tsukuba for
Eν > 0.5 GeV, but show a large reduction for Eν <
0.5 GeV. It is remarkable that ς0 < 0.1 is satisfied for
each kind of neutrino in 0.3 GeV < Eν < 10 GeV for
vertical direction and in Eν > 0.3 GeV for horizontal
direction. Thus the observation at the high altitude is seems
to have an advantage in the reduction of the uncertainty of
the low energy neutrino flux prediction.
As it seems the higher altitude is more suitable for the

muon observation site, we look for a candidate at much
higher altitude, and find Hanle (4500 m a.s.l., India) [14]
satisfies the condition, where the Indian astronomical
observatory exists. We calculate the ς0 for the atmospheric
neutrino flux at Kamioka, with the integral kernel for
vertical downward moving atmospheric muon at Hanle,
and plot it in Fig. 12. The minimummuon momentum is set

to 0.3 GeV=c as before. Comparing with the ς0 calculated
with the muon at Mt. Norikura, we find the ς0 for Hanle
is generally smaller in Eν < 1 GeV. Especially ς0 < 0.1 is
satisfied in 0.15 < Eν < 10 GeV for all the kind of
neutrino and for all the directions.
The last candidate for muon observation site is the

balloon which is used for the observation of primary
cosmic rays. Note, we have once used the balloon altitude
muon data observed by BESS [21] to study the interaction
model at low energies [15]. However, we could not
conclude a strong statement due to the poor statistics.
We calculate the ς0 for the atmospheric neutrino flux
at Kamioka with the integral kernel for the vertical down-
ward moving atmospheric muon at Balloon altitude (32 km
a.s.l., near south pole), and plot it in Fig. 13. Note, as the
atmospheric muon flux at balloon altitude is small than
the lower altitudes, we consider a long flight balloon
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kernel for the vertically downward moving atmospheric muon flux at Hanle (4500 m a.s.l.). The minimum muon momentum is set to
0.3 GeV=c. In the left panel, we depicted the ς0 for vertical downward moving atmospheric neutrino at Kamioka, and in the right panel
for horizontal moving atmospheric neutrino at Kamioka.
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experiment for the observation of it. The minimum muon
momentum is set 0.3 GeV=c as before. We find that the
value of ς0 is larger than those of others in the all neutrino
energy region we studied. This means the muon observa-
tion at balloon altitude does not reduce the uncertainty of
the low energy atmospheric neutrino flux more than that
on a high mountain. We have to look for a good muon
observation site on a high mountain.

VII. UNCERTAINTIES OF THE PROJECTILE
FLUX AND THE SCATTERING ANGLE

In Sec. III, we assumed that the projectile flux
ΦprojðNproj; pproj

N ; xintÞ is not largely affected by the variation
of the hadronic interactions. We would like to comment on
this assumption and the uncertainty due to it. Classifying the
projectile particles of the hadronic interaction with air nuclei
into three types, proton, neutron, and all as mesons as in

Sec. II, we plot the fraction of them for when their hadronic
interaction resulted in the target lepton production in Fig. 14,
summing all kind of neutrinos in the left panel, and summing
both signed muons in the right panel.
The primary cosmic ray energy which produce the

atmospheric neutrino and muon fluxes we are studying
is less than a few TeV, and the proton neutron ratio
(Np=Nn) is around 5. However, from Fig. 14, we find
the Np=Nn ratio of the projectile particle directly related to
those atmospheric neutrino and muon fluxes is 1.5 at the
lowest energy and around 4 in the highest energy of our
study in this paper. This means that some of the projectile
particle have experienced hadronic interaction before they
create the parent meson of the atmospheric neutrino and
muon. The small Np=Nn ratio at low energies means they
are created by the projectiles which suffered more from
the hadronic interaction than the atmospheric neutrino and
muon at higher energies.
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panel for horizontal moving atmospheric neutrino at Kamioka.
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As the contribution of mesons projectile is small for
atmospheric neutrino and muon below 100 GeV, we
consider here the variation of Np=Nn ratio only. We repeat
the study in Sec. IV, changing the Np=Nn ratio by �10%

for the atmospheric muon but fixing it to the original value
for the atmospheric neutrino, and fixing the Np=Nn ratio to
the original value for the atmospheric muon but changing it
by�10% for the atmospheric neutrino by hand. With those
changes, we find the peak position of ΔΦν=Φν distribution
moves only�2 ∼ 3%, which is would not be seen clearly if
we add the distribution in Fig. 5. Note, the same change of
Np=Nn ratio for the atmospheric muon and atmospheric
neutrino shift the peak position to the opposite direction.
Considering the fact that a variation of hadronic interaction
model would change the Np=Nn ratios for the atmospheric
neutrino and muon fluxes to the same direction, we may
conclude that the possible variation of the projectile particle
ratio with the variation of hadronic interaction model does
not affect the former section analysis largely.
Another potentially important source of the uncertainty

for the lower energy atmosphere neutrino flux is the error of
the scattering angle in the hadronic interaction. It is well
known that the three-dimensional calculation of atmos-
pheric neutrino flux shows an enhancement of the flux for
near horizontal directions [22], and is sometimes called the
“horizontal enhancement.” This is due to the bending of
secondary particles from the projectile particle in the
hadronic interaction, and is not seen in the one-dimensional
calculations. Therefore, the error in the measurement of the
scattering angle could result in the error of the prediction of
the low energy atmospheric neutrino flux.
To quantify the uncertainty of the atmospheric neutrino

flux due to the error in the scattering angle in the hadronic
interaction, we calculate the atmospheric neutrino flux at

Kamioka and muon flux at several observation sites
changing the scattering angles of the hadronic interaction
model to �20% larger or smaller ones by hand. Summing
all kind of neutrino flux calculated at Kamioka, we plot the
ratio of the scattering angle changed neutrino fluxes to
the original one as the function of zenith angle at Eν ¼
0.1 GeV (left panel) and at Eν ¼ 0.3 GeV (right panel) in
Fig. 15. We also sum the flux of both signed atmospheric
muon calculated at Tsukuba and Hanle, and plot the ratio of
the scattering angle changed muon fluxes to the original
one as the function of zenith angle at Pμ ¼ 0.1 GeV=c (left
panel) and at Pμ ¼ 0.3 GeV=c (right panel) in Fig. 15. We
find ∼� 10% variation for the scattering angle changed
neutrino flux at the near horizontal direction in both energy,
and for vertically downward direction at 0.1 GeV.
Therefore, if we want to reduce the error in the calculation
of atmospheric neutrino to ∼5%, we need to reduce the
uncertainty of the hadronic interaction scattering angle to
≲10%. At the same time, We also observe that the same
change of the scattering angle also cause a large the change
in the zenith angle dependence of atmospheric muon flux
observed at high altitude site as Hanle (4500 m a.s.l.), but a
smaller change at sea level (Tsukuba). The muon observed
at higher altitude as Hanle, whose the production altitude is
close to the observation altitude, are a little suffered from
the muon energy loss, and the change of scattering angle
appears as a large effect on the zenith angle dependence of
muon flux. On the other hand, the muon observed at the sea
level suffer the maximum energy loss, and the observed
zenith angle dependence is that of higher energy one, where
the change of the scattering angle appears smaller effect on
the zenith angle dependence of muon flux.
The precision measurement of the scattering angle in the

hadronic interaction is the work of accelerator experiments.
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However, the Fig. 15 shows a possibility to study the
uncertainty of it by measuring the atmospheric muon flux
as the function of the zenith angle. We note that this
observation must be carried out at high mountain like Hanle
(4500 m a.s.l.). As the atmospheric muon flux decreases
quickly with the zenith angle, the larger flux is preferable
for this observation. We expect ∼4 times larger atmospheric
muon flux at Hanle than that at sea level (see Fig. 8), Also
the effect of the variation of the scattering angle is more
visible in the atmospheric muon flux data observed at
higher mountain. We may reduce the uncertainty of the
scattering angle in hadronic interaction, by reconstructing
the atmospheric muon flux accurately observed at Hanle.

VIII. SUMMARY AND CONCLUSIONS

Based on the pseudoanalytic formulation for the calcu-
lation of the atmospheric lepton flux, we developed a
method to construct the variation of hadronic interaction
model with the random numbers. Then we construct a huge
number of the variation of the interaction model and the
variation of atmospheric neutrino and muon flux with them.
We find that when we select the variation of interaction
models whose calculated atmospheric muon fluxes is close
to the original one, the atmospheric neutrino flux calculated
with that is also close to the original one. By considering
our interaction model, with which we are calculating the
atmospheric neutrino and muon fluxes, is a variation of the
ideal interaction model which can predict the true atmos-
pheric neutrino and muon fluxes, we may conclude that
when we can reconstruct the atmospheric muon flux
measured by a precision experiment, we can also calculate
the atmospheric neutrino flux accurately.
Note, in our former studies, we modify the hadronic

interaction model and reconstruct the accurately measured
atmospheric muon flux in a good accuracy. However, the
study of this paper shows that there remains some uncer-
tainty of the atmospheric neutrino flux depending on the
observation site and the minimum momentum of the
atmospheric muon flux data rather than on the residual
of the reconstruction. It is important to improve the muon
observation equipment and find a better observation site for
atmospheric muon flux. We hope the technology used in
the recent primary cosmic ray observation detectors would
improve also the muon observation detectors. For the
observation site, we find that the atmospheric muon flux
data observed at high mountain is better than that observed
at a lower altitude site, to reduce the uncertainty of the
atmospheric neutrino flux. It seems the mountain site
(3000 ∼ 5000 m a.s.l.) works most efficiently for this work,
because the remaining uncertainty decrease with the
altitude of the observation site up to 4500 m a.s.l., but if
we go up to the balloon altitude (∼32 km), the remaining
uncertainty rather increases.
As other source of the uncertainty of the atmospheric

neutrino calculation, we considered the uncertainty of the

projectile particle flux for the hadronic interaction which
create the parent meson of the atmospheric neutrino and
muon. We studied it by changing the relative ratio of the
kind of projectile particles in the above variation study of
the interaction model. However, the result is virtually the
same. This is because the variation study of the hadronic
interaction model cover the variation of the projectile
particles flux.
We observed that the uncertainty of the scattering angle

in hadronic interaction is also the source of uncertainty of
the low energy atmospheric neutrino flux prediction due to
the horizontal enhancement. This could be crucial to the
study of neutrino physics, since this uncertainty result in
the uncertainty in the zenith angular distribution of atmos-
pheric neutrino flux. To study this uncertainty, we calcu-
lated the atmospheric neutrino flux, assuming the variation
of the scattering angle by �20%, and we find the flux
difference is ≲10% at 0.1 GeV and 0.3 GeV, both for the
vertical downward and horizontal direction. If we reduce
the uncertainty of the scattering angle in the hadronic
interaction to ≲10%, the uncertainty of atmospheric neu-
trino would be ≲5%. The uncertainty of the scattering
should be studied at the accelerator experiment, but the
study of atmospheric muon zenith angle variation at high
mountain altitude as Hanle, the atmospheric muon obser-
vation can also contribute to reduce it.
Lastly, we would like to comment on the relation of our

work and accelerator experiment in the calculation of the
atmospheric neutrino flux. First of all, we must confess that
the interaction model we are using is basically constructed
using the accelerator data. Without the acceleration experi-
ments, we could not start the calculation of the atmospheric
neutrino flux. We would like to note that the accelerator
experiment can improve the study of this paper, the
reduction of the uncertainty of atmospheric neutrino flux
using the accurately measured muon flux, We have
assumed 50% uncertainty in the integral kernel density
at each grid point for all kind of hadronic interaction related
to the atmospheric neutrino and muon production. If we can
start with much smaller uncertainty for the integral kernels,
the remaining uncertainty would be smaller. Although it is
a higher energy problem, the kaon production uncertainty is
typically this case. We believe the cooperation with accel-
erator study is necessary to achieve much higher accuracy
in the prediction of the atmospheric neutrino flux.
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