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We study the thermal properties of the lowest multiplet of the QCD light-flavor scalar resonances,
including the f0ð500Þ=σ, K�

0ð700Þ=κ, f0ð980Þ and a0ð980Þ, in the framework of unitarized Uð3Þ chiral
perturbation theory. After the successful fits to the meson-meson scattering inputs, such as the phase shifts
and inelasticities, we obtain the unknown parameters and further calculate the resonance poles and their
residues at zero temperature. By including the finite-temperature effects in the unitarized meson-meson
scattering amplitudes, the thermal behaviors of the scalar resonance poles in the complex energy plane are
studied. The masses of σ and κ are found to considerably decrease when increasing the temperatures, while
their widths turn out to be still large when the temperatures reach around 200 MeV. In contrast, both the
masses and widths of the f0ð980Þ and a0ð980Þ are only slightly changed.

DOI: 10.1103/PhysRevD.100.114028

I. INTRODUCTION

Identifying the pattern of the chiral symmetry restora-
tion, which plays the key role in understanding the complex
phenomena from the relativistic heavy ion collisions, is one
of the most important subjects in the study of QCD phase
diagram. The restoration of the chiral symmetry will
definitely modify the hadronic spectrum at finite temper-
atures, which in turn will affect the hadron yields measured
in the heavy-ion-collision experiments; e.g., it is found that
the inclusion of the broad scalar resonance f0ð500Þ (also
named as σ) in the hadron-resonance-gas model clearly
improves the description of the experimental data [1].
In this work we focus on the thermal behaviors of the

lowest multiplet of the light-flavor QCD scalar resonances,
including the σ, f0ð980Þ, K�

0ð700Þ (also named as κ) and
a0ð980Þ. As the lightest QCD scalar resonance and sharing
the same quantum numbers as the vacuum, σ has been
extensively studied both at zero and finite temperatures [2].
After decades of precise and rigorous dispersive studies, it

is now recognized in PDG that the uncertainties of the mass
and width of the broad σ resonance reach the precisions of
several tens of MeV. For such a broad resonance, it is not
appropriate to still use the conventional Breit-Wigner
formalism both in the vacuum and at finite temperatures.
Instead the inverse-amplitude method (IAM) up to the one-
loop level has been employed to investigate the thermal
properties of the σ in a series of papers in Refs. [3–6]. It is
also found that around the transition temperature Tc the
inclusion of the thermal σ poles in the scalar susceptibilities
can develop a maximum, which is consistent with the
results in the lattice study [7,8].
Instead of including further the higher order corrections

in the chiral amplitudes, we proceed in the discussions by
simultaneously studying all the members of the possible
lowest multiplet of the light scalar resonances σ, f0ð980Þ, κ,
and a0ð980Þ within unitarized chiral perturbation theory
( χPT). Through this exploratory study, we obtain the
thermal behaviors of all the aforementioned resonance
poles, which can provide useful guides for the hadron-
resonance-gas models and gain insights into the mechanism
of the chiral symmetry restoration.
The article is organized as follows. Section II is devoted

to the discussions of the relevant S-wave chiral amplitudes
and their fits to the scattering inputs. The resulting
resonance poles and residues at zero temperature are also
given in this section. The thermal trajectories of the scalar
resonance poles at finite temperatures are then discussed in
detail in Sec. III. Finally we give a short summary and
conclusions in Sec. IV.
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II. UNITARIZED S-WAVE CHIRAL AMPLITUDES
AND SCALAR RESONANCES AT ZERO

TEMPERATURE

Meson-meson scattering provides an important approach
to study the resonance dynamics, where the hadron
resonances correspond to the poles in the complex energy
plane of the scattering amplitudes; e.g., σ and f0ð980Þ
appear in the ππ and KK̄ coupled-channel scattering with
ðI; JÞ ¼ ð0; 0Þ, I being the isospin quantum number and J
the angular momentum. The most relevant channel for κ is
the Kπ scattering with ðI; JÞ ¼ ð1=2; 0Þ, and a0ð980Þ
naturally appears in the πη and KK̄ scattering with
ðI; JÞ ¼ ð1; 0Þ. Since the χPT relies on the perturbative
expansions of the external momenta and light-flavor quark
masses [9–11], it is impossible to generate resonances from
the perturbative χPT scattering amplitudes alone. It is
evident that the combination of the χPT and unitarity offers
an efficient way to study the aforementioned scalar reso-
nances [12–17].
The up-to-date perturbative meson-meson scattering

amplitudes at zero temperature have been calculated up
to two loops for the three-flavor χPT [18,19]. At finite
temperatures, the perturbative meson-meson amplitudes
have only been calculated up to the one-loop level for
the two-flavor χPT [20]. The one-loop calculation of the

meson-meson scattering amplitudes in the three-flavor χPT
at finite temperatures is still missing and clearly deserves
an independent work. According the previous works
[13,15,16,21], both the relevant experimental data and
the lattice energy levels of the meson-meson scattering
below and around 1 GeV in the scalar channels can be well
reproduced by taking the leading order (LO) χPT ampli-
tudes in the unitarization approach. The resulting masses
and widths of the scalar resonances from such studies look
quite reasonable and are quantitatively compatible with the
various rigorous dispersive results [22]. It is plausible that
the main features of thermal properties of scalar resonances
can also be obtained in such a approach. Therefore, in the
following discussions, we take the leading order perturba-
tive χPT amplitudes and includes the finite-temperature
effects through the unitarization procedure.
We follow Refs. [23–25] to include the perturbative LO

meson-meson scattering from Uð3Þ χPT. To set up the
notations, we simply recapitulate the main results below.
The LO Uð3Þ χPT Lagrangian includes three terms,

L ¼ F2

4
huμuμi þ

F2

4
h χþi þ

F2

3
M2

0ln
2 det u; ð1Þ

where the chiral building blocks are given by

U ¼ u2 ¼ ei
ffiffi
2

p
Φ

F ; χ ¼ 2Bðsþ ipÞ; χ� ¼ u† χu† � u χ†u;

uμ ¼ iu†DμUu†; DμU ¼ ∂μU − iðvμ þ aμÞU þ iUðvμ − aμÞ; ð2Þ

and the Uð3Þ matrix of the pseudo-Nambu-Goldstone bosons (pNGBs) reads

Φ ¼

0
BBB@

1ffiffi
2

p π0 þ 1ffiffi
6

p η8 þ 1ffiffi
3

p η0 πþ Kþ

π− −1ffiffi
2

p π0 þ 1ffiffi
6

p η8 þ 1ffiffi
3

p η0 K0

K− K̄0 −2ffiffi
6

p η8 þ 1ffiffi
3

p η0

1
CCCA: ð3Þ

F is the LO pion decay constant, with the normalization
Fπ ¼ 92.1 MeV. The last term in Eq. (1) includes the
contribution from the QCD UAð1Þ anomaly, which gives
the singlet η0 the LO mass M0.
For the sake of completeness, in Appendix Awe provide

the explicit formulas of the LO S-wave Uð3Þ meson-meson
scattering amplitudes TIJðsÞ, which were calculated in
Ref. [23]. The LO amplitudes given by Eq. (1) only include
the contact interactions, which do not contain any crossed-
channel cut. The on-shell partial-wave scattering amplitude
in the elastic case can be written as [16]

T IJðsÞ ¼
KðsÞ

1 −KðsÞGðsÞ ; ð4Þ

where KðsÞ is given by the LO S-wave Uð3Þ χPT
amplitudes TIJðsÞ in this work and the function GðsÞ
includes nonperturbatively the contribution from the right-
hand cut. When the higher order χPT contributions,
including the chiral loops, are included, the formalism in
Eq. (4) is still valid and can be matched to the perturbative
χPT at low energies to obtain the proper KðsÞ function
[26,27]. The essential idea is that by construction the
function KðsÞ only contains the crossed-channel contribu-
tions, including the contact terms, and the function GðsÞ
only includes the right-hand cut. In such a way, the
prescription of Eq. (4) can be regarded as an algebraic
approximation of the N/D method [26,27]. Explicit exam-
ples of the unitarization of the one-loop Uð3Þ χPT have
been given in Refs. [23–25].
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The two-body unitarity requires that

ImGðsÞ ¼ ρðsÞθðs − sthÞ≡ qðsÞ
8π

ffiffiffi
s

p θðs − sthÞ; ð5Þ

where sth denotes the threshold, θðxÞ is the Heaviside step
function, and the three momenta in the center of mass (CM)
frame is given by

qðsÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½s − ðm1 þm2Þ2�½s − ðm1 −m2Þ2�

p
2
ffiffiffi
s

p ; ð6Þ

with m1 and m2 being the masses of the two particles in
question. Next one can use the imaginary part of the
function GðsÞ to build a once subtracted dispersion relation
to get the analytical expression of GðsÞ. Alternatively, one
can also use the dimensional regularization to calculate the
GðsÞ function via

GðsÞ ¼ −i
Z

d4k
ð2πÞ4

1

ðk2 −m2
1 þ iϵÞ½ðP − kÞ2 −m2

2 þ iϵ� ;

s≡ P2; ð7Þ

by which the explicit expression takes the form by
replacing the divergent term with a constant [16]

GðsÞDR ¼ −
1

16π2

�
aðμ2Þ þ log

m2
2

μ2

− xþ log
xþ − 1

xþ
− x− log

x− − 1

x−

�
; ð8Þ

where μ denotes the regularization scale and x� are
defined as

x� ¼ sþm2
1 −m2

2

2s
� qðsÞffiffiffi

s
p : ð9Þ

One should notice that the function GðsÞ is independent of
the scale μ, due to the cancellation of the μ dependences of
the first and second terms in Eq. (8). In the following

discussion we fix μ ¼ 770 MeV throughout. Notice that
there is a minus sign difference between the GðsÞ function
in Eq. (8) and the one in Refs. [23,25], which is compen-
sated by the minus sign in the denominator of the unitarized
amplitude (4), so that the imaginary part of the GðsÞ is
positive.
For the coupled-channel scattering, the entries of KðsÞ

and GðsÞ in Eq. (4) should be understood as matrices
spanned in the channel space. For the case with definite
isospin and angular momentum, GðsÞ corresponds to a
diagonal matrix and its diagonal elements can be calculated
via Eq. (8) by using the proper masses in question. There
are five coupled channels in the ðI; JÞ ¼ ð0; 0Þ case,
including ππ, KK̄, ηη, ηη0, and η0η0. Three relevant channels
enter in the ðI; JÞ ¼ ð1=2; 0Þ and ðI; JÞ ¼ ð1; 0Þ cases,
which are the Kπ; Kη; Kη0 and πη, KK̄, and πη0, respec-
tively. In the Uð3Þ χPT, the massive η0 state is explicitly
included, which however plays a marginal role in the study
of the low lying scalar resonances σ, f0ð980Þ, κ, and
a0ð980Þ [23–25]. In contrast, for the excited scalar reso-
nances with higher masses, it is evident that their couplings
to the η0 state become large [23–25].
The S matrix is related to the unitarized T amplitude in

Eq. (4) via

S ¼ 1þ 2i
ffiffiffiffiffiffiffiffiffi
ρðsÞ

p
· T ðsÞ ·

ffiffiffiffiffiffiffiffiffi
ρðsÞ

p
: ð10Þ

In the coupled-channel case, ρðsÞ should be understood as a
diagonal matrix and its nonvanishing elements can be
calculated through Eqs. (5) and (6). The phase shifts
δkk; δkl and the inelasticities εkk; εkl, with k ≠ l, can be
obtained with the matrix elements Skk and Skl,

Skk ¼ εkke2iδkk ; Skl ¼ iεkleiδkl : ð11Þ

The inelasticities εkk fulfil the condition 0 ≤ εkk ≤ 1.
We use the physical masses for the π; K; η; η0 and the

physical value Fπ in the LO scattering amplitudes.
According to the Lagrangian in Eq. (1), the LO η − η0
mixing angle θ is given by [23]

sin θ ¼ −

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ð3M2

0 − 2Δ2 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9M4

0 − 12M2
0Δ2 þ 36Δ4

p
Þ2

32Δ4

s !−1

; ð12Þ

whereΔ2 ¼ m̄2
K − m̄2

π , and m̄K and m̄π are the LO kaon and
pion masses, in order. We estimate m̄K and m̄π by their
corresponding physical values. For the LO mass M0 of the
η0, we take the value M0 ¼ 820 MeV that has been
recently determined in Ref. [28] by fitting the updated
lattice data of the η-η0 mixing.

The remaining unknown parameters in the unitarized
scattering amplitudes T ðsÞ in Eq. (4) are the subtraction
constants, which are determined in the fits to the phase
shifts and inelasticities for the ππ scattering with ðI; JÞ ¼
ð0; 0Þ and the Kπ scattering with ðI; JÞ ¼ ð1=2; 0Þ. Since
only the LO perturbative amplitudes are included, we
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include the experimental data for the ππ up to 1100 MeV
and the Kπ up to 1000 MeV in the fits. In addition to the
experimental data used in Refs. [15,23–25], we also take
into account the precise isoscalar and scalar ππ phase shifts
determined from the Roy equation [29]. The reproductions
of the data for the ππ scattering with ðI; JÞ ¼ ð0; 0Þ and the
Kπ scattering with ðI; JÞ ¼ ð1=2; 0Þ are given in Figs. 1
and 2, respectively. The resulting values of the subtraction
constants are summarized in Table I. It is remarkable that
with one and two free parameters in the Kπ and ππ
scattering cases, respectively, one can well reproduce the
relevant data from the experiments and Roy equation. We
have also tried other ways to perform the fits for the ππ with

ðI; JÞ ¼ ð0; 0Þ; e.g., fixing the subtraction constants of the
ηη; ηη0, and η0η0 channels as the one from the KK̄ channel,
instead of the ππ case in Table I, the fits get slightly worse.
Freeing the subtraction constants in the ηη; ηη0, and η0η0
channels improves the fits, but the resulting values of the
subtraction constants, which bear large uncertainties, do not
seem to fall in the reasonable ranges. In all the three cases,
it turns out that the resonances in the scattering amplitudes
are more or less compatible and we focus on the fits shown
in Table I in later discussions. For the πη; KK̄, and πη0
coupled-channel scattering, the direct experimental mea-
surements on the scattering processes are still absent;
instead the amplitudes are determined by fitting the lattice
finite-volume energy levels in Ref. [21]. We take the

FIG. 2. Reproduction of the phase shifts of the Kπ scattering
with ðI; JÞ ¼ ð1=2; 0Þ. The experimental data are taken from
Ref. [31]. The shaded area corresponds to the theoretical
uncertainties at the one-sigma level.

FIG. 1. Reproduction of the phase shifts (left panel) and inelasticities (right panel) of the ππ scattering with ðI; JÞ ¼ ð0; 0Þ. The
experimental data correspond to those used in Refs. [15,23–25], which average various data points in Ref. [30]. The precise data from
the Roy equation analysis are taken from Ref. [29]. The shaded areas denote our estimates of the theoretical uncertainties at the one-
sigma level.

TABLE I. The values of the subtraction constants from the fits.
In the ππ scattering with ðI; JÞ ¼ ð0; 0Þ, aSL;1 and aSL;2 corre-
spond to the subtraction constants in the ππ and KK̄ channels,
respectively. For the remaining channels ηη; ηη0 and η0η0, we fix
their subtraction constants as the same as aSL;1. For other
possibilities to perform the fits, see the text for details. In the
Kπ scattering with ðI; JÞ ¼ ð1=2; 0Þ, we take the same value of
the subtraction constant for all the three coupled channels. For the
πη; KK̄ and πη0 coupled-channel scattering, we take the universal
subtraction constant aSL;1 ¼ −1.44� 0.15 for all the three
channels as determined in Ref. [21].

ππ with
ðI;JÞ¼ð0;0Þ

aSL;1 aSL;2 χ2=d:o:f:

−1.13þ0.19
−0.17 −1.93þ0.23

−0.29 149.0=ð95 − 2Þ
Kπ with
ðI;JÞ¼ð1=2;0Þ

aSL;1 χ2=d:o:f

−0.42þ0.16
−0.16 16.2=ð36 − 1Þ
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subtraction constants determined in the former reference in
this work.
After the determination of all the unknown parameters,

we now discuss the resonances, corresponding to the poles
in the complex energy plane, in the unitarized scattering
amplitudes. The analytical continuation of the unitarized
amplitudes in Eq. (4) can be easily done by properly
extrapolating the GðsÞ function in Eq. (8) to the complex
energy plane. Two Riemann sheets (RSs) for the GðsÞ
function can be defined. On the unphysical/second RS it
reads [13]

GðsÞDRII ðsÞ ¼ GðsÞDR − i
qðsÞ
4π

ffiffiffi
s

p ; ð13Þ

with the GðsÞDR on the physical/first RS given in Eq. (8).
By combing Eqs. (5) and (13), it is clear that along the real s
axis above the threshold the imaginary parts of the GðsÞ
function on the first and second RSs have opposite signs.
As a result, 2n RSs can be defined for the n-channel
scattering problem. We denote the first, second, third,
and fourth RSs as ðþ;þ;þ; � � � ;þÞ, ð−;þ;þ; � � � ;þÞ,
ð−;−;þ; � � � ;þÞ, and ðþ;−;þ; � � � ;þÞ, respectively. The
entries of plus and minus symbols correspond to the
signs of the imaginary parts of the GðsÞ functions in
different channels. The residues γ at the resonance pole sP,
which denote the coupling strengths of the resonance, are
given by

T ðsÞ ¼ − lim
s→sP

γγT

s − sP
; ð14Þ

where γ is an n-row vector and its transpose is
γT ¼ ðγ1; γ2;…; γnÞ. The resonance poles and their resi-
dues at zero temperature are collected in Table II. The
successful reproduction of the input data and the
quantitative agreements of the resonance poles in
Table II with those estimated in PDG [22] provide us
with a confident starting point to extend the current

discussions of the light scalar resonances to the finite
temperatures.

III. THE SCALAR RESONANCES AT
FINITE TEMPERATURES

In the framework of χPT, the chiral loops introduce the
finite-temperature effects, while the tree-level Feynman
diagrams are free of the finite-temperature corrections
[20,32,33]. This implies that in the present work the LO
partial-wave scattering amplitudes will not get modified
when including the finite temperatures. It is the GðsÞ
function incorporated through the unitarization procedure
that will introduce the finite-temperature corrections. A
similar theoretical approach has been recently applied to
the study of charmed mesons in Refs. [34,35]. We point out
that in addition to the s-channel unitarity loops, the thermal
corrections from the crossed-channel and chiral tadpole
loops could also be relevant in the study of the resonance
properties at finite temperatures. Although the tadpole loop
diagrams share the same forms both at zero and finite
temperatures, the complete finite-temperature calculation of
the full contributions in three-flavor χPT clearly deserves
another independent work. At zero temperature our study in
the previous section and many other works, such as
Refs. [13,15,16,21], has shown that the scalar resonances
σ, κ, a0ð980Þ, and f0ð980Þ can be well described by only
unitarizing the LO contact amplitudes from χPT, indicating
that the s-channel unitarity plays the dominant role in the
scalar resonance dynamics. The exploratory study in this
work assumes that maybe it also holds for the study at finite
temperatures, or at least the unitarzation of the LO χPTmay
give a qualitatively correct description of the thermal
trajectories of the scalar resonances below 1 GeV.
In this work, we use the imaginary time formalism to

include the finite-temperature corrections [36]. Although it
is a standard problem to calculate the loop function of
Eq. (7) at finite temperatures [36], we give a practical
derivation of the explicit formula in the Appendix B. In the
CM frame with real energy squared s, the expression of the
finite-temperature corrections to the GðsÞ function in
Eq. (7) for T ≠ 0 takes the form

TABLE II. The masses, widths, and residues of various resonances at zero temperature in the second RS. γ1 denotes the residue of the
lightest channel of each resonance. The values in the last two columns correspond to the ratios jγi=γ1j.
R M(MeV) Width/2(MeV) jγ1j (GeV) Ratios

σ 465þ1
−2 234þ8

−8 3.14þ0.03
−0.03 0.45þ0.01

−0.01 ðKK̄=ππÞ 0.02þ0.02
−0.01 ðηη=ππÞ

0.067þ0.007
−0.007 ðηη0=ππÞ 0.06þ0.01

−0.02 ðη0η0=ππÞ
f0ð980Þ 977þ6

−9 15þ5
−3 1.29þ0.19

−0.15 3.05þ0.64
−0.57 ðKK̄=ππÞ 2.23þ0.56

−0.47 ðηη=ππÞ
1.06þ0.20

−0.19 ðηη0=ππÞ 1.10þ0.24
−0.21 ðη0η0=ππÞ

κ 738þ8
−9 274þ8

−9 4.22þ0.06
−0.07 0.46þ0.02

−0.02 ðKη=KπÞ 0.39þ0.01
−0.02 ðKη0=KπÞ

a0ð980Þ 1037þ17
−14 44þ6

−9 3.8þ0.3
−0.2 1.43þ0.03

−0.03 ðKK̄=πηÞ 0.05þ0.01
−0.01 ðπη0=πηÞ
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GðsÞT≠0¼
Z

∞

0

k2dk
8π2E1E2

�
1

EþE1þE2

½fðE1ÞþfðE2Þ�

þ 1

EþE1−E2

½−fðE1ÞþfðE2Þ�

þ 1

E−E1þE2

½fðE1Þ−fðE2Þ�g

−P:V:
Z

∞

0

k2dk
8π2E1E2

1

E−E1−E2

½fðE1ÞþfðE2Þ�

þ iqðsÞ
8πE

½fðẼ1ÞþfðẼ2Þ�θðs− sthÞ; ð15Þ

with s¼E2;β¼ 1=T;Ei ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2þm2

i

p
; Ẽi ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
qðsÞ2þm2

i

p
,

qðsÞ being the magnitude of the on-shell three momenta in
the CM frame and the standard Bose distribution function
fðxÞ given by

fðxÞ ¼ 1

eβx − 1
: ð16Þ

For the first three integrals of Eq. (15), they are regular in
the physical region and can be easily calculated numeri-
cally. The fourth term with the symbol P.V. corresponds to
taking the principal value of the integral. The last term of
Eq. (15) denotes the imaginary part of the thermal correc-
tions to the GðsÞ function in the energy region above
threshold. For the details of the calculation of the expres-
sion of Eq. (15), we refer to Appendix B. It is stressed that
below the threshold there are the so-called thermal Landau
cuts, as pointed out in Refs. [37–39]. In the CM frame of
the thermal two-body scattering, the Landau cuts can
extend to the positive real s axis up to ðm1 −m2Þ2. The
expressions of the imaginary parts along the Landau cuts
are not explicitly shown in Eq. (15). Within the on-shell
approximation of the unitarization approach in Eq. (4), we
do not expect that the Landau cuts will have important
influences, as long as the thermal resonance poles are not
close to those cuts, which are indeed the common cases in
our study, as discussed in detail later.
The unitarized amplitude at finite temperature T reads

T FTðsÞ ¼ ½1 −KðsÞ ·GðsÞFT�−1 ·KðsÞ; ð17Þ

where the corrected GðsÞ with the finite-temperature
effect is

GðsÞFT ¼ GðsÞDR þGðsÞT≠0; ð18Þ

with GðsÞDR and GðsÞT≠0 given in Eqs. (8) and (15),
respectively. Similar as the zero-temperature case,KðsÞ and
GðsÞFT should be understood as matrices in the coupled-
channel scattering. Comparing with the zero-temperature
amplitudes in Eq. (4), no additional free parameters are
introduced to the amplitudes at T ≠ 0 in Eq. (17). Therefore
the thermal behaviors of the unitarized amplitudes and the

scalar resonances are pure predictions in the unitarized
χPT. In order to study the thermal trajectories of the
resonance poles, we need to first perform the analytical
continuation of the unitarized amplitude T FTðsÞ to the
unphysical RS and then search the poles in the complex
energy plane. By taking into account that the signs of the
imaginary parts of GðsÞFT on the first and second RSs are
opposite above the threshold, the analytical continuation of
the GðsÞFT function in Eq. (18) to the second sheet is
given by

GðsÞFTII ¼ GðsÞFT − i
qðsÞ
4π

ffiffiffi
s

p ½1þ fðẼ1Þ þ fðẼ2Þ�; ð19Þ

in analogy to the case of Eq. (13) at zero temperature.
Another subtlety in the study of the thermal behaviors of

the resonances is the thermal corrections to the pNGBs’
masses, which have been the focus of Ref. [28]. In this
work, we take into account the thermal masses of the π, K,
η, and η0 determined in the previous reference to study their
influences on the scalar resonances. The main reason to pay
special attention to the thermal masses of the pNGBs is that
the threshold effects contained in the s-channel unitarity
loop functions, which are nonperturbatively resummed,
play important roles in the study of the scalar resonances. In
contrast, the contributions from the possible crossed
channels and the tadpole loops are only perturbatively
treated in the present unitarization procedure. Therefore we
consider that the changes of threshold effects caused by the
shifts of the thermal masses of the pNGBs may play some
visible roles in the determination of the thermal properties
of the scalar resonances.
The thermal pole trajectories of the σ resonance for

0 ≤ T ≤ 200 MeV are given in Fig. 3. We distinguish the
cases by fixing the physical masses of π, K, η, and η0 and
varying their masses at different temperatures according to
the results in Ref. [28]. We have shifted the masses of the
pNGBs at zero temperature in [28] to their physical values,
in order to match the resonance poles determined in
Table II. It turns out that the differences caused by using
the different masses of the pNGBs are small, but become
visible when the temperatures T are above around
100 MeV. Moreover the tadpole loop diagrams in Uð3Þ
χPT, including the 1PI Feynman diagrams shown in
Fig. 2(b) of [23] and the wave function renormalizations,
at finite temperatures share the same forms as those at zero
temperature, which have been calculated in the former
reference. For the sake of completeness, we give the
S-wave projection of the meson-meson scattering from
the tadpole diagrams in Appendix A. At finite temperatures
one only needs to replace the A0ðm2Þ loop function by its
thermal expression [36]

A0ðm2Þ ¼ −
m2

16π2
ln
m2

μ2
−
Z

∞

0

dp
p2

2π2Ep

1

e
Ep
T − 1

; ð20Þ
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with Ep ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þm2

p
. Since we are interested in the

thermal properties of the scalar resonances, we only include
the thermal corrections from the tadpole loop diagrams;
that is, we just include the second term in Eq. (20) when
searching the thermal scalar resonance poles. The blue
dashed-dotted and green dotted lines in Fig. 3 correspond to
the results by including the additional thermal corrections
from the tadpole loop diagrams. Apparently the inclusion
of the additional thermal corrections from the tadpole loop
diagrams only slightly affects the thermal trajectories of the
σ resonance. The most important lesson we learn from
Fig. 3 is that the mass of the σ significantly decreases even
below the ππ threshold when increasing the temperatures T
up to 200 MeV. This seems consistent with the requirement
of the chiral symmetry restoration [6,40]. However the
width of the σ is still quite large even when T reaches
around 200 MeV.
The comparisons of the thermal σ pole trajectories from

our study and those of Ref. [5] are explicitly shown in
Fig. 4. Although it is quantitatively different from the full
one-loop IAM study, the unitarization of the LO Uð3Þ χPT
indeed gives a similar result as the single-channel study by
including both the off-shell and tadpole effects1 in Ref. [5].
We verify that by neglecting the off-shell terms in Eq. (12)
of the latter reference the results are only slightly changed.

Therefore the on-shell prescription in Eq. (17) by only
including the contributions from the χPT amplitudes to the
KðsÞ is used throughout this work. The qualitative simi-
larities of the curves in Fig. 4 indicate that the thermal
corrections to the GðsÞ function include the important part
of the finite-temperature effects in the study of the scalar
resonances.
Since the most important channel for the σ resonance is

the ππ, there is no problem of the Landau cut, due to the
equal-mass feature in this scattering. The only unequal-
mass process of the Uð3Þ coupled-channel scattering in the
isoscalar scalar case is the ηη0 one, which thermal Landau
cut extends up to ðmη0 −mηÞ2 around ð400 MeVÞ2 in the
real s axis. In order to check the possible influence of this
Landau cut, we have performed a three-channel study, i.e.,
ππ; KK̄, and ηη, where the Landau cuts are not problems,
due to the equal-mass features. It turns out that the resulting
curves are almost indistinguishable from the five-channel
scattering by including ηη0 and η0η0. This in turn implies that
the ηη0 channel, including its Landau cut, plays unimportant
roles in the determination of the thermal σ poles.
The pole trajectories of the κ resonance with varying

temperatures are given in Fig. 5. Clearly the thermal
behaviors of the κ pole share similar trends as the σ, with
a significant decrease of the mass and moderate change of
the width, when increasing the temperatures up to
200 MeV. In Fig. 6, we show the pole trajectories of the
f0ð980Þ and a0ð980Þ resonances. Unlike the σ and κ, the

FIG. 4. Comparisons of the thermal σ pole trajectories between
ours and those from Ref. [5]. The black triangles denote our
unitarized LO results by using the physical masses of the pNGBs,
i.e., the black solid curves shown in Fig. 3. The blue squares stand
for the one-loop IAM results, i.e., the left panel of Fig. 1 in
Ref. [5] and the red circles correspond to the unitarized results by
including the off-shell and tadpole thermal corrections Ref. [5],
i.e., the left panel of Fig. 10 of the latter reference. The blue
squares from Ref. [5] are given by increasing the temperatures in
20 MeV intervals, while the results shown by the black triangles
and red circles are obtained by increasing the temperatures in the
5-MeV step.

FIG. 3. The pole trajectories of the σ resonance when increasing
the temperatures T from 0 to 200 MeV. The black solid line
corresponds to the case of including the LO amplitudes by fixing
the physical masses of the π, K, η, and η0, while the red dashed
line denotes the LO result by using the thermal masses of the
pNGBs from Ref. [28]. The blue dashed-dotted and green dotted
lines stand for the results by including the thermal tadpole
corrections with the physical and thermal masses of the pNGBs,
respectively. See the text for details.

1We have exactly reproduced the thermal σ poles in the left
panel of Fig. 10 in Ref. [5], by correcting a typesetting typo in
Eq. (13) of that reference, i.e., to multiply 1=2 in the first two
terms in Eq. (13).
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poles of the f0ð980Þ and a0ð980Þ are insensitive to the
changes of the temperatures, and both the masses and
widths are only slightly changed; e.g., the masses of the σ
and κ decrease around 300 and 100 MeV, respectively,
when varying the temperatures from 0 to 200 MeV. In
contrast, the masses of the f0ð980Þ and a0ð980Þ only
decrease around 15 and 30 MeV, in order. Comparing with
the black solid and red dashed lines, and the blue dashed-
dotted and green dotted lines in Figs. 3, 5, and 6, we can
conclude that the thermal corrections to the masses of the π,
K, η, and η0 marginally affect the properties of the scalar
resonances σ; f0ð980Þ; κ, and a0ð980Þ. The effects of the
thermal corrections from the tadpole loop diagrams are also
small for all the cases shown in Figs. 3, 5, and 6.
Regarding the thermal Landau cut in the Kπ scattering,

which is the most important channel for the κ, it extends to
the positive real s axis up to ðmK −mπÞ2 around

ð360 MeVÞ2, which is clearly distant from the thermal κ
poles shown in Fig. 5. For the inelastic Kη and Kη0

channels, their thermal Landau cuts end around 502 and
4602 MeV2 in the positive real s axis, which are also far
away from the κ poles. The most important three channels
for f0ð980Þ are ππ; KK̄, and ηη and there are no issues of
the thermal Landau cuts, due to their equal-mass features,
while for a0ð980Þ, the most important two channels are the
πη and KK̄. The thermal Landau cut in the πη scattering
extends to the positive real s axis up to ðmη −mπÞ2 around
ð410 MeVÞ2, which is distant from the a0ð980Þ poles
shown in Fig. 6. The Landau cut in the πη0 channel extends
to the real positive s axis up to ðm0

η −mπÞ2 around
ð820 MeVÞ2. We have explicitly verified that the resulting
thermal a0ð980Þ poles from the πη and KK̄ coupled-
channel scattering are almost identical to the three
coupled-channel scattering by including the πη0 channel,
which implies that the πη0 channel, including its Landau
cut, plays a negligible role in the determination of
the a0ð980Þ.

IV. SUMMARY AND CONCLUSIONS

In this work the light-flavor QCD scalar resonances σ, κ,
f0ð980Þ, and a0ð980Þ are studied in the framework of the
unitarizedUð3Þ chiral perturbation theory. Special attention
is paid to their thermal properties, including the trajectories
of their resonance pole positions with varying temper-
atures. Different from the works that only study on the
thermal masses of the scalar resonances, e.g., Refs. [41,42],
we first fix the unknown parameters by fitting the exper-
imental and lattice data of the meson-meson scattering,
which enables us to obtain reliable resonance properties at
zero temperature, including both the masses and widths.
The finite-temperature effects are included through the
unitarization procedure and the tadpole loop diagrams. It
turns out that the thermal corrections from the unitarity loop

FIG. 5. The pole trajectories of the κ resonance when increasing
the temperature T from 0 to 200 MeV. The notations are the same
as those in Fig. 3.

FIG. 6. The thermal behaviors of the poles of the f0ð980Þ (left) and a0ð980Þ (right). The notations are the same as those in Fig. 3.
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functions are the most important parts, while the tadpole
diagrams only play minor roles. The key merit of our
approach is that we do not need to introduce any new
parameter in the study of the thermal behaviors of the scalar
resonances, once they are determined in the vacuum.
The σ pole trajectories of the present study are quali-

tatively similar to those in the previous works [4,20], which
are obtained by including the complete one-loop thermal
corrections to the ππ scattering. This validates the current
approach to include the finite-temperature effects via the
unitarization procedure. Our results show that the masses of
the σ and κ significantly decrease when increasing the
temperatures up to 200 MeV, while their widths are
moderately changed and remain large. In contrast, both
the masses and widths of the f0ð980Þ and a0ð980Þ are
insensitive to the temperatures. The present formalism
provides an efficient and straightforward way to study
thermal behaviors of other types of resonances. We expect

to apply this approach to other systems at finite temper-
atures in the future.
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APPENDIX A: S-WAVE MESON-MESON
SCATTERING AMPLITUDES

First we give the leading-order S-wave meson-meson
scattering amplitudes TIJðsÞ with definite isopsin number
in the Uð3Þ χPT [23]. There are five coupled channels for
the ðI; JÞ ¼ ð0; 0Þ case and they read

Tππ→ππ
00 ðsÞ¼2s−m2

π

2F2
π

; Tππ→KK̄
00 ðsÞ¼

ffiffiffi
3

p
s

4F2
π
; Tππ→ηη

00 ðsÞ¼−
ffiffiffi
3

p
m2

πðcθ−
ffiffiffi
2

p
sθÞ2

6F2
π

;

Tππ→ηη0
00 ðsÞ¼−

ffiffiffi
3

p
m2

πð
ffiffiffi
2

p
c2θ−cθsθ−

ffiffiffi
2

p
s2θÞ

3
ffiffiffi
2

p
F2
π

; Tππ→η0η0
00 ðsÞ¼−

ffiffiffi
3

p
m2

πð
ffiffiffi
2

p
cθþsθÞ2

6F2
π

; TKK̄→KK̄
00 ðsÞ¼ 3s

4F2
π
;

TKK̄→ηη
00 ðsÞ¼−½ð−6m2

η−2m2
πþ9sÞc2θþ4

ffiffiffi
2

p ð2m2
K−m2

πÞcθsθþ8m2
Ks

2
θ�

12F2
π

;

TKK̄→ηη0
00 ðsÞ¼−2

ffiffiffi
2

p
c2θðm2

π−2m2
KÞþcθsθð3m2

ηþ3m2
η0 þ8m2

Kþ2m2
π−9sÞ−2

ffiffiffi
2

p
s2θð2m2

K−m2
πÞ

6
ffiffiffi
2

p
F2
π

;

TKK̄→η0η0
00 ðsÞ¼−8c2θm2

Kþ4
ffiffiffi
2

p
cθsθð2m2

K−m2
πÞ−s2θð9s−6m2

η0−2m2
πÞ

12F2
π

;

Tηη→ηη
00 ðsÞ¼½c4θð16m2

K−7m2
πÞþ4

ffiffiffi
2

p
c3θsθð8m2

K−5m2
πÞþ12c2θs

2
θð4m2

K−m2
πÞ�

18F2
π

þ½16 ffiffiffi
2

p
cθs3θðm2

K−m2
πÞþ2s4θð2m2

Kþm2
πÞ�

18F2
π

;

Tηη→ηη0
00 ðsÞ¼½ ffiffiffi2p

c4θð−8m2
Kþ5m2

πÞ−c3θsθð8m2
Kþm2

πÞþ3
ffiffiffi
2

p
c2θs

2
θð4m2

K−m2
πÞ�

9
ffiffiffi
2

p
F2
π

þ½4cθs3θð5m2
K−2m2

πÞþ4
ffiffiffi
2

p
s4θðm2

K−m2
πÞ�

9
ffiffiffi
2

p
F2
π

;

Tηη→η0η0
00 ðsÞ¼ð4m2

K−m2
πÞð2c4θ−2

ffiffiffi
2

p
c3θsθ−3c2θs

2
θþ2

ffiffiffi
2

p
cθs3θþ2s4θÞ

18F2
π

;

Tηη0→ηη0
00 ðsÞ¼ð4m2

K−m2
πÞð2c4θ−2

ffiffiffi
2

p
c3θsθ−3c2θs

2
θþ2

ffiffiffi
2

p
cθs3θþ2s4θÞ

9F2
π

;

Tηη0→η0η0
00 ðsÞ¼½4 ffiffiffi

2
p

c4θð−m2
Kþm2

πÞþ4c3θsθð5m2
K−2m2

πÞþ3
ffiffiffi
2

p
c2θs

2
θð−4m2

Kþm2
πÞ�

9
ffiffiffi
2

p
F2
π

−
½cθs3θð8m2

Kþm2
πÞ−

ffiffiffi
2

p
s4θð8m2

K−5m2
πÞ�

9
ffiffiffi
2

p
F2
π

;

Tη0η0→η0η0
00 ðsÞ¼½2c4θð2m2

Kþm2
πÞ−16

ffiffiffi
2

p
c3θsθðm2

K−m2
πÞþ12c2θs

2
θð4m2

K−m2
πÞ�

18F2
π

þ−4
ffiffiffi
2

p
cθs3θð8m2

K−5m2
πÞþs4θð16m2

K−7m2
πÞ

18F2
π

;

ðA1Þ
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with sθ ¼ sin θ; cθ ¼ cos θ, and θ being the LO η − η0 mixing angle given in Eq. (12).
For the ðI; JÞ ¼ ð1; 0Þ case, there are three coupled channels and the explicit results are

Tπη→πη
10 ðsÞ ¼ ðcθ −

ffiffiffi
2

p
sθÞ2m2

π

3F2
π

; Tπη→KK̄
10 ðsÞ ¼ cθð3m2

η þ 8m2
K þm2

π − 9sÞ þ 2
ffiffiffi
2

p
sθð2m2

K þm2
πÞ

6
ffiffiffi
6

p
F2
π

;

Tπη→πη0
10 ðsÞ ¼ ð ffiffiffi

2
p

c2θ − cθsθ −
ffiffiffi
2

p
s2θÞm2

π

3F2
π

; TKK̄→KK̄
10 ðsÞ ¼ s

4F2
π
;

TKK̄→πη0
10 ðsÞ ¼ sθð3m2

η0 þ 8m2
K þm2

π − 9sÞ − 2
ffiffiffi
2

p
cθð2m2

K þm2
πÞ

6
ffiffiffi
6

p
F2
π

; Tπη0→πη0
10 ðsÞ ¼ ð ffiffiffi

2
p

cθ þ sθÞ2m2
π

3F2
π

: ðA2Þ

For the ðI; JÞ ¼ ð1
2
; 0Þ case, there are three coupled channels and their amplitudes take the form

TKπ→Kπ
1
2
0

ðsÞ ¼ −3ðm2
K −m2

πÞ2 − 2ðm2
K þm2

πÞsþ 5s2

8sF2
π

;

TKπ→Kη
1
2
0

ðsÞ ¼
cθ
h
6m2

η − 20m2
K þ 2m2

π þ 9
ð−m2

ηþm2
KþsÞðm2

K−m
2
πþsÞ

s

i
þ 4

ffiffiffi
2

p ð2m2
K þm2

πÞsθ
24F2

π
;

TKπ→Kη0
1
2
0

ðsÞ ¼
−4

ffiffiffi
2

p
cθð2m2

K þm2
πÞ þ

h
6m2

η0 − 20m2
K þ 2m2

π þ 9
ð−m2

η0þm2
KþsÞðm2

K−m
2
πþsÞ

s

i
sθ

24F2
π

;

TKη→Kη
1
2
0

ðsÞ ¼ 1

24F2
πs
½c2θð−9m4

η − 9m4
K þ 18m2

Ks− 4m2
πs− 9s2 þ 18m2

ηm2
K þ 6m2

ηsÞ þ 8
ffiffiffi
2

p
cθsθsð2m2

K −m2
πÞ þ 16sm2

Ks
2
θ�;

TKη→Kη0
1
2
0

ðsÞ ¼
4
ffiffiffi
2

p
c2θð−2m2

K þm2
πÞ− cθsθ

h
6m2

η þ 6m2
η0 − 20m2

K þ 4m2
π þ 9

ð−m2
ηþm2

KþsÞð−m2

η0þm2
KþsÞ

s

i
24F2

π
þ 4

ffiffiffi
2

p ð2m2
K −m2

πÞs2θ
24F2

π
;

TKη0→Kη0
1
2
0

ðsÞ ¼ 1

24F2
πs
½16c2θm2

Ksþ 8
ffiffiffi
2

p
cθsθð−2m2

K þm2
πÞs

þ s2θð−9m4
η0 − 9m4

K þ 18m2
Ks− 4m2

πs− 9s2 þ 18m2
η0m

2
K þ 6m2

η0sÞ�: ðA3Þ

In addition, we also consider the tadpole loop diagrams, which consist of the 1PI tadpole loops and the wave function
renormalizations. We mention that the chiral tadpole loops of the scattering processes at finite temperatures share the same
structures as those appearing in the zero temperature case. To include the thermal corrections of the tadpole loops, one only
needs to replace the A0ðm2Þ function by its finite-temperature counterpart; see Eq. (20). The S-wave projections of the
tadpole loop amplitudes TIJ;TADðsÞ with definite isopsin are given below. For the ðI; JÞ ¼ ð0; 0Þ case they read

Tππ→ππ
00;TADðsÞ ¼

5m2
πð2c2θ þ 2

ffiffiffi
2

p
cθsθ þ s2θÞA0ðm2

η0 Þ
36F4

π
þ 5m2

πA0ðm2
ηÞðc2θ − 2

ffiffiffi
2

p
cθsθ þ 2s2θÞ

36F4
π

−
ð8m2

π þ 4sÞA0ðm2
KÞ

36F4
π

−
A0ðm2

πÞð51m2
π þ 8sÞ

36F4
π

;

Tππ→KK̄
00;TAD ðsÞ ¼ −

A0ðm2
η0 Þ

240
ffiffiffi
3

p
F4
π

½−40c2θðm2
K þm2

πÞ þ 4
ffiffiffi
2

p
cθð2m2

K − 7m2
πÞsθ þ s2θð64m2

K þ 12m2
η0 þ 4m2

π − 15sÞ�

−
A0ðm2

KÞð16m2
K þ 4m2

π þ sÞ
24

ffiffiffi
3

p
F4
π

−
A0ðm2

πÞð40m2
π þ 13sÞ

48
ffiffiffi
3

p
F4
π

−
A0ðm2

ηÞ
240

ffiffiffi
3

p
F4
π

½c2θð64m2
K þ 12m2

η þ 4m2
π − 15sÞ þ 4

ffiffiffi
2

p
cθð7m2

π − 2m2
KÞsθ − 40ðm2

K þm2
πÞs2θ�;
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Tππ→ηη
00;TADðsÞ ¼ −

A0ðm2
KÞ

30
ffiffiffi
3

p
F4
π

½−c2θð16m2
K þ 3m2

η þ 30m2
πs2θ þ 6m2

πÞ þ
ffiffiffi
2

p
cθð2m2

K þ 3m2
πÞsθ

− 15m2
πc4θ þ 30

ffiffiffi
2

p
m2

πc3θsθ þ 10m2
Ks

2
θ� −

m2
πð2c4θ − 2

ffiffiffi
2

p
c3θsθ − 3c2θs

2
θ þ 2

ffiffiffi
2

p
cθs3θ þ 2s4θÞA0ðm2

η0 Þ
12

ffiffiffi
3

p
F4
π

−
m2

πA0ðm2
ηÞðc4θ − 4

ffiffiffi
2

p
c3θsθ þ 12c2θs

2
θ − 8

ffiffiffi
2

p
cθs3θ þ 4s4θÞ

12
ffiffiffi
3

p
F4
π

−
m2

πA0ðm2
πÞðc2θ − 2

ffiffiffi
2

p
cθsθ þ 2s2θÞ

12
ffiffiffi
3

p
F4
π

;

Tππ→ηη0
00;TADðsÞ ¼ −

A0ðm2
KÞ

30
ffiffiffi
6

p
F4
π

½−
ffiffiffi
2

p
c2θð2m2

K þ 3m2
πÞ − cθsθð52m2

K þ 3m2
η0 þ 3m2

η − 15m2
πs2θ þ 12m2

πÞ

− 15
ffiffiffi
2

p
m2

πc4θ þ 15m2
πc3θsθ þ

ffiffiffi
2

p
s2θð2m2

K þ 15m2
πs2θ þ 3m2

πÞ� −
m2

πA0ðm2
πÞð

ffiffiffi
2

p
c2θ − cθsθ −

ffiffiffi
2

p
s2θÞ

6
ffiffiffi
6

p
F4
π

−
m2

πð2
ffiffiffi
2

p
c4θ þ 2c3θsθ − 3

ffiffiffi
2

p
c2θs

2
θ − 5cθs3θ −

ffiffiffi
2

p
s4θÞA0ðm2

η0 Þ
6
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For the ðI; JÞ ¼ ð1; 0Þ case, the expressions from the tadpole diagrams take the form

Tπη→πη
10;TADðsÞ ¼

A0ðm2
KÞ

45F4
π

½−c2θð16m2
K þ 3m2

η þ 30m2
πs2θ þ 6m2

πÞ þ
ffiffiffi
2

p
cθð2m2

K þ 3m2
πÞsθ

− 15m2
πc4θ þ 30

ffiffiffi
2

p
m2

πc3θsθ þ 10m2
Ks

2
θ� þ

m2
πð2c4θ − 2

ffiffiffi
2

p
c3θsθ − 3c2θs

2
θ þ 2

ffiffiffi
2

p
cθs3θ þ 2s4θÞA0ðm2

η0 Þ
18F4

π

þm2
πA0ðm2

ηÞðc4θ − 4
ffiffiffi
2

p
c3θsθ þ 12c2θs

2
θ − 8

ffiffiffi
2

p
cθs3θ þ 4s4θÞ

18F4
π

þm2
πA0ðm2

πÞðc2θ − 2
ffiffiffi
2

p
cθsθ þ 2s2θÞ

18F4
π

;

Tπη→KK̄
10;TAD ðsÞ ¼ −

A0ðm2
η0 Þ

360
ffiffiffi
6

p
F4
π

½−40c3θðm2
K −m2

πÞ þ 3cθs2θð−16m2
K − 12m2

η0 þ 9m2
η − 21m2

π þ 15sÞ

− 12
ffiffiffi
2

p
c2θð2m2

K þ 3m2
πÞsθ þ 4

ffiffiffi
2

p
ð8m2

K þ 7m2
πÞs3θ�

−
A0ðm2

KÞ
180

ffiffiffi
6

p
F4
π

½15c3θð8m2
K þ 3m2

η þm2
π − 9sÞ − 2cθð16m2

K þ 3m2
η þ 41m2

π − 30sÞ

þ 30
ffiffiffi
2

p
c2θð2m2

K þm2
πÞsθ þ 16

ffiffiffi
2

p
ðm2

π −m2
KÞsθ�
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−
A0ðm2

πÞ½cθð32m2
K − 9m2

η þ 25m2
π − 15sÞ þ 4

ffiffiffi
2

p ð4m2
K −m2

πÞsθ�
72

ffiffiffi
6

p
F4
π

−
A0ðm2

ηÞ
360

ffiffiffi
6

p
F4
π

½c3θð−128m2
K − 9m2

η þ 17m2
π þ 45sÞ − 24

ffiffiffi
2

p
c2θðm2

K −m2
πÞsθ

− 120cθðm2
K −m2

πÞs2θ − 40
ffiffiffi
2

p
ð2m2

K þm2
πÞs3θ�;

Tπη→πη0
10;TADðsÞ ¼

A0ðm2
KÞ

90F4
π

½−
ffiffiffi
2

p
c2θð2m2

K þ 3m2
πÞ − cθsθð52m2

K þ 3m2
η0 þ 3m2

η − 15m2
πs2θ þ 12m2

πÞ

− 15
ffiffiffi
2

p
m2

πc4θ þ 15m2
πc3θsθ þ

ffiffiffi
2

p
s2θð2m2

K þ 15m2
πs2θ þ 3m2

πÞ� þ
m2

πA0ðm2
πÞð

ffiffiffi
2

p
c2θ − cθsθ −

ffiffiffi
2

p
s2θÞ

18F4
π

þm2
πð2

ffiffiffi
2

p
c4θ þ 2c3θsθ − 3

ffiffiffi
2

p
c2θs

2
θ − 5cθs3θ −

ffiffiffi
2

p
s4θÞA0ðm2

η0 Þ
18F4

π

þm2
πA0ðm2

ηÞð
ffiffiffi
2

p
c4θ − 5c3θsθ þ 3

ffiffiffi
2

p
c2θs

2
θ þ 2cθs3θ − 2

ffiffiffi
2

p
s4θÞ

18F4
π

;

TKK̄→KK̄
10;TAD ðsÞ ¼ A0ðm2

η0 Þ½20c2θm2
K þ 2

ffiffiffi
2

p
cθð3m2

π − 8m2
KÞsθ − s2θð8m2

K þ 24m2
η0 þ 3m2

π þ 15sÞ�
180F4

π

−
A0ðm2

ηÞ½c2θð8m2
K þ 24m2

η þ 3m2
π þ 15sÞ þ 2

ffiffiffi
2

p
cθð3m2

π − 8m2
KÞsθ − 20m2

Ks
2
θ�

180F4
π

−
A0ðm2

KÞð20m2
K − 6sÞ

36F4
π

−
A0ðm2

πÞð−4m2
K þm2

π þ 6sÞ
36F4

π
; ðA5Þ

TKK̄→πη0
10;TAD ðsÞ ¼ −

A0ðm2
πÞ½4

ffiffiffi
2

p
cθðm2

π − 4m2
KÞ þ sθð32m2

K − 9m2
η0 þ 25m2

π − 15sÞ�
72

ffiffiffi
6

p
F4
π

−
A0ðm2

ηÞ
360

ffiffiffi
6

p
F4
π

½−4
ffiffiffi
2

p
c3θð8m2

K þ 7m2
πÞ − 3c2θsθð16m2

K − 9m2
η0 þ 12m2

η þ 21m2
π − 15sÞ

þ 12
ffiffiffi
2

p
cθð2m2

K þ 3m2
πÞs2θ þ 40ðm2

π −m2
KÞs3θ�

−
A0ðm2

η0 Þ
360

ffiffiffi
6

p
F4
π

½40
ffiffiffi
2

p
c3θð2m2

K þm2
πÞ − 120c2θðm2

K −m2
πÞsθ

þ 24
ffiffiffi
2

p
cθðm2

K −m2
πÞs2θ þ s3θð−128m2

K − 9m2
η0 þ 17m2

π þ 45sÞ�

−
A0ðm2

KÞ
180

ffiffiffi
6

p
F4
π

fsθ½8m2
Kð15s2θ − 4Þ þ ð45s2θ − 6Þm2

η0 þ 15m2
πs2θ − 82m2

π þ 60s − 135ss2θ�

− 2
ffiffiffi
2

p
cθð30m2

Ks
2
θ − 8m2

K þ 15m2
πs2θ þ 8m2

πÞg;

Tπη0→πη0
10;TAD ðsÞ ¼

A0ðm2
KÞ

45F4
π

f10c2θðm2
K − 3m2

πs2θÞ −
ffiffiffi
2

p
cθsθ½2m2

K þ 3m2
πð10s2θ þ 1Þ�

− s2θ½16m2
K þ 3m2

η0 þ 3m2
πð5s2θ þ 2Þ�g þm2

πA0ðm2
ηÞð2c4θ − 2

ffiffiffi
2

p
c3θsθ − 3c2θs

2
θ þ 2

ffiffiffi
2

p
cθs3θ þ 2s4θÞ

18F4
π

þm2
πð4c4θ þ 8

ffiffiffi
2

p
c3θsθ þ 12c2θs

2
θ þ 4

ffiffiffi
2

p
cθs3θ þ s4θÞA0ðm2

η0 Þ
18F4

π
þm2

πA0ðm2
πÞð2c2θ þ 2

ffiffiffi
2

p
cθsθ þ s2θÞ

18F4
π

: ðA6Þ
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For the ðI; JÞ ¼ ð1=2; 0Þ case, the expressions from the tadpole diagrams read

TKπ→Kπ
1
2
0;TAD

ðsÞ ¼ A0ðm2
η0 Þ

1440F4
πs

f80sc2θðm2
K þm2

πÞ − 8
ffiffiffi
2

p
scθð2m2

K − 7m2
πÞsθ

þ s2θ½−2m2
Kð15m2

π þ 19sÞ þ 15m4
K − 3sð8m2

η0 þ 35sÞ þ 82m2
πsþ 15m4

π�g

þ A0ðm2
ηÞ

1440F4
πs

fc2θ½−2m2
Kð15m2

π þ 19sÞ þ 15m4
K − 3sð8m2

η þ 35sÞ þ 82m2
πsþ 15m4

π�

þ 8
ffiffiffi
2

p
scθð2m2

K − 7m2
πÞsθ þ 80ðm2

K þm2
πÞss2θg

þ A0ðm2
KÞ½−2m2

Kð7m2
π þ 11sÞ þ 7m4

K þ 2m2
πsþ 7m4

π − 17s2�
144F4

πs

þ A0ðm2
πÞ½−2m2

Kð19m2
π þ 7sÞ þ 19m4

K − 94m2
πsþ 19m4

π − 5s2�
288F4

πs
;

TKπ→Kη
1
2
0;TAD

ðsÞ ¼ A0ðm2
η0 Þ

1440F4
π

�
80c3θðm2

K −m2
πÞ þ 24

ffiffiffi
2

p
c2θð2m2

K þ 3m2
πÞsθ − 8

ffiffiffi
2

p
ð8m2

K þ 7m2
πÞs3θ

þ 3cθs2θ

�
15

ðm2
K −m2

π þ sÞðm2
K −m2

η þ sÞ
s

− 28m2
K þ 24m2

η0 − 18m2
η þ 42m2

π

��

−
A0ðm2

KÞ
720F4

π

�
15c3θ

�
9
ðm2

K −m2
π þ sÞðm2

K −m2
η þ sÞ

s
− 20m2

K þ 6m2
η þ 2m2

π

�
þ 32

ffiffiffi
2

p
ðm2

π −m2
KÞsθ

− 4cθ

�
15

ðm2
K −m2

π þ sÞðm2
K −m2

η þ sÞ
s

− 44m2
K þ 3m2

η þ 41m2
π

�
þ 60

ffiffiffi
2

p
c2θð2m2

K þm2
πÞsθ

�

−
A0ðm2

πÞ
288F4

π

�
cθ

�
15

ðm2
K −m2

π þ sÞðm2
K −m2

η þ sÞ
s

þ 4m2
K − 18m2

η þ 50m2
π

�
þ 8

ffiffiffi
2

p
ð4m2

K −m2
πÞsθ

�

þ A0ðm2
ηÞ

1440F4
π

�
c3θ

�
45

ðm2
K −m2

π þ sÞðm2
K −m2

η þ sÞ
s

þ 76m2
K þ 18m2

η − 34m2
π

�

þ 48
ffiffiffi
2

p
c2θðm2

K −m2
πÞsθ þ 240cθðm2

K −m2
πÞs2θ þ 80

ffiffiffi
2

p
ð2m2

K þm2
πÞs3θ

�
; ðA7Þ

TKπ→Kη0
1
2
0;TAD

ðsÞ ¼ A0ðm2
KÞ

720F4
π

�
4
ffiffiffi
2

p
cθ½m2

Kð30s2θ − 8Þ þm2
πð15s2θ þ 8Þ� þ 15sθð4 − 9s2θÞ

ðm2
K −m2

π þ sÞðm2
K −m2

η0 þ sÞ
s

þ sθ½4m2
Kð75s2θ − 44Þ þ ð12 − 90s2θÞm2

η0 − 30m2
πs2θ þ 164m2

π�
�

−
A0ðm2

πÞ
288F4

π

�
8
ffiffiffi
2

p
cθðm2

π − 4m2
KÞ þ 15sθ

ðm2
K −m2

π þ sÞðm2
K −m2

η0 þ sÞ
s

þ sθð4m2
K − 18m2

η0 þ 50m2
πÞ
�

þ A0ðm2
ηÞ

1440F4
π

�
8
ffiffiffi
2

p
c3θð8m2

K þ 7m2
πÞ − 24

ffiffiffi
2

p
cθð2m2

K þ 3m2
πÞs2θ þ 80ðm2

K −m2
πÞs3θ

þ 3c2θsθ

�
15

ðm2
K −m2

π þ sÞðm2
K −m2

η0 þ sÞ
s

− 28m2
K − 18m2

η0 þ 24m2
η þ 42m2

π

��

−
A0ðm2

η0 Þ
1440F4

π

�
80

ffiffiffi
2

p
c3θð2m2

K þm2
πÞ − 240c2θðm2

K −m2
πÞsθ þ 48

ffiffiffi
2

p
cθðm2

K −m2
πÞs2θ

− s3θ

�
45

ðm2
K −m2

π þ sÞðm2
K −m2

η0 þ sÞ
s

þ 76m2
K þ 18m2

η0 − 34m2
π

��
;
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TKη→Kη
1
2
0;TAD

ðsÞ ¼ −
A0ðm2

ηÞ
1440F4

πs
½c4θð−90m2

ηm2
K − 126sm2

η þ 38sm2
K þ 45m4

K þ 45m4
η þ 68m2

πsþ 45s2Þ

− 8
ffiffiffi
2

p
sc3θð62m2

K − 27m2
πÞsθ − 320

ffiffiffi
2

p
scθð2m2

K −m2
πÞs3θ − 240c2θð5m2

K − 2m2
πÞss2θ − 320sm2

Ks
4
θ�

þ A0ðm2
η0 Þ

1440F4
πs

f−3c2θs2θ½−6m2
ηð5m2

K þ 11sÞ þ 226sm2
K þ 15m4

K� − 16
ffiffiffi
2

p
scθð12m2

K − 7m2
πÞs3θ

− 3c2θs
2
θ½þ15m4

η þ 3sð8m2
η0 − 28m2

π þ 5sÞ� þ 80sc4θð3m2
K −m2

πÞ þ 8
ffiffiffi
2

p
sc3θðm2

π − 6m2
KÞsθ − 80m2

πss4θg

þ A0ðm2
KÞ

240F4
πs

f10c4θ½−6m2
ηð3m2

K þ sÞ − 18sm2
K þ 9m4

K þ 9m4
η þ 4sm2

π þ 9s2�

− c2θ½m2
ηð42s − 90m2

KÞ þ 2sm2
Kð80s2θ − 13Þ þ 45m4

K þ 45m4
η þ 4sm2

π þ 45s2�
− 80

ffiffiffi
2

p
sc3θð2m2

K −m2
πÞsθ þ 8

ffiffiffi
2

p
scθð6m2

K −m2
πÞsθ þ 80m2

Kss
2
θg

−
A0ðm2

πÞ
480F4

πs
fc2θ½−6m2

ηð5m2
K þ 11sÞ þ 98sm2

K þ 15m4
K þ 15m4

η þ 15s2 − 12sm2
π�

þ 16
ffiffiffi
2

p
scθð4m2

K þm2
πÞsθ − 80m2

πss2θg; ðA8Þ

TKη→Kη0
1
2
0;TAD

ðsÞ ¼ A0ðm2
KÞ

240F4
π

�
−64

ffiffiffi
2

p
c2θm

2
K þ 64

ffiffiffi
2

p
s2θm

2
K þ 136cθsθm2

K þ 24
ffiffiffi
2

p
c2θm

2
π − 24

ffiffiffi
2

p
m2

πs2θ

− 24cθm2
πsθ − 96cθm2

ηsθ − 96cθm2
η0sθ − 90cθsθ

ðm2
K −m2

η þ sÞðm2
K −m2

η0 þ sÞ
s

þ 5ðc2θ þ s2θ þ 1Þð8
ffiffiffi
2

p
m2

Kc
2
θ − 4

ffiffiffi
2

p
m2

πc2θ þ 4
ffiffiffi
2

p
m2

πs2θ − 8
ffiffiffi
2

p
m2

Ks
2
θÞ þ 5ðc2θ þ s2θ þ 1Þ�

−20m2
K þ 4m2

π þ 6m2
η þ 6m2

η0 þ 9
ðm2

K −m2
η þ sÞðm2

K −m2
η0 þ sÞ

s

�
sθcθ

�

þ A0ðm2
πÞ

480F4
π

�
8
ffiffiffi
2

p
ð4m2

K þm2
πÞc2θ − 8

ffiffiffi
2

p
ð4m2

K þm2
πÞs2θ

−
�
68m2

K þ 68m2
π − 18m2

η − 18m2
η0 þ 15

ðm2
K −m2

η þ sÞðm2
K −m2

η0 þ sÞ
s

�
sθcθ

�

−
A0ðm2

ηÞ
1440F4

π

�
8
ffiffiffi
2

p
ð8m2

K − 3m2
πÞc4θ þ 48

ffiffiffi
2

p
ðm2

K −m2
πÞs2θc2θ − 80ð5m2

K − 3m2
πÞs3θcθ

þ 80
ffiffiffi
2

p
ðm2

π − 2m2
KÞs4θ þ sθc3θð428m2

K − 172m2
π þ 18m2

η − 54m2
η0 Þ þ 45sθc3θ

ðm2
K −m2

η þ sÞðm2
K −m2

η0 þ sÞ
s

�

þ A0ðm2
η0 Þ

1440F4
π

�
80

ffiffiffi
2

p
ðm2

π − 2m2
KÞc4θ þ 80ð5m2

K − 3m2
πÞsθc3θ þ 48

ffiffiffi
2

p
ðm2

K −m2
πÞs2θc2θ þ 8

ffiffiffi
2

p
ð8m2

K − 3m2
πÞs4θ

þ s3θcθ

�
−428m2

K þ 172m2
π þ 54m2

η − 18m2
η0 − 45

ðm2
K −m2

η þ sÞðm2
K −m2

η0 þ sÞ
s

��
;

TKη0→Kη0
1
2
0;TAD

ðsÞ ¼ A0ðm2
η0 Þ

1440F4
πs

½320sc4θm2
K − 320

ffiffiffi
2

p
sc3θð2m2

K −m2
πÞsθ − 8

ffiffiffi
2

p
scθð62m2

K − 27m2
πÞs3θ

þ 240c2θð5m2
K − 2m2

πÞss2θ − s4θð−90m2
Km

2
η0 − 126sm2

η0 þ 38sm2
K þ 45m4

K þ 45m4
η0 þ 68m2

πsþ 45s2Þ�

−
A0ðm2

KÞ
240F4

πs
f80sc2θm2

Kð2s2θ − 1Þ − 8
ffiffiffi
2

p
scθsθð20m2

Ks
2
θ − 6m2

K þm2
π − 10m2

πs2θÞ

þ s2θ½6m2
η0 ð30m2

Ks
2
θ − 15m2

K þ 10ss2θ þ 7sÞ þ 45m4
Kð1 − 2s2θÞ�

þ s2θ½2sm2
Kð90s2θ − 13Þ þ ð45 − 90s2θÞm4

η0 þ sð4m2
π − 40m2

πs2θ þ 45s − 90ss2θÞ�g
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þ A0ðm2
πÞ

480F4
πs

½16
ffiffiffi
2

p
scθð4m2

K þm2
πÞsθ þ 80m2

πsc2θ

þ s2θð30m2
Km

2
η0 þ 66sm2

η0 − 98sm2
K − 15m4

K − 15m4
η0 þ 12sm2

π − 15s2Þ�

−
A0ðm2

ηÞ
1440F4

πs
½3c2θs2θð−30m2

Km
2
η0 − 66sm2

η0 þ 226sm2
K þ 15m4

K þ 15m4
η0 Þ − 16

ffiffiffi
2

p
sc3θð12m2

K − 7m2
πÞsθ

þ 9sc2θs
2
θð8m2

η − 28m2
π þ 5sÞ þ 8

ffiffiffi
2

p
scθðm2

π − 6m2
KÞs3θ þ 80m2

πsc4θ þ 80sðm2
π − 3m2

KÞs4θ�: ðA9Þ

APPENDIX B: THE TWO-POINT ONE-LOOP FUNCTION AT FINITE TEMPERATURES

In this part, we discuss the evaluation of the two-point one-loop GðsÞ function in Eq. (7) at finite temperatures in detail.
One can first separate out the integral of the zeroth component k0 in Eq. (7),

GðsÞ ¼ −i
Z

d4k
ð2πÞ4

1

ðk2 −m2
1 þ iϵÞ½ðP − kÞ2 −m2

2 þ iϵ�

¼ −i
Z

d3k⃗
ð2πÞ3

dk0
2π

1

ðk02 − E2
1 þ iϵÞ½ðP0 − k0Þ2 − E2

2 þ iϵ� ; ðB1Þ

with

s ¼ P2; Pμ ¼ ðP0;−P⃗Þ; E2
1 ¼ jk⃗j2 þm2

1; E2
2 ¼ jP⃗ − k⃗j2 þm2

2: ðB2Þ

In general cases Eq. (B1) depends on P0 and P⃗ separately. In the CM frame of the two-body scattering, one has P⃗ ¼ 0.
We use the imaginary time formalism to include the finite-temperature contributions. This amounts to replacing the

integration of the continuous k0 with the discrete sum of iωn ¼ i2πnT [36]. In this way, one should take the substitution
k0 → iωn and dk0 → i2πT in the last line of Eq. (B1), which leads to

GðsÞFT ¼ −T
Z

d3k⃗
ð2πÞ3

Xþ∞

n¼−∞

1

ðω2
n þ E2

1Þ½ðP0 − iωnÞ2 − E2
2�
;

¼ −T
Z

d3k⃗
ð2πÞ3

Xþ∞

n¼−∞

1

2E1

�
1

iωn þ E1

−
1

iωn − E1

�
1

2E2

�
1

iωn − P0 − E2

−
1

iωn − P0 þ E2

�
;

¼ −T
Z

d3k⃗
ð2πÞ3

1

4E1E2

Xþ∞

n¼−∞

�
−

1

P0 þ E1 þ E2

�
1

iωn þ E1

−
1

iωn − P0 − E2

�

þ 1

P0 þ E1 − E2

�
1

iωn þ E1

−
1

iωn − P0 þ E2

�
þ 1

P0 − E1 þ E2

�
1

iωn − E1

−
1

iωn − P0 − E2

�

−
1

P0 − E1 − E2

�
1

iωn − E1

−
1

iωn − P0 þ E2

��
; ðB3Þ

where P0 should take one of the possible iωn in the sum.2 In order to efficiently calculate the integral, it is necessary to
evaluate the infinity sums by using the standard Matsubara techniques. The basic formula of the Matsubara sum is

T
Xþ∞

n¼−∞

1

iωn � E
¼ �fðEÞ þ � � � ; ðB4Þ

where only the temperature-dependent terms are explicitly kept in the right side of the equation and the ellipses denote that
the terms survive at zero temperature. By combining Eqs. (B3) and (B4), the temperature-dependent parts of the two-point
one-loop function can be written as

2After explicitly performing the Matsubara sum, one can then analytically extrapolate the P0 to other values [36].
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GðsÞFT ¼
Z

d3k⃗
ð2πÞ3

1

4E1E2

�
1

P0 þ E1 þ E2 þ iϵ
½fðE1Þ þ fðE2Þ� þ

1

P0 þ E1 − E2 þ iϵ
½−fðE1Þ þ fðE2Þ�

þ 1

P0 − E1 þ E2 þ iϵ
½fðE1Þ − fðE2Þ� −

1

P0 − E1 − E2 þ iϵ
½fðE1Þ þ fðE2Þ�

�
; ðB5Þ

which can be simplified to Eq. (15) in the CM frame.
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