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We investigate the equal-time (static) quark propagator in Coulomb gauge within the Hamiltonian
approach to QCD. We use a non-Gaussian vacuum wave functional which includes the coupling of the
quarks to the spatial gluons. The expectation value of the QCD Hamiltonian is expressed by the variational
kernels of the vacuum wave functional by using the canonical recursive Dyson-Schwinger equations
(CRDSEs) derived previously. Assuming the Gribov formula for the gluon energy we solve the CRDSE for
the quark propagator in the bare-vertex approximation together with the variational equations of the quark
sector. Within our approximation the quark propagator is fairly insensitive to the coupling to the spatial
gluons and its infrared behavior is exclusively determined by the strongly infrared diverging instantaneous
color Coulomb potential.
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I. INTRODUCTION

Confinement and the spontaneous breaking of chiral
symmetry leading to the dynamical generation of a con-
stituent quark mass are the most important low-energy
phenomena of quantum chromodynamics (QCD) at ordi-
nary density and temperature. Research on this subject has
been ongoing for decades (see Refs. [1–7] for some recent
reviews) and various pictures have emerged, like the dual
Meißner effect [8,9], the center vortex scenario [10–14],
and the Kugo-Ojima-Gribov-Zwanziger scenario [15–19].
Furthermore, these pictures are all supported by lattice
calculations [20] and have been shown to be closely related
[21–23]. Despite these efforts, a rigorous understanding of
these phenomena is still lacking.
Much progress has been made in recent years using

functional continuum methods like Dyson-Schwinger
equations (DSEs) [1,3,4], functional renormalization group
(FRG) flow equations [2,5], or variational methods in the
Hamiltonian [18,19,24–33] or Lagrange [34,35] form. The
variational approach has, in principle, the advantage over
other continuum methods that it provides a criterium for the
improvements of (the variational ansatz and) the trunca-
tions used. However, when one goes beyond Gaussian
wave functionals one faces a problem: Wick’s theorem no
longer applies, making a direct evaluation of expectation
values in terms of the variational kernels of the vacuum

wave functional impossible. In Refs. [26,29] this problem
was elegantly solved using DSE techniques. The upshot is a
set of DSE-like equations (named canonical recursive
Dyson-Schwinger equations, CRDSEs) which relate the
various n-point functions of the quark and gluon fields to
the variational kernels of the vacuum wave functional. In
the present paper we investigate the CRDSE for the (static)
quark propagator.
The organization of the paper is as follows: In Sec. II we

give a short summary of the Hamiltonian approach to QCD
in Coulomb gauge developed in Ref. [29]. In Sec. III we
discuss the truncation and renormalization scheme of the
quark propagator CRDSE. The numerical input and the
results are presented in Sec. IV, and some final remarks are
given in Sec. V. In the Appendix we present the details of
the infrared analysis of the relevant CRDSEs.

II. COULOMB GAUGE EQUAL-TIME
QUARK PROPAGATOR

In terms of the fermion field operators ψ , ψ† the equal-
time quark propagator S is defined by

Sð1; 2Þ ≔ 1

2
h½ψð1Þ;ψ†ð2Þ�i: ð1Þ

We use here a condensed notation where a single numerical
index stands collectively for the spatial coordinate and the
color and spinor indices. A repeated numerical label
[see e.g., Eq. (3) later] implies integration over the spatial
coordinate as well as summation over all discrete indices.
Both the factor 1=2 and the commutator on the right-hand
side of Eq. (1) arise from the equal-time limit of the time-
dependent propagator; the expectation value h…i is taken

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP3.

PHYSICAL REVIEW D 100, 114042 (2019)

2470-0010=2019=100(11)=114042(10) 114042-1 Published by the American Physical Society

https://orcid.org/0000-0003-3882-7401
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.100.114042&domain=pdf&date_stamp=2019-12-30
https://doi.org/10.1103/PhysRevD.100.114042
https://doi.org/10.1103/PhysRevD.100.114042
https://doi.org/10.1103/PhysRevD.100.114042
https://doi.org/10.1103/PhysRevD.100.114042
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


in the ground state of the QCD Hamiltonian, which in
Coulomb gauge takes the form [36]

H ¼ 1

2

Z
d3xJ−1A Ea

i ðxÞJAEa
i ðxÞ þ

1

2

Z
d3xBa

i ðxÞBa
i ðxÞ

þ
Z

d3xψ†ðxÞ½−iα ·∇ − gα ·AðxÞ þ βm�ψðxÞ

þ g2

2

Z
d3xd3yJ−1A ρaðxÞJAFab

A ðx; yÞρbðyÞ: ð2Þ

Here, Ea
i ¼ iδ=δAa

i and Ba
i are the chromoelectric and

-magnetic fields, αi and β are the usual Dirac matrices,m is
the bare current quark mass, and A ¼ Aata are the (trans-
verse) gauge fields with ta being the Hermitian generators
of the suðNcÞ algebra. The last term in Eq. (2) is the
so-called Coulomb term: it describes the interaction of the
color charge density

ρa ¼ ψ†taψ − fabcAb
i E

c
i

through the Coulomb kernel

FAð1; 2Þ ¼ GAð1; 3ÞG−1
0 ð3; 4ÞGAð4; 2Þ; ð3Þ

where

G−1
A ðx; yÞ ¼ ð−δab∇2

x − gfacbAc
i ðxÞ∂x

i Þδðx − yÞ;
G0 ≡GA¼0

is the Faddeev-Popov operator of Coulomb gauge.
Finally, JA ¼ DetG−1

A is the corresponding Faddeev-
Popov determinant.
For the fermionic operators ψ , ψ† we use a representa-

tion based on coherent states jξi (see Ref. [29] for details),
where the action of ψ , ψ† onto a fermionic state jφi reads

hξjψð1Þjφi ¼
�
ξ−ð1Þ þ

δ

δξ†þð1Þ

�
φ½ξ�;

hξjψ†ð1Þjφi ¼
�
ξ†þð1Þ þ

δ

δξ−ð1Þ
�
φ½ξ�: ð4Þ

In Eq. (4), φ½ξ�≡ hξjφi is the coherent-state functional
representation of the state jφi, and

ξð1Þ ¼ ξþð1Þ þ ξ−ð1Þ; ξ�ð1Þ ¼ Λ�ð1; 2Þξð2Þ

is a spinor-valued Grassmann field, with

Λ�ð1; 2Þ ¼
Z

d3p
ð2πÞ3 e

ip·ðx1−x2ÞΛ�ðpÞ;

Λ�ðpÞ ¼
1

2
� α · pþ βm

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þm2

p ð5Þ

being the projectors onto positive/negative energy eigen-
states of the free Dirac operator.
Denoting the ground state of the QCD Hamiltonian by

Ψ½ξ; A�, the vacuum expectation value hOi of an operatorO
depending on both the gauge field A and the fermionic
fields ψ†, ψ is given by the functional integral

hO½A;E;ψ ;ψ†�i¼
Z

Dξ†DξDAJAe−μΨ�½ξ;A�

×O
�
A; i

δ

δA
;ξ−þ

δ

δξ†þ
;ξ†þþ

δ

δξ−

�
Ψ½ξ;A�;

ð6Þ

where

μ ¼ ξ†ð1ÞS0ð1; 2Þξð2Þ

is the integration measure of the coherent fermion states,
which involves the bare quark propagator

S0ð1; 2Þ ¼
1

2
½Λþð1; 2Þ − Λ−ð1; 2Þ�;

S0ðpÞ ¼
α · pþ βm

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þm2

p : ð7Þ

The vacuum wave functional Ψ½ξ; A� can be written as

Ψ½ξ; A� ∝ exp

�
−
1

2
SA½A� − Sf½ξ; A�

�
; ð8Þ

where SA defines the vacuum wave functional of the pure
Yang-Mills theory, while Sf is the fermionic contribution,
which includes also the coupling of the quarks to the spatial
gluons. When all functional derivatives in Eq. (6) are
worked out, expectation values of operators reduce to
quantum averages of field functionals with an “action”

S ¼ SA þ Sf þ S�f þ μ: ð9Þ

This formal equivalence between vacuum expectation
values in the Hamiltonian approach and functional integrals
of a Euclidean field theory can be exploited to derive exact
functional equations similar to Dyson-Schwinger equations
[26,29]. They differ from the standard DSEs in the sense
that they do not connect propagators and vertices with
the ordinary action but rather with the exponent of the
vacuum wave functional. To stress the conceptual differ-
ence between the usual DSEs and the equations arising in
our approach we named these “canonical recursive DSEs”
(CRDSEs).
The vacuum wave functional Eq. (8), and hence the

action Eq. (9), is eventually determined by means of the
variational principle: first we choose a suitable ansatz for
the vacuum wave functional, which depends on some
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variational kernels whose high-energy behavior is known
from perturbation theory [37–41], unless they are of non-
perturbative origin. Then we evaluate the vacuum expect-
ation value hHi of the Hamiltonian using the CRDSEs to
relate the n-point functions appearing in hHi to the
variational kernels of the vacuum wave functional. The
resulting vacuum energy is then minimized with respect to
the variational kernels. This procedure results in a set of
coupled equations for the variational kernels, which have to
be solved together with the CRDSEs. The ansatz chosen in
Refs. [30,32,33] reads

Sf þ S�f ¼ ξ†ð1Þγ̄ð1; 2Þξð2Þ þ ξ†ð1ÞΓ̄0ð1; 2; 3Þξð2ÞAð3Þ;

where the biquark kernel

γ̄ð1; 2Þ ¼ Λþð1; 10ÞK0ð10; 20ÞΛ−ð20; 2Þ
þ Λ−ð1; 10ÞK†

0ð10; 20ÞΛþð20; 2Þ ð10Þ

and the bare quark-gluon vertex

Γ̄0ð1; 2; 3Þ ¼ Λþð1; 10ÞKð10; 20; 3ÞΛ−ð20; 2Þ
þ Λ−ð1; 10ÞK†ð10; 20; 3ÞΛþð20; 2Þ ð11Þ

involve the variational kernelsK0 andK, for which we have
chosen the form

K0ðpÞ ¼ βsðpÞ; ð12Þ

Ka
i ðp;q;kÞ ¼ gta½αiVðp;qÞ þ βαiWðp;qÞ�

× ð2πÞ3δðpþ qþ kÞ: ð13Þ

A more general form for K0 could be chosen, but as shown
in Ref. [33] the simple form Eq. (12) already captures the
relevant physics. The variational kernel K [Eq. (13)]
contains a leading-order term involving the Dirac matrix
αi and a further contribution proportional to βαi. The latter
term, introduced in Ref. [30], turns out to be of purely
nonperturbative nature but is crucial to ensure one-loop
renormalizability of the physical quark propagator [33].
In Refs. [30,32,33] the vacuum expectation value of the
QCD Hamiltonian was calculated in the chiral limit m ¼ 0
up to including two-loop order, and the minimization with
respect to the variational kernels resulted in four coupled
equations for the scalar functions s, V, W, and the gluon
energyΩ. The equations for the vector kernels V andW can
be explicitly solved in terms of the scalar kernel s and the
gluon energy Ω, yielding1

Vðp;qÞ ¼ −
1þ spsq

Ωðpþ qÞ þ jpj 1−s2pþ2spsq
1þs2p

þ jqj 1−s2qþ2spsq
1þs2q

;

ð14aÞ

Wðp;qÞ ¼ −
sp þ sq

Ωðpþ qÞ þ jpj 1−s2p−2spsq
1þs2p

þ jqj 1−s2q−2spsq
1þs2q

:

ð14bÞ

The scalar kernel sp itself obeys a gap equation (see
Sec. III B). The same is true for the gluon energy Ω. It
was shown in Ref. [30] that the unquenching of the gluon
energy by the quarks is negligible. We will therefore use for
Ω the Gribov formula, see Eq. (32) below, which nicely fits
the lattice data for the gluon propagator in pure Yang-Mills
theory.
As pointed out above, in the CRDSEs the variational

kernels occurring in the vacuum wave functional [or, more
exactly, their combinations Eqs. (10) and (11)] play the role
of the bare vertices in the Lagrangian approach. We stress,
however, that the word “bare” means here leading-order in
a skeleton expansion, and not lowest-order in perturbation
theory. In fact, the scalar kernel sp and the vector kernelW
are identically zero in any order perturbation theory.
In terms of the fermionic fields ξ, ξ†, the physical quark

propagator Eq. (1) reads

Sð1; 2Þ ¼ hξð1Þξ†ð2Þi − S0ð1; 2Þ; ð15Þ

where S0 is the bare quark propagator Eq. (7). The
additional term S0 is a consequence of the chosen coher-
ent-state representation, Eq. (4), of the fermion field
operators.2 The quantity

Qð1; 2Þ≡ hξð1Þξ†ð2Þi; ð16Þ

FIG. 1. Diagrammatic representation of the CRDSE (17) for the
quark propagator. Full lines and filled dots represent, respec-
tively, dressed propagators and vertices. The line with an
empty square stands for the biquark kernel γ̄ [Eq. (10)]; the
vertex with a square box represents the bare quark-gluon vertex
Γ̄0 [Eq. (11)].

1Whenever there is no ambiguity, we will write the momentum
dependence as a subscript in order to simplify the notation.

2Other functional representations, see e.g., Refs. [42,43],
would not give rise to such a contact term; they would, however,
make the choice for the ansatz of the quark vacuum wave
functional much more involved, since one should discriminate
after the minimization of the energy between the positive/
negative energy components. The choice Eq. (4) already takes
care of the correct filling of the Dirac sea and is for our
calculations much more convenient.
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referred to as fermion propagator, obeys the CRDSE [29]

Q−1ð1; 2Þ ¼ ½2S0ð1; 2Þ�−1 þ γ̄ð1; 2Þ
− Γ̄0ð1; 3; 4ÞQð3; 30ÞDð4; 40ÞΓ̄ð30; 2; 40Þ;

ð17Þ

which is diagrammatically represented in Fig. 1. In
Eq. (17), S0 is the bare quark propagator Eq. (7),

Dð1; 2Þ ¼ hAð1ÞAð2Þi ð18Þ

is the gluon propagator, and Γ̄ is the full quark-gluon vertex
defined by

hξð1Þξ†ð2ÞAð3Þi ¼ −Qð1; 10ÞΓ̄ð10; 20; 30ÞQð20; 2ÞDð30; 3Þ:
ð19Þ

The full quark-gluon vertex Γ̄ also obeys a CRDSE, whose
form is diagrammatically represented in Fig. 2. The leading
term is given by Γ̄0 [Eq. (11)], thus justifying its inter-
pretation as bare quark-gluon vertex.
Assuming a power law behavior

QðpÞ ∼p→0 1

pδ ; Γ̄ðp; pÞ ∼p→0 1

pη ð20Þ

for the vertex and the propagator an IR analysis of the quark
propagator CRDSE (17) leads to the condition (see the
Appendix)

δ ¼ minð0; 5 − δ − ηÞ;

while the vertex CRDSE truncated to include only the
triangle diagrams yields

η ¼ maxð−1; 2ηþ δ − 7; 2ηþ 2δ − 5Þ:

Combining these two relations results in the following
conditions for the IR exponents

�
δ ¼ 0

η ¼ −1 or 5
or

�−2 ≤ δ ≤ 0

η ¼ 5 − 2δ:

In the case of an IR constant quark propagator, δ ¼ 0, the
possible outcomes are η ¼ −1 (i.e., IR suppressed quark-
gluon vertex) and η ¼ 5. In view of the experience from
FRG and DSE investigations in Landau gauge [44–57] and
since the CRDSE for the quark-gluon vertex does not
contain a primitively IR divergent diagram (like e.g., the
CRDSE for three-gluon vertex [58]) such a strongly IR
divergent spatial vertex appears quite unlikely. We are
confident that the solution with δ ¼ 0 and η ¼ −1 repre-
sents the physically realized case. For this solution the full
quark-gluon vertex has the same infrared behavior as the
bare vertex.

III. TRUNCATION SCHEME AND
RENORMALIZATION

A. Bare-vertex approximation

By global color invariance the quark propagator has to be
color diagonal. For the inverse quark propagator we assume
the following Dirac structure

Q−1ðpÞ ¼ AðpÞα · p̂þ βBðpÞ: ð21Þ

In principle there might be further Dirac structures propor-
tional to βαi and 1. However, from continuum studies [59]
it is known that the term ∝ βαi cannot arise until two-
loop order in perturbation theory. Furthermore, lattice
simulations [60,61] show no indication for the presence
of such a structure. A term proportional to the unity matrix
might well exist in the full (i.e., energy dependent) quark
propagator but drops out when performing the energy
integration required to obtain the static propagator. We will
therefore stick to the form Eq. (21). With the explicit form
of the biquark kernel Eq. (10) we obtain from the CRDSE
(17) in the chiral limit the following system of coupled
equations for the dressing functions A and B of the quark
propagator Eq. (21)

FIG. 2. Possible forms of the CRDSE for the quark-gluon vertex with the bare vertex attached to the external quark (top) and gluon
(bottom) leg. The ellipsis in the bottom figure stands for two-loop diagrams.
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Ap ¼ 1 −
1

4Nc

Z
d3q
ð2πÞ3 tr½α · p̂Γ̄mn;a

0;i ðp;−q;q − pÞQðqÞDijðp − qÞΓ̄nm;a
j ðq;−p;p − qÞ�;

Bp ¼ sp −
1

4Nc

Z
d3q
ð2πÞ3 tr½βΓ̄

mn;a
0;i ðp;−q;q − pÞQðqÞDijðp − qÞΓ̄nm;a

j ðq;−p;p − qÞ�; ð22Þ

where the traces are taken over Dirac indices, and

DijðpÞ≡ tijðpÞ
2ΩðpÞ ; tijðpÞ ¼ δij −

pipj

p2
ð23Þ

is the static gluon propagator Eq. (18), conveniently
expressed by the quasi-gluon energy ΩðpÞ.
Equation (22) still involves the full quark-gluon vertex

Γ̄ [Eq. (19)]. In the continuum QCD studies in Landau
gauge both in the DSE and in the FRG approaches [44–57]
a nonperturbative dressing of the quark-gluon vertex is
crucial to obtain spontaneous breaking of chiral symmetry.
In Coulomb gauge the situation is different: chiral sym-
metry breaking is already triggered by the instantaneous
color Coulomb potential (see Sec. III B) when the

BCS-type wave functional is used for the quarks, i.e.,
when the vector kernels V andW in Eq. (13) are put to zero
and thus the coupling of the quarks to the spatial gluons is
disregarded. Furthermore, it was shown in Ref. [32] that for
reasonable values of the strong coupling constant the
inclusion of the coupling of the quarks to the spatial gluons
influences only the high-momentum behavior of the scalar
kernel. Moreover, as shown above, bare and dressed quark-
gluon vertices have the same IR behavior. Therefore, in the
following we replace the full quark-gluon vertex Γ̄ by the
bare one Γ̄0 [Eq. (11)]. We will discuss the quality of this
approximation later. After replacing the full vertices in the
CRDSE (22) by bare ones, the Dirac traces can be worked
out and the coupled equations (22) for the dressing functions
of the quark propagator reduce to

Ap ¼ 1þ g2CF

2

Z
d2q
ð2πÞ3

Aq

Ωðpþ qÞΔq
½X−ðp;qÞV2ðp;qÞ þ Xþðp;qÞW2ðp;qÞ�≡ 1þ IA; ð24aÞ

Bp ¼ sp þ
g2CF

2

Z
d3q
ð2πÞ3

Bq

Ωðpþ qÞΔq
½X−ðp;qÞV2ðp;qÞ − Xþðp;qÞW2ðp;qÞ�; ð24bÞ

where CF ¼ ðN2
c − 1Þ=ð2NcÞ is the Casimir eigenvalue in

the fundamental representation,

Δp ¼ A2
p þ B2

p;

and the factors

X�ðp;qÞ ¼ 1� ½p̂ · ðpþ qÞ�½q̂ · ðpþ qÞ�
ðpþ qÞ2 ð25Þ

arise from the contraction of the trace of Dirac matrices
with the transverse projector tijðpÞ.

B. The biquark kernel

In principle we should solve the two CRDSEs (24)
with the vector kernels V and W [Eq. (14)] together with
the gap equation for the scalar kernel sp derived in
Refs. [30,32,33]. However, these previous investigations
have shown that the effect of the spatial gluons on the scalar
kernel sp is rather small. For physical values of the
coupling g, the scalar kernel is dominated by the strongly
IR divergent color Coulomb potential: in particular the IR
behavior of sp is exclusively determined by the Coulomb

term. Therefore, in the following we assume that the scalar
kernel sp satisfies the gap equation obtained without the
coupling to the spatial gluons, which is given by

jpjsp ¼ g2CF

2

Z
d3q
ð2πÞ3 Fðp − qÞ

×
sqð1 − s2pÞ − p̂ · q̂spð1 − s2qÞ

1þ s2q
: ð26Þ

Here, the color Coulomb potential FðpÞ is the expectation
value of the Coulomb kernel Eq. (3).3 Previous studies
[19,23,70,71] show that in coordinate space the expectation
value of FA raises linearly for large distances. In fact, an IR
analysis of the variational equations of the Yang-Mills
sector reveals the IR behavior

g2FðpÞ ¼ 8πσC
ðp2Þ2 ; ð27Þ

3When FðpÞ is replaced by a linearly rising potential or by
more general types of four-body instantaneous potentials one
recovers the equations studied in Refs [62–69].
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where σC is the Coulomb string tension: σC is larger
than the Wilson string tension σ by a factor ranging from
2.5 to 4 [72–74], the latter value seemingly being favored
by recent lattice calculations [75]. In the numerical solution
of Eq. (26) we use the IR from Eq. (27) of the Coulomb
propagator and set σC ≃ 4σ, fixing our scale at

ffiffiffiffiffiffi
σC

p ¼
0.88 GeV. For numerical reasons the gap equation (26) is
reformulated in terms of the mass function4 mp

mp ¼ 2psp
1 − s2p

⇒ sp ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ p2=m2

p

q
− p=mp; ð28Þ

resulting in

mp ¼ g2CF

2

Z
d3q
ð2πÞ3

Fðp − qÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 þm2

q

q
�
mq −

p · q
p2

mp

�
: ð29Þ

The numerical solution [76] of the gap equation Eq. (29)
can be fitted by

mp ¼ 0.19099
ffiffiffiffiffiffi
σC

p
½1þ 0.95086ðp= ffiffiffiffiffiffi

σC
p Þ1.7648�2.6632 : ð30Þ

Figure 3 shows the numerical solution of the gap equa-
tion (29) together with the fit Eq. (30).

C. Renormalization and chiral condensate

The equation (24a) for the dressing function Ap is UV
divergent. Using a sharp UV cutoff we find

Ap ¼ 1þ αsCF

4π
ð1þ s2pÞ ln Λþ finite terms;

where αs ¼ g2=ð4πÞ is the strong coupling constant. As we
have shown in Ref. [33], the occurrence of a momentum-
dependent divergence poses no conceptual problem, since
Ap and Bp are the dressing functions of the propagator Q
[Eq. (16)] of the coherent-state fields ξ, ξ† and not of
the physical quark propagator S [Eqs. (1) and (15)]. We
renormalize the equation for Ap by subtracting it at an
arbitrary scale μ, obtaining

Ap ¼ 1þ 1þ s2p
1þ s2μ

ðAμ − 1Þ

þ lim
Λ→∞

�
IAðp;ΛÞ −

1þ s2p
1þ s2μ

IAðμ;ΛÞ
�
; ð31Þ

where IA is the loop integral on the right-hand side of
Eq. (24a).
Once the results for Ap and Bp are known, the chiral

condensate can be evaluated by

hq̄qi ¼ −
2Nc

π2

Z
dpp2

Bp

A2
p þ B2

p
:

IV. RESULTS

We have solved the coupled equations (24b) and (31)
with the variational kernels V [Eq. (14a)], W [Eq. (14b)]
and sp [Eq. (28)] calculated from the solution Eq. (30) of
the gap equation (26). The quasi-gluon energy Ω is para-
metrized by the Gribov formula [15,77]

ΩðpÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þm4

A=p
2

q
: ð32Þ

For the Gribov mass mA we have taken the value

m2
A ¼ Nc

π
σC

resulting from the IR analysis of the gluon gap equation
[19]. The results are shown in Fig. 4 in a MOM scheme
with Aμ ¼ 1 for the renormalization scale μ ¼ 2 GeV. The
value αsð2 GeVÞ ¼ 0.30ð1Þ [78] in the MS scheme can be
converted to the MOM value αMOM

s ð2 GeVÞ ≃ 0.44 by
means of the three-loop β function [79].5 Figure 4 shows
the dressing functions Ap and Bp of the fermion propagator
Eq. (16) together with the values Ap ¼ 1 and Bp ¼ sp
which follow when the coupling to the spatial gluons is
ignored. The coupling to the spatial gluons affects mainly
the dressing function Ap, which is related to the quark wave
function renormalization (see later). The dressing function
Bp is almost unchanged: this can be easily understood by

FIG. 3. Numerical solution of the gap equation (29) together
with the fit Eq. (30).

4Let us stress that the interpretation of mp as “mass function”
of the quark propagator is valid only when one ignores the
coupling of the quark field to the spatial gluons and sets Ap ¼ 1
and Bp ¼ sp. When the interaction with the spatial gluons
is taken into account, mp is just a useful auxiliary quantity.

5In Ref. [47] the coupling was fixed to αMOM
s ð2 GeVÞ ¼ 0.45

by fitting the ghost propagator to the lattice data.
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looking at the integrand in Eq. (24b) for small external
momenta p → 0. Since sðp ¼ 0Þ ¼ 1, the vector kernels V
and W [Eqs. (14)] become in this limit

Vðp → 0;qÞ ∼ −
1þ 1 · sq

ΩðqÞ þ jqj 1−s2qþ2sq
1þs2q

;

Wðp → 0;qÞ ∼ −
1þ sq

ΩðqÞ þ jqj 1−s2q−2sq
1þs2q

;

and the factors X� [Eq. (25)] reduce to

X�ðp → 0;qÞ → 1� ðp̂ · q̂Þ:

For small momenta the loop integral in Eq. (24b) is thus
almost vanishing. The coupling to the spatial gluons affects
the dressing function Bp only in the high-momentum
regime, as shown in Fig. 4(b).
The physical quark propagator Eq. (15) becomes in

momentum space

SðpÞ ¼ QðpÞ − S0ðpÞ

¼ Apα · p̂þ Bpβ

A2
p þ B2

p
−
α · p̂
2

≡ fαðpÞα · p̂þ fβðpÞβ;

ð33Þ

with dressing functions

fαðpÞ ¼
Ap

A2
p þ B2

p
−
1

2
; fβðpÞ ¼

Bp

A2
p þ B2

p
;

which are shown in Fig. 5. The dressing function fα of the αi
piece of the propagator develops an anomalous dimension in
the UV, compatible with the perturbative analysis [41].
For the chiral condensate we recover the value

ð−236 MeVÞ3. Both the dressing functions of the physical
quark propagator and the chiral condensate differ only little
from the values obtained by ignoring the coupling to the
spatial gluons and from the one-loop expansion of Ref. [33].

V. CONCLUSIONS

We have solved numerically the CRDSEs for the quark
propagator under the assumptions that (i) the scalar kernel
is dominated by the IR diverging color Coulomb inter-
actions, and (ii) that we can replace the full quark-gluon
vertex by the bare one. While we are very confident that
the first assumption is reliable, the second one is less

FIG. 5. Dressing functions of the physical quark propagator
Eq. (33). The curves labeled “no coupling” refer to the case where
the coupling to the spatial gluons is ignored, which results in
Ap ¼ 1 and Bp ¼ sp.

(a) (b)

FIG. 4. (a) Dressing functions Ap and Bp of the fermion propagator Eq. (16) renormalized at μ ¼ 2 GeV. (b) Dressing function Bp in
logarithmic scale, showing the effect of the coupling to the spatial gluon in the high-momentum regime. The curves labeled “no
coupling” refer to the case where the coupling to the spatial gluons is ignored, which results in Ap ¼ 1 and Bp ¼ sp.
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under control. It is well known from Landau gauge studies
[44–57] that a number of Dirac structures beyond the
leading order γμ contribute to the overall strength of the
vertex. The quark-gluon vertex in Coulomb gauge is
currently under investigation. It is more involved than its
Landau-gauge counterpart: because of the projectors
Eq. (5) in Eq. (11), the bare vertex alone involves five
different Dirac structures instead of one. Furthermore, since
the Coulomb gauge is noncovariant the total number of
Dirac structures must be nearly doubled, because the
temporal and spatial Dirac matrices must be treated
separately. It is very likely that all these further tensor
structures appearing in the full vertex are not as relevant as
in Landau gauge; this is because in our approach chiral
symmetry breaking is caused by the Coulomb term and not
by the quark-gluon vertex as it is the case in Landau gauge.
Keeping only this dominant contribution could be a useful
phenomenological tool for further calculations at finite
temperature and density.
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APPENDIX: INFRARED ANALYSIS

Suppressing all indices, the fermion propagator CRDSE
(17) can be written as

Q−1 ¼ ½2S0�−1 þ γ̄ þ
Z

Γ̄QΓ̄0D: ðA1Þ

The IR analysis is performed in the usual way by rescaling
all momenta by a factor λ, p → λp and q → λq, sending
λ → 0, replacing the various Green functions by their
assumed IR scaling behavior [Eq. (20)], and comparing
the powers of λ. The biquark kernel γ̄ [Eqs. (10) and (12)]
and the bare quark propagator S0 [Eq. (7)] are IR constant

γ̄ ∼ S0 ∼ λ0

while the bare quark-gluon vertex [Eqs. (11) and (13)] and
the gluon propagator D [Eq. (23)] vanish in the IR because
of the IR diverging gluon energy Ω [Eq. (32)] in the
denominators,

Γ̄0 ∼ λ; D ∼ λ:

From Eq. (A1) we find with a factor λ3 coming from the
momentum integration:

λδ ∼ λ0 þ λ3−η−δþ1þ1:

For λ → 0 the smaller exponent dominates, and we obtain

δ ¼ minð0; 5 − δ − ηÞ:

For the IR analysis of the CRDSE for the quark-gluon
vertex we choose the equation with the bare vertex attached
to the external gluon leg (second equation in Fig. 2)
and keep only the triangle diagrams. This CRDSE then
becomes

Γ̄ ¼ Γ̄0 þ
Z

Γ̄QΓ̄0QΓ̄Dþ
Z

Γ̄QΓ̄D2γ3; ðA2Þ

where γ3 is the three-gluon kernel determined in Ref. [26].
The latter vanishes as λ2 for λ → 0. From the CRDSE (A2)
we find

λ−η ∼ λþ λ3−η−δþ1−δ−ηþ1 þ λ3−η−δ−ηþ2þ2;

resulting in

−η ¼ minð1; 5 − 2δ − 2η; 7 − 2η − δÞ:

Using the version of the CRDSE with the bare vertex
attached to the incoming quark line (first equation in Fig. 2)
forces one to consider also the full three-gluon vertex,
which was investigated in Ref. [58]. However, the con-
clusions presented at the end of Sec. II remain unaltered.
A possibly strong IR enhancement might come from the

quark four-point function (see Fig. 2 bottom). Even if our
vacuum wave functional Eq. (8) does not involve a four-
point function, we can nevertheless try to estimate its effect:
if we had such a term in our ansatz, its leading-order
expansion would be of the form

Γ̄0;4q ∼ F þ Γ̄0;iΓ̄0;i;

where F is the Coulomb propagator Eq. (27). Even with an
IR exponent of −4 from the Coulomb propagator the whole
diagram would not change the results of the IR analysis.

DAVIDE CAMPAGNARI and HUGO REINHARDT PHYS. REV. D 100, 114042 (2019)

114042-8



[1] R. Alkofer and L. von Smekal, Phys. Rep. 353, 281 (2001).
[2] J. M. Pawlowski, Ann. Phys. (Amsterdam) 322, 2831

(2007).
[3] C. S. Fischer, J. Phys. G 32, R253 (2006).
[4] D. Binosi and J. Papavassiliou, Phys. Rep. 479, 1 (2009).
[5] J. Braun, J. Phys. G 39, 033001 (2012).
[6] G. Eichmann, H. Sanchis-Alepuz, R. Williams, R. Alkofer,

and C. S. Fischer, Prog. Part. Nucl. Phys. 91, 1 (2016).
[7] S. Aoki et al., Eur. Phys. J. C 77, 112 (2017).
[8] Y. Nambu, Phys. Rev. D 10, 4262 (1974).
[9] G. ’t Hooft, Nucl. Phys. B190, 455 (1981).

[10] G. Mack and V. B. Petkova, Ann. Phys. (N.Y.) 123, 442
(1979).

[11] H. B. Nielsen and P. Olesen, Nucl. Phys. B160, 380 (1979).
[12] L. Del Debbio, M. Faber, J. Giedt, J. Greensite, and S.

Olejnik, Phys. Rev. D 58, 094501 (1998).
[13] K. Langfeld, H. Reinhardt, and O. Tennert, Phys. Lett. B

419, 317 (1998).
[14] M. Engelhardt, K. Langfeld, H. Reinhardt, and O. Tennert,

Phys. Rev. D 61, 054504 (2000).
[15] V. Gribov, Nucl. Phys. B139, 1 (1978).
[16] T. Kugo and I. Ojima, Prog. Theor. Phys. Suppl. 66, 1

(1979).
[17] D. Zwanziger, Nucl. Phys. B518, 237 (1998).
[18] C. Feuchter and H. Reinhardt, Phys. Rev. D 70, 105021

(2004).
[19] D. Epple, H. Reinhardt, and W. Schleifenbaum, Phys. Rev.

D 75, 045011 (2007).
[20] J. Greensite, Lect. Notes Phys. 821, 1 (2011).
[21] J. Greensite, S. Olejnik, and D. Zwanziger, J. High Energy

Phys. 05 (2005) 070.
[22] H. Reinhardt, Phys. Rev. Lett. 101, 061602 (2008).
[23] G. Burgio, M. Quandt, H. Reinhardt, and H. Vogt, Phys.

Rev. D 92, 034518 (2015).
[24] D. Schutte, Phys. Rev. D 31, 810 (1985).
[25] A. P. Szczepaniak and E. S. Swanson, Phys. Rev. D 65,

025012 (2001).
[26] D. R. Campagnari and H. Reinhardt, Phys. Rev. D 82,

105021 (2010).
[27] M. Pak and H. Reinhardt, Phys. Lett. B 707, 566 (2012).
[28] M. Pak and H. Reinhardt, Phys. Rev. D 88, 125021 (2013).
[29] D. R. Campagnari and H. Reinhardt, Phys. Rev. D 92,

065021 (2015).
[30] P. Vastag, H. Reinhardt, and D. Campagnari, Phys. Rev. D

93, 065003 (2016).
[31] H. Reinhardt and P. Vastag, Phys. Rev. D 94, 105005

(2016).
[32] D. R. Campagnari, E. Ebadati, H. Reinhardt, and P. Vastag,

Phys. Rev. D 94, 074027 (2016).
[33] D. Campagnari and H. Reinhardt, Phys. Rev. D 97, 054027

(2018).
[34] M. Quandt, H. Reinhardt, and J. Heffner, Phys. Rev. D 89,

065037 (2014).
[35] M. Quandt and H. Reinhardt, Phys. Rev. D 92, 025051

(2015).
[36] N. H. Christ and T. D. Lee, Phys. Rev. D 22, 939 (1980).
[37] P. Mansfield, M. Sampaio, and J. Pachos, Int. J. Mod. Phys.

A 13, 4101 (1998).
[38] P. Mansfield and M. Sampaio, Nucl. Phys. B545, 623

(1999).

[39] D. R. Campagnari, H. Reinhardt, and A. Weber, Phys. Rev.
D 80, 025005 (2009).

[40] D. Campagnari, A. Weber, H. Reinhardt, F. Astorga, and W.
Schleifenbaum, Nucl. Phys. B842, 501 (2011).

[41] D. R. Campagnari and H. Reinhardt, Int. J. Mod. Phys. A
30, 1550100 (2015).

[42] R. Floreanini and R. Jackiw, Phys. Rev. D 37, 2206
(1988).

[43] C. Kiefer and A. Wipf, Ann. Phys. (N.Y.) 236, 241 (1994).
[44] R. Alkofer, C. S. Fischer, F. J. Llanes-Estrada, and K.

Schwenzer, Ann. Phys. (Amsterdam) 324, 106 (2009).
[45] A. Aguilar and J. Papavassiliou, Phys. Rev. D 83, 014013

(2011).
[46] D. Binosi, L. Chang, J. Papavassiliou, S.-X. Qin, and C. D.

Roberts, Phys. Rev. D 95, 031501 (2017).
[47] A. C. Aguilar, D. Binosi, D. Ibañez, and J. Papavassiliou,

Phys. Rev. D 90, 065027 (2014).
[48] A. C. Aguilar, J. C. Cardona, M. N. Ferreira, and J.

Papavassiliou, Phys. Rev. D 96, 014029 (2017).
[49] A. C. Aguilar, J. C. Cardona, M. N. Ferreira, and J.

Papavassiliou, Phys. Rev. D 98, 014002 (2018).
[50] M. Mitter, J. M. Pawlowski, and N. Strodthoff, Phys. Rev. D

91, 054035 (2015).
[51] J. Braun, L. Fister, J. M. Pawlowski, and F. Rennecke, Phys.

Rev. D 94, 034016 (2016).
[52] A. K. Cyrol, M. Mitter, J. M. Pawlowski, and N. Strodthoff,

Phys. Rev. D 97, 054006 (2018).
[53] A. Windisch, M. Hopfer, and R. Alkofer, Acta Phys. Pol. B

Proc. Suppl. 6, 347 (2013).
[54] R. Williams, C. S. Fischer, and W. Heupel, Phys. Rev. D 93,

034026 (2016).
[55] H. Sanchis-Alepuz and R. Williams, Phys. Lett. B 749, 592

(2015).
[56] O. Oliveira, T. Frederico, W. de Paula, and J. P. B. C.

de Melo, Eur. Phys. J. C 78, 553 (2018).
[57] O. Oliveira, W. de Paula, T. Frederico, and J. P. B. C.

de Melo, Eur. Phys. J. C 79, 116 (2019).
[58] M. Q. Huber, D. R. Campagnari, and H. Reinhardt, Phys.

Rev. D 91, 025014 (2015).
[59] P. Watson and H. Reinhardt, Phys. Rev. D 85, 025014

(2012).
[60] G. Burgio, M. Schrock, H. Reinhardt, and M. Quandt, Phys.

Rev. D 86, 014506 (2012).
[61] M. Pak and M. Schröck, Phys. Rev. D 91, 074515

(2015).
[62] J. Finger, D. Horn, and J. Mandula, Phys. Rev. D 20, 3253

(1979).
[63] J. R. Finger and J. E. Mandula, Nucl. Phys. B199, 168

(1982).
[64] A. Amer, A. Le Yaouanc, L. Oliver, O. Pene, and J. -C.

Raynal, Phys. Rev. Lett. 50, 87 (1983).
[65] A. Le Yaouanc, L. Oliver, O. Pene, and J. C. Raynal, Phys.

Rev. D 29, 1233 (1984).
[66] S. L. Adler and A. Davis, Nucl. Phys. B244, 469 (1984).
[67] A. C. Davis and A.M. Matheson, Nucl. Phys. B246, 203

(1984).
[68] R. Alkofer and P. Amundsen, Nucl. Phys. B306, 305 (1988).
[69] P. J. d. A. Bicudo and J. E. F. T. Ribeiro, Phys. Rev. D 42,

1611 (1990).
[70] D. Zwanziger, Phys. Rev. Lett. 90, 102001 (2003).

EQUAL-TIME QUARK PROPAGATOR IN COULOMB GAUGE PHYS. REV. D 100, 114042 (2019)

114042-9

https://doi.org/10.1016/S0370-1573(01)00010-2
https://doi.org/10.1016/j.aop.2007.01.007
https://doi.org/10.1016/j.aop.2007.01.007
https://doi.org/10.1088/0954-3899/32/8/R02
https://doi.org/10.1016/j.physrep.2009.05.001
https://doi.org/10.1088/0954-3899/39/3/033001
https://doi.org/10.1016/j.ppnp.2016.07.001
https://doi.org/10.1140/epjc/s10052-016-4509-7
https://doi.org/10.1103/PhysRevD.10.4262
https://doi.org/10.1016/0550-3213(81)90442-9
https://doi.org/10.1016/0003-4916(79)90346-4
https://doi.org/10.1016/0003-4916(79)90346-4
https://doi.org/10.1016/0550-3213(79)90065-8
https://doi.org/10.1103/PhysRevD.58.094501
https://doi.org/10.1016/S0370-2693(97)01435-4
https://doi.org/10.1016/S0370-2693(97)01435-4
https://doi.org/10.1103/PhysRevD.61.054504
https://doi.org/10.1016/0550-3213(78)90175-X
https://doi.org/10.1143/PTPS.66.1
https://doi.org/10.1143/PTPS.66.1
https://doi.org/10.1016/S0550-3213(98)00031-5
https://doi.org/10.1103/PhysRevD.70.105021
https://doi.org/10.1103/PhysRevD.70.105021
https://doi.org/10.1103/PhysRevD.75.045011
https://doi.org/10.1103/PhysRevD.75.045011
https://doi.org/10.1007/978-3-642-14382-3
https://doi.org/10.1088/1126-6708/2005/05/070
https://doi.org/10.1088/1126-6708/2005/05/070
https://doi.org/10.1103/PhysRevLett.101.061602
https://doi.org/10.1103/PhysRevD.92.034518
https://doi.org/10.1103/PhysRevD.92.034518
https://doi.org/10.1103/PhysRevD.31.810
https://doi.org/10.1103/PhysRevD.65.025012
https://doi.org/10.1103/PhysRevD.65.025012
https://doi.org/10.1103/PhysRevD.82.105021
https://doi.org/10.1103/PhysRevD.82.105021
https://doi.org/10.1016/j.physletb.2012.01.006
https://doi.org/10.1103/PhysRevD.88.125021
https://doi.org/10.1103/PhysRevD.92.065021
https://doi.org/10.1103/PhysRevD.92.065021
https://doi.org/10.1103/PhysRevD.93.065003
https://doi.org/10.1103/PhysRevD.93.065003
https://doi.org/10.1103/PhysRevD.94.105005
https://doi.org/10.1103/PhysRevD.94.105005
https://doi.org/10.1103/PhysRevD.94.074027
https://doi.org/10.1103/PhysRevD.97.054027
https://doi.org/10.1103/PhysRevD.97.054027
https://doi.org/10.1103/PhysRevD.89.065037
https://doi.org/10.1103/PhysRevD.89.065037
https://doi.org/10.1103/PhysRevD.92.025051
https://doi.org/10.1103/PhysRevD.92.025051
https://doi.org/10.1103/PhysRevD.22.939
https://doi.org/10.1142/S0217751X9800192X
https://doi.org/10.1142/S0217751X9800192X
https://doi.org/10.1016/S0550-3213(98)00871-2
https://doi.org/10.1016/S0550-3213(98)00871-2
https://doi.org/10.1103/PhysRevD.80.025005
https://doi.org/10.1103/PhysRevD.80.025005
https://doi.org/10.1016/j.nuclphysb.2010.09.013
https://doi.org/10.1142/S0217751X15501006
https://doi.org/10.1142/S0217751X15501006
https://doi.org/10.1103/PhysRevD.37.2206
https://doi.org/10.1103/PhysRevD.37.2206
https://doi.org/10.1006/aphy.1994.1112
https://doi.org/10.1016/j.aop.2008.07.001
https://doi.org/10.1103/PhysRevD.83.014013
https://doi.org/10.1103/PhysRevD.83.014013
https://doi.org/10.1103/PhysRevD.95.031501
https://doi.org/10.1103/PhysRevD.90.065027
https://doi.org/10.1103/PhysRevD.96.014029
https://doi.org/10.1103/PhysRevD.98.014002
https://doi.org/10.1103/PhysRevD.91.054035
https://doi.org/10.1103/PhysRevD.91.054035
https://doi.org/10.1103/PhysRevD.94.034016
https://doi.org/10.1103/PhysRevD.94.034016
https://doi.org/10.1103/PhysRevD.97.054006
https://doi.org/10.5506/APhysPolBSupp.6.347
https://doi.org/10.5506/APhysPolBSupp.6.347
https://doi.org/10.1103/PhysRevD.93.034026
https://doi.org/10.1103/PhysRevD.93.034026
https://doi.org/10.1016/j.physletb.2015.08.067
https://doi.org/10.1016/j.physletb.2015.08.067
https://doi.org/10.1140/epjc/s10052-018-6037-0
https://doi.org/10.1140/epjc/s10052-019-6617-7
https://doi.org/10.1103/PhysRevD.91.025014
https://doi.org/10.1103/PhysRevD.91.025014
https://doi.org/10.1103/PhysRevD.85.025014
https://doi.org/10.1103/PhysRevD.85.025014
https://doi.org/10.1103/PhysRevD.86.014506
https://doi.org/10.1103/PhysRevD.86.014506
https://doi.org/10.1103/PhysRevD.91.074515
https://doi.org/10.1103/PhysRevD.91.074515
https://doi.org/10.1103/PhysRevD.20.3253
https://doi.org/10.1103/PhysRevD.20.3253
https://doi.org/10.1016/0550-3213(82)90570-3
https://doi.org/10.1016/0550-3213(82)90570-3
https://doi.org/10.1103/PhysRevLett.50.87
https://doi.org/10.1103/PhysRevD.29.1233
https://doi.org/10.1103/PhysRevD.29.1233
https://doi.org/10.1016/0550-3213(84)90324-9
https://doi.org/10.1016/0550-3213(84)90292-X
https://doi.org/10.1016/0550-3213(84)90292-X
https://doi.org/10.1016/0550-3213(88)90695-5
https://doi.org/10.1103/PhysRevD.42.1611
https://doi.org/10.1103/PhysRevD.42.1611
https://doi.org/10.1103/PhysRevLett.90.102001


[71] D. Zwanziger, Phys. Rev. D 70, 094034 (2004).
[72] Y. Nakagawa, A. Nakamura, T. Saito, H. Toki, and D.

Zwanziger, Phys. Rev. D 73, 094504 (2006).
[73] M. Golterman, J. Greensite, S. Peris, and A. P. Szczepaniak,

Phys. Rev. D 85, 085016 (2012).
[74] J. Greensite and A. P. Szczepaniak, Phys. Rev. D 91, 034503

(2015).
[75] J. Greensite and A. P. Szczepaniak, Phys. Rev. D 93, 074506

(2016).

[76] M. Quandt, E. Ebadati, H. Reinhardt, and P. Vastag, Phys.
Rev. D 98, 034012 (2018).

[77] G. Burgio, M. Quandt, and H. Reinhardt, Phys. Rev. Lett.
102, 032002 (2009).

[78] A. Buckley, J. Ferrando, S. Lloyd, K. Nordström, B. Page,
M. Rüfenacht, M. Schönherr, and G. Watt, Eur. Phys. J. C
75, 132 (2015).

[79] K. G. Chetyrkin and T. Seidensticker, Phys. Lett. B 495, 74
(2000).

DAVIDE CAMPAGNARI and HUGO REINHARDT PHYS. REV. D 100, 114042 (2019)

114042-10

https://doi.org/10.1103/PhysRevD.70.094034
https://doi.org/10.1103/PhysRevD.73.094504
https://doi.org/10.1103/PhysRevD.85.085016
https://doi.org/10.1103/PhysRevD.91.034503
https://doi.org/10.1103/PhysRevD.91.034503
https://doi.org/10.1103/PhysRevD.93.074506
https://doi.org/10.1103/PhysRevD.93.074506
https://doi.org/10.1103/PhysRevD.98.034012
https://doi.org/10.1103/PhysRevD.98.034012
https://doi.org/10.1103/PhysRevLett.102.032002
https://doi.org/10.1103/PhysRevLett.102.032002
https://doi.org/10.1140/epjc/s10052-015-3318-8
https://doi.org/10.1140/epjc/s10052-015-3318-8
https://doi.org/10.1016/S0370-2693(00)01217-X
https://doi.org/10.1016/S0370-2693(00)01217-X

