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Oscillating nuclear electric dipole moment induced by axion dark matter
produces atomic and molecular electric dipole moments
and nuclear spin rotation
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According to the Schiff theorem, a static nuclear electric dipole moment (EDM) does not produce atomic
and molecular EDMs. However, interaction with the axion dark matter field generates nuclear EDMs
dy = d% cos(wt) which oscillate with the frequency w = m,c?/h. These oscillating nuclear EDMs
generate atomic and molecular EDMs proportional to w?. The resulting atomic and molecular EDMs do
not, however, lead to nuclear spin rotation in constant external electric fields. On the other hand, an
oscillating electric field penetrates atoms and molecules and can interact with nuclear EDMs. Moreover,
if the nuclear EDM oscillation frequency is in resonance with the external field, nuclear spin rotation

happens, with the rotation angle growing linearly with time.
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I. INTRODUCTION

It was suggested in Ref. [1] that interactions with axionic
dark matter produce oscillating neutrons and thus oscillat-
ing nuclear electric dipole moments (EDMs). We show that
such oscillating EDMs will not be limited by the Schiff
theorem [2] and will produce the oscillating atomic and
molecular EDMs calculated below. However, a constant
electric field does not penetrate to the nucleus so there is
no interaction with the nuclear EDM, i.e., there will be
no nuclear spin rotation for both static and oscillating
nuclear EDMs.

Observable atomic and molecular EDMs are actually
produced by the nuclear Schiff moment which is sup-
pressed compared to EDMs by an additional second power
of the nuclear radius which is very small on the atomic
scale [3—7] (see also Refs. [8—14] for other effects pro-
ducing atomic and molecular EDMs). The effects produced
by the axion-induced Schiff moment have been considered
in Ref. [15]. A corresponding experiment in solids has been
proposed in Ref. [16]. The first results of the oscillating
neutron EDM and a Hg atom’s EDM measurements were
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presented in Ref. [17] where the limits on the low-mass
axion interaction constant with matter have been improved
by up to 3 orders of magnitude.

In this paper, we consider the situation when both the
nuclear EDM and the external field are oscillating. In such
cases, the external field penetrates to the atomic and
molecular nucleus [18-20] and can interact with the nuclear
EDM. We demonstrate that in the case where the frequency
of the external field matches the frequency of the nuclear
EDM oscillation, nuclear spin rotation happens with the
rotation angle growing linearly with time. This effect is, in
principle, observable.

We will also present the result for the atomic and
molecular EDMs induced by nuclear EDMs. It will be
observed that the molecular EDM is larger than its atomic
counterpart, due to the fact that nuclei move much slower
than electrons so their screening effect is much weaker. As
a result, the residual, partly screened EDMs in molecules
are My /m, times larger than those in atoms. Here M is
the nuclear mass and m, is the electron mass. An additional
My /m, appears due to the small energy intervals between
rotational states in the molecule.

II. SCREENING THEOREM FOR TIME-
DEPENDENT ELECTRIC FIELDS AND EDMS

As known, a nucleus in a neutral system (atom or
molecule) is completely screened from a constant electric

Published by the American Physical Society
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field [2]. Here we will present a derivation of this fact
following the Appendix in Ref. [21]. For definiteness, we
assume that the system in question is a neutral atom in a
static homogeneous external electric field of arbitrary
strength (we ignore the possibility of atomic ionization
and effects of magnetic fields).

The Hamiltonian of an atom placed in a static homo-
geneous external electric field E is

H=) [

+

i — ego(r;) + er; - Eq

62

i>j |ri j|

where K; and r; are the kinetic energy and coordinates of
the electrons, d is the static nuclear EDM and ¢ (r;) is the
electrostatic nuclear potential given by

3
: (2)

r;—r

where p is the nuclear charge distribution. We consider here

the case of an infinitely heavy nucleus. The nuclear recoil

correction is not enough to generate an atomic EDM [2].
We add to H an auxiliary term

1
Ved Ey- S d Vi), ()

which, in the linear approximation in d, does not produce
any energy shift, (V) = 0. Indeed, we have

% [Zpi,H} = —eZv po(r;) + ZeEy,  (4)

where we have taken into account the fact that the total
electron momentum »_; p; commutes with the electron-
electron interaction term. Using Eq. (3) and the fact that

ol

(y is the wave function of the Hamiltonian H), we obtain

) = (4 By - 1570 Violr) ) 0. (6)

« (E, —E,) =0 (5)

To find an EDM one needs to measure a linear energy
shift in an external electric field. Since V does not
contribute to this shift we can add it to the Hamiltonian

H=H+YV
=D _[Ki—eg(r) +er; By +Z (7)
where
¢(r;) = po(r;) + Zled - Vigho(r;). (8)

Note that the Hamiltonian A does not contain the direct
interaction d - E, between the nuclear EDM and external
field (Schiff theorem). The dipole term is also canceled out
in the multipole expansion of ¢(r;).

Let us now consider the case where the nuclear EDM is
time dependent d = d(¢). In this case, Eq. (5) becomes

2 [2pet]) == (S

1 d(puuc)
=« d. 9)
Therefore, the contribution due to (V) is zero in the first
order in d. As a result, just as in the case of a static nuclear
EDM, there is no direct interaction between a time-
dependent nuclear EDM and a static external electric
field, hence, no nuclear spin rotation. Indeed, the external
electric field does not penetrate to the nucleus (since an
atom and its nucleus are not accelerated by a static
homogeneous electric field), so the nuclear EDM has
nothing to interact with.

Now consider the case of a time-dependent electric field.
In this case, we have

1 d(pyc)
& E,. (10)
since the external field now penetrates to the nucleus
[18-20]. Indeed, the external electric field forces the
electron shells to oscillate and since the atom’s center of
mass stays at rest, the nucleus must move, so the electric
field on it is not zero. Therefore, the nuclear EDM interacts
with this electric field and nuclear spin rotation happens.

Note that the absence of nuclear spin rotation in the case
of a static electric field does not mean that the oscillating
nuclear EDM does not produce any effect. An oscillating
nuclear EDM excites the electrons and produces atomic and
molecular EDMs (as demonstrated below). This effect is
particularly clear in the case where the nuclear EDM’s
frequency of oscillation is in resonance with some atomic
or molecular frequency, in which case the electronic wave
function is a linear combination of two states of opposite
parities and thus gives rise to oscillating atomic and
molecular EDMs. Oscillating nuclear EDMs may also be
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detected using the atomic and molecular transitions they
induce, as investigated in Refs. [22-24].

The case where both the nuclear EDM and the external
electric field are time dependent, particularly when they
are oscillating, is of special interest. As demonstrated in
Refs. [18-20], an external electric field which oscillates
with a frequency €, E, ~ cos Qf, induces an electric field
on the nucleus which oscillates with the same frequency.
The interaction of this field with a nuclear EDM which
itself oscillates with a frequency w, dy ~ cos wt, is propor-
tional to coswtcosQr. If w = Q then this interaction
contains a time-independent component and the nuclear
spin rotation angle grows linearly with time (see below).

III. NUCLEAR EDMs PRODUCED BY THE AXION
DARK MATTER FIELD

It has been noted in Ref. [25] that the neutron EDM may
be produced by the QCD @ term. Numerous references
and recent results for the neutron and proton EDMs were
summarized in Ref. [26]:

d,=—(27+1.2)x 107'%ge cm,
d, = (2.1 4+ 1.2) x 107150 cm, (11)

Calculations of the nuclear EDM produced by the P- and
T-odd nuclear forces have been performed in Refs. [5-7,
27]. For a general estimate of the nuclear EDM it is
convenient to use a single-valence-nucleon formula from
Ref. [5] and express the result in terms of € following
Ref. [28]:

axe(q-%)(1-20¢00), (12)

where & = 7 x 10719 cm.

Here ¢ = 1 for the valence proton, g = 0 for the valence
neutron, the nuclear spin matrix element (o) =1 if [ =
l+1/2and (6) = —I/(I+1)ifI =1—-1/2. Here, I and [
are the total and orbital momenta of the valence nucleon.

It was noted in Ref. [1] that the axion dark matter field
may be an oscillating € term and thus may generate the
oscillating neutron EDM. To reproduce the density of dark
matter, following Ref. [15], we may substitute 6(7) =
0y cos(wt) where 6y =4 x 1078, @ = m,c?/h and m,
is the axion mass.

IV. EVOLUTION OF AN OSCILLATING NUCLEAR
EDM IN AN OSCILLATING ELECTRIC FIELD

In this section, we investigate the behavior of an
oscillating nuclear EDM dy coswt when an oscillating
external electric field E( cos Q¢ is applied to an atom. It was
shown in Refs. [18-20] that the field E, cos Q¢ induces on
the nucleus an electric field of frequency € and amplitude

Q> m,a(Q
LT P
where a is the atomic polarizability.

This result applies in the case where Q is far away from
any atomic transition frequency. In the case where Q
matches the transition frequency w,,, from the ground state
|0) to some state |n), Ey is resonantly enhanced

. 2m, @2
E(])\;]—reb —— p e <O|DZ|I’[>|2E07 (14)

where I" is the width of the state |n) and D, is the atom’s
electric dipole operator. Typically, I' K @,) = so
E;)fo—res < EoNn—res_

In any case, the interaction of the nuclear EDM
dy cos wt with the field Ey cos Qf may be written as

V = —dy - Ey cos Qfcos wt

dy-E
=- N2 Ncos (Q+ o)t

_dy-Ey

cos (Q — w)t. (15)

The evolution of the nuclear spin I under the influence of
this interaction (without magnetic fields) is

(I) = (I)o + dyIm(I[I - ENDOW
sin (Q — )t

+ dyIm(I[I - Ey]), O—w

(16)
where (.), means the expectation value with respect to the
original state of the nuclear spin.

If Q, ® # 0 then the second term in Eq. (16) is sinusoidal
and thus averages to zero. However, in the case where
@ = Q, the third term in Eq. (16) is proportional to .

If we assume that the nucleus carries spin 1/2, which
initially points in the x direction and that Eq = E(yZ then
in the case where Q = w, Eq. (16) reads (neglecting the
oscillating term)

1 1
(I ZEA _ZdNENtyv (17)
which shows that I starts to rotate in the xy plane and the
rotation angle is 6 ~ dyExt/2. In fact, since the result (16)
was obtained using perturbation theory, it only holds, in the
case where Q = w, if ¢ is small. For large ¢, we should write
(neglecting the oscillating term)

1 dyEyt, 1 . dyExt.

(I)zicos 5 X zsin 5 ¥ (18)

Note that Ey in Eq. (18) may take the off-resonance
value (13) or the resonance value (14). The latter is of
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particular interest since in that case Ey is enhanced by
several orders of magnitude. This situation requires
Q = w = w,o. When such a “double resonance” condition
is met, nuclear spin rotation may be much more significant.

Note that although the analysis of this section was
performed for an atom, the same conclusion holds if we
consider a molecule. In fact, molecules have several
advantages over atoms. In molecules, nuclei also partici-
pate in the screening of an external electric field and since
nuclei move much slower than electrons, their ability to
screen an oscillating electric field is weaker. As a result, the
induced field on a molecular nucleus is enhanced by a
factor of My /m, < 10° in comparison with the field on an
atomic nucleus. A further enhancement to the field on a
molecular nucleus comes from the small energy intervals
between rotational levels in molecules which appear in the
denominator [20]. Finally, since molecules have rich
spectra with small energy intervals which are in the
expected range of the axion mass, the “double resonance”
condition may be more easily satisfied in molecules than in
atoms. Achieving this entails tuning the energy interval
between the states |0) and |n) (using Stark and Zeeman
shifts) and the frequency of the external electric field to
match the nuclear EDM oscillation frequency.

V. OSCILLATING ATOMIC EDMs INDUCED BY
OSCILLATING NUCLEAR EDMs

As remarked earlier, an oscillating nuclear EDM
d, cos ot induces oscillating atomic EDMs. In this section,
we provide the calculation for the atomic EDM induced by
a nuclear EDM.

The Hamiltonian of an atom in the field of an oscillating
nuclear EDM d = d, cos(wf) may be written as

Y a- I,
V—e; . Zeh[P d, Hy), (19)
where H, is the Schrodinger or Dirac Hamiltonian for the
atomic electrons in the absence of d, N, is the number
of electrons, Ze is the nuclear charge, Z;, =Z - N,, —e
is the electron charge, r is the electron position relative to
the nucleus, and P = Zf{v;l Px is the total momentum of
all atomic electrons (which commutes with the electron-
electron interaction but not with the nuclear-electron
interaction =YW Ze*/r:  [P.Hy| =[P, U] =
—ihZe? Zk lv ) Here we assumed that the nuclear

mass is infinite and neglected the very small effects of
the Breit and magnetic interactions.

Using Hy|n) = E,|n) we obtain the matrix element of V
between atomic states |n) and |m)
E
(n|V|m) = =2 (n[P - dm). (20)

where E,,, = E, — E,,.

Using the time-dependent perturbation theory [29] for
the oscillating perturbation V = V|, cos wt and Eq. (20) we
obtain a formula for the induced atomic EDM

md_zzEOnRe (0[V|n)(n|D|0))

2 2
Ej, —¢€

ZehZE2 (0[P - d|)alDI0))

2 9
EOn—e

where ¢ = hiw and D = —e Ziv;l ri.
The energy-dependent factor may be presented as
E} €?
=1t
EOn —-¢€ E()n -

(22)

The energy-independent term 1 on the right-hand side
allows us to sum over states |n) in Eq. (21). Using the
closure condition and the commutator relation [P, D] =
—iehN,, this term gives

7.
Datom =d+ Dind = gld

2 Im((0[P - d]n) (n|D]0))
— . 23
T Zen - E}, —¢€ 23)

We observe that, in agreement with the Schiff theorem,
the atomic electric dipole moment D,, vanishes in a
neutral atom (Z; = Z — N, = 0) with a static nuclear EDM
(e = hw = 0).

Assume that the nuclear EDM d is directed along the
z axis. Using the nonrelativistic commutator relation
P= —i;"flf [Hy,D] (where m, is the electron mass), we
can express the atomic EDM in terms of the atomic

dynamical polarizability a.. ()

d m,e*a
Dezltom == <Zi - eZhZZZ> s

ZZ E,0|(0|D, |” |2.

E2 —€
The axion field oscillation frequency may be very small
on the atomic scale, and therefore, we may use static
polarizabilities in this expression which are known for all
atoms. The formula (24) may be rewritten, with the energy
and the polarlzablhty expressed in atomic units € = 57— /a
and a,, = g (where ap is the Bohr radius), as

(24)

DZ

atom

- &a
=S ., (25)

Since the atomic EDM D, is proportional to 1/Z,
it appears that the shielding is stronger in heavy atoms.
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This, however, is not necessarily the case since, for
example in hydrogen and helium @, ~ 1 whereas &, ~
400 in cesium (Z = 55). Indeed, the numerical value of the
polarizability &, in atomic units often exceeds the value of
the nuclear charge Z, and therefore, the suppression of the
EDM in a neutral atom mainly comes from the small
frequency of the dark matter field oscillations in atomic
units, €.

VI. OSCILLATING MOLECULAR EDMs INDUCED
BY OSCILLATING NUCLEAR EDMs

We see from the first line in Eq. (24) that the residual
EDM in a neutral system (Z; = 0) is proportional to the mass
m of the particle which produces the screening of the nuclear
EDM d. The masses of nuclei M in a molecule are up to 5
orders of magnitude larger than the mass of the electron m,.
In addition, the interval between molecular rotational energy
levels (~m,/My atomic units) are many orders of magni-
tude smaller than typical energy intervals in atoms and this
may give an additional enormous advantage; see the
denominator in the second line of Eq. (24). Finally, since
the molecular spectra are very rich, the energy intervals are
small and may be tuned by electric and magnetic fields, and
it is easier to bring them into resonance with the small
oscillation frequency of the axion dark matter field.

Calculations presented in the Supplemental Material [30]
give the following results for the induced electric dipole of
a neutral diatomic molecule when ¢ is smaller or of the
order of the first rotational energy E,:

ZﬂNX C_l E 62 dl dz
DEPM ot ——==), (26
mol 3€h2 E%Ot - 62 Zl 22 ( )

where puy = M M,/(M; + M,) is the reduced nuclear
mass, X is the ground-state internuclear distance, d is
the ground-state intrinsic electric dipole of a polar mole-
cule, E.o ~ h?uy' X2 is the energy of the first rotational
state and d , are the nuclear EDMs. In writing Eq. (26), we
have assumed that the molecular ground state has a total
angular momentum of 0.

For d| ~ d,, we see that the lighter nucleus gives the
dominant contribution. In other words, if Z; < Z, then
the term d,/Z, drops out. We assume this is the case. In the
limits € <« E; and € > E,, Eq. (26) gives

2e22 X3d
pEDM s € <Eq.
mol ~ e 1 (27)
d 2d
1 302, % e> E..

We see that in the small-axion-mass limit
(€ = myc? < E,y), heavy molecules have an advantage
U3,/ Z)). In the large-axion-mass limit (¢ = m,c? > E,),
the ratio of the EDMs is independent of ¢ and has an
asymptotic value of 2d/(3eZ,X) < 2/(3Z,) <2/3(d ~ eX

TABLE 1. Position of the resonance (rotational or © doublet),
large-axion-mass asymptotic and resonance values of the ratio
[DEPM /)| between the magnitude of the molecular EDM
induced by the oscillating nuclear EDM d; and d; in several

molecules.

Resonance Large o Resonance
position (eV) value value
HF (T4 52 %1073 0.8 8 x 10°
LiF (‘=) 3.4 %10 0.2 2 x 10°
YbF (3= h) 6.0 x 1075 0.04 4 % 10*
BaF (%=1 5.3 x 1073 0.02 2 x 10*
TIF (1) 5.6 x 1075 0.06 6 x 10*
HfFt (IZ%) 7.5 %107 0.04 4% 104
HfFt (GA)) 4.1 x 1071 0.06 6 x 104
ThF* (1ZH) 58 %1077 0.04 4% 10*
ThF* (CA)) 2.9 x 10710 0.06 6 x 10*
ThO ('=H) 7.6 x 1075 0.03 3 x 104
ThO (A)) 7.7 x 10710 0.05 5 x 10*
WC (CA)) 4.1x 10712 0.08 8 x 10*

for polar molecule) so molecules with at least one light
nucleus are more advantageous.

The result (26) applies for the off-resonance case.
If e = E,; then we have the following relation between
the oscillation amplitudes of DEPM and d;:

EDM . 26_1 Erot
mol 3,7z, X T "

(28)

which is the large-axion-mass asymptotic value in Eq. (27)
multiplied by the resonance enhancement factor E, /I’
where I" is the width. Again, we see that molecules with at
least one light nucleus provide a bigger effect.

There may be different contributions to I', such as the
natural width (which is typically small), Doppler width,
collision width and time of flight (if the experiment is done

104+ 7
t000f .-t
100 - |DER el |
to} R Al
1k
0.1¢
2 w10t 4100 6 %1048 x10-41072
e(eV)
FIG. 1. Ratios of the molecular EDM induced by a nuclear

EDM with the nuclear EDM and with the molecular EDM
induced by a nuclear Schiff moment in LiF.
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T T T T T T

DEDM/dF
| TIF

16 EDM ; ASCHIFF
Dy /D3

0.100 }

0.010

0.001 £~ . ‘ . .

1.x107%  2.x107% 5x1075 1.x1074  2.x107%
e(eV)

FIG. 2. Ratios of the molecular EDM induced by a nuclear
EDM with the nuclear EDM and with the molecular EDM
induced by a nuclear Schiff moment in TIF.

with a molecular beam). If, however, the experiment uses a
trapped molecule then I' is mainly due to the velocity
distribution of the axion: I'/E, ~ (v)?/c* ~107% where
(v) is the mean axion velocity.

We remark that some molecules have A, as their ground
or metastable state and thus have doublets of opposite
parities and very small energy gaps (which may be
manipulated by external electric and magnetic fields to
scan for resonance with the axionic dark matter field).
Accordingly, if the axion mass e is of the order of
these doublet splittings, the coefficient 2/3 in the results
(26)—(28) should be replaced by 1/2 and the first rotational
energy E, by the energy Eg, of the *A, doublet splitting.
Examples of this type are presented in Table. I.

In Figs. 1 and 2, we show the behavior of DEPM /d; in
LiF and TIF (the solid lines). For comparison, we also
present the ratio DEPM/DSCHIFF petween the molecular

EDM induced by a nuclear EDM with that induced by a
nuclear Schiff moment. The large-e asymptotic value and

resonance value of DEPM /4, and the position of the first
resonances (rotation or doublet) in some example mole-
cules are summarized in Table I. Note that we have
assumed that E,y g, /I" & 10° (a trapped molecule, where

I" is due to the axion velocity distribution).

VII. CONCLUSION

We have presented in this paper the possibility of
observing axion-induced oscillating nuclear EDMs with
oscillating external electric fields. We found that if the
frequencies of the external field and the nuclear EDM are
the same then nuclear spin rotation appears with the
rotation angle growing linearly with time. Moreover, if
the two frequencies also equal some transition frequency in
atoms or molecules then the effect is resonantly enhanced.
We also presented the atomic and molecular EDMs induced
by oscillating EDMs. Although these quantities do exist
as expectation values of electric dipole operators, they do
not produce nuclear spin rotation in a constant external
electric field.

On the other hand, if the electric field is oscillating but
the nuclear EDM is constant then there is nuclear spin
rotation about the direction of the electric field. However, in
this case, atomic and molecular EDMs remain zero since,
in accordance with the Schiff theorem, a static nuclear
EDM is completely shielded by electrons. Nevertheless,
the rotation of the nuclear spin is observable because the
nucleus carries a magnetic moment which produces a
rotating magnetic field.
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