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In this paper, we investigate a simple holographic model which describes the conformal symmetry
breaking at zero temperature. The model is implemented in the context of effective holographic models for
QCD described by the Einstein-dilaton equations. The realization of spontaneous conformal symmetry
breaking shows a massless state in the spectrum. The existence of this state is confirmed when we compute
the two-point correlation function of the scalar operator in the dual field theory, where it has a pole. On the
other hand, when there is an explicit conformal symmetry breaking the massless state becomes massive,
which in the dual gravitational theory is related to a deformation of the anti—de Sitter (AdS) background by
a massive scalar (dilaton) field. Moreover, we show the mass dependence on the conformal dimension of

the lightest state.
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I. INTRODUCTION

The study of conformal symmetry (CS) and its breaking
is a wide subject investigated in several areas of physics. Its
interest goes from: cosmology [1], condensed matter and
critical phenomena [2], and particle physics [3,4], for
example. Most systems at the critical point, for example,
where second order phase transition occurs, have con-
formal symmetry, and the properties obtained are universal,
this means that the results are valid for any system at the
critical point. As an example consider water at the critical
point, where the properties of the system may be charac-
terized by a set of critical exponents, which are obtained
through experimental methods. On the other hand, consider
the Ising ferromagnet model in three-dimensions, at the
critical point this model has the same set of critical
exponents of water. This is a remarkable result since we
are considering two different systems. One of the aims of
modern physics is to understand the nature behind the
universality obtained in such systems. Moreover, from the
phenomenological point of view, it is also interesting to
investigate what happens out of the critical points, which is
equivalent to CS breaking. This work aims to investigate
the consequences of the CS breaking on the spectrum and
correlation functions. From the field theory point of view,
there are a few ways how the conformal symmetry breaking
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may be realized. First, the symmetry may be spontaneously
breaking, as a consequence, at least, one massless state
emerges in the spectrum, a Nambu-Goldstone boson [5].
Another way to realize the spontaneous symmetry breaking
is through the computation of the two-point correlation
function, which has a pole at g> = 0, where ¢ represents the
momentum. Second, through explicit symmetry breaking,
in this case, the Nambu-Goldstone boson becomes massive.

On the other hand, the anti—de Sitter/conformal field
theory (AdS/CFT) correspondence [6] (also known as
gauge/gravity duality) is a theoretical framework where
we may investigate, for example, CS breaking. The gauge/
gravity duality is used to investigate some aspects that we are
not able to implement using usual methods in quantum field
theory, for example, in the strong coupling regime. So far, it
has been used to investigate a wide range of problems in
physics, problems like thermal properties of strongly coupled
systems and melting of particles [7—11], to find transport
coefficients in relativistic conformal and nonconformal
plasmas [12—17], condensed matter physics [18-20], entan-
glement entropy (see the review [21]) and lately to investigate
the interior of compact objects in astrophysics [22,23]. In this
paper, we are going to use the duality to investigate the
conformal symmetry breaking mapping the underlying
quantum field theory into a classical gravitational theory,
which should be asymptotically AdS to use the holographic
dictionary [24,25]. We expect the results shed some new light
on understanding the CS breaking in holographic models for
QCD describing color confinement in the infrared (IR)
region. In the context of holography, the CS breaking was
previously investigated in Refs. [26,27], where there are two
fixed points, one in the UV and another in the IR, while in
Refs. [28,29] the backreaction on the geometry was
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neglected, for supersymmetric theories where CS may be
breaking see for instance Ref. [30]. Thus, the approach we are
going to follow below is the phenomenological bottom-up at
zero temperature, and the results we obtain must be valid for
these kind of models, where the CFT is deformed by a
relevant operator in the dual field theory. Hence, a massive
dilaton field will induce a massive scalar state in the dual field
theory. On the other hand, it is worth mentioning that in the
top-down models at finite temperature coming from super-
string theory truncation proposed by Gubser ef al. [31,32],
conformal symmetry is preserved, and the presence of a
massive dilaton does not necessarily imply explicit con-
formal symmetry breaking in the dual field theory. This
is true even though when charge is added in the five-
dimensional effective action, i.e., the black hole solution
of Einstein-Maxwell-Dilaton action, see also Refs. [33-35]
where the authors investigated properties of the dual field
theory at the critical point.

The article is organized as follows. In Sec. II we present
the holographic model, where the five-dimensional action
describes the coupling of the metric and dilaton field at zero
temperature. We also explain our approach, which inter-
polates the dilaton field. Moreover, the background equa-
tions are solved numerically. In Sec. III we calculate the
spectrum of the scalar and tensor sectors, we observe for
the first time the emergence of the massless mode in the
scalar sector. We also determine an analytic approximation
for the mass of the lightest state as a function of the
conformal dimension. At the end of this section we
compute the spectrum of the tensor sector. Section IV
contains some solutions of the gravitational background for
the massless dilaton. Implications on the dual field theory
are also discussed. Section V is devoted to show the
perturbations equations on the background fields using
another approach, which introduces the domain wall
coordinate and the superpotential formalism. We imple-
ment the analysis in both sectors of the perturbations
considered in previous sections. At the end, we write the
perturbation equations as second-order differential equa-
tions. These equations are solved using two methods, one
perturbative solution and another analytic solution, which
is obtained in the asymptotic region. Using a matching
procedure we find a relation between the coefficients of the
UV and IR solutions. In Sec. VI we expand the on-shell
action up to second order in the perturbations to obtain
the two-point correlation functions, where, as expected,
there is a massless pole in the scalar sector. We conclude in
Sec. VII. Finally, complementary material are left in
Appendices A and B.

II. HOLOGRAPHIC MODEL

The holographic model we are going to work with is
described by the gravitational action defined in the Einstein
frame

SE——M?,N%/dx5\/:'g'<R—;—18mCD6m<D+V(<D)>, (1)

where R is the Ricci scalar, ® the dilaton field, and V(®)
the dilaton potential. The equations of motion obtained
from this action are given by

R =3 (0,9)(0,®) +3,V/(®) =0,

1 3
——0,,(v/=99"0,®) + 506V (®) = 0. 2
\/_—g m( 99 n ) + ] D ( ) ( )
On the other hand, in holographic QCD at zero temper-
ature we use an ansatz for the metric, which is given by

ds? = @) (d? + Nwdxtdx’), (3)

where A(z) is the warp factor. The form of the metric
guarantees Poincaré invariance in the transverse direction
to the holographic coordinate z. Introducing a new function
defined by ¢(z) = ¢4, the Einstein and Klein-Gordon
equations take the simple form [36]

4
é«// _ §(I)’2§ =0, (4)

128 =348 =V, (5)

where ' stands for d/dz. We propose to fix the profile of the
dilaton field, so that by solving Eq. (4) we know the warp
factor, in turn, solving (5) we know the potential.

The profile of the dilaton field has the following
asymptotic expansions in the UV (z — 0) and IR (z — o0)

®(z) = poz¢ + Gz+,
O(z) = Cz”,

7 — 0,

Z = o0. (6)

In principle, ¢y, G, and C are constants. However, we point
out that the dilaton field is dual to a scalar operator O with
dimension 4 — ¢, while the metric is dual to the energy-
momentum tensor 7, of the dual field theory. Thus,
through the holographic dictionary the constants ¢, G,
and C have physical interpretation. For example, ¢, is the
source, G is related to the vacuum expectation value (VEV)
and C a parameter associated with the color confinement
scale. Additionally, ¢ = A_ is related to the mass of the
dilaton field through the relation M%¢? = e(e —4) [24],
where £ represents the AdS radius and Mg, the mass of the
dilaton. The profile of the dilaton close to the boundary (6)
guarantees the correct asymptotic behavior, in agreement
with what is expected from the scalar operator O coupled to
the source (for a discussion see for instance [37], see also
[36]). On the other hand, in the deep IR region, the profile
of the dilaton field guarantees confinement, because it
satisfies the general criteria investigated in Ref. [38], where
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FIG. 1.
e =001, ¢o/A° =1 and £ = 1.

the authors showed that linear behavior is guaranteed for
a =2. Our pivotal aim is to investigate the conformal
symmetry breaking, then, we do investigate two interesting
cases: @ = | and @ = 2. The motivation for studying o = 1
is because the dilaton arising in string theory has linear
behavior, which has been investigated in Refs. [39,40].

There is a wide range of possibilities of interpolating
between the UV and IR asymptotic behaviors (6). We
choose the simplest function

GZ4—5
1+ (G/C)z**"

®(2) = oz + (7)

A. The gravitational background

Once the dilaton field is given by (7), the warp factor and
dilaton potential are obtained by solving numerically
Eqgs. (4) and (5), respectively. The solutions determine
completely the gravitational background. In the forth-
coming analysis, we work with small values of e, i.e.,
€ < 1. To simplify the numerical analysis, we do introduce
a dimensionless coordinate u = Az, hence, the parameters
of the model: G, C, and ¢, are normalized by the new
parameter A. In Fig. 1 we plot the dilaton (left panel) and
warp factor (right panel). We do not use the dilaton
potential, at least in the first part of the work.

III. SPECTRUM

The spectrum in the dual field theory is obtained from the
perturbations on the metric and dilaton field around their
background values, i.e., G, = Gpmn(2) + Mpun(z, x*) and
® — ®O(z) + y(z,x*). Three sectors are emerging in the
perturbation equations. However, we focus on the scalar
and tensor sectors because the scalar sector is associated
with dual spin-zero states, while the tensor sector with
spin 2 states. Moreover, in holographic QCD, the scalar
sector is related to scalar glueballs due to the connection
between O and TrF? (the trace of the Yang-Mills gauge
field), for discussion see Refs. [36,38]. For details on the

Left: Plotting the profile of the dilaton field. Right: Numerical results of the warp factor. Both figures were obtained by setting:

derivation of the perturbation equations and writing them
in terms of gauge-invariant variables, see for instance
Refs. [36,41]. Finally, the corresponding perturbation
equations in terms of gauge-invariant variables may be
written as Schrodinger-like equations

_‘//g,t(z) + Vs.t<z)l/’x,t<z) = m%,tl//S.t(s)’ (8)

where y(z) and w,(z) represent the wave functions of the
scalar and tensor sectors, respectively. The potential of the
scalar sector is given by V(z) = (B}(z))* + BY(z), where
2B,(z) = 3A(z) +2In[X(z)] and X(z) = @'(z)/(34'(2)),
aplot of this potential is displayed in left panel of Fig. 2. On
the other hand, the potential of the tensor sector is given by
V,(z) = (B)(2))* + B!(z), where 2B,(z) = 3A(z), aplot of
the tensor potential is displayed in right panel of Fig. 2.

A. Numerical solution-scalar sector

Here we obtain numerical solutions of the eigenvalue
problem represented by the Schrodinger-like Eq. (8). We
solve the problem using a shooting method, the “initial
conditions” are the asymptotic solutions close to the
boundary w, ~ agz =t + a;z¢73/%, setting a; =0 we
choose the normalized solution. The results are displayed
in Fig. 3. In this figure, we observe the emergence of a
massless state in the limit ¢ — 0. On the other hand, in such
a limit, the operator O with dimension 4 — ¢, becomes
marginal. This result is interesting, because the massless
state may be interpreted as a Nambu-Goldstone boson,
consequently, a signal of spontaneous conformal symmetry
breaking.

From the numerical results we realized that m2/A* ~ €’
for e <1 (y a real number), for a fixed value of the
parameter ¢,/A° = 1. Another possibility is to fix ¢y/A¢
using the ratio of the first glueballs states (obtained on the
Lattice [42]), mg++ = 1475(30)(65) MeV and mg+ =
2755(70)(120) MeV. Then, A may be fixed by comparing
the first numerical result with the corresponding first
glueball state as was done in Ref. [36]. By doing so, the
parameters are: ¢py/A° = 113.3 and A =420.5 MeV.
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FIG. 2. The figure shows the potential of the Schrodinger-like equations for the linear dilaton @ = 1 and quadratic dilaton (a = 2).
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FIG. 3. Figure shows the mass spectrum obtained by solving
the Schrodinger-like equation using a shooting method. We
observe that the massless state becomes lightless as the parameter
€ increases.

However, the focus here is not to find out the spectrum and
compare it with the corresponding results available in the
literature, but the investigation of CS breaking, for that
reason the value of these parameters is in general different.

1. Analytic approximation

In a general case, the potential of the Schrodinger-like
equation may be expanded close to its minimum located at
=2z, as

VS(Z) = VS(Z*) + V/T(Z*)(Z - Z*) +

As z, is the coordinate where the potential reaches its
minimum, thus, V/(z,) should vanish at this point.
Moreover, V?(z,) > 0 (see Fig. 2), whereas V(z,) may

be positive, negative or zero. Thus, the Schrodinger-like
equation becomes [neglecting terms larger than O((z—z,)?)]

Vi(z.)
2

(Z - Z*>2U/5(Z) - (mf - VS(Z*>)WS(Z)'

(10)

-wi(z) +

Defining a new variable by &= ry{/V?(z,)/2, where
r = 7 — z,, the last equation takes the form

(&) + Ew (&) = A (&), (11)

where 1 = (m? —V(z,))\/2/V?(z,). The normalizable

asymptotic solution of Eq. (11) is y, ~ e~¢/2, then, intro-
ducing a new regular function ¢(¢) defined by g(&) =
w,(E)ef’/2, the new differential equation reads as

9'(§) =289 (&) + (A—1)g(¢) = 0. (12)
The general solution of this equation may be written as

1-21
T’§’§2> (13)

where: H.i(£) is the Hermite polynomial and | Fy (a; b; &%)
the Kummer confluent hypergeometric function. On the other
hand, the regularity condition of y (&) fix the constant C, = 0
and (1 —1)/2 = n, where n = 0, 1,2 - - -. Then, the expres-
sion for the mass is given by

96 = CHo®) + CoyF

m:=V(z.)+(1+2n) @, (n=0,1,...) (14)

where we have reestablished the original coordinate. We point
out that the potential has an implicit dependence on the
conformal dimension, moreover, z, is also a function of
the conformal dimension and may be determined from the
condition V’'(z,) = 0. Itis worth mentioning that Eq. (14)is a
general result and may be used when an analytic expression of
the potential is known. For example, applying (14) for the

106009-4



CONFORMAL SYMMETRY BREAKING IN HOLOGRAPHIC QCD

PHYS. REV. D 100, 106009 (2019)

5F

s

m

€

FIG. 4. Figure showing the behavior of the mass as a function
of the conformal dimension for ¢y/A¢ = 1.

holographic model describing scalar glueballs [43] we obtain
the expression m2 =4 + /154 4n, which is a good
approximation of the exact solution m? = 8 + 4n. Another
example is given by the spectrum of the scalar mesons [44],
m? = 4 ++/3 + 4n, which is a good approximation of the
exact solution m2 = 6 + 4n.

However, in our case the potential is obtained numeri-
cally, hence, Eq. (14) may be used to obtain an approxi-
mation for the mass as a function of the conformal
dimension, €. In the following analysis we set ¢q/A° =
1 and a = 2, so that we obtain V(z,) for e € [0, 0.3], at the
end we replace in Eq. (14), then, we fit the result to get an
analytic approximation for m?(e), which takes the form

m? = 5¢*/5, 0<e<0.3, (15)

An overlap of the numerical and analytic result, Eq. (15), is
shown in Fig. 4, where the dashed line shows the analytic
solution, while the continuous line shows the numerical
solution. We observe a good agreement in the region of
interest.

B. Numerical solution—tensor sector

Analogously to the scalar sector, we may obtain
numerical solutions of the eigenvalue problem represented
by the Schrodinger-like Eq. (8). We solve the problem
using a shooting method, where the “initial conditions”
are the asymptotic solutions close to the boundary
w, ~ byz>/* + b,z73/>. For normalizable solutions we set
by = 0. The results are displayed in Fig. 5. In this figure,
we observe the dependence of the mass on the conformal
dimension, in the limit of ¢ - 0 we do not observe any

20t e =1 |

€

FIG. 5. The figure shows the mass spectrum obtained by
solving the Schrodinger-like equation using a shooting method.
We do not observe any massless state in this sector.

massless mode in this sector for both, linear and quadratic
dilaton.

IV. CONFORMAL SYMMETRY BREAKING

The picture of the five-dimensional action (1) in the dual
field theory was previously investigated in Refs. [39,40]
(see also [36]). In the extreme UV, which is equivalent to be
at the boundary in the bulk theory, the field theory has
conformal symmetry when the dimension of the operator O
is A, = 4 (marginal operator). However, introducing a new
dimension of the operator, say A, =4 — ¢, the conformal
symmetry is deformed. Thus, the Lagrangian of the
resulting deformed field theory may be written as

L = Lcpr + $o0, (16)

where ¢, is the source of the relevant operator. On the
other hand, the dimension of the relevant operator
A, =4 —¢, is translated in the dual gravity theory into
the mass for the dilaton through the holographic dictionary
by A (A, —4) = M3 ¢ Thus, a relevant scalar operator
in the field theory is dual to a massive dilaton field in the
dual gravity theory, and a marginal operator is dual to a
massless dilaton.

Let us consider a massless dilaton in the bulk. This
means that the dilaton potential does not have a quadratic
term in its asymptotic expansion close to the boundary. We
can show this statement by setting A, =4 (or ¢ =0),
hence, the asymptotic form of the dilaton field (6) takes the
form

D(z) = o + GZ*. (17)
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Plugging this expression in (4) we get an analytic solution,
which is given by

{(z) = Zl: (2) 1/81“ @) I <§ Gz4> : (18)

where 7} 3(x) is the modified Bessel function of the first
kind. The corresponding expression for the dilaton poten-
tial is given by

)
o (3S2)] oo

where (F (; a; x) is the confluent hypergeometric function.
Expanding Eq. (19) close to the boundary we get

V(z)

12 512

V@)= Iz 81f2

(©—¢o)* + -+, (20)

where we have used Eq. (6). As expected, there is no
quadratic term on this expansion, which means a massless
dilaton field. Besides, we point out that in this case, i.e.,
e — 0, a massless state arises in the spectrum (see Fig. 3).
Consequently, we might interpret this situation as repre-
senting some kind of spontaneous symmetry breaking (see
for instance [45]). However, for concluding so, we need to
show that the VEV of the scalar operator is nonzero, i.e.,
(O) #0. It is worth mentioning that the massless state
arising by considering a dilaton like in Eq. (17) was
reported in Ref. [37].

On the other hand, when ¢ # 0 the asymptotic form of
the dilaton remains as in (6). It is not possible to obtain an
analytic solution for {(z), thus, the asymptotic expansion of
the dilaton potential is

12 4,

V(D) = Z 3M O+ - (21)
where we have considered the leading term of the dilaton
field @ ~ ¢z° and the relation e(e —4) = M3¢2. This
situation represents a massive state in the spectrum (see
Fig. 3). We might interpret as an explicit conformal
symmetry breaking because the warp factor in no longer
AdS but deformed AdS.

From the field theory point of view, Goldstone’s theorem
[5] states that massless bosons arise when a global
symmetry is broken. The extension of this theorem in
holography was previously investigated in Refs. [26-29],
where the dual conformal field theory has two fixed points,
one in the UV and the other in the IR, thus, there is an
RG-flow from one fixed point to the other. In the context of
top-down holographic QCD, see for instance Ref. [46].

From the field theory perspective, consider a theory with
nonvanishing VEV, ie., (O) #0, this means that the
symmetries of the Lagrangian are not the symmetries of
the VEV. Then, consider that the trace of the energy-
momentum tensor is zero, i.e., T = 0, which means the
theory has conformal symmetry. Therefore, a massless
particle arises in the spectrum because the symmetry was
spontaneously broken. As we will see below, the holo-
graphic model we are working with shares these features.

In the family of effective models for holographic QCD, it
is possible to compute the VEV of the scalar operator O
with dimension 4 —¢. Similarly, the vacuum energy is
obtained from the regularized on-shell action. The general
renormalized action is given by

Sren = Sg + Sau + Scr, (22)

where Sg is given by (1), Sgy is the Gibbons-Hawking
surface term and S the counterterms action, which cancel
out the divergences. The Gibbons-Hawking surface term is
defined by

Seu = M3N? /0M d*x\/=g2K, (23)

where ¢ = det{g,,} the determinant of the induced
metric (we are considering the induced metric with g,,,
with 4 =0,...,3). and K the extrinsic curvature (see
Appendix A for details). The renormalized one-point
function may be obtained from the on-shell action. For
our convenience, the authors of Ref. [36] obtained the one-
point correlation functions using a minimal subtraction
scheme, thus, the VEV of the scalar operator reads as

16

—M}N*(4—¢€)G. (24)
While the vacuum energy is given by

iM3N2 (4 —€)gyG. (25)

TOO ren __

Both results may be combined to show the trace anomaly
of CFTs

(T = —ep{O)™. (26)

Now, let us take the limit of € — 0. The energy-momentum
tensor becomes traceless, as can be seen from Eq. (26), this
means that the CS was restored. However, the VEV remains
finite. In conclusion, there is a mechanism of spontaneously
conformal symmetry breaking. Consequently, a massless
state must emerge in the spectrum, as happens, see Fig. 3.

On the other hand, when ¢ # 0, the trace anomaly (25)
holds. This means an explicit conformal symmetry break-
ing. As a consequence, the massless state becomes massive.
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V. LINEAR PERTURBATIONS

A. Scalar perturbations

In this section, we show that there is a massless pole in
the two-point correlation function related to the scalar
operator (OO). We implement an analysis following
Refs. [26,27]. First, we introduce the domain wall coor-
dinate defined as dr = edz. Using the domain wall
coordinate the background metric (3) takes the new form

ds* = dr* + g, dx"dx". (27)

In the sequence, we introduce the superpotential formalism
which will be useful at the time we write the perturbation
equations. We may rewrite the second-order differential
equation Eq. (4) as two first-order differential equations:

9,0 = oW,

thus, the potential (5) becomes

— 64 2 4 2
V=W - (OW), (28)

where O represents the derivative with respect to the
background scalar field 9/0®. Let us consider the pertur-
bations on the background metric and scalar field in the
form

Guw = g/w(r) + 69/41/’ O = q)O(r) + 60, (29)

where g, = ey, 8g,, = A, (r,.x*) and 5& =
@(r,x"). The strategy is the following, we write the
equations of motion in terms of the extrinsic curvature
and induced metric defined in Eq. (A1), see Egs. (A2)—(AS).
Then, we decompose the metric perturbations using the
projectors defined in Eq. (A16). Finally, the corresponding
perturbations equations are projected to get (A18), (A19),
and (A24), details of this analysis are written in Appendix A.
In the forthcoming analysis, we consider just the scalar
perturbations, i.e., the scalar piece of the metric and scalar
field. By eliminating the scalar function H from Eqgs. (A22)
and (A23) we may write the perturbation of the scalar field as
a third-order differential equation

o+ P o+ Qdp + Rp = 0, (30)

where the coefficients are given by:

8w W

~T3aw TTaw
8 e 128 W2 8WOW  O*W?
C="3"Capm s o o anr  ant
R= g eHOW 128WPW N 8PW 9w}
ow3 81 ow? 30w  OwW?
OPWOPW  8WOW? S8WIFW o'W

2wt o ow 3w _aw: OV

Using the so-called gauge mode (see Ref. [26] for details) we
may rewrite Eq. (30) in the form (this also may be interpreted
as afactorization of the third-order differential equation [47])

W
(0% + a0 + ay) <5—W>€0 =0, (32)

where the coefficients are given by:

SW W
a)=——— _—
739w ' T ow

8 e A 128 W2 16WO'W _OPW
-2 - 2= . (33
G=3 ot T owE 9 awE T raw OO

Introducing the following transformation

PPwW W
(8— 8W>¢_(8W)2e S, (34)

the third-order differential Eq. (32) reduces to a second-
order one

24
02S + OBAS — ¢ (:;W)z S=0, (35)
where B is giving by
B:2an—ln8W+g%. (36)

We point out that the warp factor in terms of the super-
potential is given by A = —4W/(99W). To compute the
correlation functions associated with the scalar perturba-
tions we need to know solutions of differential Eq. (35) at
least in the asymptotic regions, i.e., UV and IR. We may
solve Eq. (35) by knowing the asymptotic form of the
superpotential in the IR region, for example. However, it is
possible to solve this equation also perturbatively consid-
ering ¢* as a small parameter, which is true for the lightest
state. In the forthcoming analysis, we solve this equation
using two techniques. First, we solve the equation using ¢*
as a perturbative parameter. Second, we solve the same
equation in the IR and UV, in the end, we match the
corresponding solutions in the asymptotic regions.
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The perturbative solution may be written as
S=> S, ¢<1 (37)

Up to second order in the perturbative parameter the
solution of Eq. (35) is given by

o~ 2A(®)+B(®,)
S= —d®,dD;+O
Cz(JFQ/ / (OW(®,)? Ld®;+0(gq ))
3@ 5(0s) o~ 2A(02)+B(®,)
1 dq) - 3
i (/ 1 / / (OW(®,))°
X / e‘B<‘1’l)d<I>1d<I>2d(D3+O(q4)>. (38)

In principle, the result (38) is valid in the whole region
of interest, i.e., from the UV to the IR, it represents the
wave function of the lightest state. Therefore, by knowing
the superpotential it is possible to evaluate these integrals,
fortunately for us, we do know the IR asymptotic form of
it [38]

W = W &% e2®/3, (39)

where W, is a constant. The expressions for B and warp
factor are then given by

3a-1)1 a-1 3W2,
B =20 - 10 © In® +In 7
a—1 2
A=—In®—--0. 40
2 073 (40)

In the following we consider the case for & = 2 only and
leave the results for ¢ =1 in Appendix B. Thus, the
perturbative solution reads as

2D l/4
S=cy(1+0(?) -4

T (O

), a=2

where O(g?) are subleading corrections.
On the other hand, let us focus on the asymptotic form of
the differential Eq. (35) in the IR region where it becomes

a—-11 367D
2a <I)> + (L + 40)2

2(a— l)

%S + (2 - S=0, (42

where § = g/W,,. Fortunately, their solutions may be
written in terms of known functions:

9q 9
8 4’
a=2 (43)

S = e 20@3/4 <c3U<1 2c1>> + c4L5/ ! (2cb)>,

where U(a, b,x) and L§(x) are the confluent hypergeo-
metric and generalized Laguerre functions, respectively.

To avoid logarithms in the last solution we fix the
constant ¢3 = 0 and set ¢4 = ¢(. The leading terms of the
series expansion of Eq. (43) are

e
S—iqzc()(Q—

5174 a=2  (44)

€—2®®1/4>.

By matching (41) with (44) we conclude that

9 . () 7
Cy = Rq20021—?4’ cp = EWéqzco, (45)

consequently their ratio does not depend on g>

¢ F(f‘;)

Cq _3W(2>o

(40)

Now, let us turn our attention to the UV. The asymptotic
form of the superpotential close to the boundary may be
written as [26,36]

Ay
2¢

=+ (47)

9
47
In the forthcoming analysis, we set A, = 4, which is the
limit of spontaneous conformal symmetry breaking. The
expression (47) may be obtained solving Eq. (28) for
the massless dilaton, i.e., the potential just with cosmo-
logical constant,

9 4
W= 17 cosh . (48)
Hence, expanding the last result up to second order in @
we recover Eq. (47). Knowing the superpotential we may
find the function B and evaluate the integrals in Eq. (38).
Therefore, including the gauge mode, ¢, = C,0W, the
perturbation function ¢ takes the form

® =@, + onyDy + CN‘D?)/Z’ (49)
where
PN = 2C )
17/4
0y = ¢ = TG/4)er.
128
N =543 (50)

Analogously, the asymptotic solutions for the metric
components 7 and hy are determined from Egs. (A22)
and (A18), respectively
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16

8 4 5 2
hy = hyy, —gfﬂb(bo - g(chI)% 15 — CyDy /
16 8
h=h, —E(pN(I)O §CNCD(5)/2. (51)

Replacing these results in Eq. (All) we get a relation
between ¢y and Cy given by

36
PN = ? Cy. (52)

On the other hand, using the last equation in (50) we rewrite
(52) as

1512

?WCI. (53)

PN =

Finally, combining Egs. (46), (50), and (53) we get the
following relation

on = F (@) pp (54)
where
512
f&(q) = 321-(5/4) 217/41-(3/4) _2 N (55)
( 2 3 ) q

Additionally, we write iy and h;, = h — hy using (51) in
the form

hT:th+hTNq)0+""
hy = hpy +hpy®o+ -, (56)

where we have defined

fT(Q)(pb’
hpy = j:L(Q)% (57)

with F7(q) = —8/3 and FL(q) = 8/3.

From the above results, it is possible to say that the two-
point correlation function associated with the scalar oper-
ator O has a massless pole. Using an argument similar to
the one used investigating quasinormal modes, see
Ref. [48]. The statement said that the two-point correlation
function is proportional to the ratio of the coefficients A
and B when the perturbation function, here represented by
Z, may we written as

Z(r) = A(q@)p:1(r) + B(q)@(r). (58)

where the coefficients may depend on the momentum and
@1(¢>) is the nonnormalizable(normalizable) solution close
to the boundary. Hence, the two-point correlation function
is given by

hry =

Bla)

(00) ()

(59)

Using the same argument in our case, from Eq. (49),
A = ¢, and B = @y. Then, replacing (46) we get

On 1536 1
o 2TE) -274TQ) ¢ (60
Wi~ \4 4
Therefore,
1
q

This proofs the existence of the massless pole as com-
mented previously. An analogous discussion is also pre-
sented in Ref. [27]. However, to show the consistency of
our results we are going to write the on-shell action and find
the two-point correlation function through the functional
derivative.

B. Tensor perturbations

In this section, we investigate the transverse and traceless
sector (or spin 2 for short). It is not difficult to show that this
sector decouples from the other sectors and its equation of
motion may be written as (see Appendix A for details)

2 ,—-2A
q-e

OPhIT + OBTTORIT

where BTT = log OW + 4A, which is given by (we focus on
the case a = 2)

2W, 5 3
log< 3 > —logd) 2d>+86 (63)

Similarly to what we have done above, the perturbative
solution of Eq. (62) is given by

BIT = 1,7 4 By 17 / @D, + O, (64)

where hb” is the non-normalizable solution and hNTT the

normalizable one. Plugging (63) into (64) and performing
the integral we obtain

T

3h
=y + 4V];W PO+ 0(¢%).  (65)

On the other hand, the differential equation (62) in the IR
reduces to

5 9g*
2, TT ) T T _
O hy, + < —|—4q)>8h + (I)h”” 0, (66)
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where we have used the superpotential (39) and
g = q/W. The solution of this differential equation is
given by

9G*> 5
Wit = ch(- T 2@) +C2WL;§/8(2¢>), (67)

where U(a, b,x) and L%(x) are the confluent hypergeo-
metric and generalized Laguerre functions, respectively. In
order to get an expression to compare with the perturbative

solution (65), we expand (67) and set —C,,, = Co,, = Cyps
getting
]’lTT _ 9C0/41./(7/E + i]z')qz _ 9C0ﬂur(5/4)q2 €2¢q)_5/4 4o
8W2, 29/4W2,
(68)

where y is the Euler’s constant. Therefore, after matching
with (65) a relation between the non-normalizable and
normalizable coefficients is determined

23/4W  [(5/4)
Il = —=——= 2,1 69
Nuv 3(}/E + lﬂ) b;w ( )

Analogously to what we have done in the scalar case, we
may obtain the two-point correlation function associated
with the energy-momentum tensor, which is proportional to
hNTT

hbTT

234w T'(5/4)
3(ye +inm)

(TT) (70)

Therefore, the last result shows no dependence on the
momentum and no massless pole. This result is in agree-
ment with the spectrum displayed in Fig. 5.

On the other hand, the perturbative solution close to the
boundary is also determined from the integral in (64) and
using the superpotential (47)

) 402
RIT = n, 1T + ny 2T 40 (1+7> (71)

plugging (69) in the last equation we get
hi = hyg (1+ F'T(q)@g + ), (72)
where

WI'(5/4)
3% 24 (yg +in)

FT(q) = - 73)
VI. TWO-POINT FUNCTIONS

To find the correlations functions we need to expand the
on-shell action up to second order in the perturbations.

To get finite expression we need to add counterterms to
cancel out the divergences arising in the UV. Thus, the
counterterms action in (22) may be written as

8 -
Ser = M2 / & /=W (D), (74)

where W is a function that has the same asymptotic
expansion of the superpotential close to the boundary,
however, their coefficients are in general different. Hence,
close to the boundary, it has the asymptotic expansion

W:Z+ (4— A, )02 (75)

To expand the on-shell action up to second order in the
perturbations we follow the analysis implemented in
Refs. [26,47,49,50], and write the action as

S[gm/ + 59;41/’ q)O + 5@]

1
= S[g;wv CI)O] +6S |:g/w +3

3 59/41” (I)() +

1

5 08, 5@] :
(76)

where 6S is given by

55[9/41/? (I)O; 69/41/’ 5(1)]

4
= —M3N? / d*x\/=g { <K”” Kg" —3 Wg””) 80

wloo

(0,®, — 8W)6d)} (77)

It is worth mentioning that in the analysis we are perform-
ing, there is an implicit limit @, — 0 on the on-shell action.
Setting A, =4 we simplify the last result, while the
superpotential (75) reduces to a constant.

Therefore, the on-shell action up to second order in the
fluctuations reads as

4 4
S = —M;N? / d4x\/—g<8,(p(p —782W¢2

2
- OWohi + 4h,w8 v — —h"a h”) (78)

Now we rewrite the last result in terms of the superpotential

4 40°W
— _M3N2? | dxetow (2 _TUwW s
\) pc/ xe*0 <38(p(p 3 W
20W
—gw(ﬂhﬂ +4h,w(9h’”’ ——h”@h”) (79)

Hence, the finite piece of the on-shell action becomes
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16
S = —M;N? / d*x (? OnPy + My — hNﬁhbﬁ)

(80)

Using the decomposition (A15) and projectors (A16) it
takes the form

d4q H/w,aﬂ]:TT (q>
5=t g (g

16
+?(Pb7:s(4)(/’b +op {

P F(q) +P’Z”fL(LI) :
3q2 qz buv | >
(81)

where we have used (54), (57), and (72). The two-point
functions are determined through functional derivative of
this result, thus, for the scalar operator we get

&S 1
= < M3N2F (q) = KM3N2—, (82
Sppdpy " (a) g (82)

(00)

where the constant is given by X =-8192(3(5/4)/W2,—
217/41°(3/4))~". This result shows us a pole at g> = 0, thus,
confirms the result obtained in (61) and the existence of a
massless pole in the spectrum, see Fig. 3.

On the other hand, the two-point function for the energy-
momentum tensor is given by

&S s
« M3N? @) FT(q), (83)

as F TT(q) is, in fact, a constant [see result (73)], there is no
pole on the two-point function of this sector, which is in
agreement with the spectrum of the spin 2 sector, see Fig. 5.
Finally, we obtain the mixed two-point function

THTPN —  ~ =
< > 5hbﬂ,,5hbaﬂ

") & M3N? P—’;yﬁ P—lgﬂ 84
(10) « MNE|SLFT (@) + 5 F (@) (84)

as the functions F7(g) and F~(q) are constants, the two-
point function has a pole at g> = 0, this pole is expected
because we are mixing the spin-zero and two correlation
functions [27].

VII. CONCLUSION AND FINAL REMARKS

In this work we investigated the conformal symmetry
breaking using a simple bottom-up holographic model. We
propose to consider the dilaton field as an input to solve the
differential equation describing the background. The dila-
ton field in the UV guarantees the correct coupling between
the dilaton and the corresponding dual operator in the dual
field theory O. On the other hand, in the IR region, the
dilaton guarantees color confinement. To recover the Regge
behavior, i.e., m? « n, the dilaton must be quadratic.

Moreover, considering the linear dilaton, the Regge behav-
ior is not guaranteed and the spectrum becomes a con-
tinuum. Solving the perturbation equations we found the
spectrum of the scalar and tensor sectors as a function of the
conformal dimension € (cf. Figs. 3 and 5). We observed that
in the limit of vanishing conformal dimension a massless
mode arises in the scalar sector. This state may be
interpreted as a Nambu-Goldstone boson arising due to
the spontaneous conformal symmetry breaking. We con-
firm that this massless mode is, in fact, a Nambu-Goldsonte
boson because the VEV of the corresponding operator is not
zero in this limit, i.e., (O) # 0, while the trace of the
energy-momentum tensor vanishes (77%) =0. We also
showed that the massless mode becomes the lightest state
when explicit conformal symmetry breaking happens.
Additionally, we found an analytic expression for the mass
of the lightest state as a function of the conformal
dimension, m? ~ ¢*/°. Finally, we point out that the relation
between the mass of the dilaton field leading to explicit
breaking of conformal symmetry, and consequently a
massive scalar state in the dual field theory, is true in
bottom-up holographic models at zero temperature where
the CFT is deformed by a relevant operator, and confine-
ment is guaranteed in the IR region. However, this con-
clusion is not true when a black hole is embedded in the
bulk gravity or even though when charge is included in the
five-dimensional action, which is equivalent to add chemi-
cal potential in the dual field theory.

As a complementary analysis, in the second part of this
work, we compute the two-point correlation functions of
the dual operators associated with the scalar and tensor
perturbations in the bulk gravity. To do so, we expanded the
on-shell action up to second order in the perturbations.
Finally, to get the desired functions we derive with respect
to the source. For the scalar operator, we observed that the
two-point function has a pole at ¢g> = 0, which represents
the massless mode emerging in the spectrum. On the other
hand, the two-point function of the tensor sector does not
have any pole, which is in agreement with the spectrum.
Additionally, we have found the mixed two-point function
(T* ), which has a pole at ¢> =0, confirming the
existence of a massless state in the limit of ¢ — 0.
Future perspectives may investigate the RG flow of the
scalar operator at zero and finite temperature, also the
relation between the mass of the dilaton field and conformal
symmetry breaking.
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APPENDIX A: PERTURBATION EQUATIONS

In this appendix, we write the equations obtained after
perturbing the background metric and scalar field. We write
the equations in terms of the extrinsic curvature and
induced metric, both are represented with K,, and g,,,
respectively, while Greek letters characterize the indices. In
terms of the domain wall coordinates the extrinsic curvature
is given by

1
Kﬂl./ = _r/:v = Earg/w’

Kf/l = F’:L/y K= g”DKm/' (Al)

In terms of the extrinsic curvature the components of the
background equations (2) may be written as:
~0,K — K4Kly =

(0,@)% - % v, (A2)

(0,0)0,®, (A3)

Wl s WIe

~9,K + VK% =

R, — ,K,, + 2KK% — KK,

=2 (0,0)(0,9) ~ 50,7 + 2 0,0)0,0). (Ad)

D + KO, +0,(¢"°) + T(90,9)

+ %av =0, (A5)
where V,, and R, are the covariant derivative and Riemann
tensor depending on the induced metric g,,,. We point out that
the background equations written in terms of the extrinsic
curvature may be useful when studying renormalization
group flow equations (see for instance Refs. [49-53]). For
the forthcoming analysis, it will be useful to eliminate terms
containing 9,K and R, from the equations above, thus, the
background equations become

4 4
KUKY — K? + 3 (8,®) = 3 (0'®)(9,®) =V =R, (A6)
a 4
~0,K + V,Kfi =2 (0,9)0,®. (A7)
4 1

20 + KO,® + 9,(¢%®) 4 T (g0, ®) + %av =0.
(A9)

Now introducing the perturbations on the background
metric and scalar field defined in (29). Under this defi-
nition, the Ricci tensor and its scalar to linear-order in the
perturbations take the form

1
2
R = 724(9,0, 1),

RY == (0,0,h% + 0,0,h% — 0,0,h — Oh,),

(A10)

where [1 = 90, Plugging these results in (A6)—(A9) and
applying the Fourier’s transform we get the following
equations:

8
30,A0,h + ga,cboar(p +OVp—ehy =0, (A11)
8
qﬂarh - qaarhz - g qﬂar(DOq) =0, (A]Z)
2
O2h +40,A0,h) + <6rA8rh +3 aV(p) 5
— e (¢ — g’ ) g hap + PP'hy) =0, (A13)

1 3
2@ + 40,A0,¢ + 58,(1)8,}1 —q*e Mg + g@ZVq) =0.
(A14)

The next stage is to project some of the last equations along
the momentum and transverse to it (see Refs. [26,47]). For
doing that we decompose the metric perturbations in the
form

by = hil + hlE + hl, + hL,. (A15)
The projectors are defined by
P =g — q'q".
P =q"'q".
uv,aff Ha puf 1 U paf
M = P Py — =Py Pr, (A16)

3

where P;" projects along g#, P} projects in the transverse
direction and IT*% projects on the transverse-traceless
sector, the components of (A15) are given by

1
hyl = Wnl{jghaﬁ’
1
hif = — [PTzPLg + PTprz]haw
(%)
1
1
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Additional properties of the projectors are hy =P, % h,s/ g2,
hy = Pr%hys/q*,  hy+hr=h, and P™/q*+
Pr*/q* = .

Let us split the problem. First, we apply the projector P;”
on (Al2) to get

8

Second, we apply the projectors P, and P}, on (A13), we
get the following equations

2
a%hL + 48,148th + a,Aarh + gaV(ﬂ - qze_ZAhT = 0,
O2hy + 40,A0,hy +30,A0,h +20Vep — g*e > hy = 0.
(A19)

Combining both equations, then using (A11) to replace A,
at the end we get a second-order differential equation for A

2 16
which may be written as
—24 24 2 16
e *40,(e**0,h) + gquo - ?ar%ar(p =0. (A21)

Defining the new function H = ¢?49,h, the last equation
becomes a first-order differential equation for H.
Additionally, we do introduce this new function in the
Klein-Gordon equation (A14), the resulting equations are

2 16
€_2AarH + §6Vg0 - ?&Cbargo = 0, <A22)

1 3
02D +40,A0,¢ + EGrCDe_ZAH — g Mg+ §82V¢ =0.
(A23)

We may eliminate the dependence on H using both
equations, the final result is a third-order differential
equation (30).

On the other hand, to complement the analysis we write
the equation of the transverse and traceless sector, which is
obtained by applying the projector [1%* 4 on (A13), hence,
we get

O2hIT +40,A0,nlT — > hIT = 0. (A24)
This equation is used in Sec. VB to find the two-point
function of the energy-momentum tensor.

APPENDIX B: SCALAR PERTURBATIONS-
LINEAR DILATON

In this appendix, we write the results obtained for the
linear dilaton in the IR. Thus, performing some integrals in
(38) the perturbative solution for @ =1 is given by

- 9@2 . cle—Z(D 962 4
S—c2<1—|— g D+0(g )) W 1 g D+0(3%) ).
(B1)

On the other hand, we get an analytic solution of
Eq. (42), which is given by
S= c3e(_2_ VA9r)s | c4e(_2+ V497 )3 (B2)

Expanding the last result up to second order in §°

~2 ~2
=155 00" e (1000

(B3)
Matching (B1) with (B3) we get
CH Cy

L= B4

C1 3C3Wgo ( )

On the other hand, the solution close to the boundary is the
same as in (49). Hence, combining Eqgs. (B4), (50), and (53)
we get the following relation

on = F (@) s (BS)
where
512 1
Fs(q) = - ( 2c, B 217/4F(3/4)) ? . (B6)
c3 W2, 3

Using the same idea as we have done for the quadratic
dilaton, the solution close to the boundary may be written
as in (58), from this expression we read the coefficients.
Thus, the two-point function for the linear dilaton is
given by

1
(00) x PN o . (B7)
P 4
Therefore, we have shown that the correlation function has
a pole at g = 0, which corresponds to the massless state
displayed in Fig. 3.

106009-13



LUIS A.H. MAMANI

PHYS. REV. D 100, 106009 (2019)

[1] G. Hinshaw et al. (WMAP Collaboration), Astrophys. J.
Suppl. Ser. 208, 19 (2013).
[2] H.E. Stanley, Introduction to Phase Transitions and
Critical Phenomena (Clarendon Press, Oxford, 1971).
[3] D.J. Gross and F. Wilczek, Phys. Rev. Lett. 30, 1343
(1973).
[4] H.D. Politzer, Phys. Rev. Lett. 30, 1346 (1973).
[5] J. Goldstone, A. Salam, and S. Weinberg, Phys. Rev. 127,
965 (1962).
[6] J. M. Maldacena, Int. J. Theor. Phys. 38, 1113 (1999); Adv.
Theor. Math. Phys. 2, 231 (1998).
[7]1 O. Andreev, Phys. Rev. D 76, 087702 (2007).
[8] C. A.B. Bayona, H. Boschi-Filho, N.R.F. Braga, and
L. A. P. Zayas, Phys. Rev. D 77, 046002 (2008).
[9] A.S. Miranda, C.A.B. Bayona, H. Boschi-Filho, and
N.R.F. Braga, J. High Energy Phys. 11 (2009) 119.
[10] L. A. H. Mamani, A.S. Miranda, H. Boschi-Filho, and
N.R.F. Braga, J. High Energy Phys. 03 (2014) 058.
[11] L. A. H. Mamani, A.S. Miranda, and V.T. Zanchin, Eur.
Phys. J. C 79, 435 (2019).
[12] R. Baier, P. Romatschke, D.T. Son, A.O. Starinets, and
M. A. Stephanov, J. High Energy Phys. 04 (2008) 100.
[13] P. Romatschke, Classical Quantum Gravity 27, 025006
(2010).
[14] S. Grozdanov and N. Kaplis, Phys. Rev. D 93, 066012
(2016).
[15] L. A.H. Mamani, J. Morgan, A.S. Miranda, and V.T.
Zanchin, Phys. Rev. D 98, 026006 (2018).
[16] S.M. Diles, L. A. H. Mamani, A.S. Miranda, and V.T.
Zanchin, arXiv:1909.05199.
[17] S.I. Finazzo, R. Rougemont, H. Marrochio, and J. Noronha,
J. High Energy Phys. 02 (2015) 051.
[18] C.P. Herzog, J. Phys. A 42, 343001 (2009).
[19] S. A. Hartnoll, Classical Quantum Gravity 26, 224002
(2009).
[20] S. Sachdev, Lect. Notes Phys. 843, 1 (2012).
[21] M. Van Raamsdonk, New Frontiers in Fields and Strings,
(2017) https://doi.org/10.1142/9789813149441_0005.
[22] C. Hoyos, D.R. Ferndndez, N. Jokela, and A. Vuorinen,
Phys. Rev. Lett. 117, 032501 (2016).
[23] E. Annala, C. Ecker, C. Hoyos, N. Jokela, D. R. Ferndndez,
and A. Vuorinen, J. High Energy Phys. 12 (2018) 078.
[24] S.S. Gubser, I.R. Klebanov, and A. M. Polyakov, Phys.
Lett. B 428, 105 (1998).
[25] E. Witten, Adv. Theor. Math. Phys. 2, 253 (1998).
[26] C. Hoyos, U. Kol, J. Sonnenschein, and S. Yankielowicz,
J. High Energy Phys. 03 (2013) 063.
[27] C. Hoyos, U. Kol, J. Sonnenschein, and S. Yankielowicz,
J. High Energy Phys. 10 (2013) 181.

[28] B. Bajc, A.R. Lugo, and M. B. Sturla, J. High Energy Phys.
04 (2012) 119.

[29] B. Bajc and A.R. Lugo, J. High Energy Phys. 07 (2013)
056.

[30] R. Argurio, M. Bertolini, L. Di Pietro, F. Porri, and D.
Redigolo, J. High Energy Phys. 04 (2014) 123.

[31] O. DeWolfe, S. S. Gubser, and C. Rosen, Phys. Rev. D 83,
086005 (2011).

[32] O. DeWolfe, S. S. Gubser, and C. Rosen, Phys. Rev. D 84,
126014 (2011).

[33] S.I. Finazzo, R. Rougemont, M. Zaniboni, R. Critelli, and J.
Noronha, J. High Energy Phys. 01 (2017) 137.

[34] R. Critelli, R. Rougemont, and J. Noronha, J. High Energy
Phys. 12 (2017) 029.

[35] R. Critelli, R. Rougemont, and J. Noronha, Phys. Rev. D 99,
066004 (2019).

[36] A. Ballon-Bayona, H. Boschi-Filho, L. A. H. Mamani, A. S.
Miranda, and V.T. Zanchin, Phys. Rev. D 97, 046001
(2018).

[37] C.Csaki and M. Reece, J. High Energy Phys. 05 (2007) 062.

[38] U. Gursoy, E. Kiritsis, and F. Nitti, J. High Energy Phys. 02
(2008) 019.

[39] S.S. Gubser and A. Nellore, Phys. Rev. D 78, 086007
(2008).

[40] S.S. Gubser, A. Nellore, S. S. Pufu, and F. D. Rocha, Phys.
Rev. Lett. 101, 131601 (2008).

[41] E. Kiritsis and F. Nitti, Nucl. Phys. B772, 67 (2007).

[42] H.B. Meyer, Glueball regge trajectories, Ph.D. thesis,
University of Oxford, 2005.

[43] P. Colangelo, F. Giannuzzi, and S. Nicotri, Phys. Rev. D 80,
094019 (2009).

[44] A. Vega and I. Schmidt, Phys. Rev. D 78, 017703
(2008).

[45] M.E. Peskin and D.V. Schroeder, An Introduction to
Quantum Field Theory (Addison-Wesley, Boston, 1995).

[46] O. Ben-Ami, S. Kuperstein, and J. Sonnenschein, J. High
Energy Phys. 03 (2014) 045.

[47] W. Mueck, Nucl. Phys. B620, 477 (2002).

[48] P. K. Kovtun and A. O. Starinets, Phys. Rev. D 72, 086009
(2005).

[49] K. Skenderis, Classical Quantum Gravity 19, 5849 (2002).

[50] I. Papadimitriou and K. Skenderis, J. High Energy Phys. 10
(2004) 075.

[51] J. de Boer, E. P. Verlinde, and H. L. Verlinde, J. High Energy
Phys. 08 (2000) 003.

[52] M. Bianchi, D.Z. Freedman, and K. Skenderis, J. High
Energy Phys. 08 (2001) 041.

[53] E. Kiritsis, W. Li, and F. Nitti, Fortschr. Phys. 62, 389
(2014).

106009-14


https://doi.org/10.1088/0067-0049/208/2/19
https://doi.org/10.1088/0067-0049/208/2/19
https://doi.org/10.1103/PhysRevLett.30.1343
https://doi.org/10.1103/PhysRevLett.30.1343
https://doi.org/10.1103/PhysRevLett.30.1346
https://doi.org/10.1103/PhysRev.127.965
https://doi.org/10.1103/PhysRev.127.965
https://doi.org/10.1023/A:1026654312961
https://doi.org/10.4310/ATMP.1998.v2.n2.a1
https://doi.org/10.4310/ATMP.1998.v2.n2.a1
https://doi.org/10.1103/PhysRevD.76.087702
https://doi.org/10.1103/PhysRevD.77.046002
https://doi.org/10.1088/1126-6708/2009/11/119
https://doi.org/10.1007/JHEP03(2014)058
https://doi.org/10.1140/epjc/s10052-019-6902-5
https://doi.org/10.1140/epjc/s10052-019-6902-5
https://doi.org/10.1088/1126-6708/2008/04/100
https://doi.org/10.1088/0264-9381/27/2/025006
https://doi.org/10.1088/0264-9381/27/2/025006
https://doi.org/10.1103/PhysRevD.93.066012
https://doi.org/10.1103/PhysRevD.93.066012
https://doi.org/10.1103/PhysRevD.98.026006
https://arXiv.org/abs/1909.05199
https://doi.org/10.1007/JHEP02(2015)051
https://doi.org/10.1088/1751-8113/42/34/343001
https://doi.org/10.1088/0264-9381/26/22/224002
https://doi.org/10.1088/0264-9381/26/22/224002
https://doi.org/10.1007/978-3-642-10449-7
https://doi.org/10.1142/9789813149441_0005
https://doi.org/10.1103/PhysRevLett.117.032501
https://doi.org/10.1007/JHEP12(2018)078
https://doi.org/10.1016/S0370-2693(98)00377-3
https://doi.org/10.1016/S0370-2693(98)00377-3
https://doi.org/10.4310/ATMP.1998.v2.n2.a2
https://doi.org/10.1007/JHEP03(2013)063
https://doi.org/10.1007/JHEP10(2013)181
https://doi.org/10.1007/JHEP04(2012)119
https://doi.org/10.1007/JHEP04(2012)119
https://doi.org/10.1007/JHEP07(2013)056
https://doi.org/10.1007/JHEP07(2013)056
https://doi.org/10.1007/JHEP04(2014)123
https://doi.org/10.1103/PhysRevD.83.086005
https://doi.org/10.1103/PhysRevD.83.086005
https://doi.org/10.1103/PhysRevD.84.126014
https://doi.org/10.1103/PhysRevD.84.126014
https://doi.org/10.1007/JHEP01(2017)137
https://doi.org/10.1007/JHEP12(2017)029
https://doi.org/10.1007/JHEP12(2017)029
https://doi.org/10.1103/PhysRevD.99.066004
https://doi.org/10.1103/PhysRevD.99.066004
https://doi.org/10.1103/PhysRevD.97.046001
https://doi.org/10.1103/PhysRevD.97.046001
https://doi.org/10.1088/1126-6708/2007/05/062
https://doi.org/10.1088/1126-6708/2008/02/019
https://doi.org/10.1088/1126-6708/2008/02/019
https://doi.org/10.1103/PhysRevD.78.086007
https://doi.org/10.1103/PhysRevD.78.086007
https://doi.org/10.1103/PhysRevLett.101.131601
https://doi.org/10.1103/PhysRevLett.101.131601
https://doi.org/10.1016/j.nuclphysb.2007.02.024
https://doi.org/10.1103/PhysRevD.80.094019
https://doi.org/10.1103/PhysRevD.80.094019
https://doi.org/10.1103/PhysRevD.78.017703
https://doi.org/10.1103/PhysRevD.78.017703
https://doi.org/10.1007/JHEP03(2014)045
https://doi.org/10.1007/JHEP03(2014)045
https://doi.org/10.1016/S0550-3213(01)00502-8
https://doi.org/10.1103/PhysRevD.72.086009
https://doi.org/10.1103/PhysRevD.72.086009
https://doi.org/10.1088/0264-9381/19/22/306
https://doi.org/10.1088/1126-6708/2004/10/075
https://doi.org/10.1088/1126-6708/2004/10/075
https://doi.org/10.1088/1126-6708/2000/08/003
https://doi.org/10.1088/1126-6708/2000/08/003
https://doi.org/10.1088/1126-6708/2001/08/041
https://doi.org/10.1088/1126-6708/2001/08/041
https://doi.org/10.1002/prop.201400007
https://doi.org/10.1002/prop.201400007

