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We investigate the ferromagnetic (spin polarization) condensation in (2 + 1)-flavor Nambu—Jona-
Lasinio (NJL) model with nonzero current quark masses at finite temperature and density, which may be
relevant in the context of neutron stars. The spin polarization condensation arises due to a tensor-type
interaction that may be generated due to nonperturbative effects in QCD. In this investigation, we study the
interplay between the chiral condensate and spin polarization condensation for different values of tensor
coupling. Spin polarization in the case of (2 + 1) flavor is different from two-flavor case because of an

additional Fg ~ (Z_A%) along with a F3 ~ (#Z.A3y) condensate associated with the Jg flavor generator.
We find nonzero values of the two spin condensates in the chirally restored phase. Beyond a certain

temperature, the spin polarization condensates vanish for any value of quark chemical potential. The spin
condensates affect the chiral phase transition, quark masses, and quark dispersion relation. Thermodynamic
behaviors of F3 and Fg are found to be different, and they affect the quark masses differently. We discuss
the phase diagram in the temperature and chemical potential plane in the presence of such condensates.
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I. INTRODUCTION

One of the recent interests in high-energy physics is to
study the phase diagram of strongly interacting matter. The
QCD phase diagram has been studied extensively in the
temperature (7)-baryon chemical potential (uz) plane
[1,2]. The first principle lattice QCD (LQCD) simulations
give a reliable prediction about the nature of QCD phases
and phase transitions at zero baryon chemical potential and
finite temperature [3-5]. Although LQCD calculations can
be trusted at small baryon chemical potential yp ~ 0 using
extrapolation, at relatively large baryon chemical potential,
the “fermion sign problem” [6] in LQCD prevents one from
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making reliable estimates. LQCD calculations predict that
at up = 0 the nature of the transition from the confined
hadronic phase to deconfined quark gluon plasma (QGP)
phase is not a thermodynamic phase transition; rather, it is a
smooth crossover with a transition temperature 7. €
[149-163] MeV [7]. On the other hand, QCD-inspired
effective field theory models, e.g., the Nambu—Jona-
Lasinio model (NJL), etc., indicate that the phase transition
from the hadronic phase to the QGP phase at large baryon
chemical potential and small temperature is first order in
nature with physical quark masses. This indicates the
presence of a critical end point at the end of the first-order
chiral phase transition line in the QCD phase diagram. Apart
from the confined hadronic phase and deconfined QGP
phases, the QCD phase diagram has a very rich structure at a
low temperature and high baryon chemical potential. In this
region of the phase diagram, the possibility of various exotic
phases, such as the color superconducting phase [8-10],
quarkyonic phase [11], inhomogeneous chiral condensed
phase [12—-14], etc., has been investigated.

Heavy ion collision experiments, e.g., the Relativistic
Heavy Ion Collider and LHC, give us a unique opportunity

Published by the American Physical Society


https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.100.114012&domain=pdf&date_stamp=2019-12-06
https://doi.org/10.1103/PhysRevD.100.114012
https://doi.org/10.1103/PhysRevD.100.114012
https://doi.org/10.1103/PhysRevD.100.114012
https://doi.org/10.1103/PhysRevD.100.114012
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

ABHISHEK, DAS, MISHRA, and MOHAPATRA

PHYS. REV. D 100, 114012 (2019)

to explore the QCD phase diagram. Strongly interacting
QGP produced in these experiments at relativistic energies
recreates the physical conditions of the microsecond-old
Universe just after the big bang. The strongly interacting
plasma produced in these high-energy collisions can be
characterized as high-temperature and low baryon chemical
potential QGP. At high densities relative to nuclear satu-
ration density and low temperature, exotic phases of QCD
can exist, e.g., the two-flavor color superconducting phase,
color-flavor locked phase, crystalline color superconductor,
etc. Some of these high-density QCD phases can also be
explored in the upcoming heavy ion collision experiments
at moderate center-of-mass energies at Facility for
Antiproton and Ion Research and Nuclotron based Ion
Collider fAcility. Apart from these terrestrial experiments,
the interior of astrophysical ultracompact objects like
neutron stars provide an ideal condition to indirectly
explore these high-density QCD phases. Because of very
low temperature and high baryon density, in the interior of a
neutron star, various QCD phases may be realized, e.g.,
deconfined quark matter [15,16], meson condensation
in the hadronic phase [17], the two-flavor color super-
conducting phase(2SC), the color-flavor locked phase
(CFL) [8-10], etc.

Further, compact objects like neutron stars can be
strongly magnetized. Observations indicate that the mag-
netic field strength at the surface of pulsars can be of the
order of 10'?-10" G [18]. Strongly magnetized neutron
stars (magnetars) may have even stronger magnetic fields,
approximately 10'5-10'® G [19-25]. Using the virial
theorem and comparing the magnetic field energy and
gravitational energy, one can estimate the physical upper
bound on the strength of the magnetic field for a gravita-
tionally bound star to be of the order 10'® G [18]. For self-
bound objects like quark stars, this bound can be even
higher [26]. The physical origin of the very strong magnetic
field in the magnetars requires reconsideration of the
common understanding that the magnetic field of a neutron
star is originated from the progenitor star [27]. Since quark
matter can be present at high densities inside the neutron
stars, the presence of a quark ferromagnetic phase in high-
density quark matter has also been suggested as a possible
explanation of large magnetic field associated with magnet-
ars [28-30]. For a possible solution to this problem, the
author in Ref. [28] examined the possible existence of spin
polarized deconfined quark matter using one-gluon-
exchange interaction between quarks in Fermi liquid theory
within the Hartree-Fock approximation. Taking the idea as
proposed in the Ref. [28], spin polarization in the quark
matter has been well explored in the subsequent literature.
In general, a collective spin polarization of charged quarks
can give rise to the ferromagnetic nature of quark matter at
high density; hence, the spin of the fermions plays the
crucial role in determining the possibility of the ferromag-
netic nature of dense quark matter. It has been shown that in

the nonrelativistic framework there is no possibility of spin
polarization in normal nuclear matter [31]. On the contrary,
using the relativistic Hartree-Fock approximation, the
possibility of spin polarization at asymptotic high density
has been suggested in Refs. [32,33]. It is important to note
that the relativistic framework may be more suitable than
the nonrelativistic approach to understanding the existence
of spin polarization. But in any case, to explore spin
polarization in quark matter at a high density or baryon
chemical potential, a relativistic approach is very natural.

In the relativistic framework, “spin density” can be
expressed in two different ways: first by the spatial compo-
nent of the axial vector (AV) mean field, "Xy = —rysy'y,
constructed out of the fermionic field (quarks) y and an
axial vector combination of Dirac gamma matrices and,
second, by tensor Dirac bilinear (T) y'y°Ziy = —po"?y.
Although AV- and T-type mean fields are different in the
massless limit of fermions, it has been shown that they are
equivalent in nonrelativistic approximation [29]. The coex-
istence of the spin polarization and color superconductivity
has been studied using the AV interaction for quark matter in
the NJL model [30]. The interplay between the spin
polarization and chiral symmetry breaking at finite density
for a single quark flavor using the AV mean field has also
been studied within the NJL model in Ref. [34]. In Ref. [34],
it has been shown that for one flavor spin polarization is
possible at finite density and zero temperature, provided the
ratio of the couplings of the axial vector channel and the
pseudoscalar channel satisfies some lower bound. It has
been argued in Ref. [34] that, due to the interplay between
spin polarization and chiral symmetry for a certain value of
chemical potential, spin polarization appears due to the large
dynamical quark masses generated by spontaneous chiral
symmetry breaking. Interestingly, it was also shown that
spin polarization plays an important role in changing the
value of the dynamical mass and that at a very high density
both dynamical quark mass and spin polarization vanish in
the chiral symmetric phase. Although in Ref. [28] the author
introduced the idea of quark spin polarization using one-
gluon-exchange interaction, in the NJL model studies,
the AV mean field has been used. Because of the Fierz
transformation, one can get AV channel interaction
between quarks from one-gluon-exchange interaction, but
the tensor Dirac bilinear representation of the spin density
operator does not appear in the Fierz transformation of the
one-gluon-exchange interaction. Hence, at asymptotically
high densities at which one-gluon-exchange interaction in
perturbative QCD is applicable, spin polarization cannot be
studied using the T-channel interaction. But for moderate
densities near the chiral phase transition density, perturbative
QCD is not applicable, and one can use QCD-inspired low-
energy effective models, e.g., the NJL. model. The NJL model
is not directly related to perturbative one-gluon-exchange
interaction. In NJL model, AV- or T-channel interactions are
not written keeping in mind the perturbative nature of QCD

114012-2



SPIN POLARIZATION AND CHIRAL CONDENSATION IN A ...

PHYS. REV. D 100, 114012 (2019)

and some nonperturbative effects can give rise to tensor
channel interaction. Hence, spin polarization in the tensor
channel, which can be different from the AV channel, can be
studied within the NJL model. In fact, the tensor channel
opens up a completely different point of view in looking into
the spin polarization problem of quark matter at moderate
densities, e.g., in the two-flavor NJL model, the spin
polarized phase can be shown to be present in the chiral
restored phase in which the dynamical quark mass is zero
[35,36]. This result is different than the result obtained in
Ref. [34], in which the spin polarization is not present in
chiral restored phase. Since the manifestations of the AV-and
T-channel interactions are different, the interplay between
the AV- and T-type spin polarized phases becomes interesting
to study along with the other phases expected to arise in the
high baryon density region of the QCD phase diagram
[12,30,34,35,37-41].

In the present work, we discuss the interplay between
the spin polarization condensate ((X'y)) and the scalar
chiral condensate ((yy)) in the (2 + 1)-flavor NJL model
using only the T-type interaction for spin polarization.
Most of the earlier works used some simplified approxi-
mation to study the interplay between spin polarization
and other high-density phases, which includes the single-
flavor NJL model [34], SU(2)-flavor NJL model [35,40],
SU(3)-flavor NJL model [42] with zero current quark
mass, etc. However, for a more realistic situation, one
should consider the (24 1)-flavor NJL model with
different current quark masses of strange and nonstrange
quarks. Besides this, the structure of ferromagnetic
condensation for the (2 4 1)-flavor NJL model is quali-
tatively different from that of the two-flavor NJL model
as inherently two different kinds of spin polarizations that
are associated with the diagonal generators of the SU(3)-
flavor group are possible. The behavior of these spin
polarization condensates as a function of temperature and
quark chemical potential (x) has been discussed exten-
sively. Since the spin polarization condensates are also
related to the quark-antiquark scalar condensates, it is
evident that the spin polarization condensates affect the
constituent mass of the quarks. In this work, spin
polarization condensates due to the tensor-type interac-
tion appear in the chiral symmetry restored phase, and
the quark masses, specifically strange quark masses, are
strongly affected by the spin polarization condensates in
the chiral symmetric phase.

This paper is organized in the following manner. We first
discuss the formalism of (2 + 1)-flavor NJL model in the
presence of tensor-type interactions in Sec. II. In Sec. II, the
derivation of the thermodynamic potential is discussed in a
mean field approach. Once the thermodynamic potential is
derived, one can get the gap equations to solve for the
condensates. After the formalism, important results and the
corresponding discussion are given in Sec. III. Finally, in
Sec. IV, we summarize our work.

II. FORMALISM

To study the spin polarization due to tensor channel
interaction for (2 + 1) flavor quark matter, we start with the
NJL Lagrangian density [39,43]

L =y(i) = M)y + Lom + Laet + Liensor + 17w, (1)

where y = (u,d, s)7 is the three-flavor quark field and the
diagonal current quark matrix is 7z = diag(m,,, my, my). In
this work, we have assumed that, due to isospin symmetry
in the nonstrange quark sector, m, = m,. Strange quark
mass m, is different from the other light quark masses. The
difference between the strange and nonstrange quark
masses explicitly breaks the SU(3) flavor symmetry. u is
the quark chemical potential. In the literature, different
chemical potentials for the strange and nonstrange quarks
have been considered, but the phase diagram has no
qualitative difference. In this case, we are assuming that
the quark chemical potentials of the strange and nonstrange
quarks are same. Following the representations of different
interaction terms as given in Ref. [43], in general, one
considers

a=8

9> [ haw)? + (Firsiaw)?]. (2)
a=0

‘Csym =

This term has been constructed by keeping in mind the
U(3), x U(3)g chiral symmetry for the three-flavor case,
and it can be generalized to any number of flavors N ;. The
interaction term Ly, represents the four-point interaction,
where 1o = /2/31; and 2,, a=1,...(N; = 1) are the
generators of SU(N ). In the present case I, is the 3 x 3
identity matrix, and 4, for a = 1, ...8 are the Gell-Mann
matrices.

The interaction term L4, in Eq. (1) is the ‘t Hooft
determinant interaction term. This term breaks U(1)
axial symmetry explicitly and also successfully describes
the nonet meson properties [44-46]. It can be
expressed as

Lo = —Kdety [ (1 +ys)y + H.c.]. (3)

In this interaction term, the determinant is taken in
the flavor space. This term represents the maximally
flavor-mixing 2N ;-point interaction for N, quark fla-
vors. For the two-flavor NJL model, this term does not
introduce any new dynamics because for the two-flavor
case it gives four Fermi interaction, which is already
there. But for three or more flavors, this term generates a
new type of interaction; e.g., for the three-flavor case, it
gives rise to a six-point interaction term. The tensor
interaction that is responsible for spin polarization is
given as [39,42]
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G
‘Ctensor T Z (WZ /1111//)
a=3,8

n=(7.) @
0 o,
where o, is the third Pauli matrix. Here, we have
assumed polarization along the z axis. Note that
Liensor 18 not invariant under chiral symmetry; rather,
one requires adding a similar term with the y° matrix to
make the tensor interaction symmetric under chiral
symmetry. Since we are not considering any condensa-
tion involving y°, we have omitted the term that ensures
chiral invariance for the tensor interaction. Thus, the
total Lagrangian with finite chemical potential becomes
|

W) (WZ A3y ) —
WE Agy) —

>

where the chiral condensates or the quark-antiquark condensates are (iu) =

polarization condensates are F3 = (WX A3y) and Fg =

5 — o2
<sz/131//>2 =2F; (l/_/ZzASl//) -
(WE Asw)? = 2F5(Z Agw) — F3. (6)

a=8

=i — iy + g (FAy)?
a=0

- Kdetf[’ (I +ys)w+Hc]

DI

a=3.8

(WZ Aw)? + iy . (5)

In the mean field approximation, expanding the oper-
ators around their expectation values and neglecting higher
order fluctuations, we obtain

2

(dd) = 6,, and (5s) = 6, and the spin

(X Agy). We can write the mean field Lagrangian as

Gr

N G
L =i = M + GpF32.23 + GpFgZ s + uy®)y — 29(c%, + 62, + 62) + 4Ko2 0, — TTFg 5 —LF2, (7)
where M = diag(M,, M 4, M), with effective masses,
M, =m, —4g0,, + 2Ko 40,
Md =my— 4gdud + 2K6ud0-s
M, = m; — 4go, + 2Ko?,. (8)

For a given system at finite temperature and finite chemical potential, the most important quantity for the under-
standing of the thermodynamic behavior or the phase structure is the thermodynamic potential. Once the thermodynamic
potential for this model is known, thermodynamic quantities can be extracted using Maxwell relations. The thermodynamic
potential for the Lagrangian as given in Eq. (7) in the grand canonical ensemble at a finite temperature and finite chemical
potential can be given as

f u,d, s/

G G
+Tn(1 + e PE-=1) + TIn(1 4 e PE-)] 4 2g(c% , + 62, + 62) — 4K 62 40, —I—?TF% + 2T

Q(T,u,0,4,0,, F3,Fg) = S[(Efy +Ep2) 4+ Tin(14 e PEr=1) 4 TIn(1 4 ¢ P Eretm))

F3,
VN
- / dpr / prdp.[(Esy +E; )+ Tln(1+ e PErh)
f u,d,s
“I‘Tln(l—|—g_ﬂ(Ef++/4))+T1n(l—|—g_ﬂ(Ef—_/4))+T1n(l+€—ﬂ(Ef_+ﬂ))]+2g(612ld+65d+0_?)

Gr

G
—4Ko? 0, +7TF% +—
where N, = 3 is the number of colors, transverse momentum p; = 1/ p2 + pg, and the single-particle energies are
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2 2 2 Fyg :
E, = s+ \\Vpr+ Mo+ Gr F3+%

2Fg\2
E,_ = 2+(\/2+M§—G —8> 10
\/pz Pr T\/§ ( )

The thermodynamic behavior of the condensates can be
found by solving the gap equations, which can be found from
the stationary conditions (for details, see the Appendix),

0 _oo_on oo _
66ud_3as_aF3_8F8_

0. (11)

Gap equations can have several roots, but the solution with
the lowest value of thermodynamic potential is taken as the
stable solution.

The NJL model Lagrangian in (3 + 1) dimensions has
operators that have mass dimension more than 4; thus, it
can shown to be a nonrenormalizable theory [47]. Thus, the
divergence coming from the 3-momentum integral of the
vacuum part cannot be removed by the renormalization
prescriptions. The model predictions inevitably depend on
the regularization procedures, and the parameter depend-
ence in each regularization method has been reported in
Refs. [48,49]. In this work, we have considered the most
frequently used three-dimensional (3D) momentum cutoff
regulation scheme to regularize the divergence in Eq. (9)
for thermodynamic potential.

In the study of spin polarization in the NJL model, the
parameter that plays the crucial role is the tensor channel
interaction Gr. If one considers only vector current
interaction, e.g., one-gluon-exchange interaction in pertur-
bative QCD processes, then such a tensor interaction
cannot be generated by Fierz transformation. However,
such a tensor interaction can be generated from two-gluon-
exchange diagrams [39]. It is relevant to point out that one
can also get tensor channel interaction by Fierz trans-
formation from scalar and pseudoscalar interaction [35],

_ _. g, rL_
9w ) + Wivstaw)’) =7 | w) =S rr daw ) + ... |

(12)

which gives |g/Gr| = 2.In the present investigation, we can
take G as a free parameter to study the inter-relationship
between scalar and tensor condensates. It may also be
noted that the parameters g and Gy may be considered
independently to derive mesonic properties [S0-52]. It has
been shown that the SU(2) NJL model with both positive
and negative tensor couplings can describe the phenom-
enology of mesons. Indeed, the SU(2) Lagrangian has been
considered with vector, axial vector, and tensor interaction
in Ref. [52], in which the gap equations are solved in the
usual Hartree approximation while mesons are described in
the random phase approximation [52]. In this work, we
have only considered G as a free parameter with positive
values only; i.e., Gy and g are of same sign. In the literature
various values have been considered, e.g., Gy = 2g, 1.5¢g
[39] as well as Gy = 4.0g [52]. We have also obtained our
results by taking different values of Gr. Results with some
specific parameter sets have been mentioned in Sec. III.

ITI. RESULTS AND DISCUSSIONS

We begin the discussion with the parametrization of the
model. The parameters to be fixed are the three current
quark masses (m,, my, my), the scalar coupling (g), the
determinant coupling (K), the tensor coupling (Gy), and
the 3-momentum cutoff (A) to regularize divergent inte-
grals. Except for the tensor coupling G, there are several
parameter sets available for the NJL model [43]. These fits
are obtained using low-energy hadronic properties such as
the pion decay constant and masses of the pion, kaon, and
' [45,53,54]. The determinant interaction is important as it
breaks U(1), symmetry and gives the correct # mass. One
may note that there is a discrepancy in determination of the
determinant coupling K. For example, in Ref. [45], the
value of the coupling differs by as much as 30% compared
to the value used in present work. This discrepancy arises
due to difference in the treatment of #' mesons with a high
mass [43]. In fact, this leads to a nonphysical imaginary
part for the corresponding polarization diagram in the #’
meson channel. This is unavoidable because NJL is not
confining and is unrealistic in this context. Within the
above-mentioned limitations of the model and the uncer-
tainty in the value of the determinant coupling, we proceed
with the present parameter set as given in Table I [43].

Let us first note that there are four condensates,

Cug» G5 F3=(uZ.u) — (dZ.d) and F85%(<ﬁ2zu>—|—

(dZ,d)—2(5%.s)), to be determined from the solution of
the gap equation (11). In this context, a comment regarding
neutron star matter (NSM) may be relevant. For NSM, we
also need to impose the charge neutrality condition for the
bulk matter. In that case, one has to solve the gap
equations (11) with the constraints imposed by the charged
neutrality condition. In the present investigation, however,
we will explore the existence of possible spin polarization
condensates at high densities without imposing the charge
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TABLE 1. Parameter set considered in this work for the (2 + 1)
NJL model apart from the tensor coupling Gy.

Parameter set

Value

A =602.3 x 1073 GeV
m, =5.5x 1073 GeV
my =5.5x 1073 GeV
m; = 140.7 x 1073 GeV
g = 1.835/A?

K = 12.36/A°

Parameters and couplings

3-momentum cutoff (A)

u quark mass (m,)

d quark mass (my)

s quark mass (my)

Scalar coupling (g)
Determinant interaction (K)

neutrality condition similarly to Refs. [35,42] but with
masses of quarks calculated self-consistently. Further, for

simplicity, we shall first consider Fg = % so that the spin

polarization condensates for d quarks and s quarks are
treated on the same footing, i.e., (d%,d) = (5X_s) [42]. The
results in such a scenario are described below.

A. Results with Fg= %

1. Chiral phase transition and the behavior of quark
masses for Gr=2g at zero temperature

Let us consider the thermodynamic potential at zero tem-
perature as a function of quark chemical potential (1) along

with the condition F'g = F5/ /3 [42]. InRef. [42], the authors
have taken m, = m,=m, =0 and considered Fg = F;/+/3.
It is important to note that for m, = m; = my = 0 and Fg =

F5/+/3 single- particle energies of the d quark and s quark
are the same and hence d and s quarks can be considered on
equal footing. This assumption is a simplification of a more
general physical situation. Note that F5 is associated with
nonstrange quarks while Fy is associated with strange and
nonstrange quarks. In a more general situation, F; and Fjy
can be independent and will be shown in this work later.
However, we also consider Fg = F3/+/3 for a comparative
and qualitative study with the already existing result, e.g., in
Ref. [42]. For quantitative analysis, we consider the tensor
coupling Gy = 2g. Figure 1 shows the behavior of the
constituent quark masses as a function of quark chemical
potential at zero temperature in the presence as well as in the
absence of spin polarization condensate F’5.

From Fig. 1, it is clear that the vacuum masses (7 = 0,
1 = 0) for the nonstrange quarks are 0.368 GeV and the
strange quark mass is 0.549 GeV. The vacuum masses for the
constituent quarks remain the same as the case with Gy = 0,
as the tensor condensates appear only at large chemical
potential. This is the chiral symmetry broken phase in which
constituent quark masses are generated dynamically. Close
tou = u. = 0.360 GeV, there is sudden drop in the masses
of u and d quarks M,, = M. Because of the flavor mixing
due to the determinant interaction, the strange quark mass
also reduces at y = .. to a value approximately 460 MeV.

0.6
0.5
0.4
=
< z
S s
02 A
— M,, My with Fj
(U1 [u— M,, My without F3
-------- M, with Fy
----- M, without F3
0.0 2 2 —
0.0 0.1 0.2 0.3 0.4 0.5 0.6
1 (GeV)
FIG. 1. Constituent quark mass as a function of quark chemical

potential at zero temperature in the presence and absence of spin
polarization condensation. The red solid line and green dotted
line represent nonstrange and strange quark masses in the
presence of spin polarization condensate F3. The blue dashed
line and black dotted line represent nonstrange and strange quark
constituent masses in the standard (2 + 1)-flavor NJL. model in
the absence of any spin polarization condensate. A sharp jump in
the value of M, and M near u = 0.360 GeV indicates the first-
order chiral phase transition. In this case, we have considered the
tensor interaction coupling to be Gy = 2¢g. Comparing the green
and black lines for the strange quark, it is clear that a nonzero
value of the spin condensate affects the strange quark mass.
However, the nonstrange quark masses are almost unaffected due
to the presence of the spin polarization condensate. For G = 2g,
a nonzero value of F3 appears only near 0.480 GeV, which is
away from the chiral phase transition critical chemical potential;
hence, in this case, the chiral phase transition is unaffected by the
presence of spin polarization.

This sudden change in the constituent mass indicates a first-
order phase transition. It is also expected that chiral phase
transition should occur in the (2 + 1) flavor NJL model near
1 = 0.360 GeV at zero temperature in the absence of spin
polarization. Using the gap equations, it can be shown that at
zero temperature and zero chemical potential 3 =0 is a
solution. It turns out that at zero temperature and zero
chemical potential F; = 0 is also a stable solution, and
hence F3 does not affect the constituent quark masses at low
chemical potential at zero temperature.

We can also understand the behavior of the constituent
quark masses M, = M, and M in the presence and absence
of the spin polarization condensation by looking into the
behavior of thermodynamic potential as a function of quark-
antiquark condensates o,,; and o, and spin polarization
condensate F'; for different values of temperature 7" and
chemical potential p. Contour plots of thermodynamic
potential in the o,; — o, plane for different values of
chemical potential y at zero temperature have been shown
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FIG. 2. The figure shows the contour maps of the thermodynamics potential with the set of parameters in Table I and G = 2g at
T = 0.0 GeV for different values of p. The darker region in the plots shows the lower value of the thermodynamic potential. The
horizontal and vertical axes represents the nonstrange quark condensate o,,; and strange quark condensate o, respectively. The existence
of an almost degenerate vacuum is clear from the figure near 4 = 0.360 GeV. Hence, the chiral phase transition near x4 = 0.360 is a first-
order phase transition. Spin polarization condensation 3 has no effect on the chiral phase transition. As we have shown in Fig. 3, a
nonzero value of F3 occurs near y = 0.480 GeV at T = 0.0 GeV for Gy = 2g, which is far away from the critical quark chemical

potential for the chiral phase transition.

in Fig. 2 with the set of parameters given in Table I and
Gr = 2g. The darker regions in the plots show the lower
value of the thermodynamic potential. The horizontal and
vertical axes represent the nonstrange quark-antiquark
condensate ¢,, and strange quark-antiquark condensate
o,. As may be observed in Fig. 2, for zero temperature
and u < p. ~0.360 GeV, minimization of the thermody-
namic potential gives us a unique nonzero value of the
quark-antiquark condensate. This nonzero value of both ¢,
and o, indicates the chiral symmetry broken phase at zero
temperature and y < 0.360 GeV. At u = 0.360 GeV, one
can see the existence of almost degenerate vacua in the
thermodynamic potential, one for 6,;, ~ —0.015 GeV? and
the other at 6,; ~ 0.0 GeV3. As the chemical potential is
increased, this degeneracy is lifted, and the vacuum with ¢,

close to zero has the minimum value for the thermodynamic
potential. At u = 0.4 GeV, the value of 6,,; as well as M, is
very small and is close to the current quark mass value. This
indicates that at chemical potential larger than u,. =
0.360 GeV chiral symmetry is restored. One may note that
this restoration of chiral symmetry is partial in nature. Since
current quark masses of up and down quarks are nonzero, the
scalar condensate ¢, is not exactly zero and hence chiral
symmetry is only approximate. Also the strange quark
constituent and current masses are large, as seen in
Figs. 1 and 2, and break chiral symmetry for all values of
quark chemical potential. As y is further increased beyond
U, 0y also approaches its (approximate) chiral limit con-
tinuously. Degeneracy in the thermodynamic potential and a
sharp jump in the order parameter (o,,) indicate a first-order
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FIG. 3. This figure shows the contour plots of the thermodynamic potential in the ¢, — F3 plane at zero temperature with different

values of quark chemical potentials (i) for the case of G; = 2gand Fg = F5/+/3. It is clear from the plots that nonzero spin polarization
appears at ¢ = 0.480 GeV, reaches its maximum value near y = 0.510 GeV, and completely melts near y = 0.600 GeV.
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phase transition. Hence, the chiral transition at zero temper-
ature is of first order in nature. Up to ., the quark number
densities remain vanishing. Beyond y,., the number densities
of light quarks become nonvanishing. The strange quark
mass starts decreasing with ¢ beyond u ~ 460 MeV, and the
strange quark density becomes nonvanishing beyond this.
This first-order nature of the chiral phase transition can also
be seen at finite temperature; however, at relatively larger
temperature, the chiral phase transition does not remain as a
first-order phase transition. In fact, the end of the first-order
transition to the crossover defines the critical end point. At
higher temperatures, beyond the critical temperature, the
quark-antiquark condensate changes smoothly across the
critical chemical potential.

As the chemical potential is increased beyond the chiral
restoration for the light quarks, it is observed that the spin
polarized condensate develops for a range of chemical
potential. In particular, as shown in Fig. 3 for zero temper-
ature, a nonzero F5 starts to develop at y ~ 0.480 GeV and
increases slightly with y, becoming a maximum around
1 ~0.510 GeV, beyond which it decreases and eventually
vanishes at u ~ 0.600 GeV. Therefore, we observe here in
Fig. 1 that the chiral transition for the light quarks is not
affected by the spin polarization condensates as the latter
exist at p larger than u. for Gy = 2g. It is important to
mention that both yy and yy*y*y break the chiral symmetry,
but their thermodynamic behavior is quite opposite. At zero
temperature and zero chemical potential, a nonzero value of
scalar condensation is thermodynamically stable, while the
tensor condensate vanishes. However, at high chemical
potential when the tensor condensate takes a nonzero value,
the chiral condensate vanishes but for small current quark
mass. The noninvariance of the tensor interaction under

0.8
_____ M, My without I}
. — M, My, Gr =2.5g
) —— M,, My, Gy = 2.8¢g
----- M without Fj
o6t | M,,Gp = 2.5g
3| == M, Gr =2.8g
—~ 0.5
=
)
D o4
S
= 03
0.2
0.1
0.0

0.1 015 02 025 03 035 04 045 05 055 0.6
u (GeV)

chiral symmetry can be manifested in the change of quark
masses even if the scalar condensate vanishes for the light
quarks.

When we take Gy = 2g, the value of F5 is not large
enough near 4 = 0.360 GeV, and the chiral phase transition
is unaffected by the spin polarization. Since quark-antiquark
condensates 0,,; and o, are intimately connected with the 3,
anonzero value of F; can change the quark dynamical mass
(see Fig. 1). Strange quark mass is more affected by the
presence of the spin polarization condensate (F) because
the dynamical mass of the u quark becomes very small just
after the chiral phase transition; however, the strange quark
has a substantial mass even after the chiral phase transition.
Similar to the result at zero temperature, for Gy = 2g, the
chiral phase transition is almost unaffected in the presence of
spin polarization at finite temperature also.

2. Behavior of F; for Gp=2g

Next, let us focus our attention to the thermodynamic
behavior of F3. Figure 3 shows the contour plots of the
thermodynamic potential in the o, — F; plane at zero
temperature with an increasing value of the chemical
potential (1) for Gy = 2¢g. As before, the darkest regions
in the contour plots show the global minimum of the
thermodynamic potential, and the corresponding values of
o, and F5 are the correct condensation value. It is clear from
the Fig. 3 that spin polarization is possible within the small
range of chemical potential u ~ 0.480-0.570 GeV at zero
temperature. From this figure, it is clear that with an increase
in chemical potential 6, decreases. In this work, we have kept
the value of 4 < A because A is the cutoff of the theory. When
the chemical potential is close to 0.6 GeV, both o, and F;

-0.004

I F3, GT = 245g

-0.006

-0.008

-0.01

-0.012

F3 (Ge\/g)

-0.014

-0.016

-0.018

-0.02
0.35 0.4 0.45 0.5 0.55 0.6

1 (GeV)

FIG. 4. Left plot: Dependence of constituent quark mass on the quark chemical potential at zero temperature in the presence as well as
in the absence of spin polarization condensation for different values of tensor couplings for Fg = F5/+/3. A sharp jump in the value of
M, and M near u = 0.360 GeV in both plots indicates the first-order chiral phase transition, which is expected for standard (2 + 1)-
flavor NJL model. Right plot: Variation of the spin polarization condensate with quark chemical potential at zero temperature with
different values of tensor couplings Gy = 2.5¢g and Gy = 2.8¢. For larger tensor coupling, the tensor condensate forms at relatively
smaller chemical potential, and it remains nonzero for a wide range of chemical potential.
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become zero. For large chemical potentials(u > 570 MeV),
spin polarization condensate completely melts along with
the other condensates. The presence of spin polarization
condensation can affect the QCD phase diagram in many
different ways. As we have already mentioned that the spin
polarization condensate coming from the tensor interaction
also breaks the chiral symmetry, an obvious effect of a large
value of spin polarization condensate should be seen in the
chiral phase transition. We have also observed that Fj
decreases with increasing temperature and vanishes at a few

T=0.02 GeV; u=0.480 GeV

T=0.02 GeV; py=0.510 GeV

tens of MeV. Therefore such condensates do not affect the
critical end point.

3. Quark masses and ferromagnetic condensate
for larger tensor coupling

The left plotand the right plotin Fig. 4 are for quark masses
and the ferromagnetic condensate, respectively, for the
tensor coupling Gy = 2.5¢g and G; = 2.8g. One may note
that for larger tensor coupling the u and d quark masses are
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This figure shows the contour plots of the thermodynamic potential in the o, — F’5 plane for finite temperature (7') and finite

chemical potential () with Gy = 2¢g and Fy = F;/+/3. Along each row as we move from left to the right, temperature has been kept
fixed, but p is increasing; similarly, along each column, y has been kept fixed with T increasing. Darker regions in these contour plots
show the global minimum of the thermodynamic potential. It is clear from the plots that at small temperature a nonzero value of the spin
polarization starts to appear at a smaller value of the chemical potential and it also melts at higher chemical potential. Thus, for smaller
temperature, the domain of y where one can get nonzero spin polarization is larger. This domain of existence for the spin polarization
condensate becomes smaller with increasing temperature 7 for a given value of Gy. In fact, when the temperature is 7 = 0.06 GeV, we

cannot get spin polarization for any value of u.
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not affected but the strange quark mass is significantly
affected. The ferromagnetic condensate is stronger for a
larger value of tensor coupling and survives for a longer
range of quark chemical potential. It is important to mention
that for tensor couplings greater than Gy = 3g the chiral
transition itself is affected. However, the requirement of
baryon matter stability places a upper bound on the value of
tensor coupling.

4. Finite temperature effect on the spin
polarization condensate F5 for Gy =2g

After demonstrating the behavior of the spin polarization
condensate as a function of chemical potential at zero

T=0.0 GeV; p=0.480 GeV; Gr=2.0g

T=0.0 GeV; p=0.510 GeV; Gr=2.0g

temperature for different values of the tensor coupling, let
us look into the temperature behavior of F5 for a fixed value
of Gy = 2g. The temperature behavior of spin polarization
condensate as well as o, is shown in Fig. 5. Figure 5 shows
the contour plots of the thermodynamic potential in the
plane of o, — F3 for different values of temperature and
chemical potential. Each row shows the behavior of the
thermodynamic potential as a function of increasing
chemical potential for a fixed temperature. On the other
hand, each column shows the behavior of the thermody-
namic potential as a function of temperature for a fixed
value of chemical potential. From the first two rows in
Fig. 5, for temperature 7 = 0.02 GeV and 0.04 GeV, it is
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This figure shows the contour plots of the thermodynamic potential in the 6, — F3 plane for zero temperature (7') and finite

chemical potential (x) with different values of tensor coupling Gy and Fg = F5/+/3. In the first, second, and third rows, the tensor
couplings are taken as Gy = 2g¢, 1.8¢g, and 1.5¢, respectively. Along each row, the temperature and G have been kept fixed, but yu is
increasing; similarly, along each column, u and T have been kept fixed with G decreasing. Darker regions in these contour plots show
the global minimum of the thermodynamic potential. It is clear from the plots that at zero temperature, for a larger value of tensor
coupling, spin polarization can exist for a relatively wide range of chemical potential. With the decreasing value of tensor coupling, e.g.,
for Gy = 1.5¢, spin polarization almost vanishes. This result can be easily extended to finite temperature. For nonzero temperature, the

existence of spin polarization requires a larger value of Gr.
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clear that as the chemical potential increases the nonzero
value of spin polarization develops. It attains a maximum
value at an intermediate value of the chemical potential, and
as the chemical potential becomes very high, F; becomes
zero. However, each column shows that with increasing
temperature the formation of the spin polarization becomes
difficult and the maximum value of F; also decreases with
temperature. The third row in Fig. 5 shows that when the
temperature is 7 = 0.06 GeV the value of the spin polari-
zation condensate F3 is almost zero. Hence, one can
conclude that as the temperature increases the range of
chemical potential within which spin polarization can exist
decreases. Further, there exists a temperature beyond which
spin polarization cannot occur irrespective of the value of
chemical potential for a given value of G7. Also note that
with an increase in temperature and chemical potential the
strange quark condensate (o) decreases.

5. Threshold coupling for existence of F

The existence of spin polarization inevitably depends
on the value of Gy. Gy determines the strength of the
spin polarization condensation. The dependence of F3 on
the tensor coupling has been shown in Fig. 6. Figure 6
shows the thermodynamic potential in the o, — F; plane
as a function of chemical potential for three different
values of tensor couplings Gy = 2¢, 1.8¢g, and 1.5¢ at zero
temperature. Along each row in Fig. 6 the contours of
thermodynamic potential have been shown for different
values of the chemical potential but keeping G fixed. On
the other hand, in each column of Fig. 6, contours of
thermodynamic potential have been shown for various
values the tensor coupling constant G for a given chemical
potential. The value of the spin polarization condensate
decreases with a decreasing value of Gy. When Gy = 2g,
F5 has a substantial nonzero value at zero temperature and
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FIG. 7. Plots (a), (b), and (c) show the variation of F; (red solid line) and Fg (blue dotted line) with chemical potential where F3 and
Fyg are considered simultaneously in the thermodynamic potential at zero temperature for Gy = 2g, 2.5¢g, 2.8¢, respectively. It is clear
from the Fig. 7 that nonzero F3 appears at a relatively smaller p than Fg. Since Fg is associated with a strange quark-antiquark
condensate, it survives even at larger chemical potential relative to the F3 condensate. It is also important to notice that with a larger
tensor coupling spin condensates appear at a relatively smaller quark chemical potential.
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Phase diagram for Gy = 2g (left plot) and Gy = 2.2¢g (right plot). The line L, corresponds to a first-order chiral phase

transition. The lines L; and L are the lower and upper spinodal lines. The pink shaded region corresponds to the region of ¢ and T
where, the condensate F5 is nonvanishing and Fg = 0. The cyan shaded region is the range of chemical potential and temperature where

the condensate Fg is nonvanishing while 3 = 0 in this region.

u = 0.510 GeV; however, for Gy = 1.8g, this value starts
to decrease, and for Gy = 1.5¢, the spin polarization
condensate F; almost vanishes. This result for zero temper-
ature can be easily extended to a nonzero temperature. For
finite temperature, one requires a larger value of G, for the
spin polarization to exist. As G increases, the threshold y
above which F starts becoming nonvanishing decreases,
and the critical y above which F; vanishes increases. Both
these behaviors lead to a larger range of u that supports a
nonvanishing F5 as Gy increases. Further, the magnitude of
F5 increases with Gy.

B. Results for independent F3, Fg

We have already discussed the variation of F5 and Fjg
with chemical potential where we have considered Fg =
F3/+/3 in the thermodynamic potential. However, for a
more general situation, we have to consider F; and Fy
simultaneously. In Figs. 7(a), 7(b), and 7(c), we have shown
the variation of F5 and Fg with chemical potential at zero
temperature for Gy = 2g, 2.5¢g, 2.8¢, respectively. It is clear
from Fig. 7 that nonzero F5 appears at a relatively smaller y
than Fg. Since Fg is associated with strange quark-
antiquark condensate, it survives even at larger chemical
potential relative to the F'3 condensate. It is also important
to notice that with larger tensor coupling spin condensates
appear at a relatively smaller quark chemical potential.

In Fig. 8, we have shown the qualitative phase diagram
including the spin polarized condensate for two values of
tensor coupling. The left plot of Fig. 8 shows the phase
diagram for G; = 2¢, while the right plot shows the same
for Gy = 2.2g. For these values of tensor coupling, the
chiral transition is unaffected even in the presence of spin

polarized condensates. At low chemical potential, the chiral
transition is a smooth crossover. At u ~ 320 MeV and
T ~ 65 MeV, the chiral transition changes from a smooth
crossover to first-order phase transition (as shown by the
thick solid line in Fig. 8).

In Fig. 8, L, is the critical line in the phase diagram that
separates the chiral symmetry broken and (almost) chiral
symmetry restored phase. This first-order line ends at the
critical point (u., T..) ~ (320,65) MeV (denoted as a dot).
The lines L; and Lj are the lower and upper spinodal lines.
The region between L; and L, has solutions for the gap
equation with o,;, ~0 but has higher thermodynamical
potential. Similarly, the region between L; and L, has a
solution for gap equations with o,, having a large non-
vanishing value, but with higher thermodynamic potential
indicating metastable phases as seen in first-order phase
transition.

Spin polarized condensates appear only at higher chemi-
cal potential in the chirally restored phase. In both the phase
diagrams of Fig. 8, the region marked by F'5 corresponds to
the phase where F3 # 0 and Fg = 0. The region marked by
Fg corresponds to the phase where Fg # 0 while F3 = 0.
We find that the phase with simultaneous F'5 # 0 and Fg#0
is not the thermodynamically favored ground state. For
Gr = 2g, the F; condensate appears at u ~ 450 MeV. At
1~ 510 MeV, the Fg # 0 state becomes favored compared
to the F5 #0 state. As the temperature increases, the

magnitude of F3 and Fg decreases, and beyond a certain
critical temperature, the condensates vanish. The critical
temperature for the spin polarized condensates shows a
nonmonototic behavior with quark chemical potential. For
the F3 condensate, the maximum critical temperature
turns out to be 7'~ 35 MeV, and for the Fg condensate,
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the same happens at 7'~ 55 MeV for chemical potentials
u~470 MeV and u ~ 510 MeV, respectively. For Gy =
2.2g, the F; condensate appears at y ~ 415 MeV as a result
of higher tensor coupling. The Fg # 0 state becomes
favored at u ~485 MeV. Compared to Gy =2g, the
magnitudes of F3 and Fg condensates are larger in this
case. Further, it is observed that the maximum critical
temperature for both the spin polarized condensates F; and
Fg is T ~68 MeV for chemical potential y ~ 455 MeV
and p ~ 505 MeV, respectively.

We would like to comment here that in the present
investigation we have not included the diquark condensate.
The simultaneous existence of F3 and the color super-
conducting phase was shown earlier [39].

The spin polarization condensate implies an alignment of
the spin of quarks. This will lead to a magnetic field due to
the quark magnetic moment. We estimate the strength of
the effective magnetic field (B.y) due to the spin polari-
zation condensate as [35]

_ _ Hy + 1
/’theff = GTF’ /’tq = quv
Ge) (—3e)
= g = 13
u=5 fa =7 (13)

Here, F denotes the spin polarization condensate, and
Hq 1s the average magnetic moment of the light quarks.
For an estimation of B, we take F ~ 0.018 GeV? (at quark
chemical potential approximately 510 MeV) and G = 2g.
Using these values, we get B,y ~ m2 or 10'® G. The value
of the magnetic field on the surface of the magnetars is of
the order of 10" G, but in the center, the strength of the
magnetic field can be higher. Itis interesting to note that even
this crude estimation of the magnetic field due to the spin
polarized phase of the deconfined quark matter leads to a
correct order of magnitude estimation of the magnetic field
in the core of the magnetars.

IV. CONCLUSIONS

In this work, we have considered the (2 + 1)-flavor NJL
model in the presence of tensor interaction with nonzero
current quark masses. The original idea of the presence of
spin polarization in quark liquid was motivated considering
one-gluon-exchange interactions in perturbative QCD proc-
esses [28]. Ferromagnetic quark matter can arise due to both
axial vector—type and tensor-type interaction. Although the
axial vector—type interaction can be generated from the one-
gluon-exchange QCD interaction by Fierz transformation,
the tensor-type interactions cannot be generated using Fierz
transformation. Thus, at very high densities at which the
perturbative QCD processes are relevant, the tensor type of
interaction will not be suitable to study spin polarization in
quark matter. More importantly, at moderate densities, close
to the chiral phase transition, one expects nonperturbative
effects to play an important role. In the present investigation

within the ambit of the NJL model applied to moderate
densities, we have considered only the tensor-type four-
point interaction. We might note here that the coupling
constant of the tensor interaction is related to the scalar and
pseudoscalar channels. However, in general, this tensor
coupling constant can be independent. We take the coupling
constant of the tensor interaction Gy as a parameter of the
model. We have taken various values of the tensor couplings
Gr, e.g., Gr = 2.0g and lower, as well as relatively larger
values of Gr, e.g., Gy = 2.5¢g, 2.8¢, etc.

For the (2 4 1)-flavor NJL model, tensor-type interaction
at the mean field level leads to two types of spin polarization
condensates, F3 = (pX A3y) and Fg = (WX, Agy). Since
we have various condensates in the (2 + 1)-flavor NJL
model in the presence of tensor interaction, we take a
somewhat simplified approximation, in which F3 and Fg
are not independent but rather Fg = F5/+/3. This over-
simplification corresponds to treating down quarks on equal
footing with strange quarks, which probably can be a
reasonable approximation in asymptotic densities at which
one may neglect the quark masses compared to the chemical
potentials. In fact, treating F; and Fg independently, for
moderate densities, it is shown that the nonstrange spin
polarization condensate /3 and the one including the strange
quarks Fg do not coexist. One may note that, in general, F5
and Fg are independent due to the fact that Fy is associated
with the strange quark spin polarization condensate; on the
other hand, F'5 contains only « and d quark spin polarization
condensates. Therefore, we have also considered the case in
which F5 and Fg are treated independently. Generically, spin
polarization for moderate tensor coupling (e.g., Gr = 29)
does not appear at zero temperature and zero chemical
potential; rather, it appears at high ux in the chiral
restored phase. At large chemical potential and small
temperature, the generic feature of such a spin polarized
condensate lies in affecting the strange quark mass rather
than the nonstrange quark masses for moderate tensor
coupling. Such a spin polarized condensate vanishes for
temperatures of the order of few tens of MeV and thus can be
relevant for neutron stars and protoneutron stars. However, it
ought to be investigated whether such conclusion holds well
when charge neutrality conditions on the bulk matter are
imposed. We also find that there is a threshold for the tensor
coupling, below which the spin polarization condensates do
not develop.

Unlike the superconducting diquark condensate, the spin
polarization condensate is not a monotonic function of
chemical potential, and as the chemical potential is
increased, the magnitude becomes a maximum beyond
which it vanishes when y is increased further. The range of
chemical potential for which such a condensate exists, as
well as the magnitude of the condensate, increases with the
strength of the tensor coupling. We estimate the magnitude
of the magnetic field corresponding to the ferromagnetic
condensate in high-density quark matter to be of the order
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of approximately m2 ~ 10'® G. It is important to mention
that, although the spin polarization condensate was thought
as a source of magnetic field in magnetars, magnetic field
can also be present in the neutron stars originated from the
progenitor star. External magnetic field can affect the
formation of spin condensates. In this context, it has been
shown recently that one can have a nonvanishing spin
polarization condensate for quark matter in the presence of
magnetic field [55].

In this exploratory study, we have tried to investigate
the possibility of phase transition of dense quark matter
to a spin polarized phase of quark matter within a
phenomenological (2 + 1)-flavor Nambu—Jona-Lasinio
model with the tensor coupling being a free para-
meter. However, applying it to a physical situation like
compact stars requires a careful consideration of pos-
sible other phases of dense matter like, e.g., color

|

superconductivity, the imposition of charge neutrality
conditions for bulk matter.
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APPENDIX

The gap equations for four independent condensates, two
chiral condensates ¢,, and o, and two spin polarization
condensates F; and Fg are as follows:

oQ &Pp [M Gr(F5 + Fg/\/3) 1 1
=-N “ (1 —4g+2Ko,)d 1 — -
9644 ‘ / (2n)? |:Eu+ ( - \/p% + M? >( 9 os){ 14 e EBumr) 14 eﬁ(E"++”)}
M, 1—GT(F3+F8/*E> —4g+2Ko,)3 1 — !
Eu_ A /p% + Mﬁ 1 + eﬂ E _”> 1 + eﬂ(Eu,'H‘)
d Gr(F3 — F8/\/§) 1
+—d<1+ : ; (=49 +2Ko,)S 1 — . Ed+ 5T AT
* \/ Pt + My
My (. Gr(Fs— Fg/ﬁ) !
" E, <1 - 2 2 49+ 2Ko,)( 1= 1+ eﬁ )] 4 P Eetn)
- pr+ My
M, 2G1Fg/V3 1
+ <1+ rFs/V3 (4K0ud){1— - . }
ES+ P% —FM? 1 +€ ( sy e 1 +€ B(Es, +n)
M, 2GrFs/ V3 1 1 _
+ EL <1 —4\/m (4K0ud> 1- 1 n eﬂ(E\-__ﬂ) - 1 n eﬁ(E.x_+ﬂ> -+ Sgdud - SKUud(Fs =0 (Al)
aQ__N / &Ep M, 1+GT(F3+F8/\/§) (ko)1 - 1
o °J (2z) Ey, v P+ M " 1+ efEu 0 + eﬁ(E“++”)
LM 1_GT(F3+F8/W> 2ko )1 - 1
Eu_ A / + M2 ud 1 + eﬁ(Euf_/‘) 1 + eﬁ E +ﬂ
L Ma 1+GT(F3_F8/\/§) (2Ko,)d 1 - 1
d 2 2 ud 1+ P Ea,—H i 1+ e/’ ay HH)
+ pr+M;
L Ma (| Gr(Fs = Fs/V3) (2k0 )1 1
E,; 2 2 ud 1+ PEL—1) 4 eﬁ Eq_+p)
- pr+ My
+MS 1+2GTF8/\/§ (ag) |1 1 ~ 1
E, )Y 11 PE 1 | 1 PE
MS 2(;TF‘8/\/§ 1 1
- £ (1 Vs (—4g)q 1 - A T T +4go, —4Ko2, =0 (A2)
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Q- d3P G \/P%+M5+GT(F3+F8/\/§) 1
OF; g Eu+ 1 + PlE -u) 14+ eﬂ(Equﬂ)
\/pT+M2 F3+F8/\/_) 1
] + ePE ) 1+ eﬂ E,_+p)
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