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According to flat/Bondi-Metzner-Sachs invariant field theories (BMSFT) correspondence, asymptoti-
cally flat spacetimes in (d + 1) dimensions are dual to d-dimensional BMSFTs. In this duality, similar
to the Ryu-Takayanagi proposal in the AdS/CFT correspondence, the entanglement entropy of subsystems
in the field theory side is given by the area of some particular surfaces in the gravity side. In this paper we
find the holographic counterpart of the first law of entanglement entropy (FLEE) in a two-dimensional
BMSFT. We show that FLEE for the BMSFT perturbed states, which are descried by three-dimensional
flat-space cosmology, corresponds to the integral of a particular one-form on a closed curve. This curve
consists of a BMSFT interval and also null and spacelike geodesics in the bulk gravitational theory. The
exterior derivative of this form is O when it is calculated for the flat-space cosmology. However, for a
generic perturbation of three-dimensional global Minkowski spacetime, the exterior derivative of the one-
form yields the Einstein equation. This is the first step for constructing bulk geometry by using FLEE in the

flat/BMSFT correspondence.

DOI: 10.1103/PhysRevD.100.106006

I. INTRODUCTION

Flat/Bondi-Metzner-Sachs invariant field theories
(BMSFT) is an extension of AdS/CFT correspondence
to non-anti—de Sitter (AdS) geometries. According to this
duality quantum gravity in the asymptotically flat space-
times in (d+ 1) dimensions can be described by a
d-dimensional field theory that is Bondi-Metzner-Sachs
(BMS) invariant [1,2]. In the gravity side, BMS symmetry
is the asymptotic symmetry of asymptotically flat space-
times at null infinity [3,4]. In the field theory side, the
global part of BMS algebra is given by ultrarelativistic
contraction of conformal algebra. Thus one can interpret
the flat-space limit (zero cosmological constant limit) in the
gravity side as the ultrarelativistic limit of CFT in the
boundary theory [2]. In this view, one can study flat/
BMSFT by starting from AdS/CFT and taking a limit, the
flat-space limit in the bulk and the ultrarelativistic limit in
the boundary.

BMS symmetry as the asymptotic symmetry is infinite
dimensional in three and four dimensions [5—7]. Hence one
may expect to find some universal aspects for two- and
three-dimensional BMSFTs. This situation is very similar
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to the two-dimensional conformal field theories (CFTs);
their infinite-dimensional symmetry is used to predict the
structure of correlation functions as well as entanglement
entropy of subsystems. Similarly, the entanglement entropy
formula for some particular intervals in BMSFT, has been
introduced in [8] by just using the infinite symmetry of
two-dimensional BMSFTs and then studied more carefully
in [9-15].

In the context of AdS/CFT correspondence, the entan-
glement entropy of CFT subsystems has a holographic
description. According to the Ryu-Takayanagi proposal,
this entropy is proportional to the area of a bulk surface
that has the minimum area among the surfaces connected to
the boundary subsystem [16,17]. A similar proposal for the
BMSFT entanglement entropy has been introduced in [12].
Accordingly, the BMSFT entanglement entropy can be
given by the area of particular surfaces. These surfaces are
not connected directly to the boundary of the subsystem but
there are null rays that connect them to null infinity where
the subsystem is supposed to live. The corresponding
surface and null rays, and the subsystem together, construct
a closed surface.

Another interesting problem that was studied in the
context of AdS/CFT is the holographic description of the
first law of the entanglement entropy (FLEE). It was shown
in [18,19] that writing both sides of the FLEE in terms of
corresponding bulk parameters finally yields linearized
Einstein equations. In other words, the FLEE as a constraint
in the boundary theory reduces to a constraint on the bulk
geometry that is exactly the Einstein equation. If this
connection is an intrinsic property of gauge/gravity

Published by the American Physical Society
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dualities, one can use entanglement entropy and its first law
in an arbitrary field theory to find a dual gravitational
geometry.

In this paper we study the proposal of [18,19] in the
context of flat;/BMSFT, correspondence. We start from
FLEE and use flat/BMSFT correspondence to write it in
terms of components of the asymptotically flat bulk metric.
We focus on the BMSFT states; their gravitational dual is
flat-space cosmology (FSC) [20-23]. It is shown that both
sides of the FLEE formula can be written in terms of the
integral of a one-form over curves consisting of BMSFT
interval and the null and the spacelike geodesics introduced
in [12]. These curves construct a closed curve; thus one
can use Stokes’s theorem to write integrals as the integral of
the external derivative of the one-form over the surface
bounded by the curves. For the metric of the flat-space
cosmology, the exterior derivative of this form is 0. For a
generic metric that satisfies the BMS boundary condition
(see, e.g., [24]), the exterior derivative of the one-form
results in the Einstein equation. Our work is not only the
first-step generalization of the proposal of [18,19] for the
flat-space holography but also shows that the flat/BMSFT
correspondence studied in several previous works (see
references in [25]) is a worthwhile duality.

In Sec. II we review the proposal of [19] in the context
of AdS/CFT. In Sec. III after briefly reviewing the flat/
BMSFT correspondence and holographic description of
BMSFT entanglement entropy, we write the FLEE in terms
of the bulk metric and deduce the Einstein equation.

II. LINEAR BULK EQUATION FROM THE FLEE
IN ADS/CFT

A. Entanglement entropy and its first law

For a quantum field theory state |y), the density matrix is

p =)yl (2.1)

If we decompose a spatial (time constant) slice X to two
subsystems B and B (X = B U B), then the density matrix
associated to B can be obtained from p by tracing out the
degrees of freedom of the complement subsystem B as
pp = trgp. (2.2)
The entanglement entropy of subsystems B is the von
Neumann entropy associated to the density matrix pg,

Sp = —tr(ppInpp). (23)

For a small perturbation |y (¢)) to the initial state |y(0))
of the whole system, the FLEE is

d d d
0Sp =—Sp=—(Hp) =—1tr(H =0F
B~ 0B dg< B) de r(Hppp) B>
where Hp is the modular Hamiltonian that is independent

of perturbation and defined through

(2.4)

Hp = —1Inpg(e =0). (2.5)
Formula (2.4) is a quantum generalization of the first law of
thermodynamics. This formula holds for any arbitrary small
perturbation of quantum state and for any subsystem B.

Mostly, it is difficult to compute the modular
Hamiltonian Hp and its associated density matrix pg.
However, for the cases that Hy is a local operator, one
may find a unitary transformation (and hence reversible,
which acts also on the coordinates) that maps pp to a
thermal density matrix. Hence the resultant entropy is a
thermal one (see [26]). If we denote the unitary trans-
formation by U and the final thermal density matrix by py,
then

pg = UppU™". (2.6)

It is not difficult to check that the thermal entropy given by

Sru = —tr(py Inpy) (2.7)
is the same as the entanglement entropy (2.3). Since py; is
thermal, it can be written as
e~ Hn

PH = tr(e_HH) ’ (28)
where H+, is the associated charge of the symmetry generator
£. £ is called modular flow and generates translation along
the thermal circle of the transformed coordinates. Thus, first
one can apply this unitary transformation and calculate the
thermal entropy with the help of H;, and then through the
inverse unitary transformation (2.6) calculate the density
matrix pp (or equivalently modular Hamiltonian Hyp).
Moreover, it is clear that Hp is the conserved charge of &
up to an additive constant. This constant can be ignored when
the variation of the modular Hamiltonian in the FLEE is
considered. In the rest of this paper we mostly use modular
flow instead of modular Hamiltonian.

B. Holographic FLEE in AdS/CFT

Formula (2.4) holds for small perturbations in any
quantum field theory. One may ask about the holographic
counterpart of this formula for the field theories that have
holographic duals. The first step is applying the FLEE for
the CFTs and wondering about the holographic formula in
the dual AdS geometry in the context of AdS/CFT. It was
shown in [18,19] that the FLEE for a CFT yields the
linearized equations of motion in the AdS gravity side. In
this subsection we review the derivation.

Take a d-dimensional CFT on Minkowski spacetime
R!'4=1. The dual (d + 1)-dimensional holographic dual
consists of the asymptotically AdS spacetimes. For the

"We have absorbed a factor of 27 into the definition of Hy,.
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vacuum state the dual spacetime is pure AdS whose metric
g°, in the Feffermann-Graham coordinates reads

2

4
ds* = Z (m,dx*dx” + dz?). (2.9)

We consider a spacial time slice X of d-dimensional
Minkowski space and divide it into two regions B and B
(X =BUB). Let B be a (d— 1)-dimensional ball with
radius R.

In order to find 0E in (2.4), we need to calculate the
vacuum expectation value of the modular Hamiltonian. The
modular Hamiltonian for this ball-shaped region is calcu-
lated in [26] as follows,

2
PR RN I EE
s 2R

where x6 are the coordinates of the center of the ball B and
TH is the stress tensor of CFT. We use the convention
x* = (t,x"). Hence the FLEE (2.4) can be written as

RZ
5Sp = 27r/dd"x
B

T!t( )

(2.10)

8y (x' = xj) (v = xp)
2R

S(T" (x)).
(2.11)

Now we use holography to calculate 6Sz. When the CFT
vacuum state |¥(0)) is perturbed to the state |¥(¢)), in the
dual gravitational theory, the metric of the dual AdS
spacetime is perturbed as

2

%
ds? = = (M + hyy)dxtdx” +dz?),  (2.12)

where h,, are infinitesimal. By means of the Ryu-
Takayanagi formula [16,17] we can write

Aj
Sy = Sypp = -2 2.13
B HEE = 4 ( )
where Ay is the minimal area of the codimension two
surface B in the bulk AdS space, which is homologous to B
and given by

(2.14)

AB = [ dd_lo\/det(yAB).
B

Here y,5 is the induced metric on B.

Let us illustrate the holographic counterpart of 6Sp
and SEjp, respectively, as 655" and 6E5™. It was shown
in [18,19] that they are given as follows in terms of bulk

perturbed metric h;;,

rav fd 3 17 7
5sE —8GR/dd (RS — (xio )y (x.2). (2.15)
5Emv:fiié/d*{dRL—@—i)%&%~@z::m
B " 16GR J; 0 v '
(2.16)
Thus the FLEE formula (2.4) is written as
/_ A1 x(R?6Y — (x'x7))hy;
B
d N .
-2 / dx(RE = (7= 0))S k. (2.17)
B

This is a nonlocal equation that is correct for any ball-
shaped region with arbitrary radius R and center coordinate
{x}}. Thus one may think about a local equation that is
equivalent to (2.17). In order to find this local constraint,
we look for a form y such that
o grav
A x =085 .

= SESY ,
[ x=ot;

If such a form y exists, using (2.4) we can write
5S§rav _ 5E§rav — — / / / / d){’
BUB
(2.19)

where II is the hypersurface bounded by B and B
(B U B = O1) and located at ¢ = t,. For the asymptotically
AdS spacetimes, y is given by [19]

(2.18)

1

= —_— va b b v ac—va ¢ 2.2
X 1671'G[6( ¢ eab)+§ €ab( ch h6>]’ ( 0)
where £ is the bulk modular flow

2n
§=- f(f—fo)[za + (x' = x;)0)]
+ 2[R =2 = (6 =) = (1= 100, (221)
For this form, the exterior derivative is given by
d)( = —ﬁéaéGuhe (222)

where 0G,, are linearized Einstein equations around AdS
spacetimes,
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1 1 1
aGab == ——thah"c + —VCVah,," + —chbhu”
2 2 2
1 1 a1 d
- _vcvchab - _gabvdvchc + _gabvdv hcc
2 2 2
2A 1
——\ h,y, —=gph¢, ), 2.23
d —1 ( ab 2gab L) ( )
and € is related to volume form as follows:
a _ abl— dxi2 dola+ 2.24
€t = ¢ Eebizmmld—gx A Lo A dxtar (2.24)

Moreover, the exterior derivative is 0 on the boundary.

From (2.19) and (2.22) it is obvious that the holographic
interpretation of the first law of entanglement entropy
leads to

/ E8G e? = 0. (2.25)
i

Using the fact that only the ¢ component of £ is non-
vanishing on IT and also FLEE is valid for all of the ball-
shaped regions with arbitrary R, from (2.25) one can
deduce that [27]

0G, = 0. (2.26)
In the above derivation, B was a constant time slice in the
boundary. Thus for a constant time slice or rest frame of
references, we can deduce the ¢ component of the
linearized Einstein equation. Repeating the same argument
for the ball-shaped regions in the arbitrary frame of
references we can find 6G,, =0, where y and v are
directions of the field theory. Moreover, from the fact that
the exterior derivative of y is O on the boundary we can
deduce that 6G,, =0 and 6G,, =0 on the boundary or
z=0. Thus all components of the linearized Einstein
equation are 0 at z =0. One can use this result as the
initial condition and using the Bianchi identity prove that
0G,, and 6G, are O everywhere [28].

We see that the gravitational interpretation of the FLEE
in CFTs leads to the linearized equations of motion of the
dual AdS gravity. In the next section we apply the above
procedure for asymptotically flat spacetimes in the context
of flat/BMSFT correspondence.

III. HOLOGRAPHIC FLEE IN FLAT/BMSFT
CORRESPONDENCE

A. Flat/BMSFT correspondence

Asymptotic symmetries of the asymptotically AdS
spacetimes in (d + 1) dimensions are the same as local
symmetries of the d-dimensional CFTs. One may expect
such an equivalence between the gravity solutions and
their dual field theory for the non-AdS spacetimes.

Asymptotically AdS spacetimes are solutions of Einstein
gravity with negative cosmological constant. Taking the flat
space limit that is equivalent to the zero cosmological
constant limit results in asymptotically flat spacetimes.
Although this limit is not well defined for the asymptoti-
cally AdS spacetimes written in the Fefferman-Graham
coordinate, it is possible to find appropriate coordinates
with a well-defined flat-space limit [29,30]. A relevant
question is finding a counterpart for the flat-space limit of
the gravity theory in the field theory side. To answer this
question one needs to study the asymptotic symmetry of the
asymptotically flat spacetimes. This study has been done in
[3] for the four-dimensional spacetimes and in [4] for the
three-dimensional spacetimes. More recent studies show
that for the four-dimensional cases the asymptotic sym-
metry algebra at null infinity is the semidirect sum of
infinite-dimensional local conformal symmetry algebra on
a two-sphere and the Abelian ideal algebra of super-
translations [6]. This algebra is known as bms,. Such an
infinite-dimensional locally well-defined symmetry algebra
also exists at null infinity of three-dimensional asymptoti-
cally flat spacetimes [5]. This algebra is called bmss.

The observation of [2] is that the bms; is isomorphic to
an infinite-dimensional algebra in two dimensions, which is
given by ultrarelativistic contraction of conformal algebra.
Thus it was proposed in [2] that the holographic dual of
asymptotically flat spacetimes in (d 4+ 1) dimensions is
field theories in d dimensions that have BMS symmetry.
We call these BMS invariant field theories BMSFT and
the correspondence between them and asymptotically flat
spacetimes flat/BMSFT.

To be more precise, let us consider Einstein-Hilbert action
with negative cosmological constant in three dimensions,

1 . 4
- v=a(RrR+2).
S 167:G/dx g( +f2)

An appropriate coordinate with well-defined flat space limit
is BMS gauge [29]

(3.1)

2
ds® = (—% + M) du? = 2dudr + 2N dudgp + r*dg¢?.
(3.2)

where M and V are functions of u and ¢ and are constrained
by using the equations of motion as

2

The asymptotic symmetry algebra is exactly the conformal
algebra in two dimensions,

(3.4)
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The algebra of conserved charges is centrally extended with
central charges ¢ = ¢ = 37/2G.

Taking the flat-space limit from metric (3.2) yields
asymptotically flat spacetimes with metric

ds®> = Mdu? — 2dudr + 2Ndudgp + r*d¢?, (3.5)

where M and N are functions of u and ¢ and they satisfy
o.M =0,

The asymptotic symmetry algebra at null infinity is infinite-
dimensional bms; algebra [5],

L, L, =(m—=n)L,.,,
[Lm’Mn] = (m - n)Mm+m
M, .M,]=0, mmneZ. (3.7)

The algebra of conserved charges is also centrally
extended.

The generators of bms; can be obtained by taking the flat-
space limit from the generators of conformal algebra [29],

- G
L, =tm(C, —L_,), M, = 2tim(L, +L_,).

(3.8)

It was argued in [2] that the limit (3.8) that is taken in the
gravity side corresponds to the ultrarelativistic limit in the
field theory side. In the rest of this paper by BMSFT, we
mean a field theory that has the symmetry algebra (3.7).

From BMSFT; we mean a field theory with the follow-
ing symmetry algebra

[Lm71:l‘l] = 0’
[+1
[LhMm,n] = T_ m>Mm+lnv
[+1
[Ll’Mm n] = <_;_ n> Mm,n+la m,n,l €Z. (39)

This algebra is called bms, and is the asymptotic symmetry
of the four-dimensional asymptotically flat spacetimes at
null infinity [6]. L, and L, are generators of super-
rotations and M,,, are generators of supertranslations.
The Poincare subalgebra is generated by

{L_\,Lo,L\,L_y,Lo,L Moo, My 1. M 1o, M|}
(3.10)

B. Holographic entanglement entropy in flat/ BMSFT

Similar to other field theories, it is possible to define
entanglement entropy for the subsystems of BMSFT.
The infinite-dimensional symmetry of BMSFTs admits
to finding universal formulas for the entanglement entropy
of subregions [8]. Moreover, using the flat/BMSFT corre-
spondence one can find a holographic description for the
BMSFT entanglement entropy. Recently, a prescription
(similar to the Ryu-Takayanagi’s proposal for the CFT
entanglement entropy [16,17]) was proposed for the
BMSFT entanglememnt entropy [12] that relates it to the
area of some particular curves into the bulk flat spacetimes.
According to [12], the entanglement entropy of subregion
B of BMSFT, is given by

¢ Length(y) Length(y Uy, Uy_)
MEE™ 46 4G ’

where y is a spacelike geodesic and y., and y_ are null rays
from Oy to OB.

The most generic solution of Einstein gravity with zero
cosmological constant in three dimensions is given by
(3.5). In the rest of this paper we consider an interval B in

Ly

the BMSFT that is determined by —%" <u<3 and

—174’ <¢ < %, where [, and [, are constants. Among the
various values of functions M and N in (3.5), the following
three metrics are of more interest:
(1) Null-orbifold or Poincaré patch with metric
(M =N =01in (3.5)

(3.11)

ds? = —2dudr + r*d¢?. (3.12)

In this case the bulk modular flow is

8(uly — 1,¢)
bulk % (2 442 ¢ " tu
S 214:[(["’ W rly >84,

41,
+ <lul(/, + E(ﬁz - Sl/td)) 8u

81
+ (—” + 8r¢> ar] ) (3.13)
ly
Here y is given by
l Lily, 1,
L (3.14)
lydp 8p 21,
By using the coordinate transformations
/ 2 1
¢ 2
t="Lr+=u+—r¢?
2L, r
x=-"+rp,
ly
/ 2 1
¢ 2
=—r——u——r¢°, 3.15
=g (3.15)
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we can change the metric of the null orbifold to the
Cartesian coordinate

ds®> = —di* + dx* + dy. (3.16)

In these coordinates the bulk modular flow is given by

&k — _27(x0, + 10,), (3.17)
and geodesics are
u lu
yix=1t=0, ——<y<+—, (3.18)
7 ly
ly,
Yiix=t y=-—-, (3.19)
ly
[,
y_i x=—t, y=+-—-. (3.20)
ly

(2) Global Minkowski with metric [M = —1 and N =0
in (3.5)]

ds* = —du? — 2dudr + r*d¢*.  (3.21)

The bulk modular flow is

[ l
ghulk — 7 cscéﬁ (2 (cosé’b —cos ¢>

1 ly
<l” s1n¢cot 5y~ 2ucos ¢> ) 0y
,

o ( esc? g 2
+7TCSC2 cscz—i— £ COS¢pco 5

+2usin 45) Oys

[ l
- ﬂcscg (lu cosqﬁcotg +2(r+u) sinqb) 0,,
(3.22)

where 7 is given by’

B lucsc% o, tl v
r= 2sing | u=- 2c02c0 r.

(3.23)

Using coordinate transformation [31]

*We assume that ly <m

l l
t=(r+u) CSCE¢— rcosqﬁcotg,

l l
X = rsing —i—%csc%’,
/ /
y = rcoscﬁcscéﬁ —(r+ u)cotg, (3.24)

we have
ds* = —di* + dx* + dy>. (3.25)

In these Cartesian coordinates the bulk modular flow
is the same as (3.17) and geodesics are

ly

tx=0=¢ lcotl < <+l—c0t—

pmr=Reh 2O =Y ETy
(3.26)

l l
Yol x=1, y:—gcotg, (3.27)
l l()
Yo x = —t, y= —l—E“COtE/. (3.28)
(3) FSC with metric (M = m and N = j)

ds* = mdu® — 2dudr + 2jdude + r*d¢?, (3.29)

where m and j are constants. It has a cosmological
FSC is a shift-boost
orbifold of Minkowski spacetime [21] and can be

brought into the Cartesian coordinate locally by
using the following transformation:

. . _ L
horizon at radius r, = NG

r=/m(t* = x*) +r2,
1 r—

p L oY=
v m r+r,

w= (= y— V). (330

Both the null-orbifold and global Minkowski correspond
to the BMSFT states that are nonthermal but for the null
orbifold, BMSFT is on a plane and for the global
Minkowski the corresponding BMSFT is on the cylinder.
FSC (3.29) corresponds to the BMSFT thermal states. The
holographic entanglement entropy of interval B is given by

1 B ”ﬂﬁ) ﬁu]
I £ h(=—=2)-Lul (331
aTe ( +5¢ )COt <ﬁ¢ By (331)

where

(3.32)
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C. Holographic FLEE

In this section we consider the BMSFT dual to the global
Minkowski. The starting point is FLEE formula (2.4),
which is written in the field theory side. We want to use
Flat; /BMSFT, to write both sides of this formula in the
gravity side. BMSFT lives on a cylinder with coordinates
(u,¢) and interval B is given by —%“ <u-—u <% and
—% <¢p—¢y < % where [, l(/,, uy, and ¢, are constants.

Let us start from the right-hand side of (2.4). In order to
calculate the expectation value of the modular Hamiltonian,
we use the fact that up to an additive constant, the modular
Hamiltonian Hj is the same as the conserved charge of
the modular flow &. If we show the stress tensor of BMSFT
by T, the corresponding charge of £ can be calculated on a
spacelike surface ¥ with metric o, as [32]

0: = /E do/det(o)na £V TS,

where o is the coordinate on the surface X and n“ is the unit
timelike vector normal to 2. The most challenging problem
in the flat-space holography is the definition of X. In the
AdS/CFT correspondence, X is a spacelike surface on the
conformal boundary of the asymptotically AdS spacetimes.
However, such a definition for conformal infinity of
asymptotically flat spacetimes is not appropriate in the
flat-space holography. In the previous works [30,33-38], in
the flat-space holography, Z has been defined by using the
corresponding surface of asymptotically AdS spacetimes;
their flat-space limit yields the asymptotically flat metric.
To be precise, let us consider the AdS; metric written in the
BMS coordinate,

(3.33)

2

where 7 is the radius of AdS space. At fixed but large r we
can write

2

ds2 =~

b= (-dw +2dp) + 00, (335)

Thus we can write the metric of the conformal boundary as

dstp = —du® + *d¢’. (3.36)
In the AdS/CFT correspondence, the metric of X in (3.33)
is given by using (3.36). The new point in all of the papers
[30] and [33-38] is that (3.36) is also appropriate for
writing the metric of X in the £ — oo limit. The proposal of
[30] for the definition of X is that we use a metric similar to
(3.36) but replace ¢ with three-dimensional Newton con-
stant G. In this paper we employ this definition of Z. Since
we want to study the FLEE in a BMSFT that is the
holographic dual of the global Minkowski, the metric of

bulk spacetime is given by (3.21), which is the £ — oo limit
of (3.34). Thus we choose X as a spacelike subspace of a
space that is determined by metric

dstp = —du® + G*d¢?. (3.37)

It proves convenient to first make a coordinate trans-
formation as

_ Lysin(¢ — ¢)

2 inle
sin 4

. (3.38)

wW=u—uy

In this coordinate, the interval is defined as —[7"’< d—o <17”’.
Moreover, by taking the r — oo limit from (3.22), we
can find the BMSFT modular flow on the internal
(w=20) as

2

.
9
SlIl2

& =0, &b = (cos%ﬁ —cos(¢p — ¢0)>. (3.39)

If we determine X as w = 0, —% <¢p—qy < %” then using
(3.37) and (3.39) we find

6Ep = 6(Hp)
I}
272G [¢o+% l
= ”1 / O[ 2d¢(cos—¢—cos(¢—¢0)>5<Tg>.
sin= Jgo—% 2

(3.40)

Hence we can write the right-hand side of (2.4) in terms of
the BMSFT stress tensor by using flat-space holography.

In order to calculate the left-hand side of (2.4) holo-
graphically, we perturb the metric of global coordinate
(3.21) as

ds* = (=1 + h,,)du* — 2dudr + 2h,ydudp + r*dg?.
(3.41)

We consider the case in which £, and &, are constants.
With this choice (3.41) is similar to flat-space cosmology
(3.29). For writing (3.41) we do not use equations of
motion. The fixed components of the metric have been
determined by using boundary conditions that are neces-
sary to have BMS symmetry at null infinity (see, e.g.,
[24]). In other words, the fact that the dual theory is
BMSFT imposes (3.41) for the form of the metric. This is
similar to choosing the Fefferman-Graham coordinate
in the context of AdS/CFT correspondence. Line
element (3.41) is not the generic one that fulfils the
BMS boundary conditions. In order to simplify equations
we have fixed some components. However, our argument
in the rest of the paper can be generalized to more
generic cases.
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Since h,,, and h,,4 are infinitesimal constants, we can use
(3.31) to calculate 6S. We find

I Iy 1
— 214+ 2cot2)n
Wl 1y 1
— t— — h,|.
- 2 (CO 2 2sin2%"’> W]

Using (3.40) and (3.42), we can write the FLEE as

(3.42)

oo 1(7/) )
/ : d(j)(cosg—cos(d)—qﬁo))&(Tg)

077

sin 2 Iy 1
- 2( =1+ 2cot-2\n
87;(;2{ ( oo 2) u

[ ly ly
2 cot= — hyl.
" 2 (co 2 2gin? %) W}

This formula is valid for all intervals determined by 1, /,,,
and (ug, ¢po). For a very small interval that is given by

(3.43)

ly = 0,1, -0, butf—;’ = fixed, the expectation value of the

stress tensor can be considered as a function of the center of
the interval. Since the center of the interval is an arbitrary
point, using (3.43) we find

1 l,cos¢
oT)y=—=1|h = h, |- 3.44
< ¢> 87‘[G2 < ugp + B sin%“’ uu) ( )

Putting (3.44) into (3.40), we find 0Ep as

1
1 dot+ !
SEp = — / 0] d¢(cosi¢—cos(¢—¢o)>
4G sin5 Jp—4
X (hulﬁ +l_ucos¢huu)'

2 ginle
sin 4

(3.45)

The interesting point is that both of 6Sp and SEp given
by (3.42) and (3.45) are written as the integral of a specific
one-form y. Precisely, we can write”

5E:/;(, 652/ X
B y_UyUy .

(3.46)

where

’In the global Minkowski coordinate, y, consists of two null
curves connected at r = 0 [12]. Since y is singular at r = 0, we
use contour r = ¢ in the calculation of fh y and after integration

take € — 0.

1
€ | &R — BN 4 N R
X 16”G€/4UUC 5 g o +§5

1 1
+ EhV”Z,‘” + Eh”’(vl‘tjg =V, &) |dx”. (3.47)
¢ is the bulk modular flow (3.22), h = hy, and €,,, is the
completely antisymmetric tensor with component €y;, =

v/|go| where gy is the determinant of global Minkowski
(3.21). Thus the FLEE formula (2.4) for BMSFT can be

B y-Uylr,

Curves B and y_ Uy U y_ construct a closed path. Hence,
we can write (3.48) as

/d){zO,
i

where dy is the exterior derivative of y and Il is any surface
bounded by BUy_ Uy Uy,. Since Il is any bounded
surface, from (3.49) one may expect that

(3.48)

(3.49)

dy = 0. (3.50)

It is not difficult to check that (3.50) is satisfied for the
perturbed metric given by (3.41). In fact, the metric (3.41)
with constant h,, and h,4 is a solution of the Einstein
equation.

Let us consider a case in which h,,, and h,, are arbitrary
functions of u and ¢. Now we have

1
dy = 1o 5z (Atrdr A du+ dyydu n dg),

where

(3.51)

d)(ru = <a¢hutt - Zauhuqﬁ)
l [
X (lu cotéﬁcos 0-1, cscéﬁ + 2u sin ¢9> . (3.52)
and
ly ly .
dy .y =13 (Ophyy —20,h,4) —cotE 2r+lucsc551n9
ly ly
+ZCOSQCSCE<F+ u)| o+ rcsc58¢(8¢huu =20,h,p)
I I ,
lucoticose—lucsci+2usm9

) ) l

+7? csc—(ﬁauh,m L, cot-Lcosf— l, cse-2 4+ 2using ).
2 2 2

(3.53)

Thus using (3.50), (3.52) and (3.53) we find that
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8¢huu = 28uhu¢, a,h,, =0. (3.54)
These are the relations that one can conclude from the

Einstein equation for the metric (3.41).

IV. SUMMARY AND CONCLUSION

In this paper we studied another aspect of flat/BMSFT
that was previously introduced in the context of AdS/CFT.
We wrote the FLEE of BMSFT, in terms of three-
dimensional asymptotically flat metrics. The steps are ana-
logue to those that are used in the context of AdS/CFT
correspondence. We rewrite both sides of the FLEE (2.4) by
using corresponding bulk parameters. 6Sp in (2.4) is the
variation of entanglement entropy with respect to the state by
which the system is described. Using the proposal of [12] one
can write this variation as the variation of length of some
spatial curves in the bulk geometry. 6E in the right-hand side
of the FLEE (2.4) is variation of the expectation value of
the modular Hamiltonian. For calculating this quantity, we
used the fact that the modular Hamiltonian is the conserved
charge of modular flow up to an additive constant that can be
ignored in the variation. BMSFT conserved charges are given
by using the stress tensor. Using the flatyBMSFT dictionary
we relate the calculation of the conserved charges to a bulk
calculation similar to the Brown-York proposal [32]. The key
point in this calculation is the definition of the spatial surface
over which the integration is performed. In the AdS/CFT
correspondence this surface is given by using the conformal
boundary of asymptotically AdS spacetimes. In this case we

do not use the standard definition of conformal boundary. Our
proposal is that this surface for the flat spacetimes is the same
as that for the asymptotically AdS case whose flat-space limit
yields the asymptotically flat spacetimes [30]. This proposal
works again in this problem similar to all previous works [33—
38]; however, a thorough investigation is necessary, which we
hope to do in our future studies.

In this paper we assumed that the perturbed state in the
field theory side corresponds to a metric similar to the flat-
space cosmology [20-23] in the bulk theory. Hence, the
gravitational counterpart of the FLEE was the exterior
derivative of a one-form that is O for the flat-space
cosmology. The exterior derivative of this form for a
generic metric that satisfies the BMS boundary condition
results in Einstein equations for undermined components of
the metric. This is a good hint that the holographic FLEE is
the Einstein equation in the flat/BMSFT correspondence.
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