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We analyze joint angular distributions of a charmonium decay to the ΞΞ̄ pair using the Ξ → Λπ → pπ−π
weak decay chain for the cascade and the charge conjugated mode for the anticascade. The decays allow a
direct comparison of the baryon and antibaryon decay properties and a sensitive test of CP symmetry in the
strange baryon sector. We show that all involved decay parameters can be determined separately in vector
and (pseudo)scalar charmonia decays into ΞΞ̄ due to the spin correlations between the weak decay chains.
Contrary to the recently measured eþe− → J=ψ → ΛΛ̄ process, the transverse polarization of the cascade
is not needed and has almost no impact on the uncertainties of the decay parameters.
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I. INTRODUCTION

The ongoing experimental studies of the combined
charge conjugation parity (CP) symmetry violation in
particle decays aim to find effects that are not expected
in the Standard Model (SM), such that new dynamics is
revealed. The existence of CP violation in kaon and beauty
meson decays is well established [1–3]. The first observa-
tion of the CP violation for charm mesons was reported this
year by the LHCb experiment [4] and in the bottom baryon
sector evidence is mounting [5]. All the observations are
consistent with the SM expectation. However, no signal is
detected in decays of baryons with strange quark(s) (hyper-
ons). Hyperon decays offer promising possibilities for such
searches as they are sensitive to sources of CP violation
that neutral kaon decays are not [6]. A signal of CP
violation can be a difference in decay distributions between
the charge conjugated decay modes. The main decay modes
of the ground state hyperons are weak transitions into a
baryon and a pseudoscalar meson likeΛ → pπ−, branching
fraction B ≈ 64%, and Ξ− → Λπ−, B ≈ 100% [7]. They
involve two amplitudes: parity conserving to the relative p
state, and parity violating to the s state. The angular
distribution and the polarization of the daughter baryon
are described by two decay parameters: the decay asym-
metry α ¼ 2Reðs�pÞ=ðjpj2 þ jsj2Þ and the relative phase
ϕ ¼ argðs=pÞ. Here, we denote decay asymmetries for

Λ → pπ− and Ξ− → Λπ− as αΛ and αΞ, respectively. In the
CP symmetry conserving limit the parameters α and ϕ for
the charge conjugated decay mode have the same
absolute values but opposite signs, e.g., αΛ ¼ −αΛ̄. The
best limit for CP violation in the strange baryon sector
was obtained by comparing the Ξ− and Ξ̄þ decay chains of
unpolarized Ξ baryons at the HyperCP (E871) experiment
[8] by determining the asymmetry AΞΛ¼ðαΛαΞ−αΛ̄αΞ̄Þ=
ðαΛαΞþαΛ̄αΞ̄Þ. The result, AΞΛ ¼ ð0.0� 5.1� 4.7Þ×
10−4, is consistent with the SM predictions: jAΞΛj ≤ 5 ×
10−5 [9]. However, a preliminary HyperCP result presented
at the BEACH 2008 Conference suggests a large value of
the asymmetry AΞΛ ¼ ð−6.0� 2.1� 2.0Þ × 10−4 [10].
With a well-defined initial state charmonium decay into a

strange baryon-antibaryon pair offers an ideal system to test
fundamental symmetries. Vector charmonia J=ψ and ψ 0 can
be directly produced in an electron-positron collider with
large yields and have relatively large branching fractions
into a hyperon-antihyperon pair, see Table I. With the
world’s largest sample of 1010 J=ψ collected at BESIII
[11,12] detailed studies of the hyperon-antihyperon sys-
tems are possible. The potential impact of such measure-
ments was shown in the recent analysis using a data set of
4.2 × 105 eþe− → J=ψ → ΛΛ̄ events reconstructed via
Λ → pπ− þ c:c: decay chain and has lead, e.g., to the major
revision of the αΛ value [13]. The determination of the
asymmetry parameters was possible only due to the trans-
verse polarization and the spin correlations of theΛ and Λ̄. In
the analysis the complete multidimensional information of
the final state particles was used in an unbinned maximum
log likelihood fit to the fully differential angular expressions
fromRef. [14]. Themethod allows for a direct comparison of
the decay parameters of the charge conjugate decay modes
and a test of the CP symmetry.
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In Ref. [18] we have extended the formalism to describe
processes which include decay chains of multistrange hyper-
ons like the eþe− → ΞΞ̄ reaction with the Ξ → Λπ, Λ →
pπ− þ c:c: decay sequences. The expressions aremuchmore
complicated than the single step weak decays in
eþe− → ΛΛ̄. In this paper we use the joint distributions
for eþe− → ΞΞ̄ to show that the role of the transverse
polarization is fully replaced by the diagonal spin correla-
tions between the cascades. All decay parameters can be
determined simultaneously and the statistical uncertainties
are nearly independent on the size of the transverse polari-
zation in the production process. In particular we find that the
uncertainty for the αΛ asymmetry is more than two times
better than in eþe− → J=ψ → ΛΛ̄ process for the same
number of reconstructed events. A corresponding analysis of
a single ΞðΞ̄Þ baryon decay chain would require a known,
non-zero initial polarization.We estimate uncertainties of the
various possibleCP odd asymmetrieswhich can be extracted
from the exclusive analysis. We show that the same infor-
mation can be extracted from an exclusive analysis of the
cascade-anticascade decay of a (pseudo)scalar charmonium.
Our result provides an important input to the plans for two
Super Tau Charm Factories (STCF) in Novosibirsk (Russia)
[19] and in Hefei (China) [20] promising data samples of
more than 1012 J=ψ events, where such asymmetries can be
measured with the precision close to the SM predictions.
We first summarize the formalism describing the joint

angular distributions and present a method using properties
of the exact likelihood function to analyze the multidi-
mensional distributions and correlations between the decay
parameters.

II. FORMALISM

In general, a quantum state of a baryon-antibaryon pair
BB̄ (with spin one-half) can be represented by the following
spin density matrix:

X3
μ;ν¼0

Cμνσ
B
μ ⊗ σB̄ν ; ð1Þ

where a set of four Pauli matrices σBμ ðσB̄ν Þ in the rest frame
of a baryon BðB̄Þ is used and Cμν is 4 × 4 real matrix

representing polarizations and spin correlations for the
baryons.
Consider the eþe− → BB̄ reaction represented in Fig. 1,

where the electron and positron beams are unpolarized. The
spin matrices σBμ and σB̄ν are given in the helicity frames
of the baryon B and antibaryon B̄, respectively. The axes of
the coordinate systems are denoted x̂1; ŷ1; ẑ1 and x̂2; ŷ2; ẑ2.
The baryons and antibaryon can have aligned or opposite
helicities. Due to the parity conservation only two tran-
sitions are independent and the Cμν matrix can be para-
metrized by: αψ—baryon angular distribution parameter,
−1 ≤ αψ ≤ 1, and ΔΦ—relative phase between the two
transitions. The elements of the Cμν matrix are functions of
the scattering angle θ of the B baryon [18]:

0
BBBBB@

1þ αψ cos2 θ 0 βψ sin2θ 0

0 sin2 θ 0 γψ sin 2θ

−βψ sin2θ 0 αψ sin2 θ 0

0 −γψ sin 2θ 0 −αψ − cos2 θ

1
CCCCCA
;

ð2Þ

where βψ and γψ (real parameters) are defined as:

γψ þ iβψ ¼ 1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − α2ψ

q
expðiΔΦÞ. The polarization vector

of BðB̄Þ can have only ŷ1ðŷ2Þ component and the value is
βψ sin 2θ=ð1þ αψ cos2 θÞ, i.e., the polarization is zero if
βψ ¼ 0. In the limit of large c.m. energies αψ ¼ 1 implying
βψ ¼ γψ ¼ 0 [21] and diagonal Cμν. For the BB̄ decay of a
(pseudo)scalar charmonium (like ηc or χc0) the initial state
is spin singlet and the spin orientations of the baryon and
antibaryon are opposite. Therefore Cμν is diagð1;−1; 1; 1Þ,
where the signs are stipulated by the relative orientation of
the axes of the B and B̄ helicity frames shown in Fig. 1. The
direction of the ẑ axis is arbitrary.
In a weak hadronic decay D of a spin one-half baryon to

a spin one-half baryon and a pseudoscalar meson:
BA → BB þ P, the initial and final states can be represented
by linear combinations of the Pauli density matrices σBA

μ

and σBB
ν , defined in the helicity frame of BA and BB,

respectively. It is enough to know how each base spin

TABLE I. Branching fractions for some J=ψ ;ψ 0 → BB̄ decays and the estimated sizes of the data samples from the full data set of
1010J=ψ and 3.2 × 109ψ 0 in the BESIII proposal [11]. The approximate detection efficiencies for the final states reconstructed using
Λ → pπ− and Ξ → Λπ decay modes are based on the published BESIII analyses using partial data sets [15–17].

Decay mode Bðunits 10−4Þ Angular distribution parameter αψ Detection efficiency No. events expected at BESIII

J=ψ → ΛΛ̄ 19.43� 0.03� 0.33 0.469� 0.026 40% 3200 × 103

ψð2SÞ → ΛΛ̄ 3.97� 0.02� 0.12 0.824� 0.074 40% 650 × 103

J=ψ → Ξ0Ξ̄0 11.65� 0.04 0.66� 0.03 14% 670 × 103

ψð2SÞ → Ξ0Ξ̄0 2.73� 0.03 0.65� 0.09 14% 160 × 103

J=ψ → Ξ−Ξ̄þ 10.40� 0.06 0.58� 0.04 19% 810 × 103

ψð2SÞ → Ξ−Ξ̄þ 2.78� 0.05 0.91� 0.13 19% 210 × 103
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matrix transforms under a decay process. One can therefore
represent the weak decay by a decay matrix aDμμ0 which
transforms the base matrices [18]:

σBA
μ →

X3
μ0¼0

aDμμ0σ
BB
μ0 : ð3Þ

The decay matrix depends on two decay parameters: −1 ≤
αD ≤ 1 and −π ≤ ϕD < π according to the Particle Data
Group (PDG) convention [7]. Often, two related decay
parameters βD and γD are used, where βD¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1−α2D

p
sinϕD

and γD ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − α2D

p
cosϕD. The elements of the 4 × 4

decay matrix aDμν ≡ aμνðθ;φ; αD;ϕDÞ depend on the kin-
ematic variables θ and φ, the spherical coordinates of the
BB momentum in the BA helicity frame, and on the decay
parameters αD and ϕD. The explicit form of the aDμν is given
in Ref. [18], where a two angle helicity rotation matrix
convention is used. If the polarization of the baryon BB is
not measured the decay is described by the aDμ0 elements of
the decay matrix and only the αD parameter is involved.
This is normally the case for Λ → pπ− since the proton
polarization determination would require a dedicated
detection system. A complete joint angular distribution
of a hyperon-antihyperon pair production process including
the weak decay chains is obtained by the application of
Eq. (1), the decay matrices transformations Eq. (3) and by
taking trace of the final proton-antiproton density matrix.
For the process eþe− → ΛΛ̄ with Λ → pπ− þ c:c: the

joint angular distribution is [18]:

WΛΛ̄ðξ;ωÞ ¼
X3
μ;ν¼0

CμνaΛμ0a
Λ̄
ν0; ð4Þ

where the production reaction is described by the corre-
sponding Cμνðθ; αψ ;ΔΦÞ matrix, aΛμ0≡aμ0ðθp;φp;αΛÞ and
aΛ̄ν0≡aν0ðθp̄;φp̄;αΛ̄Þ The vector ξ≡ ðθ; θp;φp; θp̄;φp̄Þ rep-
resents a complete set of the kinematic variables describing
a single event configuration in the five dimensional phase
space. There are four parameters to describe the angular
distribution ω≡ ðαψ ;ΔΦ; αΛ; αΛ̄Þ.

For the eþe− → Ξ−Ξ̄þ reaction (the formalism for Ξ0Ξ̄0

is the same) with the Ξ− → Λπ−, Λ → pπ− þ c:c: decay
sequences the joint angular distribution is [18]:

WΞΞ̄ðξ;ωÞ ¼
X3
μ;ν¼0

Cμν

X3
μ0;ν0¼0

aΞμμ0a
Ξ̄
νν0a

Λ
μ00a

Λ̄
ν00; ð5Þ

where aμμ0 ðθΛ;φΛ; αΞ;ϕΞÞ, aΞ̄νν0 ≡ aνν0 ðθΛ̄;φΛ̄; αΞ̄;ϕΞ̄Þ. For
ΞðΞ̄Þ all elements of the decay matrix are used and
dependence on the ϕΞðϕΞ̄Þ should be included. The joint
angular distribution Eq. (5) is a function of nine helicity
angles: ξ≡ ðθ; θΛ;φΛ; θΛ̄;φΛ̄; θp;φp; θp̄;φp̄Þ and depends
on eight global parameters:ω≡ðαψ ;ΔΦ;αΞ;ϕΞ;αΞ̄;ϕΞ̄;αΛ;
αΛ̄Þ. Since all decays of the sequences are two body with
constant c.m. momenta the kinematic weight of states in
phase space expressed by the sets of helicity angles ξ is
given by the isotropic distributions.
The angular distributions (4) and (5) can be rewritten as:

Xm
k¼1

gkðωÞ · hkðξÞ; ð6Þ

where the functions gk and hk depend only on ω and ξ,
respectively. The angular distribution in Eq. (5) requires
m ¼ 72 unique functions gkðωÞ of the global parameters,
while Eq. (4) only m ¼ 7. For ΔΦ ¼ 0 the number of such
terms reduces to m ¼ 56 and m ¼ 5, respectively. The
asymptotic case αψ ¼ 1 and the (pseudo)scalar charmo-
nium decay still require 20 terms for ΞΞ̄ while only 2 terms
for the ΛΛ̄ final state. This suggests the structure of the ΞΞ̄
pair joint decay products distribution is rich enough to
determine all involved decay parameters separately. For
example, in all cases the six pairwise products of the αΞ,
αΛ, αΞ̄, and αΛ̄ are present.
Before introducing a rigorous method to analyze the

exclusive joint angular distributions we make a comment
on the inclusive measurement. If in eþe− → Ξ−Ξ̄þ only Ξ−

decay products are measured the corresponding angular
distribution is obtained by integratingWΞΞ̄ over the φp̄, φΛ̄,
cos θp̄, and cos θΛ̄ variables. The integral is 16π2ðC00T 0 þ
C20T 2Þ where T 0 and T 2 are

T 0 ¼ 1þ αΞαΛ cos θΛ;

T 2 ¼ sinφΞ sin θΞðαΞ þ αΛ cos θΛÞ
þ αΛ sin θΛ½sinφΞ cos θΞðγΞ cosφΛ − βΞ sinφΛÞ
þ cosφΞðβΞ cosφΛ þ γΞ sinφΛÞ�: ð7Þ

If βψ ¼ 0 (no polarization) only T 0 contributes implying
αΞ and αΛ cannot be determined separately as the distri-
bution is given by the product αΞαΛ.
In general the importance of the individual parameters

ωk in the joint angular distributions Eqs. (4) and (5) and

FIG. 1. Orientation of the axes in baryon B and antibaryon B̄
helicity frames.
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their correlations are best studied using properties of the
corresponding likelihood function. In the ideal case when
the response function is diagonal the likelihood function
can be written as:

LðωÞ ¼
YN
i¼1

Pðξi;ωÞ≡
YN
i¼1

Wðξi;ωÞR
Wðξ;ωÞdξ ; ð8Þ

whereN is the number of events in the final selection and ξi
is the full set of kinematic variables describing the ith event.
The asymptotic expression of the inverse covariance matrix
element between parameters ωk and ωl from the vector
parameter ω is given by [7]:

V−1
kl ¼ E

�
−

∂2 lnL
∂ωk∂ωl

�
; ð9Þ

where EðhÞ denotes the expectation value of a random
variable hðξÞ. Equation (9) can be reduced to:

V−1
kl ¼ N

Z
1

P
∂P
∂ωk

∂P
∂ωl

dξ: ð10Þ

The above integral involves inverse of the angular distri-
bution W and has to be evaluated numerically. We use the
weighted Monte Carlo method to calculate the integrals.
The calculated values are then used to construct the matrix,
which is inverted to get the covariances for the parameters.
If two or more parameters are fully correlated and their
values cannot be determined separately the matrix is
singular. We report the resulting uncertainties multiplied
by

ffiffiffiffi
N

p
, and call such quantity sensitivity.

III. RESULTS

We start by verifying the method using the eþe− →
J=ψ → ΛΛ̄ reaction. Here all parameters, including the
phase ΔΦ ¼ 0.740� 0.010� 0.008, are known (Table II
and Ref. [13]) and we can cross check our estimates of the
uncertainties shown in the first row of Table III. To compare
with the BESIII statistical uncertainties (in parentheses) we
set N to 0.42 × 106: σðαΛÞ¼ 0.010ð0.010Þ, σðαψÞ ¼
0.005ð0.006Þ and σðΔΦÞ ¼ 0.012ð0.010Þ. The agreement
is satisfactory since no efficiency variation is included in
our calculations. In particular, the Λ emission angle is
limited to the range j cos θj < 0.85 in BESIII. Our corre-
lation coefficient between αΛ and αΛ̄ is 0.87 to be compared
to 0.82 from the BESIII fit.
To study the angular distribution for the eþe− → Ξ−Ξ̄þ

reaction we fix the decay parameters of the Λ and Ξ− to the
central values listed in Table II. For the production process
the main unknown parameter is the phaseΔΦ and therefore
we use the extreme cases: ΔΦ ¼ 0 and π=2. In Table III
we report the sensitivities in the J=ψ → Ξ−Ξ̄þ decay.
Correlations between parameters are given in Table IV.
The results practically do not change between the two
ΔΦ cases. The results for other decays: ψ 0 → Ξ−Ξ̄þ and
J=ψ ;ψ 0 → Ξ0Ξ̄0 are similar. In the table the results for
the eþe− → Ξ−Ξ̄þ asymptotic case with αψ ¼ 1 and for a
scalar charmonium decay to ΞΞ̄ are also shown. We
conclude that contrary to eþe− → ΛΛ̄ the polarization in
the production process plays practically no role. We find
that the weak decay phases ϕΞ and ϕΞ̄ are not correlated
with each other and with any other parameter. Also, the use
of parameter input values for Ξ− or Ξ0 from Table II have
only minor effect on the sensitivities.
For eþe− → J=ψ → Ξ−Ξ̄þ we also consider single

tag measurement and determine correlation coefficient
ρðαΞ;αΛÞ between αΞ and αΛ. It is equal to one for ΔΦ ¼
0 and the dependence on ΔΦ is well represented by the
relation ρðαΞ;αΛÞ¼ ð1−pÞcosðΔΦÞþp, where p ≈ 0.91.
Sensitivity for the product αΞαΛ is 1.7, nearly independent
on the ΔΦ value. The best sensitivity for ϕΞ, with ΔΦ ¼
π=2 is 12.4, i.e., at least two times worse than in the
exclusive measurement, while for ΔΦ < 0.2 the sensitivity
for ϕΞ can be approximately described by 12.5 cotðΔΦÞ.

TABLE II. Decay parameters of Λ and Ξ used in this analysis.
They are from the 2019 update of PDG [7] which includes the
new αΛ value from BESIII [13]. For the charge conjugation decay
modes αD ¼ −αD̄ and ϕD ¼ −ϕD̄.

αD ϕD

Λ → pπ− 0.750� 0.010 � � �
Ξ− → Λπ− −0.392� 0.008 −0.037� 0.014
Ξ0 → Λπ0 −0.347� 0.010 0.37� 0.21

TABLE III. Sensitivities (standard errors multiplied by
ffiffiffiffi
N

p
) for the extracted parameters. Errors for the parameters of the charge

conjugated decay modes are the same. The input values of the parameters are from Tables I and II.

αΞ αΛ ϕΞ αψ ΔΦ hαΞi AΞ hαΛi AΛ hαΞαΛi AΞΛ hϕΞi BΞ

J=ψ → ΛΛ̄ � � � 6.8 � � � 3.4 7.5 � � � � � � 1.8 8.8 � � � � � � � � � � � �
J=ψ → Ξ−Ξ̄þ ðΔΦ ¼ 0Þ 2.0 3.1 5.8 3.5 6.0 1.4 3.7 1.7 3.5 0.78 4.0 4.1 110
J=ψ → Ξ−Ξ̄þ ðΔΦ ¼ π=2Þ 1.9 2.8 5.4 3.0 13 1.4 3.5 1.6 3.1 0.76 3.9 3.8 100
J=ψ → Ξ0Ξ̄0 ðΔΦ ¼ π=2Þ 2.0 3.0 5.2 2.9 15 1.4 4.0 1.5 3.4 0.77 4.4 3.7 10
eþe− → Ξ−Ξ̄þ ðαψ ¼ 1Þ 1.9 2.7 5.0 � � � � � � 1.3 3.4 1.4 3.1 0.76 4.0 3.5 96
ηc; χc0 → Ξ−Ξ̄þ 1.6 2.2 3.7 � � � � � � 1.1 2.9 1.0 2.6 0.72 3.9 2.6 71
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An exclusive experiment allows us to determine both the
average values and differences of the decay parameters for
the charge conjugated modes, which, e.g., for the ϕD
parameter are defined as:

hϕDi≡ ϕD − ϕD̄

2
and ΔϕD ≡ ϕD þ ϕD̄

2
: ð11Þ

The CP asymmetry AD is defined as:

AD ≡ αD þ αD̄
αD − αD̄

ð12Þ

and BD as:

BD ≡ βD þ βD̄
βD − βD̄

≈ −
hαDiΔαD
1 − hαDi2

þ ΔϕD

tanhϕDi
; ð13Þ

where the approximate form includes only linear terms in
ΔαD andΔϕD. Since the phase hϕΞi is small, the last term in
Eq. (13) dominates andBΞ ≈ ΔϕΞ=hϕΞi. The sensitivities for
the AΞ, AΛ, AΞΛ, and BΞ asymmetries are given in Table III.
The sensitivity for AΛ is 2.5 times better in J=ψ → Ξ−Ξ̄þ

than in J=ψ → ΛΛ̄. The statistical uncertainty for the AΞΛ
asymmetry from the dedicatedHyperCP experiment could be
surpassed at STCF in a run at the J=ψ c.m. energy with more
than 1012 events. The SM predictions for the AΞ and AΛ
asymmetries are −3 × 10−5 ≤ AΛ ≤ 4 × 10−5 and −2 ×
10−5 ≤ AΞ ≤ 1 × 10−5 [9].
A prerequisite for a complementary CP test using BΞ

asymmetry, advocated in Ref. [6] as the most sensitive
probe, is hϕΞi ≠ 0. Assuming hϕΞi ¼ 0.037, according to
the Table II value for Ξ−, the five sigma significance
requires 3.1 × 105 exclusive Ξ−Ξ̄þ events. To reach the
statistical uncertainty of 0.011, as in the HyperCP experi-
ment [22] requires 1.4 × 105 J=ψ → Ξ−Ξ̄þ events, while
the single cascade HyperCP result is based on 114 × 106

events. The present PDG precision of ϕΞ0 can be achieved
with just 3 × 102 Ξ0Ξ̄0 events. The SM estimate for BΞ is
8.4 × 10−4, an order of magnitude larger compared to the A
asymmetries [6,23], while the sensitivities for BΞ in
Table III are 20–30 times worse. However, it should be
stressed that the SM predictions for all asymmetries need to
be updated in view of the recent and forthcoming BESIII
results on hyperon decay parameters. Our analysis shows
that a wide range of CP precision tests can be conducted in
a single measurement. Thus, the spin entangled cascade-
anticascade system is a promising probe for testing funda-
mental symmetries in the strange baryon sector.
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