
 

QED contribution to J=ψ production with light hadrons at B factories

Zhi-Guo He1 and Jian-Xiong Wang2,3
1II. Institut für Theoretische Physik, Universität Hamburg,

Luruper Chaussee 149, 22761 Hamburg, Germany
2Institute of High Energy Physics, Chinese Academy of Science, P.O. Box 918(4), Beijing, 100049, China

and Theoretical Physics Center for Science Facilities (CAS), Beijing, 100049, China
3School of Physical Sciences, University of Chinese Academy of Sciences, Beijing, 100049, China

(Received 21 March 2013; revised manuscript received 29 April 2019; published 16 December 2019)

To understand the J=ψ þ Xnon-cc̄ production mechanism in eþe− annihilation, in this work, we
propose to measure the cross section for J=ψ production without the association of a charm quark pair
without any constraint on the number of charged tracks in the final state events except for the μþμ−

from J=ψ decay, which we will refer to here as J=ψ production with light hadrons at B factories. We
also present a detailed study on its QED background due to ψð2SÞ feed-down, where the ψð2SÞ is
produced through eþe− → ψð2SÞ þ γ and eþe− → ψð2SÞ þ ff̄ (f ¼ lepton, light quark), as well as
those due to the QED contribution to the direct J=ψ þ qq̄ production with q ¼ u, d, s quark. We find
that the QED background is huge in the whole phase space region; however, it can be largely reduced
when a suitable kinematic cut condition on pJ=ψ and θJ=ψ is implemented, where pJ=ψ is the momentum
of J=ψ and θJ=ψ is the angle between J=ψ and the eþe− beam. In the range of π=9 < θJ=ψ < 8π=9 and
pJ=ψ > 3 GeV, the cross section of the QED background is of the same order as that of the QCD
contribution. Therefore, studying the J=ψ production with light hadrons is helpful to clarify the J=ψ
production mechanism at B factories.
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I. INTRODUCTION

The development of the nonrelativistic QCD
(NRQCD) effective field theory [1] provides a powerful
tool to study the production and decay of heavy
quarkonium states that are constituted by one heavy
quark (Q) and one heavy antiquark (Q̄). The virtual
difference between NRQCD factorization formalism
and the conventional color-singlet model (CSM) is that
NRQCD factorization includes the contribution of the
QQ̄ state in the color-octet (CO) configuration, which is
referred as the CO mechanism (COM). The role of
COM has been extensively studied in various high
energy experiments; for reviews, see Refs. [2–4].
Among them, the J=ψ production in eþe− annihilation
at B factories (BABAR and Belle) has attracted con-
siderable attention.
On the experimental side, the inclusive J=ψ production

was measured by the BABAR [5] and Belle [6] collabora-
tions in 2001. The Belle Collaboration further divided the

inclusive J=ψ production rate into two pieces, eþe− →
J=ψ þ cc̄þ X1 and eþe− → J=ψ þ Xnon-cc̄ [8,9]. The lat-
est results reported by the Belle Collaboration were [9]

σðeþe− → J=ψ þ XÞ ¼ 1.17� 0.02� 0.07 pb; ð1aÞ

σðeþe− → J=ψ þ cc̄þ XÞ ¼ 0.74� 0.08þ0.09
−0.08 pb; ð1bÞ

σðeþe−→J=ψþXnon-cc̄Þ¼0.43�0.09�0.09 pb: ð1cÞ

For J=ψ þ cc̄þ X production, the CO contribution was
found to be very small [10] and there were large discrep-
ancies between Belle measurements and NRQCD predic-
tions at leading order (LO) in αs and v2 [10–12], where v is
the relative velocity between c and c̄ in the meson rest
frame. These puzzles were largely resolved after taking into
account the next-to-leading order (NLO) QCD corrections
[13,14] and relativistic corrections [15]. On the contrary,
for J=ψ þ Xnon-cc̄ production, the CO contribution from the

eþe− → cc̄ð1S½8�0 ; 3P½8�
J Þ þ g process was found to be even

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP3.

1The J=ψ þ cc̄þ X production includes both J=ψ in
association with the charmed hadron pair and double
charmonia production. The latter was also studied by the BABAR
Collaboration [7].
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larger than that of the CS eþe− → cc̄ð3S½1�1 Þ þ gg process.
At QCD LO, the cross sections of CO and CS processes
were predicted to be about 0.3–0.8 pb [16–19] and 0.2–
0.3 pb [11,20], respectively, depending on the choice of
input parameters. Recently their NLO QCD corrections
were calculated and the k-factors were found to be about
1.3 [21,22] and 1.9 [23] for the CS and CO processes,
respectively. In addition, the relativistic corrections to the
CS process were also obtained, which can enhance the LO
result by a factor of about 1.2 [24,25]. Then up to the
subleading order of αs and v2, the CS contribution itself can
reach about 440–560 fb [24], which almost saturated the
Belle measurement and left very little room for the CO
contribution. Therefore, in the eþe− → J=ψ þ Xnon-cc̄ proc-
ess, the conflict between NRQCD predictions and Belle’s
latest results is severe. By setting the CS contribution to
zero, the upper bound of the CO long distance matrix

elements (LDMEs) was obtained: h0jOJ=ψð1S½8�0 Þj0i þ
4.0 h0jOJ=ψ ð3P½8�

J Þj0i
m2

c
< ð2.0� 0.6Þ × 10−2 GeV3 [23]. When

the CS contribution is properly included, the

constraint becomes h0jOJ=ψ ð1S½8�0 Þj0i þ 4.0 h0jOJ=ψ ð3P½8�
J Þj0i

m2
c

<

5.0 × 10−3 GeV3 [4].
However, for J=ψ production in some other experiments,

theoretical studies showed that the CO contribution is
important. For example, (a) for J=ψ production from the
Z-boson and ϒ decays, there are still large gaps between
CS predictions at QCD NLO and experimental measure-
ments [26,27]; (b) for J=ψ photoproduction at HERA,
the transverse momentum (pt) distribution of J=ψ yields
polarization parameters that can be reasonably well
described after both the CS and CO contributions were
included at QCD NLO [28–31]; (c) for J=ψ hadroproduc-
tion, despite the huge NLO QCD correction, the CS
contribution is unable to account for the yield yet
[32–34], and COM was found to play an important role
[35–39], although the J=ψ polarization puzzle has not been
resolved yet at QCD NLO [40–42]. By fitting to J=ψ
hadroproduction data up to QCD NLO, different sets of
CO LDMEs were obtained; however, all of their predictions
for J=ψ þ Xnon-cc̄ production at

ffiffiffi
s

p ¼ 10.6 GeV overshoot
Belle measurements [43]. Note that although the worldwide
global fit result, which is calculated up to the order of α2α2s ,
is compatible with Belle data [39,43], its prediction of J=ψ
polarization at hadron colliders does not agree with data.
Compared to the eþe− case, these studies gave an almost
opposite conclusion about how large the CO contribution
would be, or in other words, how large the values of the
CO LDMEs could be.
To resolve the problem, we meticulously compare

BABAR’s and Belle’s measurements with theoretical cal-
culation, and we find that there are some uncertainties
which may potentially lead to a large influence on the
current conclusion. A noticeable one is that the total cross

section reported by the BABAR Collaboration [5] is about
two times larger than that of Belle [9]. If we subtract the
J=ψ þ cc̄þ X part, which was already well understood
theoretically, from the BABAR measurement, there would
be enough room left for the CO contribution. We find one
possible reason for the disagreement between BABAR
and Belle measurements is that they use different criteria
to select data. In Belle’s latest measurement [9], they only
selected the event including at least five charge tracks in
the final states and did not make up for it. This means
that all events including zero or two charged light hadrons,
for example, J=ψ þmðπþπ−Þ þ nπ0 for (m ¼ 0; 1;
n ¼ 0; 1; 2…), were all excluded. From the point view
of quark-hadron duality, Belle’s measurement is only a part
of NRQCD prediction. To reduce the uncertainty mentioned
above and understand the J=ψ production mechanism in
eþe− annihilation, we suggest measuring the complete cross
section for the J=ψ þ Xnon-cc̄ process by including the events
with a number of charged tracks less than five in the final
state as well, which is equivalent to measuring the complete
cross section of J=ψ production with light hadrons. To avoid
potential unnecessary confusion with Belle’s notation, we
now call the complete process of J=ψ production without
the association of a charm quark pair as J=ψ þ XNch≥0

non-cc̄ .
Thus, the NRQCD predictions can be compared with
experimental measurements directly.
One big obstacle preventing us from measuring

J=ψ þ XNch≥0
non-cc̄ production is the large QED background

due to ψð2SÞ → J=ψ þ ππ,2 where ψð2SÞ is produced
through the initial state radiation (ISR) process eþe− →
ψð2SÞ þ γ, higher order QED processes eþe− → ψð2SÞ þ
ff̄ (f can be lepton or light quark), and due to direct J=ψ
production through eþe− → J=ψ þ qq̄ process with the
q ¼ u, d, s quark. The branching function for τ hadronic
decay is very large; however, the total cross section of
eþe− → J=ψ þ ττ̄ is so small that it can be ignored. To help
remove them from the experimental measurements, in
this work, we will present a detailed study on ψð2SÞ
and J=ψ þ qq̄ production in such QED processes and
discuss its influence on J=ψ þ XNch≥0

non-cc̄ measurement.

II. FRAMEWORK OF CALCULATION

For J=ψ þ ππ production from ψð2SÞ feed-down, the
Feynman amplitude M can be generally expressed as

M¼Mψð2SÞ
μ ðP2SÞ×

−gμνþPμ
2SP

ν
2S

P2
2S

P2
2S−M2

2Sþ i�M2SΓ
Mðψð2SÞ→J=ψþππÞ

ν

¼ M0

P2
2S−M2

2Sþ i�M2SΓ
; ð2Þ

2ψð2SÞ can also decay into J=ψ þ η. However, the branching
ratio is about 15 times less than the 2π channel, so we can drop it
safely in our calculation.
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where Mψð2SÞ
μ ðP2SÞ is the amplitude for ψð2SÞ production

with momentum P2S, M
ðψð2SÞ→J=ψþππÞ
ν is the amplitude for

ψð2SÞ decay into J=ψ þ ππ, and Γ is the total decay width
of ψð2SÞ. In the narrow-width approximation, the absolute
square of the ψð2SÞ propagator becomes

lim
Γ→0

1

ðP2
2S −M2

2SÞ2 þM2
2SΓ2

¼ πδðP2
2S −M2

2SÞ
M2SΓ

: ð3Þ

Combining with the complete phase space integration,
we obtain

σ ¼ 1

8s
×

1

2M2SΓ

Z
dLIPS1

Z
dLIPS2

X
jM0j2; ð4Þ

where LIPS1 is the phase space of ψð2SÞ production, LIPS2
is the phase space of ψð2SÞ decay into J=ψ þ ππ, and

P
means the sum over the spin of initial and final states. If we
are only interested in the total but not differential cross
section, jM0j2 can be further factorized as

X
jM0j2 ¼

1

2Jþ 1

X
jMψð2SÞj2 ×

X
jMðψð2SÞ→J=ψþππÞj2

ð5Þ

with J ¼ 1 the spin of ψð2SÞ. We would like to remind the
reader that the factorization formula can only be applied
to the total cross section for ψð2SÞ feed-down to J=ψ via
ψð2SÞ → J=ψ þ ππ. For the differential or cross section
under some cut conditions, only the complete formula
Eq. (4) works, where the correlation effect between ψð2SÞ
and J=ψ is included.
We use the effective Lagrangian method to describe

ψð2SÞ → J=ψ þ ππ. The amplitude Mðψð2SÞ→J=ψþππÞ can
be read directly as [44]

Mðψð2SÞ→J=ψþπðp1Þπðp2ÞÞ

¼ −
4

F2
0

��
g
2
ðm2

ππ − 2M2
πÞ þ g1ðv ·p1Þðv ·p2Þ þ g3M2

π

�

× ϵ�J=ψ · ϵψð2SÞ þ g2ðp1μp2ν þp1νp2μÞϵ�μJ=ψϵνψð2SÞ
�
;

ð6Þ

where m2
ππ ¼ ðp1 þ p2Þ2, Mπ is the mass of the π meson,

v ¼ ð1; 0⃗Þ in the ψð2SÞ rest frame, and F0 ≃ 93 MeV [44].
The coupling constant g2 ≃ 0, because it is strongly sup-
pressed by the chiral symmetry breaking scale over mc. By
fitting the data of ψð2SÞ → J=ψ þ πþπ−, the BES
Collaboration obtained two sets of values for g1

g and g3
g

[45]. Together with Brðψð2SÞ → J=ψ þ πþπ−Þ ¼ 33.6%
[46], we get3

g ¼ 0.322;
g1
g
¼ −0.49;

g3
g
¼ 0.54; ð7Þ

or

g ¼ 0.319;
g1
g
¼ −0.347; g3 ¼ 0: ð8Þ

In NRQCD factorization, the Feynman amplitude
Mψð2SÞ for eþe− → ψð2SÞ þ X can be expressed as

Mψð2SÞ ¼
ffiffiffiffiffiffiffiffi
C2S

p X
s1;s2

X
i;j

hs1; s2j1Szih3i; 3̄jj1i

×A
�
eþe− → ci

�
P2S

2
; s1

�

þ c̄j

�
P2S

2
; s2

�
þ X

�
; ð9Þ

where A is the standard Feynman amplitude for
eþe− → ciðP2S

2
; s1Þ þ c̄jðP2S

2
; s2Þ þ X, and hs1; s2j1Szi

and h3i; 3̄jj1i ¼ 1=
ffiffiffiffiffiffi
Nc

p
are the SU(2)-spin and SU(3)-

color Clebsch-Gordan coefficients for cc̄ projecting on the
spin-triplet CS S-wave state. The projection of Dirac
spinors can be rewritten as

X
s1;s2

hs1; s2j1Sziv
�
P2S

2
; s2

�
ū

�
P2S

2
; s1

�

¼ 1

2
ffiffiffi
2

p =ϵ�ðSzÞð=P2S þM2SÞ: ð10Þ

C2S is the LDME that can be related to ψð2SÞ wave
function at the origin through C2S ¼ 1

4π jR2Sð0Þj2 or can be
determined from the leptonic decay of ψð2SÞ via

Γðψð2SÞ → eþe−Þ ¼ 256π2α2C2S

9M2
2S

: ð11Þ

In this work, we choose the value determined from
Eq. (11).

III. THE FEED-DOWN BACKGROUND
FROM e + e− → ψð2SÞ+ γ

The typical Feynman diagram for the ISR process
eþe− → ψð2SÞ þ γ followed by ψð2SÞ → J=ψ þ ππ is
shown in Fig. 1(a). Using the formula introduced in
Eqs. (10)–(11), jM2

0j and jMðeþe− → ψð2SÞ þ γÞj2 can
be computed straightforwardly. The analytical expression
of jM2

0j is lengthy. We will not present it here but only
jMðeþe− → ψð2SÞ þ γÞj2:

3These parameters can also well reproduce the decay width of
ψð2SÞ → J=ψ þ π0π0.
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jMðeþe− → ψð2SÞ þ γÞj2

¼ 96e2cð4παÞ3C2S

srð−1þ rþ ð−1þ rÞð−1þ 4reÞx22Þ2
ð−1 − 2r − r2

− 8re þ 16rre þ 32r2e − 4ðrþ 2reÞð−1þ 4reÞx22
þ ð−1þ rÞ2ð1 − 4reÞ2x42Þ; ð12Þ

where ec ¼ 2
3
, r ¼ M2

2S
s , re ¼ M2

e
s , and x2 ¼ cosðθψð2SÞÞ, with

θψð2SÞ the angle between ψð2SÞ and the eþe− beam. In the
limit of re ¼ 0, Eq. (12) has a simple form:

jMðeþe− → ψð2SÞ þ γÞj2

¼ 96e2cð4παÞ3C2S

s

�
1

r
−

2ð1þ r2Þ
rð1 − rÞ2ð1 − x22Þ

�
: ð13Þ

Choosing M2S ¼ 3.686 GeV, me ¼ 0.51 MeV, α ¼ 1
137

,
and Γðψð2SÞ → eþe−Þ ¼ 4.30 keV [46], we get

σðeþe− → ψð2SÞ þ γÞ ¼ 13.22 pb; ð14Þ
and the feed-down cross section is

σðeþe− → ψð2SÞ þ γÞ × Brðψð2SÞ → J=ψ þ ππÞ
¼ 6.79 pb; ð15Þ

which, as expected, is very large. The reason is that in the
limit of me → 0, Eq. (13) is divergent at x2 ¼ �1. The
angular distribution dσðeþe− → ψð2SÞ þ γÞ=dx2 is given
in Fig. 2. It clearly shows that the differential cross section
drops down very fast when the direction of ψð2SÞ deviates
a little from the beam line. If we impose a cut on x2, i.e., the
angle θψð2SÞ, the cross section is largely shrunk. In different
cut conditions, the results are

σðeþe− → ψð2SÞ þ γÞ × Brðψð2SÞ → J=ψ þ ππÞj π
18
<θψð2SÞ<17π

18
¼ 1.48 pb; ð16aÞ

σðeþe− → ψð2SÞ þ γÞ × Brðψð2SÞ → J=ψ þ ππÞjπ
9
<θψð2SÞ<8π

9
¼ 0.99 pb; ð16bÞ

σðeþe− → ψð2SÞ þ γÞ × Brðψð2SÞ → J=ψ þ ππÞjπ
6
<θψð2SÞ<5π

6
¼ 0.71 pb: ð16cÞ

Let p�μ
J=ψ denote the four-momentum of J=ψ in the rest

frame of ψð2SÞ. Thus the range of the J=ψ velocity,
jv�j ¼ jp⃗�

J=ψ j=E�
J=ψ , is from 0 to 0.15. It is much smaller

than the velocity of ψð2SÞ in the eþe− center of mass frame
(CMF), which is about 0.78. Therefore, normally the
direction of J=ψ in the eþe− CMF can be treated
approximately as that of ψð2SÞ. Such an approximation
may not work well here since the cross section in Eq. (15) is
1 order of magnitude larger than the QCD contribution
from the CS process [24]. A slight difference may lead to an
unavoidable effect. Therefore, we also calculate the cross
section rigorously with Eq. (4). Let θJ=ψ be the angle

between J=ψ and the eþe− beam in the eþe− CMF. Then
x02 ¼ cosðθJ=ψ Þ can be expressed as

x02 ¼
k1 · p0

J=ψ

jk1jjp0
J=ψ j

; p0μ
J=ψ ¼ Lμ

νp�ν
J=ψ ; ð17Þ

where kμ1 is the e
þ four-momentum, Lμ

ν is the Lorentz matrix
that boosts p�ν

J=ψ from the ψð2sÞ rest frame to the eþe− CMF.
We perform the numerical computation by using the
Feynman Diagram Calculation (FDC) package [47] with
the inputs of pion masses as Mπþ ¼ Mπ− ¼ 140 MeV and

(a) (b)

(c) (d)

FIG. 1. The typical diagrams describing the ψð2SÞ feed-down background.
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Mπ0 ¼ 135 MeV. When we choose the first set of values in
Eq. (7) for g, g1 and g3, the cross section in different cut
conditions becomes

σðeþe− → ðJ=ψ þ ππÞψð2SÞ þ γÞj π
18
<θJ=ψ<

17π
18
¼ 1.51 pb;

ð18aÞ

σðeþe− → ðJ=ψ þ ππÞψð2SÞ þ γÞjπ
9
<θJ=ψ<

8π
9
¼ 0.99 pb;

ð18bÞ

σðeþe− → ðJ=ψ þ ππÞψð2SÞ þ γÞjπ
6
<θJ=ψ<

5π
6
¼ 0.71 pb:

ð18cÞ

Alternatively, if we choose the values in Eq. (8), the
corresponding cross sections become

σðeþe− → ðJ=ψ þ ππÞψð2SÞ þ γÞj π
18
<θJ=ψ<

17π
18
¼ 1.52 pb;

ð19aÞ

σðeþe− → ðJ=ψ þ ππÞψð2SÞ þ γÞjπ
9
<θJ=ψ<

8π
9
¼ 1.00 pb;

ð19bÞ

σðeþe− → ðJ=ψ þ ππÞψð2SÞ þ γÞjπ
6
<θJ=ψ<

5π
6
¼ 0.71 pb:

ð19cÞ

The numerical results in Eqs. (16), (18), and (19) show that
for the J=ψ production from ψð2SÞ feed-down in the ISR
process at

ffiffiffi
s

p ¼ 10.6 GeV, the approximation

dσðeþe− → ðJ=ψ þ ππÞψð2SÞ þ γÞ
d cosðθJ=ψÞ

¼ dσðeþe− → ψð2SÞ þ γÞ × Brðψð2SÞ → J=ψ þ ππÞ
d cosðθψð2SÞÞ

ð20Þ

holds well in the range of π=18 < θJ=ψ < 17π=18, and the
difference between exact and approximate calculation is
within 5% and a few fb for the cross section. A deeper reason
is that the J=ψ in the decay subprocess is almost static in the
ψð2SÞ rest frame as can be figured out from the ππ invariant
mass spectrum [45]. Furthermore, the J=ψ angular distri-
bution is almost independent of the details of ψð2SÞ decay.
The energy difference between ψð2SÞ and J=ψ is of

mcv2 order. According to the power counting in NRQCD
factorization, it is of the same order as the soft gluon energy

emitted by the CO 3P½8�
J or 1S½8�0 state during their evolution

into J=ψ [1]. Thus, the momentum carried by J=ψ from
the ISR ψð2sÞ feed-down would be very similar to that of
J=ψ produced via the CO channel in the LO QCD
calculation, which is close to the kinematic end point.
It was also shown that after including the NLO QCD
corrections, the predominant CO contribution still assem-
bles near the kinematic end point region [23]. To help
separate the possible CO signal from the ISR QED back-
ground eþe− → ψð2SÞ þ γ, it is good to know the J=ψ
momentum distribution in the feed-down background as
well. We compute it numerically for different θJ=ψ cuts
using the two sets of parameters in Eqs. (7) and (8) too. The
results are shown in Figs. 3(a)–3(d). We observe from these
plots that, similar to the angular distribution case, the J=ψ
momentum spectra in the ISR ψð2SÞ feed-down back-
ground are not sensitive to the two sets of parameters in
Eqs. (7) and (8) either. Hence for simplicity, the following
results are all calculated with inputs for g, g1, and g3
from Eq. (7).

IV. BACKGROUND FROM HIGHER
QED PROCESSES

In direct J=ψ production, the cross section of the higher
order QED process eþe− → J=ψ þ f þ f̄ is consider-
able [48], where f can be the lepton or light quark,
so the eþe− → ψð2SÞ þ f þ f̄ may also be an important
source of the J=ψ þ XNch≥0

non-cc̄ background. The typical
Feynman diagrams for f ≠ e are shown in Figs. 1(b)
and 1(d). For f ¼ e, there is an additional t-channel
contribution, the typical Feynman diagram of which is
shown in Fig. 1(c). Because of the t-channel enhancement,
the cross section for f ¼ e is expected to be much larger
than that for f ≠ e. In the subsections, we will discuss
f ¼ e and f ≠ e separately. At this order, in addition to
ψð2SÞ feed-down, there is also a sizable QED contribution

FIG. 2. The angular distribution of ψð2SÞ in the ISR process
eþe− → ψð2SÞ þ γ, where x2 ¼ cosðθψð2SÞÞ and θψð2SÞ is the
angle between ψð2SÞ and the eþe− beam.
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from direct J=ψ þ qq̄ production with the q ¼ u, d, s
quark. We will also discuss it in Sec. IV C.

A. The feed-down background
from e + e− → ψð2SÞ+ e + e−

According to the topology of Feynman diagrams for
eþe− → ψð2SÞ þ eþe−, we divide the process into three
parts: the t-channel part [Fig. 1(c)], the two-photon channel
part [Fig. 1(b)], and the s-channel part [Fig. 1(d)]. It is easy
to check that the Feynman amplitude for each part itself is
gauge invariant. Compared to the cross section σT of the
t-channel part, the cross sections of the two-photon part σTP

and the s-channel part σS are suppressed by the factors
M2

ψð2SÞ
s

and
M2

ψð2SÞ
s ln−2ð s

4M2
e
Þ, respectively, which are about 10−1 and

10−4 at
ffiffiffi
s

p ¼ 10.6 GeV. Choosing the same values for the
parameters as in the ISR process, we obtain

σTðeþe− → ðJ=ψ þ ππÞψð2SÞ þ eþe−Þ ¼ 0.50 pb; ð21aÞ

σTPðeþe− → ðJ=ψ þ ππÞψð2SÞ þ eþe−Þ ¼ 4.8 × 10−2 pb;

ð21bÞ

σSðeþe− → ðJ=ψ þ ππÞψð2SÞ þ eþe−Þ ¼ 8.5 × 10−4 pb;

ð21cÞ

which is consistent with the qualitative estimation. The
cross section of the s-channel part is only about 1 fb. It is so
small that we drop it in further analysis. The angular

(a) (b)

(c) (d)

FIG. 3. The momentum spectra of J=ψ produced from the feed-down of the ISR ψð2SÞ process in different cut conditions of θJ=ψ by
using two different sets of parameters in Eq. (7) (solid line) and Eq. (8) (dashed line) to describe ψð2SÞ → J=ψ þ ππ.
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distributions of ψð2SÞ in the t-channel and two-photon
channel are shown in Fig. 4. Unlike the ISR process, the
momentum of J=ψ from feed-down via eþe− → ψð2SÞ þ
eþe− ranges from 0 to 4.7 GeV. We also calculate the
momentum spectra for the t-channel and two-photon
channel parts. The results are shown in Fig. 5.
If we set the same cut on θJ=ψ , σT and σTP both drop

down largely too:

σTðTPÞðeþe− → ðJ=ψ þ ππÞψð2SÞ þ eþe−Þj π
18
<θJ=ψ<

17π
18

¼ 0.105ð0.019Þ pb; ð22aÞ

σTðTPÞðeþe− → ðJ=ψ þ ππÞψð2SÞ þ eþe−Þjπ
9
<θJ=ψ<

8π
9

¼ 0.059ð0.013Þ pb; ð22bÞ

σTðTPÞðeþe− → ðJ=ψ þ ππÞψð2SÞ þ eþe−Þjπ
6
<θJ=ψ<

5π
6

¼ 0.039ð0.010Þ pb: ð22cÞ

We also study the interference effect between the t-channel
and two-photon channel and find it is very small. The cross
section of the interference part is about −20 fb in the whole
phase space region. The angular distribution of the ψð2SÞ
and J=ψ momentum spectrum without a kinematic cut
can be obtained approximately by adding the contributions
from the t-channel and two-photon channel since the
interference effect is very small. After including the
interference part, the total cross section with different cuts
for θðJ=ψÞ becomes

(a) (b)

FIG. 5. The momentum distribution of J=ψ produced through (a) the t-channel and (b) two-photon channel in the eþe− →
ψð2SÞ þ eþe− process.

(a) (b)

FIG. 4. The angular distribution of ψð2SÞ produced through (a) the t-channel and (b) two-photon channel in the eþe− →
ψð2SÞ þ eþe− process, where x2 ¼ cosðθψð2SÞÞ, and θψð2SÞ is the angle between ψð2SÞ and the eþe− beam.
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σðeþe− → ðJ=ψ þ ππÞψð2SÞ þ eþe−Þj π
18
<θJ=ψ<

17π
18
¼ 0.12 pb;

ð23aÞ

σðeþe− → ðJ=ψ þ ππÞψð2SÞ þ eþe−Þjπ
9
<θJ=ψ<

8π
9
¼ 0.070 pb;

ð23bÞ

σðeþe− → ðJ=ψ þ ππÞψð2SÞ þ eþe−Þjπ
6
<θJ=ψ<

5π
6
¼ 0.047 pb:

ð23cÞ

B. The feed-down background
from e + e− → ψð2SÞ+ f f̄ ðf ≠ eÞ

The process eþe− → ψð2SÞ þ ff̄ðf ≠ eÞ has been fully
studied in Ref. [49]. For completeness, we also compute it
independently and obtain

X
f¼μ;τ;u;d;s

σðeþe− → ðJ=ψ þ ππÞψð2SÞ þ ff̄Þ ¼ 0.026 pb:

ð24Þ

If we set the same cut on θJ=ψ as we do in the above, the
cross sections become

X
f¼μ;τ;u;d;s

σðeþe− → ðJ=ψ þ ππÞψð2SÞ þ ff̄Þj π
18
<θJ=ψ<

17π
18

¼ 0.020 pb; ð25aÞ

X
f¼μ;τ;u;d;s

σðeþe− → ðJ=ψ þ ππÞψð2SÞ þ ff̄Þjπ
9
<θJ=ψ<

8π
9

¼ 0.015 pb; ð25bÞ

X
f¼μ;τ;u;d;s

σðeþe− → ðJ=ψ þ ππÞψð2SÞ þ ff̄Þjπ
6
<θJ=ψ<

5π
6

¼ 0.011 pb: ð25cÞ

The cross sections in different cut regions are about
0.010–0.020 pb. Since they are about 4 ≃ 6 times less than
those in the eþe− → ψð2SÞ þ eþe− process, we will not
present further analysis here and recommend Ref. [49] for
more detailed discussion.

C. The background from e+ e− → J=ψ + qq̄

The Feynman diagrams for the eþe− → J=ψ þ qq̄ proc-
ess are similar to those for the eþe− → ψð2SÞ þ qq̄
process. In ψð2SÞ production, the contribution of the s-
channel part can be ignored; thus we will not include it
here. The cross section of eþe− → J=ψ þ qq̄ has also been
calculated in Ref. [49], which is not small. Using the
method introduced in Ref. [49], we calculate the cross
section with different constraints on θJ=ψ and get

X
q¼u;d;s

σðeþe− → J=ψ þ qq̄Þj π
18
<θJ=ψ<

17π
18
¼ 0.071 pb; ð26aÞ

X
q¼u;d;s

σðeþe− → J=ψ þ qq̄Þjπ
9
<θJ=ψ<

8π
9
¼ 0.052 pb; ð26bÞ

X
q¼u;d;s

σðeþe− → J=ψ þ qq̄Þjπ
6
<θJ=ψ<

5π
6
¼ 0.039 pb: ð26cÞ

The J=ψ angular and momentum distributions are shown in
Fig. 6. The difference between our results and those in
Ref. [49] is due to the different choices of the parameters
and amount of data samples used in the R-value curve [46].
The branching function of τ leptons to light hadrons is more

(a) (b)

FIG. 6. The angular (a) and momentum (b) distributions of J=ψ in the process of eþe− → J=ψ þ qq̄, where x02 ¼ cosðθJ=ψ Þ, and θJ=ψ
is the angle between θJ=ψ and the eþe− beam.
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than 60%, yet the total cross section of eþe− → J=ψ þ ττ̄ is
only a few fb [49]. We, therefore, do not include them.

V. CONCLUSIONS AND DISCUSSIONS

Summing up all the contributions from the ISR and ff̄
processes due to ψð2SÞ feed-down and that from the direct
J=ψ þ qq̄ process, the total cross section of QED back-
ground is about

σQEDðeþe− → J=ψ þ XNch≥0
non-cc̄Þ ¼ 7.46 pb; ð27Þ

which is more than 1 order of magnitude larger than that of
the conventional QCD processes eþe− → J=ψ þ XNch≥0

non-cc̄
[11,21–23]. Such a huge background makes it difficult to
measure the interesting QCD contribution in the whole
phase space region. We found that the background will
drop down deeply if we set a cut on θJ=ψ , for example,

σQEDðeþe− → J=ψ þ XNch≥0
non-cc̄Þj π

18
<θJ=ψ<

17π
18
¼ 1.73 pb; ð28aÞ

σQEDðeþe− → J=ψ þ XNch≥0
non-cc̄Þjπ9<θJ=ψ<8π

9
¼ 1.14 pb; ð28bÞ

σQEDðeþe− → J=ψ þ XNch≥0
non-cc̄Þjπ

6
<θJ=ψ<

5π
6
¼ 0.81 pb: ð28cÞ

In NRQCD factorization, the conventional J=ψ þ
XNch≥0
non-cc̄ production includes both the CS and CO contribu-

tions. For the CS eþe− → J=ψ þ gg process, both the
NLO QCD [21] and relativistic corrections [24,25] have
been calculated. The cross section at NLO in αs and v2c is
about 0.4–0.7 pb [21,22,24]. The NLO QCD corrections
to the CO contribution have also been obtained [23]. If we

choose h0jOJ=ψð1S½8�0 Þj0i ¼ ð3.04� 0.35Þ × 10−2 GeV3,

h0jOJ=ψð3P½8�
J Þj0i ¼ ð−9.08� 1.61Þ × 10−3 GeV5, which

were obtained by a global fit to J=ψ worldwide data
[39], the cross section of the CO contribution at QCD NLO
will be about 0.3 pb for μ ¼ 2mc, αsðμÞ ¼ 0.245. Thus in
total, NRQCD prediction for σQCD of the conventional

J=ψ þ XNch≥0
non-cc̄ production will be about 0.7–1.0 pb. Unlike

the QED background, the cut of θJ=ψ only has a minor
influence on σQCD because neither the CS nor CO con-
tribution strongly depends on θJ=ψ [16,22]. We, therefore,
infer that with a suitable cut on θJ=ψ , the cross section of the
QED background will be in the same order as that of the
conventional QCD process. The calculation in Ref. [23]
shows that the CO contribution mainly assembles in the
kinematic end point region, while the CS contribution
is distributed in a relatively flat manner in the whole
0 < pJ=ψ < 4.85 GeV region. Thus to study the COM,

people may also require pJ=ψ > 3 GeV in the measure-
ment. Such a requirement will reduce the CS contribution
by about 50%, but affects the CO contribution and
QED background slightly. Based on the above analysis,
we think further measurement of the J=ψ þ XNch≥0

non-cc̄
production with a suitable cut on θJ=ψ and pJ=ψ will be
helpful to understand the role of COM for J=ψ production
in eþe− annihilation.
In this work, we calculate the QED background to the

J=ψ þ XNch≥0
non-cc̄ production by including the predominant

contribution at α3 and α4 order. Higher order QED
corrections are suppressed by QED coupling α, which is
about 2 orders of magnitude smaller. In our calculation,
we determine the coupling of effective vertices γ� →
ψð2SÞðJ=ψÞ and ψð2SÞ → J=ψ þ ππ by fitting to exper-
imental data and choose the extracted R-value [46] to
describe the effective vertex of γ�qq̄. In this way, the
theoretical uncertainties of these two background processes
are removed. Besides the ψð2SÞ → J=ψ þ ππ feed-down
process, there are also feed-down contributions to the
background from other higher charmonium states. They
are all much suppressed too, because their branching
functions to J=ψ þ XNch≥0

non-cc̄ are very small. Therefore, the
uncertainty of our calculation is small.
Recently, ηc hadroproduction was measured for the first

time by the LHCb Collaboration [50]. With the help of
heavy-quark spin symmetry, the LDMEs for ηc production
can all be related to those for J=ψ production. It is found
that the COM is challenged by the ηc hadroproduction data
and only the CS contribution itself can explain LHCb
measurements [51]. Studying J=ψ production at B factories
can also deepen our understanding of the different roles of
COM for J=ψ and ηc hadroproduction.
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